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1. Introduction

In this chapter we use the material from the preceding sections to give criteria
under which a presheaf of sets on the category of schemes is an algebraic space.
Some of this material comes from the work of Artin, see [Art69b|, |[Art70], [Art73|,
[Art71b], [Art71al, [Art69al, [Art69c], and [Art74]. However, our method will be to

use as much as possible arguments similar to those of the paper by Keel and Mori,

see [KMO9T].

2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Schtpp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X x g X for the product of X with itself (in the category of
algebraic spaces over 5), instead of X x X.

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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3. Morphisms representable by algebraic spaces

Here we define the notion of one presheaf being relatively representable by algebraic
spaces over another, and we prove some properties of this notion.

Definition 3.1. Let S be a scheme contained in Schypys. Let F', G be presheaves
on Schyppr/S. We say a morphism a : F' — G is representable by algebraic spaces
if for every U € Ob((Sch/S)fppr) and any & : U — G the fiber product U x¢ ¢ F is
an algebraic space.

Here is a sanity check.

Lemmal 3.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Then [ is representable by algebraic spaces.

Proof. This is formal. It relies on the fact that the category of algebraic spaces
over S has fibre products, see Spaces, Lemma [7.3 ([l

Lemma 3.3. Let S be a scheme. Let
G’ Xa F——F
G’ G

be a fibre square of presheaves on (Sch/S)fppr. If a is representable by algebraic
spaces so is a’.

Proof. Omitted. Hint: This is formal. O

Lemma 3.4. Let S be a scheme contained in Schyyyy. Let F,G : (Sch/S){r - —
Sets. Let a : F' — G be representable by algebraic spaces. If G is a sheaf, then so
is F.

Proof. (Same as the proof of Spaces, Lemma[3.5]) Let {¢; : T; — T} be a covering
of the site (Sch/S)¢pps. Let s; € F(T;) which satisfy the sheaf condition. Then
o; = a(s;) € G(T;) satisfy the sheaf condition also. Hence there exists a unique
o € G(T) such that o; = o|r,. By assumption F’ = hp X4.Gq F is a sheaf. Note
that (v, s;) € F'(T;) satisfy the sheaf condition also, and hence come from some
unique (idr, s) € F'(T). Clearly s is the section of F' we are looking for. O

Lemma 3.5. Let S be a scheme contained in Schyyyy. Let F,G : (Sch/S)3r - —
Sets. Leta : F' — G be representable by algebraic spaces. Then Ap/q : F — FxgF
is representable by algebraic spaces.

Proof. (Same as the proof of Spaces, Lemma ) Let U be a scheme. Let
€= (&,&) € (F xg F)(U). Set & = a(&1) = a(&) € G(U). By assumption there
exist an algebraic space V and a morphism V' — U representing the fibre product
U x¢ ¢ F. In particular, the elements &1, {> give morphisms fq, fo : U — V over U.
Because V represents the fibre product U x¢ ¢ F and because  =ao& =aoé&
we see that if g : U’ — U is a morphism then

g6 =96 fiog= faoyg.
In other words, we see that U x¢ pxr F' is represented by V X A v xv,(f,,f,) U which
is an algebraic space. (I
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The proof of Lemma [3.6] below is actually slightly tricky. Namely, we cannot use
the argument of the proof of Spaces, Lemma because we do not yet know that
a composition of transformations representable by algebraic spaces is representable
by algebraic spaces. In fact, we will use this lemma to prove that statement.

Lemma 3.6. Let S be a scheme contained in Schyppp. Let F,G : (Sch/S){0 . —
Sets. Let a : F — G be representable by algebraic spaces. If G is an algebraic space,
then so is F.

Proof. We have seen in Lemma [3.4] that F is a sheaf.

Let U be a scheme and let U — G be a surjective étale morphism. In this case
U x¢g F' is an algebraic space. Let W be a scheme and let W — U xg F' be a
surjective étale morphism.

First we claim that W — F' is representable. To see this let X be a scheme and let
X — F be a morphism. Then

WXFX:WXUXGFUXGFXFX:WXUXGF(UXGX)
Since both U x¢ F and G are algebraic spaces we see that this is a scheme.

Next, we claim that W — F is surjective and étale (this makes sense now that we
know it is representable). This follows from the formula above since both W —
U xgF and U — G are étale and surjective, hence W xpyyr (U xg X) = U xg X
and U xg X — X are surjective and étale, and the composition of surjective étale
morphisms is surjective and étale.

Set R =W xp W. By the above R is a scheme and the projections t,s : R - W
are étale. It is clear that R is an equivalence relation, and W — F' is a surjection
of sheaves. Hence R is an étale equivalence relation and F' = W/R. Hence F is an
algebraic space by Spaces, Theorem [10.5] O

Lemma 3.7. Let S be a scheme. Let a : F — G be a map of presheaves on
(Sch/S) tpps- Suppose a : F — G is representable by algebraic spaces. If X is an
algebraic space over S, and X — G is a map of presheaves then X xg F is an
algebraic space.

Proof. By Lemma the transformation X xg F — X is representable by alge-
braic spaces. Hence it is an algebraic space by Lemma O

Lemma 3.8. Let S be a scheme. Let
F—2>q@G _b, H

be maps of presheaves on (Sch/S)¢ppr. If a and b are representable by algebraic
spaces, so is boa.

Proof. Let T be a scheme over S, and let T'— H be a morphism. By assumption
T x g G is an algebraic space. Hence by Lemma we see that T'xg F = (T xpg
G) x¢ F is an algebraic space as well. O

Lemma 3.9. Let S be a scheme. Let F;,G; : (Sch/S)}" . — Sets, i = 1,2. Let

a; : F; — Gy, i = 1,2 be representable by algebraic spaces. Then
a1Xa22F1XF2—>G1XG2

is a representable by algebraic spaces.
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Proof. Write a; x as as the composition Fy x Fy — G1 X Fy = G1 X G5. The first
arrow is the base change of a; by the map G; x F» — (1, and the second arrow is
the base change of as by the map G; X Go — G5. Hence this lemma is a formal
consequence of Lemmas [3.8] and O

Lemma 3.10. Let S be a scheme. Leta: F — G and b: G — H be transforma-
tions of functors (Sch/S){r » — Sets. Assume

(1) A: G — G xyg G is representable by algebraic spaces, and
(2) boa: F — H is representable by algebraic spaces.

Then a is representable by algebraic spaces.
Proof. Let U be a scheme over S and let £ € G(U). Then

U x¢ca = (U Xp) mpoa ) X(e.a).(Gxnc)a G
Hence the result using Lemma [3.7] O

Lemma 3.11. Let S € Ob(Schyppr). Let F be a presheaf of sets on (Sch/S) ¢pps-
Assume

(1) F is a sheaf for the Zariski topology on (Sch/S) ¢ppf,

(2) there exists an index set I and subfunctors F; C F such that
(a) each F; is an fppf sheaf,
(b) each F; — F is representable by algebraic spaces,
(¢) 11 Fi — F becomes surjective after fppf sheafification.

Then F is an fppf sheaf.

Proof. Let T € Ob((Sch/S) tpps) and let s € F(T). By (2)(c) there exists an fppf
covering {T; — T} such that s|7, is a section of F,(;) for some a(j) € I. Let
W; C T be the image of T; — T" which is an open subscheme Morphisms, Lemma
By (2)(b) we see Fy ) X Fslw, W, — W; is a monomorphism of algebraic
spaces through which T} factors. Since {I; — W} is an fppf covering, we conclude
that Fo () X p,s)y, Wi = W;, in other words slw, € Fo(j)(W;). Hence we conclude
that [[F; = F is surjective for the Zariski topology.

Let {T; — T'} be an fppf covering in (Sch/S) spps. Let s,s" € F(T) with s|7;, = |1,
for all j. We want to show that s, s’ are equal. As F is a Zariski sheaf by (1) we
may work Zariski locally on 7. By the result of the previous paragraph we may
assume there exist i such that s € F;(T"). Then we see that s'|r; is a section of Fj.
By (2)(b) we see F; Xp o T — T is a monomorphism of algebraic spaces through
which all of the Tj factor. Hence we conclude that s’ € F;(T'). Since F; is a sheaf
for the fppf topology we conclude that s = 5.

Let {T; — T} be an fppf covering in (Sch/S)spps and let s; € F(T}) such that
8ilTyxr1; = SjlTyxrT, - By assumption (2)(b) we may refine the covering and
assume that s; € Fy(;)(T}) for some «(j) € I. Let W; C T be the image of T — T
which is an open subscheme Morphisms, Lemma Then {T; — W;} is an fppf
covering. Since Fy ;) is a sub presheaf of F' we see that the two restrictions of s;
to T xw, T agree as elements of F,(;)(Tj xw;, Tj). Hence, the sheaf condition for
Fy(jy implies there exists a s € F,(;)(W;) whose restriction to Tj is s;. For a pair
of indices j and j’ the sections 59|W,-HVV_7/ and S}/\ijwj/ of F agree by the result
of the previous paragraph. This finishes the proof by the fact that F' is a Zariski
sheaf. O
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4. Properties of maps of presheaves representable by algebraic spaces
Here is the definition that makes this work.

Definition 4.1. Let S be a scheme. Let a : FF — G be a map of presheaves on
(Sch/S) ¢pps which is representable by algebraic spaces. Let P be a property of
morphisms of algebraic spaces which

(1) is preserved under any base change, and
(2) is fppf local on the base, see Descent on Spaces, Definition m

In this case we say that a has property P if for every scheme U and £ : U — G the
resulting morphism of algebraic spaces U xg F' — U has property P.

It is important to note that we will only use this definition for properties of mor-
phisms that are stable under base change, and local in the fppf topology on the
base. This is not because the definition doesn’t make sense otherwise; rather it is
because we may want to give a different definition which is better suited to the
property we have in mind.

The definition above appliesﬂ for example to the properties of being “surjective”,
“quasi-compact”, “étale”, “smooth”, “flat”, “separated”, “(locally) of finite type”,
“(locally) quasi-finite”, “(locally) of finite presentation”, “affine”, “proper”, and
“a closed immersion”. In other words, a is surjective (resp. quasi-compact, étale,
smooth, flat, separated, (locally) of finite type, (locally) quasi-finite, (locally) of finite
presentation, proper, a closed immersion) if for every scheme T and map £ : T — G
the morphism of algebraic spaces T X¢ ¢ F — T is surjective (resp. quasi-compact,
étale, flat, separated, (locally) of finite type, (locally) quasi-finite, (locally) of finite
presentation, proper, a closed immersion).

Next, we check consistency with the already existing notions. By Lemma [3.2| any
morphism between algebraic spaces over S is representable by algebraic spaces.
And by Morphisms of Spaces, Lemma (resp. 139.2] [37.4} [30.5] [4.12] [23.4]
[27.6} [28.4] [20.3] [40.2| [12.1)) the definition of surjective (resp. quasi-compact, étale,
smooth, flat, separated, (locally) of finite type, (locally) quasi-finite, (locally) of
finite presentation, affine, proper, closed immersion) above agrees with the already
existing definition of morphisms of algebraic spaces.

Some formal lemmas follow.
Lemmal 4.2. Let S be a scheme. Let P be a property as in Definition , Let
G' xgF ——F
)
G —G

be a fibre square of presheaves on (Sch/S)tpps. If a is representable by algebraic
spaces and has P so does a'.

Proof. Omitted. Hint: This is formal. |

1Being preserved under base change holds by Morphisms of Spaces, Lemmas ,

137.3] [30.4] 23.3] [27.4] [28.3] [20.5] [40.3] and Spaces, Lemma Being fppf local on the base
holds by Descent on Spaces, Lemmas [T1.6} [T1.1] [T1.28] [11.26] [TT.13} [TT.18} [T1.11} [[1.24] [TT.10}
[11.16} [11.19} and [11.17}
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Lemma 4.3. Let S be a scheme. Let P be a property as in Deﬁnitz’on and
assume P is stable under composition. Let

F—Q>G—b>H

be maps of presheaves on (Sch/S) tpps. If a, b are representable by algebraic spaces
and has P so does bo a.

Proof. Omitted. Hint: See Lemma |3.8] and use stability under composition. O

Lemma 4.4. Let S be a scheme. Let F;,G; : (Sch/S)7? . — Sets, i = 1,2. Let
a; : F; — G5, 1 = 1,2 be representable by algebraic spaces. Let P be a property as
in Definition [{.1] which is stable under composition. If a1 and as have property P

so does a1 X as : F1 X Fo — G1 X Go.
Proof. Note that the lemma makes sense by Lemma [3.9] Proof omitted. O

Lemma 4.5. Let S be a scheme. Let F,G : (Sch/S)} ; — Sets. Leta: F — G
be a transformation of functors representable by algebraic spaces. Let P, P’ be
properties as in Definition [{.1. Suppose that for any morphism f : X — Y of
algebraic spaces over S we have P(f) = P'(f). If a has property P, then a has
property P’.

Proof. Formal. O

Lemma 4.6. Let S be a scheme. Let F,G : (Sch/S){" . — Sets be sheaves. Let
a: ' — G be representable by algebraic spaces, flat, locally of finite presentation,
and surjective. Then a: F — G is surjective as a map of sheaves.

Proof. Let T be a scheme over S and let g : T — G be a T-valued point of G.
By assumption 7V = F xg T is an algebraic space and the morphism T — T is
a flat, locally of finite presentation, and surjective morphism of algebraic spaces.
Let U — T’ be a surjective étale morphism, where U is a scheme. Then by the
definition of flat morphisms of algebraic spaces the morphism of schemes U — T
is flat. Similarly for “locally of finite presentation”. The morphism U — T is
surjective also, see Morphisms of Spaces, Lemma Hence we see that {U — T'}
is an fppf covering such that g|y € G(U) comes from an element of F'(U), namely
the map U — T" — F. This proves the map is surjective as a map of sheaves, see
Sites, Definition [T1.1] O

5. Bootstrapping the diagonal

In this section we prove that the diagonal of a sheaf F' on (Sch/S)¢pps is repre-
sentable as soon as there exists an “fppf cover” of F' by a scheme or by an algebraic
space, see Lemma [5.3]

Lemma 5.1. Let S be a scheme. If F' is a presheaf on (Sch/S) tpps. The following
are equivalent:

(1) Ap: F — F X F is representable by algebraic spaces,

(2) for every scheme T any map T — F is representable by algebraic spaces,
and

(3) for every algebraic space X any map X — F is representable by algebraic
spaces.
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Proof. Assume (1). Let X — F be as in (3). Let T be a scheme, and let T — F
be a morphism. Then we have

TXFX:(TXSX) XFXF,AF

which is an algebraic space by Lemma [3.7|and (1). Hence X — F is representable,
i.e., (3) holds. The implication (3) = (2) is trivial. Assume (2). Let T be a scheme,
and let (a,b) : T'— F x F' be a morphism. Then

FXpaprxpT =T Xa,rpT) Xrxr,ap T

which is an algebraic space by assumption. Hence A is representable by algebraic
spaces, i.e., (1) holds. O

In particular if F' is a presheaf satisfying the equivalent conditions of the lemma,
then for any morphism X — F where X is an algebraic space it makes sense to say
that X — F' is surjective (resp. étale, flat, locally of finite presentation) by using
Definition [4.11

Before we actually do the bootstrap we prove a fun lemma.
Lemma 5.2. Let S be a scheme. Let

o

H-'>q

be a cartesian diagram of sheaves on (Sch/S)fppp, s0 E = H xg F. If

(1) g is representable by algebraic spaces, surjective, flat, and locally of finite
presentation, and
(2) a is representable by algebraic spaces, separated, and locally quasi-finite

then b is representable (by schemes) as well as separated and locally quasi-finite.

Proof. Let T be a scheme, and let T'— G be a morphism. We have to show that
T X H is a scheme, and that the morphism T xo H — T is separated and locally
quasi-finite. Thus we may base change the whole diagram to 7" and assume that
G is a scheme. In this case F' is an algebraic space. Let U be a scheme, and let
U — F be a surjective étale morphism. Then U — F is representable, surjective,
flat and locally of finite presentation by Morphisms of Spaces, Lemmas and
39.80 By Lemma U — G is surjective, flat and locally of finite presentation
also. Note that the base change E xp U — U of a is still separated and locally
quasi-finite (by Lemma . Hence we may replace the upper part of the diagram
of the lemma by F xgp U — U. In other words, we may assume that F' — G is
a surjective, flat morphism of schemes which is locally of finite presentation. In
particular, {F" — G} is an fppf covering of schemes. By Morphisms of Spaces,
Proposition [50.2] we conclude that E is a scheme also. By Descent, Lemma [39.1
the fact that E = H xg F means that we get a descent datum on F relative to
the fppf covering {FF — G}. By More on Morphisms, Lemma this descent
datum is effective. By Descent, Lemma [39.1] again this implies that H is a scheme.
By Descent, Lemmas and it now follows that b is separated and locally
quasi-finite. O

Here is the result that the section title refers to.
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Lemma 5.3. Let S be a scheme. Let F': (Sch/S)}r . — Sets be a functor.
Assume that

(1) the presheaf F is a sheaf,
(2) there exists an algebraic space X and a map X — F which is representable
by algebraic spaces, surjective, flat and locally of finite presentation.

Then Af is representable (by schemes).

Proof. Let U — X be a surjective étale morphism from a scheme towards X.
Then U — X is representable, surjective, flat and locally of finite presentation
by Morphisms of Spaces, Lemmas and By Lemma the composition
U — F is representable by algebraic spaces, surjective, flat and locally of finite
presentation also. Thus we see that R = U x g U is an algebraic space, see Lemma
377 The morphism of algebraic spaces R — U xg U is a monomorphism, hence
separated (as the diagonal of a monomorphism is an isomorphism, see Morphisms of
Spaces, Lemma. Since U — F is locally of finite presentation, both morphisms
R — U are locally of finite presentation, see Lemma [£.2] Hence R — U xg U is
locally of finite type (use Morphisms of Spaces, Lemmas and . Altogether
this means that R — U X g U is a monomorphism which is locally of finite type,
hence a separated and locally quasi-finite morphism, see Morphisms of Spaces,

Lemma R7.10

Now we are ready to prove that Ap is representable. Let T be a scheme, and let
(a,b) : T'— F x F be a morphism. Set
T = (U Xs U) XF><FT-

Note that U xg U — F x F' is representable by algebraic spaces, surjective, flat and
locally of finite presentation by Lemma 4.4l Hence T" is an algebraic space, and the
projection morphism 77 — T is surjective, flat, and locally of finite presentation.
Consider Z =T X pyxp F (this is a sheaf) and

7' =T XUXSUR:T/ XT Z.

We see that Z’ is an algebraic space, and Z' — T is separated and locally quasi-
finite by the discussion in the first paragraph of the proof which showed that R
is an algebraic space and that the morphism R — U xg U has those properties.
Hence we may apply Lemma [5.2] to the diagram

Z ——T
Z ——T

and we conclude. O
Here is a variant of the result above.

Lemma 5.4. Let S be a scheme. Let F : (Sch/S)}" . — Sets be a functor. Let
X be a scheme and let X — F be representable by algebraic spaces and locally

quasi-finite. Then X — F is representable (by schemes).

Proof. Let T be a scheme and let ' — F' be a morphism. We have to show that
the algebraic space X xp T is representable by a scheme. Consider the morphism

X XFT — X XSpec(Z)T
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Since X xp T — T is locally quasi-finite, so is the displayed arrow (Morphisms of
Spaces, Lemma . On the other hand, the displayed arrow is a monomorphism
and hence separated (Morphisms of Spaces, Lemma. Thus X x T is a scheme
by Morphisms of Spaces, Proposition [50.2 O

6. Bootstrap

We warn the reader right away that the result of this section will be superseded by
the stronger Theorem [I0.1} On the other hand, the theorem in this section is quite
a bit easier to prove and still provides quite a bit of insight into how things work,
especially for those readers mainly interested in Deligne-Mumford stacks.

In Spaces, Section [6] we defined an algebraic space as a sheaf in the fppf topology
whose diagonal is representable, and such that there exist a surjective étale mor-
phism from a scheme towards it. In this section we show that a sheaf in the fppf
topology whose diagonal is representable by algebraic spaces and which has an étale
surjective covering by an algebraic space is also an algebraic space. In other words,
the category of algebraic spaces is an enlargement of the category of schemes by
those fppf sheaves F' which have a representable diagonal and an étale covering by
a scheme. The result of this section says that doing the same process again starting
with the category of algebraic spaces, does not lead to yet another category.

Another motivation for the material in this section is that it will guarantee later
that a Deligne-Mumford stack whose inertia stack is trivial is equivalent to an
algebraic space, see Algebraic Stacks, Lemma [13.2

Here is the main result of this section (as we mentioned above this will be superseded
by the stronger Theorem [10.1)).

Theorem 6.1. Let S be a scheme. Let I : (Sch/S){" . — Sets be a functor.
Assume that
(1) the presheaf F' is a sheaf,
(2) the diagonal morphism F — F X F is representable by algebraic spaces, and
(3) there exists an algebraic space X and a map X — F which is surjective,
and étale.
or assume that
(a) the presheaf F is a sheaf, and
(b) there exists an algebraic space X and a map X — F which is representable
by algebraic paces, surjective, and étale.

Then F' is an algebraic space.

Proof. We will use the remarks directly below Definition [4.1] without further men-
tion.

Assume (1), (2), and (3) and let X — F be as in (3). By Lemma [5.1] the morphism
X — F is representable by algebraic spaces. Thus we see that (a) and (b) hold.

Assume (a) and (b) and let X — F be as in (b). Let U — X be a surjective étale
morphism from a scheme towards X. By Lemma the transformation U — F
is representable by algebraic spaces, surjective, and étale. Hence to prove that
F is an algebraic space boils down to proving that Ap is representable (Spaces,
Definition . This follows immediately from Lemma On the other hand we
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can circumvent this lemma and show directly F' is an algebraic space as in the next
paragraph.

Namely, let U be a scheme and let U — F' be representable by algebraic spaces,
surjective, and étale. Consider the fibre product R = U xp U. Both projections
R — U are representable by algebraic spaces, surjective, and étale (Lemma .
In particular R is an algebraic space by Lemma (3.6} The morphism of algebraic
spaces R — U xg U is a monomorphism, hence separated (as the diagonal of a
monomorphism is an isomorphism). Since R — U is étale, we see that R — U is
locally quasi-finite, see Morphisms of Spaces, Lemma We conclude that also
R — U xg U is locally quasi-finite by Morphisms of Spaces, Lemma Hence
Morphisms of Spaces, Proposition applies and R is a scheme. By Lemma
the map U — F is a surjection of sheaves. Thus F' = U/R. We conclude that F' is
an algebraic space by Spaces, Theorem [10.5] O

7. Finding opens

First we prove a lemma which is a slight improvement and generalization of Spaces,
Lemma to quotient sheaves associated to groupoids.

Lemma 7.1. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Let g : U' — U be a morphism. Assume

(1) the composition

h

U xgutR—R——U
sUs pry s

has an open image W C U, and
(2) the resulting map h : U’ x4y R — W defines a surjection of sheaves in
the fppf topology.
Let R' = Ry be the restriction of R to U’. Then the map of quotient sheaves

U/R - U/R
in the fppf topology is representable, and is an open immersion.

Proof. Note that W is an R-invariant open subscheme of U. This is true because
the set of points of W is the set of points of U which are equivalent in the sense
of Groupoids, Lemma to a point of g(U') C U (the lemma applies as j : R —
U x s U is a pre-equivalence relation by Groupoids, Lemma[13.2). Also g : U" — U
factors through W. Let R|w be the restriction of R to W. Then it follows that R’
is also the restriction of R|w to U’. Hence we can factor the map of sheaves of the
lemma as
U'/R — W/R|lw — U/R

By Groupoids, Lemma[20.6| we see that the first arrow is an isomorphism of sheaves.
Hence it suffices to show the lemma in case g is the immersion of an R-invariant
open into U.

Assume U’ C U is an R-invariant open and g is the inclusion morphism. Set
F =U/R and F' = U'/R’. By Groupoids, Lemma [20.5] or [20.6] the map F’ — F
is injective. Let & € F(T'). We have to show that T' x¢ g F’ is representable by an
open subscheme of T'. There exists an fppf covering {f; : T; — T'} such that £|p, is
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the image via U — U/R of a morphism a; : T; — U. Set V; = a; *(U’). We claim
that V; x7 T; = T; X7 Vj as open subschemes of T; x¢ Tj.

As a;opry and a; opr, are morphisms T; x7T; — U which both map to the section
&l xr; € F(T; x7 Tj) we can find an fppf covering {fi;r : Tijr — Ti X7 Tj} and
morphisms 7,1 : Ty, — R such that
a; 0 Prg o fijx = 80Tk, a5 0PIy O fijp =toryy,

see Groupoids, Lemma Since U’ is R-invariant we have s~ 1(U’) = t~1(U")
and hence fz;,i(VZ xp Tj) = f@;; (T; x7 Vj). As {fijr} is surjective this implies
the claim above. Hence by Descent, Lemma there exists an open subscheme
V C T such that f;*(V) = Vi;. We claim that V represents T x¢ p F'.

As a first step, we will show that £|y lies in F'(V) € F(V). Namely, the family of
morphisms {V; — V'} is an fppf covering, and by construction we have {|y, € F'(V}).
Hence by the sheaf property of F’ we get &|yy € F/(V). Finally, let T/ — T be a
morphism of schemes and that &|7» € F'(1”). To finish the proof we have to show
that 7" — T factors through V. We can find a fppf covering {7} — T"};c; and
morphisms b; : T/ — U’ such that §|TJ( is the image via U’ — U/R of b;. Clearly,
it is enough to show that the compositions 7] — T factor through V. Hence we
may assume that &|7+ is the image of a morphism b : 77 — U’. Now, it is enough
to show that T’ xp T; — T; factors through V;. Over the scheme T’ xr T; the
restriction of £ is the image of two elements of (U/R)(T" xr T;), namely a; o pry,
and b o pry, the second of which factors through the R-invariant open U’. Hence
by Groupoids, Lemma there exists a covering {hy : Z — T’ xr T;} and
morphisms ry, : Z — R such that a; opryohy = sor, and boprgohy =tor,. As
U’ is an R-invariant open the fact that b has image in U’ then implies that each
a; o pry o hy, has image in U’. It follows from this that 7" x+ T; — T; has image in
V; by definition of V; which concludes the proof. O

8. Slicing equivalence relations

In this section we explain how to “improve” a given equivalence relation by slicing.
This is not a kind of “étale slicing” that you may be used to but a much coarser
kind of slicing.

Lemma 8.1. Let S be a scheme. Let j: R — U xg U be an equivalence relation
on schemes over S. Assume s,t: R — U are flat and locally of finite presentation.
Then there exists an equivalence relation j' : R — U’ xg U’ on schemes over S,
and an isomorphism

U'/R — U/R
induced by a morphism U’ — U which maps R’ into R such that s',t' : R — U are
flat, locally of finite presentation and locally quasi-finite.

Proof. We will prove this lemma in several steps. We will use without further
mention that an equivalence relation gives rise to a groupoid scheme and that
the restriction of an equivalence relation is an equivalence relation, see Groupoids,

Lemmas and

Step 1: We may assume that s,¢ : R — U are locally of finite presentation and
Cohen-Macaulay morphisms. Namely, as in More on Groupoids, Lemma let
g : U’ — U be the open subscheme such that t~*(U’) C R is the maximal open
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over which s : R — U is Cohen-Macaulay, and denote R’ the restriction of R to U’.
By the lemma cited above we see that

h
/\
til(U,) U’ Xg,U,t RWR?U

is surjective. Since h is flat and locally of finite presentation, we see that {h} is a
fppf covering. Hence by Groupoids, Lemma we see that U’'/R’ — U/R is an
isomorphism. By the construction of U’ we see that s’,¢ are Cohen-Macaulay and
locally of finite presentation.

Step 2. Assume s,t are Cohen-Macaulay and locally of finite presentation. Let
u € U be a point of finite type. By More on Groupoids, Lemma there exists
an affine scheme U’ and a morphism g : U’ — U such that
(1) g is an immersion,
(2) wel’,
(3) g is locally of finite presentation,
(4) h is flat, locally of finite presentation and locally quasi-finite, and
(5) the morphisms s',t' : R — U’ are flat, locally of finite presentation and
locally quasi-finite.

Here we have used the notation introduced in More on Groupoids, Situation [12.1

Step 3. For each point u € U which is of finite type choose a g,, : U,, — U as in Step
2 and denote R/, the restriction of R to U},. Denote h, = sopr, : U}, x4, v+ R — U.
Set U" = [[,ep Us,, and g = [ gu. Let R’ be the restriction of R to U’ as above.
We claim that the pair (U’, g) WOI‘kSH. Note that

R/ = Hu1 uzeU(U’Ll Xgul,U,t R) XR (R XS,U,guz U;Q)

_ / /
= Hul wcr U Xy Uit B) Xny U,guy U,

Hence the projection s’ : R — U’ = [[ U], is flat, locally of finite presentation and
locally quasi-finite as a base change of [] h,, . Finally, by construction the morphism
h:U xgu+ R — U is equal to []h, hence its image contains all points of finite
type of U. Since each h,, is flat and locally of finite presentation we conclude that
h is flat and locally of finite presentation. In particular, the image of h is open (see
Morphisms, Lemma and since the set of points of finite type is dense (see
Morphisms, Lemma we conclude that the image of h is U. This implies that
{h} is an fppf covering. By Groupoids, Lemma [20.6]this means that U'/R’ — U/R
is an isomorphism. This finishes the proof of the lemma. (I

9. Quotient by a subgroupoid

We need one more lemma before we can do our final bootstrap. Let us discuss what
is going on in terms of “plain” groupoids before embarking on the scheme theoretic
version.

2Here we should check that U’ is not too large, i.e., that it is isomorphic to an object of the
category Schyp,s, see Section El This is a purely set theoretical matter; let us use the notion of
size of a scheme introduced in Sets, Section @ Note that each U], has size at most the size of U
and that the cardinality of the index set is at most the cardinality of |U| which is bounded by the
size of U. Hence U’ is isomorphic to an object of Schypyr by Sets, Lemma part (6).
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Let C be a groupoid, see Categories, Definition As discussed in Groupoids,
Section this corresponds to a quintuple (Ob, Arrows, s, t,c). Suppose we are
given a subset P C Arrows such that (Ob, P, s|p,t|p,c|p) is also a groupoid and
such that there are no nontrivial automorphisms in P. Then we can construct the
quotient groupoid (Ob, Arrows, 3,%,¢) as follows:

(1) Ob = Ob/P is the set of P-isomorphism classes,

(2) Arrows = P\Arrows/P is the set of arrows in C up to pre-composing and

post-composing by arrows of P,
(3) the source and target maps s, ¢ : P\Arrows/P — Ob/P are induced by s, 1,

(4) composition is defined by the rule &(@, b) = c(a, b) which is well defined.

In fact, it turns out that the original groupoid (Ob, Arrows, s, ¢, ¢) is canonically iso-
morphic to the restriction (see discussion in Groupoids, Section of the groupoid
(Ob, Arrows, 5, t,¢) via the quotient map g : Ob — Ob. Recall that this means that

Arrows = Ob X, 061 Arrows X5 5b.g Ob

which holds as P has no nontrivial automorphisms. We omit the details.

The following lemma holds in much greater generality, but this is the version we
use in the proof of the final bootstrap (after which we can more easily prove the
more general versions of this lemma).

Lemma 9.1. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Let P — R be monomorphism of schemes. Assume that

(1) (U, P,s|p,tlp,clpx, . p) is a groupoid scheme,

(2) s|p,t|lp: P — U are finite locally free,

(3) jlp: P = U x5 U is a monomorphism.

(4) U is affine, and

(5) j: R— U xgU is separated and locally quasi-finite,
Then U/ P is representable by an affine scheme U, the quotient morphism U — U
is finite locally free, and P = U x7U. Moreover, R is the restriction of a groupoid
scheme (U, R,3,t,¢) on U via the quotient morphism U — U.

Proof. Conditions (1), (2), (3), and (4) and Groupoids, Proposition imply
the affine scheme U representing U/ P exists, the morphism U — U is finite locally
free, and P = U x U. The identification P = U x4 U is such that t|p = pry and
s|p = pry, and such that composition is equal to prg, : U xgUxgU = U xzU.
A product of finite locally free morphisms is finite locally free (see Spaces, Lemma

and Morphisms, Lemmas and 48.3). To get R we are going to descend the
scheme R via the finite locally free morphism U xg U — U xg U. Namely, note

that
(U X5 U) X(ﬁxsﬁ) (U Xs U) =PxgP

by the above. Thus giving a descent datum (see Descent, Definition [34.1]) for
R/U x5 U/U xg U consists of an isomorphism

01 R XUxsv)ixt (P Xs P)—> (P X5 P)Xsxs wxsv) R

over P x g P satisfying a cocycle condition. We define ¢ on T-valued points by the
rule

@ (r,(p,p) — ((p.p)),p " orop)
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where the composition is taken in the groupoid category (U(T), R(T), s,t,c). This
makes sense because for (r,(p,p’)) to be a T-valued point of the source of ¢ it
needs to be the case that t(r) = ¢(p) and s(r) = ¢t(p’). Note that this map is an
isomorphism with inverse given by ((p,p’),7’) = (por’ o (p’)~%, (p,p’)). To check
the cocycle condition we have to verify that g2 = @12 0 @91 as maps over

(U XSU) X(stﬁ) (UXSU) X(stﬁ) (U XsU) = (PXSP) Xsxs,(UxsU),txt (PXSP)
By explicit calculation we see that

®02 (7", (p17pl1)7(p27p/2)) — ((plap/l)u(p27pl2)7(1171 Op?)_loro(pllopé))
vor (7, (p1,p1), (p2,p3)) = ((p1,1), 1 Orop’lla (p2,15))
w12 ((p1,p1), 7, (p2,15)) — ((p1,PY)s (p2,P5),p5 o1 0PY)

(with obvious notation) which implies what we want. As j is separated and locally
quasi-finite by (5) we may apply More on Morphisms, Lemma to get a scheme
R — U xg U and an isomorphism

R —)R X(stﬁ) (U X5 U)

which identifies the descent datum ¢ with the canonical descent datum on Rx @
(U x5 U), see Descent, Definition [34.10

Since U xg U — U xg U is finite locally free we conclude that R — R is finite
locally free as a base change. Hence R — R is surjective as a map of sheaves on
(Sch/S) pps. Our choice of ¢ implies that given T-valued points 7,7’ € R(T) these
have the same image in R if and only if p~! o7 op’ for some p,p’ € P(T). Thus R
represents the sheaf

X sU)

T+— R(T)= P(T)\R(T)/P(T)
with notation as in the discussion preceding the lemma. Hence we can define the
groupoid structure on (U = U/P, R = P\R/P) exactly as in the discussion of the
“plain” groupoid case. It follows from this that (U, R, s, t, ¢) is the pullback of this
groupoid structure via the morphism U — U. This concludes the proof. O

10. Final bootstrap
The following result goes quite a bit beyond the earlier results.

Theorem 10.1. Let S be a scheme. Let F : (Sch/S)§? . — Sets be a functor.
Any one of the following conditions implies that F' is an algebraic space:

(1) F =U/R where (U, R, s,t,c) is a groupoid in algebraic spaces over S such
that s,t are flat and locally of finite presentation, and j = (t,s) : R —
U xg U is an equivalence relation,

(2) F =U/R where (U, R, s,t,c) is a groupoid scheme over S such that s,t are
flat and locally of finite presentation, and j = (¢,8) : R — U xg U is an
equivalence relation,

(3) F is a sheaf and there exists an algebraic space U and a morphism U — F
which is representable by algebraic spaces, surjective, flat and locally of
finite presentation,

(4) F is a sheaf and there exists a scheme U and a morphism U — F which is
representable by algebraic spaces or schemes, surjective, flat and locally of
finite presentation,
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(5) F is a sheaf, Ap is representable by algebraic spaces, and there exists an
algebraic space U and a morphism U — F which is surjective, flat, and
locally of finite presentation, or

(6) F is a sheaf, Ap is representable, and there exists a scheme U and a mor-
phism U — F which is surjective, flat, and locally of finite presentation.

Proof. Trivial observations: (6) is a special case of (5) and (4) is a special case
of (3). We first prove that cases (5) and (3) reduce to case (1). Namely, by
bootstrapping the diagonal Lemma we see that (3) implies (5). In case (5)
we set R = U xXp U which is an algebraic space by assumption. Moreover, by
assumption both projections s,t : R — U are surjective, flat and locally of finite
presentation. The map j : R — U xg U is clearly an equivalence relation. By
Lemma the map U — F is a surjection of sheaves. Thus F = U/R which
reduces us to case (1).

Next, we show that (1) reduces to (2). Namely, let (U, R, s,t,¢) be a groupoid in
algebraic spaces over S such that s,t are flat and locally of finite presentation, and
j=(t,s) : R — U xg U is an equivalence relation. Choose a scheme U’ and a
surjective étale morphism U’ — U. Let R’ = R|y- be the restriction of R to U’. By
Groupoids in Spaces, Lemma, We see that U/R =U’/R’. Since s',t' : R —» U’
are also flat and locally of finite presentation (see More on Groupoids in Spaces,
Lemma this reduces us to the case where U is a scheme. As j is an equivalence
relation we see that j is a monomorphism. As s : R — U is locally of finite
presentation we see that j : R — U xg U is locally of finite type, see Morphisms
of Spaces, Lemma [23.6f By Morphisms of Spaces, Lemma we see that j is
locally quasi-finite and separated. Hence if U is a scheme, then R is a scheme by
Morphisms of Spaces, Proposition Thus we reduce to proving the theorem in
case (2).

Assume F' = U/R where (U, R, s,t,c) is a groupoid scheme over S such that s,¢
are flat and locally of finite presentation, and 7 = (¢,s) : R — U xg U is an
equivalence relation. By Lemma [8.1] we reduce to that case where s,t are flat,
locally of finite presentation, and locally quasi-finite. Let U = |J;c;U; be an
affine open covering (with index set I of cardinality < than the size of U to avoid
set theoretic problems later — most readers can safely ignore this remark). Let
(Ui, Ry, si, ti, ¢;) be the restriction of R to U;. It is clear that s;,¢; are still flat,
locally of finite presentation, and locally quasi-finite as R; is the open subscheme
sTHU;))Nt=Y(U;) of R and s;,t; are the restrictions of s,t to this open. By Lemma
(or the simpler Spaces, Lemma the map U;/R; — U/R is representable
by open immersions. Hence if we can show that F; = U;/R; is an algebraic space,
then [[,.; F; is an algebraic space by Spaces, Lemma As U = U; is an open
covering it is clear that [[ F; — F is surjective. Thus it follows that U/R is an
algebraic space, by Spaces, Lemma In this way we reduce to the case where U
is affine and s, ¢ are flat, locally of finite presentation, and locally quasi-finite and
j is an equivalence.

Assume (U, R, s,t,c) is a groupoid scheme over S, with U affine, such that s,t are
flat, locally of finite presentation, and locally quasi-finite, and j is an equivalence
relation. Choose u € U. We apply More on Groupoids in Spaces, Lemma to
u € U,R,s,t,c. We obtain an affine scheme U’, an étale morphism ¢ : U’ — U,
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a point v’ € U’ with k(u) = k(u’) such that the restriction R' = R|y/ is quasi-
split over u’. Note that the image g(U’) is open as g is étale and contains wu.
Hence, repeatedly applying the lemma, we can find finitely many points u; € U,
i =1,...,n, affine schemes U, étale morphisms g; : U] — U, points v} € U/ with
g(u) = u; such that (a) each restriction R is quasi-split over some point in U/
and (b) U = U=, 9i(U]). Now we rerun the last part of the argument in the
preceding paragraph: Using Lemma (or the simpler Spaces, Lemma the
map U//R; — U/R is representable by open immersions. If we can show that
F; = Uj/R; is an algebraic space, then [[;.; F; is an algebraic space by Spaces,
Lemma As {g; : U] — U} is an étale covering it is clear that [[F; — F is
surjective. Thus it follows that U/R is an algebraic space, by Spaces, Lemma
In this way we reduce to the case where U is affine and s, t are flat, locally of finite
presentation, and locally quasi-finite, j is an equivalence, and R is quasi-split over
u for some u € U.

Assume (U, R, s,t,¢) is a groupoid scheme over S, with U affine, u € U such that
s,t are flat, locally of finite presentation, and locally quasi-finite and j = (¢,s) :
R — U xg U is an equivalence relation and R is quasi-split over u. Let P C R
be a quasi-splitting of R over u. By Lemma we see that (U, R, s,t,c) is the
restriction of a groupoid (U, R,3,%,¢) by a surjective finite locally free morphism
U — U such that P =U Xz U. Note that s admits a factorization

_ pr — pr
R:UX67ZRX§73UA>RX§73U—2>U

The map pr, is the base change of 5, and the map pr,; is a base change of the
surjective finite locally free map U — U. Since s is flat, locally of finite presentation,
and locally quasi-finite and since pry; is surjective finite locally free (as a base
change of such), we conclude that pr, is flat, locally of finite presentation, and
locally quasi-finite by Descent, Lemmas and and Morphisms, Lemma
Since pr, is the base change of the morphism 3 by U — U and {U — U}
is an fppf covering we conclude 5 is flat, locally of finite presentation, and locally
quasi-finite, see Descent, Lemmas [23.15] [23.11} and [23.24 The same goes for .
Consider the commutative diagram

UxypU=—=P—>R
U—>R

It is a general fact about restrictions that the outer four corners form a cartesian
diagram. By the equality we see the inner square is cartesian. Since P is open
in R (by definition of a quasi-splitting) we conclude that € is an open immersion
by Descent, Lemma An application of Groupoids, Lemma shows that
U/R = U/R. Hence we have reduced to the case where (U, R, s,,¢) is a groupoid
scheme over S, with U affine, u € U such that s, ¢ are flat, locally of finite presenta-
tion, and locally quasi-finite and j = (¢,s) : R — U x g U is an equivalence relation
and e : U — R is an open immersion!

But of course, if e is an open immersion and s,¢ are flat and locally of finite
presentation then the morphisms ¢, s are étale. For example you can see this by
applying More on Groupoids, Lemmawhich shows that g/ = 0 which in turn
implies that s,¢ : R — U is G-unramified (see Morphisms, Lemma , which in
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turn implies that s, ¢ are étale (see Morphisms, Lemma [36.16)). And if s,t are étale
then finally U/R is an algebraic space by Spaces, Theorem m (]

11. Applications

As a first application we obtain the following fundamental fact:

’ A sheaf which is fppf locally an algebraic space is an algebraic space. ‘

This is the content of the following lemma. Note that assumption (2) is equivalent
to the condition that F‘(Sch/si)fppf is an algebraic space, see Spaces, Lemma
Assumption (3) is a set theoretic condition which may be ignored by those not
worried about set theoretic questions.

Lemma 11.1. Let S be a scheme. Let I : (Sch/S)}” . — Sets be a functor. Let
{S; = Stier be a covering of (Sch/S)pps. Assume that

(1) F is a sheaf,

(2) each F; = hg, x F is an algebraic space, and

(3) [ies Fi is an algebraic space (see Spaces, Lemma ,
Then F is an algebraic space.

Proof. Consider the morphism [ F; — F'. This is the base change of [[.S; — S via
F — S. Hence it is representable, locally of finite presentation, flat and surjective
by our definition of an fppf covering and Lemma Thus Theorem applies
to show that F' is an algebraic space. (]

Here is a special case of Lemma, where we do not need to worry about set
theoretical issues.

Lemma 11.2. Let S be a scheme. Let I : (Sch/S)}” . — Sets be a functor. Let

{Si = S}ier be a covering of (Sch/S)ppr. Assume that
(1) F is a sheaf,
(2) each F; = hg, x F is an algebraic space, and
(3) the morphisms F; — S; are of finite type.

Then F is an algebraic space.

Proof. We will use Lemmal[II.1]above. To do this we will show that the assumption
that Fj is of finite type over S; to prove that the set theoretic condition in the lemma
is satisfied (after perhaps refining the given covering of S a bit). We suggest the
reader skip the rest of the proof.

If S; — S; is a morphism of schemes then
hsl{ X F = hsl/ thi hSi X F = hsl/ thi Fi

is an algebraic space of finite type over S}, see Spaces, Lemma and Morphisms
of Spaces, Lemma Thus we may refine the given covering. After doing this
we may assume: (a) each S; is affine, and (b) the cardinality of I is at most the
cardinality of the set of points of S. (Since to cover all of S it is enough that each
point is in the image of S; — S for some i.)

Since each S; is affine and each F; of finite type over S; we conclude that F; is
quasi-compact. Hence by Properties of Spaces, Lemma [6.3| we can find an affine
U; € Ob((Sch/S)spps) and a surjective étale morphism U; — F;. The fact that
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F; — S; is locally of finite type then implies that U; — S; is locally of finite
type, and in particular U; — S is locally of finite type. By Sets, Lemma we
conclude that size(U;) < size(S). Since also |I| < size(S) we conclude that [],;.; U
is isomorphic to an object of (Sch/S)fppr by Sets, Lemma and the construction
of Sch. This implies that [ F; is an algebraic space by Spaces, Lemma and we
win. ([l

As a second application we obtain

Any fppf descent datum for algebraic spaces is effective. ‘

This holds modulo set theoretical difficulties; as an example result we offer the
following lemma.

Lemma 11.3. Let S be a scheme. Let {X; — X}icr be an fppf covering of
algebraic spaces over S.

(1) If I is countablfﬂ then any descent datum for algebraic spaces relative to
{X; — X} is effective.

(2) Any descent datum (Y, ;) relative to {X; — X }ier (Descent on Spaces,
Definition with Y; — X; of finite type is effective.

Proof. Proof of (1). By Descent on Spaces, Lemma this translates into the
statement that an fppf sheaf F' endowed with a map F — X is an algebraic space
provided that each F' X x X; is an algebraic space. The restriction on the cardinality
of I implies that coproducts of algebraic spaces indexed by I are algebraic spaces,
see Spaces, Lemma and Sets, Lemma The morphism

HFxxXi—>F

is representable by algebraic spaces (as the base change of [[ X; — X, see Lemma
, and surjective, flat, and locally of finite presentation (as the base change of
[1X: — X, see Lemma |4.2). Hence part (1) follows from Theorem

Proof of (2). First we apply Descent on Spaces, Lemma to obtain an fppf
sheaf F' endowed with a map F' — X such that F xx X; =Y, for all ¢ € I. Our
goal is to show that F'is an algebraic space. Choose a scheme U and a surjective
étale morphism U — X. Then F/ = U xx F — F is representable, surjective,
and étale as the base change of U — X. By Theorem it suffices to show that
F' =U xx F is an algebraic space. We may choose an fppf covering {U; — U}jcs
where U; is a scheme refining the fppf covering {X; x x U — U};er, see Topologies
on Spaces, Lemma [7.4] Thus we get a map a : J — I and for each j a morphism
U; = Xqa(j) over X. Then we see that U; xy F' = Uj XX,y Ya(j) 18 of finite type
over U;. Hence F' is an algebraic space by Lemma [I1.2} O

Here is a different type of application.

Lemma 11.4. Let S be a scheme. Leta: F — G and b: G — H be transforma-

tions of functors (Sch/S){" . — Sets. Assume

(1) F,G, H are sheaves,

3The restriction on countablility can be ignored by those who do not care about set theoretical
issues. We can allow larger index sets here if we can bound the size of the algebraic spaces which
we are descending. See for example Lemma m
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(2) a: F — G is representable by algebraic spaces, flat, locally of finite presen-
tation, and surjective, and
(3) boa: F — H is representable by algebraic spaces.

Then b is representable by algebraic spaces.

Proof. Let U be a scheme over S and let £ € H(U). We have to show that Ux¢ g G
is an algebraic space. On the other hand, we know that U x¢ g I is an algebraic
space and that U x¢ g F' — U x¢ g G is representable by algebraic spaces, flat,
locally of finite presentation, and surjective as a base change of the morphism a
(see Lemma . Thus the result follows from Theorem m O

Lemma 11.5. Assume B — S and (U, R, s,t,c) are as in Groupoids in Spaces,
Definition (1). For any scheme T over S and objects x,y of [U/R] over T the
sheaf Isom(x,y) on (Sch/T)¢ppy is an algebraic space.

Proof. By Groupoids in Spaces, Lemma there exists an fppf covering {7T; —
T'}ier such that Isom(x,y)|(sch/Ty);,,; 1S an algebraic space for each i. By Spaces,
Lemma this means that each F; = hg, x Isom(x,y) is an algebraic space.
Thus to prove the lemma we only have to verify the set theoretic condition that
[1 F; is an algebraic space of Lemma above to conclude. To do this we use
Spaces, Lemma which requires showing that I and the F; are not “too large”.
We suggest the reader skip the rest of the proof.

Choose U’ € Ob(Sch/S) fpps and a surjective étale morphism U’ — U. Let R be
the restriction of R to U’. Since [U/R] = [U'/R’] we may, after replacing U by U’,
assume that U is a scheme. (This step is here so that the fibre products below are
over a scheme.)

Note that if we refine the covering {T; — T'} then it remains true that each F; is an
algebraic space. Hence we may assume that each T; is affine. Since T; — T is locally
of finite presentation, this then implies that size(T;) < size(T), see Sets, Lemma
We may also assume that the cardinality of the index set I is at most the
cardinality of the set of points of T since to get a covering it suffices to check that
each point of T is in the image. Hence |I| < size(T"). Choose W € Ob((Sch/S) fppt)
and a surjective étale morphism W — R. Note that in the proof of Groupoids in
Spaces, Lemma we showed that F; is representable by T; X (y, 2.).uxzv R for
some w;,y; : T3 — U. Hence now we see that V; = T; Xy, 2,),uxzu W is a scheme
which comes with an étale surjection V; — F;. By Sets, Lemma we see that

size(V;) < max{size(T;), size(W)} < max{size(T), size(W)}
Hence, by Sets, Lemma [9.5| we conclude that

size(HieI Vi) < max{|I|,size(T), size(W)}.

Hence we conclude by our construction of Sch that [[,.; Vi is isomorphic to an
object V' of (Sch/S) ¢pps. This verifies the hypothesis of Spaces, Lemmaand we
win. (]

Lemma 11.6. Let S be a scheme. Consider an algebraic space F' of the form F =
U/R where (U, R, s,t,¢) is a groupoid in algebraic spaces over S such that s,t are
flat and locally of finite presentation, and j = (t,s) : R — U Xs U is an equivalence
relation. Then U — F' is surjective, flat, and locally of finite presentation.
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Proof. This is almost but not quite a triviality. Namely, by Groupoids in Spaces,
Lemma [19.5] and the fact that j is a monomorphism we see that R = U xp U.
Choose a scheme W and a surjective étale morphism W — F. As U — F is a
surjection of sheaves we can find an fppf covering {W; — W} and maps W; — U
lifting the morphisms W; — F'. Then we see that

WiXFU:WiXUUXFU:WiXutR

and the projection W; xp U — W; is the base change of ¢ : R — U hence flat
and locally of finite presentation, see Morphisms of Spaces, Lemmas and
Hence by Descent on Spaces, Lemmas and we see that U — F' is flat
and locally of finite presentation. It is surjective by Spaces, Remark (]

Lemma 11.7. Let S be a scheme. Let X — B be a morphism of algebraic spaces
over S. Let G be a group algebraic space over B and let a : G xg X — X be an
action of G on X over B. If

(1) a is a free action, and

(2) G — B is flat and locally of finite presentation,
then X/G (see Groupoids in Spaces, Definition m is an algebraic space, the
morphism X — X /G is surjective, flat, and locally of finite presentation, and X is
an fppf G-torsor over X/G.

Proof. The fact that X/G is an algebraic space is immediate from Theorem [10.1]
and the definitions. Namely, X/G = X/R where R = G xp X. The morphisms
s,t: G xp X — X are flat and locally of finite presentation (clear for s as a base
change of G — B and by symmetry using the inverse it follows for ¢) and the
morphism j : G xg X = X xp X is a monomorphism by Groupoids in Spaces,
Lemma as the action is free. The morphism X — X/G is surjective, flat, and
locally of finite presentation by Lemma m To see that X — X/G is an fppf
G-torsor (Groupoids in Spaces, Definition we have to show that G xg X —
X Xx/q X is an isomorphism and that X — X/G fppf locally has sections. The
second part is clear from the properties of X — X/G already shown. The map
G x5 X = X xx/q X is injective (as a map of fppf sheaves) as the action is free.
Finally, the map is also surjective as a map of sheaves by Groupoids in Spaces,
Lemma [19.5 This finishes the proof. O

Lemma| 11.8. Let {S; — S}icr be a covering of (Sch/S) ppy. Let G be a group
algebraic space over S, and denote G; = Gg, the base changes. Suppose given

(1) for eachi €I an fppf G;-torsor X; over S;, and
(2) for each i,j € I a Gs,xgs,-equivariant isomorphism @;; : X; xg Sj —
S; x5 X satisfying the cocycle condition over every S; xg S; XgS;.
Then there exists an fppf G-torsor X over S whose base change to S; is isomorphic
to X; such that we recover the descent datum ;.

Proof. We may think of X; as a sheaf on (Sch/S;)pps, see Spaces, Section
By Sites, Section 26| the descent datum (X, ¢;;) is effective in the sense that there
exists a unique sheaf X on (Sch/S) ¢pps which recovers the algebraic spaces X; after
restricting back to (Sch/S;) gpps. Hence we see that X; = hg, x X. By Lemma[I1.]]
we see that X is an algebraic space, modulo verifying that [[ X; is an algebraic
space which we do at the end of the proof. By the equivalence of categories in Sites,
Lemma [26.5] the action maps G; x5, X; — X; glue to giveamap a: G xg X — X.
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Now we have to show that a is an action and that X is a pseudo-torsor, and fppf
locally trivial (see Groupoids in Spaces, Definition . These may be checked
fppf locally, and hence follow from the corresponding properties of the actions
G, xg, X; = X;. Hence the lemma is true.

We suggest the reader skip the rest of the proof, which is purely set theoretical. Pick
coverings {S;; = Sj}je, of (Sch/S) tpps which trivialize the G; torsors X; (possible
by assumption, and Topologies, Lemma part (1)). Then {S;; — Stier jes; is a
covering of (Sch/S) spps and hence we may assume that each X; is the trivial torsor!
Of course we may also refine the covering further, hence we may assume that each .S;
is affine and that the index set I has cardinality bounded by the cardinality of the set
of points of S. Choose U € Ob((Sch/S)fppy) and a surjective étale morphism U —
G. Then we see that U; = U xg.S; comes with an étale surjective morphism to X; =
G;. By Sets, Lemma [0.6| we see size(U;) < max{size(U),size(S;)}. By Sets, Lemma
we have size(S;) < size(S). Hence we see that size(U;) < max{size(U), size(S)}
for all 4 € I. Together with the bound on || we found above we conclude from Sets,
Lemma that size(J[U;) < max{size(U),size(S)}. Hence Spaces, Lemma
applies to show that ] X; is an algebraic space which is what we had to prove. O

12. Algebraic spaces in the étale topology

Let S be a scheme. Instead of working with sheaves over the big fppf site (Sch/S) fppr
we could work with sheaves over the big étale site (Sch/S)¢tare- All of the material
in Algebraic Spaces, Sections [3| and |5| makes sense for sheaves over (Sch/S)staie.
Thus we get a second notion of algebraic spaces by working in the étale topology.
This notion is (a priori) weaker then the notion introduced in Algebraic Spaces,
Definition [6.1] since a sheaf in the fppf topology is certainly a sheaf in the étale
topology. However, the notions are equivalent as is shown by the following lemma.

Lemma 12.1. Denote the common underlying category of Schippr and Schetaie
by Sche (see Topologies, Remark . Let S be an object of Sch,. Let

F: (Schy/S)°PP — Sets

be a presheaf with the following properties:

(1) F is a sheaf for the étale topology,
(2) the diagonal A : F — F x F is representable, and
(3) there exists U € Ob(Schy/S) and U — F which is surjective and étale.

Then F is an algebraic space in the sense of Algebraic Spaces, Definition[6.1]

Proof. Note that properties (2) and (3) of the lemma and the corresponding prop-
erties (2) and (3) of Algebraic Spaces, Definition [6.1) are independent of the topol-
ogy. This is true because these properties involve only the notion of a fibre product
of presheaves, maps of presheaves, the notion of a representable transformation of
functors, and what it means for such a transformation to be surjective and étale.
Thus all we have to prove is that an étale sheaf F' with properties (2) and (3) is
also an fppf sheaf.

To do this, let R = U xg U. By (2) the presheaf R is representable by a scheme
and by (3) the projections R — U are étale. Thus j : R — U xg U is an étale
equivalence relation. Moreover U — F' identifies F' as the quotient of U by R
for the étale topology: (a) if T — F' is a morphism, then {T' xp U — T} is an
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étale covering, hence U — F is a surjection of sheaves for the étale topology, (b)
if a,b: T — U map to the same section of F', then (a,b) : T — R hence a and b
have the same image in the quotient of U by R for the étale topology. Next, let
U/R denote the quotient sheaf in the fppf topology which is an algebraic space by
Spaces, Theorem Thus we have morphisms (transformations of functors)

U—F—U/R.

By the aforementioned Spaces, Theorem the composition is representable,
surjective, and étale. Hence for any scheme 7' and morphism T — U/R the fibre
product V' =T xy,r U is a scheme surjective and étale over T. In other words,
{V — U} is an étale covering. This proves that U — U/R is surjective as a map
of sheaves in the étale topology. It follows that F' — U/R is surjective as a map of
sheaves in the étale topology. On the other hand, the map F' — U/R is injective
(as a map of presheaves) since R = U xy /g U again by Spaces, Theorem [10.5, It
follows that F' — U/R is an isomorphism of étale sheaves, see Sites, Lemma [11.2
which concludes the proof. ([

There is also an analogue of Spaces, Lemma [11.1

Lemma 12.2. Denote the common underlying category of Schippr and Schetqie
by Schy, (see Topologies, Remark . Let S be an object of Sch,,. Let

F : (Schy/S)°PP — Sets

be a presheaf with the following properties:

(1) F is a sheaf for the étale topology,
(2) there exists an algebraic space U over S and a map U — F which is repre-
sentable by algebraic spaces, surjective, and étale.

Then F is an algebraic space in the sense of Algebraic Spaces, Definition [6. 1.

Proof. Set R =U xp U. This is an algebraic space as U — F' is assumed repre-
sentable by algebraic spaces. The projections s,t : R — U are étale morphisms of
algebraic spaces as U — F is assumed étale. The map j = (¢,8) : R = U xg U is
a monomorphism and an equivalence relation as R = U xp U. By Theorem
the fppf quotient sheaf F/ = U/R is an algebraic space. The morphism U — F’
is surjective, flat, and locally of finite presentation by Lemma [I1.6] The map
R — U xp U is surjective as a map of fppf sheaves by Groupoids in Spaces,
Lemma and since j is a monomorphism it is an isomorphism. Hence the base
change of U — F' by U — F” is étale, and we conclude that U — F” is étale by
Descent on Spaces, Lemma Thus U — F' is surjective as a map of étale
sheaves. This means that F” is equal to the quotient sheaf U/R in the étale topol-
ogy (small check omitted). Hence we obtain a canonical factorization U — F' — F'
and F/ — F is an injective map of sheaves. On the other hand, U — F is surjective
as a map of étale sheaves and hence so is F/ — F. This means that F/ = F and
the proof is complete. ([l

In fact, it suffices to have a smooth cover by a scheme and it suffices to assume the
diagonal is representable by algebraic spaces.

Lemma 12.3. Denote the common underlying category of Schyppr and Schepaie
by Schy (see Topologies, Remark . Let S be an object of Schy,.

F: (Schq/S)°PP — Sets
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be a presheaf with the following properties:

(1) F is a sheaf for the étale topology,
(2) the diagonal A : F — F x F is representable by algebraic spaces, and
(3) there exists U € Ob(Schy/S) and U — F which is surjective and smooth.

Then F is an algebraic space in the sense of Algebraic Spaces, Definition[6.1]

Proof. The proof mirrors the proof of Lemma Let R=U xp U. By (2) the
presheaf R is an algebraic space and by (3) the projections R — U are smooth and
surjective. Denote (U, R, s,t,c) the groupoid associated to the equivalence relation
j: R — U xgU (see Groupoids in Spaces, Lemma [I1.3). By Theorem we
see that X = U/R (quotient in the fppf-topology) is an algebraic space. Using
that the smooth topology and the étale topology have the same sheaves (by More
on Morphisms, Lemma we see the map U — F identifies F' as the quotient
of U by R for the smooth topology (details omitted). Thus we have morphisms
(transformations of functors)
U—F—=X.

By Lemma we see that U — X is surjective, flat and locally of finite presenta-
tion. By Groupoids in Spaces, Lemma (and the fact that j is a monomorphism)
we have R = Ux xU. By Descent on Spaces, Lemma[I1.26|we conclude that U — X
is smooth and surjective (as the projections R — U are smooth and surjective and
{U — X} is an fppf covering). Hence for any scheme T' and morphism 7" — X the
fibre product T' X x U is an algebraic space surjective and smooth over T'. Choose
a scheme V' and a surjective étale morphism V — T X x U. Then {V — T} is a
smooth covering such that V' — T — X lifts to a morphism V — U. This proves
that U — X is surjective as a map of sheaves in the smooth topology. It follows
that F' — X is surjective as a map of sheaves in the smooth topology. On the other
hand, the map F' — X is injective (as a map of presheaves) since R = U xx U.
It follows that F' — X is an isomorphism of smooth (= étale) sheaves, see Sites,
Lemma which concludes the proof. O

Finally, here is the analogue of Spaces, Lemma [11.1] with a smooth morphism
covering the space.

Lemma 12.4. Denote the common underlying category of Schyippr and Schegaie
by Sche (see Topologies, Remark . Let S be an object of Sch,,. Let

F: (Schq/S)°PP — Sets

be a presheaf with the following properties:

(1) F is a sheaf for the étale topology,
(2) there exists an algebraic space U over S and a map U — F which is repre-
sentable by algebraic spaces, surjective, and smooth.

Then F is an algebraic space in the sense of Algebraic Spaces, Definition [6.1].

Proof. The proof is identical to the proof of Lemma Set R=U xp U. This
is an algebraic space as U — F' is assumed representable by algebraic spaces. The
projections s,t : R — U are smooth morphisms of algebraic spaces as U — F is
assumed smooth. The map j = (¢,$) : R — U xg U is a monomorphism and an
equivalence relation as R = U xp U. By Theorem the fppf quotient sheaf
F’ = U/R is an algebraic space. The morphism U — F’ is surjective, flat, and
locally of finite presentation by Lemma [T1.6] The map R — U Xy U is surjective
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as a map of fppf sheaves by Groupoids in Spaces, Lemma [19.5] and since j is a
monomorphism it is an isomorphism. Hence the base change of U — F' by U — F’
is smooth, and we conclude that U — F’ is smooth by Descent on Spaces, Lemma
Thus U — F" is surjective as a map of étale sheaves (as the smooth topology
is equal to the étale topology by More on Morphisms, Lemma . This means
that F’ is equal to the quotient sheaf U/R in the étale topology (small check
omitted). Hence we obtain a canonical factorization U — F’ — F and F' — F is
an injective map of sheaves. On the other hand, U — F is surjective as a map of
étale sheaves (as the smooth topology is the same as the étale topology) and hence
so is F’ — F. This means that F’ = F and the proof is complete. O
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