0FQS

DIFFERENTIAL GRADED SHEAVES

Contents

1.__Introductionl

2. Conventions|

13. Sheaves of graded algebras|

4. Sheaves of graded modules|

5. The graded category of sheaves of graded modules|

6. Tensor product for sheaves of graded modules|

[7.__Internal hom for sheaves of graded modules|

S. eaves of graded bimodules and tensor-hom adjunctio

9. Pull and push for sheaves ot graded modules|

110.  Localization and sheaves of graded modules|

|I11.  Shift tunctors on sheaves of graded modules|

|112. Sheaves of differential graded algebras|

[13. Sheaves of differential graded modules|

14. e differential graded category of module

[15.  Tensor product for sheaves of differential graded modules|

|116. Internal hom for sheaves of differential graded modules|

|I17. Sheaves of ditferential graded bimodules and tensor-hom adjunction|
18.  Pull and push for sheaves of differential graded modules|

19. ocalization and sheaves of differential graded modules

[20.  Shift functors on sheaves of differential graded modules|

21. The homotopy category|

122. Cones and triangles|

23, Ilat resolutions)

124.  'T'he differential graded hull of a graded module]

125.  K-injective differential graded modules|
126.  'The derived category|

27, The canonical delta-functor

128. Derived pullback]|

[29. Derived pushforward|

[30. Equivalences of derived categories|

131.  Resolutions of differential graded algebras|
32, Miscellany]

133.  Differential graded modules on a category|
34. Ditterential graded modules on a category, bis|
35. Inverse systems ot difterential graded algebras
[36.  Other chapters|

[References]

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
1

U OU R R W N NN



0FQT

0FQU

0FQV
0FQW

0FQX

DIFFERENTIAL GRADED SHEAVES 2

1. Introduction

This chapter is a continuation of the discussion started in Differential Graded Al-
gebra, Section [1l A survey paper is [Kel06].

2. Conventions

In this chapter we hold on to the convention that ring means commutative ring
with 1. If R is a ring, then an R-algebra A will be an R-module A endowed with an
R-bilinear map A x A — A (multiplication) such that multiplication is associative
and has an identity. In other words, these are unital associative R-algebras such
that the structure map R — A maps into the center of A.

3. Sheaves of graded algebras

Please skip this section.

Definition 3.1. Let (C,0) be a ringed site. A sheaf of graded O-algebras or a
sheaf of graded algebras on (C,O) is given by a family A™ indexed by n € Z of
O-modules endowed with O-bilinear maps

A" x AT — A" (a,b) — ab

called the multiplication maps with the following properties

(1) multiplication is associative, and
(2) there is a global section 1 of A° which is a two-sided identity for multipli-
cation.

We often denote such a structure A. A homomorphism of graded O-algebras f :
A — B is a family of maps f™ : A" — B" of O-modules compatible with the
multiplication maps.

Given a graded O-algebra A and an object U € Ob(C) we use the notation
AU)=T(U,A) =P
This is a graded O(U)-algebra.

ez AU

Remark 3.2. Let (f, f%) : (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed
topoi. We have

(1) Let A be a graded O¢-algebra. The multiplication maps of .4 induce mul-
tiplication maps f,.A" x f. A™ — f. A" and via f* we may view these
as Op-bilinear maps. We will denote fiA the graded Op-algebra we so
obtain.

(2) Let B be a graded Op-algebra. The multiplication maps of B induce multi-
plication maps f*B™ x f*B™ — f*B"t™ and using f! we may view these as
Oc-bilinear maps. We will denote f*B the graded O¢-algebra we so obtain.

(3) The set of homomorphisms f*B — A of graded O¢-algebras is in 1-to-1
correspondence with the set of homomorphisms B — f. A of graded Oc-
algebras.

Part (3) follows immediately from the usual adjunction between f* and f. on
sheaves of modules.
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4. Sheaves of graded modules
Please skip this section.

Definition 4.1. Let (C,O) be a ringed site. Let A be a sheaf of graded algebras
on (C,0). A (right) graded A-module or (right) graded module over A is given by
a family M"™ indexed by n € Z of O-modules endowed with O-bilinear maps

M x A™ — MM (2,0) — za
called the multiplication maps with the following properties
(1) multiplication satisfies (za)a’ = z(aa’),
(2) the identity section 1 of A acts as the identity on M™ for all n.

We often say “let M be a graded A-module” to indicate this situation. A homo-
morphism of graded A-modules f : M — N is a family of maps f™ : M" — N
of O-modules compatible with the multiplication maps. The category of (right)
graded A-modules is denoted Mod(.A).

We can define left graded modules in exactly the same manner but our default in
the chapter will be right modules.

Given a graded A-module M and an object U € Ob(C) we use the notation
M) =T(U,M) = @nez M™(U)
This is a (right) graded A(U)-module.

Lemma 4.2. Let (C,0) be a ringed site. Let A be a graded O-algebra. The
category Mod(A) is an abelian category with the following properties

(1) Mod(A) has arbitrary direct sums,
2) Mod(.A) has arbitrary colimits,

3) filtered colimit in Mod(A) are ezxact,
4) Mod(.A) has arbitrary products,

5) Mod(A) has arbitrary limits.

The functor

P

Mod(A) — Mod(O), M +— M"

sending a graded A-module to its nth term commutes with all limits and colimits.

The lemma says that we may take limits and colimits termwise. It also says (or
implies if you like) that the forgetful functor

Mod(A) — graded O-modules

commutes with all limits and colimits.

Proof. Let us denote gr” : Mod(A) — Mod(O) the functor in the statement of
the lemma. Consider a homomorphism f : M — N of graded A-modules. The
kernel and cokernel of f as maps of graded O-modules are additionally endowed
with multiplication maps as in Definition Hence these are also the kernel and
cokernel in Mod(A). Thus Mod(.A) is an abelian category and taking kernels and
cokernels commutes with gr™.

To prove the existence of limits and colimits it is sufficient to prove the existence
of products and direct sums, see Categories, Lemmas and The same
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lemmas show that proving the commutation of limits and colimits with gr™ follows
if gr™ commutes with direct sums and products.

Let My, t € T be a set of graded A-modules. Then we can consider the graded A-
module whose degree n term is @, M} (with obvious multiplication maps). The
reader easily verifies that this is a direct sum in Mod(.A). Similarly for products.

Observe that gr™ is an exact functor for all n and that a complex M1 — My — M3
of Mod(A) is exact if and only if gr” My — gr” My — gr* M3 is exact in Mod(O)
for all n. Hence we conclude that (3) holds as filtered colimits are exact in Mod(O);
it is a Grothendieck abelian category, see Cohomology on Sites, Section O

5. The graded category of sheaves of graded modules

Please skip this section. This section is the analogue of Differential Graded Algebra,
Example For our conventions on graded categories, please see Differential
Graded Algebra, Section

Let (C, O) be a ringed site. Let A be a sheaf of graded algebras on (C, 0). We will
construct a graded category Mod’" (A) over R = T'(C, O) whose associated category
(Mod®" (A))Y is the category of graded A-modules. As objects of Mod?"(A) we take
right graded A-modules (see Section . Given graded A-modules £ and M we set

Hom pyoqsm(a) (£, M) = @nez Hom" (L, M)

where Hom™ (L, M) is the set of right A-module maps f : £ — M which are
homogeneous of degree n. More precisely, f is given by a family of maps f : £! —
Mt for i € Z compatible with the multiplication maps. In terms of components,
we have that

Hom" (L, M) C H L1 MP

om" ( ) Hp+q:n omo ( )

(observe reversal of indices) is the subset consisting of those f = (f, ) such that
fpa(ma) = fp_iqri(m)a

for local sections a of A* and m of £L~97%. For graded A-modules K, £, M we
define composition in Mod’"(A) via the maps

Hom™ (£, M) x Hom"™ (K, £) — Hom™ (K, M)
by simple composition of right A-module maps: (g, f) — go f.

6. Tensor product for sheaves of graded modules

Please skip this section. This section is the analogue of part of Differential Graded
Algebra, Section

Let (C,O) be a ringed site. Let A be a sheaf of graded algebras on (C, Q). Let M
be a right graded A-module and let A/ be a left graded A-module. Then we define
the tensor product M ® 4 N to be the graded O-module whose degree n term is

(M @4 N)" = Coker (@r+s+t=n M @0 A° @0 Nt — @pﬂzn MP @0 Nq)

where the map sends the local section z®a®y of M"®p A*Ro Nt to za®@y—rRay.
With this definition we have that (M ®4 N)™ is the sheafification of the presheaf
U= (MU) @@y N(U))"™ where the tensor product of graded modules is as
defined in Differential Graded Algebra, Section
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If we fix the left graded .A-module N we obtain a functor
—@AaN : Mod(A) — Gr(Mod(O)) = graded O-modules

For the notation Gr(—) please see Homology, Definition The graded category
of graded O-modules is denoted Gr?"(Mod(O)), see Differential Graded Algebra,
Example The functor above can be upgraded to a functor of graded categories

— @A N : Mod?" (A) — Gr?"(Mod(O))
by sending homomorphisms of degree n from M — M’ to the induced map of
degree n from M @4 N to M' @4 N.

7. Internal hom for sheaves of graded modules

We urge the reader to skip this section.

We are going to need the sheafified version of the construction in Section [f] Let
(C,0), A, M, L be as in Section 5} Then we define

Hom? (M, L)
as the graded O-module whose degree n term
Homy (M, L) C H L7, MP
o (M, £) € [ Homo(£7%, M)
is the subsheaf consisting of those local sections f = (f, ) such that

fp.a(ma) = fp—iqti(m)a
for local sections a of A" and m of £L797%. As in Section [5| there is a composition
map
Hom? (L, M) @0 Hom? (K, L) — Hom (K, M)
where the left hand side is the tensor product of graded O-modules defined in
Section [ This map is given by the composition map

Hom!} (L, M) @0 Hom'y (K, L) — Hom™™ (K, M)
defined by simple composition (locally).
With these definitions we have
Hom pro407 () (£, M) = T'(C, Hom? (L, M))

as graded R-modules compatible with composition.

8. Sheaves of graded bimodules and tensor-hom adjunction
Please skip this section.
Definition 8.1. Let (C,O) be a ringed site. Let A and B be a sheaves of graded
algebras on (C,0). A graded (A, B)-bimodule is given by a family M" indexed by
n € Z of O-modules endowed with O-bilinear maps
M™ x B™ — M™T™ 0 (2,b) — b
and
A" X M™ — M™™ 0 (a,7) — ax
called the multiplication maps with the following properties
(1) multiplication satisfies a(a’z) = (aa’)z and (zb)b' = z(bV'),
(2) (ax)b = a(ab),
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(3) the identity section 1 of AY acts as the identity by multiplication, and
(4) the identity section 1 of B acts as the identity by multiplication.

We often denote such a structure M. A homomorphism of graded (A, B)-bimodules
f: M — N is a family of maps f™ : M™ — N™ of O-modules compatible with the
multiplication maps.

Given a graded (A, B)-bimodule M and an object U € Ob(C) we use the notation
MU) =T(U,M) = @nez M™(U)
This is a graded (A(U), B(U))-bimodule.

Let (C, O) be a ringed site. Let A and B be a sheaves of graded algebras on (C, O).
Let M be a right graded .A-module and let N be a graded (A, B)-bimodule. In this
case the graded tensor product defined in Section [f]

M®AN

is a right graded B-module with obvious multiplication maps. This construction
defines a functor and a functor of graded categories

QAN : Mod(A) — Mod(B) and ®qN : Mod?"(A) — Mod’" (B)

by sending homomorphisms of degree n from M — M’ to the induced map of
degree n from M @4 N to M’ @4 N.

Let (C, O) be a ringed site. Let A and B be a sheaves of graded algebras on (C, O).
Let NV be a graded (A, B)-bimodule. Let £ be a right graded B-module. In this
case the graded internal hom defined in Section [7]

Hom (N, L)
is a right graded .A-module with multiplication mapsﬂ
Hompj(N, L) x A™ — Hompt™ (N, L)
sending a section f = (fp ) of Homg(N, L) over U and a section a of A™ over U
to the section fa if Hompt"™ (N, L) over U defined as the family of maps
NIy 55 N 2 M7y

We omit the verification that this is well defined. This construction defines a functor
and a functor of graded categories

Hom$ (N, —) : Mod(B) — Mod(A) and Hom$ (N,—): Mod’" (B) — Mod’" (A)
by sending homomorphisms of degree n from £ — £’ to the induced map of degree
n from Hom$ (N, L) to Hom% (N, L').

Lemma 8.2. Let (C,0) be a ringed site. Let A and B be a sheaves of graded
algebras on (C,0). Let M be a right graded A-module. Let N be a graded (A, B)-
bimodule. Let L be a right graded B-module. With conventions as above we have
Hom pfoqer(8) (M @4 N, L) = Hom pro49r 4y (M, Hom (N, L))
and
HomE (M @4 N, L) = Hom? (M, Hom$ (N, L))
functorially in M, N, L.

LOur conventions are here that this does not involve any signs.
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Proof. Omitted. Hint: This follows by interpreting both sides as A-bilinear graded
maps ¢ : M x N'— L which are B-linear on the right. O

Let (C, O) be a ringed site. Let A and B be a sheaves of graded algebras on (C, O).
As a special case of the above, suppose we are given a homomorphism ¢ : A — B
of graded O-algebras. Then we obtain a functor and a functor of graded categories

®a,B: Mod(A) — Mod(B) and ®.4,, B: Mod’" (A) — Mod’" (B)
On the other hand, we have the restriction functors
res, : Mod(B) — Mod(A) and res, : Mod?" (B) — Mod’"(A)

We can use the lemma above to show these functors are adjoint to each other (as
usual with restriction and base change). Namely, let us write 485 for B viewed as
a graded (A, B)-bimodule. Then for any right graded B-module £ we have

Hom$ (4Bp, L) = res, (L)
as right graded A-modules. Thus Lemma [8:2] tells us that we have a functorial
isomorphism
HomModW(B) (M R A, p B, ,C) = HomM(,dgr(A)(M, T€S¢(£))

We usually drop the dependence on ¢ in this formula if it is clear from context. In
the same manner we obtain the equality

Hom$ (M @4 B, L) = Hom% (M, L)
of graded O-modules.

9. Pull and push for sheaves of graded modules

We advise the reader to skip this section.

Let (f, f*) : (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed topoi. Let A be
a graded Oc-algebra. Let B be a graded Op-algebra. Suppose we are given a map
o: B> A
of graded f~'Op-algebras. By the adjunction of restriction and extension of scalars,
this is the same thing as a map ¢ : f*B — A of graded O¢-algebras or equivalently

¢ can be viewed as a map
p:B— f.A
of graded Op-algebras. See Remark

Let us define a functor

[« : Mod(A) — Mod(B)
Given a graded A-module M we define f,,M to be the graded B-module whose
degree n term is f,M™. As multiplication we use

f*Mn x B™ (id,™) f*Mn % f*Am febin,m f*Mn+m

where iy 1 M™ X A™ — M"™™ is the multiplication map for M over A. This
uses that f. commutes with products. The construction is clearly functorial in M
and we obtain our functor.

Let us define a functor
f*: Mod(B) — Mod(A)
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We will define this functor as a composite of functors

! 1y %A
Mod(B) —— Mod(f~"B) ———— Mod(.A)

First, given a graded B-module A we define f~!N to be the graded f~!B-module
whose degree n term is f~!N™. As multiplication we use

fﬁll/n,m . flen % flem N flenij
where vy, : N™ x B™ — N™™ is the multiplication map for N over B. This
uses that f~! commutes with products. The construction is clearly functorial in

N and we obtain our functor f~!. Having said this, we can use the tensor product
discussion in Section [8| to define the functor

—®f-15 A Mod(f~'B) — Mod(A)
Finally, we set
[N = f_1N®f—1B,q,A
as already foretold above.
The functors f, and f* are readily enhanced to give functors of graded categories
fo s Mod?"(A) — Mod’"(B) and f*: Mod’"(B) — Mod’"(A)

which do the same thing on underlying objects and are defined by functoriality of
the constructions on homogenous morphisms of degree n.

Lemma 9.1. In the situation above we have
Hom psoq97 8y (N, fx M) = Hom progar 4y (f* N, M)

Proof. Omitted. Hints: First prove that f~! and f, are adjoint as functors be-
tween Mod(B) and Mod(f~1B) using the adjunction between f~! and f. on sheaves
of abelian groups. Next, use the adjunction between base change and restriction
given in Section O
10. Localization and sheaves of graded modules

‘We advise the reader to skip this section.

Let (C,O) be a ringed site. Let U € Ob(C) and denote

i+ (Sh(C/U), Oy) — (Sh(C), O)

the corresponding localization morphism (Modules on Sites, Section . Below we
will use the following fact: for Oy-modules M;, i = 1,2 and a O-module A there
is a canonical map

Ji + Homo,, (M ®0, Alr, M2) — Home (jiM1 ®e A, jiMa)
Namely, we have j1(M1 ®eo, Alv) = 1M1 ®o A by Modules on Sites, Lemma

Let A be a graded O-algebra. We will denote Ay the restriction of A to C/U, in
other words, we have Ay = j*A = ;71 A. In Section |§| we have constructed adjoint
functors

Jx : Mod’" (Ay) — Mod?"(A) and j* : Mod” (A) — Mod’" (Av)
with j* left adjoint to j.. We claim there is in addition an exact functor

i 2 Mod?" (Ay) — Mod?" (A)
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left adjoint to j*. Namely, given a graded Ay-module M we define jiM to be the
graded A-module whose degree n term is j;M™. As multiplication map we use

j!un,m :j!Mn x A™ — j!MTH-Tn

where fiy,, @ M™ x A™ — M"™™ is the given multiplication map. Given a
homogeneous map f : M — M’ of degree n of graded Ay-modules, we obtain a
homogeneous map j f : 1M — 1M’ of degree n. Thus we obtain our functor.

Lemma 10.1. In the situation above we have
Hom pyoqsr(4) (1M, N') = Hom pyoger (4, ) (M, 5 N)

Proof. By the discussion in Modules on Sites, Section [19] the functors j; and j* on
O-modules are adjoint. Thus if we only look at the O-module structures we know
that
HomGr-‘”'(Mod(O))(j!MvN) = HomGrg"'(Mod(Ou))(Mvj*N)

(Recall that Gr"(Mod(O)) denotes the graded category of graded O-modules.)
Then one has to check that these identifications map the A-module maps on the
left hand side to the Ay-module maps on the right hand side. To check this, given
Op-linear maps " : M"™ — j*N"™*¢ corresponding to O-linear maps g" : jHM"™ —
N7Hd it suffices to show that

M™ Roy .A?} Wj*./\/'mrd Koy A?}

L]

Mn-‘,—m j*Nn—i-m—i-d

commutes if and only if

j!Mn ®o A™ ?@'Nnde ®o AEL

.

j'Mn+m 9 Nn+m+d
commutes. However, we know that
Hom(’)U (Mn ®OU Zl7j*Nn+d+m) = Homo (]'(Mn ®OU A?)7Nn+d+m)
— HOIH(’)(jIMn R0 Am,Nn+d+m)

by the already used Modules on Sites, Lemma We omit the verification that
shows that the obstruction to the commutativity of the first diagram in the first
group maps to the obstruction to the commutativity of the second diagram in the
last group. ([

Lemmal 10.2. In the situation above, let M be a right graded Ay-module and let
N be a left graded A-module. Then

HM ®AN=j!(M Ay N|U)
as graded O-modules functorially in M and N.

Proof. Recall that the degree n component of jiM ®_4 N is the cokernel of the
canonical map

. T s 13 : P q
@T+s+t:n M @0 A° @0 N — @erq:n JMP @0 N
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See Section [6] By Modules on Sites, Lemma this is the same thing as the
cokernel of

" P
697‘Jrs+t n M Doy A |U®OUN|U —>® J(M ®oy Nt lv)

p+q=

and we win. An alternative proof would be to redo the Yoneda argument given in
the proof of the lemma cited above. (Il

11. Shift functors on sheaves of graded modules

We urge the reader to skip this section. It turns out that sheaves of graded modules
over a graded algebra are an example of the phenomenon discussed in Differential
Graded Algebra, Remark

Let (C,O) be a ringed site. Let A be a sheaf of graded algebras on (C, 0). Let M
be a graded A-module. Let k € Z. We define the kth shift of M, denoted M|E],
to be the graded A-module whose nth part is given by

(MK = M
is the (n + k)th part of M. As multiplication maps
(M[ED™ x A™ — (M[K])" ™
we simply use the multiplication maps
MR e A MR

of M. Tt is clear that we have defined a functor [k], that we have [k + ] = [k] o [I],
and that we have

HomModgr(A) (‘Ca M [kD = HomModgr(A) (‘Cv M) [k‘}

(without the intervention of signs) functorially in M and £. Thus we see indeed
that the graded category of graded A-modules can be recovered from the ordinary
category of graded A-modules and the shift functors as discussed in Differential
Graded Algebra, Remark

Lemma 11.1. Let (C,0) be a ringed site. Let A be a graded O-algebra. The
category Mod(A) is a Grothendieck abelian category.

Proof. By Lemma and the definition of a Grothendieck abelian category (In-
jectives, Definition [10.1)) it suffices to show that Mod(.A) has a generator. We claim
that

g= @ JuAu k]

is a generator where the sum is over all obJects U of C and k € Z. Indeed, given a
graded A-module M if there are no nonzero maps from G to M, then we see that
for all £ and U we have

Hom p/oq(4) (jurAv[k], M) = Hom yroqqa,,) (Av[k], Mly) = T(U,M™F)

is equal to zero. Hence M is zero. O
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12. Sheaves of differential graded algebras

OFRE This section is the analogue of Differential Graded Algebra, Section

OFRF

O0FRG

OFRH

Definition 12.1. Let (C,O) be a ringed site. A sheaf of differential graded O-
algebras or a sheaf of differential graded algebras on (C, D) is a cochain complex A*®
of O-modules endowed with O-bilinear maps

A" x AT — A" (a,b) — ab

called the multiplication maps with the following properties

(1) multiplication is associative,

(2) there is a global section 1 of A° which is a two-sided identity for multipli-
cation,

(3) for U € Ob(C), a € A™(U), and b € A™(U) we have

4" (ab) = d™(a)b + (—1)"ad™ (b)

We often denote such a structure (A,d). A homomorphism of differential graded
O-algebras from (A,d) to (B,d) is a map f : A* — B*® of complexes of O-modules
compatible with the multiplication maps.

Given a differential graded O-algebra (A,d) and an object U € Ob(C) we use the
notation

AU)=T(U.A) =P
This is a differential graded O(U)-algebra.

nez An(U)

As much as possible, we will think of a differential graded O-algebra (A,d) as a
graded O-algebra A endowed with the operator d : A — A of degree 1 (where A is
viewed as a graded O-module) satisfying the Leibniz rule given in the definition.

Remark 12.2. Let (f, f*) : (Sh(C),O¢) — (Sh(D),Op) be a morphism of ringed
topoi.

(1) Let (A,d) be a differential graded Oc-algebra. The pushforward will be
the differential graded Op-algebra (f..A4,d) where f. A is as in Remark
and d = f.d as maps f. A" — f.A"T!. We omit the verification that the
Leibniz rule is satisfied.

(2) Let B be a differential graded Op-algebra. The pullback will be the dif-
ferential graded Oc-algebra (f*B,d) where f*B is as in Remark and
d = f*d as maps f*B® — f*B"t!. We omit the verification that the
Leibniz rule is satisfied.

(3) The set of homomorphisms f*B — A of differential graded Oc-algebras
is in 1-to-1 correspondence with the set of homomorphisms B — f,A of
differential graded Op-algebras.

Part (3) follows immediately from the usual adjunction between f* and f. on
sheaves of modules.

13. Sheaves of differential graded modules

This section is the analogue of Differential Graded Algebra, Section [}
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Definition 13.1. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). A (right) differential graded A-module or (right) dif-
ferential graded module over A is a cochain complex M*® endowed with O-bilinear
maps
M x AT — MM (2,0) — za

called the multiplication maps with the following properties

(1) multiplication satisfies (za)a’ = z(aa’),

(2) the identity section 1 of A° acts as the identity on M™ for all n,

(3) for U € Ob(C), z € M"™(U), and a € A™(U) we have

A"t (za) = d"(z)a + (—1)"zd™(a)

We often say “let M be a differential graded .A-module” to indicate this situation.
A homomorphism of differential graded A-modules from M to N is a map f :
M® — N of complexes of O-modules compatible with the multiplication maps.
The category of (right) differential graded .A-modules is denoted Mod(A,d).

We can define left differential graded modules in exactly the same manner but our
default in the chapter will be right modules.

Given a differential graded A-module M and an object U € Ob(C) we use the
notation

MU) =L(UM) =D, _, M"(U)
This is a (right) differential graded A(U)-module.

Lemma 13.2. Let (C,0) be a ringed site. Let (A, d) be a differential graded O-
algebra. The category Mod(A, d) is an abelian category with the following properties

(1) Mod(A,d) has arbitrary direct sums,
(2) Mod(A,d) has arbitrary colimits,

(3) filtered colimit in Mod(A, d) are exact,
(4) Mod(A,d) has arbitrary products,

(5) Mod(A,d) has arbitrary limits.

The forgetful functor

Mod(A, d) — Mod(A)
sending a differential graded A-module to its underlying graded module commutes
with all limits and colimits.

Proof. Let us denote F' : Mod(A,d) — Mod(A) the functor in the statement of
the lemma. Observe that the category Mod(A) has properties (1) — (5), see Lemma
4.2

Consider a homomorphism f : M — A of graded A-modules. The kernel and cok-
ernel of f as maps of graded A-modules are additionally endowed with differentials
as in Definition [13.1} Hence these are also the kernel and cokernel in Mod(A, d).
Thus Mod(A,d) is an abelian category and taking kernels and cokernels commutes
with F.

To prove the existence of limits and colimits it is sufficient to prove the existence
of products and direct sums, see Categories, Lemmas and The same
lemmas show that proving the commutation of limits and colimits with F' follows
if F' commutes with direct sums and products.
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Let My, t € T be a set of differential graded A-modules. Then we can consider the
direct sum @ M; as a graded A-module. Since the direct sum of graded modules
is done termwise, it is clear that €@ M; comes endowed with a differential. The
reader easily verifies that this is a direct sum in Mod(A, d). Similarly for products.

Observe that F' is an exact functor and that a complex M; — My — M3 of
Mod(A,d) is exact if and only if F((M;) — F(Ms) — F(M3) is exact in Mod(A).
Hence we conclude that (3) holds as filtered colimits are exact in Mod(.A). O

Combining Lemmas [[3.2] and [£.2] we find that there is an exact and faithful functor
Mod(A,d) — Comp(O)

of abelian categories. For a differential graded .A-module M the cohomology O-
modules, denoted H*(M), are defined as the cohomology of the complex of O-
modules corresponding to M. Therefore, a short exact sequence 0 — K — £ —
M — 0 of differential graded A-modules gives rise to a long exact sequence
OFRK (13.2.1) H™(K) — H™(L) — H"(M) — H"*(K)

of cohomology modules, see Homology, Lemma [13.12

Moreover, from now on we borrow all the terminology used for complexes of mod-
ules. For example, we say that a differential graded A-module M is acyclic if
H*(M) = 0 for all k € Z. We say that a homomorphism M — A of differential

graded A-modules is a quasi-isomorphism if it induces isomorphisms H*(M) —
HY(N) for all k € Z. And so on and so forth.

14. The differential graded category of modules

OFRL This section is the analogue of Differential Graded Algebra, Example For
our conventions on differential graded categories, please see Differential Graded
Algebra, Section

Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential graded algebras on
(C,0). We will construct a differential graded category

Mod™ (A, d)

over R =T(C, O) whose associated category of complexes is the category of differ-
ential graded A-modules:

Mod(A,d) = Comp(Mod™ (A, d))

As objects of Mod® (A,d) we take right differential graded .A-modules, see Section
Given differential graded A-modules £ and M we set

Hom gt (4,) (£: M) = Homagogr ) (£, M) = €D Hom" (L, M)

as a graded R-module, see Section In other words, the nth graded piece Hom" (£, M)
is the R-module of right A-module maps homogeneous of degree n. For an element
f € Hom" (L, M) we set

d(f) =dpmof—(-1)"fode

To make sense of this we think of das and d. as graded O-module maps and we
use composition of graded O-module maps. It is clear that d(f) is homogeneous of
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degree n+1 as a graded @-module map, and it is A-linear because for homogeneous
local sections x and a of M and A we have

d(f)(za) = dpm(f(@)a) = (=1)" f(dc(2a))
= dm(f(2))a + (=)D f(2)d(a) — (=1)" f(de(@))a — (1) 950 f(2)d(a)
= d(f)(z)a

as desired (observe that this calculation would not work without the sign in the
definition of our differential on Hom).

For differential graded A-modules K, £, M we have already defined the composition
Hom™ (£, M) x Hom" (K, £) — Hom" ™" (K, M)

in Section [5] by the usual composition of maps of sheaves. This defines a map of
differential graded modules

Hom py,419 4,4y (£, M) ®r Hom o400 (4,a) (K, £) — Hom progas 4,0y (K, M)
as required in Differential Graded Algebra, Definition because
d(gof)=dmogof—(=1)"""go fodxc
=(dpmog—(=1)™godr)o f+(=1)"go(deo f—(=1)"fodk)
=d(g)o f+ (=1)"god(f)

if f has degree n and g has degree m as desired.

15. Tensor product for sheaves of differential graded modules

OFRM This section is the analogue of part of Differential Graded Algebra, Section

Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential graded algebras on
(C,0). Let M be aright differential graded .A-module and let N be a left differential
graded A-module. In this situation we define the tensor product M@ 4N as follows.
As a graded O-module it is given by the construction in Section[6] It comes endowed
with a differential

dpmgan s (MOAN)" — (M @4 N)"H!
defined by the rule that
dmen (@ @y) = du() ©y + (1) e © dy(y)

for homogeneous local sections z and y of M and A/. To see that this is well defined
we have to show that dag , o annihilates elements of the form za ® y — x ® ay for
homogeneous local sections z, a, y of M, A, N'. We compute

dmean(ta®@y —z @ ay)

= dm(wa) @ y + (1)1 0 @ dyr(y) — du(e) © ay — (-1)* Pz © dyr(ay)
= dum(@)a@y+ (1) zd(a) @y + (~1)*E T30 @ dy (y)

—dum(e) ® ay — (~1)** e @ d(a)y — (-1) 1B @ adpr(y)

then we observe that the elements

dm(@)a®@y—dpm(z)®@ay, zd(a)@y—2z®d(a)y, and za®dy(y)—2z®ada(y)

map to zero in M @4 N and we conclude. We omit the verification that d g , A ©
dM@AN = 0
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If we fix the left differential graded A-module N we obtain a functor
— @4 N : Mod(A,d) — Comp(O)

where on the right hand side we have the category of complexes of O-modules. This
can be upgraded to a functor of differential graded categories

— @4 N : Mod™(A,d) — Comp™(O)

On underlying graded objects, we send a homomorphism f : M — M’ of degree n
to the degree n map f ®idy : M @uN — M’ @4 N, because this is what we did
in Section [6} To show that this works, we have to verify that the map

Hom yyogts (4,0 (M, M) — Homgyppio (0) (M @A N, M @4 N)
is compatible with differentials. To see this for f as above we have to show that
(dav o f = (=1)"fodm) ®idy
is equal to
dvmrgan o (f ®@idy) — (1) (f ®idy) o dmgan

Let us compute the effect of these operators on a local section of the form = ® y
with 2 and y homogeneous local sections of M and A. For the first we obtain

(A (f(@) = (=1)" f(dm(z))) @y
and for the second we obtain
dvmrgn (f(@) ®@y) — (=1)"(f @ idy) (dmean (T @ y)
= dw (f(@) @y + (1) f(2) © dur(y)
— (=1)"f(dm(2)) ®y — (=)™ (=1)*) f(2) © dur(y)

which is indeeed the same local section.

16. Internal hom for sheaves of differential graded modules

We are going to need the sheafified version of the construction in Section Let
(C,0), A, M, L be as in Section Then we define

Hom ¥ (M, L) = Hom% (M, L) = @nez Hom" (M, L)

as a graded O-module, see Section [ In other words, a section f of the nth
graded piece Hom'y (L, M) over U is a map of right Ay-module map Ly — M|y
homogeneous of degree n. For such f we set

d(f) =dmlv o f = (=1)"fodcly
To make sense of this we think of dy|y and dz|y as graded Opy-module maps and
we use composition of graded Op-module maps. It is clear that d(f) is homogeneous

of degree n + 1 as a graded Opy-module map. Using the exact same computation
as in Section [14] we see that d(f) is Ap-linear.

As in Section [T4] there is a composition map
Hom¥ (L, M) @0 Hom% (K, L) — Hom™ (KK, M)

where the left hand side is the tensor product of differential graded O-modules
defined in Section This map is given by the composition map

Hom™ (L, M) @0 Hom™ (K, L) — Hom™ ™ (K, M)



OFRP
0FRQ

O0FRR

DIFFERENTIAL GRADED SHEAVES 16

defined by simple composition (locally). Using the exact same computation as in
Section [T4] on local sections we see that the composition map is a morphism of
differential graded O-modules.

With these definitions we have
Hom oo (£, M) = T(C, Hom ™ (£, M)

as graded R-modules compatible with composition.

17. Sheaves of differential graded bimodules and tensor-hom adjunction
This section is the analogue of part of Differential Graded Algebra, Section

Definition 17.1. Let (C,0) be a ringed site. Let A and B be a sheaves of
differential graded algebras on (C, O). A differential graded (A, B)-bimodule is given
by a complex M* of O-modules endowed with O-bilinear maps

M™ x B™ — M™ ™ (2,b) — b
and

A" X M™ = M (a,x) — ax
called the multiplication maps with the following properties

(1) multiplication satisfies a(a’x) = (aa’)x and (xb)b’ = z(bb'),

(2) (ax)b= a(zb),

(3) d(az) = d(a)z + (~1)**¥ad(x) and d(zb) = d(z)b + (~1)*&*zd(b),
(4) the identity section 1 of A° acts as the identity by multiplication, and
(5) the identity section 1 of B acts as the identity by multiplication.

We often denote such a structure M and sometimes we write 4 Mpg. A homomor-
phism of differential graded (A, B)-bimodules f : M — N is a map of complexes
f: M® = N*® of O-modules compatible with the multiplication maps.

Given a differential graded (A, B)-bimodule M and an object U € Ob(C) we use
the notation

MU) =T(U,M) = @nez M™(U)
This is a differential graded (A(U), B(U))-bimodule.

Observe that a differential graded (A, B)-bimodule M is the same thing as a right
differential graded B-module which is also a left differential graded A-module such
that the grading and differentials agree and such that the A-module structure
commutes with the B-module structure. Here is a precise statement.

Lemma 17.2. Let (C,O) be a ringed site. Let A and B be a sheaves of differential
graded algebras on (C,0). Let N be a right differential graded B-module. There is
a 1-to-1 correspondence between (A, B)-bimodule structures on N compatible with
the given differential graded B-module structure and homomorphisms

A — HomP (N, N)
of differential graded O-algebras.
Proof. Omitted. (]
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Let (C, O) be a ringed site. Let A and B be a sheaves of differential graded algebras
on (C,0). Let M be a right differential graded .A-module and let A be a differential
graded (A, B)-bimodule. In this case the differential graded tensor product defined
in Section [T5]

M@ N

is a right differential graded B-module with multiplication maps as in Section
This construction defines a functor and a functor of graded categories

@AN : Mod(A,d) — Mod(B,d) and ®4N : Mod™(A,d) — Mod™(B,d)

by sending homomorphisms of degree n from M — M’ to the induced map of
degree n from M @4 N to M’ @4 N.

Let (C, O) be a ringed site. Let A and B be a sheaves of differential graded algebras
on (C,0). Let N be a differential graded (A,B)-bimodule. Let £ be a right
differential graded B-module. In this case the differential graded internal hom
defined in Section
Hom (N, L)

is a right differential graded A-module where the right graded .A-module structure
is the one defined in Section [8] Another way to define the multiplication is the use
the composition

Hom$ (N, L) @0 A = Hom$E (N, L) @0 HomI (N, N) = Hom$E (N, L)

where the first arrow comes from Lemma and the second arrow is the compo-
sition of Section Since these arrows are both compatible with differentials, we
conclude that we indeed obtain a differential graded A-module. This construction
defines a functor and a functor of differential graded categories

Hom (N, =) : Mod(B,d) — Mod(A) and Homy (N, ) : Mod™(B,d) — Mod™(A,d)
by sending homomorphisms of degree n from £ — £’ to the induced map of degree
n from Hom? (N, L) to Homd (N, L').

OFRS Lemma 17.3. Let (C,0) be a ringed site. Let A and B be a sheaves of differential
graded algebras on (C,0). Let M be a right differential graded A-module. Let N be
a differential graded (A, B)-bimodule. Let L be a right differential graded B-module.
With conventions as above we have

Hom /,qa0 (5, ) (M®AN,L) = Hom ys,qd0 (.4, a) (M, %mdzsg WV, L))
and
Homg (M @4 N, L) = Hom% (M, Homg (N, L))
functorially in M, N, L.
Proof. Omitted. Hint: On the graded level we have seen this is true in Lemma

Thus it suffices to check the isomorphisms are compatible with differentials
which can be done by a computation on the level of local sections. (I

Let (C, O) be a ringed site. Let A and B be a sheaves of differential graded algebras
on (C,0). As a special case of the above, suppose we are given a homomorphism
¢ A — B of differential graded O-algebras. Then we obtain a functor and a
functor of differential graded categories

@A o8 Mod(A,d) — Mod(B,d) and ®4.,B: Mod"(A,d) — Mod™(B,d)
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On the other hand, we have the restriction functors
res, : Mod(B,d) — Mod(A,d) and res, : Mod™(B,d) — Mod™(A,d)

We can use the lemma above to show these functors are adjoint to each other (as
usual with restriction and base change). Namely, let us write 4Bp for B viewed
as a differential graded (A, B)-bimodule. Then for any right differential graded
B-module £ we have

Hom%g(ABB, L) =res,(L)

as right differential graded .A-modules. Thus Lemma tells us that we have a
functorial isomorphism

Hom /,4a0 (,4) (M ®a,, B, L) = Hom /0409 ( 4, (M, resy(L))

We usually drop the dependence on ¢ in this formula if it is clear from context. In
the same manner we obtain the equality

Homp (M @4 B, L) = Hom% (M, L)
of graded O-modules.

18. Pull and push for sheaves of differential graded modules

Let (f, f*) : (Sh(C), O¢) — (Sh(D), Op) be a morphism of ringed topoi. Let A be a
differential graded O¢-algebra. Let B be a differential graded Op-algebra. Suppose
we are given a map

o: B> A
of differential graded f~'Op-algebras. By the adjunction of restriction and exten-

sion of scalars, this is the same thing as a map ¢ : f*B — A of differential graded
Oc-algebras or equivalently ¢ can be viewed as a map

p:B— fiA
of differential graded Op-algebras. See Remark [12.2]
Let us define a functor
fr: Mod(A,d) — Mod(B,d)

Given a differential graded A-module M we define f,.M to be the graded B-module
constructed in Section@with differential given by the maps f.d : fyM"™ — f,M"HL,
The construction is clearly functorial in M and we obtain our functor.

Let us define a functor
f*: Mod(B,d) — Mod(A,d)

Given a differential graded B-module N we define f*\ to be the graded A-module
constructed in Section [l Recall that

f*./\[: f_lN ®f-15 A

Since f~'N comes with the differentials f='d : f~IN™ — fIN™H! we can view
this tensor product as an example of the tensor product discussed in Section
which provides us with a differential. The construction is clearly functorial in A
and we obtain our functor f*.
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The functors f. and f* are readily enhanced to give functors of differential graded
categories

fu s Mod®(A,d) — Mod™(B,d) and f*: Mod"(B,d) — Mod™(A,d)

which do the same thing on underlying objects and are defined by functoriality of
the constructions on homogenous morphisms of degree n.

Lemma 18.1. [In the situation above we have
Hom /o440 (53, a N, fM) = HomModdg(A,d)(f*Na M)
Proof. Omitted. Hints: This is true for the underlying graded categories by

Lemma [0.] A calculation shows that these isomorphisms are compatible with
differentials. O

19. Localization and sheaves of differential graded modules

Let (C,O) be a ringed site. Let U € Ob(C) and denote

Jj: (Sh(C/U),Or) — (Sh(C),O)
the corresponding localization morphism (Modules on Sites, Section . Below we
will use the following fact: for Opy-modules M;, i = 1,2 and a O-module A there
is a canonical map

Ji - Home, (M1 ®0,, Alr, M2) — Homo (iM1 ®@p A, iMs)
Namely, we have j1(M; ®e, Alv) = 1M1 ®o A by Modules on Sites, Lemma
Let A be a differential graded O-algebra. We will denote Ay the restriction of
A to C/U, in other words, we have Ay = j*A = j71A. In Section [18 we have
constructed adjoint functors
Gu : Mod™(Ay,d) — Mod™(A,d) and j*: Mod™(A,d) — Mod"(Ay,d)

with j* left adjoint to j.. We claim there is in addition an exact functor

§i s Mod® (Ay,d) — Mod™ (A, d)

right adjoint to j.. Namely, given a differential graded Ay-module M we define j, M
to be the graded .A-module constructed in Section[I0]with differentials jid : jM™ —
JIM™ L Given a homogeneous map f : M — M’ of degree n of differential graded
Ay-modules, we obtain a homogeneous map jif : 1M — M’ of degree n of
differential graded .A-modules. We omit the straightforward verification that this
construction is compatible with differentials. Thus we obtain our functor.

Lemma 19.1. In the situation above we have
Hom py,qi0 (4,4 (1M, N') = Hom yypqa0 4,y (M, 5*N)

Proof. Omitted. Hint: We have seen in Lemma [[0.1] that the lemma is true on
graded level. Thus all that needs to be checked is that the resulting isomorphism
is compatible with differentials. (Il

Lemmal 19.2. [In the situation above, let M be a right differential graded Ay -
module and let N be a left differential graded A-module. Then

FIM@AN = ji(M @4, Nv)

as complexes of O-modules functorially in M and N
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Proof. As graded modules, this follows from Lemmall0.2] We omit the verification
that this isomorphism is compatible with differentials. ([

20. Shift functors on sheaves of differential graded modules

Let (C,0O) be a ringed site. Let A be a sheaf of differential graded algebras on
(C,0). Let M be a differential graded A-module. Let k € Z. We define the kth
shift of M, denoted M|k], as follows

(1) as a graded A-module we let M[k] be as defined in Section
(2) the differential dqy : (M[E])™ — (M[E])" ! is defined to be (—1)*d :
Mn+k N Mn+k+1'
For a homomorphism f : £L — M of A-modules homogeneous of degree n, we let
flk] = L[k] — M]k] be given by the same component maps as f. Then f[k] is a
homogeneous A-module map of degree n. This gives a map
Hom pro4i9 (4,a) (L, M) — Hom ys,qd0 (.4,) (L[k], M[E])

compatible with differentials (it follows from the fact that the signs of the differen-
tials of £ and M are changed by the same amount). These choices are compatible
with the choice in Differential Graded Algebra, Definition It is clear that we
have defined a functor

[k] : Mod™(A,d) —s Mod®(A,d)
of differential graded categories and that we have [k + 1] = [k] o [I].
We claim that the isomorphism
Hom /o440 4,0y (£, M[K]) = Hom ysog09 (4 a) (£, M) [K]

defined in Section [11] on underlying graded modules is compatible with the differ-
entials. To see this, suppose we have a right A-module map f : £ — M][k] homo-
geneous of degree n; this is an element of degree n of the LHS. Denote f': L — M
the homogeneous A-module map of degree n + k with the same component maps
as f. By our conventions, this is the corresponding element of degree n of the RHS.
By definition of the differential of LHS we obtain

degs(f) =dmp o f— (=1)"fods = (—1)fdp o f— (=1)"fod,
and for the differential on the RHS we obtain
drus(f') = (=1)F (dpo f/ = (=1)"" f od) = (—=1)fdao f/ = (-1)"f o d,

These maps have the same component maps and the proof is complete.

21. The homotopy category
This section is the analogue of Differential Graded Algebra, Section

Definition 21.1. Let (C, Q) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let f,g : M — N be homomorphisms of differential graded
A-modules. A homotopy between f and g is a graded A-module map h : M — N
homogeneous of degree —1 such that

f—g=dyoh+hody

If a homotopy exists, then we say f and g are homotopic.
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In the situation of the definition, if we have maps a : K — M and ¢: N — L then
we see that

h is a homotopy N co hoa is a homotopy
between f and g between co foa and cogoa

Thus we can define composition of homotopy classes of morphisms in Mod(A, d).

Definition 21.2. Let (C,0) be a ringed site. Let A be a sheaf of differential
graded algebras on (C,0). The homotopy category, denoted K(Mod(A,d)), is the
category whose objects are the objects of Mod(A,d) and whose morphisms are
homotopy classes of homomorphisms of differential graded A-modules.

The notation K (Mod(.A,d)) is not standard but at least is consistent with the use
of K(—) in other places of the Stacks project.

In Differential Graded Algebra, Definition we have defined what we mean
by the category of complexes Comp(S) and the homotopy category K(S) of a
differential graded category S. Applying this to the differential graded category
Mod™ (A, d) we obtain

Mod(A,d) = Comp(Mod™ (A, d))
(see discussion in Section and we obtain
K(Mod(A,d)) = K(Mod™(A,d))
To see that this last equality is true, note that we have the equality
dHomModdg(.A,d)(M’N)(h) =dyoh+hodym
when £ is as in Definition BI.T1 We omit the details.
Lemma 21.3. Let (C,0) be a ringed site. Let A be a sheaf of differential graded

algebras on (C,0). The homotopy category K(Mod(A, d)) has direct sums and
products.

Proof. Omitted. Hint: Just use the direct sums and products as in Lemma [13.2
This works because we saw that these functors commute with the forgetful functor
to the category of graded A-modules and because [| and € are exact functors on
the category of families of abelian groups. O

22. Cones and triangles

In this section we use the material from Differential Graded Algebra, Section
to conclude that the homotopy category of the category of differential graded .A-
modules is a triangulated category.

Lemma 22.1. Let (C,0) be a ringed site. Let A be a sheaf of differential graded

algebras on (C,0). The differential graded category Moddg(A, d) satisfies axioms
(A) and (B) of Differential Graded Algebra, Section[27

Proof. Suppose given differential graded .A-modules M and N. Consider the
differential graded A-module M @ N defined in the obvious manner. Then the
coprojections i : M - M &N and j : N — M & N and the projections p :
MON = Nand ¢ : M BN — M are morphisms of differential graded A-
modules. Hence 1, j, p, ¢ are homogeneous of degree 0 and closed, i.e., d(i) = 0, etc.


https://stacks.math.columbia.edu/tag/0FS1
https://stacks.math.columbia.edu/tag/0FS2
https://stacks.math.columbia.edu/tag/0FS4

0FS5

0FS6

DIFFERENTIAL GRADED SHEAVES 22

Thus this direct sum is a differential graded sum in the sense of Differential Graded
Algebra, Definition This proves axiom (A).

Axiom (B) was shown in Section O

Let (C,0O) be a ringed site. Let A be a sheaf of differential graded algebras on
(C,0). Recall that a sequence

0-K—>L—->N—=0
in Mod(A,d) is called an admissible short exact sequence (in Differential Graded
Algebra, Section if it is split in Mod(A). In other words, if it is split as a
sequence of graded A-modules. Denote s : N — £ and 7 : £ — K graded A-module
splittings. Combining Lemma [22.1] and Differential Graded Algebra, Lemma [27.1]
we obtain a triangle

K—L—-N—K[l]

where the arrow N' — K[1] in the proof of Differential Graded Algebra, Lemma
is constructed as
5:7TOdHodedg(Ad)(L,M)(5) =modgos—mosody =modgos

with apologies for the horrendous notation. In any case, we see that in our setting
the boundary map d as constructed in Differential Graded Algebra, Lemma
agrees on underlying complexes of O-modules with the usual boundary map used
throughout the Stacks project for termwise split short exact sequences of complexes,
see Derived Categories, Definition

Definition 22.2. Let (C,O) be a ringed site. Let A be a sheaf of differential
graded algebras on (C,0). Let f : K — £ be a homomorphism of differential
graded A-modules. The cone of f is the differential graded .A-module C(f) defined
as follows:

(1) the underlying complex of O-modules is the cone of the corresponding map
f:K® — L* of complexes of A-modules, i.e., we have C(f)" = L™ ¢ KT

and differential
d _(de  f
cH=\o0 —de

(2) the multiplication map
CH" x A™ = ()™

is the direct sum of the multiplication map £" x A™ — L™ and the
multiplication map K?1 x A™ — Kntltm,

It comes equipped with canonical hommorphisms of differential graded A-modules
i:L— C(f) and p: C(f) — KI1] induced by the obvious maps.

Observe that in the situation of the definition the sequence
0=-L—->C(f)—=K[1] =0
is an addmissible short exact sequence.

Lemma 22.3. Let (C,0) be a ringed site. Let A be a sheaf of differential graded

algebras on (C,©). The differential graded category Mod™ (A, d) satisfies aziom (C)
formulated in Differential Graded Algebra, Situation [27.5
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Proof. Let f: K — L be a homomorphism of differential graded A-modules. By
the above we have an admissible short exact sequence

0=-L—->C(f)—=K[1] =0
To finish the proof we have to show that the boundary map
§: K[1] = L[1]

associated to this (see discussion above) is equal to f[1]. For the section s : K[1] —
C(f) we use in degree n the embeddding K"*1 — C(f)". Then in degree n the
map 7 is given by the projections C'(f)™ — L™. Then finally we have to compute

d=modg(yos

(see discussion above). In matrix notation this is equal to

d 0
o (T ) ()~
as desired. O

At this point we know that all lemmas proved in Differential Graded Algebra,
Section [27| are valid for the differential graded category Mod™ (A,d). In particular,
we have the following.

Proposition| 22.4. Let (C,0) be a ringed site. Let A be a sheaf of differential
graded algebras on (C,0). The homotopy category K(Mod(A, d)) is a triangulated
category where

(1) the shift functors are those constructed in Section
(2) the distinghuished triangles are those triangles in K(Mod(A, d)) which are
isomorphic as a triangle to a triangle

K%E%N&K[l], d=modros

constructed from an admissible short exact sequence 0 — K — L - N — 0
in Mod(A, d) above.

Proof. Recall that K (Mod(A,d)) = K(Mod™(A,d)), see Section Having said
this, the proposition follows from Lemmas and and Differential Graded

Algebra, Proposition 27.16 O

Remark 22.5. Let (C,O) be a ringed site. Let A be a sheaf of differential graded
algebras on (C, Q). Let C'= C(id 4) be the cone on the identity map A — A viewed
as a map of differential graded A-modules. Then

HomMod(.A,d)(OvM) = {('Tay) € F(CvMO) X F(C’M_l) | T = d(y)}

where the map from left to right sends f to the pair (z,y) where x is the image of
the global section (0,1) of O~ = A~ @ A° and where y is the image of the global
section (1,0) of CY = A° @ AL.

Lemma 22.6. Let (C,0) be a ringed site. Let (A, d) be a differential graded
O-algebra. The category Mod(A, d) is a Grothendieck abelian category.
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Proof. By Lemma [13.2]and the definition of a Grothendieck abelian category (In-
jectives, Definition @ it suffices to show that Mod(A,d) has a generator. For
every object U of C we denote Cy the cone on the identity map Ay — Ay as in
Remark 22.5l We claim that

g = @kﬂUjU!OU[k]
is a generator where the sum is over all objects U of C and k € Z. Indeed, given a
differential graded A-module M if there are no nonzero maps from G to M, then
we see that for all £k and U we have
Hom psq¢.4) (i1 Cu k], M)
= Hom pppq(4,,) (Culk], M)
= {(z,y) e MHU) x M*HU) | & = d(y)}

is equal to zero. Hence M is zero. [

23. Flat resolutions

This section is the analogue of Differential Graded Algebra, Section
Let (C,0) be a ringed site. Let A be a sheaf of differential graded algebras on
(C,0). Let us call a right differential graded .A-module P good if

(1) the functor N +— P® 4N is exact on the category of graded left A-modules,
(2) if AV is an acyclic differential graded left A-module, then P ® 4 N is acyclic,
(3) for any morphism (f, f¥) : (Sh(C"),0") — (Sh(C),O) of ringed topoi and
any differential graded (0’-algebra A’ and any map ¢ : f~'A — A’ of
differential graded f~!Op-algebras we have properties (1) and (2) for the
pullback f*P (Section viewed as a differential graded A’-module.
The first condition means that P is flat as a right graded .A-module, the second
condition means that P is K-flat in the sense of Spaltenstein (see Cohomology on
Sites, Section , and the third condition is that this holds after arbitrary base
change.

Perhaps surprisingly, there are many good modules.

Lemma 23.1. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let U € Ob(C). Then jiAy is a good differential graded A-
module.

Proof. Let N be a left graded A-module. By Lemma we have

i Av @A N = ji(Av @4, N|u) = ji(Ny)
as graded modules. Since both restriction to U and j are exact this proves condition
(1). The same argument works for (2) using Lemma [19.2]
Consider a morphism (f, f*) : (Sh(C"),0") — (Sh(C),O) of ringed topoi, a dif-
ferential graded (’-algebra A’, and a map ¢ : f~'A — A’ of differential graded
f~1O-algebras. We have to show that

[hA = Ay @paq A

satisfies (1) and (2) for the ringed topos (Sh(C'),0’) endowed with the sheaf of

differential graded O’-algebras A’. To prove this we may replace (Sh(C),O) and
(Sh(C"),@’) by equivalent ringed topoi. Thus by Modules on Sites, Lemma
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we may assume that f comes from a morphism of sites f : C — C’ given by
the continuous functor v : C — C’. In this case, set U’ = u(U) and denote
j': Sh(C'JU") — Sh(C’) the corresponding localization morphism. We obtain a
commutative square of morphisms of ringed topoi

(Sh(C'/U"), Op) (5h(C"), O)

—_—
(3G
(fh(f’)”)l i(f,f“)

(SH(C/U), O) — 2 (Sh(C), 0).
and we have f/(j')~! = j~!f.. See Modules on Sites, Lemma By uniqueness
of adjoints we obtain f~'j = j{(f/)~!. Thus we obtain

F A = Ay @14 A
= () A @pa A
=3 (/") " Av @14, Allor)

= jiAy
The first equation is the definition of the pullback of jiAy to a differential graded
module over A’. The second equation because f~1j; = j{(f)~!. The third equation
by Lemma applied to the ringed site (C’, f ~1O) with sheaf of differential graded
algebras f~1A and with differential graded modules (f’)~' Ay on C’'/U’ and A’ on
C'. The fourth equation holds because of course we have (f')"1 Ay = f~tAly.
Hence we see that the pullback is another module of the same kind and we’ve
proven conditions (1) and (2) for it above. O

Lemma 23.2. et (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let 0 — P — P’ — P” — 0 be an admissible short exact
sequence of differential graded A-modules. If two-out-of-three of these modules are
good, so is the third.

Proof. For condition (1) this is immediate as the sequence is a direct sum at the
graded level. For condition (2) note that for any left differential graded .4-module,
the sequence

0=>PRIAN =P QUN - P"@4N =0

is an admissible short exact sequence of differential graded O-modules (since for-
getting the differential the tensor product is just taken in the category of graded
modules). Hence if two out of three are exact as complexes of O-modules, so
is the third. Finally, the same argument shows that given a morphism (f, f¥) :
(Sh(C"),0") — (Sh(C), O) of ringed topoi, a differential graded O’-algebra A’, and
amap ¢: f~1A— A of differential graded f~!(-algebras we have that

0— f*P— f*P' — f*P"—0

is an admissible short exact sequence of differential graded A’-modules and the
same argument as above applies here. [

Lemma 23.3. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). An arbitrary direct sum of good differential graded A-modules
is good. A filtered colimit of good differential graded A-modules is good.
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Proof. Omitted. Hint: direct sums and filtered colimits commute with tensor
products and with pullbacks. ([

Lemma 23.4. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let M be a differential graded A-module. There exists a homo-
morphism P — M of differential graded A-modules with the following properties

(1) P — M is surjective,

(2) Ker(dp) — Ker(daq) is surjective, and

(3) P is good.

Proof. Consider triples (U, k, z) where U is an object of C, k € Z, and x is a section
of M* over U with dy(z) = 0. Then we obtain a unique morphism of differential
graded Ay-modules ¢, : Ay[—k] = M|y mapping 1 to x. This is adjoint to a
morphism ¢, : jynAy[—k] — M. Observe that 1 € Ay (U) corresponds to a section
1 € jurAy[—k](U) of degree k whose differential is zero and which is mapped to
by .. Thus if we consider the map

@(UJW) jurAv[—k] — M

then we will have conditions (2) and (3). Namely, the objects jyAy[—k| are good
(Lemma [23.1]) and any direct sum of good objects is good (Lemma [23.3)).

Next, consider triples (U, k,x) where U is an object of C, k € Z, and z is a section
of M* (not necessarily annihilated by the differential). Then we can consider the
cone Cy on the identity map Ay — Ay as in Remark The element z will
determine a map ¢, : Cy[—k — 1] = Ay, see Remark Now, since we have an
admissible short exact sequence

0— Ay —» Cy = Ay[l] =0

we conclude that j;1Cpy is a good module by Lemma and the already used
Lemma [23.1] As above we conclude that the direct sum of the maps ¢, : junCy —
M adjoint to the ¢,

@(U,k,x) juiCy — M

is surjective. Taking the direct sum with the map produced in the first paragraph
we conclude. (]

Remark 23.5. Let (C,O) be a ringed site. A sheaf of graded sets on C is a sheaf
of sets S endowed with a map deg : S — Z of sheaves of sets. Let us denote O[S]
the graded O-module which is the free O-module on the graded sheaf of sets S.
More precisely, the nth graded part of O[S] is the sheafification of the rule

U— @SES(U), deg(s)=n 5 O(U)

With zero differential we also may consider this as a differential graded O-module.
Let A be a sheaf of graded O-algebras Then we similarly define A[S] to be the
graded A-module whose nth graded part is the sheafification of the rule

. An—deg(s)
Ur— @SGS(U) s- A )

If A is a differential graded O-algebra, the we turn this into a differential graded
O-module by setting d(s) = 0 for all s € S(U) and sheafifying.
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Lemma 23.6. Let (C,O) be a ringed site. Let A be a differential graded A-algebra.
Let S be a sheaf of graded sets on C. Then the free graded module A[S] on S endowed
with differential as in Remark[23.5 is a good differential graded A-module.

Proof. Let A/ be a left graded A-module. Then we have
AS]@aN = O[S]®o N = N[S]

where NS is the graded O-module whose degree n part is the sheaf associated to
the presheaf

. A/n—deg(s)
U+— @SGS(U) 5N U)
It is clear that N' — N[S] is an exact functor, hence A[S is flat as a graded A-
module. Next, suppose that N is a differential graded left .A-module. Then we
have
H*(A[S]®aN) = H*(O[S] @0 N)
as graded sheaves of O-modules, which by the flatness (over O) is equal to
H*(N)[S]
as a graded O-module. Hence if N is acyclic, then A[S] ® 4 N is acyclic.
Finally, consider a morphism (f, f*) : (Sh(C"),0") — (Sh(C), O) of ringed topoi, a
differential graded O’-algebra A’, and a map ¢ : f~1 A — A’ of differential graded
f~1O-algebras. Then it is straightforward to see that
FAIS) = ATf 7S]

which finishes the proof that our module is good. O

Lemma 23.7. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let M be a differential graded A-module. There exists a homo-
morphism P — M of differential graded A-modules with the following properties
(1) P = M is a quasi-isomorphism, and
(2) P is good.

First proof. Let Sy be the sheaf of graded sets (Remark [23.5) whose degree n
part is Ker(dy,). Consider the homomorphism of differential graded modules
Po = A[So] — M

where the left hand side is as in Remark and the map sends a local section
s of Sy to the corresponding local section of MI°8(5) (which is in the kernel of
the differential, so our map is a map of differential graded modules indeed). By
construction the induced maps on cohomology sheaves H™(Py) — H"™(M) are
surjective. We are going to inductively construct maps

Po—=P1—=>Pr— ... M

Observe that of course H*(P;) — H*(M) will be surjective for all i. Given P; — M
denote S;11 the sheaf of graded sets whose degree n part is
Ker(d%jl) XM"+1,d M
Then we set
Piv1 =P ® A[Si11]
as graded A-module with differential and map to M defined as follows
(1) for local sections of P; use the differential on P; and the given map to M,
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(2) for a local section s = (p,m) of S;11 we set d(s) equal to p viewed as a
section of P; of degree deg(s) + 1 and we map s to m in M, and

(3) extend the differential uniquely so that the Leibniz rule holds.
This makes sense because d(m) is the image of p and d(p) = 0. Finally, we set
P = colim P; with the induced map to M.
The map P — M is a quasi-isomorphism: we have H"(P) = colim H"(P;) and
for each i the map H"™(P;) — H™(M) is surjective with kernel annihilated by the
map H™(P;) — H™(Pit+1) by construction. Each P; is good because Py is good by
Lemma @ and each P;41 is in the middle of the admissible short exact sequence
0 — P; = Pir1 — A[Si+1] — 0 whose outer terms are good by induction. Hence

Pit1 is good by Lemma [23.2l Finally, we conclude that P is good by Lemma
|

Second proof. We urge the reader to read the proof of Differential Graded Alge-
bra, Lemma, before reading this proof. Set M = M. We inductively choose
short exact sequences

0= Mip1 =P = M; =0

where the maps P; — M, are chosen as in Lemma This gives a “resolution”

o P B Py s M0
Then we let P be the differential graded .A-module defined as follows
(1) as a graded A-module we set P = @, -, P-a[—al, i.e., the degree n part is
given by P" = @, p—p Plas -
(2) the differential on P is as in the construction of the total complex associated
to a double complex given by

dp(2) = f-a(z) + (=1)"dp_, (2)
for z a local section of P .

With these conventions P is indeed a differential graded .A-module; we omit the
details. There is a map P — M of differential graded .A-modules which is zero on
the summands P_,[—a] for a < 0 and the given map Py — M for a = 0. Observe
that we have

P = colim; F; P
where F;P C P is the differential graded A-submodule whose underlying graded

A-module is
EP = @iz_azo P_ol—d]
It is immediate that the maps
0—=FP—=FRP—=FBP—...2P
are all admissible monomorphisms and we have admissible short exact sequences
0— FP— F,y 1P — Piyali+1] —0

By induction and Lemma we find that F;P is a good differential graded .A-
module. Since P = colim F;P we find that P is good by Lemma [23.3]

Finally, we have to show that P — M is a quasi-isomorphism. If C has enough
points, then this follows from the elementary Homology, Lemma by checking
on stalks. In general, we can argue as follows (this proof is far too long — there is an
alternative argument by working with local sections as in the elementary proof but
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it is also rather long). Since filtered colimits are exact on the category of abelian
sheaves, we have

HY(P) = colim HY(F;P)
We claim that for each ¢ > 0 and d € Z we have (a) a short exact sequence
0 — HY(M;1[i]) - HY(F,P) - HY (M) = 0
where the second arrow comes from F;P — P — M and (b) the composition
HYM;1[i]) = HYF;P) - H*(F, 11 P)
is zero. It is clear that the claim suffices to finish the proof.

Proof of the claim. For any i > 0 there is a map M, 1[i] — F;P coming from the
inclusion of M1 into P; as the kernel of f;. Consider the short exact sequence

of complexes of O-modules defining C;. Observe that Cyp = My = M. Also,
observe that C; is the total complex associated to the double complex C;** with
columns

M'i - Pi/MH»h,Pifh e aPO

in degree —i, —i+1,...,0. There is a map of double complexes C;** — C;’% which
is 0 on the column in degree —i, is the surjection P;_1 — M;_1 in degree —i + 1,
and is the identity on the other columns. Hence there are maps of complexes

Ci — Cifl

These maps are surjective quasi-isomorphisms because the kernel is the total com-
plex on the double complex with columns M;, M; in degrees —i,—i + 1 and
the identity map between these two columns. Using the resulting identifications
HYC;) = HYC;—y = ... = HYM) this already shows we get a long exact se-
quence

Hd(./\/li_;_l[i]) — Hd(F,L"P) — Hd(./\/l) — Hd+1(M¢+1[Z.])

from the short exact sequence of complexes above. However, we also have the
commutative diagram

Miyali+1] — Tit1 FitrP——Cit1
o

where T;; is the total complex on the double complex with columns P11, M1
placed in degrees —¢ — 1 and —i. In other words, 7541 is a shift of the cone on the
map P41 — M,y and we find that a is a quasi-isomorphism and the map = ob
is a shift of the third map of the distinguished triangle in D(O) associated to the
short exact sequence

0— Mi+2 — Pi+1 — Mi+1 — 0

The map HY(P;y1) — HY(M,41) is surjective because we chose our maps such
that Ker(dp,,,) — Ker(d,,,) is surjective. Thus we see that a=' o b is zero on
cohomology sheaves. This proves part (b) of the claim. Since T;4; is the kernel
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of the surjective map of complexes F;11P — C; we find a map of long exact
cohomology sequences

HYT;41) HYF11P) — HY (M) ——— H(Ti41)

| | T |

HY(Mp1[i]) —— HYF,P) —— HY (M) —— H™ (M;14]i])

Here we know, by the discussion above, that the vertical maps on the outside are
zero. Hence the maps HY(F; 1 P) — H%(M) are surjective and part (a) of the
claim follows. More precisely, the claim follows for ¢ > 0 and we leave the claim for
i = 0 to the reader (actually it suffices to prove the claim for all ¢ > 0 in order to
get the lemma). 0

Lemma 23.8. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C,0). Let P be a good acyclic right differential graded A-module.

(1) for any differential graded left A-module N the tensor product P @ 4 N is
acyclic,

(2) for any morphism (f, f*) : (Sh(C"),0") — (Sh(C),O) of ringed topoi and
any differential graded O'-algebra A’ and any map ¢ : f~'A — A’ of
differential graded f~'O-algebras the pullback f*P is acyclic and good.

Proof. Proof of (1). By Lemma we can choose a good left differential graded
Q and a quasi-isomorphism @ — N. Then P ®4 Q is acyclic because Q is good.
Let NV be the cone on the map @ — A. Then P ® 4 N is acyclic because P is
good and because N is acyclic (as the cone on a quasi-isomorphism). We have a
distinguished triangle

Q>N >N = Q[1]

in K(Mod(A,d)) by our construction of the triangulated structure. Since P ® 4 —
sends distinguished triangles to distinguished triangles, we obtain a distinguished
triangle

PRAQ—>PRIAN - PRAN — P49l

in K(Mod(O)). Thus we conclude.

Proof of (2). Observe that f*P is good by our definition of good modules. Recall
that f*P = f~'P ®@p-14 A". Then f~'P is a good acyclic (because f~! is exact)
differential graded f~!.4-module. Hence we see that f*P is acyclic by part (1). O

24. The differential graded hull of a graded module

The differential graded hull of a graded module A is the result of applying the
functor G in the following lemma.

Lemma 24.1. Let (C,0) be a ringed site. Let A be a sheaf of differential graded
algebras on (C, O). The forgetful functor F : Mod(A, d) — Mod(.A) has a left adjoint
G : Mod(A) — Mod(A, d).

Proof. To prove the existence of G we can use the adjoint functor theorem, see
Categories, Theorem m (observe that we have switched the roles of F' and G).
The exactness conditions on F are satisfied by Lemma [I3:2] The set theoretic
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condition can be seen as follows: suppose given a graded A-module N'. Then for
any map

0: N — F(M)
we can consider the smallest differential graded A-submodule M’ C M with
Im(p) C F(M'). Tt is clear that M’ is the image of the map of graded .A-modules

NoN[-1]®p A — M
defined by
(n, > mi @ a;) — @(n) + Y d(e(ni))a;
because the image of this map is easily seen to be a differential graded submodule

of M. Thus the number of possible isomorphism classes of these M’ is bounded
and we conclude. |

Let (C,0) be a ringed site. Let A be a sheaf of differential graded algebras on
(C,0). Let M be a differential graded A-module and suppose we have a short
exact sequence

0N —=FM)=>N =0

in Mod(A). Then we obtain a canonical graded .A-module homomorphism
d: N — N'[1]

as follows: given a local section z of N denote d(z) the image in N of dq(z) when
x is viewed as a local section of M.

Lemma 24.2. The functors F,G of Lemma have the following properties.
Given a graded A-module N we have

(1) the counit N'— F(G(N)) is injective,

(2) the map d: N — Coker(N — F(G(N)))[1] is an isomorphism, and

(3) G(N) is an acyclic differential graded A-module.

Proof. We observe that property (3) is a consequence of properties (1) and (2).
Namely, if s is a nonzero local section of F(G(N)) with d(s) = 0, then s cannot
be in the image of NV — F(G(N)). Hence we can write the image 5 of s in the
cokernel as d(s) for some local section s’ of M. Then we see that s = d(s’) because
the difference s — d(s’) is still in the kernel of d and is contained in the image of
the counit.

Let us write temporarily Ay, respectively Ag, the sheaf A viewed as a (right)
graded module over itself, respectively as a (right) differential graded module over
itself. The most important case of the lemma is to understand what is G(Ag,.). Of
course G(Ag) is the object of Mod(A,d) representing the functor

M — HomMod(.A)(Ager(M)) = F(CaM)
By Remark we see that this functor represented by C[—1] where C is the cone
on the identity of A4,. We have a short exact sequence

0— Agg[—1] = C[-1] = Agy — 0

in Mod(A, d) which is split by the counit Ay, — F(C[—1]) in Mod(A). Thus G(Ag)
satisfies properties (1) and (2).
Let U be an object of C. Denote jy : C/U — C the localization morphism. Denote
Ay the restriction of A to U. We will use the notation Ay 4 to denote Ay viewed
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as a graded Ap-module. Denote F : Mod(Ay,d) — Mod(Ay) the forgetful functor
and denote Gy its adjoint. Then we have the commutative diagrams

MOd(A, d) ? MOd(A) MOd(AU, d) T MOd(AU)
Jf}i ijé and J'U!l ljU!
Mod(Ay,d) % Mod(Ay) Mod(A, d) —2—= Mod(A)

by the construction of ji; and jyi in Sections [0} [I8} [I0} and [I9} By uniqueness
of adjoints we obtain jy o Gy = G o jyi. Since jy is an exact functor, we see
that the properties (1) and (2) for the counit Ay, 4 — Fiy(Gu(Au,gr)) which we've
seen in the previous part of the proof imply properties (1) and (2) for the counit
JutAv,gr = F(G(jurAv,gr)) = jurFu(Gu(Augr))-

In the proof of Lemmawe have seen that any object of Mod(A) is a quotient of
a direct sum of copies of jy1 Ay .. Since G is a left adjoint, we see that G commutes
with direct sums. Thus properties (1) and (2) hold for direct sums of objects for
which they hold. Thus we see that every object N of Mod(A) fits into an exact
sequence
Ny =Ny =N =0

such that (1) and (2) hold for N7 and Ny. We leave it to the reader to deduce (1)
and (2) for N using that G is right exact. O

25. K-injective differential graded modules

This section is the analogue of Injectives, Section in the setting of sheaves of
differential graded modules over a sheaf of differential graded algebras.

Lemma 25.1. Let (C,0) be a ringed site. Let A be a sheaf of graded algebras
on (C,0). There exists a set T and for each t € T an injective map Ny — N of
graded A-modules such that an object T of Mod(A) is injective if and only if for
every solid diagram

Ne——=1I
|

a dotted arrow exists in Mod(A) making the diagram commute.

Proof. This is true in any Grothendieck abelian category, see Injectives, Lemma
By Lemma the category Mod(.A) is a Grothendieck abelian category. O

Definition 25.2. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). A diffential graded .A-module Z is said to be graded

injectz'veﬂ if M viewed as a graded A-module is an injective object of the category
Mod(A) of graded A-modules.

Remark 25.3. Let (C,0) be a ringed site. Let (A,d) be a sheaf of differential
graded algebras on (C,O). Let Z be a graded injective diffential graded .4-module.
Let

0= My — My— M3z—=0

2This may be nonstandard terminology.
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be a short exact sequence of differential graded .A-modules. Since 7 is graded
injective we obtain a short exact sequence of complexes

0 — Hom y/ogi0 4,0y (M3, Z) — Hom ppga0(4,a) (Ma2,T) = Hom progas( 4,0y (M1, Z) = 0

of I'(C, O)-modules. Taking cohomology we obtain a long exact sequence

Hom g (arod(a,d)) (M3, L) Hom g (nrod(.,d)) (M3, T)[1]

|

Hom g (aod(a,d)) (M2, L) Hom g (a1od(.a,d)) (Ma, Z)[1]

| |

Hom g (a10d(4,4)) (M1, Z) Hom g (pod(.a,d)) (M1, T)[1]

of groups of homomorphisms in the homotopy category. The point is that we get
this even though we didn’t assume that our short exact sequence is admissible (so
the short exact sequence in general does not define a distinguished triangle in the
homotopy category).

Lemma 25.4. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let T be a set and for each t € T let I; be a graded
injective diffential graded A-module. Then [[Z; is a graded injective differential
graded A-module.

Proof. This is true because products of injectives are injectives, see Homology,
Lemma and because products in Mod(A,d) are compatible with products in
Mod(A) via the forgetful functor. O

Lemma 25.5. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). There exists a set T and for each t € T an injective
map My — M} of acyclic differential graded A-modules such that for an object T
of Mod(A, d) the following are equivalent

(1) T is graded injective, and
(2) for every solid diagram

M ——T
|7
M,

a dotted arrow exists in Mod(A, d) making the diagram commute.

Proof. Let T and N; — N/ be as in Lemma[25.1] Denote F : Mod(A,d) — Mod(.A)
the forgetful functor. Let G be the left adjoint functor to F' as in Lemma [24.1] Set

M =GNy = GWNY) = M;

This is an injective map of acyclic differential graded A-modules by Lemma [24.2]
Since G is the left adjoint to F' we see that there exists a dotted arrow in the
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diagram
Mt —7
|
M
if and only if there exists a dotted arrow in the diagram
N, — F(T)
A .

Hence the result follows from the choice of our collection of arrows Ay — N/. [

Lemma 25.6. Let (C,O0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,O). There exists a set S and for each s an acyclic differential
graded A-module Mg such that for every monzero acyclic differential graded A-
module M there is an s € S and an injective map My — M in Mod(A, d).

Proof. Before we start recall that our conventions guarantee the site C has a set of
objects and morphisms and a set Cov(C) of coverings. If F is a differential graded
A-module, let us define |F| to be the sum of the cardinality of

H(U’n) F(U)

as U ranges over the objects of C and n € Z. Choose an infinite cardinal s big-
ger than the cardinals | Ob(C)|, |Arrows(C)|, |Cov(C)|, sup |I| for {U; — Ulier €
Cov(C), and |A|.

Let F C M be an inclusion of differential graded .A-modules. Suppose given a set
K and for each k € K a triple (U, ng, xx) consisting of an object Uy, of C, integer
nk, and a section x € M™ (Uy). Then we can consider the smallest differential
graded A-submodule 7' C M containing F and the sections xj, for k € K. We can
describe
(F)"(U) c M™(U)

as the set of elements 2z € M™(U) such that there exists {f; : U; — U};cr € Cov(C)
such that for each ¢ € I there is a finite set T; and morphisms g¢; : U; — Uy,

fi*x =Y + ZtGT' aitg:'rkt + bltg:d(xkt)

for some section y; € F"(U) and sections a;; € A" """ (U;) and by € A" ~H(U;).
(Details omitted; hints: these sections are certainly in F' and you show conversely
that this rule defines a differential graded .A-submodule.) It follows from this de-
scription that |F'| < max(|F|, | K|, ).

Let M be a nonzero acyclic differential graded A-module. Then we can find an
integer n and a nonzero section x of M™ over some object U of C. Let

FoC M
be the smallest differential graded A-submodule containing xz. By the previous
paragraph we have |Fy| < k. By induction, given Fy, ..., F, define F;, ;1 as follows.

Consider the set

L={Umn,z){U; = Ulticr, (x;)ier)}
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of triples where U is an object of C, n € Z, and x € F,,(U) with d(z) = 0. Since M
is acyclic for each triple I = (U;, ny, z;) € L we can choose {(U;; — U }icr, € Cov(C)
and z;; € M™~1(U;;) such that d(z;;) = z|y, ;. Then we set

K ={(Uy,m —1,z) |l € Lie L}

and we let F,,11 be the smallest differential graded .4-submodule of M containing
F,, and the sections x; ;. Since |K| < max(k, |F,|) we conclude that |F,,+1| < k by
induction.

By construction the inclusion F,, — F,4+1 induces the zero map on cohomology
sheaves. Hence we see that F = J F,, is a nonzero acyclic submodule with |F| < &.
Since there is only a set of isomorphism classes of differential graded A-modules F
with || bounded, we conclude. O

Definition 25.7. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C, 0). A diffential graded A-module 7 is K-injective if for every
acyclic differential graded M we have

Hom g (aod(A,d)) (M, L) =0
Please note the similarity with Derived Categories, Definition

Lemma 25.8. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let T be a set and for each t € T let Z; be a K-
injective diffential graded A-module. Then [[Z; is a K-injective differential graded
A-module.

Proof. Let I be an acyclic differential graded A-module. Then we have

Hom p/oqds (4,a) (K, H ;) = HteT Hom y/oqds 4,4y (K, Zt)

because taking products in Mod(A, d) commutes with the forgetful functor to graded
A-modules. Since taking products is an exact functor on the category of abelian
groups we conclude. O

teT

Lemma 25.9. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let T be a K-injective and graded injective object of
Mod(A, d). For every solid diagram in Mod(A, d)

M——

a,,
bJ/

M

where b is injective and M is acyclic a dotted arrow exists making the diagram
commute.

Proof. Since M is acyclic and Z is K-injective, there exists a graded .A-module
map h: M — T of degree —1 such that a = d(h). Since Z is graded injective and
b is injective, there exists a graded .A-module map A’ : M’ — T of degree —1 such
that h = h’ o b. Then we can take o’ = d(h') as the dotted arrow. O
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Lemma 25.10. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let T be a K-injective and graded injective object of
Mod( A, d). For every solid diagram in Mod(A, d)

M a

M
where b is a quasi-isomorphism a dotted arrow exists making the diagram commute

up to homotopy.
Proof. After replacing M’ by the direct sum of M’ and the cone on the identity

on M (which is acyclic) we may assume b is also injective. Then the cokernel Q of
b is acyclic. Thus we see that
Hom g (mod(a,a)) (2, ) = Hompe(nod(a,a)) (L, I)[1] = 0
as 7 is K-injective. As 7 is graded injective by Remark [25.3 we see that
Hom g (a0d(4,d)) (M, T) — Homg (aod(a,4)) (M, T)

is bijective and the proof is complete. O
Lemma 25.11. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). There exists a set R and for each r € R an injective

map M, — M. of acyclic differential graded A-modules such that for an object T
of Mod(A, d) the following are equivalent

(1) T is K-injective and graded injective, and

(2) for every solid diagram

M, ——

J/ 4
M,

a dotted arrow exists in Mod(A, d) making the diagram commute.
Proof. Let T and M; — M be as in Lemma Let S and M be as in Lemma
Choose an injective map M, — M. of acyclic differential graded .A-modules
which is homotopic to zero. This is possible because we may take M/, to be the cone
on the identity; in that case it is even true that the identity on M/ is homotopic to
zero, see Differential Graded Algebra, Lemma which applies by the discussion
in Section We claim that R = T[] S with the given maps works.
The implication (1) = (2) holds by Lemma [25.9]
Assume (2). First, by Lemma we see that 7 is graded injective. Next, let M
be an acyclic differential graded .A-module. We have to show that

Hom g (a0d(4,d)) (M, L) =0

The proof will be exactly the same as the proof of Injectives, Lemma, [12.3]
We are going to construct by induction on the ordinal a an acyclic differential

graded submodule K, C M as follows. For a = 0 we set £y = 0. For a > 0 we
proceed as follows:


https://stacks.math.columbia.edu/tag/0FSX
https://stacks.math.columbia.edu/tag/0FSY

OFSZ

DIFFERENTIAL GRADED SHEAVES 37

(1) If a = B+ 1 and Kg = M then we choose K, = .

(2) If @ = f+1and Ky # M then M/Kp is a nonzero acyclic differential graded
A-module. We choose a differential graded A submodule N, € M/Kg
isomorphic to M, for some s € S, see Lemma[25.6] Finally, we let K, C M
be the inverse image of N,.

(3) If « is a limit ordinal we set Kg = colim K,,.

It is clear that M = I, for a suitably large ordinal a. We will prove that

Hom g (a10d(a,d)) (Ko, Z)

is zero by transfinite induction on «a. It holds for a = 0 since Ky is zero. Suppose
it holds for 8 and @ = S+ 1. In case (1) of the list above the result is clear. In case
(2) there is a short exact sequence

0= Ksg— Koy —>Ny—0
By Remark and since we’ve seen that 7 is graded injective, we obtain an exact
sequence
Hom g (a10d(4,d)) (K5, ) — Hom g (pod(A,a)) (Ko, Z) — Hom g (aod(A,d)) (Nas )

By induction the term on the left is zero. By assumption (2) the term on the right is
zero: any map M, — T factors through M/, and hence is homotopic to zero. Thus
the middle group is zero too. Finally, suppose that a is a limit ordinal. Because
we also have IC, = colim KC, as graded A-modules we see that

HomModdg(A,d) (Ko I) = limpg<q HOmModdg(.A,d) (Ks,T)

as complexes of abelian groups. The cohomology groups of these complexes com-
pute morphisms in K (Mod(A, d)) between shifts. The transition maps in the system
of complexes are surjective by Remark [25.3|because 7 is graded injective. Moreover,
for a limit ordinal 8 < a we have equality of limit and value. Thus we may apply
Homology, Lemma to conclude. O

Lemma 25.12. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let R be a set and for each r € R let an injective map
M, — M. of acyclic differential graded A-modules be given. There exists a functor
M : Mod(A, d) — Mod(A, d) and a natural transformation j : id — M such that

(1) jm : M — M(M) is injective and a quasi-isomorphism,
(2) for every solid diagram

M, ——M
i le
a dotted arrow exists in Mod(A, d) making the diagram commute.
Proof. We define M (M) as the pushout in the following diagram
Dy Mr — M

|

@(r,(p) M;‘ - M(M)
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where the direct sum is over all pairs (r, ) with 7 € Rand ¢ € Hom p/o4(4,q) (M7, M).
Since the pushout of an injective map is injective, we see that M — M (M) is in-
jective. Since the cokernel of the left vertical arrow is acyclic, we see that the
(isomorphic) cokernel of M — M (M) is acyclic, hence M — M (M) is a quasi-
isomorphism. Property (2) holds by construction. We omit the verification that
this procedure can be turned into a functor. (Il

Theorem 25.13. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,O). For every differential graded A-module M there exists a
quasi-isomorphism M — I where L is a graded injective and K-injective differential
graded A-module. Moreover, the construction is functorial in M.

Proof. Let R and M, — M. be a set of morphisms of Mod(A, d) found in Lemma
Let M with transformation id — M be as constructed in Lemma[25.12| using
R and M, — M. Using transfinite recursion we define a sequence of functors M,
and natural transformations Mg — M, for a < 3 by setting
(1) My =id,
(2) Myt1 = M o M, with natural transformation Mg — M, for § < a+1
coming from the already constructed Mg — M, and the maps M, —
M o M, coming from id — M, and
(3) My = colimg., Mg if « is a limit ordinal with the coprojections as trans-
formations Mg — M, for o < 3.
Observe that for every differential graded .A-module the maps M — Mg(M) —
My (M) are injective quasi-isomorphisms (as filtered colimits are exact).

Recall that Mod(A,d) is a Grothendieck abelian category. Thus by Injectives,
Proposition [11.5 (applied to the direct sum of M, for all » € R) there is a limit
ordinal a such that M, is a-small with respect to injections for every r € R. We
claim that M — M, (M) is the desired functorial embedding of M into a graded
injective K-injective module.

Namely, any map M, — M, (M) factors through Mz(M) for some S < . How-
ever, by the construction of M we see that this means that M, — Mgy (M) =
M (Mpg(M)) factors through M. Since Mg(M) C Mpi1(M) C My (M) we get the
desired factorizaton into M, (M). We conclude by our choice of R and M, — M.,
in Lemma O

26. The derived category
This section is the analogue of Differential Graded Algebra, Section

Let (C,O) be a ringed site. Let (A,d) be a sheaf of differential graded algebras
on (C,0). We will construct the derived category D(A,d) by inverting the quasi-
isomorphisms in K(Mod(A,d)).

Lemma 26.1. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). The functor HY : Mod(A, d) — Mod(O) of Sectz’on
factors through a functor

HY: K(Mod(A, d)) — Mod(O)
which is homological in the sense of Derived Categories, Definition[3.5.
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Proof. It follows immediately from the definitions that there is a commutative
diagram
Mod(A,d) —— K(Mod(A,d))

i l

Comp(0O) —— K(Mod(O))

Since H(M) is defined as the zeroth cohomology sheaf of the underlying complex
of O-modules of M the lemma follows from the case of complexes of O-modules
which is a special case of Derived Categories, Lemma [11.1 (I

Lemma 26.2. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differen-
tial graded algebras on (C,O0). The full subcategory Ac of the homotopy category
K(Mod( A, d)) consisting of acyclic modules is a strictly full saturated triangulated
subcategory of K(Mod(A, d)).

Proof. Of course an object M of K(Mod(A,d)) is in Ac if and only if H (M) =
HO(M]i]) is zero for all i. The lemma follows from this, Lemma @L and Derived
Categories, Lemma, See also Derived Categories, Definitions [6.1] and and
Lemma O

Lemma 26.3. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Consider the subclass Qis C Arrows(K(Mod(A, d))) con-
sisting of quasi-isomorphisms. This is a saturated multiplicative system compatible
with the triangulated structure on K(Mod(A, d)).

Proof. Observe that if f,g : M — A are morphisms of Mod(A,d) which are ho-
motopic, then f is a quasi-isomorphism if and only if g is a quasi-isomorphism.
Namely, the maps H*(f) = H°(f[i]) and H*(g) = H°(g[i]) are the same by Lemma

Thus it is unambiguous to say that a morphism of the homotopy category
K(Mod(A,d)) is a quasi-isomorphism. For definitions of “multiplicative system”,
“saturated”, and “compatible with the triangulated structure” see Derived Cate-

gories, Definition and Categories, Definitions and [27.20

To actually prove the lemma consider the composition of exact functors of triangu-
lated categories

K(Mod(A,d)) — K(Mod(O)) — D(O)
and observe that a morphism f : M — N of K(Mod(A,d)) is in Qis if and only
if it maps to an isomorphism in D(OQ). Thus the lemma follows from Derived
Categories, Lemma O

In the situation of Lemma we can apply Derived Categories, Proposition
to obtain an exact functor of triangulated categories

Q : K(Mod(A,d)) — Qis™ 'K (Mod(A,d))
However, as Mod(A,d) is a “big” category, i.e., its objects form a proper class, it
isn’t immediately clear that given M and A the construction of Qis~ ' K (Mod(A, d))
produces a set
Morqis—1 g (Mod(A,a)) (M, N)

of morphisms. However, this is true thanks to our construction of K-injective
complexes. Namely, by Theorem [25.13] we can choose a quasi-isomorphism s :
N — T where T is a graded injective and K-injective differential graded .A-module.
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Next, recall that elements of the displayed set are equivalence classes of pairs (f :
M = N s: N = N') where f is an arbitrary morphism of K(Mod(A,d)) and
s is a quasi-isomorphsm, see the description of the left calculus of fractions in
Categories, Section By Lemma we can choose the dotted arrow

M N
N’ s >T

making the diagram commute (in the homotopy category). Thus the pair (f,s)
is equivalent to the pair (s’ o f,s0) and we find that the collection of equivalence
classes forms a set.

OFT5 |Definition 26.4. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,D). Let Qis be as in Lemma The derived category of
(A, d) is the triangulated category

D(A,d) = Qis™ ' K (Mod(A,d))
discussed in more detail above.

We prove some facts about this construction.

0OFT6 |Lemma 26.5. In Definition|26.4|the kernel of the localization functor Q : K (Mod(A, d)) —
D(A, d) is the category Ac of Lemma .

Proof. This is immediate from Derived Categories, Lemma [5.9) and the fact that
0 — M is a quasi-isomorphism if and only if M is acyclic. |

OFT7 |Lemma 26.6. In Definition the functor H° : K(Mod(A, d)) — Mod(O)
factors through a homological functor H® : D(A, d) — Mod(O).

Proof. Follows immediately from Derived Categories, Lemma O

Here is the promised lemma computing morphism sets in the derived category.

OFT8 |Lemma 26.7. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let M and N be differential graded A-modules. Let
N — T be a quasi-isomorphism with I a graded injective and K-injective differential
graded A-module. Then

Hompa,4) (M, N) = Homg (mod(a,a) (M, T)
Proof. Since N' — T is a quasi-isomorphism we see that
Homp(a,4)(M, N) = Hompa,q)(M, )

In the discussion preceding Definition [26.4] we found, using Lemma that any
morphism M — Z in D(A,d) can be represented by a morphism f : M — T
in K(Mod(A,d)). Now, if f,f' : M — T are two morphism in K(Mod(A,d)),
then they define the same morphism in D(A,d) if and only if there exists a quasi-
isomorphism g : Z — K in K(Mod(A,d)) such that go f = go f', see Categories,
Lemma [27.6, However, by Lemma there exists a map h : K — Z such that
hog=1idz in in K(Mod(A,d)). Thus go f = go f' implies f = f’ and the proof is
complete. ([
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OFT9 |Lemma 26.8. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Then

(1) D(A,d) has both direct sums and products,

(2) direct sums are obtained by taking direct sums of differential graded A-
modules,

(3) products are obtained by taking products of K-injective differential graded
modules.

Proof. We will use that Mod(A,d) is an abelian category with arbitrary direct
sums and products, and that these give rise to direct sums and products in K (Mod(A, d)).
See Lemmas [13.2] and

Let M; be a family of differential graded .A-modules. Consider the direct sum
M = P M, as a differential graded .A-module. For a differential graded .A-module
N choose a quasi-isomorphism A — Z where Z is graded injective and K-injective
as a differential graded A-module. See Theorem [25.13] Using Lemma [26.7] we have

Hom p(4,4y(M,N) = Homg(4,4)(M,Z)
= H Hom g (4,q)(M;,T)
= [[Homp(a,a)(M;,2)
whence the existence of direct sums in D(A,d) as given in part (2) of the lemma.

Let M; be a family of differential graded .4-modules. For each j choose a quasi-
isomorphism M — Z; where Z; is graded injective and K-injective as a differential
graded A-module. Consider the product Z = [] Z; of differential graded A-modules.
By Lemmas [25.8] and [25.4] we see that Z is graded injective and K-injective as a
differential graded A-module. For a differential graded A-module N using Lemma
we have

HomD(A,d) (N, I) = HOHIK(AA)(N, I)
= HHomK(A,d)(Na Z;)
= [[HompaayNV, M;)

whence the existence of products in D(A, d) as given in part (3) of the lemma. O

27. The canonical delta-functor

OFTA Let (C,0) be a ringed site. Let (A,d) be a sheaf of differential graded algebras on
(C,0). Consider the functor Mod(A,d) — K(Mod(A,d)). This functor is not a
d-functor in general. However, it turns out that the functor Mod(A,d) — D(A,d)
is a d-functor. In order to see this we have to define the morphisms § associated to
a short exact sequence

0KSch M=o

in the abelian category Mod(A,d). Consider the cone C(a) of the morphism a
together with its canonical morphisms ¢ : £ — C(a) and p : C(a) — KI1], see
Definition There is a homomorphism of differential graded .A-modules

q:C(a) — M
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by Differential Graded Algebra, Lemma (which we may use by the discussion
in Section applied to the diagram

K——=L
L
0——M
The map ¢ is a quasi-isomorphism for example because this is true in the category
of morphisms of complexes of O-modules, see discussion in Derived Categories,

Section According to Differential Graded Algebra, Lemma [27.13| (which we
may use by the discussion in Section the triangle

(’Cv Ev C(a)a a, i? _p)

is a distinguished triangle in K (Mod(.A, d)). As the localization functor K (Mod(.A,d)) —
D(A,d) is exact we see that (K,L,C(a),a,i,—p) is a distinguished triangle in
D(A,d). Since q is a quasi-isomorphism we see that ¢ is an isomorphism in D(A, d).
Hence we deduce that

(’C7 ‘C7 Ma a, b7 —po q_l)
is a distinguished triangle of D(A,d). This suggests the following lemma.

OFTB |Lemma 27.1. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). The localization functor Mod(A, d) — D(A, d) has the

natural structure of a §-functor, with

dK—sLsM = —po q_l

with p and q as explained above.

Proof. We have already seen that this choice leads to a distinguished triangle
whenever given a short exact sequence of complexes. We have to show functorial-
ity of this construction, see Derived Categories, Definition This follows from
Differential Graded Algebra, Lemma (which we may use by the discussion in
Section with a bit of work. Compare with Derived Categories, Lemma[12.1] O

OFTC |Lemma 27.2. Let (C,0) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Let M, be a system of differential graded A-modules.
Then the derived colimit hocolimM,, in D(A,d) is represented by the differential
graded module colim M,,.

Proof. Set M = colim M,,. We have an exact sequence of differential graded
A-modules

0—>@Mn—>@./\/ln—>./\/l—>0

by Derived Categories, Lemma (applied the underlying complexes of O-modules).
The direct sums are direct sums in D(A,d) by Lemmam Thus the result follows
from the definition of derived colimits in Derived Categories, Definition [33.1] and
the fact that a short exact sequence of complexes gives a distinguished triangle

(Lemma [27.1]). O
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28. Derived pullback

Let (f, f*) : (Sh(C), O¢) — (Sh(D), Op) be a morphism of ringed topoi. Let A be a
differential graded O¢-algebra. Let B be a differential graded Op-algebra. Suppose
we are given a map

o fIB= A
of differential graded f~'Op-algebras. By the adjunction of restriction and exten-
sion of scalars, this is the same thing as a map ¢ : f*B — A of differential graded
Oc-algebras or equivalently ¢ can be viewed as a map

p:B— f.A
of differential graded Op-algebras. See Remark
In addition to the above, let A" be a second differential graded Oc¢-algebra and let
N be a differential graded (A,.A’)-bimodule. In this setting we can consider the
functor
Mod(B,d) — Mod(A',d), M +— ffM@sN
Observe that this extends to a functor
Mod™(B,d) — Mod™(A',d), Mr— ffM@sN
of differential graded categories by the discussion in Sections [I§ and [I7} It follows
formally that we also obtain an exact functor
(28.0.1) K(Mod(B,d)) — K(Mod(A’,d)), M+ ffMesN

of triangulated categories.

Lemma 28.1. In the situation above, the functor (28.0.1|) composed with the local-
ization functor K(Mod(A', d)) — D(A’, d) has a left derived extension D(B,d) —
D(A, d) whose value on a good right differential graded B-module P is f*P Q4 N.

Proof. Recall that for any (right) differential graded B-module M there exists
a quasi-isomorphism P — M with P a good differential graded B-module. See
Lemma Hence by Derived Categories, Lemma it suffices to show that
given a quasi-isomorphism P — P’ of good differential graded B-modules the in-
duced map
PROAN — f*P @ N

is a quasi-isomorphism. The cone P’ on P — P’ is a good differential graded
A-module by Lemma Since we have a distinguished triangle

P—P —P"—= Pl
in K(Mod(B,d)) we obtain a distinguished triangle
FPOAN = [P QAN = f*P"@aN = [Plll@sN

in K(Mod(A’,d)). By Lemma the differential graded module f*P” @4 N is
acyclic and the proof is complete. O

Definition| 28.2. Derived tensor product and derived pullback.

(1) Let (C,0O) be a ringed site. Let A, B be differential graded O-algebras.
Let N be a differential graded (A, B)-bimodule. The functor D(A,d) —
D(B,d) constructed in Lemma[28.1]is called the derived tensor product and
denoted — @4 N.
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(2) Let (f, f*) : (Sh(C),0c) — (Sh(D),Op) be a morphism of ringed topoi.
Let A be a differential graded Oc-algebra. Let B be a differential graded
Op-algebra. Let ¢ : B — f.. A be a homomorphism of differential graded
Op-algebras. The functor D(B,d) — D(A,d) constructed in Lemma
is called derived pullback and denote L f*.

With this language in place we can express some obvious compatibilities.

Lemma 28.3. In Lemma the functor D(B,d) — D(A’, d) is equal to M —
LM@Y N.

Proof. Immediate from the fact that we can compute these functors by repre-
senting objects by good differential graded modules and because f*P is a good
differential graded A-module if P is a good differential graded B-module. d

Lemma 28.4. Let (f, f*) : (Sh(C),O) — (Sh(C'),O’) and (g,g%) : (Sh(C"),O") —
(Sh(C"),0") be morphisms of ringed topoi. Let A, A, and A" be a differential
graded O-algebra, O'-algebra, and O"-algebra. Let ¢ : A" — f.A and ¢’ : A" —
g+ A’ be a homomorphism of differential graded O’ -algebras and O" -algebras. Then
we have L(go f)* = Lf* o Lg* : D(A”,d) — D(A, d).

Proof. Immediate from the fact that we can compute these functors by repre-
senting objects by good differential graded modules and because f*P is a good
differential graded A’-module of P is a good differential graded .A-module. O

Let (C,0) be a ringed site. Let A, B be differential graded O-algebras. Let N —
N’ be a homomorphism of differential graded (A, B)-bimodules. Then we obtain
canonical maps

t: MOYN — ML N
functorial in M in D(A,d) which define a natural transformation between exact
functors D(A,d) — D(B,d) of triangulated categories. The value of ¢ on a good
differential graded A-module P is the obvious map

PRLN=PRAN —PRAN =P34 N

Lemma 28.5. In the situation above, if N — N is an isomorphism on cohomology
sheaves, then t is an isomorphism of functors (— @4 N) — (— @4 N7).

Proof. It is enough to show that P ® 4 NV = P ®4 N’ is an isomorphism on
cohomology sheaves for any good differential graded A-module P. To do this,
let N be the cone on the map N' — N’ as a left differential graded .A-module,
see Definition (To be sure, N/ is a bimodule too but we don’t need this.)
By functoriality of the tensor construction (it is a functor of differential graded
categories) we see that P ® 4 N is the cone (as a complex of O-modules) on the
map P4 N — P4 N'. Hence it suffices to show that P ® 4 N is acyclic. This
follows from the fact that P is good and the fact that N’ is acyclic as a cone on a
quasi-isomorphism. O

Lemma 28.6. Let (C,0) be a ringed site. Let A, B be differential graded O-
algebras. Let N be a differential graded (A, B)-bimodule. If N is good as a left
differential graded A-module, then we have M ®a./\/ = M®N for all differential
graded A-modules M.
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Proof. Let P — M be a quasi-isomorphism where P is a good (right) differential
graded A-module. To prove the lemma we have to show that P @4 N — M Q4N
is a quasi-isomorphism. The cone C on the map P — M is an acyclic right
differential graded A-module. Hence C ® 4 N is acyclic as N is assumed good
as a left differential graded A-module. Since C ® 4 N is the cone on the maps
PRIAN - M®4N as a complex of O-modules we conclude. O

Lemma 28.7. Let (C,0) be a ringed site. Let A, A’, A" be differential graded
O-algebras. Let N and N be a differential graded (A, A")-bimodule and (A’, A”)-
bimodule. Assume that the canonical map
NOWN — Nog N
in D(A",d) is a quasi-isomorphism. Then we have
(MRUN)L N =M% (New N
as functors D(A, d) — D(A", d).

Proof. Choose a good differential graded .A-module P and a quasi-isomorphism
P — M, see Lemma 23.7] Then

ML N@s N)=PRAN @4 N
and we have

(ML N)@% N = (PoaN)L N
Thus we have to show the canonical map

(PRAN) U N — PRAN @4 N

is a quasi-isomorphism. Choose a quasi-isomorphism Q — N’ where Q is a good
left differential graded A’-module (Lemma [23.7). By Lemma the map above
as a map in the derived category of O-modules is the map

POIAN @4 Q —PRIAN Q4 N’

Since N ®@ 4 Q@ - N ® 4 N is a quasi-isomorphism by assumption and P is a good
differential graded A-module this map is an quasi-isomorphism by Lemma (the
left and right hand side compute P @5 (N ®.4 Q) and P @5 (M @4 N7) or you
can just repeat the argument in the proof of the lemma). O

29. Derived pushforward

The existence of enough K-injective guarantees that we can take the right derived
functor of any exact functor on the homotopy category.

Lemma 29.1. Let (C,O) be a ringed site. Let (A, d) be a sheaf of differential
graded algebras on (C,0). Then any exact functor
T: K(Mod(A,d) — D

of triangulated categories has a right derived extension RT : D(A,d) — D whose
value on a graded injective and K-injective differential graded A-module T is T(I).

Proof. By Theorem for any (right) differential graded A-module M there
exists a quasi-isomorphism M — Z where 7 is a graded injective and K-injective
differential graded .A-module. Hence by Derived Categories, Lemmal[I4.15]it suffices
to show that given a quasi-isomorphism Z — 7’ of differential graded .A-modules
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which are both graded injective and K-injective then T'(Z) — T(Z’) is an isomor-
phism. This is true because the map Z — 7’ is an isomorphism in K(Mod(A,d)) as
follows for example from Lemma (or one can deduce it from Lemma[25.10). O

There are a number of functors we have already seen to which this applies. Here
are two examples.
Definition| 29.2. Derived internal hom and derived pushforward.
(1) Let (C,O) be a ringed site. Let A, B be differential graded O-algebras. Let
N Dbe a differential graded (A, B)-bimodule. The right derived extension
RHomg(N,—): D(B,d) — D(A,d)

of the internal hom functor Hom' (N, —) is called derived internal hom.

(2) Let (f, f*) : (Sh(C),0c) — (Sh(D),Op) be a morphism of ringed topoi.
Let A be a differential graded Oc-algebra. Let B be a differential graded
Op-algebra. Let ¢ : B — f..A be a homomorphism of differential graded
Op-algebras. The right derived extension

Rf.: D(A,d) — D(B,d)
of the pushforward f, is called derived pushforward.

It turns out that Rf. : D(A,d) — D(B,d) agrees with derived pusforward on
underlying complexes of O-modules, see Lemma [29.§

These functors are the adjoints of derived pullback and derived tensor product.

Lemma 29.3. Let (C,0) be a ringed site. Let A, B be differential graded O-
algebras. Let N be a differential graded (A, B)-bimodule. Then

RHomp(N,—): D(B,d) — D(A, d)

is right adjoint to
~ @4 N :D(A, d) — D(B, d)

Proof. This follows from Derived Categories, Lemma and Lemma O

Lemma 29.4. Let (f, f*) : (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed
topoi. Let A be a differential graded Oc-algebra. Let B be a differential graded Op-
algebra. Let ¢ : B — fo A be a homomorphism of differential graded Op-algebras.
Then

Rf.: D(A,d) — D(B,d)
is Tight adjoint to
Lf*: D(B.d) — D(A, d)
Proof. This follows from Derived Categories, Lemma and Lemma O

Next, we discuss what happens in the situation considered in Section [28]

Let (f, f*) : (Sh(C), O¢) — (Sh(D), Op) be a morphism of ringed topoi. Let A be a
differential graded O¢-algebra. Let B be a differential graded Op-algebra. Suppose
we are given a map

o: B> A
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of differential graded f~!'Op-algebras. By the adjunction of restriction and exten-
sion of scalars, this is the same thing as a map ¢ : f*B — A of differential graded
Oc-algebras or equivalently ¢ can be viewed as a map

p:B— f.A
of differential graded Op-algebras. See Remark

In addition to the above, let A" be a second differential graded Oc¢-algebra and let
N be a differential graded (A,.A’)-bimodule. In this setting we can consider the
functor

Mod(A',d) — Mod(B,d), M s f. Hom" (N, M)
Observe that this extends to a functor
Mod™(A',d) — Mod™(B,d), M +— f, Homiﬂ(]\/’,/\/l)

of differential graded categories by the discussion in Sections [I8 and [I7} It follows
formally that we also obtain an exact functor

(29.4.1) K(Mod(A',d)) — K(Mod(B,d)), M+ f. Hom% (N, M)
of triangulated categories.

Lemma 29.5. In the situation above, denote RT : D(A’, d) — D(B, d) the right
derived extension of (29.4.1). Then we have

RT(M) = Rf.RHom(N, M)
functorially in M.

Proof. By Lemmas and the functor (29.4.1)) is right adjoint to the functor
(28.0.1)). By Derived Categories, Lemma the functor RT is right adjoint to

the functor of Lemma [28.1] which is equal to Lf*(—) ®4 N by Lemma By
Lemmas [29.3[and [29.4| the functor Lf*(—)®@Y N is left adjoint to Rf. R Hom (N, —)
Thus we conclude by uniqueness of adjoints. O

Lemma 29.6. Let (f, f*): (Sh(C),0) — (Sh(C'),O’) and (g,¢") : (Sh(C"),O’) —
(Sh(C"),O0") be morphisms of ringed topoi. Let A, A’, and A" be a differential
graded O-algebra, O’ -algebra, and O"-algebra. Let p : A — fu A and o' : A" —
g A" be a homomorphism of differential graded O'-algebras and O"-algebras. Then
we have R(go f)« = Rg. o Rf.: D(A,d) — D(A”, d).

Proof. Follows from Lemmas and and uniqueness of adjoints. O

Lemma 29.7. Let (C,0) be a ringed site. Let A, A, A" be differential graded
O-algebras. Let N and N be a differential graded (A, A’)-bimodule and (A’, A")-

bimodule. Assume that the canonical map
N N — N ou N
in D(A",d) is a quasi-isomorphism. Then we have
RHompgn(N @4 N, =) = RHoma (N, RHom (N, —))
as functors D(A”,d) — D(A, d).
Proof. Follows from Lemmas and and uniqueness of adjoints. ([l
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Lemma 29.8. Let (f, f*) : (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed
topoi. Let A be a differential graded Oc¢-algebra. Let B be a differential graded Op-
algebra. Let ¢ : B — f.A be a homomorphism of differential graded Op-algebras.
The diagram

D(A,d) ————= D(Oc)
Rf. \L i Rf«
D(B, d) —I" . D(Op)

commutes.

Proof. Besides identifying some categories, this lemma follows immediately from

Lemma [29.6

We may view (Oc¢, 0) as a differential graded O¢-algebra by placing Oc¢ in degree 0
and endowing it with the zero differential. It is clear that we have

MOd(Oc, O) = COmp(Oc) and D(Oc, O) = D(Oc)
Via this identification the forgetful functor Mod(A,d) — Comp(Oc¢) is the “push-
forward” id¢ . defined in Section @ corresponding to the identity morphism ide¢ :
(C,0¢) = (C,0Oc¢) of ringed topoi and the map (O¢,0) — (A,d) of differential
graded Oc-algebras. Since idc . is exact, we immediately see that

Ridc . = forget : D(A,d) — D(O¢,0) = D(O¢)
The exact same reasoning shows that

Ridp . = forget : D(B,d) — D(Op,0) = D(Op)

Moreover, the construction of Rf, : D(O¢) — D(Op) of Cohomology on Sites,
Section [19 agrees with the construction of Rf, : D(O¢,0) — D(Op,0) in Definition
[29.2] as both functors are defined as the right derived extension of pushforward on
underlying complexes of modules. By Lemma [29.6] we see that both Rf. o Ride .
and Ridp . o Rf. are the derived functors of f, o forget = forget o f. and hence
equal by uniqueness of adjoints. O

Lemma 29.9. Let (C,O) be a ringed site. Let A be a differential graded O-algebra.
Let M be a differential graded A-module. Let n € Z. We have

H"(C, M) = Homp4,q4) (A, M[n])

where on the left hand side we have the cohomology of M viewed as a complex of
O-modules.

Proof. To prove the formula, observe that
RT(C, M) =T(C,T)

where M — T is a quasi-isomorphism to a graded injective and K-injective differ-
ential graded .A-module Z (combine Lemmas and [29.8). By Lemma we
have

Hom p4,4)(A, M[n]) = Hom g (soa(a,4)) (M, Z[n]) = H*(I(C,Z[n])) = H*(I'(C,T))

Combining these two results we obtain our equality. [
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30. Equivalences of derived categories
This section is the analogue of Differential Graded Algebra, Section

Lemma 30.1. Let (C,O) be a ringed site. If ¢ : A — B is a homomorphism of dif-
ferential graded O-algebras which induces an isomorphism on cohomology sheaves,
then

D(A,d) — D(B,d), M+— McLB

is an equivalence of categories.
Proof. Recall that the restriction functor
Mod™ (B,d) — Mod"(A,d), N~ res,N
is a right adjoint to
Mod™(A,d) — Mod™(B,d), M M@4B

See Section [T7] Since restriction sends quasi-isomorphisms to quasi-isomorphisms,
we see that it trivially has a left derived extension (given by restriction). This
functor will be right adjoint to — ®ﬁ B by Derived Categories, Lemma The
adjunction map
M = res (M @4 B)

is an isomorphism in D (A, d) by our assumption that A — B is a quasi-isomorphism
of (left) differential graded .A-modules. In particular, the functor of the lemma is
fully faithful, see Categories, Lemma It is clear that the kernel of the restric-
tion functor D(B,d) — D(A,d) is zero. Thus we conclude by Derived Categories,
Lemma O

31. Resolutions of differential graded algebras

This section is the analogue of Differential Graded Algebra, Section

Let (C,O) be a ringed site. As in Remark consider a sheaf of graded sets S
on C. Let us think of the r-fold self product S X ... x S as a sheaf of graded sets
with the rule deg(sy -...-s,) = > deg(s;). Here given local sections s; € S(U),
i=1,...,7 we use §1 - ... S, to denote the corresponding section of § x ... x §
over U. Let us denote O(S) the free graded O-algebra on S. More precisely, we set

(’)(S):(’)@@T>1O[8x...x8]

with notation as in Remark 235 This becomes a sheaf of graded O-algebras by
concatenation
($1+vev-8p)(S) e 8)=81"...8 -8, ... 5.
We may endow O(S) with a differential by setting d(s) = 0 for all local sections s
of § and extending uniquely using the Leibniz rule although it is important to also
consider other differentials.
Indeed, suppose that we are given a system of the following kind
(1) for ¢ =0,1,2,... sheaves of graded sets S;,
(2) for i =0,1,2,... maps
5i+1 : Si+1 — AZ = O<SO II... HSZ>
of sheaves of graded sets of degree 1 whose image is contained in the kernel
of the inductively defined differential on the target.
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More precisely, we first set Ay = O(Sy) and we endow it with the unique differential
satisfying the Leibniz rule where d(s) = 0 for any local section s of S. By induction,
assume given a differential d on A;. Then we extend it to the unique differential
on A;; satisfying the Leibniz rule and with

d(s) = 4(s)

where §(s) = 0;(s) if s is in the summand S; of Sy II ... II S;;1. This makes sense
exactly because d(s) is in the kernel of the inductively defined differential.

Lemmal 31.1. In the situation above the differential graded O-algebra
A = colim A;

has the following property: for any morphism (f, f*) : (Sh(C'),0") — (Sh(C),O)
of ringed topoi, the pullback f*A is flat as a graded O'-module and is K-flat as a
complex of O'-modules.

Proof. Observe that f*A = colim f*A4; and that
f*.Ai - O/<f_180 IIr... o f_1$i>

with differential given by the inductive procedure above using f~!8;;;. Thus it
suffices to prove that A is flat as a graded O-module and is K-flat as a complex of
O-modules. For this it suffices to prove that each A; is flat as a graded O-module
and is K-flat as a complex of O-modules, compare with Lemma [23.3]

For i > 1 write S = So II... I S; so that we have A; = O(S) as a graded O-
algebra. We are going to construct a filtration of this algebra by differential graded
O-submodules.

Set W = Zigol considered with lexicographical ordering. Namely, given w =
(wo, ... w;) and w' = (w]),...,w.) in W we say

w>w' &35, 0< ) <itwg =wi, wis1 = Wi_q, e, Wip1 = Wi, wy > W)
and so on. Suppose given a section s = §7 ... 5. of S X ... x S over U. We say

that the weight of s is defined if we have s, € S;,(U) for a unique 0 < j, < i. In
this case we define the weight

w(s) = (wo(s), ..., wi(s)) € W, wj(s) = {a | ja = j}

The weight of any section of § x ... x S is defined locally. The reader checks easily
that we obtain a disjoint union decompostion

Sx...xS:H eW(Sx...xS)w

into the subsheaves of sections of a given weight. Of course only w € W with
Y o< j<iWi =T show up for a given r. We correspondingly obtain a decomposition

A =08 @m @wew O[S x...x8),]

The rest of the proof relies on the following trivial observation: given r, w and local
section s =s1-...-s, of (§x...xS§), we have

d(s) is a local section of O @ @T?l @w/ew, e O[(§x...x8),]
The reason is that in each of the expressions

(fl)deg(sl)+"'+deg(5“*1)31 “e.8a—1-0(Sq)  Saq1 - S
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whose sum give the element d(s) the element §(s,) is locally a O-linear combination
of elements s} - ... s, with s}, in S;; for some 0 < j, < j, where j, is such that
54 is section of Sj, .

What this means is the following. Suppose for w € W we set

Foldi =0 0D D, ey e OUS XX 8),, ]

By the observation above this is a differential graded O-submodule. We get admis-
sible short exact sequences

0 = colimuycw Fur A = FuAi = D Ol % ... x8),] =0

of differential graded .A-modules where the differential on the right hand side is
ZETO.

Now we finish the proof by transfinite induction over the ordered set W. The
differential graded complex FyAg is the summand O and this is K-flat and graded
flat. For w € W if the result is true for F,,A; for w’ < w, then by Lemmas [23.3]
[23:2] and 23.6] we obtain the result for w. Finally, we have A; = colimyew FpA;
and we conclude. (]

Lemma 31.2. Let (C,0) be a ringed site. Let (B,d) be a differential graded O-
algebra. There exists a quasi-isomorphism of differential graded O-algebras (A, d) —
(B, d) such that A is graded flat and K-flat as a complex of O-modules and such
that the same is true after pullback by any morphism of ringed topoi.

Proof. The proof is exactly the same as the first proof of Lemma [23.7] but now
working with free graded algebras instead of free graded modules.

We will construct A = colim A; as in Lemma by constructing
Ag—- A1 Ay —» ... =B

Let Sp be the sheaf of graded sets (Remark [23.5)) whose degree n part is Ker(dg).
Consider the homomorphism of differential graded modules

Ao = O(Sy) — B

where map sends a local section s of Sy to the corresponding local section of
Adee(s) (which is in the kernel of the differential, so our map is a map of differ-
ential graded algebras indeed). By construction the induced maps on cohomology
sheaves H"(Ag) — H™(B) are surjective and hence the same will remain true for
all 4.

Induction step of the construction. Given A; — B denote S;;1 the sheaf of graded
sets whose degree n part is

Ker(d%‘l) XpBn+1 d B"
This comes equipped with a canonical map
Oip1: Sip1 — A

whose image is contained in the kernel of d4, by construction. Hence A;y; =
O(SpII...S;+1) has a differential exteding the differential on A;, see discussion at
the start of this section. The map from A;+1 to B is the unique map of graded
algebras which restricts to the given map on A; and sends a local section s = (a, b)
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of S;1+1 to b in B. This is compatible with differentials exactly because d(b) is the
image of a in B.

The map A — B is a quasi-isomorphism: we have H"(A) = colim H"(A;) and for
each ¢ the map H"(A;) — H"(B) is surjective with kernel annihilated by the map
H™(A;) — H"(A;4+1) by construction. Finally, the flatness condition for A where
shown in Lemma BTl O

32. Miscellany

Let (f, f*) : (Sh(C),0) — (Sh(C'),O’) be a morphism of ringed topoi. Let A be a
sheaf of differential graded O-algebras. Using the compositiOIﬂ
ABA— A0 A— A

and the relative cup product (see Cohomology on Sites, Remark and Section
we obtain a multiplicatiorﬂ

w: RfLA®S Rf.A — Rf.A

in D(Q’). This multiplication is associative in the sense that the diagram
Rf.A®g Rf. ARG Rf.A p Rf.A®% Rf.A
Rf.A®Y Rf.A - Rf.A
commutes in D(Q"); this follows from Cohomology on Sites, Lemma In ex-

actly the same way, given a right differential graded .A-module M we obtain a
multiplication

pam s Rf M @% Rf.A — Rf M
in D(O’). This multiplication is compatible with p above in the sense that the
diagram

“w
1®#i l#m

RfM®E, Rf.A _— Rf.M

commutes in D(O’); again this follows from Cohomology on Sites, Lemma [33.2]

A particular example of the above is when one takes f to be the morphism to the
punctual topos Sh(pt). In that case p is just the cup product map

RI(C, A) ®Fc.0) RT(C, A) — RI(C, A), n®60—nuUl
and similarly paq is the cup product map
RI(C, M) ®F¢ ) RI(C, A) — RI'(C,M), n®6—nUb

3It would be more precise to write F(A) @5 F(A) — F(A®p A) — F(A) were F denotes
the forgetful functor to complexes of O-modules. Also, note that A ®o A indicates the tensor
product of Sectionso that F(A®p A) = Tot(F(A) ®o F(A)). The first arrow of the sequence
is the canonical map from the derived tensor product of two complexes of O-modules to the usual
tensor product of complexes of @O-modules.

4Here and below Rfx : D(O) — D(O') is the derived functor studied in Cohomology on Sites,

Section ff.
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In general, via the identifications
RT(C,A) = RT'(C',Rf.A) and RIT(C,M)= RT(C',Rf.M)

of Cohomology on Sites, Remark the map paq induces the cup product on
cohomology. To see this use Cohomology on Sites, Lemma where the second
morphism of topoi is the morphism from Sh(C’) to the punctual topos as above.

If My — My is a homomorphism of right differential graded A-modules, then the
diagram

Rf*Ml ®I(5' Rf*A v Rf*Ml
Rf My ®% RFA—"2 ~ REM,

commutes in D(O'); this follows from the fact that the relative cup product is
functorial. Suppose we have a short exact sequence

O%Ml i)./\/l2—>./\/l3—>0
of right differential graded .A-modules. Then we claim that the diagram

Rf.Ms®%, Rf.A Rf.Ms

[TV

Rfd@idl iRﬂ&
L Hamq1]
Rf M1 @Y%, Rf.A—"0 » Rf, M1

commutes in D(O’) where § : Mg — M;[1] is the morphism of D(O) coming from
the given short exact sequence (see Derived Categories, Section . This is clear
if our sequence is split as a sequence of graded right A-modules, because in this
case d can be represented by a map of right A-modules and the discussion above
applies. In general we argue using the cone on a and the diagram

M1 T>M2 ?C(a) j)./\/h[l]
o
My M Mz —2= Myl
where the right square is commutative in D(O) by the definition of § in Derived
Categories, Lemma Now the cone C(a) has the structure of a right differential
graded A-module such that 4, p, ¢ are homomorphisms of right differential graded
A-modules, see Definition[22.2] Hence by the above we know that the corresponding

diagrams commute for the morphisms ¢ and —p. Since ¢ is an isomorphism in D(O)
we conclude the same is true for § as desired.

In the situation above given a right differential graded A-module M let
§e H"(C,M)
In other words, £ is a degree n cohomology class in the cohomology of M viewed
as a complex of O-modules. By Lemma [29.9] we can construct maps
r: A= Mn] and s: M- M
of right differential graded .A-modules where s is a quasi-isomorphism and such
that ¢ is the image of 1 € H%(C,A) via the morphism s[n]~! o z in the derived
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category D(A,d) and a fortiori in the derived category D(O). It follows that the
corresponding map
¢ =(s[n])tox: A— Mn)

in D(O) is uniquely characterized by the following two properties

(1) & can be lifted to a morphism in D(A,d), and

(2) £=¢(1) in H°(C, M[n]) = H™(C, M).
Using the compatibilities of x and s with the relative cup product discussed above it
follows that for everyﬂ morphism of ringed topoi (f, f¥) : (Sh(C), O) — (Sh(C'),O")
the derived pushforward

Rf.& : Rfs A — Rf.M]|n]

of ¢’ is compatible with the maps p and ji [, constructed above in the sense that
the diagram

Rf.A®E Rf.A

Rf.A
Rf*§'®idl lRf*EI
HM[n

Rf Mn) @5 Rf.A—"" s Rf Mn]

commutes in D(O'). Using this compatibility for the map to the punctual topos,
we see in particular that

RT(C,A) ®F ¢ o) BL(C, A) RI(C, A)

§,®idl l{l

RT(C, M[n]) ®F ¢ o) RT(C, A) — RT(C, M(n])

commutes. Combined with (1) = £ this implies that the induced map on coho-
mology

¢ :RU(C,A) — R['(C,M[n]), n+—E&Un
is given by left cup product by £ as indicated.

33. Differential graded modules on a category

This section is the continuation of Cohomology on Sites, Section

Let C be a category. We think of C as a site with the chaotic topology. Let O be
a sheaf of rings on C. Let (A,d) be a sheaf of differential graded O-algebras. In
other words, O is a presheaf of rings on the category C and (A,d) is a presheaf of
differential graded O-algebras on C, see Categories, Definition

Definition 33.1. In the situation above, we denote QC(A, d) the full subcategory
of D(A,d) consisting of objects M such that for all U — V in C the canonical map

RT(V, M) @4y A(U) — RI(U, M)
is an isomorphism in D(A(U),d).
Lemma 33.2. In the situation above, the subcategory QC (A, d) is a strictly full,

saturated, triangulated subcategory of D(A, d) preserved by arbitrary direct sums.

5For example the identity morphism.
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Proof. Let U be an object of C. Since the topology on C is chaotic, the functor
F — F(U) is exact and commutes with direct sums. Hence the exact functor
M +— RI(U,M) is computed by representing K by any differential graded .A-
module M and taking M(U). Thus RI'(U,—) commutes with direct sums, see
Lemma Similarly, given a morphism U — V of C the derived tensor product
functor — ®5(A) A(U) : D(A(V)) — D(A(U)) is exact and commutes with direct
sums. The lemma follows from these observations in a straightforward manner;
details omitted. |

Remark| 33.3. As above, let C be a category viewed as a site with the chaotic
topology, let O be a sheaf of rings on C, and let (A,d) be a sheaf of differential
graded O-algebras. Then the analogue of Cohomology on Sites, Proposition [43.9]
holds for QC(A,d) with almost exactly the same proof:
(1) any contravariant cohomological functor H : QC(A,d) — Ab which trans-
forms direct sums into products is representable,
(2) any exact functor F : QC(A,d) — D of triangulated categories which
transforms direct sums into direct sums has an exact right adjoint, and
(3) the inclusion functor QC(A,d) — D(A,d) has an exact right adjoint.

If we ever need this we will precisely formulate and prove this here.

Let u : C’ — C be a functor between categories. If we view C and C’ as sites with the
chaotic topology, then u is a continuous and cocontinuous functor. Hence we obtain
a morphism ¢ : Sh(C') — Sh(C) of topoi, see Sites, Lemma [21.1} Additionally,
suppose given sheaves of rings O on C and O’ on C’ and a map ¢ : g71O — O'.
We denote the corresponding morphism of ringed topoi simply g : (Sh(C'),O’) —
(Sh(C), ), see Modules on Sites, Section [} Finally, suppose that (A,d) is a sheaf
of differential graded O-algebras and that (A’,d) is a sheaf of differential graded
(O’-algebras and moreover that we are given a map ¢ : g*A — A’ of differential
graded O'-algebras (see Section [18]).

Lemma 33.4. Let g : (Sh(C'),0") — (Sh(C),0) and ¢ : g* A — A’ be as above.
Then the functor Lg* : D(A, d) — D(A’, d) maps QC(A, d) into QC(A’, d).
Proof. Let U’ € Ob(C') with image U = w(U’) in C. Let pt denote the cat-
egory with a single object and a single morphism. Denote (Sh(pt), O'(U’)) and
(Sh(pt), O(U)) the ringed topoi as indicated endowed with the differential graded
algebras A’ (U) and A(U). Of course we identify the derived category of differen-
tial graded modules on these with D(A’(U’),d) and D(A(U),d). Then we have a
commutative diagram of ringed topoi

(Sh(pt), O(U")) — (Sh(C"),O")
l lg
(Sh(pt), O(U)) —— (8h(C). 0)
each endowed with corresponding differential graded algebras. Pullback along the

lower horizontal morphism sends M in D(A,d) to RT'(U, K) viewed as an object
in D(A(U),d). Pullback by the left vertical arrow sends M to M ®3(U) A'(U).

Going around the diagram either direction produces the same result (Lemma [28.4))
and hence we conclude

RI(U', Lg"K) = RI'(U, K) @Y 1) A'(U")
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Finally, let f': U’ — V' be a morphism in C’ and denote f = u(f’) : U = uw(U’) —
V =u(V’) the image in C. If K is in QC(A,d) then we have
RU(V', Lg*K) @G,y A'(U') = LK) @50y A (V) @5y A'(U)
LK) @) A'(U)
LK) @5y AU @5y A(U)
K) @5y A'(U")
(U',Lg"K)

RI(V,
IN(%
IN%
(U,

R
R
R
= Rl

as desired. Here we have used the observation above both for U’ and V. O

34. Differential graded modules on a category, bis

We develop a few more results on the notion of quasi-coherent modules introduced

in Section B3]

Lemmal34.1. LetC,O, A be as in Section. Let C' C C be a full subcategory with
the following property: for every U € Ob(C) the category U/C’ of arrows U — U’
is cofiltered. Denote O', A’ the restrictions of O, A to C'. Then restrictions induces
an equivalence QC(A, d) — QC(A', d).

Proof. We will construct a quasi-inverse of the functor. Namely, let M’ be an
object of QC(A’,d). We may represent M’ by a good differential graded module
M, see Lemma Then for every U’ € Ob(C’) the differential graded A'(U’)-
module M’(U) is K-flat and graded flat and for every morphism U] — Uj, of C’ the
map
M(U3) @ a1y A'(Uy) — M'(Uy)

is a quasi-isomorphism (as the source represents the derived tensor product). Con-
sider the differential graded A-module M defined by the rule

M<U) = COhInU%U’EU/C’ M/(UI> ®A’(U’) .A(U)

This is a filtered colimit of complexes by our assumption in the lemma. Since
M’ is in QC(A’,d) all the transition maps in the system are quasi-isomorphisms.
Since filtered colimits are exact, we see that M(U) in D(A(U),d) is isomorphic to
M (U’") ® 417y A(U) for any morphism U — U’ with U" € Ob(C’).

We claim that M is in QC(A,d): namely, given U — V in C we choose a map
V — V’ with V' € Ob(C’). By the above we see that the map M (V) — M(U) is
identified with the map

M (V') Qv AV) — MV @ vy AU)

Since M'(V’) is K-flat as differential gradede A’'(V')-module, we conclude the claim
is true.

The natural map M|cr — M’ is an isomorphism in D(A’, d) as follows immediately
from the above.

Conversely, if we have an object F of QC(A,d), then we represent it by a good
differential graded module £. Setting M’ = £|¢ (this is another good differential
graded module) we see that there is a map

E—-M


https://stacks.math.columbia.edu/tag/0GZE

0GZF

0GZG

DIFFERENTIAL GRADED SHEAVES 57

wich over U in C is given by the map
S(U) — COHIIIU_>U/€U/C/ S(U,) ®A’(U’) A(U)

which is a quasi-isomorphism by the same reason. Thus restriction and the con-
struction above are quasi-inverse functors as desired. ([

Lemma 34.2. Let C,O be as in Section . Let ¢ : A — B be a homomor-
phism of differential graded O-algebras which induces an isomorphism on cohomol-
ogy sheaves, then the equivalence D(A,d) — D(B,d) of Lemma induces an
equivalence QC(A, d) — QC (B, d).

Proof. It suffices to show the following: given a morphism U — V of C and M in
D(A,d) the following are equivalent

(1) RT(V, M) ®i(v) A(U) — T'(U, M) is an isomorphism in D(A(U),d), and
(2) RT(V, M®53)®§(V)B(U) — (U, M®4B) is an isomorphism in D(B(U), d).

Since the topology on C is chaotic, this simply boils down to fact that A(U) — B(U)
and A(V) — B(V) are quasi-isomorphisms. Details omitted. O

35. Inverse systems of differential graded algebras

In this section we consider the following special case of the situation discussed in

Section B3}

(1) C is the category N with a unique morphism ¢ — j if and only if i < j,
(2) O is the constant (pre)sheaf of rings with value a given ring R.

In this setting a sheaf A of differential graded O-algebras is the same thing as an
inverse system (A,,) of differential graded R-algebras. A sheaf M of differential
graded A-modules is the same thing as an inverse system (M,) where M, is a
differential graded A,-module and the transition maps M, .1 — M, are A,41-
module maps.

Suppose that B = (B,,) is a second inverse system of differential graded R-algebras.
Given a morphism ¢ : (A,) — (Bp) of pro-objects we will construct an exact
functor from QC(A,d) to QC(B,d). Namely, according to Categories, Example
the morphism ¢ is given by a sequence ... > m(3) > m(2) > m(1) of integers
and a commutative diagram

Am(3) Am(2) - Am(l)
\LSOB ls@ i ¥P1
B3 B By

of differential graded R-algebras. Then given a good sheaf of differential graded
A-modules M = (M,,) representing an object of QC(A,d) we can set

m(n)

B,

This inverse system determines an object of QC(B,d) because the A,,,)-modules
M () are K-flat; details omitted. We also leave it to the reader to show that the
resulting functor is independent of the choices made in its construction.
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Lemma 35.1. In the situation above, suppose that A = (A,) a = (By)
are inverse systems of differential graded R-algebras. If ¢ : ( n) ( n) is an
isomorphism of pro-objects, then the functor QC(A,d) — QC(B,d) constructed
above is an equivalence.

Proof. Let ¢ : (B,) — (A,) be a morphism of pro-objects which is inverse to
©. According to the discussion in Categories, Example we may assume that
¢ is given by a system of maps as above and 1) is given n(1) < n(2) < ... and a
commutative diagram

B s) B2y — B
id’s ilﬂz lwl
As A A

of differential graded R-algebras. Since o1 = id we may, after possibly increasing
the values of the functions n(-) and m(-) assume that By (yzi)) — Amu) — Bi is
the identity. It follows that the composition of the functors

QC(B,d) — QC(A,d) — QC(B,d)

sends a good sheaf of differential graded B-modules N' = (N,,) to the inverse system
N’ = (N/) with values

Ni' = Nu(m(@)) @By Bi
which is canonically quasi-isomorphic to N exactly because N is an object of
QC(B,d) and because N; is a K-flat differential graded module for all j. Since
the same is true for the composition the other way around we conclude. ([

Let C = N and O the constant sheaf with value a ring R and let A be given by
an inverse system (A,,) of differential graded R-algebras. Suppose given two left
differential graded A-modules A" and N’ given by inverse systems (N,,) and (N)).
Thus each N,, and N/ is a left differential graded A,-module. Let us temporarily
say that (N,) and (N},) are pro-isomorphic in the derived category if there exist a
sequence of integers
l=ng<ni<nyg<ng<...

and maps

Np,, %N;mil in D(Aff;’; d)
and

Ny = Ny, i D(ATEPd)
such that the compositions N,,, — Nngl ,and N;_ .~ — Ny, are given by the
transition maps of the respectlve systems.

Lemma 35.2. If (N,,) and (N]) are pro-isomorphic in the derived category as
defined above, then for every object (M) of D(N, A) we have

Rlim(M, ®% N,)= Rlim(M, ®@% N,
in D(R).
Proof. The assumption implies that the inverse system (M, ®% N, ) of D(R) is
pro-isomorphic (in the usual sense) to the inverse system (M, ®@% N}) of D(R).

Hence the result follows from the fact that taking Rlim is well defined for inverse
systems in the derived category, see discussion in More on Algebra, Section (]


https://stacks.math.columbia.edu/tag/0GZH
https://stacks.math.columbia.edu/tag/0GZI

0GZJ

0GZK

DIFFERENTIAL GRADED SHEAVES 59

Lemma 35.3. Let R be a ring. Let fi1,..., fr € R. Let K,, be the Koszul complex
on fi,..., [ viewed as a differential graded R-algebra. Let (M,) be an object of
D(N, (Ky)). Then for any t > 1 we have

Rlim(M, ®F K;) = Rlim(M,, @ K;)
in D(R).

Proof. We fix t > 1. For n > t let us denote ,, K; the differential graded R-algebra
K; viewed as a left differential graded K,-module. Observe that

M, ®p Ky = M, ®% (K, ®% K;) = M, ®% (K, ®r K;)

Hence by Lemma it suffices to show that (,K;) and (K, ®g K;) are pro-
isomorphic in the derived category. The multiplication maps

Kn QR Kt — nKt

are maps of left differential graded K,,-modules. Thus to finish the proof it suffices
to show that for all n > 1 there exists an N > n and a map

NKi — vK,, ®r Ky

in D(K?, d) whose composition with the multiplication map is the transition map
(in either direction). This is done in Divided Power Algebra, Lemma by an
explicit construction. [

Proposition 35.4. Let R be a Noetherian ring. Let I C R be an ideal. The
following three categories are canonically equivalent:

(1) Let A be the sheaf of R-algebras on N corresponding to the inverse system
of R-algebras A,, = R/I"™. The category QC(A).

(2) Choose generators f1,..., fr of I. Let B be the sheaf of differential graded
R-algebras on N corresponding to the inverse system of Koszul algebras on
f ..., f™. The category QC(B).

(3) The full subcategory D omp(R,I) C D(R) of derived complete objects, see
More on Algebra, Definition[91.4) and text following.

Proof. Consider the obvious morphism f : (Sh(N), A) — (Sh(pt), R) of ringed
topoi and let us consider the adjoint functors Lf* and Rf,. The first restricts to a
functor

F: Deomp(R,I) — QC(A)
which sends an object K of Domp(R, I) represented by a K-flat complex K*® to the
object (K*® ®gr R/I"™) of QC(A). The second restricts to a functor

G: QC(A) — Deomp(R, I)
which sends an object (M?2) of QC(.A) to Rlim M. The output is derived complete
for example by More on Algebra, Lemma [91.141 Also, it follows from More on
Algebra, Proposition that G o F' = id. Thus to see that F' and G are quasi-

inverse equivalences it suffices to see that the kernel of G is zero (see Derived
Categories, Lemma [7.2]). However, it does not appear easy to show this directly!

In this paragraph we will show that QC(A) and QC(B) are equivalent. Write
B = (B,,) where B, is the Koszul complex viewed as a cochain complex in degrees
—r,—r +1,...,0. By Divided Power Algebra, Remark (but with chain com-
plexes turned into cochain complexes) we can find 1 < n; < ng < ... and maps of

This is a variant of
[BS13l Lemma 3.5.4]
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differential graded R-algebras B,,, — E; — R/(f{",..., f") and E; — B,,_, such
that

Bn1 Bn2 Bn3

Ey Ey E3

Bl Bn1 Bng
is a commutative diagram of differential graded R-algebras and such that E; —
R/(f{", ..., f*) is a quasi-isomorphism. We conclude

(1) there is an equivalence between QC(B) and QC((E;)),

(2) there is an equivalence between QC((E;)) and QC((R/(f1", ..., f))),

(3) there is an equivalence between QC((R/(f{", ..., f™))) and QC(A).
Namely, for (1) we can apply Lemma to the diagram above which shows that
(E;) and (B,,) are pro-isomorphic. For (2) we can apply Lemma [34.2] to the inverse
system of quasi-isomorphisms E; — R/(f]",..., f*). For (3) we can apply Lemma
[35.1]and the elementary fact that the inverse systems (R/I™) and (R/(f}", ..., f™)

are pro-isomorphic.
Exactly as in the first paragraph of the proof we can define adjoint functorﬁﬁ
F': Deomp(R, 1) — QC(B) and G’ : QC(B) — Deomp(R, I).

The first sends an object K of Deomp(R, I) represented by a K-flat complex K* to
the object (K*® ®pg By) of QC(B). The second sends an object (M,,) of QC(B) to
Rlim M,,. Arguing as above it suffices to show that the kernel of G’ is zero. So let
M = (M,,) be a good sheaf of differential graded modules over B which represents
an object of QC(B) in the kernel of G'. Then

0= Rlim M,, = 0 = (Rlim M,) ®% B, = Rlim(M,, @% B,)
By Lemma we have Rlim(M,, ®% B;) = Rlim(M,, ®% B;). Since (M,) is an

object of QC(B) we see that the inverse system M, ®Ién B, is eventually constant
with value M;. Hence M; = 0 as desired. O

Remark| 35.5. Let R be a ring and let fi,..., f. € R be a sequence of elements
generating an ideal I. Let K, be the Koszul complex on f{,..., f viewed as a
differential graded R-algebra. We say fi,..., fr is a weakly proregular sequence
if for all n there is an m > n such that K,, — K, induces the zero map on
cohomology except in degree 0. If so, then the arguments in the proof of Proposition
continue to work even when R is not Noetherian. In particular we see that
QC({R/I™}) is equivalent as an R-linear triangulated category to the category
Decomp(R, I) of derived complete objects, provided I can be generated by a weakly
proregular sequence. If the need arises, we will precisely state and prove this here.

61t can be shown that these functors are, via the equivalences above, compatible with F' and
G defined before.
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