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1. Introduction

0O U WN N

09JE In this chapter we talk about differential graded algebras, modules, categories, etc.

A basic reference is [Kel94]. A survey paper is [Kel06].

This is a chapter of the Stacks Project, version 1be5a612, compiled on Jul 19, 2017.
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Since we do not worry about length of exposition in the Stacks project we first
develop the material in the setting of categories of differential graded modules.
After that we redo the constructions in the setting of differential graded modules
over differential graded categories.

2. Conventions

In this chapter we hold on to the convention that ring means commutative ring
with 1. If R is a ring, then an R-algebra A will be an R-module A endowed with an
R-bilinear map A x A — A (multiplication) such that multiplication is associative
and has a unit. In other words, these are unital associative R-algebras such that
the structure map R — A maps into the center of A.

3. Differential graded algebras
Just the definitions.

Definition 3.1. Let R be a commutative ring. A differential graded algebra over
R is either

(1) achain complex A, of R-modules endowed with R-bilinear maps A, x A,, —
Apim, (a,b) — ab such that

dppm(ab) = dp(a)b+ (—1)"ad,, (b)

and such that @ A,, becomes an associative and unital R-algebra, or
(2) a cochain complex A® of R-modules endowed with R-bilinear maps A™ X
A™ — AT (g b) — ab such that

d"(ab) = d™(a)b + (—1)"ad™(b)
and such that @) A™ becomes an associative and unital R-algebra.

We often just write A = @ A,, or A = @ A™ and think of this as an associative
unital R-algebra endowed with a Z-grading and an R-linear operator d whose square
is zero and which satisfies the Leibniz rule as explained above. In this case we often
say “Let (A,d) be a differential graded algebra”.

Definition 3.2. A homomorphism of differential graded algebras f : (A,d) —
(B,d) is an algebra map f : A — B compatible with the gradings and d.

Definition 3.3. Let R be aring. Let (A, d) be a differential graded algebra over R.
The opposite differential graded algebra is the differential graded algebra (A°PP, d)
over R where A°PP = A as an R-module, d = d, and multiplication is given by

@ -opp b= (—1)dc8(@) dee®)pg
for homogeneous elements a,b € A.
This makes sense because
A(a oy B) = (<15 450 )
= (—1)des(@) deg®) g (p)q 4 (—1)des(@) deg(b)+deg(b)p ()
= (=1)%#Ya -y, d(b) + d(a) -opp b

as desired.
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Definition 3.4. A differential graded algebra (A,d) is commutative if ab =
(=1)"ba for a in degree n and b in degree m. We say A is strictly commuta-
tive if in addition a? = 0 for deg(a) odd.

The following definition makes sense in general but is perhaps “correct” only when
tensoring commutative differential graded algebras.

Definition 3.5. Let R be aring. Let (4,d), (B, d) be differential graded algebras
over R. The tensor product differential graded algebra of A and B is the algebra
A ®p B with multiplication defined by

(a®b)(d @) = (71)d6g(a')deg(b)aa/ © bl

endowed with differential d defined by the rule d(a ® b) = d(a) @b+ (—1)ma ®d(b)
where m = deg(a).

Lemma 3.6. Let R be a ring. Let (A, d), (B,d) be differential graded algebras
over R. Denote A®, B® the underlying cochain complexes. As cochain complexes
of R-modules we have

(A®pR B)* = Tot(A®* ®r B*®).

Proof. Recall that the differential of the total complex is given by d}"?+ (—1)Pd5?
on AP ® i B?. And this is exactly the same as the rule for the differential on AQr B
in Definition [3.5 (Il

4. Differential graded modules
Just the definitions.

Definition 4.1. Let R be a ring. Let (A, d) be a differential graded algebra over
R. A (right) differential graded module M over A is a right A-module M which has
a grading M = @ M™ and a differential d such that M™A™ C M™*™ such that
d(M™) ¢ M™*! and such that

d(ma) = d(m)a + (—1)"md(a)
fora € Aand m € M™. A homomorphism of differential graded modules f : M — N

is an A-module map compatible with gradings and differentials. The category of
(right) differential graded A-modules is denoted Mod 4 q).

Note that we can think of M as a cochain complex M?® of (right) R-modules.
Namely, for r € R we have d(r) = 0 and r maps to a degree 0 element of A, hence
d(mr) = d(m)r.

We can define left differential graded A-modules in exactly the same manner. If M is

a left A-module, then we can think of M as a right A°?P-module with multiplication
-opp defined by the rule

Moy @ = (—1)e8(@) deslm) gy

for a and m homogeneous. The category of left differential graded A-modules is
equivalent to the category of right differential graded A°PP-modules. We prefer to
work with right modules (essentially because of what happens in Example ,
but the reader is free to switch to left modules if (s)he so desires.

Lemma 4.2. Let (A,d) be a differential graded algebra. The category Mod 4, q) is
abelian and has arbitrary limits and colimits.
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Proof. Kernels and cokernels commute with taking underlying A-modules. Sim-
ilarly for direct sums and colimits. In other words, these operations in Mod4 q)
commute with the forgetful functor to the category of A-modules. This is not the
case for products and limits. Namely, if N;, ¢ € I is a family of differential graded
A-modules, then the product [] N; in Mod 4,4y is given by setting ([ N;)" = [T N{
and [TN; = @,,(ITVi)". Thus we see that the product does commute with the
forgetful functor to the category of graded A-modules. A category with products
and equalizers has limits, see Categories, Lemma [14.10 O

Thus, if (A,d) is a differential graded algebra over R, then there is an exact functor
Mod 4,4y — Comp(R)

of abelian categories. For a differential graded module M the cohomology groups
H™(M) are defined as the cohomology of the corresponding complex of R-modules.
Therefore, a short exact sequence 0 - K — L — M — 0 of differential graded
modules gives rise to a long exact sequence

(4.2.1) H"(K) — H"(L) — H"(M) — H""(K)
of cohomology modules, see Homology, Lemma [12.12

Moreover, from now on we borrow all the terminology used for complexes of mod-
ules. For example, we say that a differential graded A-module M is acyclic if
H*(M) = 0 for all k € Z. We say that a homomorphism M — N of differential
graded A-modules is a quasi-isomorphism if it induces isomorphisms H*(M) —
H*(N) for all k € Z. And so on and so forth.

Definition 4.3. Let (A,d) be a differential graded algebra. Let M be a differential
graded module. For any k € Z we define the k-shifted module M[k] as follows

(1) as A-module M[k] = M,

(2) M[k]™ = M"™F,

(3) darpry = (=1)*dpy.
For a morphism f : M — N of differential graded A-modules we let f[k] : M[k] —
N[k] be the map equal to f on underlying A-modules. This defines a functor
[k}] : MOd(A,d) — MOd(A7d).

The remarks in Homology, Section apply. In particular, we will identify the
cohomology groups of all shifts M[k] without the intervention of signs.

At this point we have enough structure to talk about triangles, see Derived Cate-
gories, Definition In fact, our next goal is to develop enough theory to be able
to state and prove that the homotopy category of differential graded modules is a
triangulated category. First we define the homotopy category.

5. The homotopy category

Our homotopies take into account the A-module structure and the grading, but not
the differential (of course).

Definition 5.1. Let (A, d) be a differential graded algebra. Let f,g: M — N be
homomorphisms of differential graded A-modules. A homotopy between f and g is
an A-module map h : M — N such that

(1) h(M™) c N~ ! for all n, and

(2) f(z) —g(z) =dn(h(x)) + h(dr(z)) for all z € M.
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If a homotopy exists, then we say f and g are homotopic.

Thus h is compatible with the A-module structure and the grading but not with
the differential. If f = ¢g and h is a homotopy as in the definition, then A defines a
morphism h : M — N[—1] in Mod 4 q).

Lemma 5.2. Let (A, d) be a differential graded algebra. Let f,g : L — M be
homomorphisms of differential graded A-modules. Suppose given further homomor-
phisms a : K — L, andc: M — N. If h : L — M is an A-module map which
defines a homotopy between f and g, then c o h o a defines a homotopy between
cofoaandcogoa.

Proof. Immediate from Homology, Lemma [12.7] O

This lemma allows us to define the homotopy category as follows.

Definition 5.3. Let (A,d) be a differential graded algebra. The homotopy cat-
egory, denoted K(Mod(a,q), is the category whose objects are the objects of
Mod4,q) and whose morphisms are homotopy classes of homomorphisms of dif-
ferential graded A-modules.

The notation K(Mod,4 q)) is not standard but at least is consistent with the use
of K(—) in other places of the Stacks project.

Lemma 5.4. Let (A, d) be a differential graded algebra. The homotopy category
K(Mod 4.q4y) has direct sums and products.

Proof. Omitted. Hint: Just use the direct sums and products as in Lemma [4.2]
This works because we saw that these functors commute with the forgetful functor
to the category of graded A-modules and because ] is an exact functor on the
category of families of abelian groups. O

6. Cones
We introduce cones for the category of differential graded modules.

Definition 6.1. Let (A, d) be a differential graded algebra. Let f: K — L be a
homomorphism of differential graded A-modules. The cone of f is the differential
graded A-module C(f) given by C(f) = L ® K with grading C(f)" = L™ @& K"+!

and differential
d _(d f
chH=\o —dg

It comes equipped with canonical morphisms of complexes i : L — C(f) and
p: C(f) — K][1] induced by the obvious maps L — C(f) and C(f) — K.

The formation of the cone triangle is functorial in the following sense.

Lemma 6.2. Let (A, d) be a differential graded algebra. Suppose that

K1*>L1

| |

K2L>L2
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is a diagram of homomorphisms of differential graded A-modules which is commu-
tative up to homotopy. Then there exists a morphism ¢ : C(f1) — C(f2) which
gives rise to a morphism of triangles

(a,b,¢) : (K1,L1,C(f1), f1,i1,p1) = (K1, L1, C(f1), fo,i2,p2)
mn K(MOd(A}d)).

Proof. Let h: K1 — Ly be a homotopy between fs oa and bo f;. Define ¢ by the
matrix

C:(g ZJ)ILl@Kl%LQ@KQ

A matrix computation show that ¢ is a morphism of differential graded modules.
It is trivial that coiy = i3 0 b, and it is trivial also to check that ppoc=aop;. O

7. Admissible short exact sequences

An admissible short exact sequence is the analogue of termwise split exact sequences
in the setting of differential graded modules.

Definition 7.1. Let (A,d) be a differential graded algebra.

(1) A homomorphism K — L of differential graded A-modules is an admissible
monomorphism if there exists a graded A-module map L — K which is left
inverse to K — L.

(2) A homomorphism L — M of differential graded A-modules is an admissible
epimorphism if there exists a graded A-module map M — L which is right
inverse to L — M.

(3) A short exact sequence 0 - K — L — M — 0 of differential graded A-
modules is an admissible short exact sequence if it is split as a sequence of
graded A-modules.

Thus the splittings are compatible with all the data except for the differentials.
Given an admissible short exact sequence we obtain a triangle; this is the reason
that we require our splittings to be compatible with the A-module structure.

Lemma 7.2. Let (A, d) be a differential graded algebra. Let 0 — K — L —
M — 0 be an admissible short exact sequence of differential graded A-modules. Let
s: M — L and w: L — K be splittings such that Ker(n) = Im(s). Then we obtain
a morphism

d=modros: M — KIl]
of Mod 4,4y which induces the boundary maps in the long exact sequence of coho-
mology .

Proof. The map 7 o dy, o s is compatible with the A-module structure and the
gradings by construction. It is compatible with differentials by Homology, Lemmas
Let R be the ring that A is a differential graded algebra over. The equality of
maps is a statement about R-modules. Hence this follows from Homology, Lemmas

and O
Lemma 7.3. Let (A, d) be a differential graded algebra. Let
K——1L
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be a diagram of homomorphisms of differential graded A-modules commuting up to
homotopy.
(1) If f is an admissible monomorphism, then b is homotopic to a homomor-
phism which makes the diagram commute.
(2) If g is an admissible epimorphism, then a is homotopic to a morphism
which makes the diagram commute.

Proof. Let h: K — N be a homotopy between bf and ga, i.e., bf — ga = dh + hd.
Suppose that 7 : L — K is a graded A-module map left inverse to f. Take
b = b— dhm — hwd. Suppose s : N — M is a graded A-module map right inverse
to g. Take a’ = a + dsh + shd. Computations omitted. O

Lemma 7.4. Let (A, d) be a differential graded algebra. Let o : K — L be a
homomorphism of differential graded A-modules. There exists a factorization

K*&>[~/L>L

in Moda q) such that

(1) @ is an admissible monomorphism (see Definition [7.1]),
(2) there is a morphism s : L — L such that w o s = idy, and such that sow is
homotopic to id; .

Proof. The proof is identical to the proof of Derived Categories, Lemma

Namely, we set L = L & C(1x) and we use elementary properties of the cone
construction. O

Lemma 7.5. Let (A,d) be a differential graded algebra. Let Ly — Ly — ... —
L, be a sequence of composable homomorphisms of differential graded A-modules.
There exists a commutative diagram

Ly Lo . L,
M, M, . M,

in Mod(a,q) such that each M; — M;y1 is an admissible monomorphism and each
M; — L; is a homotopy equivalence.

Proof. The case n =1 is without content. Lemma [7-4]is the case n = 2. Suppose
we have constructed the diagram except for M,,. Apply Lemma [7-4] to the compo-
sition M,,_y — L,_1 — L,. The result is a factorization M, _; — M,, — L,, as
desired. [l

Lemma 7.6. Let (A,d) be a differential graded algebra. Let 0 — K; — L; —
M; — 0, i = 1,2,3 be admissible short exact sequence of differential graded A-
modules. Let b : L1 — Lo and V' : Ly — L3 be homomorphisms of differential
graded modules such that

Ki—— L —— M Ky ——> Lo ——> My

RN

KQHLQHMQ K3*>L3HM3


http://stacks.math.columbia.edu/tag/09JW
http://stacks.math.columbia.edu/tag/09JX
http://stacks.math.columbia.edu/tag/09JY

09K5
09K6

09K7

09K8

09P1

09KB

DIFFERENTIAL GRADED ALGEBRA 8

commute up to homotopy. Then b’ ob is homotopic to 0.

Proof. By Lemma we can replace b and b’ by homotopic maps such that the
right square of the left diagram commutes and the left square of the right diagram
commutes. In other words, we have Im(b) C Im(Ky; — Ls) and Ker((0')") D
Im(Ky — L3). Then bod’ =0 as a map of modules. O

8. Distinguished triangles

The following lemma produces our distinguished triangles.

Lemma 8.1. Let (A, d) be a differential graded algebra. Let0 — K — L — M — 0
be an admissible short exact sequence of differential graded A-modules. The triangle

(8.1.1) K—L—M2% K[

with § as in Lemma is, up to canonical isomorphism in K(Mod 4, q)), indepen-
dent of the choices made in Lemma[7.3

Proof. Namely, let (s’,7') be a second choice of splittings as in Lemma Then
we claim that § and ¢’ are homotopic. Namely, write s’ = s+aoh and 7’ = 7+ gof3
for some unique homomorphisms of A-modules h : M — K and g : M — K of
degree —1. Then g = —h and g is a homotopy between § and ¢§’. The computations
are done in the proof of Homology, Lemma O

Definition 8.2. Let (A,d) be a differential graded algebra.

(1) f0 - K - L - M — 0 is an admissible short exact sequence of differ-
ential graded A-modules, then the triangle associated to 0 — K — L —

M — 0 is the triangle (8.1.1)) of K (Mod4,q))-

(2) A triangle of K (Mod4,q)) is called a distinguished triangle if it is isomorphic
to a triangle associated to an admissible short exact sequence of differential
graded A-modules.

9. Cones and distinguished triangles

Let (A, d) be a differential graded algebra. Let f : K — L be a homomorphism of
differential graded A-modules. Then (K, L,C(f), f,,p) forms a triangle:

K—L—C(f)— K[1]

in Mod(4 4y and hence in K (Mod4,qy). Cones are not distinguished triangles in
general, but the difference is a sign or a rotation (your choice). Here are two precise
statements.

Lemma 9.1. Let (A,d) be a differential graded algebra. Let f : K — L be a
homomorphism of differential graded modules. The triangle (L, C(f), K[1],4, p, f[1])
is the triangle associated to the admissible short exact sequence

0—->L—-C(f) > K[1] =0
coming from the definition of the cone of f.

Proof. Immediate from the definitions. O


http://stacks.math.columbia.edu/tag/09K6
http://stacks.math.columbia.edu/tag/09K8
http://stacks.math.columbia.edu/tag/09KB

09KC

09KE

09KF

DIFFERENTIAL GRADED ALGEBRA 9

Lemma 9.2. Let (A, d) be a differential graded algebra. Let o : K — L and
B : L — M define an admissible short exact sequence

0O>K—L—-M-—=0

of differential graded A-modules. Let (K,L,M,«,(,0) be the associated triangle.
Then the triangles

(M[_]-]a K, L7 5[_1]7 «, ﬁ) and (M[_1]7 K, 0(5[—1})7 5[_1]’ ivp)
are tsomorphic.

Proof. Using a choice of splittings we write L = K & M and we identify o and
with the natural inclusion and projection maps. By construction of § we have

_(dx 9O
dp = ( 0 dM)
On the other hand the cone of §[—1] : M[—1] — K is given as C(§[-1])) = K& M
with differential identical with the matrix above! Whence the lemma. O

Lemma 9.3. Let (A, d) be a differential graded algebra. Let f1 : K1 — L1 and
fo 1 Ko — Lo be homomorphisms of differential graded A-modules. Let

(0/7 b,C) : (K17L1a0<f1)afl7ilapl) — (KlaLlac(fl>7f27i27p2)

be any morphism of triangles of K(Mod4,q)). If a and b are homotopy equivalences
then so is c.

Proof. Let a=! : K; — K; be a homomorphism of differential graded A-modules
which is inverse to a in K(Moda 4)). Let b=': Ly — Ly be a homomorphism of
differential graded A-modules which is inverse to bin K (Mod4,qy). Let ¢’ : C(fa) —
C(f1) be the morphism from Lemmaapplied to fioa~! = b lof,. If we can show
that coc’ and ¢’ oc are isomorphisms in K (Mod 4 qy) then we win. Hence it suffices
to prove the following: Given a morphism of triangles (1,1,¢) : (K, L,C(f), f,i,p)
in K(Mod4,q) the morphism c is an isomorphism in K (Mod 4 qy). By assumption
the two squares in the diagram

L——CO(f) — K[1]

4
L——C(f) —— K[1]
commute up to homotopy. By construction of C'(f) the rows form admissible short

exact sequences. Thus we see that (¢ — 1)? = 0 in K(Mod(a,q4)) by Lemma 7.6 .
Hence c is an isomorphism in K(Mod(A d)) with inverse 2 — c.

The following lemma shows that the collection of triangles of the homotopy category
given by cones and the distinguished triangles are the same up to isomorphisms, at
least up to sign!

Lemma 9.4. Let (A, d) be a differential graded algebra.
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(1) Given an admissible short eract sequence 0 — K < L — M — 0 of
differential graded A-modules there exists a homotopy equivalence C(a) —
M such that the diagram

T‘ E Cla) —= K[1]
K—sp 2 2. kgp

defines an isomorphism of triangles in K(Mod 4, g)).
(2) Given a morphism of complexes f : K — L there exists an isomorphism of

triangles
K ——L——0(f) —> K[1]

where the upper triangle is the triangle associated to a admissible short
exact sequence K — L — M.

Proof. Proof of (1). We have C(a) = L @ K and we simply define C(a) — M
via the projection onto L followed by . This defines a morphism of differential
graded modules because the compositions K" — L*+1 — M"+1 are zero. Choose
splittings s : M — L and 7 : L — K with Ker(n) = Im(s) and set § = modjos
as usual. To get a homotopy inverse we take M — C(a) given by (s,—d). This
is compatible with differentials because 0™ can be characterized as the unique map
M™ — K™ such that d o s” — 5"t od = a0 §7, see proof of Homology, Lemma
The composition M — C(f) — M is the identity. The composition C(f) —
M — C(f) is equal to the morphism

sof 0
—dop 0

To see that this is homotopic to the identity map use the homotopy h : C(a) —
C(«) given by the matrix

@ $:ﬂ®:L@KeL@K:Cm)

It is trivial to verify that

G- (e =6 %) GG

To finish the proof of (1) we have to show that the morphisms —p : C(a) — K[1]
(see Definition and C(a) - M — K]J1] agree up to homotopy. This is clear
from the above. Namely, we can use the homotopy inverse (s, —d) : M — C(«) and
check instead that the two maps M — K[1] agree. And note that po (s, —9) = —6
as desired.

Proof of (2). Weletf:K—>f/,s:L—)f/andw:L%LbeasinLemma

By Lemmas and the triangles (K, L,C(f),i,p) and (K,E,C’(f),g,[)) are
isomorphic. Note that we can compose isomorphisms of triangles. Thus we may
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replace L by L and f by f. In other words we may assume that f is an admissible
monomorphism. In this case the result follows from part (1). ]

10. The homotopy category is triangulated
We first prove that it is pre-triangulated.

Lemma 10.1. Let (A, d) be a differential graded algebra. The homotopy category
K(Mod4,qy) with its natural translation functors and distinguished triangles is a
pre-triangulated category.

Proof. Proof of TR1. By definition every triangle isomorphic to a distinguished
one is distinguished. Also, any triangle (K, K,0,1,0,0) is distinguished since
0 - K - K = 0 — 0 is an admissible short exact sequence. Finally, given
any homomorphism f : K — L of differential graded A-modules the triangle
(K,L,C(f), f,i,—p) is distinguished by Lemma [9.4]

Proof of TR2. Let (X,Y,Z, f,g,h) be a triangle. Assume (Y, Z, X[1], g, h, —f[1])
is distinguished. Then there exists an admissible short exact sequence 0 — K —
L - M — 0 such that the associated triangle (K,L, M, a,f,0) is isomorphic
to (Y, Z,X[1],g,h,—f[1]). Rotating back we see that (X,Y,Z, f, g, h) is isomor-
phic to (M[-1], K, L, —§[-1],a, 8). It follows from Lemma that the triangle
(M[-1], K, L,§[-1],«, 8) is isomorphic to (M[-1], K,C(6[-1]),d[-1],%,p). Pre-
composing the previous isomorphism of triangles with —1 on Y it follows that
(X,Y,Z, f,g,h) is isomorphic to (M[-1], K, C(§[—1]),0[—1], 4, —p). Hence it is dis-
tinguished by Lemma On the other hand, suppose that (X,Y,Z, f,g,h) is
distinguished. By Lemma [9.4] this means that it is isomorphic to a triangle of the
form (K, L,C(f), f,i,—p) for some morphism f of Mod(4 4y. Then the rotated
triangle (Y, Z, X[1], g, h, — f[1]) is isomorphic to (L, C(f), K[1],4, —p, —f[1]) which
is isomorphic to the triangle (L, C(f), K[1],4,p, f[1]). By Lemma [9.1] this triangle
is distinguished. Hence (Y, Z, X[1], g, h, —f[1]) is distinguished as desired.

Proof of TR3. Let (X,Y, Z, f,g,h) and (X', Y', Z’, f', ¢’, ') be distinguished trian-
gles of K(A) and let a: X — X’ and b: Y — Y’ be morphisms such that f' oa =
bo f. By Lemmawe may assume that (X,Y, Z, f,g,h) = (X,Y,C(f), f,%, —p)
and (XY, Z', f',¢',h) = (X", Y',C(f"), f,i,—p'). At this point we simply ap-
ply Lemma to the commutative diagram given by f, f/, a, b. O

Before we prove TR4 in general we prove it in a special case.

Lemma 10.2. Let (A, d) be a differential graded algebra. Suppose that o : K — L
and B : L — M are admissible monomorphisms of differential graded A-modules.
Then there exist distinguished triangles (K, L, Q1,c, p1,d1), (K, M, Q2, Boa, ps,ds)
and (L, M, Qs, 8, ps,ds) for which TR4 holds.

Proof. Say m : L — K and 3 : M — L are homomorphisms of graded A-
modules which are left inverse to @ and 3. Then also K — M is an admissible
monomorphism with left inverse mo = w1 o w3. Let us write @1, Q2 and Q3 for
the cokernels of K — L, K — M, and L — M. Then we obtain identifications
(as graded A-modules) Q1 = Ker(m), Q3 = Ker(ms) and Q2 = Ker(mz). Then
L=K&Q@, and M = L&Q3 as graded A-modules. This implies M = K& Q1P Q3.
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Note that my = 7 o w3 is zero on both (1 and QY3. Hence Q2 = Q1 ® Q3. Consider
the commutative diagram

0O - K - L — @ — 0
I I 4

0 - K - M — @ — 0
{ { 4

0O - L —-— M — Q3 — 0

The rows of this diagram are admissible short exact sequences, and hence determine
distinguished triangles by definition. Moreover downward arrows in the diagram
above are compatible with the chosen splittings and hence define morphisms of
triangles

(K—-L—->@Q = K[l]) —(K—=>M—=Q:— K[1])
and
(K—M—Q:— K[1]) — (L - M — Q3 — L[1]).

Note that the splittings Q3 — M of the bottom sequence in the diagram provides
a splitting for the split sequence 0 — Q1 — Q2 — @3 — 0 upon composing with
M — Q. Tt follows easily from this that the morphism § : Q3 — Q1[1] in the
corresponding distinguished triangle

(Q1 — Q2 — Q3 — Q1[1])

is equal to the composition Q3 — L[1] — Q1[1]. Hence we get a structure as in the
conclusion of axiom TR4. g

Here is the final result.

Proposition| 10.3. Let (A, d) be a differential graded algebra. The homotopy
category K (Mod4,q)) of differential graded A-modules with its natural translation
functors and distinguished triangles is a triangulated category.

Proof. We know that K (Mod 4, q)) is a pre-triangulated category. Hence it suffices
to prove TR4 and to prove it we can use Derived Categories, Lemma Let
K — L and L — M be composable morphisms of K (Mod4,qy). By Lemma 7.5(we
may assume that K — L and L — M are admissible monomorphisms. In this case
the result follows from Lemma O

11. Projective modules over algebras

In this section we discuss projective modules over algebras and over graded algebras.
Thus it is the analogue of Algebra, Section [76]in the setting of this chapter.

Algebras and modules. Let R be a ring and let A be an R-algebra, see Sec-
tion [2] for our conventions. It is clear that A is a projective right A-module since
Homa (A, M) = M for any right A-module M (and thus Homy4 (A, —) is exact).
Conversely, let P be a projective right A-module. Then we can choose a surjection
@,c; A — P by choosing a set {p;}ics of generators of P over A. Since P is pro-
jective there is a left inverse to the surjection, and we find that P is isomorphic to
a direct summand of a free module, exactly as in the commutative case (Algebra,

Lemma [76.2)).
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Graded algebras and modules. Let R be a ring. Let A be a graded algebra
over R. Let Mod, denote the category of graded right A-modules. For an integer
k let Alk] denote the shift of A. For an graded right A-module we have

Hompyoq, (A[E], M) = M~F

As the functor M — M ~* is exact on Mod 4 we conclude that A[k] is a projective
object of Mod4. Conversely, suppose that P is a projective object of Mod4. By
choosing a set of homogeneous generators of P as an A-module, we can find a

surjection
P Ak —P
i€l

Thus we conclude that a projective object of Mod 4 is a direct summand of a direct
sum of the shifts A[k].

If (A,d) is a differential graded algebra and P is an object of Mod 4 q) then we say
P is projective as a graded A-module or sometimes P is graded projective to mean
that P is a projective object of the abelian category Mod 4 of graded A-modules.

Lemma 11.1. Let (A, d) be a differential graded algebra. Let M — P be a
surjective homomorphism of differential graded A-modules. If P is projective as a
graded A-module, then M — P is an admissible epimorphism.

Proof. This is immediate from the definitions. (]
Lemma 11.2. Let (A,d) be a differential graded algebra. Then we have
Homsod, , ) (A[k], M) = Ker(d : M=k — MR
and
Hom k (o, , ) (Alk], M) = H™*(M)
for any differential graded A-module M.

Proof. This is clear from the discussion above. [l

12. Injective modules over algebras

In this section we discuss injective modules over algebras and over graded algebras.
Thus it is the analogue of More on Algebra, Section[52]in the setting of this chapter.

Algebras and modules. Let R be a ring and let A be an R-algebra, see Section
for our conventions. For a right A-module M we set

MY = Homgz(M,Q/Z)

which we think of as a left A-module by the multiplication (af)(z) = f(za).
Namely, ((ab)f)(x) = f(xab) = (bf)(xa) = (a(bf))(x). Conversely, if M is a
left A-module, then MV is a right A-module. Since Q/Z is an injective abelian
group (More on Algebra, Lemma , the functor M — MV is exact (More on
Algebra, Lemma [52.6)). Moreover, the evaluation map M — (MV)" is injective for
all modules M (More on Algebra, Lemma [52.7)).

We claim that AV is an injective right A-module. Namely, given a right A-module
N we have

Hom4 (N, AY) = Hom4 (N, Homgz(A,Q/Z)) = NV
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and we conclude because the functor N — NV is exact. The second equality holds
because

Homgz (N, Homz(A, Q/Z)) = Homz(N ®z A, Q/Z)
by Algebra, Lemma Inside this module A-linearity exactly picks out the
bilinear maps ¢ : N x A — Q/Z which have the same value on © ® a and za ® 1,
i.e., come from elements of NV.

Finally, for every right A-module M we can choose a surjection @, .; A — M"Y to

get an injection M — (MY)Y — [[,c; AY.

i€l

We conclude
(1) the category of A-modules has enough injectives,
(2) AV is an injective A-module, and
(3) every A-module injects into a product of copies of AV.
Graded algebras and modules. Let R be a ring. Let A be a graded algebra
over R. If M is a graded A-module we set
MY = @nez Homgz(M ™", Q/Z) = EBHEZ(M—”)V

as a graded R-module with the A-module structure defined as above (for homoge-
neous elements). This again switches left and right modules. On the category of
graded A-modules the functor M +— MV is exact (check on graded pieces). More-
over, the evaluation map M — (MVY)V is injective as before (because we can check
this on the graded pieces).

We claim that AV is an injective object of the category Mod, of graded right
A-modules. Namely, given a graded right A-module N we have

Homnod, (N, AY) = Homysea, (N, @) Homz (A™", Q/Z)) = (N°)"

and we conclude because the functor N — (N°)¥ = (NV)? is exact. To see that
the second equality holds we use the equalities
HomZ(Nn7 HomZ(Aina Q/Z)) = HOmz(Nn Xz Ain7 Q/Z)

of Algebra, Lemma Thus an element of Hompyoq, (IV, AY) corresponds to a
family of Z-bilinear maps ¢, : N* x A" — Q/Z such that ¢, (z,a) = ¥o(za,1)
for all z € N™ and a € A=". Moreover, v(z,a) = ¥g(xa,1) for all z € N°, a € A°.
It follows that the maps v, are determined by 1y and that ¥ (z,a) = p(za) for a
unique element ¢ € (N9)V.

Finally, for every graded right A-module M we can choose a surjection (of graded
left A-modules)

@EI A[k‘z} — Mv
3
where A[k;] denotes the shift of A by k; € Z. (We do this by choosing homogeneous
generators for MV.) In this way we get an injection
M= (M) = [[Alk:]Y =[] AV [~k

Observe that the products in the formula above are products in the category of
graded modules (in other words, take products in each degree and then take the
direct sum of the pieces).

We conclude that
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(1) the category of graded A-modules has enough injectives,

(2) for every k € Z the module AV[k] is injective, and

(3) every A-module injects into a product in the category of graded modules
of copies of shifts AY[k].

If (A,d) is a differential graded algebra and I is an object of Mod(4 q) then we
say I is injective as a graded A-module to mean that I is a injective object of the
abelian category Mod 4 of graded A-modules.

Lemma 12.1. Let (A, d) be a differential graded algebra. Let I — M be an
wmgjective homomorphism of differential graded A-modules. If I is an injective object
of the category of graded A-modules, then I — M is an admissible monomorphism.

Proof. This is immediate from the definitions. |

Let (A,d) be a differential graded algebra. If M is a left differential graded A-
module, then we will endow M"Y (with its graded module structure as above) with
a right differential graded module structure by setting

dare(f) = =(=1)"fody/ ™" in (MY)"H
for f € (MV)* = Homgz(M~",Q/Z) and d;;/"~' : M~"~! — M~" the differential

of ]\/[H We will show by a computation that this works. Namely, if a € A™,
xe€ M—""™ Land f € (MV)", then we have

darv (fa)(z) = —(=1)"""(fa)(dp ()
= —(=D)"*" fadp ()
—(=1)"f(dum(ax) — d(a)z)

n"
= —(=D"[=(=1)"dnv (f)(az) — (fd(a))(z)]
(darv (fa) (@) + (=1)"(fd(a))(x)

the third equality because dys(az) = d(a)x + (—=1)™adp(z). In other words we
have dpv (fa) = dyv (f)a+ (—1)"fd(a) as desired.

If M is a right differential graded module, then the sign rule above does not work.
The problem seems to be that in defining the left A-module structure on MV our
conventions for graded modules above defines af to be the element of (MY)"+™
such that (af)(z) = f(za) for f € (MY)", a € A™ and x € M ~"~™ which in some
sense is the “wrong” thing to do if m is odd. Anyway, instead of changing the sign
rule for the module structure, we fix the problem by using

dyv(f) = (=1)"fody

when M is a right differential graded A-module. The computation for a € A™,
€M™ and f e (MV)" then becomes

durv (af)(z) = (=)™ (fa)(dur ()

(=1)""" f(das(x)a)

= (=)™ f(dy(az) — (=1)" " 2d(a))
(=D)"dmv (f)(az) + f(zd(a))
(=1)™(adnv (f))(z) + (d(a) f)(z)

IThe sign rule is analogous to the one in Example 119.8 although there we are working with
right modules and the same sign rule taken there does not work for left modules. Sigh!
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the third equality because dys(za) = dps(z)a + (—1)" ™ tzd(a). In other words,
we have dpyv (af) = d(a)f + (=1)"adpv (f) as desired.

We leave it to the reader to show that with the conventions above there is a natural
evaluation map M — (M")V in the category of differential graded modules if M is
either a differential graded left module or a differential graded right module. This
works because the sign choices above cancel out and the differentials of ((MV)V are
the natural maps ((M™)V)Y — ((M"+1)V)V.

Lemma 12.2. Let (A, d) be a differential graded algebra. If M is a left differential
graded A-module and N is a right differential graded A-module, then

HomMOd(A,d) (N, Mv)
is isomorphic to the set of sequences (¢y,) of Z-bilinear pairings
Yo : N" x M™" — Q/Z

such that V¥nim(y,ax) = Ypem(ya,x) for ally € N*, z € M~™™, and a € A™™"
and such that ¥, +1(d(y), x) +(=1)",(y, d(z)) = 0 for ally € N™ and v € M~""1.

Proof. If f € Hompioq,, 4 (N, M), then we map this to the sequence of pairings
defined by ¥, (y,z) = f(y)(x). It is a computation (omitted) to see that these
pairings satisfy the conditions as in the lemma. For the converse, use Algebra,
Lemma [11.8] to turn a sequence of pairings into a map f: N — MV. (I

Lemma 12.3. Let (A, d) be a differential graded algebra. Then we have
Homsoa, ,, (M, AV[K]) = Ker(d: (MY)* — (MY)*1)
and
Hom i (Mod 4 40) (M, AV[K]) = H*(M")
for any differential graded A-module M.

Proof. This is clear from the discussion above. O

13. P-resolutions
This section is the analogue of Derived Categories, Section

Let (A, d) be a differential graded algebra. Let P be a differential graded A-module.
We say P has property (P) if it there exists a filtration

O=F,PCIKPCFPC...CP

by differential graded submodules such that
(1) P = UF p L,
(2) the inclusions F; P — F;;1 P are admissible monomorphisms,
(3) the quotients F;,1P/F;P are isomorphic as differential graded A-modules
to a direct sum of A[k].
In fact, condition (2) is a consequence of condition (3), see Lemma Moreover,

the reader can verify that as a graded A-module P will be isomorphic to a direct
sum of shifts of A.
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Lemma 13.1. Let (A, d) be a differential graded algebra. Let P be a differen-
tial graded A-module. If F, is a filtration as in property (P), then we obtain an
admissible short exact sequence

0—-EPFrrP-EPFP—+P—0
of differential graded A-modules.

Proof. The second map is the direct sum of the inclusion maps. The first map
on the summand F; P of the source is the sum of the identity F; P — F; P and the
negative of the inclusion map F; P — F; 1 P. Choose homomorphisms s; : F; 1P —
F; P of graded A-modules which are left inverse to the inclusion maps. Composing
gives maps s;; : F; P — F;P for all 7 > 7. Then a left inverse of the first arrow
maps = € Fj P to (sjo(z),sj1(x),...,s5-1(),0,...) in @ F;P. O

The following lemma shows that differential graded modules with property (P) are
the dual notion to K-injective modules (i.e., they are K-projective in some sense).
See Derived Categories, Definition [29.1

Lemma 13.2. Let (A, d) be a differential graded algebra. Let P be a differential
graded A-module with property (P). Then

HomK(MOd(A,d))(P? N) = O
for all acyclic differential graded A-modules N.

Proof. We will use that K (Mod 4 q)) is a triangulated category (Proposition|10.3).
Let F, be a filtration on P as in property (P). The short exact sequence of Lemma
produces a distinguished triangle. Hence by Derived Categories, Lemma [4.2] it
suffices to show that

HomK(Mod(A,d))(FiP7 N) =0

for all acyclic differential graded A-modules N and all i. Each of the differential
graded modules F; P has a finite filtration by admissible monomorphisms, whose
graded pieces are direct sums of shifts A[k]. Thus it suffices to prove that

HomK(MOd(AYd))(A[kL N) = O

for all acyclic differential graded A-modules N and all k. This follows from Lemma
11.2 (I

Lemma 13.3. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism P — M of differential graded
A-modules with the following properties
(1) P — M is surjective,
(2) Ker(dp) — Ker(dys) is surjective, and
(3) P sits in an admissible short exact sequence 0 — P' — P — P” — 0 where
P’, P" are direct sums of shifts of A.

Proof. Let P be the free A-module with generators z,y in degrees k and k + 1.
Define the structure of a differential graded A-module on Py by setting d(x) = y
and d(y) = 0. For every element m € MP¥ there is a homomorphism P, — M
sending = to m and y to d(m). Thus we see that there is a surjection from a direct
sum of copies of Py to M. This clearly produces P — M having properties (1) and
(3). To obtain property (2) note that if m € Ker(dys) has degree k, then there is a
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map A[k] — M mapping 1 to m. Hence we can achieve (2) by adding a direct sum
of copies of shifts of A. O

Lemma 13.4. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism P — M of differential graded
A-modules such that

(1) P — M is a quasi-isomorphism, and
(2) P has property (P).
Proof. Set M = M. We inductively choose short exact sequences
O—>Mi+1—>Pi—>Mi—>0

where the maps P; — M, are chosen as in Lemma [13.3] This gives a “resolution”

s Pp M0

Then we set

P = P;
i>0

as an A-module with grading given by P" = €, tb=n P? and differential (as in
the construction of the total complex associated to a double complex) by

dp(2) = f-a() + (=1)"dp_, (2)

for x € P®,. With these conventions P is indeed a differential graded A-module.
Recalling that each P; has a two step filtration 0 — P} — P, — P} — 0 we set

FyP = @mzo P; C @Z_ZO P=P

and we add P/ 1 to o P to get Fh11. These are differential graded submodules
and the successive quotients are direct sums of shifts of A. By Lemma we
see that the inclusions F; P — F; 1P are admissible monomorphisms. Finally, we
have to show that the map P — M (given by the augmentation Py — M) is a
quasi-isomorphism. This follows from Homology, Lemma [23.2 O

14. I-resolutions
This section is the dual of the section on P-resolutions.

Let (A,d) be a differential graded algebra. Let I be a differential graded A-module.
We say I has property (1) if it there exists a filtration

I=FIDFKIDFKID...D0

by differential graded submodules such that
(1) I =1lmI/F,lI
(2) the maps I/F;11I — I/F;I are admissible epimorphisms,
(3) the quotients F;I/F; 11 are isomorphic as differential graded A-modules to
products of AV[k].

In fact, condition (2) is a consequence of condition (3), see Lemma[12.1} The reader
can verify that as a graded module I will be isomorphic to a product of AV [k].
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Lemma 14.1. Let (A, d) be a differential graded algebra. Let I be a differen-
tial graded A-module. If Fy is a filtration as in property (I), then we obtain an
admissible short exact sequence

0—=1I—[[1/F1—][1/FI—0
of differential graded A-modules.
Proof. Omitted. Hint: This is dual to Lemma [I3.1] (I

The following lemma shows that differential graded modules with property (I) are
the analogue of K-injective modules. See Derived Categories, Definition [29.1

Lemma 14.2. Let (A, d) be a differential graded algebra. Let I be a differential
graded A-module with property (I). Then

HomK(Mod(A,,i))(Na I) =0
for all acyclic differential graded A-modules N.

Proof. We will use that K (Mod4,q)) is a triangulated category (Proposition|10.3).
Let F, be a filtration on I as in property (I). The short exact sequence of Lemma
produces a distinguished triangle. Hence by Derived Categories, Lemma [4.2] it
suffices to show that

HomK(MOd(Aﬁd))(N, I/Fll) =0

for all acyclic differential graded A-modules N and all . Each of the differential
graded modules I/F;I has a finite filtration by admissible monomorphisms, whose
graded pieces are products of AV [k]. Thus it suffices to prove that

Hom g (Mod 4 o)) (N, AY[K]) = 0

for all acyclic differential graded A-modules N and all k. This follows from Lemma
and the fact that (—)Y is an exact functor. O

Lemma 14.3. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism M — I of differential graded
A-modules with the following properties
(1) M — I is injective,
(2) Coker(dys) — Coker(dy) is injective, and
(3) I sits in an admissible short exact sequence 0 — I' — I — I" — 0 where
I', I" are products of shifts of AV.

Proof. For every k € Z let Qi be the free left A-module with generators z,y in
degrees k and k + 1. Define the structure of a left differential graded A-module
on Qp by setting d(z) = y and d(y) = 0. Let I, = QY, be the “dual” right
differential graded A-module, see Section The next paragraph shows that we
can embed M into a product of copies of Ij (for varying k). The dual statement
(that any differential graded module is a quotient of a direct sum of of Py’s) is
easy to prove (see proof of Lemma and using double duals there should be
a noncomputational way to deduce what we want. Thus we suggest skipping the
next paragraph.

Given a Z-linear map A : M¥ — Q/Z we construct pairings

Pt M" x Q" — Q/Z
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by setting
Un(m, azx + by) = M(ma + (=1)*T1d(mb))

forme M", a € A" % and b€ A=""F=1, We compute

Y1 (d(m), az + by) = A (d(m)a + (—1)Fd(d(m)b))

=X (d(m)a + (—1)*F"d(m)d(b))
and because d(az + by) = d(a)z + (—1)"""Fay + d(b)y we have
W (m, d(az +by)) = A (md(a) + (=1 d(m((~=1)""*a+d())))
= X (md(a) + (=1)"" " d(ma) + (-=1)F1d(m)d(b))))
and we see that
Uny1(d(m), az + by) + (=1)"¢n(m, d(az + by)) = 0
Thus these pairings define a homomorphism fy : M — I by Lemma[I2.2]such that
the composition
Wk ﬂ} I = Q)Y evaluation at = Q/z

is the given map A. It is clear that we can find an embedding into a product of

copies of It’s by using a map of the form [] fx for a suitable choice of the maps .

The result of the previous paragraph produces M — I having properties (1) and
(3). To obtain property (2), suppose T € Coker(dyy) is a nonzero element of degree
k. Pick a map A : M* — Q/Z which vanishes on Im(M*~1 — M¥) but not on m.
By Lemma this corresponds to a homomorphism M — AV[k] of differential
graded A-modules which does not vanish on m. Hence we can achieve (2) by adding
a product of copies of shifts of AV. O

Lemma 14.4. Let (A, d) be a differential graded algebra. Let M be a differential
graded A-module. There exists a homomorphism M — I of differential graded
A-modules such that

(1) M — I is a quasi-isomorphism, and
(2) I has property (I).

Proof. Set M = M. We inductively choose short exact sequences
O%Ml%IZ%MH_l*)O

where the maps M; — I; are chosen as in Lemma This gives a “resolution”

0= M-I, I -

I= Hizo I

where we take the product in the category of graded A-modules and differential
defined by

Then we set

dr(2) = fa(x) + (=1)"dy, (2)
for x € I’. With these conventions I is indeed a differential graded A-module.
Recalling that each I; has a two step filtration 0 — I} — I; — I — 0 we set

FpP = Hm I; C Hizo L=1
and we add a factor I/ 11 to Fo;I to get Fo;11. These are differential graded sub-
modules and the successive quotients are products of shifts of AY. By Lemma [12.1
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we see that the inclusions F;111 — F;I are admissible monomorphisms. Finally,
we have to show that the map M — I (given by the augmentation M — Ij) is a
quasi-isomorphism. This follows from Homology, Lemma [23.3 (]

15. The derived category

Recall that the notions of acyclic differential graded modules and quasi-isomorphism
of differential graded modules make sense (see Section [4)).

Lemma 15.1. Let (A, d) be a differential graded algebra. The full subcategory
Ac of K(Moda,q) consisting of acyclic modules is a strictly full saturated tri-
angulated subcategory of K(Mod4,q)). The corresponding saturated multiplicative
system (see Derived Categories, Lemma of K(Mod 4, q)) is the class Qis of
quasi-isomorphisms. In particular, the kernel of the localization functor

Q : K(Mod(4,4)) — Qis™"K(Mod( 4 a))
is Ac. Moreover, the functor HY factors through Q.

Proof. We know that H° is a homological functor by the long exact sequence of
homology . The kernel of HO is the subcategory of acyclic objects and the
arrows with induce isomorphisms on all H* are the quasi-isomorphisms. Thus this
lemma is a special case of Derived Categories, Lemma [6.11

Set theoretical remark. The construction of the localization in Derived Categories,
Proposition [5.5| assumes the given triangulated category is “small”, i.e., that the
underlying collection of objects forms a set. Let V,, be a partial universe (as in
Sets, Section containing (A,d) and where the cofinality of « is bigger than
Ng (see Sets, Proposition . Then we can consider the category Mod(4,q4),o Of
differential graded A-modules contained in V,,. A straightforward check shows that
all the constructions used in the proof of Proposition Work inside of Mod(4,4),a
(because at worst we take finite direct sums of differential graded modules). Thus
we obtain a triangulated category QisglK(Mod(A’d),a). We will see below that if
B > «, then the transition functors

Qis, ' K (Mod(4,4),0) — Qisz ' K (Mod,q),5)
are fully faithful as the morphism sets in the quotient categories are computed
by maps in the homotopy categories from P-resolutions (the construction of a P-
resolution in the proof of Lemma takes countable direct sums as well as direct

sums indexed over subsets of the given module). The reader should therefore think
of the category of the lemma as the union of these subcategories. O

Taking into account the set theoretical remark at the end of the proof of the pre-
ceding lemma we define the derived category as follows.

Definition 15.2. Let (A,d) be a differential graded algebra. Let Ac and Qis be
as in Lemma The derived category of (A, d) is the triangulated category

D(A,d) = K(Mod4,4))/Ac = Qis™" K (Mod 4 4))-

We denote H® : D(A,d) — Modp the unique functor whose composition with the
quotient functor gives back the functor H® defined above.

Here is the promised lemma computing morphism sets in the derived category.
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09KY Lemmal15.3. Let (A,d) be a differential graded algebra. Let M and N be differ-
ential graded A-modules.

(1) Let P — M be a P-resolution as in Lemma m Then
Hompa,q)(M, N) = Homg (mod, , 4) (P N)
(2) Let N — I be an I-resolution as in Lemma[14.4 Then
Hompa,qy(M,N) = HomK(Mod(Ajd))(M, I)
Proof. Let P — M be as in (1). Since P — M is a quasi-isomorphism we see that
Hompa,q)(P, N) = Hompa,a)(M, N)

by definition of the derived category. A morphism f: P — N in D(A,d) is equal
to s~ ! f/ where f' : P — N’ is a morphism and s : N — N’ is a quasi-isomorphism.
Choose a distinguished triangle

N— N —Q— N[1]

As s is a quasi-isomorphism, we see that @ is acyclic. Thus Hom e (Mod( 4 4y) (P, Qlk]) =
0 for all k£ by Lemma Since HomK(Mod(A_’d))(P, —) is cohomological, we con-
clude that we can lift f’ : P — N’ uniquely to a morphism f : P — N. This
finishes the proof.

The proof of (2) is dual to that of (1) using Lemma in stead of Lemma[13.2l O

09QI Lemmal 15.4. Let (A, d) be a differential graded algebra. Then

(1) D(A, d) has both direct sums and products,
(2) direct sums are obtained by taking direct sums of differential graded modules,
(3) products are obtained by taking products of differential graded modules.

Proof. We will use that Mod 4 4y is an abelian category with arbitrary direct sums
and products, and that these give rise to direct sums and products in K (Mod4,q))-
See Lemmas 2] and 5.4

Let M; be a family of differential graded A-modules. Consider the graded direct
sum M = @ M; which is a differential graded A-module with the obvious. For
a differential graded A-module N choose a quasi-isomorphism N — I where [ is
a differential graded A-module with property (I). See Lemma Using Lemma
we have

Homp(a,q4)(M, N) = Hompg (4 q)(M, 1)
= [ Hom a,a)(M;, 1)
= [ [ Homp ) (M;, N)
whence the existence of direct sums in D(A,d) as given in part (2) of the lemma.

Let M; be a family of differential graded A-modules. Consider the product M =
[1M; of differential graded A-modules. For a differential graded A-module N
choose a quasi-isomorphism P — N where P is a differential graded A-module
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with property (P). See Lemma Using Lemma we have
Hompa,ay(N, M) = Hompg (a,q)(P, M)
= [ [ Homg(a.a) (P, M;)
= [ [ Homp(a,a) (N, M;)

whence the existence of direct sums in D(A, d) as given in part (3) of the lemma. O

16. The canonical delta-functor

09KZ Let (A,d) be a differential graded algebra. Consider the functor Mod(4q) —
K(Mod(4,4y). This functor is not a J-functor in general. However, it turns out
that the functor Mod 4,4y — D(A,d) is a 0-functor. In order to see this we have to
define the morphisms ¢ associated to a short exact sequence

0KSL5 M0

in the abelian category Mod 4 q). Consider the cone C(a) of the morphism a. We
have C(a) = L & K and we define ¢ : C'(a) — M via the projection to L followed
by b. Hence a homomorphism of differential graded A-modules

q:C(a) — M.

It is clear that q o i = b where 7 is as in Definition Note that, as a is injective,
the kernel of ¢ is identified with the cone of idx which is acyclic. Hence we see that
q is a quasi-isomorphism. According to Lemma [9.4] the triangle

(Ka L7 C(Cl), a, 7:’ _p)

is a distinguished triangle in K (Mod 4 q)). As the localization functor K (Mod 4 q)) —
D(A,d) is exact we see that (K, L,C(a),a,i,—p) is a distinguished triangle in
D(A,d). Since q is a quasi-isomorphism we see that ¢ is an isomorphism in D(A, d).
Hence we deduce that

(K,L,M,G,ZL —po q_l)
is a distinguished triangle of D(A,d). This suggests the following lemma.

09L0 Lemma 16.1. Let (A, d) be a differential graded algebra. The functor Mod 4 q) —
D(A, d) defined has the natural structure of a d-functor, with

SK—sL—M=—pogq '

with p and q as explained above.

Proof. We have already seen that this choice leads to a distinguished triangle
whenever given a short exact sequence of complexes. We have to show functorial-
ity of this construction, see Derived Categories, Definition This follows from
Lemma 6.2 with a bit of work. Compare with Derived Categories, Lemma[12:1] O

0OCRL Lemma 16.2. Let (A,d) be a differential graded algebra. Let M, be a system
of differential graded modules. Then the derived colimit hocolimM,, in D(A, d) is
represented by the differential graded module colim M, .
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Proof. Set M = colim M,,. We have an exact sequence of differential graded
modules

0= P M, - P M, — M0

by Derived Categories, Lemma (applied the the underlying complexes of abelian
groups). The direct sums are direct sums in D(A) by Lemma[15.4] Thus the result
follows from the definition of derived colimits in Derived Categories, Definition
and the fact that a short exact sequence of complexes gives a distinguished triangle

(Lemma [16.1]). O
17. Linear categories
Just the definitions.

Definition 17.1. Let R be a ring. An R-linear category A is a category where
every morphism set is given the structure of an R-module and where for x,y, 2z €
Ob(A) composition law

Hom 4(y, 2) X Hom4(x,y) — Hom(z, 2)
is R-bilinear.
Thus composition determines an R-linear map
Hom 4 (y, 2) ® g Hom 4 (z,y) — Hom4(z, 2)
of R-modules. Note that we do not assume R-linear categories to be additive.

Definition 17.2. Let R be aring. A functor of R-linear categories, or an R-linear
is a functor F : A — B where for all objects z,y of A the map F': Hom4(z,y) —
Hom 4 (F(x), F(y)) is a homomorphism of R-modules.

18. Graded categories

Just some definitions.

Definition 18.1. Let R be a ring. A graded category A over R is a category
where every morphism set is given the structure of a graded R-module and where
for z,y,z € Ob(A) composition is R-bilinear and induces a homomorphism

Homy(y, 2) ® g Hom 4(z,y) — Hom4(z, 2)
of graded R-modules (i.e., preserving degrees).

In this situation we denote Homi\(az,y) the degree i part of the graded object
Hom 4 (x,y), so that

_ i
HOHIA(.T, y) - ®iez HomA(:v, y)
is the direct sum decomposition into graded parts.

Definition 18.2. Let R be a ring. A functor of graded categories over R, or a
graded functor is a functor F' : A — B where for all objects x,y of A the map
F : Hom(z,y) — Hom4(F(z), F(y)) is a homomorphism of graded R-modules.

Given a graded category we are often interested in the corresponding “usual” cat-
egory of maps of degree 0. Here is a formal definition.
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Definition 18.3. Let R be a ring. Let A be a differential graded category over
R. We let A° be the category with the same objects as A and with

Hom o (,y) = Homy (x,y)
the degree 0 graded piece of the graded module of morphisms of A.

Definition 18.4. Let R be a ring. Let A be a graded category over R. A direct
sum (z,v, z,1, j,p, q) in A (notation as in Homology, Remark is a graded direct
sum if 4, 7, p, ¢ are homogeneous of degree 0.

Example 18.5 (Graded category of graded objects). Let B be an additive cat-
egory. Recall that we have defined the category Gr(B) of graded objects of B in
Homology, Definition In this example, we will construct a graded category
Gr?"(B) over R = Z whose associated category Gr?" (B)° recovers Gr(B). As objects
of Comp?"(B) we take graded objects of B. Then, given graded objects A = (A?)
and B = (B?) of B we set

Homgyor(sy(A, B) = @nez Hom" (A, B)

where the graded piece of degree n is the abelian group of homogeneous maps of
degree n from A to B defined by the rule
Hom"(A, B) = Homg,(4)(A, B[n]) = Homgy(a)(A[—n], B)

see Homology, Equation (|15.4.1f). Explicitly we have

Hom" (A, B) = H A1 BP

om" (A, B) Hp+q=n omg(A~9, BP)

(observe reversal of indices and observe that we have a product here and not a
direct sum). In other words, a degree n morphism f from A to B can be seen as
a system f = (f,4) where p,q € Z, p+ ¢ = n with f,, : A~ — BP a morphism
of B. Given graded objects A, B, C of B composition of morphisms in Gr?"(B) is
defined via the maps

Hom™ (B, C) x Hom"(A, B) — Hom""" (A, C)

by simple composition (g, f) — g o f of homogeneous maps of graded objects. In
terms of components we have

(90 fpr =9pa© f-qr
where ¢ is such that p+q¢=m and —q¢ +r = n.

Example 18.6 (Graded category of graded modules). Let A be a Z-graded algebra
over a ring R. We will construct a graded category Mod? over R whose associated
category (Mod?%")? is the category of graded A-modules. As objects of Mod¥ we
take right graded A-modules (see Section [L1)). Given graded A-modules L and M
we set

Homyoqer (L, M) = @nez Hom" (L, M)

where Hom™ (L, M) is the set of right A-module maps L — M which are homoge-
neous of degree n, i.e., f(L') C M*™ for all i € Z. In terms of components, we
have that
Hom™(L, M) C Homp(L~7, MP
(M) <[], Homn(L ™, M7)

(observe reversal of indices) is the subset consisting of those f = (f, ) such that

fp,q(ma) = fp—i7q+i(m)a
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for a € A* and m € L=97%. For graded A-modules K, L, M we define composition
in Mod? via the maps

Hom™ (L, M) x Hom™ (K, L) — Hom" " (K, M)
by simple composition of right A-module maps: (g, f) — go f.

Remark| 18.7. Let R be a ring. Let D be an R-linear category endowed with a
collection of R-linear functors [n] : D — D, x + z[n] indexed by n € Z such that
[n] o [m] = [n+m] and [0] = idp (equality as functors). This allows us to construct
a graded category DI" over R with the same objects of D setting

HOmDQT (37, y) = ®nez HOHI’D (.17, y[n])

for ,y in D. Observe that (D9")? = D (see Definition [18.3). Moreover, the graded
category DI" inherits R-linear graded functors [n] satisfying [n] o [m] = [n+m] and
[0] = idper with the property that

Hompsr (2, y[n]) = Homper (x, y)[n]
as graded R-modules compatible with composition of morphisms.

Conversely, suppose given a graded category A over R endowed with a collection
of R-linear graded functors [n] satisfying [n] o [m] = [n + m] and [0] = id 4 which
are moreover equipped with isomorphisms

Hom 4(z,y[n]) = Homa(x, y)[n]

as graded R-modules compatible with composition of morphisms. Then the reader
easily shows that A = (A%)9".

Here are two examples of the relationship D <> A we established above:
(1) Let B be an additive category. If D = Gr(B), then A = Gr9"(B) as in
Example
(2) If A is a graded ring and D = Mody4 is the category of graded right A-
modules, then A = Mod?, see Example m

19. Differential graded categories

Note that if R is a ring, then R is a differential graded algebra over itself (with
R = R? of course). In this case a differential graded R-module is the same thing as
a complex of R-modules. In particular, given two differential graded R-modules M
and N we denote M ®p N the differential graded R-module corresponding to the
total complex associated to the double complex obtained by the tensor product of
the complexes of R-modules associated to M and N.

Definition 19.1. Let R be a ring. A differential graded category A over R is a
category where every morphism set is given the structure of a differential graded
R-module and where for z,y,z € Ob(A) composition is R-bilinear and induces a
homomorphism

Hom(y, z) ©r Hom4(z,y) — Homu(z, 2)

of differential graded R-modules.
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The final condition of the definition signifies the following: if f € Hom(z,y) and
g € Hom') (y, z) are homogeneous of degrees n and m, then

d(ge f) =d(g) o f + (=1)"geod(f)
in Hom'"™ ! (z, 2). This follows from the sign rule for the differential on the total
complex of a double complex, see Homology, Definition [22.3]

Definition 19.2. Let R be a ring. A functor of differential graded categories over
R is a functor F : A — B where for all objects x, y of A the map F : Hom4(z,y) —
Hom 4(F(x), F(y)) is a homomorphism of differential graded R-modules.

Given a differential graded category we are often interested in the corresponding
categories of complexes and homotopy category. Here is a formal definition.

Definition 19.3. Let R be a ring. Let A be a differential graded category over
R. Then we let
(1) the category of complexes of /ﬂ be the category Comp(.A) whose objects
are the same as the objects of A and with

Homcomp(a)(z,y) = Ker(d : HomOA(x,y) — HomOA(%y))

(2) the homotopy category of A be the category K (A) whose objects are the
same as the objects of A and with

Homyc(a)(z,y) = H°(Homu(z,y))

Our use of the symbol K(A) is nonstandard, but at least is compatible with the
use of K(—) in other chapters of the Stacks project.

Definition 19.4. Let R be a ring. Let A be a differential graded category over
R. A direct sum (x,y,2,4,4,p,q) in A (notation as in Homology, Remark is
a differential graded direct sum if i, j, p,q are homogeneous of degree 0 and closed,
ie., d(i) =0, etc.

Lemmal 19.5. Let R be a ring. A functor F : A — B of differential graded
categories over R induces functors Comp(A) — Comp(B) and K(A) — K(B).

Proof. Omitted. (]

Example 19.6 (Differential graded category of complexes). Let B be an additive
category. We will construct a differential graded category Comp® (B) over R = Z
whose associated category of complexes is Comp(B) and whose associated homo-
topy category is K (B). As objects of Comp®(B) we take complexes of B. Given
complexes A® and B® of B, we sometimes also denote A® and B*® the corresponding
graded objects of B (i.e., forget about the differential). Using this abuse of notation,
we set
Homggpio () (A®, B*) = Homg,ar () (A®, B®)

as a graded Z-module where the right hand side is defined in Example In
other words, the nth graded piece is the abelian group of homogeneous morphism
of degree n of graded objects

Hom"(A*, B*) = Homg,()(A®, B®[n]) = Hp+q=n Homp(A™9, BP)

2This may be nonstandard terminology.
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(observe reversal of indices and observe we have a direct product and not a direct

sum). For an element f € Hom"(A®, B®) of degree n we set
d(f)=dpof—(-1)"foda

To make sense of this we think of dg and d4 as maps of graded objects of B

homogeneous of degree 1 and we use composition in the category Gr?"(B) on the

right hand side. In terms of components, if f = (f, ) with f,,: A7 — BP we
have

(19.6.1) d(fp,q) =dpo fpq+ (_1)p+q+1fp7q oda
Note that the first term of this expression is in Homg(A~9, BP*1) and the second
term is in Homg(A~971, BP). In other words, given p + ¢ =n + 1 we have
d(f)pq =dB o fp—1,4 — (=1)"fpq-10da
with obvious notation. The reader checkd that

(1) d has square zero,

(2) an element f in Hom"(A®, B®) has d(f) = 0 if and only if the morphism
f: A®* — B*®[n] of graded objects of B is actually a map of complexes,

(3) in particular, the category of complexes of Comp? (B) is equal to Comp(B),

(4) the morphism of complexes defined by f as in (2) is homotopy equivalent
to zero if and only if f = d(g) for some g € Hom" *(A®, B*).

(5) in particular, we obtain a canonical isomorphism

Hom () (A®, B*) — H°(Homg,pmpas 5y (A%, B*))
and the homotopy category of Comp® (B) is equal to K (B).

Given complexes A®, B®, C* we define composition

Hom™(B*®,C*) x Hom"(A®, B*) — Hom" ™™ (A®,C*)
by composition (g, f) — go f in the graded category Gr?"(B), see Example m
This defines a map of differential graded modules as in Definition because

d(gof)=dcogof—(-1)"""go foda

=(dcog—(-1)"godp)o f+(=1)"go(dpo f—(=1)"foda)

=d(g)o f+(-1)"ged(f)
as desired.
Lemma 19.7. Let F : B — B’ be an additive functor between additive categories.
Then F induces a functor of differential graded categories

F : Comp™(B) — Comp™(B')

of FExample inducing the usual functors on the category of complexes and the

homotopy categories.

Proof. Omitted. O

3What may be useful here is to think of the double complex H®*® with terms HP'9 =
Homp(A~9, BP) and differentials di of degree (1,0) given by dp and d2 of degree (0,1) given
by the contragredient of d4. Up to sign and up to replacing the direct sum by a direct product,
the differential graded Z-module Homcompdg(B) (A®, B®) is the total complex associated to H®®,
see Homology, Deﬁnition To get the sign correct, change db'? : HP'4 — HP:d+1 by (—1)+!
(after this change we still have a double complex).
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09LC Example 19.8 (Differential graded category of differential graded modules). Let
(A,d) be a differential graded algebra over a ring R. We will construct a differential
graded category Mod?f‘, a4) over R whose category of complexes is Mod 4,4y and

whose homotopy category is K(Mod4,qy). As objects of Mod?fx 4 we take the
differential graded A-modules. Given differential graded A-modules L and M we
set

Homy, ey (L, M) = Homygoasy (L, M) = € Hom™ (L, M)
as a graded R-module where the right hand side is defined as in Example In

other words, the nth graded piece Hom" (L, M) is the R-module of right A-module
maps homogeneous of degree n. For an element f € Hom™ (L, M) we set

d(f)=dyof— (~1)"fody

To make sense of this we think of dy; and dy as graded R-module maps and we
use composition of graded R-module maps. It is clear that d(f) is homogeneous of
degree n + 1 as a graded R-module map, and it is linear because

d(f)(za) = du(f()a) = (=1)" f(dr(za))
= dy(f(x))a+ (~1)*EE " f(2)d(a) — (~1)" f(dp(@))a — (-1)" 42D f(2)d(a)
= d(f)(z)a
as desired (observe that this calculation would not work without the sign in the
definition of our differential on Hom). Similar formulae to those of Example

hold for the differential of f in terms of components. The reader checks (in the
same way as in Example [19.6]) that

(1) d has square zero,

(2) an element f in Hom" (L, M) has d(f) = 0 if and only if f : L — M|n] is a
homomorphism of differential graded A-modules,

(3) in particular, the category of complexes of Mod?fl_ Q) is Mod 4,4y,

(4) the homomorphism defined by f as in (2) is homofopy equivalent to zero if
and only if f = d(g) for some g € Hom" (L, M).

(5) in particular, we obtain a canonical isomorphism

Hom g (od, 4 o)) (L, M) — H(Homy, aty (L M)

and the homotopy category of Mod(A Q) is K(Mod4,q))-
Given differential graded A-modules K, L, M we define composition
Hom™ (L, M) x Hom™ (K, L) — Hom" (K, M)

by composition of homogeneous right A-module maps (g, f) — go f. This defines
a map of differential graded modules as in Definition because

d(go f)=dyogof—(=1)"""go fodk
(dMog (=1)™godp)o f+(=1)"go(dpof—(-1)"fodk)
=d(g)o f+ (=1)"god(f)

as desired.
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09LD |Lemma 19.9. Let p: (A, d) — (E,d) be a homomorphism of differential graded
algebras. Then ¢ induces a functor of differential graded categories

F: Modfg,d) — Mod?i’d)

of Example[19.8 inducing obvious restriction functors on the categories of differen-

tial graded modules and homotopy categories.

Proof. Omitted. O

09LE Lemmal 19.10. Let R be a ring. Let A be a differential graded category over R.
Let x be an object of A. Let

(E,d) = Hom(z, z)
be the differential graded R-algebra of endomorphisms of x. We obtain a functor
A— Mod?}%,d), y — Hom (2, y)

of differential graded categories by letting E act on Hom 4(x,y) via composition in
A. This functor induces functors

Comp(A) = Mod(a,qy and K(A)— K(Moda,a))
by an application of Lemma|[19.5.

Proof. This lemma proves itself. O

20. Obtaining triangulated categories

09P5 In this section we discuss the most general setup to which the arguments proving
Derived Categories, Proposition [10.3| and Proposition apply.

Let R be a ring. Let A be a differential graded category over R. To make our
argument work, we impose some axioms on A:

(A) A has a zero object and differential graded direct sums of two objects (as
in Definition .

(B) there are functors [n] : A — A of differential graded categories such that
[0] =id4 and [n + m] = [n] o [m] and given isomorphisms

Hom 4 (z,y[n]) = Hom4(x, y)[n]

of differential graded R-modules compatible with composition.
Given our differential graded category A we say

(1) a sequence x — y — z of morphisms of Comp(.A) is an admissible short
exact sequence if there exists an isomorphism y = x & z in the underlying
graded category such that  — z and y — z are (co)projections.

(2) amorphism & — y of Comp(.A) is an admissible monomorphism if it extends
to an admissible short exact sequence x — y — z.

(3) a morphism y — z of Comp(.A) is an admissible epimorphism if it extends
to an admissible short exact sequence r — y — 2.

The next lemma tells us an admissible short exact sequence gives a triangle, pro-
vided we have axioms (A) and (B).
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09P6 |Lemma 20.1. Let A be a differential graded category satisfying axioms (A) and

09QJ

09P7

(B). Given an admissible short exact sequence © — y — z we obtain (see proof) a
triangle

x—y—z— x[l]
in Comp(A) with the property that any two compositions in z[—1] >z —y — z —

2[1] are zero in K(A).
N A
VN

Z—>Z

Proof. Choose a diagram

giving the isomorphism of graded objects y = x & z as in the definition of an
admissible short exact sequence. Here are some equations that hold in this situation

(1) 1 =ma and hence d(m)a =0,
) 1 =bs and hence bd(s) =0,
) 1 =an + sb and hence ad(w) + d(s)b =0,
) s =0 and hence d(m)s + 7d(s) =0,
) d(s) = amd(s) because d(s) = (am + sb)d(s) and bd(s) =0,
) d(m) = d(m)sb because d(m) = d(m)(am + sb) and d(7)a = 0,
) d(wd(s)) = 0 because if we postcompose it with the monomorphism a we

get d(ard(s)) = d(d(s)) =0, and

(8) d(d(m)s) =0 as by (4) it is the negative of d(7d(s)) which is 0 by (7).
We've used repeatedly that d(a) = 0, d(b) = 0, and that d(1) = 0. By (7) we see
that

6 =md(s) = —=d(m)s : z = x[1]

is a morphism in Comp(.A). By (5) we see that the composition ad = ard(s) = d(s)
is homotopic to zero. By (6) we see that the composition 6b = —d(7)sb = d(—n) is
homotopic to zero. ([l

Besides axioms (A) and (B) we need an axiom concerning the existence of cones.
We formalize everything as follows.

Situation| 20.2. Here R is a ring and A is a differential graded category over R
having axioms (A), (B), and

(C) given an arrow f : x — y of degree 0 with d(f) = 0 there exists an
admissible short exact sequence y — ¢(f) — z[1] in Comp(.A) such that
the map z[1] — y[1] of Lemma is equal to f[1].

We will call ¢(f) a cone of the morphism f. If (A), (B), and (C) hold, then cones
are functorial in a weak sense.

Lemma 20.3. In Situation suppose that

1 —— U
f1

ai ib
f2

Ty —> Y2
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is a diagram of Comp(A) commutative up to homotopy. Then there exists a mor-
phism c: ¢(f1) — c(f2) which gives rise to a morphism of triangles

(a7 b7 C) : (1'17 Y1, C(fl)) — (.’Eh Y1, C(fl))
in K(A).
Proof. The assumption means there exists a morphism h : 1 — ys of degree —1
such that d(h) = bfi — foa. Choose isomorphisms ¢(f;) = y; Dx;[1] of graded objects
compatible with the morphisms y; — ¢(f;) — x;[1]. Let’s denote a; : y; — ¢(f;),
bi : c(fi) = x;i[1], s; = xi[l] = (fi), and 7; : e(f;) — y; the given morphisms.
Recall that z;[1] — y;[1] is given by m;d(s;). By axiom (C) this means that
fi = 71'7;(1(81') = 7d(7‘l’i)si
(we identify Hom(z;,y;) with Hom(z;[1],v;[1]) using the shift functor [1]). Set
¢ = agbmy 4 soaby + azhb. Then, using the equalities found in the proof of Lemma
20.1] we obtain
d(c) = agbd(my) + d(s2)aby + azd(h)by

= —abf1b1 + az faaby + az(bfi — faa)by

=0
(where we have used in particular that d(m) = d(m1)s161 = fib1 and d(s2) =
asmad(s2) = agfs). Thus c¢is a degree 0 morphism ¢ : ¢(f1) — ¢(f2) of A compatible
with the given morphisms y; — ¢(f;) — x;[1]. O
In Situation we say that a triangle (z,y, z, f,g,h) in K(A) is a distinguished
triangle if there exists an admissible short exact sequence ' — 3’ — 2’ such that

(x,y,2, f,g,h) is isomorphic as a triangle in K(A) to the triangle (2’,y, 2/, 2" —
',y — 2/,6) constructed in Lemma [20.1] We will show below that

’K (A) is a triangulated category‘

This result, although not as general as one might think, applies to a number of
natural generalizations of the cases covered so far in the Stacks project. Here are
some examples:

(1) Let (X,0Ox) be a ringed space. Let (4, d) be a sheaf of differential graded
Ox-algebras. Let A be the differential graded category of differential
graded A-modules. Then K (A) is a triangulated category.

(2) Let (C,0) be a ringed site. Let (A,d) be a sheaf of differential graded
O-algebras. Let A be the differential graded category of differential graded
A-modules. Then K(A) is a triangulated category.

(3) Two examples with a different flavor may be found in Examples, Section
61l

The following simple lemma is a key to the construction.

Lemmal 20.4. In Situation given any object x of A, and the cone C(1,) of
the identity morphism 1, : x — x, the identity morphism on C(1,) is homotopic to
zero.

Proof. Consider the admissible short exact sequence given by axiom (C).

a b
r—=C(1;) —=z[1]
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Then by Lemma [20.1} identifying hom-sets under shifting, we have 1, = wd(s) =
—d(m)s where s is regarded as a morphism in Hom}'(v,C(1,)). Therefore a =
amd(s) = d(s) using formula (5) of Lemma [20.1] and b = —d(m)sb = —d(7) by
formula (6) of Lemma [20.1] Hence

leq,) = am + sb = d(s)m — sd(m) = d(sT)

since s is of degree —1. ([

A more general version of the above lemma will appear in Lemma [20.13] The
following lemma is the analogue of Lemma

Lemma 20.5. In Situation gwen a diagram

f

T—=Y
9
Z—w

in Comp(A) commuting up to homotopy. Then

(1) If f is an admissible monomorphism, then b is homotopic to a morphism
b which makes the diagram commute.

(2) If g is an admissible epimorphism, then a is homotopic to a morphism a’
which makes the diagram commute.

Proof. To prove (1), observe that the hypothesis implies that there is some h €
Hom 4(z,w) of degree —1 such that bf — ga = d(h). Since f is an admissible
monomorphism, there is a morphism 7 : y — x in the category A of degree 0. Let
b =b—d(hm). Then
b f=bf —d(hn)f =bf —d(hnf) (since d(f)=0)

=bf — d(h)

:ga,
as desired. The proof for (2) is omitted. O

The following lemma is the analogue of Lemma

Lemmal 20.6. In Situation let a: x — y be a morphism in Comp(A). Then
there exists a factorization in Comp(A):

such that

(1) & is an admissible monomorphism, and T& = .
(2) There exists a morphism s : y — § in Comp(A) such that s = 1, and sm
is homotopic to 1;.

Proof. By axiom (B), we may let § be the differential graded direct sum of y and
C(1,), i.e., there exists a diagram

S

p
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where all morphisms are of degree zero, and in Comp(A). Let § = y@® C(1,). Then
15 = sm+tp. Consider now the diagram

& - ™
where @& is induced by the morphism x =+ y and the natural morphism = — C(1,)
fitting in the admissible short exact sequence

r—=C(1;) — z[1]

So the morphism C(1,) — « of degree 0 in this diagram, together with the zero
morphism y — x, induces a degree-0 morphism /3 : § — x. Then & is an admissible
monomorphism since it fits into the admissible short exact sequence

o2 —z[l]

Furthermore, m& = o by the construction of &, and ms = 1, by the first diagram.
It remains to show that sm is homotopic to 1. Write 1, as d(h) for some degree
—1 map. Then, our last statement follows from

1 — sm=tp
=t(dh)p (by Lemma [20.4)
=d(thp)
since dt = dp = 0, and t is of degree zero. ([

The following lemma is the analogue of Lemma

Lemma 20.7. In Situation let ¥y — 29 — ... = x, be a sequence of
composable morphisms in Comp(A). Then there exists a commutative diagram in

Comp(A):

1 o ce In
n Y2 e Yn

such that each y; — y;+1 is an admissible monomorphism and each y; — x; is a
homotopy equivalence.

Proof. The case for n = 1 is trivial: one simply takes y; = x; and the identity
morphism on x; is in particular a homotopy equivalence. The case n = 2 is given
by Lemma Suppose we have constructed the diagram up to x,_1. We apply
Lemma to the composition y,_1 — 1 — =, to obtain y,,. Then y,_1 — yn
will be an admissible monomorphism, and ¥,, — z,, a homotopy equivalence. [

The following lemma is the analogue of Lemma

Lemmal 20.8. In Situation let ©; — y; — z; be morphisms in A (i=1,2,3)
such that o — yo — 22 is an admissible short exact sequence. Let b: vy, — ys and
b :ya — y3 be morphisms in Comp(A) such that

p A T T N

Ty — Y2 — > 22 Ty — Y3 —>23
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commute up to homotopy. Then b’ ob is homotopic to 0.

Proof. By Lemma we can replace b and b’ by homotopic maps b and b , such
that the right square of the left diagram commutes and the left square of the right
diagram commutes. Say b= b+ d(h) and &' = b’ 4 d(h’) for degree —1 morphisms
h and A’ in A. Hence

Vb =0bb+db'h+hb+ hdh))
since d(b) = d(b') = 0, i.e. b'b is homotopic to b'b. We now want to show that

b'b = 0. Because To i> Y2 EN zo is an admissible short exact sequence, there exist
degree 0 morphisms 7 : Y2 — 2 and s : 29 — yo such that id,, = fr+sg. Therefore

Vb=b(fr+sg9)b=0
since gb = 0 and b’ f = 0 as consequences of the two commuting squares. O
The following lemma is the analogue of Lemma [8.1

Lemmal 20.9. In Situation let 0 - x — y — 2z — 0 be an admissible short
exact sequence in Comp(A). The triangle

x y z x[1]

with & : z — z[1] as defined in Lemma is up to canonical isomorphism in
K (A), independent of the choices made in Lemma [20.1]

Proof. Suppose § is defined by the splitting

a b
x<Ty<972

and ¢’ is defined by the splitting with 7/, s’ in place of 7, s. Then
s’ —s=(am + sb)(s' — s) = ans’
since bs’ = bs = 1, and ws = 0. Similarly,
' —m=(r" —7)(am + sb) = 7’'sb
Since § = 7wd(s) and &' = 7'd(s’) as constructed in Lemma [20.1] we may compute
§ =7a'd(s") = (m + «'sb)d(s + ans’) = 6 + d(7s)
using wa = 1., ba = 0, and 7'sbd(s") = 7’sbard(s’) = 0 by formula (5) in Lemma
O

The following lemma is the analogue of Lemma [9.1

Lemmal 20.10. In Situation let f:x — y be a morphism in Comp(A).
The triangle (y, c(f), z[1],4,p, f[1]) is the triangle associated to the admissible short
exact sequence

y c(f) (1]
where the cone c(f) is defined as in Lemma[20.1]
Proof. This follows from axiom (C). O

The following lemma is the analogue of Lemma [9.2
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Lemma 20.11. In Situation leta:x — yand B :y— z define an admissible
short exact sequence

r—y —2z

in Comp(A). Let (z,y,z,,08,0) be the associated triangle in K(A). Then, the
triangles

(z[—l],x,y,5[—1],a,ﬂ) and (Z[—l],ZE,C(d[—l]),(g[—l],Z,p)
are tsomorphic.

Proof. We have a diagram of the form

6[—1] e B
z[-1] ——== . Yy z
« B
il 1 1
§[—1] i v P
21— —=c(0[-1]) ===
i P

with splittings to «, 5,4, and p given by &, B,%, and p respectively. ~Deﬁpe a mor-
phism y — ¢(6[—1]) by i@ + pf and a morphism ¢(6[—1]) — y by ai + Bp. Let us
first check that these define morphisms in Comp(A). We remark that by identities

from Lemma we have the relation 6[—1] = &d(3) = —d(&)5 and the relation
8[—1] = id(p). Then
d(a) = d(a)5p
= —o[-1]p

where we have used equation (6) of Lemma for the first equality and the
preceeding remark for the second. Similarly, we obtain d(p) = id[—1]. Hence

d(ic + pB) = d(i)a + id(a) + d(p)5 + pd(p)
= id(&) + d(p)B
= —i6[-1]8 +id[-1]8
=0
s0 i& + pp is indeed a morphism of Comp(A). By a similar calculation, ai + Bp

is also a morphism of Comp(A). It is immediate that these morphisms fit in the
commutative diagram. We compute:

(i6 + pB)(ai + Bp) = idai + i fp + pBai + pBBY
=i+ pp
= Legsf-1)

Wh~ere we have freely used the identities of Lemma Similarly, we compute
(o + Bp)(ia + pB) = 1,, so we conclude y = ¢(6[—1]). Hence, the two triangles in
question are isomorphic. ([

The following lemma is the analogue of Lemma [9.3

Lemma 20.12. In Situation let f1:x1 — y1 and fa : x9 — yo be morphisms
in Comp(A). Let

(aaba C) : (xlvylac(fl)vflaihpl) - (.’£2,y2,0(f2),f2,i17p1)
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be any morphism of triangles in K(A). If a and b are homotopy equivalences, then
80 1S C.

Proof. Since a and b are homotopy equivalences, they are invertible in K(A) so
let a=! and b=! denote their inverses in K (A), giving us a commutative diagram

vy > T

la—l lb—l icl
f1 i1

ry ——=y1 —c(f1)

where the map ¢’ is defined via Lemma [20.3| applied to the left commutative box of
the above diagram. Since the diagram commutes in K (A), it suffices by Lemma
to prove the following: given a morphism of triangle (1,1,¢) : (z,y,c(f), f,i,p) —
(z,y,c(f), f,i,p) in K(A), the map ¢ is an isomorphism in K(A). We have the
commutative diagrams in K (A):

y c(f) (1] y c(f) (1]
NEEEN:
y c(f) (1] y c(f) (1]

Since the rows are admissible short exact sequences, we obtain the identity (c—1)? =
0 by Lemma from which we conclude that 2 — ¢ is inverse to ¢ in K(A) so
that ¢ is an isomorphism. O

The following lemma is the analogue of Lemma [9.4]

09QU Lemma 20.13. In Situation .

(1) Given an admissible short exact sequence x — y B, 2. Then there ezists a
homotopy equivalence e : C(a)) — z such that the diagram

g2y 0t C(a) x[1]
09QV  (20.13.1) l i ) l
«a B v 6
x Yy z x[1]

defines an isomorphism of triangles in K(A). Here y LN Cla) S 2[1] is
the admissible short exzact sequence given as in aziom (C).

(2) Given a morphism o : x — y in Comp(A), let x LN g — y be the factoriza-
tion given as in Lemma where the admissible monomorphism & <5 Y
extends to the admissible short exact sequence

« ~
r—y —>2z

Then there exists an isomorphism of triangles
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) . . ) & -
where the upper triangle is the triangle associated to the sequence r — § —
z.

Proof. For (1), we consider the more complete diagram, without the sign change
on c:

« b c a
z y Cla) (1] yl1]
g P A o T
« B \ 5
T —=y—=z——>x[l]
T S

where the admissible short exact sequence z = y LN z is given the splitting w, s,
and the admissible short exact sequence y LNYo! () 5 z[1] is given the splitting p,
0. Note that (identifying hom-sets under shifting)

a=pd(o) =—d(p)o, §=mnd(s)=—d(n)s
by the construction in Lemma [20.1

We define e = fBp and f = bs — 0d. We first check that they are morphisms in
Comp(A). To show that d(e) = Bd(p) vanishes, it suffices to show that Sd(p)b and
Bd(p)o both vanish, whereas

Bd(p)b = Bd(pb) = Bd(1,) =0, Bd(p)o = —pa =0
Similarly, to check that d(f) = bd(s) — d(0)d vanishes, it suffices to check the
post-compositions by p and ¢ both vanish, whereas

pbd(s) — pd(o)d =d(s) — ad = d(s) — and(s) =0
cbd(s) — cd(0)d = — cd(0)d = —d(co)d =0
The commutativity of left two squares of the diagram follows directly from

definition. Before we prove the commutativity of the right square (up to homotopy),
we first check that e is a homotopy equivalence. Clearly,

ef = Bp(bs —0d) = Ps =1,
To check that fe is homotopic to 1¢(q), we first observe
ba = bpd(a) = d(o), ac=—d(p)oc=—d(p), d(m)p=d(m)spp=—0p

Using these identities, we compute
le(a) =bp +oc  (from y KN C(a) S z[1])

=b(am + sB)p + o(ra)e (from z 5y LN 2)
=d(o)mp + bsPBp — owd(p) (by the first two identities above)
=d(o)mp + bsfp — 00Bp + 00 8p — omd(p)
=(bs — 06)Bp + d(o)mp — od(m)p — owd(p) (by the third identity above)
=fe+d(omp)
since o € Hom ™! (x, C(a)) (cf. proof of Lemma. Hence e and f are homotopy

inverses. Finally, to check that the right square of diagram commutes up
to homotopy, it suffices to check that —cf = §. This follows from

—cf = —c(bs —0d) =cod =0
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since ¢b = 0.

For (2), consider the factorization z 4, Yy — y given as in Lemma ‘20.6L so the
second morphism is a homotopy equivalence. By Lemmas [20.3] and [20.12] there
exists an isomorphism of triangles between

%5y — Ca) = 2[1] and xi)gj—>0(o7) — z[1]

Since we can compose isomorphisms of triangles, by replacing « by &, y by g, and
C(«) by C(&), we may assume « is an admissible monomorphism. In this case, the
result follows from (1). O

The following lemma is the analogue of Lemma [10.1

09QW |Lemmal 20.14. In Situation the homotopy category K(A) with its natural
translation functors and distinguished triangles is a pre-triangulated category.

Proof. We will verify each of TR1, TR2, and TR3.

Proof of TR1. By definition every triangle isomorphic to a distinguished one is
distinguished. Since

Tz 0
is an admissible short exact sequence, (z,x,0,1,,0,0) is a distinguished trian-
gle. Moreover, given a morphism « : © — y in Comp(A), the triangle given by
(z,y,c(a), a, i, —p) is distinguished by Lemma
Proof of TR2. Let (z,y, z,a, 8,7) be a triangle and suppose (y, z, z[1], 8, v, —a[1])
is distinguished. Then there exists an admissible short exact sequence 0 — z’/ —
y" — 2z’ — 0 such that the associated triangle (2/,y’, 2’, &/, 5’,4') is isomorphic to
(y,z,z[1], 8,7, —a[1]). After rotating, we conclude that (z,y, z, «, 5,7) is isomor-
phic to (2/[-1],2,y',~'[-1],¢/, 8"). By Lemma we deduce that (2'[—1],2', ¢/, 7'[-1], &/, 8')
is isomorphic to (2'[—1], 2, e(y'[-1]),¥'[-1], %, p). Composing the two isomorphisms
with sign changes as indicated in the following diagram:

a B v

x Y z x[1]

/ —'[-1] ‘/ o i, B’ l,
Z'[—1] x Y z
71z’[ 1] i l—lz/
’ ¥ [-1] o / -p /
Z'[-1] @ c(V[-1]) ———==

We conclude that (x,y,z,«,3,7) is distinguished by Lemma (2). Con-
versely, suppose that (z,y,z,«,8,7) is distinguished, so that by Lemma
(1), it is isomorphic to a triangle of the form (z';y’, ('), @, i, —p) for some mor-
phism o : 2/ — 3’ in Comp(A). The rotated triangle (y,z,z[1],8,vy, —a[l])
is isomorphic to the triangle (v, c(e’), 2'[1],4, —p, —a[1]) which is isomorphic to
(y',c(a)),2'[1],4,p,a[1]). By Lemma [20.10, this triangle is distinguished, from
which it follows that (y, z, z[1], 5,7, —a[l]) is distinguished.

Proof of TR3: Suppose (z,y,z,a,8,7) and (z',y',2',a/,8',7") are distinguished

triangles of Comp(A) and let f : # — 2’ and ¢ : y — ¥ be morphisms such
that o/ o f = go a. By Lemma [20.13] we may assume that (z,y,z,a,8,7) =
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(IE, Y, C(Oé), @, i7 _p) a’nd (Ilv ylv Z/a alv B/7 ’}/) = (Q?l, y/a C(O/)a O/a il; _p/)' NOW apply
Lemma [20.3] and we are done. O

The following lemma is the analogue of Lemma [10.2]

09QX Lemmal20.15. In Situation given admissible monomorphisms © =y, y i z
in A, there exist distinguished triangles (x,y,q1,a,p1,01), (T, 2, g2, B, p2, 62) and
(y,2,q3, B, ps,03) for which TR/ holds.

Proof. Given admissible monomorphisms z % y and y LR z, we can find distin-
guished triangles, via their extensions to admissible short exact sequences,

o p1 61
x<ﬂ7y<s—(h Hx[l]
1 1

Bo P2
H Ay A — )] *)x[l]
T EP)
p3 53
3 3

In these diagrams, the maps 0; are defined as d; = m;d(s;) analagous to the maps
defined in Lemma They fit in the following solid commutative diagram

« p1 é
x y ¢ — 1]
T S1
Ba
T3 B
T17T3
z p2s1
P2
s3 | |P3
s2
\
a3 = Pp3S2 92
[
53 2
y[1] (1]

where we have defined the dashed arrows as indicated. Clearly, their composition
p3sap2s1 = 0 since sops = 0. We claim that they both are morphisms of Comp(.A).
We can check this using equations in Lemma |20.1

d(p2f3s1) = p2fd(s1) = p2Bamid(s;) =0
since poSa = 0, and
d(p3s2) = pad(s2) = p3fam msd(s2) =0

since p3f = 0. To check that ¢; — g2 — g3 is an admissible short exact sequence,
it remains to show that in the underlying graded category, g2 = ¢1 @ g3 with the
above two morphisms as coprojection and projection. To do this, observe that in
the underlying graded category C, there hold

y=xdq, z2=y0@p=2Dq Dgs


http://stacks.math.columbia.edu/tag/09QX

09QY

09LF

09LG

DIFFERENTIAL GRADED ALGEBRA 41

where 773 gives the projection morphism onto the first factor: @& ¢ g3 — 2. By
axiom (A) on A, C is an additive category, hence we may apply Homology, Lemma
[3.10 and conclude that

Ker(mim3) = q1 @ g3
in C. Another application of Homology, Lemmal3.10]to z = 2®gs gives Ker(m m3) =
q2- Hence g3 = ¢1 & g3 in C. It is clear that the dashed morphisms defined above
give coprojection and projection.

Finally, we have to check that the morphism § : g5 — ¢1[1] induced by the admissible
short exact sequence q; — g2 — g3 agrees with p;3. By the construction in Lemma
20.1] the morphism § is given by
p173s2d(p2s3) =p1m3s2p2d(ss)
=p17m3(1 — Bam m3)d(s3)
=p1m3d(s3) (since w35 = 0)
=p103

as desired. The proof is complete. (I
Putting everything together we finally obtain the analogue of Proposition [10.3]

Proposition 20.16. In Situation the homotopy category K (A) with its nat-
ural translation functors and distinguished triangles is a triangulated category.

Proof. By Lemma|20.14] we know that K (A) is pre-triangulated. Combining Lem-
mas and [20.15| with Derived Categories, Lemma we conclude that K (.A)

is a triangulated category. (]

21. Derived Hom

Let R be a ring. Let (B,d) be a differential graded algebra over R. Denote
B = Mod?%} q) the differential graded category of differential graded B-modules,
see Example Let N be a differential graded B-module. Then the endomor-
phisms of N in B

Homp (N, N)
is differential graded algebra over R. Now let N’ be a second differential graded
B-module. Then

Homp(N, N')
becomes a right differential graded Homg(N, N)-module by the composition

Homp (N, N') x Homp(N, N) — Homp(N, N')

We need one more piece of data, in order to be able to formulate the results in
the correct generality. Namely, let (A, d) be a differential graded R-algebra and let
A — Homp(N, N) be a homomorphism of differential graded R—algebraﬁ Using
this homomorphism we obtain a functor

(2101) MOd(B)d) — MOd(A)d), N — HOIDB(N, N’)
where A acts on Homg(N,N’) via the given homomorphism and the action of

Hompg(N, N) given above.

4A very interesting case is when A = Homg(N, N).
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Alternatively, we can think about the structure above as follows. There is a left
differential graded Homgp (N, N)-module structure on N given by

Homg(N,N) x N — N, (f,z) —> f(z)

This multiplication is R-bilinear, compatible with differentials, i.e., defines a the
structure of a left differential graded Homg(N, N)-module structure on N. Further
this action commutes with the B-module structure. Using A — Homp(N, N) we
find that NV is a (A4, B)-bimodule (this means: the induced R-module structures are
the same and the A and B actions commute) and N has a grading and differential
such that N is both a left differential graded A-module and a right differential
graded B-module. More succinctly this may be stated by saying that IV is a differ-
ential graded module over A°P? @ B. For a differential graded B-module N’ the
right A-module structure on Homp (N, N') is given by

Homg(N,N’) x A — Homg(N,N'), (f,a)— foay

where ay : N — N is (left) multiplication by a and o is composition in B as in
Example (no signs).

Lemmal 21.1. The functor (21.0.1)) defines an exact functor of triangulated cat-
egories K(Mod(B,d)) — K(Mod(A,d)).

Proof. Combining Lemmas and we obtain the functor of the
statement. We have to show that (21.0.1)) transforms distinguished triangles into
distinguished triangles. To see this suppose that 0 — N3 — Ny — N3 — 0 is an
admissible short exact sequence of differential graded B-modules. Let s : N3 — Ny
be a graded B-module homomorphism which is left inverse to Ny — N3. Then s
defines a graded A-module homomorphism Hompg(N, N3) — Homp (N, N3) which
is left inverse to Homp (N, N3) — Homp (N, N3). This finishes the proof. O

At this point we can consider the diagram

K(MOd(B’d)) W K(MOd(A,d))

T

D(B,d) > D(A,d)

We would like to construct a dotted arrow as the right derived functor of the compo-
sition F. (Warning: the diagram will not commute.) Namely, in the general setting
of Derived Categories, Section [15| we want to compute the right derived functor of
F with respect to the multiplicative system of quasi-isomorphisms in K (Mod 4, q))-

Lemma 21.2. In the situation above, the right derived functor of F exists. We
denote it RHom(N,—) : D(B,d) — D(A, d).

Proof. We will use Derived Categories, Lemma[I5.15] to prove this. As our collec-
tion Z of objects we will use the objects with property (I). Property (1) was shown
in Lemma Property (2) holds because if s : I — I’ is a quasi-isomorphism of
modules with property (I), then s is a homotopy equivalence by Lemma O

Lemma 21.3. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let f : N — N’ be a homomorphism of differential graded A°PP @ B-
modules. Then f induces a morphism of functors

—o f:RHom(N’,—) — RHom(N, —)
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If f is a quasi-isomorphism, then f o — is an isomorphism of functors.

Proof. Write B = Mod'(jg q) the differential graded category of differential graded
B-modules, see Example Let I be a differential graded B-module with prop-
erty (I). Then f o — : Homg(N’,I) — Hompg(N, I) is a map of differential graded
A-modules. Moreover, this is functorial with respect to I. Since the functors
RHom(N’,—) and RHom(N, —) are computed by applying Homy into objects with
property (I) (Lemma we obtain a transformation of functors as indicated.

Assume that f is a quasi-isomorphism. Let F, be the given filtration on I. Since
I =lim I/F,I we see that Hompg(N', I) = lim Hompg(N’, I/F,I) and Homg(N,I) =
lim Homp(N, I/F,I). Since the transition maps in the system I/F,I are split as
graded modules, we see that the transition maps in the systems Homp(N',I/F,I)
and Homg(N, I/F,I) are surjective. Hence Homg(N', I), resp. Homp (N, I) viewed
as a complex of abelian groups computes R lim of the system of complexes Homg(N’, I/F,I),
resp. Homp(N,1/F,I). See More on Algebra, Lemma[75.1} Thus it suffices to prove
each

Homg(N',1/F,I) — Homp(N,I/F,I)
is a quasi-isomorphism. Since the surjections I/F, 11 — I/F,I are split as maps
of graded B-modules we see that

0 — Homp(N', F,I/Fyy1I) — Homg(N',I/F, 1) — Homg(N',1/F,I) — 0

is a short exact sequence of differential graded A-modules. There is a similar
sequence for N and f induces a map of short exact sequences. Hence by induc-
tion on p (starting with p = 0 when I/FyI = 0) we conclude that it suffices
to show that the map Homg(N', F,I/F,+1I) — Homg(N, F,I/F,11) is a quasi-
isomorphism. Since F,I/F,111 is a product of shifts of AY it suffice to prove
Hompg(N', BV[k]) — Homp(N, BV[k]) is a quasi-isomorphism. By Lemma it
suffices to show (N')¥Y — NV is a quasi-isomorphism. This is true because f is a
quasi-isomorphism and ( )V is an exact functor. O

0CS5 |Lemma 21.4. Let (A, d) and (B, d) be differential graded algebras over a ring R.
Let N be an (A, B)-bimodule which comes with a grading and a differential such
that N is a differential graded module for both A and B. Then for every n € Z
there are isomorphisms

H™(RHom(N, M)) = Ext} 5. (N, M)

of R-modules functorial in M. It is also functorial in N with respect to the operation
described in Lemma [21.3.

Proof. In the proof of Lemma [21.2] we have seen

RHom(N,M) = HomModf’gwd) (N, I)
as a differential graded A-module where M — [ is a quasi-isomorphism of M into a
differential graded B-module with property (I). Hence this complex has the correct

cohomology modules by Lemma We omit a discussion of the functorial nature
of these identifications. d

OBYW |Lemmal 21.5. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let N be a differential graded A°PP @ B-module. If Hompg, ¢ (N,N') =
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HomK(Mod(B’d))(N, N') for all N' € K(B,d), for example if N has property (P) as
a differential graded B-module, then

RHom(N, M) = Hom,, 0y (N. M)
functorially in M in D(B, d).

Proof. By construction (Lemma [21.2)) to find R Hom(N, M) we choose a quasi-
isomorphism M — I where [ is a differential graded B-module with property (I)
and we set R Hom(N, M) = Homy; j4s (N, I). By assumption the map

(B,d)

Hom (N, M) — Hom (N,I)
) )

Modzlg,yd Mod‘(igyd
induced by M — I is a quasi-isomorphism, see discussion in Example [I9.8] This
proves the lemma. If N has property (P) as a B-module, then we see that the

assumption is satisfied by Lemma [15.3] (|

22. Variant of derived Hom

Let A be an abelian category. Consider the differential graded category Comp? (A)
of complexes of A, see Example Let K*® be a complex of A. Set

(E, d) = Homcompdg (A) (K.7 K.)
and consider the functor of differential graded categories
Comp®(A) — Mod‘z%d)7 X*® +— Homggppas 4y (K, X*)
of Lemma [9.10

Lemma 22.1. In the situation above. If the right derived functor RHom(K®, —)
of Hom(K*®, —) : K(A) — D(Ab) is everywhere defined on D(A), then we obtain a
canonical exact functor

RHom(K*®,—): D(A) — D(E, d)

of triangulated categories which reduces to the usual one on taking associated com-
plexes of abelian groups.

Proof. Note that we have an associated functor K(A) — K(Modg,q)) by Lemma
19.10] We claim this functor is an exact functor of triangulated categories. Namely,
let f: A®* — B® be a map of complexes of A. Then a computation shows that

HomCompdy(A) (K.ﬂ C(f).) =C (HomCOmpdg (A) (K.7 A.) - HomCOmpdy(.A) (K.7 B.))

where the right hand side is the cone in Modg q) defined earlier in this chapter.
This shows that our functor is compatible with cones, hence with distinguished tri-
angles. Let X*® be an object of K(A). Consider the category of quasi-isomorphisms
s: X* — Y*. We are given that the functor (s : X* — Y*) — Homu(K°*,Y*)
is essentially constant when viewed in D(Ab). But since the forgetful functor
D(E,d) — D(Ab) is compatible with taking cohomology, the same thing is true in
D(FE,d). This proves the lemma. O

Warning: Although the lemma holds as stated and may be useful as stated, the
differential algebra E isn’t the “correct” one unless H"(E) = Extly 4 (K*, K*) for
all n € Z.
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23. Tensor product

This section should be moved somewhere else. Let R be a ring. Let A be an R-
algebra (see Section . Given a right A-module M and a left A-module N there
is a tensor product

M®q N

This tensor product is a module over R. As an R-module M ® 4 N is generated by
symbols z ® y with x € M and y € N subject to the relations

(1 +22) @Y —21 QY —22®Y,
@y +y2) — TRy — T ® Y2,
rTa®Yy —r®ay

fora € R, x,x1,x2 € M and y,y1,y2 € N. Thus M ®4 N is the receptacle of the
universal A-bilinear map M x N - M ®4 N, (z,y) = 2 ® y.

We list some properties of the tensor product

(1) In each variable the tensor product is right exact, in fact commutes with
direct sums and arbitrary colimits.

(2) If A, M, N are graded and the module structures are compatible with
gradings then M ®4 N is graded as well. Then nth graded piece (M ® 4
N)"™ of M ®4 N is the quotient of €, ,_,, M? ® 40 N? by the submodule
generated by £ ® ay — ra ® y where x € MP, y € N%, and a € A" P4,

(3) If (A,d) is a differential graded algebra, and M and N are (left and right)
differential graded A-modules, then M ® 4 N is a differential graded R-
module with differential

dz@y)=dz)oy+ (-1)'z®d(y)

forz € M* and y € N.

(4) If we have a second R-algebra B and N is a (A, B)-bimodule (this means:
the induced R-module structures are the same and the A and B actions
commute) then M ® 4 N is a right B-module.

(5) If A and B are graded algebras, M is a graded A-module, and N is an
(A, B)-bimodule which comes with a grading such that it is both a left
graded A-module and a right graded B-module, then M ® 4 N is a graded
B-module.

(6) If (A,d) and (B,d) are differential graded algebras, M is a differential
graded A-module, and N is an (A, B)-bimodule which comes with a grading
and a differential such that it is both a left differential graded A-module
and a right differential graded B-module, then M ® 4 N is a differential
graded B-module.

(7) If we have R-algebras A, B, and C, a right A-module M, an (A, B)-
bimodule N, and a (B, C)-bimodule N’, then N® g N’ is a (A4, C)-bimodule
and we have (M ®4 N)®@p N' = M ®4 (N ®p N’). This equality continu-
ous to hold in the graded and in the differential graded case (compare with
Homology, Remark for the sign rules).

In (6), the condition may be more hevalleysuccinctly stated by saying that N is a
differential graded module over A°PP @ p B. We state the following as a lemma.

Lemma 23.1. Let (A, d) and (B, d) be differential graded algebras, and let N be
an (A, B)-bimodule which comes with a grading and a differential such that it is
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both a left differential graded A-module and a right differential graded B-module.
Then M — M ®4 N defines a functor

—®a4N: Mod‘(jid) — Mod‘(ig)d)
of differential graded categories. This functor induces functors
MOd(A7d) — MOd(B7d) and K(MOd(AJ)) — K(MOd(Bd))
by an application of Lemma[19.5.

Proof. This follows from the discussion above. O

If A is an algebra and M, M’ are right A-modules, then we define
Homs(M,M') ={f: M — M'| f is A-linear}
as usual. If A is graded and M and M’ are graded A-modules, then we recall
(Example [18.6)) that
AN n !
Homyjoqs7 (M, M') = @nez Hom™ (M, M')

where Hom" (M, M) is the collection of all A-module maps M — M’ which are
homogeneous of degree n.

Lemmal 23.2. Let A and B be algebras. Let M be a right A-module, N an
(A, B)-bimodule, and N’ a right B-module. Then we have

Homp(M ®4 N,N') = Hom4(M,Hompg(N, N"))
If A, B, M, N, N’ are compatibly graded, then we have
Hom o497 (M @4 N, N') = Hom ysoq9r (M, Hom p4er (N, N'))
for the graded versions.

Proof. This follows by interpreting both sides as A-bilinear maps @) : M x N — N’
which are B-linear on the right. (]

24. Derived tensor product

This section is analogous to More on Algebra, Section

Let R be a ring. Let (A,d) and (B, d) be differential graded algebras over R. Let
N be a (A, B)-bimodule equipped with a grading and differential such that N is
a left differential graded A-module and a right differential graded B-module. In
other words, N is a differential graded A°PP @ g B-module. Consider the functor

(2401) MOd(A)d) — N[Od(B’d)7 M+— M ®a N
defined in Section

Lemmal 24.1. The functor (24.0.1)) defines an exact functor of triangulated cat-
egories K (Mod4,q)) — K(Modp,q4))-

Proof. The functor was constructed in Lemma[23.1] We have to show that —@4 N
transforms distinguished triangles into distinguished triangles. Suppose that 0 —
K — L — M — 0 is an admissible short exact sequence of differential graded A-
modules. Let s : M — L be a graded A-module homomorphism which is left inverse
to L — M. Then s defines a graded B-module homomorphism M ® 4 N — L®4 N
which is left inverse to L®4 N — M ®4 N. O
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At this point we can consider the diagram

K(MOd(A,d)) _41\/) K(MOd(B,d))

A

T

D(A, d) -~ D(B, d)

The dotted arrow that we will construct below will be the left derived functor of the
composition F. (Warning: the diagram will not commute.) Namely, in the general
setting of Derived Categories, Section we want to compute the left derived
functor of F' with respect to the multiplicative system of quasi-isomorphisms in
K(MOd(Aﬂ) ) .

Lemma 24.2. [In the situation above, the left derived functor of F exists. We
denote it — @Y% N : D(A, d) — D(B, d).

Proof. We will use Derived Categories, Lemma[15.15] to prove this. As our collec-
tion P of objects we will use the objects with property (P). Property (1) was shown
in Lemmam Property (2) holds because if s : P — P’ is a quasi-isomorphism of
modules with property (P), then s is a homotopy equivalence by Lemma [15.3] O

Lemma 24.3. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let f : N — N’ be a homomorphism of differential graded A°PP @ B-
modules. Then f induces a morphism of functors

19f:—®% N — -4 N
If f is a quasi-isomorphism, then 1 ® f is an isomorphism of functors.

Proof. Let M be a differential graded A-module with property (P). Then 1 ® f :
M®as N —- M ®4 N’ is a map of differential graded B-modules. Moreover, this
is functorial with respect to M. Since the functors — ®% N and — ®4 N’ are
computed by tensoring on objects with property (P) (Lemma we obtain a
transformation of functors as indicated.

Assume that f is a quasi-isomorphism. Let F, be the given filtration on M. Observe
that M ® 4 N = colim F;(M) ® 4 N and M ® 4 N’ = colim F;(M) ® 4 N’'. Hence
it suffices to show that F, (M) ®4 N — F,(M) ®4 N’ is a quasi-isomorphism
(filtered colimits are exact, see Algebra, Lemma[8.8). Since the inclusions F, (M) —
F,1(M) are split as maps of graded A-modules we see that

0> F,(M)®aN = Fsa(M)®@a N — Fpy1(M)/Fo(M)®4 N — 0

is a short exact sequence of differential graded B-modules. There is a similar
sequence for N/ and f induces a map of short exact sequences. Hence by induction
on n (starting with n = —1 when F_;(M) = 0) we conclude that it suffices to
show that the map Fy,1(M)/Fp(M)®a N = Fi1(M)/F,(M) ®a N’ is a quasi-
isomorphism. This is true because Fj,11(M)/F,(M) is a direct sum of shifts of A
and the result is true for A[k] as f: N — N’ is a quasi-isomorphism. O

Lemma 24.4. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Let N be an (A, B)-bimodule which comes with a grading and a differential
such that it is a differential graded module for both A and B. Then the functors

—®% N :D(A, d) — D(B,d)
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of Lemma[2].3 and
RHom(N,—): D(B,d) — D(A4,d)
of Lemma [21.9 are adjoint.

Proof. The statement means that we have
Hom pa,q)(M, RHom(N, N')) = Hompp ) (M ®@% N, N’)

bifunctorially in M and N’. To see this we may assume that M is a differential
graded A-module with property (P) and that N’ is a differential graded B-module
with property (I). The computation of the derived functors given in the lemmas
referenced in the statement combined with Lemma [[5.3] translates the above into

Hom g (Mod, 4 o)) (M, Homp (N, N')) = Hom g (Mod, 5 o)) (M ®a N, N')
where B = Mod‘(ilgi, ay-

Hom 4 (M, Homg(N, N")) = Homp(M @4 N, N’)

Thus it is certainly sufficient to show that

as differential graded Z-modules where A = Mod?f" ) This follows from the fact
that the isomorphism (Lemma

Hom 4 (M,Hompg(N, N')) = Hompg(M ®4 N, N")
of internal homs of graded modules respects the differentials. O
Example 24.5. Let R be a ring. Let (A,d) — (B,d) be a homomorphism of

differential graded R-algebras. Then we can view B as a (A, B)-bimodule and we
get a functor

—®a B:D(A,d) — D(B,d)
By Lemma[24.4] the left adjoint of this is the functor R Hom(B, —). For a differential
graded B-module let us denote N4 the differential graded A-module obtained from
N by restriction via A — B. Then we clearly have a canonical isomorphism

HomMod?g,d)<B7N) H]\an f’—>f<1)

functorial in the B-module N. Thus we see that RHom(B,—) is the restriction
functor and we obtain

Hompa,q)(M,Na) = Homppa) (M % B,N)
bifunctorially in M and N exactly as in the case of commutative rings. Finally,
observe that restriction is a tensor functor as well, since Ny = N ®p gBs =
N ®¥% pBa where pBy is B viewed as an (B, A)-bimodule.
Lemma 24.6. With notation and assumptions as in Lemma . Assume

(1) N defines a compact object of D(B, d), and
(2) the map H*(A) — Homp(p,q) (N, N[k]) is an isomorphism for all k € Z.

Then the functor — @% N s fully faithful.

Proof. Because our functor has a left adjoint given by RHom(N, —) by Lemma
it suffices to show that for a differential graded A-module M the map

H°(M) — Hompp,a)(N, M &% N)

is an isomorphism. We may assume that M = P is a differential graded A-module
which has property (P). Since N defines a compact object, we reduce using Lemma
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[133] to the case where P has a finite filtration whose graded pieces are direct sums
of A[k]. Again using compactness we reduce to the case P = A[k]. Assumption (2)
on N is that the result holds for these. g

Lemma 24.7. Let (A, d) and (B, d) be differential graded algebras. Let N be a
differential graded A°PP ®p B-module with property (P). Let M be a differential
graded A-module with property (P). Then Q@ = M ®4 N is a differential graded
B-module which represents M ®@% N in D(B) and which has a filtration

0=F1QChhQCFQC...CcQ

by differential graded submodules such that Q@ = |JF,Q, the inclusions F;Q —
Fi11Q are admissible monomorphisms, the quotients F;11Q/F;Q are isomorphic
as differential graded B-modules to a direct sum of (A ®r B)[k].

Proof. Choose filtrations F, on M and N. Then consider the filtration on @ =
M ®4 N given by

Fa(@ =3, FM) @4 F(N)
This is clearly a differential graded B-submodule. We see that

Fu(Q)/F.1(Q) = P F(M)/F;_1(M) ®4 F;(N)/F;_1(N)

for example because the filtration of M is split in the category of graded A-modules.
Since by assumption the quotients on the right hand side are isomorphic to direct
sums of shifts of A and AP ®p B and since A ®4 (A°P? ®r B) = A ®r B, we
conclude that the left hand side is a direct sum of shifts of A ® zp B as a differential
graded B-module. (Warning: @ does not have a structure of (A, B)-bimodule.)
This proves the first statement of the lemma. The second statement is immediate
from the definition of the functor in Lemma 242 O

i+j=n

Lemma 24.8. Let R — R’ be a ring map. Let (A, d) be a differential graded
R-algebra. Let (A’, d) be the base change, i.e., A’ = A®r R'. If A is K-flat as a
complex of R-modules, then

(1) —®@Y% A" : D(A,d) — D(A’, d) is equal the the right derived functor of

K(A,d) — K(A',d), M+ MR
(2) the diagram
D(A, d) ——= D(A', d)
7®AA/

restrictionl lrestriction

_ oL p/
D(R) QrR

D(R')

commutes, and
(3) if M is K-flat as a complex of R-modules, then the differential graded A’-
module M ®@p R’ represents M @Y A’.

Proof. For any differential graded A-module M there is a canonical map
CMIM(X)RR/—}M@AA,

Let P be a differential graded A-module with property (P). We claim that cp is an
isomorphism and that P is K-flat as a complex of R-modules. This will prove all
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the results stated in the lemma by formal arguments using the definition of derived
tensor product in Lemma and More on Algebra, Section

Let F, be the filtration on P showing that P has property (P). Note that c4 is an
isomorphism and A is K-flat as a complex of R-modules by assumption. Hence the
same is true for direct sums of shifts of A (you can use More on Algebra, Lemma
to deal with direct sums if you like). Hence this holds for the complexes
F,+1P/F,P. Since the short exact sequences

0— F,P — Fp P — Fyy 1 P/F,P — 0

are split exact as sequences of graded modules, we can argue by induction that cx, p
is an isomorphism for all p and that F, P is K-flat as a complex of R-modules (use
More on Algebra, Lemma . Finally, using that P = colim F,,P we conclude
that cp is an isomorphism and that P is K-flat as a complex of R-modules (use
More on Algebra, Lemma . O

Lemma 24.9. Let R be a ring. Let (A, d) and (B, d) be differential graded R-
algebras. Let T be an (A, B)-bimodule which comes with a grading and a differential
such that it is a differential graded module for both A and B. Assume

(1) T defines a compact object of D(B, d), and
(2) S= HomMod[(zg, (T, B) represents RHom(T, B) in D(A, d).

)
Then S has a structure of a (B, A)-bimodule which comes with a grading and a
differential such that it is a differential graded module for both A and B and there
is an isomorphism

N @k S — RHom(T, N)
functorial in N in D(B, d).

Proof. Write B = Mod’é‘é ) The right A-module structure on S comes from
the map A — Hompg(T,T) and the composition Homg(T, B) ® Homg(T,T) —
Hompg(T, B) defined in Example m Using this multiplication a second time

there is a map
en: N®p S =Homg(B,N)®p Homg(T, B) — Hompg(T, N)

functorial in N. Given N we can choose quasi-isomorphisms P — N — I where
P, resp. I is a differential graded B-module with property (P), resp. (I). Then
using ¢y we obtain a map P®p S — Hompg (T, I) between the objects representing
S ®% N and RHom(T, N). Clearly this defines a transformation of functors c as
in the lemma.

To prove that ¢ is an isomorphism of functors, we may assume N is a differential
graded B-module which has property (P). Since T' defines a compact object in
D(B,d) and since both sides of the arrow define exact functors of triangulated
categories, we reduce using Lemma to the case where N has a finite filtration
whose graded pieces are direct sums of B[k]. Using again that both sides of the
arrow are exact functors of triangulated categories and compactness of T' we reduce
to the case N = B[k]. Assumption (2) is exactly the assumption that ¢ is an
isomorphism in this case. [
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25. Composition of derived tensor products

We encourage the reader to skip this section.

Let R be a ring. Let (A,d), (B,d), and (C,d) be differential graded R-algebras.
Let N be a differential graded AP @ g B-module. Let N’ be a differential graded
B°PP @ p C-module. We denote Np the bimodule N viewed as a differential graded
B-module (forgetting about the A-structure). There is a canonical map

(25.0.1) N @ N' — (N ®@p N')c

in D(C,d). Here (N ®p N')c denotes the (A4, C)-bimodule N ®p N’ viewed as
a differential graded C-module. Namely, this map comes from the fact that the
derived tensor product always maps to the plain tensor product (as it is a left
derived functor).

Lemma 25.1. Let R be a ring. Let (A,d), (B,d), and (C,d) be differential
graded R-algebras. Let N be a differential graded A°PP @ r B-module. Let N’ be a
differential graded B°PP @ g C-module. Assume is an isomorphism. Then
the composition

-4 N -®pN'

D(A,d) D(B, d)

D(C, d)
is isomorphic to — @% N with N = N @ g N’ viewed as (A, C)-bimodule.

Proof. Let M be a differential graded A-module with property (P). According to
the construction of the functor — ®% N” of the proof of Lemma the plain
tensor product M ®4 N represents M ®@% N”. Then we write
M@AN"=M®@s(NogN')=(M®s N)@g N’
The module @ = M ®4 N represents M ®% N. Hence it suffices to show that
QRN — QapN'

is a quasi-isomorphism. The filtration F, on M induces a filtration F, on ) whose
transition maps are admissible monomorphisms and whose graded quotients are

direct sums of shifts of Ng. Exactly as in the proof of Lemma this implies
there is an admissible short exact sequence

0-Pre-Pre—-q—o

of differential graded B-modules. Using the fact that — ®% N’ is an exact functor
and commutes with direct sums and using that — ® g N’ transforms admissible
exact sequences into admissible exact sequences and commutes with direct sums
we reduce to proving that

F,Qe% N — F,Q®p N’

is a quasi-isomorphism for all p. Repeating the argument with the admissible short
exact sequences
0— F,Q — Fpt1Q — Fp11Q/F,Q — 0

we reduce to showing the same statement for Fj,11Q/F,Q. Using the structure of
these modules (see above) we reduce to showing that

Np ®% N’ — N ®p N’

is a quasi-isomorphism, which is what we assumed. O
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Let R be a ring. Let (A,d), (B,d), and (C,d) be differential graded R-algebras.
We temporarily denote (A ® g B)p the differential graded algebra A ® g B viewed
as a (right) differential graded B-module, and (B ®pr C)¢ the differential graded
algebra B ®pg C viewed as a (B, C)-bimodule. Then there is a canonical map

(25.1.1) (A®Rr B)B ®II§ B(B®rC)c — (A®r B®rC)c

where (A ®r B ®g C)¢ denotes the differential graded R-algebra A ® g B ®@p C
viewed as a (right) differential graded C-module. Namely, this map comes from the
identification

(A®rB)p®p g(BR®rC)c = (A®r B®rC)c

and the fact that the derived tensor product always maps to the plain tensor product
(as it is a left derived functor).

Lemma 25.2. Let R be a ring. Let (A, d), (B, d), and (C, d) be differential graded
R-algebras. Assume that s an isomorphism. Let N be a differential graded
A°PP @ B-module. Let N' be a differential graded B°PP @ g C-module. Then the
composition

-®4N —@EN’

D(A, d) D(B,d) — 22" . p(c, d)

is isomorphic to — @Y% N" for a differential graded A°PP @ r C-module N"' described
in the proof.

Proof. By Lemma we may replace N and N’ by quasi-isomorphic bimodules.
Thus we may assume N, resp. N’ has property (P) as differential graded AP Qg B,
resp. B°P? @ p C-module, see Lemma We claim the lemma holds with the
(A, C)-bimodule N” = N ® g N’. To prove this, it suffices to show that

N @E N' — (N ®p N')c
is an isomorphism, see Lemma [25.1

By Lemma [I3.3] there is an admissible short exact sequence
0> EPFrRN-EPFN-N-0

of differential graded A°’P @ p B-modules. Using the fact that — ®% N’ is an
exact functor and commutes with direct sums and using that — ® g N’ transforms
admissible exact sequences into admissible exact sequences and commutes with
direct sums we reduce to proving that

(FyN)p @5 N' — (F,N)p ©p N’
is a quasi-isomorphism for all p. Repeating the argument with the admissible short
exact sequences
0— F,N—F,wN— F,;,wN/F,N =0
we reduce to showing the same statement for F,,1N/F,N. Since these modules
are direct sums of shifts of (A ® g B)p we reduce to showing that

(A®r B)p ®% N' — (A®g B)p ®p N’
is a quasi-isomorphism. Now we choose a quasi-isomorphism P — (A ® B)p of
differential graded B-modules where P has property (P). Then we have to show that

Pep N — (A®gr B)p ®p N' is a quasi-isomorphism because P ® 5 N’ represents
(A®g B)p ®% N’ by the construction in Lemma As N’ = colim F,N’ we
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find that it suffices to show that P ®p F,N' — (A ®gr B)p ®p F,N’. Using the
admissible short exact sequences 0 — F,N' — F, 1N — Fp1N'/E,N'" — 0 we
reduce to showing P ®p Fp41N'/F,N' — (A®r B)p ®p Fpt1N'/F,N' is a quasi-
isomorphism for all p. Then finally using that F, 1 N'/F,N’ is a direct sum of
shifts of g(B ®r C)¢ we conclude that it suffices to show that

Popp(BerC)c — (A®r B)p®p5 5(B®rC)c

is an isomorphism. Since P — (A ®r B)p is a resolution by a module satisfying
property (P) this map of differential graded C-modules represents the morphism

(25.1.1) and the proof is complete. (I

Lemma 25.3. Let R be a ring. Let (A,d), (B,d), and (C,d) be differential
graded R-algebras. If C is K-flat as a complex of R-modules, then (25.1.1]) is an
isomorphism and the conclusion of Lemma[25.9 is valid.

Proof. Choose a quasi-isomorphism P — (A ®p B)p of differential graded B-
modules, where P has property (P). Then we have to show that

P (BRr(C) — (A®r B)®p (B®rC)
is a quasi-isomorphism. Equivalently we are looking at
PRrC — A®rBRrC

This is a quasi-isomorphism if C' is K-flat as a complex of R-modules by More on
Algebra, Lemma [55.4 (]

26. Variant of derived tensor product
Let (C,O) be a ringed site. Then we have the functors
Comp(0) — K(O) — D(0)

and as we've seen above we have differential graded enhancement Comp®(0).
Namely, this is the differential graded category of Example associated to the
abelian category Mod(O). Let K*® be a complex of O-modules in other words, an
object of Comp™(0). Set

(E7 d) = HomCompdg(O) (K.a K.)

This is a differential graded Z-algebra. We claim there is an analogue of the derived
base change in this situation.

Lemma 26.1. In the situation above there is a functor

—@p K*: Mod(y, ,

) — Comp™ (O)
of differential graded categories. This functor sends E to K® and commutes with

direct sums.

Proof. Let M be a differential graded E-module. For every object U of C the
complex K*(U) is a left differential graded E-module as well as a right O(U)-
module. The actions commute, so we have a bimodule. Thus, by the constructions
in Section [23| we can form the tensor product

M ep K*(U)
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which is a differential graded O(U)-module, i.e., a complex of O(U)-modules. This
construction is functorial with respect to U, hence we can sheafify to get a complex
of @-modules which we denote

M@p K*®
Moreover, for each U the construction determines a functor Mod?é a Comp™ (O(U))
of differential graded categories by Lemma It is therefore clear that we obtain
a functor as stated in the lemma. |

09LW |Lemma 26.2. The functor of Lemma defines an exact functor of triangulated
categories K (Mod gq)) — K(O).

Proof. The functor induces a functor between homotopy categories by Lemma
[[9.5] We have to show that — ®p K*® transforms distinguished triangles into dis-
tinguished triangles. Suppose that 0 - K — L — M — 0 is an admissible short
exact sequence of differential graded E-modules. Let s : M — L be a graded
E-module homomorphism which is left inverse to L — M. Then s defines a map
M ®p K* - L®g K* of graded O-modules (i.e., respecting O-module structure
and grading, but not differentials) which is left inverse to L @ g K* — M ®p K°.
Thus we see that

0K K®* LR K*—> Mg K®*—0

is a termwise split short exact sequences of complexes, i.e., a defines a distinguished
triangle in K(O). O

09LX Lemma 26.3. The functor K(Mod g, 4)) — K(O) ofLemma has a left derived
version defined on all of D(E, d). We denote it — @% K*: D(E, d) — D(O).

Proof. We will use Derived Categories, Lemma[I5.15] to prove this. As our collec-
tion P of objects we will use the objects with property (P). Property (1) was shown
in Lemma[13.4] Property (2) holds because if s : P — P’ is a quasi-isomorphism of
modules with property (P), then s is a homotopy equivalence by Lemma m [l

0CS6 Lemma 26.4. Let R be a ring. Let C be a site. Let O be a sheaf of commutative
R-algebras. Let K® be a complex of O-modules. The functor of Lemma has
the following property: For every M, N in D(E,d) there is a canonical map

RHom(M,N) — RHomp(M % K* N @% K*)
in D(R) which on cohomology modules gives the maps

Extp,q) (M, N) = Exto) (M ®F K*, N @F K°)
induced by the functor — @% K*.

Proof. The right hand side of the arrow is the global derived hom introduced in
Cohomology on Sites, Section [29) which has the correct cohomology modules. For
the left hand side we think of M as a (R, A)-bimodule and we have the derived
Hom introduced in Section which also has the correct cohomology modules.
To prove the lemma we may assume M and N are differential graded E-modules
with property (P); this does not change the left hand side of the arrow by Lemma
21.3] By Lemma this means that the left hand side of the arrow becomes
Hom,, atg o (M, N). In Lemmas |26.1+ |26.2|, and |26.3| we have constructed a functor

—®p K*: Mod¥

(B4 Comp™(0O)
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of differential graded categories and we have shown that — ®% K* is computed by
evaluating this functor on differential graded E-modules with property (P). Hence
we obtain a map of complexes of R-modules

Homy 40 (M, N) — Homcgppas o) (M @p K*, N @p K*)

For any complexes of O-modules F*, G® there is a canonical map
Homegppao 0y (F*,G°) = I(C, Hom®(F*,G*)) — RHomp(F*,G*).
Combining these maps we obtain the desired map of the lemma. (I

Lemma 26.5. Let (C,0) be a ringed site. Let K* be a complex of O-modules.
Then the functors
- @Y K*: D(E,d — D(O)
of Lemma [26.9 and
RHom(K*,—): D(O) — D(E, d)
of Lemma[22]] are adjoint.
Proof. The statement means that we have
Hompp.q)(M, RHom(K*®, L*)) = Hompo)(M @ K*, L*)
bifunctorially in M and L°®. To see this we may replace M by a differential graded
E-module P with property (P). We also may replace L® by a K-injective complex

of O-modules I*. The computation of the derived functors given in the lemmas
referenced in the statement combined with Lemma [15.3] translates the above into

Hom e (Mod  4y) (P Homp(K®, I*)) = Homp (o) (P ®@p K*,1°)

where B = Comp™(©). There is an evaluation map from right to left functorial
in P and I*® (details omitted). Choose a filtration F, on P as in the definition
of property (P). By Lemma and the fact that both sides of the equation are
homological functors in P on K (Mod g qy) we reduce to the case where P is replaced
by the differential graded E-module @ F;P. Since both sides turn direct sums in
the variable P into direct products we reduce to the case where P is one of the
differential graded E-modules F;P. Since each F; P has a finite filtration (given by
admissible monomorphisms) whose graded pieces are graded projective E-modules
we reduce to the case where P is a graded projective E-module. In this case we
clearly have

Hom,, .4
Mod<g’d)

(Pa HOHIB(K., I.)) = HomCOIllpdg(O)(P ®E K.7 I.)

as graded Z-modules (because this statement reduces to the case P = E[k] where
it is obvious). As the isomorphism is compatible with differentials we conclude. O

Lemma 26.6. Let (C,0) be a ringed site. Let K*® be a complex of O-modules.
Assume

(1) K* represents a compact object of D(O), and
(2) E = Hom gypas(0)(K*®, K*) computes the ext groups of K* in D(O).
Then the functor
— % K*: D(E,d) — D(O)
of Lemma[26.3 is fully faithful.
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Proof. Because our functor has a left adjoint given by R Hom(K*®, —) by Lemma
it suffices to show for a differential graded E-module M that the map

H°(M) — Homp(oy(K*, M &% K*)

is an isomorphism. We may assume that M = P is a differential graded E-module
which has property (P). Since K® defines a compact object, we reduce using Lemma
to the case where P has a finite filtration whose graded pieces are direct sums
of Efk]. Again using compactness we reduce to the case P = E[k]. The assumption
on K* is that the result holds for these. O

27. Characterizing compact objects

Compact objects of additive categories are defined in Derived Categories, Definition
In this section we characterize compact objects of the derived category of a
differential graded algebra.

Remark 27.1. Let (A,d) be a differential graded algebra. Is there a characteri-
zation of those differential graded A-modules P for which we have

HomK(A,d) (P, M) = HomD(A’d) (P7 M)

for all differential graded A-modules M? Let D C K(A,d) be the full subcate-
gory whose objects are the objects P satisfying the above. Then D is a strictly
full saturated triangulated subcategory of K(A,d). If P is projective as a graded
A-module, then to see where P is an object of D it is enough to check that
Hompg (4,q)(P, M) = 0 whenever M is acyclic. However, in general it is not enough
to assume that P is projective as a graded A-module. Example: take A = R = k[¢]
where k is a field and k[e] = k[z]/(2?) is the ring of dual numbers. Let P be the
object with P" = R for all n € Z and differential given by multiplication by e.
Then idp € Homg (4,q)(P, P) is a nonzero element but P is acyclic.

Remark 27.2. Let (4, d) be a differential graded algebra. Let us say a differential
graded A-module M is finite if M is generated, as a right A-module, by finitely many
elements. If P is a differential graded A-module which is finite graded projective,
then we can ask: Does P give a compact object of D(A,d)? Presumably, this is not
true in general, but we do not know a counter example. However, if P is also an
object of the category D of Remark , then this is the case (this follows from
the fact that direct sums in D(A,d) are given by direct sums of modules; details
omitted).

Lemma 27.3. Let (A, d) be a differential graded algebra. Let E be a compact object
of D(A, d). Let P be a differential graded A-module which has a finite filtration

0=FPCcFhPCHPC...CF,P=P
by differential graded submodules such that

Fi:P/FP=  Alki;)

as differential graded A-modules for some sets J; and integers k; j. Let E — P be
a morphism of D(A,d). Then there exists a differential graded submodule P’ C P
such that F; 11PN P'/(F;P N P') is equal to @je}; Alk; ;] for some finite subsets
J! C J; and such that E — P factors through P'.

JjEJ:
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Proof. We will prove by induction on —1 < m < n that there exists a differential
graded submodule P’ C P such that
(1) F,PcC P,
(2) for i > m the quotient F; 1 PNP’/(F;PNP’) is isomorphic to ®jeJ{ Alk; 5]
for some finite subsets J! C .J;, and
(3) E — P factors through P’.

The base case is m = n where we can take P’ = P.

Induction step. Assume P’ works for m. For i > m and j € J; let ; ; € F; ;1 PN P’
be a homogeneous element of degree k; ; whose image in F 1 PN P'/(F;PNP’) is
the generator in the summand corresponding to j € J;. The z; ; generate P'/F,, P
as an A-module. Write

0
) — ot .
d(w; ;) —E T jra; 5+ Yig

1

with y; ; € F,, P and az::}j/ € A. There exists a finite subset J/,_; C Jp,—1 such that
each y; j maps to an element of the submodule @jGJ’ ) Alky—1,j] of Fy P/Fp, 1 P.

Let P” C F,, P be the inverse image of EBjeJ, B Alkm—1,;] under the map F,, P —
F,,P/F,,_1P. Then we see that the A-submodule

P’ + Z {L‘i’jA
is a differential graded submodule of the type we are looking for. Moreover
/ 1" o _ )
P /(P + Z%,JA) @jéJmfl\Jf,L,l A[kmfld}
Since F is compact, the composition of the given map F — P’ with the quotient
map, factors through a finite direct subsum of the module displayed above. Hence

after enlarging J/, ; we may assume E — P’ factors through P” + Y x; ;A as
desired. (]

It is not true that every compact object of D(A,d) comes from a finite graded
projective differential graded A-module, see Examples, Section

Proposition| 27.4. Let (A, d) be a differential graded algebra. Let E be an object
of D(A, d). Then the following are equivalent

(1) E is a compact object,

(2) E is a direct summand of an object of D(A, d) which is represented by a
differential graded module P which has a finite filtration Fy by differential
graded submodules such that F;P/F;_1 P are finite direct sums of shifts of
A.

Proof. Assume E is compact. By Lemma we may assume that E is repre-
sented by a differential graded A-module P with property (P). Consider the distin-

guished triangle
PFEP—PFEP—PSPFP

coming from the admissible short exact sequence of Lemma[3.1] Since E is compact
we have § = 37, _,  &; for some &; : P — F;P[1]. Since the composition of § with
the map @ F;P[1] — @ F;P[1] is zero (Derived Categories, Lemma it follows
that 6 = 0 (follows as @ F; P — € F; P maps the summand F; P via the difference
of id and the inclusion map into F;_1 P). Thus we see that the identity on F factors
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through @ F; P in D(A, d) (by Derived Categories, Lemma[4.10)). Next, we use that
P is compact again to see that the map E — @ F; P factors through Gai:l,.“,n F;P
for some n. In other words, the identity on E factors through @izl,wn F;P. By
Lemma [27.3] we see that the identity of E factors as E — P — E where P is as in
part (2) of the statement of the lemma. In other words, we have proven that (1)
implies (2).

Assume (2). By Derived Categories, Lemma it suffices to show that P gives a
compact object. Observe that P has property (P), hence we have

HomD(A’d)(P, M) = HOI’II[((‘,47(1)(P7 M)

for any differential graded module M by Lemma As direct sums in D(A, d) are
given by direct sums of graded modules (Lemm we reduce to showing that
Homg (4,q)(P, M) commutes with direct sums. Using that K(A,d) is a triangulated
category, that Hom is a cohomological functor in the first variable, and the filtration
on P, we reduce to the case that P is a finite direct sum of shifts of A. Thus we
reduce to the case P = A[k] which is clear. O

Lemma 27.5. Let (A,d) be a differential graded algebra. For every compact
object E of D(A, d) there exist integers a < b such that Hompa, q)(E, M) = 0 if
HY (M) =0 fori € [a,b].

Proof. Observe that the collection of objects of D(A,d) for which such a pair
of integers exists is a saturated, strictly full triangulated subcategory of D(A,d).
Thus by Proposition it suffices to prove this when E is represented by a dif-
ferential graded module P which has a finite filtration F, by differential graded
submodules such that F;P/F;_; P are finite direct sums of shifts of A. Using the
compatibility with triangles, we see that it suffices to prove it for P = A. In this
case Homp4.q)(A, M) = H°(M) and the result holds with a = b = 0. O

If (A, d) is just an algebra placed in degree 0 with zero differential or more gener-
ally lives in only a finite number of degrees, then we do obtain the more precise
description of compact objects.

Lemma 27.6. Let (A, d) be a differential graded algebra. Assume that A™ =0 for
|n| > 0. Let E be an object of D(A, d). The following are equivalent

(1) E is a compact object, and

(2) E can be represented by a differential graded A-module P which is fi-
nite projective as a graded A-module and satisfies Hompg (4 q)(P, M) =
Hompa,q) (P, M) for every differential graded A-module M.

Proof. Let D C K(A,d) be the triangulated subcategory discussed in Remark
Let P be an object of D which is finite projective as a graded A-module.
Then P represents a compact object of D(A,d) by Remark

To prove the converse, let E be a compact object of D(A,d). Fix a < b as in
Lemma After decreasing a and increasing b if necessary, we may also assume
that H'(E) = 0 for i ¢ [a, b] (this follows from Propositionand our assumption
on A). Moreover, fix an integer ¢ > 0 such that A™ =0 if |n| > c.

By Proposition we see that F is a direct summand, in D(A, d), of a differential
graded A-module P which has a finite filtration F, by differential graded submod-
ules such that F;P/F;_1 P are finite direct sums of shifts of A. In particular, P
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has property (P) and we have Homp q)(P, M) = Homg (4,q)(P, M) for any dif-
ferential graded module M by Lemma In other words, P is an object of the
triangulated subcategory D C K(A,d) discussed in Remark Note that P is
finite free as a graded A-module.

Choose n > 0 such that b + 4c — n < a. Represent the projector onto E by
an endomorphism ¢ : P — P of differential graded A-modules. Consider the
distinguished triangle

P4 P C— Pl

in K(A,d) where C' is the cone of the first arrow. Then C is an object of D, we have
C=E®FE[l]in D(A,d), and C is a finite graded free A-module. Next, consider a
distinguished triangle

Cll]—-C—=C —C2]

in K(A,d) where C’ is the cone on a morphism C[1] — C representing the compo-
sition
Cl]®E[ll®E]2l - E[l] - E®E[1]=C

in D(A,d). Then we see that C’ represents E @ E[2]. Continuing in this manner
we see that we can find a differential graded A-module P which is an object of D,
is a finite free as a graded A-module, and represents E & E[n].

Choose a basis x;, ¢ € I of homogeneous elements for P as an A-module. Let
d; = deg(x;). Let P; be the A-submodule of P generated by z; and d(x;) for
di < a—c—1. Let P, be the A-submodule of P generated by x; and d(z;) for
d; > b—n + c. We observe

) Py and P, are differential graded submodules of P,
) Pl =0fort>a,

) Pl =P fort<a-2c

) Pi=0fort<b—n,

(5) Pl=Ptfort>b—n-+2c

As b —n 4+ 2¢c > a — 2¢ by our choice of n we obtain a short exact sequence of
differential graded A-modules

0P NP> P P, P—0

Since P is projective as a graded A-module this is an admissible short exact sequence
(Lemma [11.1]). Hence we obtain a boundary map ¢ : P — (P N P)[1] in K(A4,d),
see Lemma (7.2} Since P = E @ E[n] and since Py N P, lives in degrees (b —n,a) we
find that Homp(4,q4)(E® E[n], (P1 N P,)[1]) is zero. Therefore § = 0 as a morphism
in K(A,d) as P is an object of D. By Derived Categories, Lemma we can find
amap s : P — P, ® P, such that mos = idp+dh+hd for some h : P — P of degree
—1. Since P, ® P, — P is surjective and since P is projective as a graded A-module
we can choose a homogeneous lift h:P — P& P, of h. Then we change s into
s+dh + hd to get mo s =idp. This means we obtain a direct sum decomposition
P =s"YP)®s (P). Since s~(P) is equal to P in degrees > b —n + 2c we see
that s~1(P) — P — E is a quasi-isomorphism, i.e., an isomorphism in D(A4,d).
This finishes the proof. O



09S5

0956

09S7

09SS

0958

DIFFERENTIAL GRADED ALGEBRA 60

28. Equivalences of derived categories

Let R be aring. Let (A4,d) and (B, d) be differential graded R-algebras. A natural
question that arises in nature is what it means that D(A, d) is equivalent to D(B, d)
as an R-linear triangulated category. This is a rather subtle question and it will
turn out it isn’t always the correct question to ask. Nonetheless, in this section we
collection some conditions that guarantee this is the case.

We strongly urge the reader to take a look at the groundbreaking paper [Ric89] on
this topic.

Lemma 28.1. Let R be a ring. Let (A,d) — (B,d) be a homomorphism of
differential graded algebras over R, which induces an isomorphism on cohomology
algebras. Then

—®% B:D(A,d) — D(B, d)
gives an R-linear equivalence of triangulated categories with quasi-inverse the re-
striction functor N — N4.

Proof. By Lemma the functor M — M ®ﬁ B is fully faithful. By Lemma
the functor N — RHom(B,N) = N4 is a right adjoint, see Example
It is clear that the kernel of RHom(B, —) is zero. Hence the result follows from
Derived Categories, Lemma [7.2} (Il

When we analyze the proof above we see that we obtain the following generalization
for free.

Lemma 28.2. Let R be a ring. Let (A, d) and (B, d) be differential graded algebras
over R. Let N be an (A, B)-bimodule which comes with a grading and a differential
such that it is a differential graded module for both A and B. Assume that

(1) N defines a compact object of D(B, d),

(2) if N' € D(B,d) and Homp g q)(N,N'[n]) =0 forn € Z, then N' =0, and

(3) the map H*(A) — Homp(p,q (N, N[k]) is an isomorphism for all k € Z.
Then

~ oL N:D(A, d) - D(B,d)

gives an R-linear equivalence of triangulated categories.

Proof. By Lemma the functor M — M ®ﬁ N is fully faithful. By Lemma
the functor N’ — RHom(N, N’) is a right adjoint. By assumption (3) the
kernel of RHom(N, —) is zero. Hence the result follows from Derived Categories,
Lemma [7.2 O

Remark| 28.3. In Lemma we can replace condition (2) by the condition that
N is a classical generator for Deompact(B, d), see Derived Categories, Proposition
Moreover, if we knew that R Hom(NV, B) is a compact object of D(A,d), then
it suffices to check that N is a weak generator for Dompact(B,d). We omit the
proof; we will add it here if we ever need it in the Stacks project.

Sometimes the B-module P in the lemma below is called an “(A, B)-tilting com-
plex”.

Lemma 28.4. Let R be a ring. Let (A,d) and (B, d) be differential graded R-
algebras. Assume that A = H°(A). The following are equivalent
(1) D(A, d) and D(B, d) are equivalent as R-linear triangulated categories, and
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(2) there exists an object P of D(B, d) such that
(a) P is a compact object of D(B, d),
(b) if N € D(B, d) with Homp g 4(P, N[i]) =0 for i € Z, then N =0,
(c) Hompp, q)(P, Pli]) = 0 for i # 0 and equal to A for i =0.

The equivalence D(A, d) — D(B, d) constructed in (2) sends A to P.

Proof. Let F': D(A,d) — D(B,d) be an equivalence. Then F maps compact ob-
jects to compact objects. Hence P = F(A) is compact, i.e., (2)(a) holds. Conditions
(2)(b) and (2)(c) are immediate from the fact that F' is an equivalence.

Let P be an object as in (2). Represent P by a differential graded module with
property (P). Set

(E,d) = HomMOdcég (P, P)
Then H(E) = A and H*(E) = 0 for k # 0 by Lemma and assumption (2)(c).
Viewing P as a (E, B)-bimodule and using Lemma and assumption (2)(b) we
obtain an equivalence

D(E,d) — D(B,d)

sending F to P. Let E' C E be the differential graded R-subalgebra with

E? ifi <0
(E") = { Ker(E° — E') ifi=0
0 ifi>0

Then there are quasi-isomorphisms of differential graded algebras (A,d) < (E’,d) —
(E,d). Thus we obtain equivalences

D(A,d) + D(E',d) — D(E,d) — D(B,d)
by Lemma |28.1 O

Remark 28.5. Let R be a ring. Let (A,d) and (B,d) be differential graded
R-algebras. Suppose given an R-linear equivalence

F:D(A,d) — D(B,d)

of triangulated categories. Set N = F(A). Then N is a differential graded B-
module. Since F' is an equivalence and A is a compact object of D(A,d), we
conclude that N is a compact object of D(B,d). Since A generates D(A4,d)
and F is an equivalence, we see that N generates D(B,d). Finally, H*(A) =
Homp(a,q4)(A, Ak]) and as F' an equivalence we see that F' induces an isomor-
phism H*(A) = Hompp q)(N, N[k]) for all k. In order to conclude that there is
an equivalence D(A,d) — D(B,d) which arises from the construction in Lemma
all we need is a left A-module structure on N compatible with derivation and
commuting with the given right B-module structure. In fact, it suffices to do this
after replacing N by a quasi-isomorphic differential graded B-module. The module
structure can be constructed in certain cases. For example, if we assume that F
can be lifted to a differential graded functor

dg . d d
F9 . Mod{§ ;) — Mod(%

(for notation see Example [19.8) between the associated differential graded cate-
gories, then this holds. Another case is discussed in the proposition below.
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Proposition| 28.6. Let R be a ring. Let (A, d) and (B, d) be differential graded
R-algebras. Let F : D(A,d) — D(B,d) be an R-linear equivalence of triangulated
categories. Assume that

(1) A= H°(A), and

(2) B is K-flat as a complex of R-modules.
Then there exists an (A, B)-bimodule N as in Lemma[28.4

Proof. As in Remark above, we set N = F(A) in D(B,d). We may assume
that N is a differential graded B-module with property (P). Set

(E,d) = HomModfgd) (N, N)

Then H°(E) = A and H*(E) = 0 for k # 0 by Lemma Moreover, by the
discussion in Remark and by Lemma we see that N as a (E, B)-bimodule
induces an equivalence —®% N : D(E,d) — D(B,d). Let E' C E be the differential
graded R-subalgebra with

' E' ifi<0
(E)" = { Ker(E® — EY) ifi=0
0 ifi>0

Then there are quasi-isomorphisms of differential graded algebras (A,d) < (E’',d) —
(E,d). Thus we obtain equivalences

D(A,d) + D(E',d) — D(FE,d) — D(B,d)
by Lemma Note that the quasi-inverse D(A,d) — D(E’,d) of the left vertical

arrow is given by M — M ®% A where A is viewed as a A°PP @ E’-module, see

Example ﬁ On the other hand the functor D(E’,d) — D(B,d) is given by
M +— M ®%, N where N is as above. We conclude by Lemma O

Remark| 28.7. Let A, B,F,N be as in Proposition It is not clear that
F and the functor G(—) = — ®% N are isomorphic. By construction there is an
isomorphism N = G(A) — F(A) in D(B,d). It is straightforward to extend this to
a functorial isomorphism G(M) — F(M) for M is a differential graded A-module
which is graded projective (e.g., a sum of shifts of A). Then one can conclude that
G(M) = F(M) when M is a cone of a map between such modules. We don’t know
whether more is true in general.

Lemmal 28.8. Let R be a ring. Let A and B be R-algebras. The following are
equivalent
(1) there is an R-linear equivalence D(A) — D(B) of triangulated categories,
(2) there exists an object P of D(B) such that
(a) P can be represented by a finite complex of finite projective B-modules,
(b) if K € D(B) with Exty(P,K) =0 fori € Z, then K =0, and
(¢) Extly(P,P) =0 fori+#0 and equal to A for i = 0.
Moreover, if B is flat as an R-module, then this is also equivalent to
(3) there exists an (A, B)-bimodule N such that —@% N : D(A) — D(B) is an
equivalence.
Proof. The equivalence of (1) and (2) is a special case of Lemma combined

with the result of Lemma characterizing compact objects of D(B) (small detail
omitted). The equivalence with (3) if B is R-flat follows from Proposition 28.6] O
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09SD Remark 28.9. Let R be a ring. Let A and B be R-algebras. If D(A) and D(B)
are equivalent as R-linear triangulated categories, then the centers of A and B
are isomorphic as R-algebras. In particular, if A and B are commutative, then
A 2 B. The rather tricky proof can be found in [Ric89, Proposition 9.2] or [KZ98|
Proposition 6.3.2]. Another approach might be to use Hochschild cohomology (see
remark below).

09ST Remark| 28.10. Let R be a ring. Let (A,d) and (B,d) be differential graded

R-algebras which are derived equivalent, i.e., such that there exists an R-linear
equivalence D(A,d) — D(B,d) of triangulated categories. We would like to show
that certain invariants of (A,d) and (B,d) coincide. In many situations one has
more control of the situation. For example, it may happen that there is an equiva-
lence of the form

—®4Q:D(A,d) — D(B,d)
for some differential graded A°P? @ p B-module € (this happens in the situation
of Proposition and is often true if the equivalence comes from a geometric
construction). If also the quasi-inverse of our functor is given as

—-®% Q' D(B,d) — D(A,d)
for a differential graded B°P? @ A-module ' (and as before such a module
often exists in practice) then we can consider the functor

D(AP? @ A,d) — D(B°?? @ B,d), M +— Q' @5 M 24 Q

Observe that this functor sends the (A, A)-bimodule A to the (B, B)-bimodule B.
Under suitable conditions (e.g., flatness of A, B,  over R, etc) this functor will be
an equivalence as well. If this is the case, then it follows that we have isomorphisms
of Hochschild cohomology groups
HH'(A,d) = Hompaorrgpa,a) (A, Ali]) — Homp(pemepp,a)(B, Bli]) = HH'(B,d).

For example, if A = H°(A), then HH?(A,d) is equal to the center of A, and this
gives a conceptual proof of the result mentioned in Remark If we ever need
this remark we will provide a precise statement with a detailed proof here.

29. Resolutions of differential graded algebras

0BZ6 Let R be a ring. Under our assumptions the free R-algebra R(S) on a set S is the
algebra with R-basis the expressions
5182 ..8p
where n > 0 and s1,...,s, € S is a sequence of elements of S. Multiplication is

given by concatenation

(5182 ...8,)  (s)85...8,)=51...8,8]...5],

This algebra is characterized by the property that the map
Morg_alg(R(S), A) = Map(S, A), ¢ +— (s — ¢(s))
is a bijection for every R-algebra A.

In the category of graded R-algebras our set S should come with a grading, which
we think of as a map deg : S — Z. Then R(S) has a grading such that the
monomials have degree

deg(s1s2...8,) =deg(s1) + ...+ deg(sn)
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In this setting we have
Morgraded R-alg(R(S), A) = Mapg,adea sets(S,A), @ (s ©(s))
is a bijection for every graded R-algebra A.

If A is a graded R-algebra and S is a graded set, then we can similarly form A(S).
Elements of A(S) are sums of elements of the form

aps1a182 ...0p—-1Sp0p,
with a; € A modulo the relations that these expressions are R-multilinear in
(ag,...,apn). Thus for every sequence $i,...,s, of elements of S there is an in-
clusion

AQpr...®r A C A(S)

and the algebra is the direct sum of these. With this definition the reader shows
that the map

Morgraded R—alg(A<S>7 B) — Morgraded R—alg(A7 B) X Mapgraded sets(S7 B),

sending ¢ to (p|a, (s — ¢(s))) is a bijection for every graded R-algebra A. We
observe that if A was a free graded R-algebra, then so is A(S).

Suppose that A is a differential graded R-algebra and that S is a graded set. Sup-
pose moreover for every s € S we are given a homogeneous element f; € A with
deg(fs) = deg(s) + 1 and dfs = 0. Then there exists a unique structure of differ-
ential graded algebra on A(S) with d(s) = f,. For example, given a,b,c € A and
s,t € S we would define

d(asbtc) = d(a)sbtc + (—1)3Dqfbte + (—1)8(@+de8() 45 (b)te
+ (71)deg(a)+deg(s)+deg(b) asbftc + (71)deg(a)+deg(s)+deg(b)+deg(t)asbtd(c)

‘We omit the details.

Lemma 29.1. Let R be a ring. Let (B,d) be a differential graded R-algebra.
There exists a quasi-isomorphism (A, d) — (B, d) of differential graded R-algebras
with the following properties

(1) A is K-flat as a complex of R-modules,

(2) A is a free graded R-algebra.

Proof. First we claim we can find (Ag,d) — (B,d) having (1) and (2) inducing
a surjection on cohomology. Namely, take a graded set S and for each s € S a
homogeneous element by € Ker(d : B — B) of degree deg(s) such that the classes
bs in H*(B) generate H*(B) as an R-module. Then we can set Ay = R(S) with
zero differential and Ay — B given by mapping s to bs.

Given Ay — B inducing a surjection on cohomology we construct a sequence
A0—>A1 —)Az—)B

by induction. Given A,, — B we set S,, be a graded set and for each s € S,, we let
as € Ker(A4,, — A,) be a homogeneous element of degree deg(s) + 1 mapping to a
class a5 in H*(A,) which maps to zero in H*(B). We choose S,, large enough so
that the elements @, generate Ker(H*(A,) — H*(B)) as an R-module. Then we
set

An+1 = An<5n>
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with differential given by d(s) = as see discussion above. Then each (A,,, d) satisfies
(1) and (2), we omit the details. The map H*(A,) — H*(B) is surjective as this
was true for n = 0.

It is clear that A = colim A4,, is a free graded R-algebra. It is K-flat by More
on Algebra, Lemma [55.10, The map H*(A) — H*(B) is an isomorphism as it is

surjective and injective: every element of H*(A) comes from an element of H*(A,,)
for some n and if it dies in H*(B), then it dies in H*(A,+1) hence in H*(4). O

As an application we prove the “correct” version of Lemma [25.2]

Lemma 29.2. Let R be a ring. Let (A, d), (B, d), and (C, d) be differential graded
R-algebras. Assume A®p C represents A ®% C in D(R). Let N be a differential
graded A°PP @ g B-module. Let N' be a differential graded B°PP? ® g C-module. Then
the composition

DA, &) — 5N,

RFN’

D(B, d) ——=—— D(C, d)

is isomorphic to — @% N" for some differential graded A°PP @ C-module N".

Proof. Using Lemma we choose a quasi-isomorphism (B’,;d) — (B, d) with
B’ K-flat as a complex of R-modules. By Lemma the functor — ®%, B :
D(B',d) — D(B,d) is an equivalence with quasi-inverse given by restriction. Note
that restriction is canonically isomorphic to the functor — ®% B : D(B,d) —
D(B’,d) where B is viewed as a (B, B’)-bimodule. Thus it suffices to prove the
lemma for the compositions

D(A) —» D(B) — D(B'), D(B')— D(B)— D(C), D(A)— D(B")— D(C).

The first one is Lemma because B’ is K-flat as a complex of R-modules. The
second one is true because B ®@% N’ = N’ = B®p N’ and hence Lemma m
applies. Thus we reduce to the case where B is K-flat as a complex of R-modules.

Assume B is K-flat as a complex of R-modules. It suffices to show that
is an isomorphism, see Lemma Choose a quasi-isomorphism L — A where
L is a differential graded R-module which has property (P). Then it is clear that
P = L ®g B has property (P) as a differential graded B-module. Hence we have
to show that P —+ A ® g B induces a quasi-isomorphism

P®p (BRrC) — (A®r B)®p (B®gC)
We can rewrite this as
PRrBQRr(C — ARr BrC

Since B is K-flat as a complex of R-modules, it follows from More on Algebra,
Lemma that it is enough to show that

PRrC— AxgrC
is a quasi-isomorphism, which is exactly our assumption. (I

The following lemma does not really belong in this section, but there does not seem
to be a good natural spot for it.

Lemma 29.3. Let (A, d) be a differential graded algebra with H*(A) countable for
each i. Let M be an object of D(A, d). Then the following are equivalent
(1) M = hocolimE,, with E,, compact in D(A, d), and


http://stacks.math.columbia.edu/tag/0BZ8
http://stacks.math.columbia.edu/tag/0CRM

DIFFERENTIAL GRADED ALGEBRA 66

(2) HY(M) is countable for each i.

Proof. Assume (1) holds. Then we have H(M) = colim H'(E,) by Derived Cat-
egories, Lemma Thus it suffices to prove that H'(E,,) is countable for each n.
By Proposition we see that E, is isomorphic in D(A,d) to a direct summand
of a differential graded module P which has a finite filtration F, by differential
graded submodules such that F; P/F;_, P are finite direct sums of shifts of A. By
assumption the groups H*(F;P/F;_; P) are countable. Arguing by induction on the
length of the filtration and using the long exact cohomology sequence we conclude
that (2) is true. The interesting implication is the other one.

We claim there is a countable differential graded subalgebra A’ C A such that the
inclusion map A’ — A defines an isomorphism on cohomology. To construct A’ we
choose countable differential graded subalgebras

AL C Ay C A3 C ...

such that (a) H'(A;) — HY(A) is surjective, and (b) for n > 1 the kernel of
the map H'(A,,_1) — H'(A,) is the same as the kernel of the map H(A,,_;) —
H(A). To construct A; take any countable collection of cochains S C A generating
the cohomology of A (as a ring or as a graded abelian group) and let A; be the
differential graded subalgebra of A generated by S. To construct A, given A,_;
for each cochain a € A?_,; which maps to zero in H*(A) choose s, € A1 with
d(s,) = a and let A,, be the differential graded subalgebra of A generated by A4,,_1
and the elements s,. Finally, take A’ = |J A,,.

By Lemma the restriction map D(A,d) — D(A’,d), M — My is an equiv-
alence. Since the cohomology groups of M and M4/ are the same, we see that it
suffices to prove the implication (2) = (1) for (4’,d).

Assume A is countable. By the exact same type of argument as given above we see
that for M in D(A,d) the following are equivalent: H®(M) is countable for each
i and M can be represented by a countable differential graded module. Hence in
order to prove the implication (2) = (1) we reduce to the situation described in
the next paragraph.

Assume A is countable and that M is a countable differential graded module over A.
We claim there exists a homomorphism P — M of differential graded A-modules
such that

(1) P — M is a quasi-isomorphism,

(2) P has property (P), and

(3) P is countable.
Looking at the proof of the construction of P-resolutions in Lemma [I3.4] we see
that it suffices to show that we can prove Lemma [13.3|in the setting of countable
differential graded modules. This is immediate from the proof.

Assume that A is countable and that M is a countable differential graded module
with property (P). Choose a filtration

0O=F, PCFKPCFKPC...CP
by differential graded submodules such that we have

(1) P=UF,P,
(2) F;P — F;11P is an admissible monomorphism,
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(3) isomorphisms of differential graded modules F;P/F;_1P — €
some sets J; and integers k;.

e A[k]} fOI‘
Of course J; is countable for each ¢. For each ¢ and j € J; choose z; ; € F;P of
degree k; whose image in F;P/F;_1 P generates the summand corresponding to j.

Claim: Given n and finite subsets S; C J;, i = 1,...,n there exist finite subsets
S; Cc T, C J;, i = 1,...,n such that P’ = @ign EBjeTi Az; ; is a differential
graded submodule of P. This was shown in the proof of Lemma but it is also
easily shown directly: the elements x; ; freely generate P as a right A-module. The
structure of P shows that

dlzig) =), _ ww iy

where of course the sum is finite. Thus given Sy, ...,.S, we can first choose Sy C
S0y Sn—1 C S,y with d(z,;) € ®i/<n,j/es’_, xzy A for all j € S,. Then
by induction on n we can choose S C Tp,...,S,_; C Tn—1 to make sure that

D, JeT, xy A is a differential graded A-submodule. Setting 7, = S, we find
that P' = x; ;A is as desired.

From the claim it is clear that P = (J P}, is a countable rising union of P/, as above.
By construction each P/ is a differential graded module with property (P) such that
the filtration is finite and the succesive quotients are finite direct sums of shifts of
A. Hence P}, defines a compact object of D(A,d), see for example Proposition [27.4]
Since P = hocolimP}, in D(A,d) by Lemma [16.2] the proof of the implication (2)
= (1) is complete. O

i<n,jeT;
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