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02P4 In this chapter we discuss Chow homology groups and the construction of Chern
classes of vector bundles as elements of operational Chow cohomology groups (ev-
erything with Z-coefficients).
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We start this chapter by giving the shortest possible algebraic proof of the Key
Lemma We first define the Herbrand quotient (Section and we compute
it in some cases (Section . Next, we prove some simple algebra lemmas on ex-
istence of suitable factorizations after modifications (Section [4]). Using these we
construct/define the tame symbol in Section [5| Only the most basic properties of
the tame symbol are needed to prove the Key Lemma, which we do in Section [f]

Next, we introduce the basic setup we work with in the rest of this chapter in
Section [7] To make the material a little bit more challenging we decided to treat a
somewhat more general case than is usually done. Namely we assume our schemes
X are locally of finite type over a fixed locally Noetherian base scheme which is
universally catenary and is endowed with a dimension function. These assumptions
suffice to be able to define the Chow homology groups CH,(X) and the action of
capping with Chern classes on them. This is an indication that we should be able
to define these also for algebraic stacks locally of finite type over such a base.

Next, we follow the first few chapters of [Ful98] in order to define cycles, flat pull-
back, proper pushforward, and rational equivalence, except that we have been less
precise about the supports of the cycles involved.

We diverge from the presentation given in [Ful98] by using the Key lemma men-
tioned above to prove a basic commutativity relation in Section 27 Using this
we prove that the operation of intersecting with an invertible sheaf passes through
rational equivalence and is commutative, see Section 28 One more application of
the Key lemma proves that the Gysin map of an effective Cartier divisor passes
through rational equivalence, see Section Having proved this, it is straightfor-
ward to define Chern classes of vector bundles, prove additivity, prove the splitting
principle, introduce Chern characters, Todd classes, and state the Grothendieck-
Riemann-Roch theorem.

There are two appendices. In Appendix A (Section we discuss an alterna-
tive (longer) construction of the tame symbol and corresponding proof of the Key
Lemma. Finally, in Appendix B (Section we briefly discuss the relationship with
K-theory of coherent sheaves and we discuss some blowup lemmas. We suggest the
reader look at their introductions for more information.

We will return to the Chow groups CH,.(X) for smooth projective varieties over
algebraically closed fields in the next chapter. Using a moving lemma as in [Samb6],
[Cheb8al, and [Cheb8b] and Serre’s Tor-formula (see [Ser00] or [Ser65]) we will define
a ring structure on CH,(X). See Intersection Theory, Section [1| ff.

2. Periodic complexes and Herbrand quotients

Of course there is a very general notion of periodic complexes. We can require
periodicity of the maps, or periodicity of the objects. We will add these here as
needed. For the moment we only need the following cases.

Definition 2.1. Let R be a ring.

(1) A 2-periodic complex over R is given by a quadruple (M, N, ¢, 1) consisting
of R-modules M, N and R-module maps ¢ : M — N, ¢ : N — M such
that

M- N-Y 2N
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is a complex. In this setting we define the cohomology modules of the
complex to be the R-modules

H°(M,N,¢,v) = Ker(p)/Im(y) and H'(M,N,¢,9) = Ker(¢)/ Im(p).

We say the 2-periodic complex is ezact if the cohomology groups are zero.
(2) A (2,1)-periodic complex over R is given by a triple (M, ¢, 1) consisting of
an R-module M and R-module maps ¢ : M — M, ¢ : M — M such that

® P ¥

M M M M

is a complex. Since this is a special case of a 2-periodic complex we have its
cohomology modules HO(M, ¢,v), H' (M, p, 1) and a notion of exactness.

In the following we will use any result proved for 2-periodic complexes without
further mention for (2,1)-periodic complexes. It is clear that the collection of
2-periodic complexes forms a category with morphisms (f,g) : (M,N,¢,¥) —
(M',N',¢',¢") pairs of morphisms f : M — M’ and g : N — N’ such that
o of=gopandy og= for. We obtain an abelian category, with kernels and
cokernels as in Homology, Lemma [13.3

Definition 2.2. Let (M, N, p, 1) be a 2-periodic complex over a ring R whose
cohomology modules have finite length. In this case we define the multiplicity of
(M, N, ¢, ) to be the integer

er(M, N, ¢, ) = lengthp(H(M, N, ¢,)) — length (H' (M, N, ¢, 1))
In the case of a (2,1)-periodic complex (M, p, 1), we denote this by er(M, p, )

and we will sometimes call this the (additive) Herbrand quotient.

If the cohomology groups of (M, ¢, 1) are finite abelian groups, then it is customary
to call the (multiplicative) Herbrand quotient
_ #HO(M, 0,0)
#H' (M, ¢,9)
In words: the multiplicative Herbrand quotient is the number of elements of H°

divided by the number of elements of H!. If R is local and if the residue field of R
is finite with ¢ elements, then we see that

q(M, @, ) = g°rMe)

q(M, p,1)

An example of a (2,1)-periodic complex over a ring R is any triple of the form
(M,0,%) where M is an R-module and ¢ is an R-linear map. If the kernel and
cokernel of ¥ have finite length, then we obtain

(2.2.1) er(M,0,1¢) = length 5 (Coker(¢))) — lengthz (Ker(v)))
We state and prove the obligatory lemmas on these notations.

Lemma 2.3. Let R be a ring. Suppose that we have a short exact sequence of
2-periodic complexes

0 — (M1, N1, 01,91) = (Ma, Na, p2,12) = (Ms, N3, @3,1%3) = 0

If two out of three have cohomology modules of finite length so does the third and
we have

er(Ma, No, @a,12) = er(Mq, N1, 1,¢1) + er(Ms, N3, p3,13).
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Proof. We abbreviate A = (My, Ni,01,¢1), B = (M3, Na,¢a,19) and C =
(M3, N3, ¢3,13). We have a long exact cohomology sequence

...— HYC) = HY(A) — H(B) = H°(C) — H'(A) - HY(B) - H'(C) — ...
This gives a finite exact sequence
0—1I— H°(A)— H(B) — H°(C) - H*(A) - H(B) - K =0

with 0 = K — H'(C) — I — 0 a filtration. By additivity of the length function
(Algebra, Lemma [52.3)) we see the result. O

Lemma 2.4. Let R be a ring. If (M, N,p, ) is a 2-periodic complezx such that
M, N have finite length, then er(M,N,p, ) = lengthr(M) — lengthg(N). In
particular, if (M, p,v) is a (2,1)-periodic complex such that M has finite length,
then er(M, p, ) = 0.

Proof. This follows from the additity of Lemma [2.3|and the short exact sequence
0— (M,0,0,0) = (M,N,p,v) — (0,N,0,0) — 0. O

Lemma 2.5. Let R be a ring. Let f : (M,p,v) — (M',¢',4") be a map of
(2,1)-periodic complezes whose cohomology modules have finite length. If Ker(f)
and Coker(f) have finite length, then egr(M,p, ) = er(M’, ¢’ ¢').

Proof. Apply the additivity of Lemma and observe that (Ker(f),,v) and
(Coker(f),¢’,4') have vanishing multiplicity by Lemma O

3. Calculation of some multiplicities

To prove equality of certain cycles later on we need to compute some multiplicities.
Our main tool, besides the elementary lemmas on multiplicities given in the previous
section, will be Algebra, Lemma

Lemma 3.1. Let R be a Noetherian local ring. Let M be a finite R-module. Let
x € R. Assume that

(1) dim(Supp(M)) <1, and

(2) dim(Supp(M/xzM)) <O0.
Write Supp(M) = {m,q1,...,q+}. Then

er(M,0,2) = Ziil , ordgq; (x)lengthg, (Mg, ).

,,,,,,

Proof. We first make some preparatory remarks. The result of the lemma holds if
M has finite length, i.e., if t = 0, because both the left hand side and the right hand
side are zero in this case, see Lemma [2.4] Also, if we have a short exact sequence
0— M — M — M" — 0 of modules satisfying (1) and (2), then lemma for 2 out
of 3 of these implies the lemma for the third by the additivity of length (Algebra,
Lemma and additivty of multiplicities (Lemma [2.3)).

Denote M; the image of M in My, so Supp(M;) = {m, q;}. The kernel and cokernel
of the map M — @ M; have support {m} and hence have finite length. By our
preparatory remarks, it follows that it suffices to prove the lemma for each M;. Thus
we may assume that Supp(M) = {m, q}. In this case we have a finite filtration M D
gM D g?M D ... D q"M = 0 by Algebra, Lemma Again additivity shows
that it suffices to prove the lemma in the case M is annihilated by q. In this case
we can view M as a R/q-module, i.e., we may assume that R is a Noetherian local
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domain of dimension 1 with fraction field K. Dividing by the torsion submodule,
i.e., by the kernel of M — M ®pr K = V (the torsion has finite length hence
is handled by our preliminary remarks) we may assume that M C V is a lattice
(Algebra, Definition [121.3)). Then = : M — M is injective and lengthy(M/zM) =
d(M,zM) (Algebra, Definition [121.5). Since lengthy (V) = dimg (V) we see that
det(z : V — V) = 29mx(V) and ordg(det(x : V — V)) = dimg (V)ordp(x). Thus
the desired equality follows from Algebra, Lemma [121.7] in this case. O
Lemma 3.2. Let R be a Noetherian local ring. Let x € R. If M is a finite Cohen-
Macaulay module over R with dim(Supp(M)) = 1 and dim(Supp(M/xM)) = 0,
then

lengthp (M /xM) = Z lengthg(R/(x,q:))lengthg (Mg, ).
where q1,...,q; are the minimal primes of the support of M. If I C R is an ideal
such that x is a nonzerodivisor on R/I and dim(R/I) = 1, then

lengthn(R/(2.1)) = 3 lengthp(R/ (x.q,))lengthy, (R/1)q,)
where q1,...,q, are the minimal primes over I.
Proof. These are special cases of Lemma [3.1 O
Here is another case where we can determine the value of a multiplicity.

Lemmal 3.3. Let R be a ring. Let M be an R-module. Let ¢ : M — M be an
endomorphism and n > 0 such that ¢ = 0 and such that Ker(¢)/Im(p" ') has
finite length as an R-module. Then

eR(M7 Qoiv @n_i) =0
fori=0,...,n.
Proof. The cases i = 0,n are trivial as ¢ = idy; by convention. Let us think

of M as an R[t]-module where multiplication by ¢ is given by ¢. Let us write
K; =Ker(t': M — M) and

a; = lengthp (K;/t"""M), b; = lengthp(K;/tK;t1), ¢ = lengthp(Ky/t'Kit1)

Boundary values are ag = a, = by = ¢g = 0. The ¢; are integers for i < n as
K1 /t'K, 11 is a quotient of K;/t" 1M which is assumed to have finite length. We
will use frequently that K; Nt/M = t/K; ;. For 0 < i < n — 1 we have an exact
sequence

0— Kl/tn_i_lKn_i — Ki+1/tn_i_1M i) Ki/tn_iM — Ki/tKH_l —0
By induction on i we conclude that a; and b; are integers for ¢ < n and that
Cn—i—1 — @i+1 + a; —b; =0

For 0 < i < n — 1 there is a short exact sequence

0= Ki/tKips — Kior [tKips o K1/ Kivs — K1 /tKs1 — 0
which gives
bi = biy1+cip1 —¢; =0
Since by = ¢g we conclude that b; = ¢; for i < n. Then we see that
a2 =a1+bp_2—>b1, a3 =az+by_3— by,

It is straighforward to see that this implies a; = a,,_; as desired. O
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Lemma 3.4. Let (R,m) be a Noetherian local ring. Let (M,p,%) be a (2,1)-
periodic complex over R with M finite and with cohomology groups of finite length
over R. Let x € R be such that dim(Supp(M/xzM)) < 0. Then

eR(Mv Ty, 1/}) = eR(M7 90»¢) - GR(Im((P),O,l')
and

eR(M’ ©s xw) = eR(M7 ©s 1/)) + eR(Im(w)’ 0, Z‘)

Proof. We will only prove the first formula as the second is proved in exactly the
same manner. Let M’ = M[z*°] be the z-power torsion submodule of M. Consider
the short exact sequence 0 — M’ — M — M" — 0. Then M" is z-power torsion
free (More on Algebra, Lemma . Since ¢, ¥ map M’ into M’ we obtain a
short exact sequence

0— (M, ¢"\¢') = (M, p,9) = (M",¢",4") =0

of (2,1)-periodic complexes. Also, we get a short exact sequence 0 — M'NIm(y) —
Im(p) — Im(¢”) — 0. We have egr(M',0,v) = er(M',zp,¢) = er(M’' N
Im(p),0,2) = 0 by Lemma By additivity (Lemma we see that it suf-
fices to prove the lemma for (M", ¢ ¢"). This reduces us to the case discussed in
the next paragraph.

Assume z : M — M is injective. In this case Ker(zyp) = Ker(y). On the other
hand we have a short exact sequence

0 — Im(p)/zIm(p) = Ker(¢)/ Im(x¢p) — Ker(1))/Im(p) — 0
This together with (2.2.1]) proves the formula. O

4. Preparation for tame symbols

In this section we put some lemma that will help us define the tame symbol in the
next section.

Lemmal 4.1. Let A be a Noetherian ring. Let my,...,m, be pairwise distinct
mazimal ideals of A. Fori = 1,...,r let ¢; : Am, — B; be a ring map whose
kernel and cokernel are annihilated by a power of m;. Then there exists a ring map
w: A — B such that

(1) the localization of ¢ at m; is isomorphic to @;, and
(2) Ker(p) and Coker(p) are annihilated by a power of my N...Nm,.

Moreover, if each @; is finite, injective, or surjective then so is .

Proof. Set I =m;N...Nm,. Set A; = A, and A’ =[] A;. Then TA' = [[m;A;
and A — A’ is a flat ring map such that A/I = A’/IA’. Thus we may use More on
Algebra, Lemma|[89.16] to see that there exists an A-module map ¢ : A — B with ¢;
isomorphic to the localization of ¢ at m;. Then we can use the discussion in More
on Algebra, Remark to endow B with an A-algebra structure matching the
given A-algebra structure on B;. The final statement of the lemma follows easily
from the fact that Ker(¢)m, = Ker(yp;) and Coker(p)m, = Coker(p;). O

The following lemma is very similar to Algebra, Lemma [119.3
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Lemma 4.2. Let (R, m) be a Noetherian local ring of dimension 1. Let a,b € R be
nonzerodivisors. There exists a finite ring extension R C R’ with R'/R annihilated
by a power of m and nonzerodivisors t,a’,b’ € R’ such that a = ta’ and b =tV and
R =dR +VR.

Proof. If a or b is a unit, then the lemma is true with R = R’. Thus we may
assume a,b € m. Set I = (a,b). The idea is to blow up R in I. Instead of doing the
algebraic argument we work geometrically. Let X = Proj(€D,-,¢). By Divisors,
Lemma the morphism X — Spec(R) is an isomorphism over the punctured
spectrum U = Spec(R) \ {m}. Thus we may and do view U as an open subscheme
of X. The morphism X — Spec(R) is projective by Divisors, Lemma Also,
every generic point of X lies in U, for example by Divisors, Lemma[32.10] It follows
from Varieties, Lemma that X — Spec(R) is finite. Thus X = Spec(R') is
affine and R — R’ is finite. We have R, = R/, as U = D(a). Hence a power of a
annihilates the finite R-module R'/R. As m = \/(a) we see that R'/R is annihilated
by a power of m. By Divisors, Lemma we see that IR’ is a locally principal
ideal. Since R’ is semi-local we see that IR’ is principal, see Algebra, Lemma
say IR’ = (t). Then we have a = a't and b = b't and everything is clear. O

Lemma 4.3. Let (R,m) be a Noetherian local ring of dimension 1. Let a,b € R
be nonzerodivisors with a € m. There exists an integer n = n(R, a,b) such that for
a finite ring extension R C R’ if b= a™c for some ¢ € R', then m < n.

Proof. Choose a minimal prime q C R. Observe that dim(R/q) = 1, in particular
R/q is not a field. We can choose a discrete valuation ring A dominating R/q with
the same fraction field, see Algebra, Lemma Observe that a and b map to
nonzero elements of A as nonzerodivisors in R are not contained in q. Let v be the
discrete valuation on A. Then v(a) > 0 as a € m. We claim n = v(b)/v(a) works.

Let R C R be given. Set A’ = A®pg R'. Since Spec(R’) — Spec(R) is surjective
(Algebra, Lemma [36.17) also Spec(A’) — Spec(A) is surjective (Algebra, Lemma
30.3). Pick a prime ¢’ C A’ lying over (0) C A. Then A C A” = A’/q' is a
finite extension of rings (again inducing a surjection on spectra). Pick a maximal
ideal m” C A” lying over the maximal ideal of A and a discrete valuation ring A"
dominating A7, (see lemma cited above). Then A — A’ is an extension of discrete
valuation rings and we have b = a™c in A”’. Thus v"’(b) > mv"'(a). Since v"’ = ev

where e is the ramification index of A" /A, we find that m < n as desired. O

Lemma 4.4. Let (A, m) be a Noetherian local ring of dimension 1. Let r > 2 and
let ai,...,a, € A be nonzerodivisors not all units. Then there exist

(1) a finite ring extension A C B with B/A annihilated by a power of m,
(2) for each mazximal ideal mj C B a nonzerodivisor m; € Bj = By, and

(3) factorizations a; = ui7j7rji’j in Bj with u; ; € B, units and e; ; > 0.

Proof. Since at least one a; is not a unit we find that m is not an associated prime
of A. Moreover, for any A C B as in the statement m is not an associated prime
of B and m; is not an associate prime of B;. Keeping this in mind will help check
the arguments below.

First, we claim that it suffices to prove the lemma for r = 2. We will argue this by
induction on r; we suggest the reader skip the proof. Suppose we are given A C B
and 7; in Bj = By, and factorizations a; = ui,jwje-""j fori=1,...,7—1in B, with
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u;; € B; units and e; ; > 0. Then by the case r = 2 for 7; and a, in B; we can
find extensions B; C C; and for every maximal ideal m;; of C; a nonzerodivisor
Tk € Cjp = (Cj)mj,k and factorizations

_ fik _ 9j.k
Tj = U kT, and a, = Wy kT,

as in the lemma. There exists a unique finite extension B C C with C'/B annihilated
by a power of m such that C; = Cy,; for all j, see Lemma The maximal ideals
of C correspond 1-to-1 to the maximal ideals m;; in the localizations and in these
localizations we have

a; = ui T, = umv;’i,;"wjfjjfj’k
for i < r — 1. Since a, factors correctly too the proof of the induction step is

complete.
Proof of the case r = 2. We will use induction on
¢ = min(length 4, (A/a1 A), length 4 (A/azA)).

If £ = 0, then either a; or as is a unit and the lemma holds with A = B. Thus we
may and do assume ¢ > 0.

Suppose we have a finite extension of rings A C A’ such that A’/A is annihilated by
a power of m and such that m is not an associated prime of A’. Let mq,...,m, C A’
be the maximal ideals and set A, = A/ . If we can solve the problem for aj,as
in each A}, then we can apply Lemma to produce a solution for aj,as in A.
Choose = € {a1, a2} such that ¢ = length 4, (A/xA). By Lemma and we
have length 4 (A/zA) = length ,(A’/xA’). On the other hand, we have

length 4 (A" /zA") = Z[K(ml) : /{(m)]lengthA; (A} )z AL)

by Algebra, Lemma Since € m we see that each term on the right hand
side is positive. We conclude that the induction hypothesis applies to a1, as in each
Alifr>1orifr=1and [k(my) : k(m)] > 1. We conclude that we may assume
each A’ as above is local with the same residue field as A.

Applying the discussion of the previous paragraph, we may replace A by the ring
constructed in Lemma [I.2] for aj,as € A. Then since A is local we find, after
possibly switching a; and as, that as € (a1). Write as = af*c with m > 0 maximal.
In fact, by Lemma we may assume m is maximal even after replacing A by any
finite extension A C A’ as in the previous paragraph. If ¢ is a unit, then we are
done. If not, then we replace A by the ring constructed in Lemma [£.2]for a;,c € A.
Then either (1) ¢ = a1¢’ or (2) a1 = ca)j. The first case cannot happen since it
would give ag = a{”“c’ contradicting the maximality of m. In the second case we
get a; = ca} and ay = ¢™*1(a})™. Then it suffices to prove the lemma for A and
c,a. If af is a unit we’re done and if not, then length 4,(A/cA) < £ because cA is
a strictly bigger ideal than a; A. Thus we win by induction hypothesis. O

5. Tame symbols

Consider a Noetherian local ring (A, m) of dimension 1. We denote Q(A) the total
ring of fractions of A, see Algebra, Example The tame symbol will be a map

9a(=,—): Q(A)" x Q(A)" — r(m)"

satisfying the following properties:
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aA( )6A(g7f)_1 fOI‘f,gEQ( )

A(f,1—f)=1 for f € Q(A)* such that 1 — f € Q(A)*,

0a(aa’,b) = 0a(a,b)0a(a’,b) and Oa(a,bb’) = 0a(a,b)d4(a,b") for a,a’,b,b’ €
A nonzerod1v1sors

(5) 0a(b,b) = (—1)™ with m = length4(A/bA) for b € A a nonzerodivisor,

(6) 0a(u,b) =u™ mod m with m = length 4,(A/bA) for u € A aunit and b € A
a nonzerodivisor, and

(7) 0a(a,b—a)da(b,b) = 0a(b,b— a)da(a,b) for a,b € A such that a,b,b —a

are nonzerodivisors.

8A(fagh) 8A(f,g)a,4(f7 ) for f,g,hEQ(A)*,
i1

A~~~
w
—_— — — —

Since it is easier to work with elements of A we will often think of 04 as a map
defined on pairs of nonzerodivisors of A satisfying , , @, @ It is an exercise
to see that setting

OA(L. £) = 0(a.c)0a(0.d) " Da(b0) 0 (0.)

we get a well defined map Q(A)* x Q(A)* — x(m)* satisfying (T)), (2), as well
as the other properties.

We do not claim there is a unique map with these properties. Instead, we will give
a recipe for constructing such a map. Namely, given a1, as € A nonzerodivisors, we
choose a ring extension A C B and local factorizations as in Lemma [£.4] Then we
define

(5.0.1) O0a(ay,az) = Hj Normy (m;)/r(m) ((=1)17 Ju?f Us Jl 7 mod m;)™

where m; = lengthy (B;/m;B;) and the product is taken over the maximal ideals
my,...,m, of B.

Lemma 5.1. The formula determines a well defined element of k(m)*.
In other words, the right hand side does not depend on the choice of the local
factorizations or the choice of B.

Proof. Independence of choice of factorizations. Suppose we have a Noetherian
1-dimensional local ring B, elements a1, as € B, and nonzerodivisors 7, 6 such that
we can write

a1 = u T = 0107, ay = uem®? = 1672
with e;, f; > 0 integers and wu;, v; units in B. Observe that this implies

ex _ ez, —ey €1 fo_ fo, —f1 N1
a1 —Ul U2 a2 s a U 'U a2

On the other hand, setting m = lengthy(B/7mB) and k = lengthz(B/0B) we find

eam = lengthg(B/asB) = fok. Expanding a{?™ = a{Qk using the above we find
(ufugy )™ = (vf?v; 7)*

This proves the desired equality up to signs. To see the signs work out we have to

show mejes is even if and only if kf; fo is even. This follows as both mes = kfs
and me; = kf; (same argument as above).

Independence of choice of B. Suppose given two extensions A C B and A C B’ as
in Lemma [£4l Then

C = (B ®a B')/(m-power torsion)
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will be a third one. Thus we may assume we have A C B C C and factorizations
over the local rings of B and we have to show that using the same factorizations over
the local rings of C gives the same element of x(m). By transitivity of norms (Fields,
Lemma this comes down to the following problem: if B is a Noetherian local
ring of dimension 1 and 7 € B is a nonzerodivisor, then

= H Norm,, /,.(A)™*

Here we have used the following notation: (1) & is the residue field of B, (2) X is an
element of k, (3) my C C are the maximal ideals of C, (4) ki, = k(my,) is the residue
field of Cx = Cu,, (5) m = lengthp(B/7B), and (6) my = lengthe, (Cy/mCy).
The displayed equality holds because Norm,, /. (\) = Areisl as X € K and because
m = Y mylrg : k]. First, we have m = lengthz(B/xB) = lengthz(C/7C) by
Lemma and (2.2.1). Finally, we have lengthz(C/7C) = > mylxr : k] by
Algebra, Lemma [52.12) (|

0EAS |Lemma 5.2. The tame symbol 1 satisfies @ and hence gives
amap da : Q(A)* X Q(A)* — k(m satzsfymg I

Proof. Let us prove . Let a1, as,a3 € A be nonzerodivisors. Choose A C B as
in Lemma [£.4] for a1, a2, as. Then the equality

0a(araz,a3) = 0a(a1,a3)da(az,as)

follows from the equality

(_1)(61,j+e2)j)e3,j (u17ju2,j)831ju;;1,j762,_7‘ _ (—1)61 j€s, Juf €3, ]u3 er, ]( 1)&2 jes, JUZS ]u3 €2,j

)

in B;. Properties and @ are equally immediate.

Let us prove . Let aq,as,a1 — as € A be nonzerodivisors and set az = a; — as.
Choose A C B as in Lemma [£.4] for a1, az,as. Then it suffices to show

(—1)erseziterics tesesites, U12j] 8. ”u23 JT Ju31 7 mod my =1
;

This is clear if e; ; = ez ; = e3;. Say e1; > ez ;. Then we see that e3; = ez ;
because a3 = a; — a2 and we see that us; has the same residue class as —us ;.
Hence the formula is true — the signs work out as well and this verification is the
reason for the choice of signs in . The other cases are handled in exactly the
same manner. (]

OEAT |Lemma|5.3. Let (A, m) be a Noetherian local ring of dimension 1. Let A C B be a
finite ring extension with B/A annihilated by a power of m and m not an associated
prime of B. For a,b € A nonzerodivisors we have

04 (aa b) = H Normﬁ(mj)/n(m) (83_7’ (aa b))

where the product is over the mazimal ideals m; of B and Bj = B, .

Proof. Choose Bj C C; as in Lemma [4.4] for a,b. By Lemma [4.1] we can choose a
finite ring extension B C C with C; = Cy, for all j. Let m;; C C' be the maximal
ideals of C' lying over m;. Let

Tik
a = uj; kT

— oy 90k
gk b_’ULkTrj,k
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be the local factorizations which exist by our choice of C; & Cy,;. By definition we
have

da(a,b) = Hj k NOT () /) (1) 779550550 I mod my ) ™ove
and
0, (a,b) = [ ], Normy(m, 1) /nmy) (= L)Frgikudiho 0 mod my )™k

The result follows by transitivity of norms for x(m;)/k(m;)/k(m), see Fields,
Lemma 20.5 O

Lemma 5.4. Let (A,m,k) — (A, m’,£) be a local homomorphism of Noether-
ian local rings. Assume A — A’ is flat and dim(A) = dim(A’) = 1. Set m =
length 4 (A’ /mA"). For ai,as € A nonzerodivisors 0a(a1,a2)™ maps to 0as(ay,az)
via kK — K.

Proof. If a1, as are both units, then d4(a1,a2) = 1 and da/(a1,a2) = 1 and the
result is true. If not, then we can choose a ring extension A C B and local fac-
torizations as in Lemma [£.4] Denote my,..., m,, be the maximal ideals of B. Let
my,...,m,, be the maximal ideals of B with residue fields x1,...,k,,. For each
Jj €{1,...,m} denote m; € B; = By, a nonzerodivisor such that we have factor-

. . € i . o .
izations a; = uiijj”” as in the lemma. By definition we have

€ €15
4(a1,az) H Normy, /. ((—=1)“"77u; 7 uy ;7 mod my)™

where m; = lengthy (B;/m;B;).
Set B’ = A’ ®4 B. Since A’ is flat over A we see that A’ C B’ is a ring extension
with B’/A’ annihilated by a power of m’. Let

m;’l, l:L,nj
be the maximal ideals of B’ lying over m;. Denote «’; the residue field of m’
Denote B’ 1 the localization of B’ at m’ I As factorizations of a; and as in B’ 1 we

use the image of the factorizations a; = u; Jﬂ' 7 given to us in B;. By deﬁnltlon
we have

dar(ar,az) = Hj ! Normy /o ((=1)727uy’ uy 5/ mod )"
where m/,; = lengthB;J (B, /7B ;).

Comparing the formulae above we see that it suffices to show that for each j and
for any unit u € B; we have

(5.4.1) (Norm,, /,,(u mod m;)"™i)" = Hl Norm,s /s (u mod m’; ;)™

in k’. We are going to use the construction of determinants of endomorphisms of
finite length modules in More on Algebra, Section to prove this. Set M =
Bj/mjBj. By More on Algebra, Lemma |120.2 we have

Normy,, /. (u mod m;)™ = det,(u: M — M)

Thus, by More on Algebra, Lemma [120.3] the left hand side of ([5.4.1]) is equal to
det(u: M ®q A" — M ®4 A’). We have an isomorphism

M®AA/=(BJ‘/7TJ‘ ®AAI @le/ﬁj 5,0
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of A™-modules. Setting M; = B}, /m; B, we see that Norm, /. (u mod m}fl)mévl =
det, (uj : M] — M]) by More on Algebra, Lemma [120.2| again. Hence (5.4.1)) holds
by multiplicativity of the determinant construction, see More on Algebra, Lemma

M20.11 O
6. A key lemma

In this section we apply the results above to prove Lemmal[6.3] This lemma is a low
degree case of the statement that there is a complex for Milnor K-theory similar to
the Gersten-Quillen complex in Quillen’s K-theory. See Remark

Lemma 6.1. Let (A,m) be a 2-dimensional Noetherian local ring. Let t € m be a
nonzerodivisor. Say V(t) = {m,q1,...,q.}. Let Aq, C B; be a finite ring extension
with B; /Aq, annihilated by a power of t. Then there exists a finite extension A C B
of local rings identifying residue fields with B; = By, and B/A annihilated by a
power of t.

Proof. Choose n > 0 such that B; C t " A,,. Let M C t™"A, resp. M’ C t72"A
be the A-submodule consisting of elements mapping to B; in t~" A, , resp. t_Q"Aqi.
Then M C M’ are finite A-modules as A is Noetherian and M,, = M;, = B; as
localization is exact. Thus M’'/M is annihilated by m¢ for some ¢ > 0. Observe
that M - M C M’ under the multiplication t ™" A xt ™A — t72" A. Hence B = A+
m¢T1M is a finite A-algebra with the correct localizations. We omit the verification
that B is local with maximal ideal m 4+ m°+1 M. O

Lemma 6.2. Let (A, m) be a 2-dimensional Noetherian local ring. Let a,b € A be
nonzerodivisors. Then we have

Z orda;q(0a,(a,b)) =0
where the sum is over the height 1 primes q of A.

Proof. If q is a height 1 prime of A such that a,b map to a unit of Ay, then
04, (a,b) = 1. Thus the sum is finite. In fact, if V(ab) = {m,q1,...,q,} then the
sum is over ¢ = 1,...,r. For each ¢ we pick an extension A;, C B; as in Lemma
for a,b. By Lemma [6.1] with ¢ = ab and the given list of primes we may assume
we have a finite local extension A C B with B/A annihilated by a power of ab and
such that for each i the By, = B;. Observe that if q; ; are the primes of B lying
over (; then we have

ordA/qi(ﬁAqi (a,b)) = Zj ordg/q, (83%)], (a,b))

by Lemma|[5.3]and Algebra, Lemma[I21.8] Thus we may replace A by B and reduce
to the case discussed in the next paragraph.

Assume for each ¢ there is a nonzerodivisor 7; € Ay, and units u;,v; € Ag, such
that for some integers e;, f; > 0 we have

€;
i

in Ag,. Setting m; = lengthAqi(Aqi/m) we have 04, (a,b) = ((fl)eifiu{ivi_ei)mi
by definition. Since a, b are nonzerodivisors the (2, 1)-periodic complex (A/(abd), a,b)
has vanishing cohomology. Denote M; the image of A/(ab) in Ag,/(ab). Then we
have a map

a =T b:vﬂrzf"

Af(ab) — @ M;
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whose kernel and cokernel are supported in {m} and hence have finite length. Thus
we see that

Z eA(Mi7 a, b) =0
by Lemma Hence it suffices to show ea(M;, a,b) = —ord4/q,(04,, (a,b)).
Let us prove this first, in case m;,u;,v; are the images of elements m;,u;,v; € A
(using the same symbols should not cause any confusion). In this case we get

fi)

%

=es(M;, ] 7rfi) —ea(m{ M;,0,u;) + eA(WZfiMi,O,vi)

v 0 g

ea(M;,a,b) = ea(M;,wmit, vm

=0- fimiordA/qi(Ui) + €im¢OI‘dA/qi (’Uz)

= fmiordA/qi(ufivi_”) = —ord/q, (04, (a,b))

The second equality holds by Lemma Observe that M; C (M;)q, = Aq. /(Werf)
and (77" M;)q, = Aqi/wzfi and (7erMz)q = Ay, /7. The 0 in the third equality
comes from Lemma[3.3]and the other two terms come from Lemma[3.3l The last two
equalities follow from multiplicativity of the order function and from the definition
of our tame symbol.

In general, we may first choose ¢ € A, ¢ € q; such that cm; € A. After replacing ;
by cm; and u; by ¢~ %wu; and v; by cFiv; we may and do assume 7; is in A. Next,
choose an c € A, ¢ € q; with cu;, cv; € A. Then we observe that

eA(Mia ca, Cb) = €A (Mu a, b) - 6A(aMi7 07 C) + 6A(bMi7 07 C)
by Lemma On the other hand, we have
da,, (ca,cb) = cm*fi—ei)aA% (a,b)

in k(q;)* because c is a unit in Ay,. The arguments in the previous paragraph show
that ea(M;, ca,cb) = —ordayq,(0a,, (ca,cb)). Thus it suffices to prove

ealaM;,0,c) = ordA/qi(cm’?fi) and es(bM;,0,c¢) = ord 4 /q, (™)

and this follows from Lemma by the description (see above) of what happens
when we localize at ;. ]

Lemma 6.3 (Key Lemma). Let A be a 2-dimensional Noetherian local domain When A is an
with fraction field K. Let f,g € K*. Let q1,...,q; be the height 1 primes q of A excellent ring this is
such that either f or g is not an element of Ay. Then we have [Kat86l, Proposition

1].
Zi—l ¢ OTdA/qi (aAqi (fa g)) =0

yeeey

We can also write this as
Zh@ight(q):l ordasq(0a,(f,9)) =0
since at any height 1 prime q of A where f,g € A; we have 8Aq(f7g) - 1.

Proof. Since the tame symbols 04, (f,g) are bilinear and the order functions
ordy/q are additive it suffices to prove the formula when f and g are elements
of A. This case is proven in Lemma [6.2} O
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0EAY Remark 6.4 (Milnor K-theory). For a field k let us denote KM (k) the quotient of

02QK

02QL

the tensor algebra on k* divided by the two-sided ideal generated by the elements
r®1—zforzek)\{0,1}. Thus KM (k) = Z, KM (k) = k*, and

KM (k) =k @z k" /(z®1—2)

If A is a discrete valuation ring with fraction field F' = Frac(A) and residue field x,
there is a tame symbol

Oa: KM (F) — KM (k)

defined as in Section [5; see [Kat86]. More generally, this map can be extended to
the case where A is an excellent local domain of dimension 1 using normalization
and norm maps on K| see [Kat86]; presumably the method in Section [5| can be
used to extend the construction of the tame symbol 94 to arbitrary Noetherian local
domains A of dimension 1. Next, let X be a Noetherian scheme with a dimension
function . Then we can use these tame symbols to get the arrows in the following;:

EB(;(I):jH KN, (k(z)) — @é(w):j KM(k(z)) — @5@):%1 KM, (k(x))

However, it is not clear, that the composition is zero, i.e., that we obtain a complex
of abelian groups. For excellent X this is shown in [Kat86]. When ¢ = 1 and j
arbitrary, this follows from Lemma [6.3

7. Setup

We will throughout work over a locally Noetherian universally catenary base S
endowed with a dimension function §. Although it is likely possible to generalize
(parts of) the discussion in the chapter, it seems that this is a good first approxima-
tion. It is exactly the generality discussed in [Tho90]. We usually do not assume
our schemes are separated or quasi-compact. Many interesting algebraic stacks
are non-separated and/or non-quasi-compact and this is a good case study to see
how to develop a reasonable theory for those as well. In order to reference these
hypotheses we give it a number.

Situation 7.1. Here S is a locally Noetherian, and universally catenary scheme.
Moreover, we assume S is endowed with a dimension function 6 : S — Z.

See Morphisms, Definition for the notion of a universally catenary scheme,
and see Topology, Definition for the notion of a dimension function. Recall
that any locally Noetherian catenary scheme locally has a dimension function, see
Properties, Lemma Moreover, there are lots of schemes which are universally
catenary, see Morphisms, Lemma [17.5

Let (5,6) be as in Situation Any scheme X locally of finite type over S is
locally Noetherian and catenary. In fact, X has a canonical dimension function

5=5X/52X—>Z

associated to (f : X — 5, ) given by the rule dx/s(x) = §(f(x)) +trdeg, sk (z).
See Morphisms, Lemma Moreover, if h : X — Y is a morphism of schemes
locally of finite type over S, and x € X, y = h(z), then obviously dx,s(z) =
dy/s(y) + trdeg, ki (x). We will freely use this function and its properties in the
following.
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Here are the basic examples of setups as above. In fact, the main interest lies in
the case where the base is the spectrum of a field, or the case where the base is the
spectrum of a Dedekind ring (e.g. Z, or a discrete valuation ring).

Example 7.2. Here S = Spec(k) and k is a field. We set d(pt) = 0 where pt
indicates the unique point of S. The pair (5,4) is an example of a situation as in
Situation [7.1] by Morphisms, Lemma, [I7.5

Example 7.3. Here S = Spec(A), where A is a Noetherian domain of dimension
1. For example we could consider A = Z. We set d(p) = 0 if p is a maximal ideal
and §(p) = 1 if p = (0) corresponds to the generic point. This is an example of
Situation by Morphisms, Lemma

Example| 7.4. Here S is a Cohen-Macaulay scheme. Then S is universally
catenary by Morphisms, Lemma We set 0(s) = —dim(Ogs). If s ~
s is a mnontrivial specialization of points of S, then Og is the localization of
Ogs,s at a nonmaximal prime ideal p C Ogg, see Schemes, Lemma Thus
dim(Ogs) = dim(Og,¢) + dim(Og s/p) > dim(Og ) by Algebra, Lemma
Hence §(s") > d(s). If s’ ~ s is an immediate specialization, then there is no prime
ideal strictly between p and m; and we find §(s’) = 6(s) + 1. Thus ¢ is a dimension
function. In other words, the pair (S, ) is an example of Situation

If S is Jacobson and § sends closed points to zero, then § is the function sending a
point to the dimension of its closure.

Lemma 7.5. Let (S,0) be as in Situation . Assume in addition S is a Jacobson
scheme, and 6(s) = 0 for every closed point s of S. Let X be locally of finite type
over S. Let Z C X be an integral closed subscheme and let £ € Z be its generic
point. The following integers are the same:

(1) dx/s(),

(2) dim(Z), and

(3) dim(Oz, ) where z is a closed point of Z.

Proof. Let X — S, £ € Z C X be as in the lemma. Since X is locally of finite
type over S we see that X is Jacobson, see Morphisms, Lemma Hence closed
points of X are dense in every closed subset of Z and map to closed points of S.
Hence given any chain of irreducible closed subsets of Z we can end it with a closed
point of Z. It follows that dim(Z) = sup, (dim(Oz,.) (see Properties, Lemma [10.3)
where z € Z runs over the closed points of Z. Note that dim(Oz .) = 6(£) — d(2)
by the properties of a dimension function. For each closed z € Z the field extension
k(2)/k(f(2)) is finite, see Morphisms, Lemma Hence 0x/s(z) = 0(f(2)) =0
for z € Z closed. It follows that all three integers are equal. (]

In the situation of the lemma above the value of ¢ at the generic point of a closed
irreducible subset is the dimension of the irreducible closed subset. However, in
general we cannot expect the equality to hold. For example if S = Spec(C][[t]])
and X = Spec(C((t))) then we would get d(xz) = 1 for the unique point of X,
but dim(X) = 0. Still we want to think of dx/g as giving the dimension of the
irreducible closed subschemes. Thus we introduce the following terminology.

Definition 7.6. Let (S5,0) as in Situation For any scheme X locally of finite
type over S and any irreducible closed subset Z C X we define

dims(2) = 6(¢)
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where £ € Z is the generic point of Z. We will call this the §-dimension of Z.
If Z is a closed subscheme of X, then we define dims(Z) as the supremum of the
d-dimensions of its irreducible components.

8. Cycles

Since we are not assuming our schemes are quasi-compact we have to be a little
careful when defining cycles. We have to allow infinite sums because a rational
function may have infinitely many poles for example. In any case, if X is quasi-
compact then a cycle is a finite sum as usual.

Definition 8.1. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let k € Z.

(1) A cycle on X is a formal sum

a= an[Z]

where the sum is over integral closed subschemes Z C X, each nz € Z, and
the collection {Z;nz # 0} is locally finite (Topology, Definition [28.4)).
(2) A k-cycle on X is a cycle

a= ZnZ[Z]

where nz # 0 = dims(Z) = k.
(3) The abelian group of all k-cycles on X is denoted Zj(X).

In other words, a k-cycle on X is a locally finite formal Z-linear combination of
integral closed subschemes of §-dimension k. Addition of k-cycles o = > nz[Z]
and 8 =Y myz[Z] is given by

a+pB=> (nz+mz)Z,
i.e., by adding the coefficients.

Remark 8.2. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let k € Z. Then we can write

2:(X) =@, K6 B, K (n(@)

with the following notation and conventions:

(1) KM (k(x)) = Z is the degree 0 part of the Milnor K-theory of the residue
field x(z) of the point # € X (see Remark [6.4)), and

(2) the direct sum on the right is over all points z € X with §(x) =k,

(3) the notation @/, signifies that we consider the subgroup consisting of locally
finite elements; namely, elements ) ©_n, such that for every quasi-compact
open U C X the set of z € U with n, # 0 is finite.

Definition 8.3. Let (S,0) be as in Situation Let X be locally of finite type
over S. The support of a cycle a = > nz[Z] on X is
S = Z CX
upp(cv) Unz wZc
Since the collection {Z;nz # 0} is locally finite we see that Supp(«) is a closed
subset of X. If «v is a k-cycle, then every irreducible component Z of Supp(«) has
d-dimension k.
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Definition 8.4. Let (S,0) be as in Situation Let X be locally of finite type
over S. A cycle a on X is effective if it can be written as « = Y nz[Z] withnz >0
for all Z.

The set of all effective cycles is a monoid because the sum of two effective cycles is
effective, but it is not a group (unless X = ().

9. Cycle associated to a closed subscheme

Lemma 9.1. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let Z C X be a closed subscheme.
(1) Let Z' C Z be an irreducible component and let £ € Z' be its generic point.
Then
lengthy, ,Oz¢ < 00
(2) If dims(Z) < k and £ € Z with §(§) = k, then £ is a generic point of an
irreducible component of Z.

Proof. Let Z' C Z, (¢ € Z' be as in (1). Then dim(Oz¢) = 0 (for example by
Properties, Lemma . Hence Oz ¢ is Noetherian local ring of dimension zero,
and hence has finite length over itself (see Algebra, Proposition . Hence, it
also has finite length over Ox ¢, see Algebra, Lemma

Assume ¢ € Z and §(¢) = k. Consider the closure Z’' = {€}. It is an irreducible
closed subscheme with dims(Z’) = k by definition. Since dims(Z) = k it must be
an irreducible component of Z. Hence we see (2) holds. O

Definition 9.2. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let Z C X be a closed subscheme.
(1) For any irreducible component Z’ C Z with generic point £ the integer
My 7z = lengthOX@OZ’f (Lemma is called the multiplicity of Z' in Z.
(2) Assume dims(Z) < k. The k-cycle associated to Z is

2]k = mz 22
where the sum is over the irreducible components of Z of d-dimension k.
(This is a k-cycle by Divisors, Lemma )

It is important to note that we only define [Z]; if the J-dimension of Z does not
exceed k. In other words, by convention, if we write [Z]; then this implies that
dims(Z) < k.

10. Cycle associated to a coherent sheaf

Lemma 10.1. Let (S,6) be as in Situation , Let X be locally of finite type over
S. Let F be a coherent Ox-module.
(1) The collection of irreducible components of the support of F is locally finite.
(2) Let Z' C Supp(F) be an irreducible component and let £ € Z' be its generic
point. Then
lengthe  Fe < 00
(3) If dims(Supp(F)) < k and £ € Z with 0(§) = k, then & is a generic point
of an irreducible component of Supp(F).
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Proof. By Cohomology of Schemes, Lemma the support Z of F is a closed
subset of X. We may think of Z as a reduced closed subscheme of X (Schemes,
Lemma [12.4). Hence (1) follows from Divisors, Lemma applied to Z and (3)
follows from Lemma applied to Z.

Let £ € Z’' be as in (2). In this case for any specialization £ ~» £ in X we have
Fe = 0. Recall that the non-maximal primes of Ox ¢ correspond to the points
of X specializing to £ (Schemes, Lemma . Hence F¢ is a finite Ox ¢-module
whose support is {m¢}. Hence it has finite length by Algebra, Lemma O

Definition 10.2. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let F be a coherent Ox-module.

(1) For any irreducible component Z’ C Supp(F) with generic point ¢ the
integer mz/, r = lengthy Fe (Lemma [10.1) is called the multiplicity of Z'
in F.

(2) Assume dimgs(Supp(F)) < k. The k-cycle associated to F is

[Fle = Zmz',F[Zl]

where the sum is over the irreducible components of Supp(F) of 4-dimension
k. (This is a k-cycle by Lemma [10.1])

It is important to note that we only define [F]y, if F is coherent and the §-dimension
of Supp(F) does not exceed k. In other words, by convention, if we write [F]j then
this implies that F is coherent on X and dimgs(Supp(F)) < k.

Lemma 10.3. Let (S,0) be as in Situation|7.1. Let X be locally of finite type over
S. Let Z C X be a closed subscheme. If dims(Z) < k, then [Z]; = [Oz]k.

Proof. This is because in this case the multiplicities mz: z and mz o, agree by
definition. |

Lemma 10.4. Let (S,9) be as in Situation . Let X be locally of finite type

over S. Let 0 - F — G — H — 0 be a short exact sequence of coherent sheaves

on X. Assume that the d-dimension of the supports of F, G, and H is < k. Then

Gl = [Flx + [H]-

Proof. Follows immediately from additivity of lengths, see Algebra, Lemma [52.3
O

11. Preparation for proper pushforward

Lemma 11.1. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Let f : X — Y be a morphism. Assume X, Y integral and dims(X) =
dims(Y). Then either f(X) is contained in a proper closed subscheme of Y, or f
is dominant and the extension of function fields R(X)/R(Y) is finite.

Proof. The closure f(X) C Y is irreducible as X is irreducible (Topology, Lemmas
and . If f(X) # Y, then we are done. If f(X) =Y, then f is dominant and
by Morphisms, Lemma we see that the generic point ny of Y is in the image of
f. Of course this implies that f(nx) = ny, where nx € X is the generic point of X.
Since 0(nx) = d(ny) we see that R(Y) = k(ny) C k(nx) = R(X) is an extension of
transcendence degree 0. Hence R(Y) C R(X) is a finite extension by Morphisms,
Lemma (which applies by Morphisms, Lemma . [
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Lemma 11.2. Let (S,6) be as in Situation . Let X, Y be locally of finite type
over S. Let f: X =Y be a morphism. Assume f is quasi-compact, and {Z;}icr is
a locally finite collection of closed subsets of X. Then {f(Z;)}icr is a locally finite
collection of closed subsets of Y.

Proof. Let V C Y be a quasi-compact open subset. Since f is quasi-compact the
open f~1(V) is quasi-compact. Hence the set {i € I | Z;N f=1(V) # 0} is finite by
a simple topological argument which we omit. Since this is the same as the set

{iel|f(Z)NV A0y ={iel| f(Z)NV #0}

the lemma is proved. [

12. Proper pushforward

Definition 12.1. Let (5,0) be as in Situation Let X, Y be locally of finite
type over S. Let f: X — Y be a morphism. Assume f is proper.

(1) Let Z C X be an integral closed subscheme with dims(Z) = k. We define
.17 :{ 0 if dims(f(2)) < k,
: deg(2/f(2))[f(2)] if dims(f(Z)) = k.

Here we think of f(Z) C Y as an integral closed subscheme. The degree of

Z over f(Z) is finite if dims(f(Z)) = dims(Z) by Lemma [11.1}
(2) Let a = > nz[Z] be a k-cycle on X. The pushforward of « as the sum

fea =Y nzf.(Z]

where each f.[Z] is defined as above. The sum is locally finite by Lemma

1.2 above.
By definition the proper pushforward of cycles
fo Z(X) — Zy(Y)

is a homomorphism of abelian groups. It turns X — Z(X) into a covariant functor
on the category of schemes locally of finite type over S with morphisms equal to
proper morphisms.

Lemma 12.2. Let (S,0) be as in Situation . Let X, Y, and Z be locally of
finite type over S. Let f : X — Y and g : Y — Z be proper morphisms. Then
gi o fu = (g0 f) as maps Z,(X) — Zy(Z).

Proof. Let W C X be an integral closed subscheme of dimension k. Consider
W' = f(W) CY and W’ = g(f(W)) C Z. Since f, g are proper we see that
W’ (resp. W) is an integral closed subscheme of Y (resp. Z). We have to show
that g.(f«[W]) = (g o f)[W]. If dims(W") < k, then both sides are zero. If
dims(W") = k, then we see the induced morphisms

W— W — W
both satisfy the hypotheses of Lemma Hence
9 (f<[W]) = deg(W/W') deg(W'/W")[W"], (g o f)«[W] = deg(W/W")[W"].
Then we can apply Morphisms, Lemma to conclude. (I
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A closed immersion is proper. If i : Z — X is a closed immersion then the maps
Ty : Zk(Z) — Zk(X)
are all injective.

Lemma 12.3. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let X1, X5 C X be closed subschemes such that X = X7 U Xy set theoretically.
For every k € Z the sequence of abelian groups

Zip (X1 N X)) ——= Zp(X1) @ Zp(X2) —= Zp(X) —=0

is exact. Here X1 N Xo is the scheme theoretic intersection and the maps are the
pushforward maps with one multiplied by —1.

Proof. First assume X is quasi-compact. Then Z;(X) is a free Z-module with
basis given by the elements [Z] where Z C X is integral closed of J-dimension k.
The groups Z(X1), Zr(X2), Zx(X1 N X3) are free on the subset of these Z such
that Z C X1, Z C X9, Z C X1 N X,. This immediately proves the lemma in this
case. The general case is similar and the proof is omitted. O

Lemma 12.4. Let (S,d) be as in Situation . Let f: X = Y be a proper
morphism of schemes which are locally of finite type over S.

(1) Let Z C X be a closed subscheme with dims(Z) < k. Then

flZ]i = [f<Oz]k.
(2) Let F be a coherent sheaf on X such that dims(Supp(F)) < k. Then

Note that the statement makes sense since f.F and f.Oyz are coherent Oy -modules
by Cohomology of Schemes, Proposition|19.1]

Proof. Part (1) follows from (2) and Lemma Let F be a coherent sheaf on
X. Assume that dims(Supp(F)) < k. By Cohomology of Schemes, Lemma
there exists a closed subscheme 7 : Z — X and a coherent Oz-module G such that
1+G = F and such that the support of F is Z. Let Z’ C Y be the scheme theoretic
image of f|z : Z — Y. Consider the commutative diagram of schemes

Z — X
le lf
7Ly
We have f.F = f.i.G = i,.(f|z)«G by going around the diagram in two ways.

Suppose we know the result holds for closed immersions and for f|z. Then we see
that

FlFle = feialGli = ()u(fl2)[Glk = () [(fl2)« Gk = [(I")x(f12)4Glk = [feFlk

as desired. The case of a closed immersion is straightforward (omitted). Note that
flz : Z — Z' is a dominant morphism (see Morphisms, Lemma. Thus we have
reduced to the case where dims(X) < k and f: X — Y is proper and dominant.

Assume dims(X) < kand f : X — Y is proper and dominant. Since f is dominant,
for every irreducible component Z C Y with generic point n there exists a point
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¢ € X such that f(§) = n. Hence 6(n) < §(§) < k. Thus we see that in the
expressions
flFle = ZnZ[Z], and [foFk = ZmZ[Z].

whenever ny # 0, or myz # 0 the integral closed subscheme Z is actually an irre-
ducible component of Y of §-dimension k. Pick such an integral closed subscheme
Z C Y and denote 7 its generic point. Note that for any £ € X with f(£) = n we
have §(£) > k and hence & is a generic point of an irreducible component of X of
d-dimension k as well (see Lemma . Since f is quasi-compact and X is locally
Noetherian, there can be only finitely many of these and hence f~1({n}) is finite.
By Morphisms, Lemma there exists an open neighbourhood n € V C Y such
that f=1(V) — V is finite. Replacing Y by V and X by f~1(V) we reduce to the
case where Y is affine, and f is finite.

Write Y = Spec(R) and X = Spec(A) (possible as a finite morphism is affine).
Then R and A are Noetherian rings and A is finite over R. Moreover F = M for
some finite A-module M. Note that f,F corresponds to M viewed as an R-module.
Let p C R be the minimal prime corresponding to n € Y. The coefficient of Z in
[f«Fi is clearly lengthp (My). Let q;, i = 1,...,t be the primes of A lying over
p. Then A, = [[ A, since A, is an Artinian ring being finite over the dimension
zero local Noetherian ring R,,. Clearly the coefficient of Z in f,[F]y is

>, In(a) s r(ellenthy, (0Mg,)

Hence the desired equality follows from Algebra, Lemma [52.12 (]

13. Preparation for flat pullback

Recall that a morphism f : X — Y which is locally of finite type is said to have
relative dimension r if every nonempty fibre is equidimensional of dimension 7. See

Morphisms, Definition [29.1]

Lemma 13.1. Let (S,6) be as in Situation . Let X, Y be locally of finite type
over S. Let f: X — Y be a morphism. Assume f is flat of relative dimension r.
For any closed subset Z C'Y we have

dims(f~1(2)) = dims(Z) + .

provided f~1(Z) is nonempty. If Z is irreducible and Z' C f=1(Z) is an irreducible
component, then Z' dominates Z and dims(Z') = dims(Z) + r.

Proof. It suffices to prove the final statement. We may replace Y by the integral
closed subscheme Z and X by the scheme theoretic inverse image f~(Z) = Zxy X.
Hence we may assume Z = Y is integral and f is a flat morphism of relative
dimension 7. Since Y is locally Noetherian the morphism f which is locally of finite
type, is actually locally of finite presentation. Hence Morphisms, Lemma [25.10
applies and we see that f is open. Let £ € X be a generic point of an irreducible
component of X. By the openness of f we see that f(§) is the generic point 7 of
Z =Y. Note that dim¢(X,) = r by assumption that f has relative dimension 7.
On the other hand, since § is a generic point of X we see that Ox ¢ = Ox, ¢ has
only one prime ideal and hence has dimension 0. Thus by Morphisms, Lemma [28.1
we conclude that the transcendence degree of (&) over k(n) is r. In other words,
d(&) = 0(n) + r as desired. O
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Here is the lemma that we will use to prove that the flat pullback of a locally finite
collection of closed subschemes is locally finite.

Lemma 13.2. Let (S,0) be as in Situation . Let X, Y be locally of finite
type over S. Let f : X — Y be a morphism. Assume {Z;}icr is a locally finite
collection of closed subsets of Y. Then {f~Y(Z;)}ier is a locally finite collection of
closed subsets of X.

Proof. Let U C X be a quasi-compact open subset. Since the image f(U) C Y
is a quasi-compact subset there exists a quasi-compact open V C Y such that
f(U) Cc V. Note that

Gel|lf " Z)NU#Dycliel|Z;nV #£0}.

Since the right hand side is finite by assumption we win. |

14. Flat pullback

In the following we use f~!(Z) to denote the scheme theoretic inverse image of a
closed subscheme Z C Y for a morphism of schemes f : X — Y. We recall that
the scheme theoretic inverse image is the fibre product

fU(2) —=X

|

L ———Y

and it is also the closed subscheme of X cut out by the quasi-coherent sheaf of
ideals f~Y(Z)Ox, if T C Oy is the quasi-coherent sheaf of ideals corresponding to
Z in Y. (This is discussed in Schemes, Section [4] and Lemma and Definition
17.71)

Definition 14.1. Let (S,d) be as in Situation Let X, Y be locally of finite
type over S. Let f: X — Y be a morphism. Assume f is flat of relative dimension
.

(1) Let Z C Y be an integral closed subscheme of d-dimension k. We define
f*[Z] to be the (k 4 r)-cycle on X to the scheme theoretic inverse image

F12 =D wsr

This makes sense since dims(f~1(Z)) = k + r by Lemma
(2) Let a =3 n;[Z;] be a k-cycle on Y. The flat pullback of o by f is the sum

fra=Y nif*(Z]

where each f*[Z;] is defined as above. The sum is locally finite by Lemma

(3) We denote f*: Z,(Y) = Zg4r(X) the map of abelian groups so obtained.

An open immersion is flat. This is an important though trivial special case of a flat
morphism. If U C X is open then sometimes the pullback by 7 : U — X of a cycle
is called the restriction of the cycle to U. Note that in this case the maps

are all surjective. The reason is that given any integral closed subscheme Z’ C U, we
can take the closure of Z of Z’ in X and think of it as a reduced closed subscheme of
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X (see Schemes, Lemma [12.4)). And clearly ZNU = Z’, in other words j*[Z] = [Z]
whence the surjectivity. In fact a little bit more is true.

Lemma 14.2. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let U C X be an open subscheme, and denotei:Y = X \U — X as a reduced
closed subscheme of X. For every k € Z the sequence

. *
K3

Z(Y) = Z(X) = Z4(U) — 0
is an exact complex of abelian groups.

Proof. First assume X is quasi-compact. Then Z;(X) is a free Z-module with
basis given by the elements [Z] where Z C X is integral closed of §-dimension k.
Such a basis element maps either to the basis element [Z N U] or to zero if Z C Y.
Hence the lemma is clear in this case. The general case is similar and the proof is
omitted. O

Lemma 14.3. Let (S,0) be as in Situation . Let XY, Z be locally of finite type
over S. Let f: X =Y and g:Y — Z be flat morphisms of relative dimensions r
and s. Then go f is flat of relative dimension r + s and

[rog"=(gof)
as maps Zk<Z) — Zk+r+s(X)'

Proof. The composition is flat of relative dimension r + s by Morphisms, Lemma
Suppose that
(1) W C Z is a closed integral subscheme of d-dimension k,
(2) W’ C Y is a closed integral subscheme of d-dimension k + s with W' C
g 1 (W), and
(3) W” C Y is a closed integral subscheme of d-dimension k + s 4+ r with
W' c f=Yw’).
We have to show that the coefficient n of [W”] in (g o f)*[W] agrees with the
coefficient m of [W”] in f*(¢*[W]). That it suffices to check the lemma in these
cases follows from Lemma Let & e W, & € W and £ € W be the generic
points. Consider the local rings A = Oz¢, B = Oy and C' = Ox ¢r. Then we
have local flat ring maps A — B, B — C' and moreover

n = length(C/maC), and m =length,(C/mpC)lengthy(B/myB)
Hence the equality follows from Algebra, Lemma (Il

Lemma 14.4. Let (S,0) be as in Situation , Let X, Y be locally of finite type
over S. Let f: X =Y be a flat morphism of relative dimension .

(1) Let Z C Y be a closed subscheme with dims(Z) < k. Then we have
dims(f~1(2Z)) <k +7r and [f YD) ksr = F[ 2]k in Zpyr(X).

(2) Let F be a coherent sheaf on'Y with dims(Supp(F)) < k. Then we have
dimy(Supp(f* F)) < k + 1 and

f*[}—]k = [f*}—]kJrr
m Zk_;,_r(X)
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Proof. The statements on dimensions follow immediately from Lemma Part
(1) follows from part (2) by Lemma and the fact that f*Oz = Of-1(z).

Proof of (2). As X, Y are locally Noetherian we may apply Cohomology of Schemes,
Lemma to see that F is of finite type, hence f*F is of finite type (Modules,
Lemma , hence f*F is coherent (Cohomology of Schemes, Lemma again).
Thus the lemma makes sense. Let W C Y be an integral closed subscheme of
d-dimension k, and let W/ C X be an integral closed subscheme of dimension k + 7
mapping into W under f. We have to show that the coefficient n of [W'] in f*[F]x
agrees with the coefficient m of [W'] in [f*Flr4r. Let £ € W and £ € W’ be the
generic points. Let A = Oy, B = Ox ¢ and set M = F¢ as an A-module. (Note
that M has finite length by our dimension assumptions, but we actually do not
need to verify this. See Lemma ) We have f*F¢y = B4 M. Thus we see that

n = lengthg(B®4 M) and m = length,(M)lengthy(B/maB)
Thus the equality follows from Algebra, Lemma [52.13 O

15. Push and pull

In this section we verify that proper pushforward and flat pullback are compat-
ible when this makes sense. By the work we did above this is a consequence of
cohomology and base change.

Lemma 15.1. Let (S,6) be as in Situation . Let
X —X
f/l ’ lf
v sy
be a fibre product diagram of schemes locally of finite type over S. Assume f: X —

Y proper and g : Y' — Y flat of relative dimension r. Then also [’ is proper and
g’ is flat of relative dimension r. For any k-cycle a on X we have

9" fea = fi(g/)*a
in Zgy (Y').
Proof. The assertion that f’ is proper follows from Morphisms, Lemma The
assertion that ¢’ is flat of relative dimension r follows from Morphisms, Lemmas
and It suffices to prove the equality of cycles when a = [W] for some
integral closed subscheme W C X of §-dimension k. Note that in this case we have
o = [Ow]k, see Lemma [10.3] By Lemmas and it therefore suffices to show

that f.(g")*Ow is isomorphic to ¢g* f,Oy . This follows from cohomology and base
change, see Cohomology of Schemes, Lemma [5.2 O

Lemma 15.2. Let (S,6) be as in Situation . Let X, Y be locally of finite type
over S. Let f : X =Y be a finite locally free morphism of degree d (see Morphisms,
Definition . Then f is both proper and flat of relative dimension 0, and

foffa =da
for every oo € Zi(Y).
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Proof. A finite locally free morphism is flat and finite by Morphisms, Lemma [48.2)
and a finite morphism is proper by Morphisms, Lemma We omit showing
that a finite morphism has relative dimension 0. Thus the formula makes sense. To
prove it, let Z C Y be an integral closed subscheme of J-dimension k. It suffices
to prove the formula for o = [Z]. Since the base change of a finite locally free
morphism is finite locally free (Morphisms, Lemma we see that f,f*Oy is a
finite locally free sheaf of rank d on Z. Hence

f*f*[Z] = f*f*[OZ]k = [f*f*OZ]k = d[Z]
where we have used Lemmas [[4.4] and [[2.4] O

16. Preparation for principal divisors

Some of the material in this section partially overlaps with the discussion in Divi-
sors, Section

Lemma 16.1. Let (S,9) be as in Situation . Let X be locally of finite type over
S. Assume X is integral.

(1) If Z C X is an integral closed subscheme, then the following are equivalent:
(a) Z is a prime divisor,
(b) Z has codimension 1 in X, and
(¢) dims(Z) = dimg(X) — 1.

(2) If Z is an irreducible component of an effective Cartier divisor on X, then
dimg(Z) = dim5(X) —1.

Proof. Part (1) follows from the definition of a prime divisor (Divisors, Definition
and the definition of a dimension function (Topology, Definition [20.1)). Let
& € Z be the generic point of an irreducible component Z of an effective Cartier
divisor D C X. Then dim(Op¢) = 0and Op ¢ = Ox ¢/(f) for some nonzerodivisor
f € Ox ¢ (Divisors, Lemma [15.2). Then dim(Ox¢) = 1 by Algebra, Lemma
Hence Z is as in (1) by Properties, Lemma and the proof is complete. O

Lemma 16.2. Let f: X — Y be a morphism of schemes. Let £ €Y be a point.
Assume that

(1) X, Y are integral,

(2) Y is locally Noetherian

(3) f is proper, dominant and R(Y) C R(X) is finite, and

(4) dim(Oy¢) = 1.
Then there exists an open neighbourhood V- C'Y of § such that f|s—1(y) Yv) —
V' is finite.

Proof. This lemma is a special case of Varieties, Lemma Here is a direct
argument in this case. By Cohomology of Schemes, Lemma it suffices to prove
that f~1({¢}) is finite. We replace Y by an affine open, say Y = Spec(R). Note that
R is Noetherian, as Y is assumed locally Noetherian. Since f is proper it is quasi-
compact. Hence we can find a finite affine open covering X = Uy U ... U U, with
each U; = Spec(4;). Note that R — A; is a finite type injective homomorphism of
domains such that the induced extension of fraction fields is finite. Thus the lemma
follows from Algebra, Lemma O
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17. Principal divisors

The following definition is the analogue of Divisors, Definition [26.5] in our current
setup.

Definition 17.1. Let (5,9) be as in Situation Let X be locally of finite type
over S. Assume X is integral with dims(X) = n. Let f € R(X)*. The principal
divisor associated to f is the (n — 1)-cycle

div(f) = divx(f) =Y ordz(f)[Z]

defined in Divisors, Definition This makes sense because prime divisors have
0-dimension n — 1 by Lemma [16.1

In the situation of the definition for f,g € R(X)* we have

divx (fg) = divx (f) + divx(g)

in Z,_1(X). See Divisors, Lemma m The following lemma will be superseded
by the more general Lemma [20.2}

Lemma 17.2. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Assume X, Y are integral and n = dims(Y). Let f : X = Y be a flat
morphism of relative dimension r. Let g € R(Y)*. Then

f*(divy (9)) = divx(g)
in Zngr—1(X).

Proof. Note that since f is flat it is dominant so that f induces an embedding
R(Y) C R(X), and hence we may think of g as an element of R(X)*. Let Z C X
be an integral closed subscheme of -dimension n +r — 1. Let £ € Z be its generic
point. If dims(f(Z)) > n — 1, then we see that the coefficient of [Z] in the left and
right hand side of the equation is zero. Hence we may assume that Z’ = f(Z) is
an integral closed subscheme of Y of §-dimension n — 1. Let £ = f(£). Tt is the
generic point of Z’. Set A = Oy, B = Ox¢. The ring map A — B is a flat
local homomorphism of Noetherian local domains of dimension 1. We have g in the
fraction field of A. What we have to show is that

ord4(g)lengthz(B/maB) = ordp(g).
This follows from Algebra, Lemma [52.13| (details omitted). O

18. Principal divisors and pushforward

The first lemma implies that the pushforward of a principal divisor along a generi-
cally finite morphism is a principal divisor.

Lemma 18.1. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Assume X, Y are integral and n = dims(X) = dims(Y). Letp: X - Y
be a dominant proper morphism. Let f € R(X)*. Set

g = Nmp(x)/rv)(f)-
Then we have pydiv(f) = div(g).
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Proof. Let Z C Y be an integral closed subscheme of §-dimension n — 1. We
want to show that the coefficient of [Z] in p.div(f) and div(g) are equal. We may
apply Lemma to the morphism p : X — Y and the generic point £ € Z.
Hence we may replace Y by an affine open neighbourhood of £ and assume that
p: X — Y is finite. Write Y = Spec(R) and X = Spec(A) with p induced by a
finite homomorphism R — A of Noetherian domains which induces an finite field
extension L/K of fraction fields. Now we have f € L, ¢ = Nm(f) € K, and a
prime p C R with dim(R,) = 1. The coefficient of [Z] in divy (g) is ordg, (g). The
coefficient of [Z] in p.divx(f) is

> [1(q) : (p)Jorda, (f)
q lying over p
The desired equality therefore follows from Algebra, Lemma [121.8 O

An important role in the discussion of principal divisors is played by the “universal”
principal divisor [0] — [00] on P}. To make this more precise, let us denote

(18.1.1) Dy, Doy C Py = Proj(Os[To, Th])

the closed subscheme cut out by the section T3, resp. Ty of O(1). These are effective
Cartier divisors, see Divisors, Definition and Lemma The following
lemma says that loosely speaking we have “div(7}/Ty) = [Do] — [D1]” and that this
is the universal principal divisor.

Lemma 18.2. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Assume X is integral and n = dims(X). Let f € R(X)*. Let U C X
be a nonempty open such that f corresponds to a section f € I'(U,O0%). Let Y C
X xg P} be the closure of the graph of f : U — Pk. Then

(1) the projection morphism p:Y — X is proper,

(2) plp-1w) : p~H(U) = U is an isomorphism,

(3) the pullbacks Yo = ¢ *Dg and Yoo = ¢~ Dy via the morphism q: Y — Pk

are defined (Divisors, Definition ,
(4) we have
d“)Y(f) = [YO]n—l - [Yoo]n—l
(5) we have
divx (f) = pudivy (f)

(6) if we view Yy and Y as closed subschemes of X wvia the morphism p then
we have

divx (f) = [Yoln-1 — [Yooln—1

Proof. Since X is integral, we see that U is integral. Hence Y is integral, and
(1, f)(U) C Y is an open dense subscheme. Also, note that the closed subscheme
Y CX xg PIS does not depend on the choice of the open U, since after all it is the
closure of the one point set {n'} = {(1, f)(n)} where n € X is the generic point.
Having said this let us prove the assertions of the lemma.

For (1) note that p is the composition of the closed immersion Y — X xs P} = P
with the proper morphism Pﬁ( — X. As a composition of proper morphisms is
proper (Morphisms, Lemma [41.4)) we conclude.

It is clear that Y NU xg PL = (1, f)(U). Thus (2) follows. It also follows that
dims(Y) = n.
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Note that ¢(n’) = f(n) is not contained in Dy or Dy, since f € R(X)*. Hence (3)
by Divisors, Lemma [13.13] We obtain dims(Yy) = n — 1 and dims(Yo) = n — 1
from Lemma [I6.11

Consider the effective Cartier divisor Y. At every point £ € Yy we have f € Oy ¢
and the local equation for Yy is given by f. In particular, if 6(§) = n — 1 so £ is the
generic point of a integral closed subscheme Z of §-dimension n — 1, then we see
that the coefficient of [Z] in divy (f) is

ordyz (f) = lengthoyé (Oy,g/nyé) = 1engthoyé (Oyoﬁg)

which is the coefficient of [Z] in [Yj],—1. A similar argument using the rational
function 1/f shows that —[Y] agrees with the terms with negative coefficients in
the expression for divy (f). Hence (4) follows.

Note that Dy — S is an isomorphism. Hence we see that X xg Dy — X is
an isomorphism as well. Clearly we have Yy = Y N X Xg Dg (scheme theoretic
intersection) inside X xg PL. Hence it is really the case that Yy — X is a closed
immersion. It follows that
p«Oy, = Oyy

where Yy C X is the image of ¥y — X. By Lemma we have p.[Yolp—1 =
[Yo]n—1. The same is true for Do and Y. Hence (6) is a consequence of (5).
Finally, (5) follows immediately from Lemmam a

The following lemma says that the degree of a principal divisor on a proper curve
is zero.

Lemma 18.3. Let K be any field. Let X be a 1-dimensional integral scheme
endowed with a proper morphism ¢ : X — Spec(K). Let f € K(X)* be an invertible
rational function. Then

ZQZGX closed[n(x) : K} OrdOX,m (f) =0
where ord is as in Algebra, Definition . In other words, c.div(f) = 0.

Proof. Consider the diagram

Y ——X

P
|
Pl < Spec(K)

that we constructed in Lemma [18.2] starting with X and the rational function f
over S = Spec(K). We will use all the results of this lemma without further
mention. We have to show that c.divx(f) = c.p.divy (f) = 0. This is the same
as proving that ¢,q.divy(f) = 0. If ¢(Y) is a closed point of Pl then we see
that divx (f) = 0 and the lemma holds. Thus we may assume that ¢ is dominant.
Suppose we can show that ¢ : Y — PL is finite locally free of degree d (see
Morphisms, Definition [48.1)). Since divy (f) = [¢7*Dolo — [¢7 Dso]o we see (by
definition of flat pullback) that divy (f) = ¢*([Dolo — [Doo]o)- Then by Lemma
we get g.divy (f) = d([Dolo — [Doo)- Since clearly ¢, [Dolo = ¢[Doo]o we win.

It remains to show that ¢ is finite locally free. (It will automatically have some given
degree as Pl is connected.) Since dim(P%) = 1 we see that ¢ is finite for example
by Lemma All local rings of P at closed points are regular local rings of
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dimension 1 (in other words discrete valuation rings), since they are localizations
of K[T] (see Algebra, Lemma . Hence for y € Y closed the local ring Oy,
will be flat over (’)p}(,q(y) as soon as it is torsion free (More on Algebra, Lemma
. This is obviously the case as Oy, is a domain and ¢ is dominant. Thus ¢
is flat. Hence ¢ is finite locally free by Morphisms, Lemma [48.2 (]

19. Rational equivalence

02RV In this section we define rational equivalence on k-cycles. We will allow locally finite
sums of images of principal divisors (under closed immersions). This leads to some
pretty strange phenomena, see Example [I9.5] However, if we do not allow these
then we do not know how to prove that capping with Chern classes of line bundles
factors through rational equivalence.

02RW  |Definition 19.1. Let (5,9) be as in Situation Let X be a scheme locally of
finite type over S. Let k € Z.
(1) Given any locally finite collection {W; C X} of integral closed subschemes
with dims(W;) =k + 1, and any f; € R(W;)* we may consider

D (i)div(f;) € Zi(X)
where i; : W; — X is the inclusion morphism. This makes sense as the
morphism []4; : [[W; — X is proper.
(2) We say that a € Zp(X) is rationally equivalent to zero if a is a cycle of the
form displayed above.
(3) We say «, 8 € Zi(X) are rationally equivalent and we write a ~.qp ( if
« — [ is rationally equivalent to zero.
(4) We define
CHp(X) = Zk(X)/ ~rat
to be the Chow group of k-cycles on X. This is sometimes called the Chow
group of k-cycles modulo rational equivalence on X.

There are many other interesting (adequate) equivalence relations. Rational equiv-
alence is the coarsest one of them all.

0GU3 Remark 19.2. Let (5,d) be as in Situation Let X be locally of finite type
over S. Let k € Z. Let us show that we have a presentation
!

Doy, K (52 5 EB;(@:k KM (k(2)) = CH(X) = 0

Here we use the notation and conventions introduced in Remark R2land in addition
(1) KM (k(x)) = K(x)* is the degree 1 part of the Milnor K-theory of the residue
field k(z) of the point z € X (see Remark [6.4)), and
(2) the differential O is defined as follows: given an element £ = ) f, we
denote W, = T the integral closed subscheme of X with generic point x
and we set

in Z,(X) which makes sense as we have seen that the second term of the
complex is equal to Z(X) by Remark

The fact that we obtain a presentation of CHy(X) follows immediately by compar-
ing with Definition [T9.1]
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A very simple but important lemma is the following.

Lemma 19.3. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let U C X be an open subscheme, and denotei:Y = X\U — X as a
reduced closed subscheme of X. Let k € Z. Suppose o, 8 € Zi(X). If a|y ~rat Blu
then there exist a cycle v € Zy(Y') such that

QO ~pat 5 + Z*’Y
In other words, the sequence
CH,,(Y) — > CHy(X) —L—> CH,(U) —= 0
is an exact complex of abelian groups.

Proof. Let {W;};cs be a locally finite collection of integral closed subschemes of
U of o-dimension k + 1, and let f; € R(W;)* be elements such that (o — )|y =
>(i4)«div(f;) as in the deﬁnltlon Set W] C X equal to the closure of W;. Suppose
that V' C X is a quasi-compact open. Then also V NU is quasi-compact open in U
as V' is Noetherian. Hence the set {j € J | W; NV # 0} ={j € J|W/NV # 0} is
finite since {W;} is locally finite. In other words we see that {IW]} is also locally
finite. Since R(W;) = R(W}) we see that

oa—f— Z )«div(f;)
is a cycle supported on Y and the lemma follows (see Lemma [14.2)). O

Lemma 19.4. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let X1,X5 C X be closed subschemes such that X = X7 U X5 set theoretically.
For every k € Z the sequence of abelian groups

CHk(Xl n X2) E—— CHk(Xl) (&) CHk(Xg) E—— CHk(X) —0

is exact. Here X1 N X5 is the scheme theoretic intersection and the maps are the
pushforward maps with one multiplied by —1.

Proof. By Lemma the arrow CH(X;) & CH(X2) — CHg(X) is surjective.
Suppose that (a1, @2) maps to zero under this map. Write iy = > nq ;[W7 ;] and
ag = Y ng;[Wa;]. Then we obtain a locally finite collection {W;};cs of integral
closed subschemes of X of -dimension k + 1 and f; € R(W;)* such that

an,i[Wl,i] + Zn21[W21] = Z(ij)*div(fj)

as cycles on X where i; : W; — X is the inclusion morphism. Choose a disjoint
union decomposition J = J; II Jy such that W; C X5 if j € J; and W; C X» if
Jj € Jo. (This is possible because the W; are integral.) Then we can write the
equation above as

Zm,i[Wu] - Zj ’ (i;).div(f;) = anz Wai] +Z )div(f;)

Hence this expression is a cycle (!) on X1 NX5. In other words the element (a1, a2)
is in the image of the first arrow and the proof is complete. O

Example| 19.5. Here is a “strange” example. Suppose that S is the spectrum of
a field k£ with 0 as in Example @ Suppose that X = C; UCs U ... is an infinite
union of curves C; = P} glued together in the following way: The point co € Cj is
glued transversally to the point 0 € Cj4q for j =1,2,3,.... Take the point 0 € C}.
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This gives a zero cycle [0] € Zo(X). The “strangeness” in this situation is that
actually [0] ~rq: 0! Namely we can choose the rational function f; € R(C;) to be
the function which has a simple zero at 0 and a simple pole at oo and no other
zeros or poles. Then we see that the sum ) (¢;).div(f;) is exactly the O-cycle [0].
In fact it turns out that CHy(X) = 0 in this example. If you find this too bizarre,
then you can just make sure your spaces are always quasi-compact (so X does not
even exist for you).

Remark 19.6. Let (5,0) be as in Situation Let X be a scheme locally of finite
type over S. Suppose we have infinite collections «;, 8; € Zi(X), i € I of k-cycles
on X. Suppose that the supports of a; and ; form locally finite collections of
closed subsets of X so that Y «; and > 3; are defined as cycles. Moreover, assume
that «; ~pqt B; for each é. Then it is not clear that > a; ~pqt Y. 5. Namely,
the problem is that the rational equivalences may be given by locally finite families
{Wi,j, fi,j € R(Wi,j)*}jeh but the union {Wi,j}iel,jeh may not be locally finite.

In many cases in practice, one has a locally finite family of closed subsets {T;};cr
such that «;, 3; are supported on T; and such that a; = 8; in CHg(7;), in other
words, the families {W; ;, fi; € R(W;;)*}jes consist of subschemes W;; C T;.
In this case it is true that > a; ~pqr >3 on X, simply because the family
{Wi,;}ier jes, is automatically locally finite in this case.

20. Rational equivalence and push and pull

In this section we show that flat pullback and proper pushforward commute with
rational equivalence.

Lemma 20.1. Let (S,0) be as in Situation . Let X, Y be schemes locally of
finite type over S. Assume Y integral with dims(Y) =k. Let f: X =Y be a flat
morphism of relative dimension r. Then for g € R(Y)* we have

frdivy (9) =Y njij.divx, (g0 flx;)

as (k+r—1)-cycles on X where the sum is over the irreducible components X; of
X and n; is the multiplicity of X; in X.

Proof. Let Z C X be an integral closed subscheme of §-dimension k& +r — 1. We
have to show that the coefficient n of [Z] in f*div(g) is equal to the coefficient m of
[Z] in ) ij.div(go f|x,). Let Z' be the closure of f(Z) which is an integral closed
subscheme of Y. By Lemma we have dims(Z’) > k — 1. Thus either Z' =Y
or Z' is a prime divisor on Y. If Z/ = Y, then the coefficients n and m are both
zero: this is clear for n by definition of f* and follows for m because go f|x; is a
unit in any point of X; mapping to the generic point of Y. Hence we may assume
that Z’ C Y is a prime divisor.

We are going to translate the equality of n and m into algebra. Namely, let £’ € Z’
and £ € Z be the generic points. Set A = Oy ¢ and B = Ox ¢. Note that A, B are
Noetherian, A — B is flat, local, A is a domain, and m4 B is an ideal of definition
of the local ring B. The rational function g is an element of the fraction field Q(A)
of A. By construction, the closed subschemes X; which meet £ correspond 1-to-1
with minimal primes

ql,...,quB
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The integers n; are the corresponding lengths
n; = lengthp (By,)

The rational functions g o f|x, correspond to the image g; € x(q;)* of g € Q(A).
Putting everything together we see that

n = orda(g)lengthg(B/m4B)
and that
m= Z ordp/q, (gi)lengthp  (Bg,)
Writing g = 2/y for some nonzero x,y € A we see that it suffices to prove
length 4 (A/(z))lengthz(B/my B) = lengthz(B/xB)
(equality uses Algebra, Lemma equals
Zi:l,...,s lengthp o, (B/(x,q;))lengthp (Bq,)

and similarly for y. As A — B is flat it follows that x is a nonzerodivisor in B.
Hence the desired equality follows from Lemma 3.2 ([

Lemma 20.2. Let (S,0) be as in Situation . Let X, Y be schemes locally
of finite type over S. Let f : X — Y be a flat morphism of relative dimension
r. Let a ~pqt B be rationally equivalent k-cycles on Y. Then f*a ~pq: f*5 as
(k 4 r)-cycles on X.

Proof. What do we have to show? Well, suppose we are given a collection
ij : Wj —Y

of closed immersions, with each W; integral of J-dimension £ 4 1 and rational
functions g; € R(W;)*. Moreover, assume that the collection {i;(W;)} ;e is locally
finite on Y. Then we have to show that

F1O igadivigy) =Y fij.div(g;)
is rationally equivalent to zero on X. The sum on the right makes sense as {W;}
is locally finite in X by Lemma [13.2]
Consider the fibre products

W =Wy xy X — X.

and denote f; : Wi — W; the first projection. By Lemma we can write the
sum above as

> i (F7div(g;))
By Lemma we see that each f;div(g;) is rationally equivalent to zero on W7.

Hence each i}, (f;div(g;)) is rationally equivalent to zero. Then the same is true
for the displayed sum by the discussion in Remark [

Lemma 20.3. Let (S,0) be as in Situation . Let X, Y be schemes locally of
finite type over S. Let p : X — Y be a proper morphism. Suppose o, € Zi(X)
are rationally equivalent. Then p,« is rationally equivalent to p.[.
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Proof. What do we have to show? Well, suppose we are given a collection
ij : Wj — X

of closed immersions, with each W; integral of J-dimension k£ + 1 and rational
functions f; € R(W;)*. Moreover, assume that the collection {i;(WW;)} e is locally
finite on X. Then we have to show that

P+« (Z ij,*div(fj)>
is rationally equivalent to zero on X.

Note that the sum is equal to

D peijudiv(fy).

Let Wj’ C Y be the integral closed subscheme which is the image of p o i;. The
collection {W} is locally finite in ¥ by Lemma Hence it suffices to show, for
a given j, that either p.i;.div(f;) = 0 or that it is equal to 4} .div(g;) for some
g; € R(WJ/)*

The arguments above therefore reduce us to the case of a single integral closed
subscheme W C X of §-dimension k + 1. Let f € R(W)*. Let W' = p(W) as
above. We get a commutative diagram of morphisms

p/l lp
Wy
Note that pi.div(f) =i, (p')«div(f) by Lemma As explained above we have

to show that (p’).div(f) is the divisor of a rational function on W’ or zero. There
are three cases to distinguish.

The case dimg(W') < k. In this case automatically (p’).div(f) = 0 and there is
nothing to prove.

The case dims(W’) = k. Let us show that (p’).div(f) = 0 in this case. Let n € W’
be the generic point. Note that ¢ : W, — Spec(K) is a proper integral curve over
K = k(n) whose function field K(W,)) is identified with R(W). Here is a diagram

W, —— W

7l

Spec(K) —— W’

Let us denote f, € K(W,)* the rational function corresponding to f € R(W)*.
Moreover, the closed points £ of W), correspond 1 — 1 to the closed integral sub-
schemes Z = Z C W of d-dimension k with p’(Z) = W'. Note that the multiplicity
of Z¢ in div(f) is equal to ordoy,, .(fy) simply because the local rings Ow, ¢ and
Ow,¢ are identified (as subrings of their fraction fields). Hence we see that the mul-
tiplicity of [W'] in (p).div(f) is equal to the multiplicity of [Spec(K)] in c.div(f,).
By Lemma [I8:3] this is zero.

The case dims(W') = k + 1. In this case Lemma applies, and we see that
indeed p! div(f) = div(g) for some g € R(W')* as desired. O
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21. Rational equivalence and the projective line

Let (S,6) be as in Situation Let X be a scheme locally of finite type over S.
Given any closed subscheme Z C X xg Pls = X x P! we let Zy, resp. Zo be the
scheme theoretic closed subscheme Zy = pry *(Dy), resp. Zo, = pry ' (Ds). Here

Dy, D, are as in ((18.1.1]).

Lemma 21.1. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let W C X xg PL be an integral closed subscheme of &-dimension
k+1. Assume W # Wy, and W # W,. Then

(1) Wy, Wy are effective Cartier divisors of W,

(2) Wo, Wy can be viewed as closed subschemes of X and

[WO]k ~rat [Woo]ka

(3) for any locally finite family of integral closed subschemes W; C X x s Pk of
d-dimension k+1 with W; # (W;)o and W; # (W) oo we have Y ([(W3)olr —
[(Wi)oolk) ~rat 0 on X, and

(4) for any a € Zp(X) with o ~pqt 0 there exists a locally finite family
of integral closed subschemes W; C X xg P% as above such that a =

2 ([(Wi)olk = [(Wi)oolk)-

Proof. Part (1) follows from Divisors, Lemma [13.13| since the generic point of W
is not mapped into Dy or D, under the projection X x g P}; — P}g by assumption.

Since X xg Dy — X is a closed immersion, we see that W, is isomorphic to a
closed subscheme of X. Similarly for W,. The morphism p: W — X is proper as
a composition of the closed immersion W — X xg P}g and the proper morphism
X xgPL — X. By Lemma we have [Wolk ~rat [Woolr as cycles on W. Hence
part (2) follows from Lemma as clearly p.[Wolr = [Wo]x and similarly for W.

The only content of statement (3) is, given parts (1) and (2), that the collection
{(W3)o, (W;)eo } s a locally finite collection of closed subschemes of X. This is clear.

Suppose that o ~..¢ 0. By definition this means there exist integral closed sub-

schemes V; C X of d-dimension k + 1 and rational functions f; € R(V;)* such that

the family {V;};¢; is locally finite in X and such that o = > (V; — X).div(f;). Let
WiCVviXSP}gCXXSP}Sv

be the closure of the graph of the rational map f; as in Lemma Then we have

that (V; = X).div(f;) is equal to [(W;)olx — [(Wi)eo)r by that same lemma. Hence

the result is clear. O

Lemma 21.2. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let Z be a closed subscheme of X x P!. Assume
(1) dimg(2) < k+1,
(2) dims(Zy) < k, dims(Zs) < k, and
(3) for any embedded point & (Divisors, Definition[{.1) of Z either & & ZoU Zx
oro(§) < k.

Then [Zolk ~rat [Zoolk as k-cycles on X.

Proof. Let {W;};cr be the collection of irreducible components of Z which have

O-dimension k + 1. Write
[Z)e1 =) mal W]
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with n; > 0 as per definition. Note that {W;} is a locally finite collection of closed
subsets of X xg P} by Divisors, Lemma We claim that

[Zo]k = Zni[(Wi)o}k
and similarly for [Z..]x. If we prove this then the lemma follows from Lemma

Let Z' C X be an integral closed subscheme of d-dimension k. To prove the
equality above it suffices to show that the coefficient n of [Z’] in [Zp]y is the same
as the coefficient m of [Z'] in > n;[(W;)o]k. Let & € Z' be the generic point. Set
¢ =(¢,0) € X xg P4. Consider the local ring A = OxwxgpLe- Let I C A be the
ideal cutting out Z, in other words so that A/I = Oz¢. Let t € A be the element
cutting out X x g Dy (i.e., the coordinate of P! at zero pulled back). By our choice
of ¢ € Z' we have 6(£) = k and hence dim(A/I) = 1. Since £ is not an embedded
point by assumption (3) we see that A/I is Cohen-Macaulay. Since dims(Zy) = k
we see that dim(A/(¢,I)) = 0 which implies that ¢ is a nonzerodivisor on A/I.
Finally, the irreducible closed subschemes W; passing through £ correspond to the
minimal primes I C q; over I. The multiplicities n; correspond to the lengths
length (A/I)q,. Hence we see that

n = length 4 (A/(¢,I))

and
=3 length (4/(t,q0)length,y, (A/1),
Thus the result follows from Lemma [3.21 O

Lemma 21.3. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let F be a coherent sheaf on X x PL. Let ig,is : X — X x P! be
the closed immersion such that iy(x) = (x,t). Denote Fo = i{F and Foo = i5, F.
Assume

(1) dims(Supp(F)) <k+1,

(2) dimg(Supp(Fo)) < k, dims(Supp(Feo)) < k, and

(3) for any embedded associated point & of F either £ ¢ (X x P1)gU (X xP1)

oro(§) < k.

Then [Folk ~rat [Foolr as k-cycles on X.

Proof. Let {W;}iecr be the collection of irreducible components of Supp(F) which
have -dimension k + 1. Write

[Flisr =Y mi[ Wi

with n; > 0 as per definition. Note that {W;} is a locally finite collection of closed
subsets of X xg PL by Lemma We claim that

[Folk = Zni[(Wi)O]k
and similarly for [F]g. If we prove this then the lemma follows from Lemma

Let Z/ C X be an integral closed subscheme of d-dimension k. To prove the
equality above it suffices to show that the coefficient n of [Z’] in [Fyx is the same
as the coefficient m of [Z'] in > n;[(W;)o]x. Let £ € Z’ be the generic point. Set
£ =(¢,0) € X xg Py Consider the local ring A = Ox, p1 . Let M = F¢ as
an A-module. Let ¢t € A be the element cutting out X x g Dy (i.e., the coordinate
of P! at zero pulled back). By our choice of ¢ € Z’ we have §(¢) = k and hence
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dim(Supp(M)) = 1. Since £ is not an associated point of F by assumption (3) we
see that M is a Cohen-Macaulay module. Since dims(Supp(Fp)) = k we see that
dim(Supp(M/tM)) = 0 which implies that ¢ is a nonzerodivisor on M. Finally,
the irreducible closed subschemes W; passing through & correspond to the minimal
primes q; of Ass(M). The multiplicities n; correspond to the lengths length 4 Mg,.
Hence we see that l
n = length 4, (M /tM)
and
m = Z length 4 (A/(t, qi)A)lengthAqi My,
Thus the result follows from Lemma [3.21 O

22. Chow groups and envelopes
Here is the definition.

Definition 22.1. Let X be a scheme. An envelope is a proper morphism f:Y —
X which is completely decomposed (More on Morphisms, Definition [78.1)).

The exact sequence of Lemma [22.4]is the main motivation for the definition.

Lemma 22.2. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. If f:Y — X and g: Z — Y are envelopes, then f o g is an envelope.

Proof. Follows from Morphisms, Lemma [41.4) and More on Morphisms, Lemma
[78.2] O

Lemma 22.3. Let (S,0) be as in Situation . Let X' — X be a morphism of
schemes locally of finite type over S. If f Y — X is an envelope, then the base
change f':Y" — X' of f is an envelope too.

Proof. Follows from Morphisms, Lemma [41.5| and More on Morphisms, Lemma

[8.3l O

Lemma 22.4. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let f : Y — X be an envelope. Then we have an exact sequence

CHL(Y xx V) 2% CHL(Y) L5 CH(X) — 0
forallk € Z. Herep,q:Y xx Y — Y are the projections.

Proof. Since f is an envelope, f is proper and hence pushforward on cycles and
cycle classes is defined, see Sections and Similarly, the morphisms p and ¢
are proper as base changes of f. The composition of the arrows is zero as f, op, =
(po f)« =(qo f)« = fioq., see Lemma[12.2]

Let us show that f. : Zx(Y) — Zy(X) is surjective. Namely, suppose that we
have a = > n;[Z;] € Z,(X) where Z; C X is a locally finite family of integral
closed subschemes. Let x; € Z; be the generic point. Since f is an envelope and
hence completely decomposed, there exists a point y; € Y with f(y;) = x; and
with k(y;)/k(x;) trivial. Let W; C Y be the integral closed subscheme with generic
point y;. Since f is closed, we see that f(W;) = Z;. It follows that the family
of closed subschemes W; is locally finite on Y. Since x(y;)/k(x;) is trivial we see
that dims(W;) = dims(Z;) = k. Hence 8 = Y n;[W;] is in Zi(Y). Finally, since
k(yi)/k(x;) is trivial, the degree of the dominant morphism f|w, : W; — Z; is 1
and we conclude that f,5 = a.

[Ful98] Definition
18.3]
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Since fi : Zx(Y) — Z(X) is surjective, a fortiori the map f, : CH(Y) — CHy(X)
is surjective.

Let 5 € Zi(Y) be an element such that f.3 is zero in CHy(X). This means
we can find a locally finite family of integral closed subschemes Z; C X with
dims(Z;) = k+1 and f; € R(Z;)* such that

FoB = (Z; = X).div(f;)

as cycles where i; : Z; — X is the given closed immersion. Arguing exactly
as above, we can find a locally finite family of integral closed subschemes W; C Y
with f(W;) = Z; and such that W; — Z; is birational, i.e., induces an isomorphism
R(Z;) = R(Wj;). Denote g; € R(W;)* the element corresponding to f;. Observe
that W; — Z; is proper and that (W; — Z;).div(g;) = div(f;) as cycles on Z;. It
follows from this that if we replace 8 by the rationally equivalent cycle

B'=B-=Y (W; = Y).div(g;)

then we find that f.3" = 0. (This uses Lemma ) Thus to finish the proof of
the lemma it suffices to show the claim in the following paragraph.

Claim: if 8 € Zi(Y) and f.8 = 0, then 8 = ¢ + p.y — ¢y in Zi(Y) for some
v € Zi(Y xx Y). Namely, write 3 = 3, ;n;[W;] with {W;};e; a locally finite
family of integral closed subschemes of Y with dims(W;) = k. Fix an integral
closed subscheme Z C X. Consider the subset Jz = {j € J : f(W;) = Z}. This is
a finite set. There are three cases:

(1) Jz = 0. In this case we set vz = 0.

(2) Jz # 0 and dims(Z) = k. The condition f.3 = 0 implies by looking at
the coefficient of Z that > . ; n;deg(W;/Z) = 0. In this case we choose
an integral closed subscheme W C Y which maps birationally onto Z (see
above). Looking at generic points, we see that W; xz W has a unique
irreducible component W]’ CW; xz W CY xx Y mapping birationally to
Wj. Then W] — W is dominant and deg(W;/W) = deg(W;/W). Thus
if we set vz = >, s, nj[W)] then we see that p.yz = 3, ;, n;[W;] and
4z = ZjeJZ nj deg(W]l/W)[W] =0.

(3) Jz # 0 and dims(Z) < k. In this case we choose an integral closed sub-
scheme W C Y which maps birationally onto Z (see above). Looking at
generic points, we see that W; xz W has a unique irreducible component
W] CW; xz W CY xx Y mapping birationally to W;. Then W} — W
is dominant and k = dims(W}) > dims(W) = dims(Z). Thus if we set
Yz = e, 7j[W]] then we see that p.yz = > .c; n;[W;] and ¢z = 0.

Since the family of integral closed subschemes {f(W;)} is locally finite on X
(Lemma [11.2)) we see that the k-cycle

7= ZZCX integral closed vz

on Y xXx Y is well defined. By our computations above it follows that p,vz = 8
and ¢,z = 0 which implies what we wanted to prove. (I
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23. Chow groups and K-groups

0FDQ In this section we are going to compare K of the category of coherent sheaves to
the chow groups.

Let (S,6) be as in Situation Let X be a scheme locally of finite type over S.
We denote Coh(X) = Coh(Ox) the category of coherent sheaves on X. It is an
abelian category, see Cohomology of Schemes, Lemma For any k£ € Z we let
Coh<i(X) be the full subcategory of Coh(X) consisting of those coherent sheaves
F having dims(Supp(F)) < k.

02S8 Lemma 23.1. Let (S,0) be as in Situation . Let X be a scheme locally of
finite type over S. The categories Coh<y(X) are Serre subcategories of the abelian
category Coh(X).

Proof. The definition of a Serre subcategory is Homology, Definition The
proof of the lemma is straightforward and omitted. O

02S9 Lemma 23.2. Let (S5,0) be as in Situation . Let X be a scheme locally of finite
type over S. The maps

Zi(X) — Ko(Cohep(X)/ Cohep_1(X)), j{:nZ[Z]F+[f};nz>0c9§”z}-[(}9n2<0c9§*”2}
and
KQ(COhSk(X)/COhSkfl(X)) —}Zk(X)7 Fr— []:}k
are mutually inverse isomorphisms.
Proof. Note that if ) nz[Z] is in Z;.(X), then the direct sums P, -, 07"% and
D.., <o OF ™" are coherent sheaves on X since the family {Z | nz > 0} is locally
finite on X. The map F — [F|; is additive on Coh<y(X), see Lemma And
[Fle = 0if F € Coh<j—1(X). By part (1) of Homology, Lemma this implies
that the second map is well defined too. It is clear that the composition of the first
map with the second map is the identity.

Conversely, say we start with a coherent sheaf 7 on X. Write [Flr = Y, ni[Zi]
with n; > 0 and Z; C X, i € I pairwise distinct integral closed subschemes of
0-dimension k. We have to show that

— Ong
A=, 03]
in Ko(Coh<y(X)/Coh<i—1(X)). Denote §; € Z; the generic point. If we set
F' =Ker(F = & Fe,)

then F’ is the maximal coherent submodule of F whose support has dimension < k—
1. In particular F and F/F’ have the same class in Ko(Coh<(X)/Coh<i—1(X)).
Thus after replacing F by F/F’ we may and do assume that the kernel 7" displayed
above is zero.

For each ¢ € I we choose a filtration
Fee=F'DF D...0F"=0

such that the successive quotients are of dimension 1 over the residue field at &;.
This is possible as the length of F¢, over Ox ¢, is n;. For p > n; set /' = 0. For
p > 0 we denote

7o = Ker (F— @& (Fe /D))
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Then FP is coherent, F* = F, and F?/FPT! is isomorphic to a free Oz -module
of rank 1 (if n; > p) or 0 (if n; < p) in an open neighbourhood of &;. Moreover,
F' = FP = 0. Since every quasi-compact open U C X contains only a finite
number of & we conclude that FP|y is zero for p > 0. Hence ®p>0 FP is a
coherent O x-module. Consider the short exact sequences

P P | Fp+1
O—>@p0}‘ %@pzo}‘p%@po]—‘/]—‘ -0
and
P P
0—>@p>of a@pzof —-F =0

of coherent Ox-modules. This already shows that

F =D F /7

in Ko(Coh<y(X)/Coh<_1(X)). Next, for every p > 0 and ¢ € I such that n; > p
we choose a nonzero ideal sheaf 7;, C Oz, and a map Z;, — }7’/}"7’+1 on X
which is an isomorphism over the open neighbourhood of §; mentioned above. This
is possible by Cohomology of Schemes, Lemma Then we consider the short
exact sequence

; P p+1
0= @PZO,iEI,ni>p Lip = @]: /F — Q—0

and the short exact sequence

0—>@ Iipe@ Oz, -9 =0
p>0,i€l,n;>p p>0,i€l,n;>p

Observe that both @ and Q' are zero in a neighbourhood of the points & and that
they are supported on |J Z;. Hence Q and Q' are in Coh<j_1(X). Since

Dni ~
@‘ OZi = @ ; ) OZi
iel p>0,i€l,n;>p

this concludes the proof. (I

Lemma) 23.3. Let m: X — Y be a finite morphism of schemes locally of finite
type over (S,6) as in Situation [7.1 Then 7, : Coh(X) — Coh(Y) is an ezact
functor which sends Coh<p(X) into Coh<i(Y) and induces homomorphisms on
Ky of these categories and their quotients. The maps of Lemma fit into a
commutative diagram

Zk(X) — Ko(COhSk(X)/COhSk_l(X)) —_— Zk(X)

Zi(Y) — Ko(Coh<y,(Y)/ Coh<pp—1(Y)) — Zi(Y)

Proof. A finite morphism is affine, hence pushforward of quasi-coherent modules
along 7 is an exact functor by Cohomology of Schemes, Lemma A finite
morphism is proper, hence m, sends coherent sheaves to coherent sheaves, see Co-
homology of Schemes, Proposition The statement on dimensions of supports
is clear. Commutativity on the right follows immediately from Lemma [12:4] Since
the horizontal arrows are bijections, we find that we have commutativity on the left
as well. (]
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Lemma 23.4. Let X be a scheme locally of finite type over (S,0) as in Situation
[71l There is a canonical map

CHk(X) — K()(COhSkJrl(X)/COhSk,l(X))
induced by the map Zp(X) — Ko(Coh<p(X)/Coh<p—1(X)) from Lemma[23.3
Proof. We have to show that an element « of Z;(X) which is rationally equiv-

alent to zero, is mapped to zero in Ko(Coh<pt1(X)/Coh<p—1(X)). Write o =
> (i5)«div(f;) as in Definition Observe that

r=][i:w=]]w, — X
is a finite morphism as each i; : W; — X is a closed immersion and the family of
W is locally finite in X. Hence we may use Lemma to reduce to the case of
W. Since W is a disjoint union of integral scheme, we reduce to the case discussed
in the next paragraph.

Assume X is integral of d-dimension k + 1. Let f be a nonzero rational func-
tion on X. Let a = div(f). We have to show that « is mapped to zero in
Ko(Coh<j41(X)/Coh<—1(X)). Let T C Ox be the ideal of denominators of f,
see Divisors, Definition Then we have short exact sequences

07T —-0x—>0x/T—0
and
0—>Ii>(’)x—>(’)x/f1—>0
See Divisors, Lemma, We claim that
[Ox /I]i, — [Ox/ [I]i = div(f)

The claim implies the element o = div(f) is represented by [Ox/Z] — [Ox/fZ]
in Ko(Coh<y(X)/Coh<i—1(X)). Then the short exact sequences show that this
element maps to zero in Ko(Coh<py1(X)/Coh<i—1(X)).

To prove the claim, let Z C X be an integral closed subscheme of §-dimension k
and let £ € Z be its generic point. Then I =Z; C A = Ox ¢ is an ideal such that
fI C A. Now the coefficient of [Z] in div(f) is orda(f). (Of course as usual we
identify the function field of X with the fraction field of A.) On the other hand,
the coefficient of [Z] in [Ox /Z] — [Ox/fT] is

length 4, (A/I) — length 4 (A/ fI)
Using the distance fuction of Algebra, Definition [121.5| we can rewrite this as
d(A, 1) —d(A, fI) =d(I, fT) = ords(f)

The equalities hold by Algebra, Lemmas [121.6] and [121.7] (Using these lemmas
isn’t necessary, but convenient.) a

Remark 23.5. Let (5,6) be as in Situation Let X be a scheme locally of
finite type over S. We will see later (in Lemma [69.3) that the map

CHy, (X) — K()( Cohk+1 (X)/ Cohgk,1 (X))
of Lemma [23.4]is injective. Composing with the canonical map

Ko(Colyi1(X)/ Cohe_1 (X)) — Ko(Coh(X)/Cohzp—1 (X))
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we obtain a canonical map
CHy(X) — Ko(Coh(X)/Coh<j—1(X)).

We have not been able to find a statement or conjecture in the literature as to
whether this map should be injective or not. It seems reasonable to expect the
kernel of this map to be torsion. We will return to this question (insert future
reference).

OFDT |Lemma 23.6. Let X be a locally Noetherian scheme. Let Z C X be a closed
subscheme. Denote Cohz(X) C Coh(X) the Serre subcategory of coherent Ox -
modules whose set theoretic support is contained in Z. Then the exact inclusion
functor Coh(Z) — Cohz(X) induces an isomorphism

K(Z) = Ko(Coh(Z)) — Ko(Cohz(X))

Proof. Let F be an object of Cohz(X). Let Z C Ox be the quasi-coherent ideal
sheaf of Z. Consider the descending filtration

LLCFP=TPFCFPlc..cF'=F

Exactly as in the proof of Lemma this filtration is locally finite and hence
D0 F" Bpsy FP, and @5 FP/FPH! are coherent Ox-modules supported on
Z. Hence we get

FI=1D,., 717"

in Ko(Cohz(X)) exactly as in the proof of Lemma Since the coherent module
D,>0 FP/FP+lis annihilated by Z we conclude that [F] is in the image. Actually,
we claim that the map

F i o(F) = [@pzo FPJFPHY

factors through Ko(Cohz(X)) and is an inverse to the map in the statement of the
lemma. To see this all we have to show is that if

0=+F—=>G—-H—=0

is a short exact sequence in Cohz(X), then we get ¢(G) = ¢(F) + ¢(H). Observe
that for all ¢ > 0 we have a short exact sequence

0— (FNZIG)/(FNIHG) — g1/t — HI/HIT! — 0
For p, g > 0 consider the coherent submodule
FP1 =TPFNTIIG

Arguing exactly as above and using that the filtrations F? = ZPF and F NZ1G are
locally finite, we find that

D,., 71T =D, o, T T F ] = (@D (FOT'G) /(PTG

in Ko(Coh(Z)). Combined with the exact sequences above we obtain the desired
result. Some details omitted. (]
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24. The divisor associated to an invertible sheaf

The following definition is the analogue of Divisors, Definition in our current
setup.

Definition 24.1. Let (5,0) be as in Situation Let X be locally of finite type
over S. Assume X is integral and n = dims(X). Let £ be an invertible O x-module.

(1) For any nonzero meromorphic section s of £ we define the Weil divisor
associated to s is the (n — 1)-cycle

dive(s) =) ordz c(s)[Z]

defined in Divisors, Definition This makes sense because Weil divisors
have J-dimension n — 1 by Lemma [16.1]
(2) We define Weil divisor associated to L as

c1(£) N [X] = class of divg(s) € CH,,—1(X)

where s is any nonzero meromorphic section of £ over X. This is well
defined by Divisors, Lemma [27.3

Let X and S be as in Definition above. Set n = dims(X). It is clear from the
definitions that CI(X) = CH,,_1(X) where CI(X) is the Weil divisor class group
of X as defined in Divisors, Definition The map

Pic(X) — CHp_1(X), £+ c1(£)N[X]

is the same as the map Pic(X) — CI(X) constructed in Divisors, Equation
for arbitrary locally Noetherian integral schemes. In particular, this map is a
homomorphism of abelian groups, it is injective if X is a normal scheme, and an
isomorphism if all local rings of X are UFDs. See Divisors, Lemmas and
There are some cases where it is easy to compute the Weil divisor associated to an
invertible sheaf.

Lemma 24.2. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Assume X is integral and n = dimg(X). Let £ be an invertible Ox-module. Let
s €T'(X, L) be a nonzero global section. Then

dive(s) = [Z(8)]n-1
in Zn—1(X) and
a(L)N[X]=[Z(s)]n-
m CHn_l(X)
Proof. Let Z C X be an integral closed subscheme of d-dimension n — 1. Let
£ € Z be its generic point. Choose a generator s¢ € L¢. Write s = fs¢ for some
f € Ox¢. By definition of Z(s), see Divisors, Definition we see that Z(s) is

cut out by a quasi-coherent sheaf of ideals Z C Ox such that Z; = (f). Hence
lengthy (Oz(s)¢) =lengthy (Ox¢/(f)) = ordoy . (f) as desired. O

The following lemma will be superseded by the more general Lemma [26.2

Lemma 24.3. Let (S,0) be as in Situation . Let X, Y be locally of finite
type over S. Assume X, Y are integral and n = dimgs(Y). Let £ be an invertible
Oy -module. Let f: X —Y be a flat morphism of relative dimension r. Then

[af)nY]) = al(f£)nX]
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mn CHn-{—r—l(X)-
Proof. Let s be a nonzero meromorphic section of £. We will show that actually
f*dive(s) = divy-£(f*s) and hence the lemma holds. To see this let £ € Y be a
point and let s € L¢ be a generator. Write s = gs¢ with g € R(Y)*. Then there is
an open neighbourhood V' C Y of ¢ such that s¢ € £(V) and such that s¢ generates
L|y. Hence we see that
dive(s)ly = divy (g)|v-

In exactly the same way, since f*s¢ generates f*L over f~1(V) and since f*s =
gf*s¢ we also have

diV[/(f*S)|f71(V) = diVX (g)|f*1(V)'
Thus the desired equality of cycles over f~1(V) follows from the corresponding
result for pullbacks of principal divisors, see Lemma [17.2 (I

25. Intersecting with an invertible sheaf

In this section we study the following construction.

Definition 25.1. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let £ be an invertible Ox-module. We define, for every integer k, an
operation
a1 (L)N—: Zp1(X) = CHE(X)
called intersection with the first Chern class of L.
(1) Given an integral closed subscheme i : W — X with dims(W) =k + 1 we
define
1 (L) N [W] = iw(er (i"L) N [W])
where the right hand side is defined in Definition
(2) For a general (k+ 1)-cycle a = " n;[W;] we set

a(L)Na =Y nici(L)N[W]

Write each ¢1(£) N W; = 2, n,,(Z; ;] with {Z; ;}; a locally finite sum of integral
closed subschemes of W;. Since {W;} is a locally finite collection of integral closed
subschemes on X, it follows easily that {Z; ;};; is a locally finite collection of
closed subschemes of X. Hence ¢i(£) N o = Y n;n;;[Z; ;] is a cycle. Another,
more convenient, way to think about this is to observe that the morphism [[W; —
X is proper. Hence ¢;(£) N« can be viewed as the pushforward of a class in
CHy (]I W;) = ][I CHx(W;). This also explains why the result is well defined up to
rational equivalence on X.

The main goal for the next few sections is to show that intersecting with c¢;(£)
factors through rational equivalence. This is not a triviality.

Lemma 25.2. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let L, N be an invertible sheaves on X. Then

all)Na+caN)Na=c (Lo, N)Na
in CHi(X) for every a € Zy11(X). Moreover, ¢1(Ox)Na =0 for all a.
Proof. The additivity follows directly from Divisors, Lemma and the defini-
tions. To see that ¢1(Ox)Na = 0 consider the section 1 € T'(X, Ox). This restricts

to an everywhere nonzero section on any integral closed subscheme W C X. Hence
c1(Ox) N [W] =0 as desired. O
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Recall that Z(s) C X denotes the zero scheme of a global section s of an invertible
sheaf on a scheme X, see Divisors, Definition [14.8

Lemma 25.3. Let (S,9) be as in Situation . Let'Y be locally of finite type over
S. Let L be an invertible Oy -module. Let s € T'(Y,L). Assume

(1) dims(Y) <k+1,

(2) dims(Z(s)) <k, and

(3) for every generic point & of an irreducible component of Z(s) of §-dimension

k the multiplication by s induces an injection Oy¢ — Le.

Write [Y]g+1 = Y ni[Yi] where Y; C Y are the irreducible components of Y of
d-dimension k + 1. Set s; = sly, € I'(Yi, L|y;). Then

(25.3.1) [Z(s)]k =Y il Z(s:)]k
as k-cycles on 'Y .

Proof. Let Z C Y be an integral closed subscheme of §-dimension k. Let £ € Z
be its generic point. We want to compare the coefficient n of [Z] in the expression
> n;[Z(s;)], with the coefficient m of [Z] in the expression [Z(s)]x. Choose a
generator s¢g € Lg. Write A = Oy, L = L¢. Then L = Ase. Write s = fs¢ for
some (unique) f € A. Hypothesis (3) means that f : A — A is injective. Since
dims(Y) < k+ 1 and dims(Z) = k we have dim(A) = 0 or 1. We have

m = length 4 (A/(f))
which is finite in either case.
If dim(A) = 0, then f: A — A being injective implies that f € A*. Hence in this
case m is zero. Moreover, the condition dim(A) = 0 means that £ does not lie on
any irreducible component of d-dimension k + 1, i.e., n = 0 as well.

Now, let dim(A) = 1. Since A is a Noetherian local ring it has finitely many minimal
primes q1,...,q:. These correspond 1-1 with the Y; passing through &’. Moreover
n; =length, (Aq,). Also, the multiplicity of [Z] in [Z(s;)]x is length 4 (A/(f,q:))-
Hence the equation to prove in this case is

length(A/(f)) =Y length, (Aq,)length,(A/(f,q:))
which follows from Lemma O

The following lemma is a useful result in order to compute the intersection product
of the ¢; of an invertible sheaf and the cycle associated to a closed subscheme.
Recall that Z(s) C X denotes the zero scheme of a global section s of an invertible
sheaf on a scheme X, see Divisors, Definition [I4.8]

Lemma 25.4. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let L be an invertible Ox-module. Let Y C X be a closed subscheme. Let
se (Y, Lly). Assume
(1) dims(Y) <k+1,
(2) dims(Z(s)) <k, and
(3) for every generic point & of an irreducible component of Z(s) of §-dimension
k the multiplication by s induces an injection Oy,¢ — (E\y)gﬂ

IFor example, this holds if s is a regular section of L]y .
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Then
(L) N [Y]esr = [Z(s)]k
in CH,(X).
Proof. Write
Y]kt = nilYi]
where Y; C Y are the irreducible components of Y of §-dimension &£+ 1 and n; > 0.
By assumption the restriction s; = s|y, € I'(Y;, L|y;) is not zero, and hence is a

regular section. By Lemma we see that [Z(s;)]r represents ¢1(L]y;). Hence by
definition

c1(L) N [Ykrr =D nilZ(si)lw
Thus the result follows from Lemma 25.3 O

26. Intersecting with an invertible sheaf and push and pull

In this section we prove that the operation ¢; (£) N — commutes with flat pullback
and proper pushforward.

Lemma 26.1. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Let f: X — Y be a flat morphism of relative dimension r. Let L be an
invertible sheaf on' Y. Assume Y is integral and n = dimg(Y). Let s be a nonzero
meromorphic section of L. Then we have

frdive(s) = Z nidivps |y (si)

in Zpir—1(X). Here the sum is over the irreducible components X; C X of 0-
dimension n + 7, the section s; = f|%, (s) is the pullback of s, and n; = mx, x is
the multiplicity of X; in X.

Proof. To prove this equality of cycles, we may work locally on Y. Hence we
may assume Y is affine and s = p/q for some nonzero sections p € I'(Y, L) and
q € I'(Y,0). If we can show both

frdive(p) =Y nidivpegy (pi) and  frdivo(q) = Y nidivoy, (¢:)

(with obvious notations) then we win by the additivity, see Divisors, Lemma
Thus we may assume that s € I'(Y,£). In this case we may apply the equality

to see that
[Z(f(Dkar—1 = Y midivpepy (s0)
where f*(s) € f*L denotes the pullback of s to X. On the other hand we have
frdive(s) = f[Z(s)lu-1 = [fTH(Z()k4r-1,
by Lemmas [24.2 and Since Z(f*(s)) = f~1(Z(s)) we win. O

Lemma 26.2. Let (S,6) be as in Situation , Let X, Y be locally of finite type
over S. Let f: X — Y be a flat morphism of relative dimension r. Let L be an
invertible sheaf on'Y . Let « be a k-cycle on' Y. Then

frlalf)nae) =al(f*L)Nfra
mn CHk+T_1(X),
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Proof. Write a = >_ n;[W;]. We will show that
fe(L) N Wi]) = ex(f7£) N fH[Wi]

in CHy—1(X) by producing a rational equivalence on the closed subscheme f~1(W;)
of X. By the discussion in Remark this will prove the equality of the lemma
is true.

Let W C Y be an integral closed subscheme of §-dimension k. Consider the closed
subscheme W’ = f=Y(W) = W xy X so that we have the fibre product diagram

W —— X

Viv B il/f

We have to show that f*(ci(L£) N [W]) = c1(f*L£) N f*[W]. Choose a nonzero
meromorphic section s of L|y. Let W/ C W' be the irreducible components of
d-dimension k + r. Write [W']i4, = > n;[W/] with n; the multiplicity of W/ in

W' as per definition. So f*[W] = Y n;[W/] in Zy1,(X). Since each W/ — W is

K2
dominant we see that s; = s|W/ is a nonzero meromorphic section for each i. By

Lemma [26.1] we have the following equality of cycles
h*diVuW (S) = Z nidin*E‘W( (Sz)
in Zyr—1(W'). This finishes the proof since the left hand side is a cycle on W’
which pushes to f*(¢1(£) N [W]) in CHg4r—1(X) and the right hand side is a cycle
on W’ which pushes to ¢ (f*£) N f*[W] in CHy1r—1(X). O
Lemma 26.3. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Let f: X =Y be a proper morphism. Let L be an invertible sheaf on Y.
Let s be a nonzero meromorphic section s of L on Y. Assume X, Y integral, f
dominant, and dimg(X) = dims(Y). Then
fe(divg-£(f7s)) = [R(X) : R(Y)]divg(s).
as cycles on Y. In particular
feler(F L) N[X]) = [R(X) : R(Y)]er(£) N[Y] = ea(£) N fu[X]

Proof. The last equation follows from the first since f.[X] = [R(X) : R(Y)][Y]
by definition. It turns out that we can re-use Lemma [I8.1] to prove this. Namely,
since we are trying to prove an equality of cycles, we may work locally on Y. Hence
we may assume that £ = Oy. In this case s corresponds to a rational function
g € R(Y), and we are simply trying to prove
fe(divx (9)) = [R(X) : R(Y)]divy (g).

Comparing with the result of the aforementioned Lemma[I8.1] we see this true since
Nmpg(x)/ryv)(g) = gREE@ as g € R(Y)*. u

Lemma 26.4. Let (S,0) be as in Situation . Let X, Y be locally of finite type
over S. Let p: X =Y be a proper morphism. Let a € Zp1(X). Let L be an
invertible sheaf on'Y. Then

px(c1(p*L)Na) =c1(L) Np.a
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Proof. Suppose that p has the property that for every integral closed subscheme
W C X the map plw : W — Y is a closed immersion. Then, by definition of
capping with ¢;(£) the lemma holds.

We will use this remark to reduce to a special case. Namely, write a = > n;[W;]
with n; # 0 and W; pairwise distinct. Let W/ C Y be the image of W; (as an
integral closed subscheme). Consider the diagram

[ .
X =W, —=X

Y =W —1>vY.

(3

Since {W;} is locally finite on X, and p is proper we see that {W/} is locally finite on
Y and that g, ¢, p’ are also proper morphisms. We may think of > n;[W;] also as a
k-cycle o’ € Z(X'). Clearly g.o/ = a. We have ¢.(c1(¢*p*L)Na’) = ¢1(p*L)Ngsc
and (¢')«(c1((¢)*L) Npla’) = ¢1(L) N ¢lp..a’ by the initial remark of the proof.
Hence it suffices to prove the lemma for the morphism p’ and the cycle > n;[W;].
Clearly, this means we may assume X, Y integral, f : X — Y dominant and
a = [X]. In this case the result follows from Lemma O

27. The key formula

Let (5,4) be as in Situation Let X be locally of finite type over S. Assume X
is integral and dims(X) = n. Let £ and A be invertible sheaves on X. Let s be
a nonzero meromorphic section of £ and let ¢ be a nonzero meromorphic section
of N. Let Z; ¢ X, 1 € I be a locally finite set of irreducible closed subsets of
codimension 1 with the following property: If Z ¢ {Z;} with generic point &, then
s is a generator for L¢ and ¢ is a generator for NVe. Such a set exists by Divisors,
Lemma 27.2l Then

dive(s) = Z ordz, £(s)[Zi]
and similarly
divar(t) = ordz, n(1)[Zi]

Unwinding the definitions more, we pick for each i generators s; € L¢, and t; € N,
where ; is the generic point of Z;. Then we can write

s=fis; and t=g;t;
Set B; = Ox¢,. Then by definition
ordg, »(s) = ordp,(f;) and ordz, x(t) = ordg,(g;)

Since t; is a generator of Mg, we see that its image in the fibre N, ® k(&) is a
nonzero meromorphic section of N|z,. We will denote this image t;|z,. From our
definitions it follows that

cr(N) Ndive(s) = ZOTdBi(fi)(Zi — X)udivary,, (tilz,)

and similarly

c1(L) Ndiva(t) =Y ordp, (9:)(Z; — X).divg), (silz,)
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in CH,,—2(X). We are going to find a rational equivalence between these two cycles.
To do this we consider the tame symbol

9, (i, 9i) € K(&)"
see Section
Lemma 27.1 (Key formula). In the situation above the cycle
Z(ZZ' — X)* (OTdBi (fl)dll}/\qu (ti

is equal to the cycle

z;) — ordp, (g9:)divg, (si

2))

> (Zi = X).dio(98,(f::9:))

Proof. First, let us examine what happens if we replace s; by us; for some unit «
in B;. Then f; gets replaced by ! f;. Thus the first part of the first expression of
the lemma is unchanged and in the second part we add

_OrdBi (gi)div(u\ Z; )

(where u|z, is the image of u in the residue field) by Divisors, Lemma and in
the second expression we add

div(0p, (u™, g;))

by bi-linearity of the tame symbol. These terms agree by property @ of the tame
symbol.

Let Z C X be an irreducible closed with dims(Z) = n — 2. To show that the
coefficients of Z of the two cycles of the lemma is the same, we may do a replacement
s; — us; as in the previous paragraph. In exactly the same way one shows that we
may do a replacement ¢; — vt; for some unit v of B;.

Since we are proving the equality of cycles we may argue one coefficient at a time.
Thus we choose an irreducible closed Z C X with dims(Z) = n — 2 and compare
coefficients. Let £ € Z be the generic point and set A = Ox ¢. This is a Noetherian
local domain of dimension 2. Choose generators o and 7 for L¢ and M. After
shrinking X, we may and do assume o and 7 define trivializations of the invertible
sheaves £ and A over all of X. Because Z; is locally finite after shrinking X we
may assume Z C Z; for all ¢ € I and that I is finite. Then &; corresponds to a
prime q; C A of height 1. We may write s; = a;0 and t; = b;7 for some a; and b;
units in Ay,. By the remarks above, it suffices to prove the lemma when a; = b; =1
for all 1.

Assume a; = b; = 1 for all i. Then the first expression of the lemma, is zero, because
we choose o and 7 to be trivializing sections. Write s = fo and t = g7 with f and
g in the fraction field of A. By the previous paragraph we have reduced to the case
fi = f and g; = g for all . Moreover, for a height 1 prime q of A which is not in
{q;} we have that both f and g are units in A4 (by our choice of the family {Z;}
in the discussion preceding the lemma). Thus the coefficient of Z in the second
expression of the lemma is

> ordasg, (95.(f.9)
which is zero by the key Lemma [6.3] O
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0GU9 Remark 27.2. Let (5,§) be as in Situation Let X be locally of finite type
over S. Let k € Z. We claim that there is a complex

I

M o ! M o / M
@5(x):k+2 Ky (k(x)) = @E(I):k+1 K" (k(z)) = @S(m):k Ky (k(z))
Here we use notation and conventions introduced in Remark [[9.2] and in addition

(1) K3 (k(x)) is the degree 2 part of the Milnor K-theory of the residue field
#(z) of the point z € X (see Remark [6.4) which is the quotient of r(z)* ®z
k(z)* by the subgroup generated by elements of the form A ® (1 — A) for
A€ k(z)\{0,1}, and

(2) the first differential 0 is defined as follows: given an element £ =) a, in
the first term we set

KO=, s e, o)

where do,,, , : K3 (k(x)) = KM (k(2)) is the tame symbol constructed in
Section

We claim that we get a complex, i.e., that 9od = 0. To see this it suffices to take an
element £ as above and a point " € X with §(z”) = k and check that the coefficient
of 2" in the element 9(9()) is zero. Because £ = Y« is a locally finite sum, we
may in fact assume by additivity that & = a, for some x € X with §(z) = k + 2
and o, € KM (k(z)). By linearity again we may assume that o, = f ® g for some
f,g € k(z)*. Denote W C X the integral closed subscheme with generic point x.
If " ¢ W, then it is immediately clear that the coefficient of z in 9(9(§)) is zero.
If " € W, then we see that the coefficient of 2" in 9(9(x)) is equal to

waw’ww”, o(z")=k+1 Ordomvz” (8OW’1, (f’ g))

The key algebraic Lemma [6.3] says exactly that this is zero.

0GUA |Remark 27.3. Let (S,9) be as in Situation Let X be locally of finite type
over S. Let k € Z. The complex in Remark and the presentation of CH(X)
in Remark suggests that we can define a first higher Chow group

CHM (X,1) = H,(the complex of Remark 27.2)

We use the supscript M to distinguish our notation from the higher chow groups
defined in the literature, e.g., in the papers by Spencer Bloch ([Blo86] and [Blo94]).
Let U C X be open with complement ¥ C X (viewed as reduced closed subscheme).
Then we find a split short exact sequence

/ / !/

M M M
0= 6Eer,é(y):kH K, (K(y)) - 69ac»&X,é(ac):kH Ki (m(x)) — ®u€U,5(u)=k+i K (s

for i = 2,1, 0 compatible with the boundary maps in the complexes of Remark [27.2]
Applying the snake lemma (see Homology, Lemma |13.6)) we obtain a six term exact
sequence

CHM (Y,1) — CHM (X, 1) — CHY (U, 1) — CH,(Y) — CHg(X) — CH,(U) = 0

extending the canonical exact sequence of Lemma [19.3] With some work, one may
also define flat pullback and proper pushforward for the first higher chow group
CHJ (X,1). We will return to this later (insert future reference here).
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28. Intersecting with an invertible sheaf and rational equivalence

Applying the key lemma we obtain the fundamental properties of intersecting with
invertible sheaves. In particular, we will see that ¢;(£) N — factors through rational
equivalence and that these operations for different invertible sheaves commute.

Lemma 28.1. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Assume X integral and dims(X) = n. Let L, N be invertible on X. Choose a
nonzero meromorphic section s of L and a nonzero meromorphic section t of N.
Set a = divg(s) and B = divar(t). Then

Cl(N) Na= Cl(ﬁ) ﬂﬂ
mn CHn,Q(X) .
Proof. Immediate from the key Lemma and the discussion preceding it. [

Lemma 28.2. Let (5,0) be as in Situation . Let X be locally of finite type over
S. Let L be invertible on X. The operation o — ¢1(L) N factors through rational
equivalence to give an operation

Cl([,) n—: CHk_H(X) — CHk(X)

Proof. Let o € Z;11(X), and a ~,.q; 0. We have to show that ¢;(£) N as defined
in Definition 25.1] is zero. By Definition [I9.1] there exists a locally finite family
{W;} of integral closed subschemes with dims(W;) = k + 2 and rational functions
fj € R(W;)* such that
a =" (ij)«divi, (f;)

Note that p : [[W; — X is a proper morphism, and hence a = p,o/ where o/ €
Z+1(JT W;) is the sum of the principal divisors divyy, (f;). By Lemma we have
ci(L)Na = py(ei(p*L)Na’). Hence it suffices to show that each c; (£|w,; ) Ndivy, (f;)
is zero. In other words we may assume that X is integral and o = divx (f) for some
feR(X)*~.

Assume X is integral and o = divx(f) for some f € R(X)*. We can think of
f as a regular meromorphic section of the invertible sheaf ' = Ox. Choose a
meromorphic section s of £ and denote § = divz(s). By Lemma we conclude
that

alf)Nna=c¢(0x)Np.
However, by Lemma we see that the right hand side is zero in CHy(X) as
desired. ]
Let (S,6) be as in Situation Let X be locally of finite type over S. Let L be
invertible on X. We will denote
Cl([,) n—: CHk_H(X) — CHk(X)
the operation ¢q (£)N—. This makes sense by Lemma We will denote ¢; (£)*N—
the s-fold iterate of this operation for all s > 0.
Lemma 28.3. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let L, N be invertible on X. For any o € CHy2(X) we have
alL)naWN)Nna=cN)Ne(L)Na
as elements of CH(X).
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Proof. Write a = > m;[Z;] for some locally finite collection of integral closed
subschemes Z; C X with dims(Z;) = k + 2. Consider the proper morphism p :
[[Z; = X. Set o/ =3 m;[Z;] as a (k+2)-cycle on || Z;. By several applications
of Lemma we see that ¢1(£) Ner(N) Na = pu(e1(p*L) Ner(p*N) N ') and
M) Ne(L)Na = peer(pN) Ner(p*L) N a’). Hence it suffices to prove the
formula in case X is integral and o = [X]. In this case the result follows from
Lemma and the definitions. O

29. Gysin homomorphisms

In this section we define the gysin map for the zero locus D of a section of an
invertible sheaf. An interesting case occurs when D is an effective Cartier divisor,
but the generalization to arbitrary D allows us a flexibility to formulate various
compatibilities, see Remark 29.7] and Lemmas [29.8] 29.9] and [30.5] These results
can be generalized to locally principal closed subschemes endowed with a virtual
normal bundle (Remark or to pseudo-divisors (Remark .

Recall that effective Cartier divisors correspond 1-to-1 to isomorphism classes of
pairs (L£,s) where £ is an invertible sheaf and s is a regular global section, see
Divisors, Lemma If D corresponds to (L, s), then £ = Ox (D). Please keep
this in mind while reading this section.

Definition 29.1. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let (£,s) be a pair consisting of an invertible sheaf and a global section
s € I'(X,L). Let D = Z(s) be the zero scheme of s, and denote ¢ : D — X the
closed immersion. We define, for every integer k, a Gysin homomorphism

1" Zk+1(X) — CHk(D)
by the following rules:
(1) Given a integral closed subscheme W C X with dims(W) = k+ 1 we define
(a) it W ¢ D, then i*[W] = [D N W], as a k-cycle on D, and
(b) if W C D, then i*[W] = & (ci(L|lw) N [W]), where i’ : W — D is the
induced closed immersion.
(2) For a general (k+ 1)-cycle o = > n;[W;] we set

i*Oé = Z n]‘i* [WJ]

(3) If D is an effective Cartier divisor, then we denote D - a = i.i*a the
pushforward of the class i*« to a class on X.

In fact, as we will see later, this Gysin homomorphism i* can be viewed as an
example of a non-flat pullback. Thus we will sometimes informally call the class
1*a the pullback of the class a.

Remark| 29.2. Let X be a scheme locally of finite type over S as in Situation
E Let (D,N,o) be a triple consisting of a locally principal (Divisors, Definition

@) closed subscheme i : D — X, an invertible Op-module A/, and a surjection
o N® 1 i THof O D—moduleﬂ Here NV should be thought of as a virtual normal
bundle of D in X. The construction of i* : Zj11(X) — CHy(D) in Definition [29.1]
generalizes to such triples, see Section [54}

2This condition assures us that if D is an effective Cartier divisor, then N = Ox (D)|p.
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Remark|29.3. Let X be a scheme locally of finite type over S as in Situation
In [Ful98] a pseudo-divisor on X is defined as a triple D = (£, Z, s) where L is an
invertible O x-module, Z C X is a closed subset, and s € I'(X \ Z, £) is a nowhere
vanishing section. Similarly to the above, one can define for every a in CHy41(X)
a product D -« in CHi(Z N |a|) where || is the support of a.

Lemma 29.4. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let (L,s,i: D — X) be as in Definition [29.1 Let o be a (k + 1)-cycle on
X. Then iyi*a = c1(L) Na in CHE(X). In particular, if D is an effective Cartier
divisor, then D - o = ¢1(Ox (D)) N a.

Proof. Write « = > n;[W;] where i; : W; — X are integral closed subschemes
with dims(W;) = k. Since D is the zero scheme of s we see that D N W; is the

zero scheme of the restriction s|y,. Hence for each j such that W; ¢ D we have
c1 (L) N [W;] = [D N W;j], by Lemma So we have

a(f)Na = Zngi_*D i [D N Wi + ijcD ni(c1(L£)lw;) N W)

in CHg(X) by Definition The right hand side matches (termwise) the push-
forward of the class i*« on D from Definition 2971 Hence we win. O

Lemma 29.5. Let (S,0) be as in Situation|7.1. Let X be locally of finite type over
S. Let (L,s,i: D — X) be as in Definition [29.1
(1) Let Z C X be a closed subscheme such that dims(Z) < k+ 1 and such that
DN Z is an effective Cartier divisor on Z. Then i*[Z]i+1 = [D N Z]j.
(2) Let F be a coherent sheaf on X such that dims(Supp(F)) < k+ 1 and
s: F = F ®oy L 1is injective. Then

i [Fleg1 = [i" Fk

Proof. Assume Z C X asin (1). Then set F = Oz. The assumption that DN Z is
an effective Cartier divisor is equivalent to the assumption that s : F = F ®p, £
is injective. Moreover [Z]k+1 = [Flg+1] and [D N Z]x = [Opnzlk = [i*Fk. See
Lemma [10.3] Hence part (1) follows from part (2).

Write [Flrt1 = Y m;[W;] with m; > 0 and pairwise distinct integral closed sub-
schemes W; C X of -dimension k + 1. The assumption that s : 7 — F Qo £ is
injective implies that W; ¢ D for all j. By definition we see that

[ Flip =Y m[DN Wi
We claim that
> D AWk = [i* Fl

as cycles. Let Z C D be an integral closed subscheme of d-dimension k. Let
§ € Z be its generic point. Let A = Ox¢. Let M = F¢. Let f € A be an
element generating the ideal of D, i.e., such that Op¢ = A/fA. By assumption
dim(Supp(M)) = 1, the map f : M — M is injective, and length ,(M/fM) < co.
Moreover, length 4 (M/fM) is the coefficient of [Z] in [i*F]i. On the other hand,
let q1,...,q: be the minimal primes in the support of M. Then

Z lengthAqi (quz)ordA/CIi (f)
is the coefficient of [Z] in Y [DNW;],. Hence we see the equality by Lemma O
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Remark 29.6. Let X — 5, £, s,7: D — X be as in Definition and assume
that £|p = Op. In this case we can define a canonical map i* : Zy11(X) = Zp(D)
on cycles, by requiring that i*[W] = 0 whenever W C D is an integral closed
subscheme. The possibility to do this will be useful later on.

Remark| 29.7. Let f: X’ — X be a morphism of schemes locally of finite type
over S as in Situation Let (£,s,i: D — X) be a triple as in Definition [29.1]
Then we can set L' = f*L, s’ = f*s, and D' = X' xx D = Z(s'). This gives a
commutative diagram

D/ H]' X/

|l

D—'>X
and we can ask for various compatibilities between ¢* and (¢')*.

Lemma 29.8. Let (S,0) be as in Situation . Let f : X' — X be a proper
morphism of schemes locally of finite type over S. Let (L,s,i: D — X) be as in
Definition|29.1. Form the diagram

D/ﬁ,'X/
)l
D—o X

as in Remark[29.7] For any (k + 1)-cycle o’ on X' we have i* fua/ = g.(i')*a/ in
CHg(D) (this makes sense as f, is defined on the level of cycles).

Proof. Suppose a = [W’'] for some integral closed subscheme W' C X’. Let
W =fW')CX. Incase W ¢ D', then W ¢ D and we see that

[W’ n D/]k = diVL’|W,(5/‘W/) and [W N D]k = diVL‘"W(S|W)

and hence f, of the first cycle equals the second cycle by Lemma Hence the
equality holds as cycles. In case W’ C D', then W C D and f.(c1(Llw+) N [W'])
is equal to ¢1(L|w) N [W] in CHg(W) by the second assertion of Lemma [26.3] By
Remark the result follows for general /. O

Lemma 29.9. Let (S,0) be as in Situation. Let f : X' — X be a flat morphism
of relative dimension r of schemes locally of finite type over S. Let (L,s,i: D — X)
be as in Definition|29.1. Form the diagram

D/ H’_ X/

| b

D—sX
as in Remark[29.7. For any (k + 1)-cycle o on X we have (V)" f*a = g*i*a in
CHyy (D) (this makes sense as f* is defined on the level of cycles).

Proof. Suppose a = [W] for some integral closed subscheme W C X. Let W’/ =
W) c X'. In case W ¢ D, then W' ¢ D’ and we see that

W' nD =g Y(WnD)

as closed subschemes of D’. Hence the equality holds as cycles, see Lemma
In case W C D, then W’ C D’ and W' = g~ }(W) with [W']gs14, = g*[W] and
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equality holds in CHyy,(D’) by Lemma [26.2] By Remark the result follows
for general o’. O

30. Gysin homomorphisms and rational equivalence

In this section we use the key formula to show the Gysin homomorphism factor
through rational equivalence. We also prove an important commutativity property.

Lemma 30.1. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let X be integral and n = dims(X). Let ¢ : D — X be an effective Cartier
divisor. Let N be an invertible Ox-module and let t be a monzero meromorphic
section of N'. Then i*divn(t) = c1(N|p) N [D],—1 in CH,,—2(D).

Proof. Write divas(t) = > ordz, ar(t)[Z;] for some integral closed subschemes Z; C
X of §-dimension n — 1. We may assume that the family {Z;} is locally finite, that
t € T'(U,Nly) is a generator where U = X \ |JZ;, and that every irreducible
component of D is one of the Z;, see Divisors, Lemmas [26.1] [26.4] and 27.2]

Set L = Ox (D). Denote s € I'(X,0x (D)) = I'(X, L) the canonical section. We
will apply the discussion of Section [27)to our current situation. For eachilet &; € Z;
be its generic point. Let B; = Ox ¢,. For each i we pick generators s; € L¢, and
t; € Ng, over B; but we insist that we pick s; = s if Z; ¢ D. Write s = f;s; and
t = g;t; with f;, g; € B;. Then ordg, »(t) = ordp,(g;). On the other hand, we have
fi € Bz and

[Dlp1 = ordp,(fi)[Z]

because of our choices of s;. We claim that

’L*leN(t) = Z OrdBi (gi)divﬁ\zi (Si‘zi)

as cycles. More precisely, the right hand side is a cycle representing the left
hand side. Namely, this is clear by our formula for divar(t) and the fact that
divgy, (silz,) = [Z(si|z)ln—2 = [Zi N D]n—2 when Z; ¢ D because in that case
z, 1s a regular section, see Lemma Similarly,

Cl(N) N [D}nfl = ZOI‘dBi (fl)dlvf\/\zl (ti

The key formula (Lemma [27.1)) gives the equality

Z <OI‘dBi (fz)dIVN|21 (ti Z7)) = Z diVZi (337 (fla gz))

of cycles. If Z; ¢ D, then f; = 1 and hence divg, (9B, (fi,9;)) = 0. Thus we
get a rational equivalence between our specific cycles representing i*divs(t) and
¢1(N) N [D]n—1 on D. This finishes the proof. O

Silz, = S

Zi)

Zf,) - Orqu’, (gi)divﬁlz,; (Si

Lemmal 30.2. Let (S,0) be as in Situation . Let X be locally of finite type
over S. Let (L,s,i: D — X) be as in Definition|29.1. The Gysin homomorphism

factors through rational equivalence to give a map i* : CHgy1(X) — CHg(D).

Proof. Let a € Z;41(X) and assume that o ~,4; 0. This means there exists a
locally finite collection of integral closed subschemes W; C X of d-dimension k + 2
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and f; € R(W;)* such that o =} i; .divwy, (f;). Set X’ = [[W; and consider the
diagram

D/ H[ XI
1
of Remark- Since X’ — X is proper we see that i*p, = q.(¢')* by Lemma-
As we know that ¢, factors through rational equivalence (Lemma 20 , it suffices

to prove the result for o/ =) divyy, (f;) on X'. Clearly this reduces us to the case
where X is integral and a = div(f) for some f € R(X)*.

Assume X is integral and « = div(f) for some f € R(X)*. If X = D, then we see
that i*c is equal to ¢1(£) Ne. This is rationally equivalent to zero by Lemma[28.2]
If D # X, then we see that i*divx (f) is equal to ¢;(Op)N[D],—1 in CH,,_2(D) by
Lemma Of course capping with ¢1(Op) is the zero map (Lemma . O

Lemma 30.3. Let (5,0) be as in Situation . Let X be locally of finite type over
S. Let (L,s,i: D — X) be as in Definition|29.1f Theni*i, : CHi(D) — CHg_1(D)
sends « to c1(L|p) Na.

Proof. This is immediate from the definition of 7, on cycles and the definition of
1* given in Definition [29.1 O

Lemma 30.4. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let (L,s,i: D — X) be a triple as in Definition[29.1. Let N be an invertible
Ox-module. Then i*(ci(N)Na) = c1(*N)Ni*a in CHi_2(D) for all « € CHE(X).

Proof. With exactly the same proof as in Lemma this follows from Lemmas
[26.4] 28.3] and [30.1] O

Lemma 30.5. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let (L,s,i: D — X) and (L',s',i' : D' — X) be two triples as in Definition
[29.1 Then the diagram

CHy(X) —— CHy_1(D)

| E
(3"

CHj_1(D') —>> CHy_o(D N D)

commutes where each of the maps is a gysin map.

Proof. Denote j: DN D’ — D and 5/ : DN D’ — D’ the closed immersions cor-
responding to (£|pr, s|ps and (L, s|p). We have to show that (j')*i*a = 7%(i')*«
for all @« € CHi(X). Let W C X be an integral closed subscheme of dimension k.

Let us prove the equality in case o = [W]. We will deduce it from the key formula.

We let o be a nonzero meromorphic section of L]y which we require to be equal
to slw if W ¢ D. We let ¢’ be a nonzero meromorphic section of £'|y which we
require to be equal to s’|W if W ¢ D'. Write

divgy,, (o Zordzuaw an
leﬁ/ Zordz »C/‘W Zn

and similarly
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as in the discussion in Section Then we see that Z; C D if n; # 0 and Z! C D’
if n} # 0. For each i, let & € Z; be the generic point. As in Section [27| we choose
for each i an element o; € L¢,, resp. o € E’&_ which generates over B; = Ow,¢, and
which is equal to the image of s, resp. s’ if Z; ¢ D, resp. Z; ¢ D’. Write o0 = f;0;
and o’ = f/o} so that n, = ordp, (f;) and n} = ordg,(f/). From our definitions it
follows that

(7)W= ordp, (fi)dives,, (o]

;)
as cycles and

F) W] = ordg, (f))divgy,, (0
The key formula (Lemma now gives the equality

Z (Ol"dBi(fi)diszi (o] Z)) = ZdiVZi (0B, (fi, [1))

of cycles. Note that divz, (9p,(fi, f1)) = 0if Z; ¢ DN D’ because in this case either
fi=1or f/ = 1. Thus we get a rational equivalence between our specific cycles
representing (j/)*i*[W] and j*(i')*[W] on DN D’ NW. By Remark [19.6] the result
follows for general a. O

Zi)

Zi) - Orde‘ (le)dlvﬁ\zl (Ui

31. Relative effective Cartier divisors

Relative effective Cartier divisors are defined and studied in Divisors, Section
To develop the basic results on Chern classes of vector bundles we only need the
case where both the ambient scheme and the effective Cartier divisor are flat over
the base.

Lemma 31.1. Let (S,6) be as in Situation , Let X, Y be locally of finite type
over S. Let p: X — Y be a flat morphism of relative dimension r. Leti: D — X
be a relative effective Cartier divisor (Divisors, Definition[18.3). Let L = Ox (D).
For any a € CHg11(Y) we have

i*p*a = (p|p) o
in CHg4(D) and
c1(£) Np*a=i.((plp)*a)
in CHy4(X).
Proof. Let W C Y be an integral closed subscheme of §-dimension k& + 1. By

Divisors, Lemma we see that D N p~!W is an effective Cartier divisor on
p~'W. By Lemma we get the first equality in

Fp Wlktrs1 = [DNp~  Wlipr = [(010) 7 W)kt

and the second because DNp~1(W) = (p|p) (W) as schemes. Since by definition
p*[W] = [p~ ' Wlktrt1 we see that i*p* [W] = (p|p)*[W] as cycles. If a = > m;[W;]
is a general k + 1 cycle, then we get i*av = > m;i*p*[W;] = > m,(p|p)*[W;] as
cycles. This proves then first equality. To deduce the second from the first apply
Lemma O
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32. Affine bundles

02TS For an affine bundle the pullback map is surjective on Chow groups.

02TT Lemma 32.1. Let (S,6) be as in Situation . Let X, Y be locally of finite type
over S. Let f: X — Y be a flat morphism of relative dimension r. Assume that
for every y € Y, there exists an open neighbourhood U C Y such that f|;-1 ) :
f7Y(U) — U is identified with the morphism U x A" — U. Then f*: CHi(Y) —
CHy4(X) is surjective for all k € Z.
Proof. Let o € CHyy,(X). Write a = ) m;[W;] with m; # 0 and W; pairwise
distinct integral closed subschemes of §-dimension k + r. Then the family {W;} is
locally finite in X. For any quasi-compact open V C Y we see that f~1(V) N W;

is nonempty only for finitely many j. Hence the collection Z; = f(W;) of closures
of images is a locally finite collection of integral closed subschemes of Y.

Consider the fibre product diagrams
fUZ) —=X

q s

Z; ———=Y

Suppose that [W;] € Zy.,(f~1(Z;)) is rationally equivalent to 7 Bj for some k-cycle
B;j € CHy(Z;). Then 8 = ) m;fB; will be a k-cycle on Y and f*8 = Y m;f; B,
will be rationally equivalent to a (see Remark. This reduces us to the case Y
integral, and oo = [W] for some integral closed subscheme of X dominating Y. In
particular we may assume that d = dims(Y") < oo.

Hence we can use induction on d = dims(Y). If d < k, then CHy.(X) = 0 and the
lemma holds. By assumption there exists a dense open V' C Y such that f=1(V) =
V x A" as schemes over V. Suppose that we can show that a|s-1y) = f*3 for
some 8 € Zp(V). By Lemma we see that f = 3’|y for some ' € Z,(Y).
By the exact sequence CHy(f~1(Y \ V)) — CHi(X) — CH(f1(V)) of Lemma
we see that o — f*3’ comes from a cycle o/ € CHyy(f~1(Y \ V)). Since
dims(Y \ V) < d we win by induction on d.

Thus we may assume that X =Y x A". In this case we can factor f as
X=YxA"5YxA" ' 5. . 5YxA' 5V

Hence it suffices to do the case r = 1. By the argument in the second paragraph of
the proof we are reduced to the case a« = [W], Y integral, and W — Y dominant.
Again we can do induction on d = dims(Y). If W =Y x Al, then [W] = f*[Y].
Lastly, W C Y x A! is a proper inclusion, then W — Y induces a finite field
extension R(W)/R(Y). Let P(T) € R(Y)[T] be the monic irreducible polynomial
such that the generic fibre of W — Y is cut out by P in A}z(yy Let V.CY bea
nonempty open such that P € T'(V, Oy)[T], and such that W N f=1(V) is still cut
out by P. Then we see that a|s—1(y) ~res 0 and hence a ~,q; o for some cycle o/
on (Y\ V) x Al. By induction on the dimension we win. O

0B74 Lemma 32.2. Let (S,9) be as in Situation , Let X be locally of finite type over
S. Let L be an invertible O x-module. Let

p: L = Spec(Sym* (L)) — X
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be the associated vector bundle over X. Then p* : CHg(X) — CHgy1(L) is an
isomorphism for all k.

Proof. For surjectivity see Lemma Let 0 : X — L be the zero section of
L — X, i.e., the morphism corresponding to the surjection Sym*(£) — Ox which
maps L£®" to zero for all n > 0. Then po o = idx and o(X) is an effective Cartier
divisor on L. Hence by Lemma [31.1] we see that o* o p* = id and we conclude that
p* is injective too. O

Remark 32.3. We will see later (Lemma that if X is a vector bundle of
rank 7 over Y then the pullback map CHg(Y) — CHgyr(X) is an isomorphism.
This is true whenever X — Y satisfies the assumptions of Lemma see [Tot14]
Lemma 2.2]. We will sketch a proof in Remark using higher chow groups.

Lemma 32.4. In the situation of Lemma denote o : X — L the zero section
(see proof of the lemma). Then we have

1) o(X) is the zero scheme of a regular global section of p*L®~!,

2) o, : CHg(X) — CH(L) as o is a closed immersion,

3) 0* : CHyy1(L) — CHi(X) as o(X) is an effective Cartier divisor,

4) o*p* : CHi(X) — CHg(X) is the identity map,

5) o.a = —p*(c1(L)Na) for any o € CHE(X), and

6) 0*04 : CHi(X) — CHi_1(X) is equal to the map o — —c1(L) N .

Proof. Since p.Or, = Sym* (L) we have p.(p* L) = Sym™ (L) ®o, LZ! by the
projection formula (Cohomology, Lemma and the section mentioned in (1)
is the canonical trivialization Ox — £ ®0, £%71. We omit the proof that the
vanishing locus of this section is precisely o(X). This proves (1).

Parts (2), (3), and (4) we’ve seen in the course of the proof of Lemma of
course (4) is the first formula in Lemma

Part (5) follows from the second formula in Lemma additivity of capping with
¢1 (Lemma [25.2)), and the fact that capping with ¢; commutes with flat pullback
(Lemma [26.2]).

Part (6) follows from Lemma and the fact that o*p*L = L. O

Lemma 32.5. LetY be a scheme. Let L;, i = 1,2 be invertible Oy -modules. Let
s be a global section of L1 ®p, L. Denotei: D — X the zero scheme of s. Then
there exists a commutative diagram

Dy ——L<—-D,

1 12
Pll J{P \Lm

D—sY<>—D

and sections s; of p*L; such that the following hold:

D; is the zero scheme of s;,

D; = Spec(Sym* (LY 71)|p)) over D fori=1,2,

p~ 1D = Dy U Dy (scheme theoretic union,),

Dy N Dy (scheme theoretic intersection) maps isomorphically to D, and
Dy N Dy — D; is the zero section of the line bundle D; — D fori=1,2.
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Moreover, the formation of this diagram and the sections s; commutes with arbitrary
base change.

Proof. Let p : X — Y be the relative spectrum of the quasi-coherent sheaf of
Oy-algebras

A= (B, ., L0 w0y £572) /T

where J is the ideal generated by local sections of the form st — ¢t for ¢ a local
section of any summand £~ ® £~ with a;,as > 0. The sections s; viewed as
maps p*ﬁ?_l — Ox are defined as the adjoints of the maps E?_l —- A =p.0Ox.
For any y € Y we can choose an affine open V' C Y, say V' = Spec(B), containing
y and trivializations z; : Oy — [,1‘871|V. Observe that f = s(z122) € A cuts out
the closed subscheme D. Then clearly

p~ (V) = Spec(B|z1, 2]/ (2122 — [))

Since D; is cut out by z; everything is clear. O

Lemma 32.6. In the situation of Lemma assume Y s locally of finite type
over (S,8) as in Situation [7.1, Then we have iip*a = pii*a in CHg(D1) for all
[V AS CHk(Y)

Proof. Let W C Y be an integral closed subscheme of §-dimension k. We distin-
guish two cases.

Assume W C D. Then i*[W] = ¢1(£1) N [W] + c1(L2) N [W] in CHg_1(D) by
our definition of gysin homomorphisms and the additivity of Lemma [25.2] Hence
pii* (W] = pi(ci(L1) N [W]) + pi(ei(L2) N [W]). On the other hand, we have
p*[W] = [p~Y(W)]xs1 by construction of flat pullback. And p~Y(W) = W; U W,
(scheme theoretically) where W; = p; (W) is a line bundle over W by the lemma
(since formation of the diagram commutes with base change). Then [p~'(W)]j41 =
[W1] + [Wa] as W; are integral closed subschemes of L of §-dimension &k + 1. Hence

iap W) =i [pH (W)]ksa
=iy ([Wh] + [Wa))
= c1(p1L1) N [Wi] + W1 N Wk
c1(piL1) Npi W]+ [Wi 0 Waly,
= pi(ci(Lr) N[W]) + W1 N Waly

~.

by construction of gysin homomorphisms, the definition of flat pullback (for the
second equality), and compatibility of ¢; N — with flat pullback (Lemma [26.2).
Since W7 N Wy is the zero section of the line bundle W7 — W we see from Lemma
that [W1 N Wak = pi(c1(L2) N [W]). Note that here we use the fact that Dy
is the line bundle which is the relative spectrum of the inverse of Lo. Thus we get
the same thing as before.

Assume W ¢ D. In this case, both iip*[W] and pji*[W] are represented by the
k — 1 cycle associated to the scheme theoretic inverse image of W in D;. g

Lemmal 32.7. In Situation let X be a scheme locally of finite type over S.
Let (L,s,i: D — X) be a triple as in Definition [29.1} There exists a commutative
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diagram
D/ H] X/
D—‘s X
such that

(1) p and g are of finite type and flat of relative dimension 1,

(2) p*: CHi(D) — CHgy1(D’) is injective for all k,

(3) D' C X' is the zero scheme of a global section s’ € T(X', Ox/),

(4) p*i* = (i')*¢* as maps CH,(X) — CHg(D").
Moreover, these properties remain true after arbitrary base change by morphisms
Y — X which are locally of finite type.

Proof. Observe that (i')* is defined because we have the triple (Ox/,s’,i' : D' —
X') as in Definition Thus the statement makes sense.

Set L1 = Ox, Lo = L and apply Lemma with the section s of £L = £; ®0p Lo.
Take D’ = D;. The results now follow from the lemma, from Lemma and
injectivity by Lemma [32.2] O

Remark 32.8. Let (5,6) be as in Situation Let Y be locally of finite type
over S. Let 7 > 0. Let f: X — Y be a morphism of schemes. Assume every y € Y’
is contained in an open V C Y such that f~1(V) = V x A" as schemes over V.
In this remark we sketch a proof of the fact that f* : CHx(Y) — CHp4r(X) is an
isomorphism. First, by Lemma the map is surjective. Let a € CHy(Y) with
f*a=0. We will prove that o = 0.

Step 1. We may assume that dims(Y) < oco. (This is immediate in all cases in
practice so we suggest the reader skip this step.) Namely, any rational equivalence
witnessing that f*a = 0 on X, will use a locally finite collection of integral closed
subschemes of dimension k + r + 1. Taking the union of the closures of the images
of these in Y we get a closed subscheme Y/ C Y of dims(Y’) < k+ r + 1 such that
« is the image of some o € CH(Y”) and such that (f')*« = 0 where f is the base
change of f to Y.

Step 2. Assume d = dims(Y) < oo. Then we can use induction on d. If d < k,
then a = 0 and we are done; this is the base case of the induction. In general, our
assumption on f shows we can choose a dense open V' C Y such that U = f~1(V) =
A7, Denote Y’ C Y the complement of V as a reduced closed subscheme and set
X' = f~1(Y"). Consider

CHY (U, 1) — CHj4(X') — CHp 4 (X) — CHy4 (U) — 0

| | | |

CHY (V,1) —— CHy(Y") —— CH(Y) —— CHy(V) ——0

Here we use the first higher Chow groups of V and U and the six term exact
sequences constructed in Remark 27.3] as well as flat pullback for these higher chow
groups and compatibility of flat pullback with these six term exact sequences. Since
U = A7, the vertical map on the right is an isomorphism. The map CHy(Y’) —
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CHg4(X') is bijective by induction on d. Hence to finish the argument is suffices
to show that

CHY (V,1) — CHYL, (U, 1)
is surjective. Arguing as in the proof of Lemma this reduces to Step 3 below.

Step 3. Let F be a field. Then CH(J)V[ (AL,1) = 0. (In the proof of the lemma cited
above we proved analogously that CHy(AL) = 0.) We have

M 1 _ . M *
CHY! (AL, 1) = Coker (6.[(2 (F(T)) — @pCF[T] o k(p) )

The classical argument for the vanishing of the cokernel is to show by induction
on the degree of k(p)/F that the summand corresponding to p is in the image. If
p is generated by the irreducible monic polynomial P(T) € F[T] and if u € k(z)*
is the residue class of some Q(T) € F[T] with deg(Q) < deg(P) then one shows
that 0(Q, P) produces the element u at p and perhaps some other units at primes
dividing @ which have lower degree. This finishes the sketch of the proof.

33. Bivariant intersection theory

In order to intelligently talk about higher Chern classes of vector bundles we intro-
duce bivariant chow classes as in [Ful98]. Our definition differs from [Ful98] in two
respects: (1) we work in a different setting, and (2) we only require our bivariant
classes commute with the gysin homomorphisms for zero schemes of sections of
invertible modules (Section . We will see later, in Lemma that our bivari-
ant classes commute with all higher codimension gysin homomorphisms and hence
satisfy all properties required of them in [Ful98]; see also [Ful98, Theorem 17.1].

Definition 33.1. Let (.5,4) be as in Situation Let f : X — Y be a morphism
of schemes locally of finite type over S. Let p € Z. A bivariant class ¢ of degree
p for f is given by a rule which assigns to every locally of finite type morphism
Y’ — Y and every k a map

cN—: CHk(YI) — CHk,p(X/)

where X' =Y’ xy X, satisfying the following conditions
(1) if Y” =Y’ is a proper, then ¢cN (Y = Y').o” = (X" — X').(cna”) for
all @ on Y” where X" =YY" xy X,
(2) if Y” — Y’ is flat locally of finite type of fixed relative dimension, then
cNY" =Y = (X" = X')*(cnd) for all & on Y’, and
(3) if (£',s',i" : D' — Y’) is as in Definition with pullback (N, ¢, 5" :
E' — X') to X', then we have ¢ (i')*a’ = (§/)*(cna’) for all &' on Y.
The collection of all bivariant classes of degree p for f is denoted AP(X —Y).

Let (S, 6) be as in Situation [7.1] Let X — Y and Y — Z be morphisms of schemes
locally of finite type over S. Let p € Z. It is clear that AP(X — Y) is an abelian
group. Moreover, it is clear that we have a bilinear composition

AP(X = Y) x ALY — Z) — APTI(X — Z)

which is associative.

Similar to [Ful98]
Definition 17.1]
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Lemma 33.2. Let (S,0) be as in Situation . Let f: X =Y be a flat morphism
of relative dimension r between schemes locally of finite type over S. Then the rule
that to Y —'Y assigns (f')* : CHg(Y’) = CHpqr(X') where X' = X xy Y' is a
bivariant class of degree —r.

Proof. This follows from Lemmas [20.2] |14.3] |15.1} and [29.9} O

Lemma 33.3. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let (L,s,i: D — X) be a triple as in Definition W Then the rule that
to f: X' = X assigns (i')* : CHi(X') = CHg_1(D’) where D' = D xx X' is a
bivariant class of degree 1.

Proof. This follows from Lemmas [30.2] [29.8] £9.9] and [30.5] O

Lemma 33.4. Let (S,0) be as in Situation . Let f : X Y andg:Y - Z
be morphisms of schemes locally of finite type over S. Let ¢ € AP(X — Z) and
assume f is proper. Then the rule that to Z' — Z assigns « — fi(cNa) is a
bivariant class denoted f.oc € AP(Y — Z).

Proof. This follows from Lemmas[12.2] [I5.1] and [29.8 O

Remark 33.5. Let (S,d) be as in Situation Let X - Y and Y — Y be
morphisms of schemes locally of finite type over S. Let X’ =Y’ xy X. Then there
is an obvious restriction map

AP(X - Y) — AP(X' = Y"), c+——res(c)

obtained by viewing a scheme Y locally of finite type over Y’ as a scheme locally
of finite type over Y and settting res(c) Na’” = cNa’ for any o’ € CHi(Y"). This
restriction operation is compatible with compositions in an obvious manner.

Remark 33.6. Let (5,6) be as in Situation Let X be locally of finite type
over S. For ¢ = 1,2 let Z; — X be a morphism of schemes locally of finite type.
Let ¢; € APi(Z; — X)), i = 1,2 be bivariant classes. For any a@ € CH(X) we can
ask whether
citNeNa=cNc Na

in CHg—p,—p,(Z1 xx Z3). If this is true and if it holds after any base change by
X' — X locally of finite type, then we say ¢; and co commute. Of course this is
the same thing as saying that

res(ci) o co = res(ca) o g

in AP1TP2(Z) X x Zy — X). Here res(c1) € AP1(Zy xx Za — Zs) is the restriction
of ¢; as in Remark [33.5} similarly for res(cs).

Example 33.7. Let (5,d) be as in Situation Let X be locally of finite type
over S. Let (L,s,i : D — X) a triple as in Definition Let Z — X be a
morphism of schemes locally of finite type and let ¢ € AP(Z — X)) be a bivariant
class. Then the bivariant gysin class ¢’ € AY(D — X) of Lemma commutes
with ¢ in the sense of Remark Namely, this is a restatement of condition (3)
of Definition B3l

Remark| 33.8. There is a more general type of bivariant class that doesn’t seem
to be considered in the literature. Namely, suppose we are given a diagram

X —7Z<+—Y
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of schemes locally of finite type over (S, ) as in Situation Let p € Z. Then we
can consider a rule ¢ which assigns to every Z’ — Z locally of finite type maps

cN—: CHk(YI) — CHk,p(X/)

forall k € Z where X' = X x5z Z' and Y’ = Z' xz Y compatible with

(1) proper pushforward if given Z"” — Z’ proper,

(2) flat pullback if given Z"”" — Z’ flat of fixed relative dimension, and

(3) gysin maps if given D' C Z’ as in Definition [29.1]
We omit the detailed formulations. Suppose we denote the collection of all such
operations AP(X — Z « Y). A simple example of the utility of this concept
is when we have a proper morphism f : Xo — X;. Then f, isn’t a bivariant

operation in the sense of Definition [33.1] but it is in the above generalized sense,
namely, f, € A%(X; — X7 + Xo).

34. Chow cohomology and the first Chern class

We will be most interested in AP(X) = AP(X — X), which will always mean the
bivariant cohomology classes for idx. Namely, that is where Chern classes will live.

Definition 34.1. Let (5,0) be as in Situation Let X be locally of finite type
over S. The Chow cohomology of X is the graded Z-algebra A*(X) whose degree p
component is AP(X — X).

Warning: It is not clear that the Z-algebra structure on A*(X) is commutative,
but we will see that Chern classes live in its center.

Remark 34.2. Let (5,9) be as in Situation Let f: Y’ — Y be a morphism
of schemes locally of finite type over S. As a special case of Remark [33.5] there is a
canonical Z-algebra map res : A*(Y) — A*(Y”'). This map is often denoted f* in
the literature.

Lemma 34.3. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let L be an invertible Ox-module. Then the rule that to f : X' — X assigns
ca(f*L)N—: CHE(X') — CHi_1(X') is a bivariant class of degree 1.

Proof. This follows from Lemmas [28.2] [26.4] [26.2] and [30.4] O

The lemma above finally allows us to make the following definition.

Definition 34.4. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let £ be an invertible Ox-module. The first Chern class c1(£) € AY(X)
of £ is the bivariant class of Lemma [34.3

For finite locally free modules we construct the Chern classes in Section [38 Let us
prove that ¢1(£) is in the center of A*(X).

Lemma 34.5. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let L be an invertible Ox-module. Then
(1) c1(L) € AX(X) is in the center of A*(X) and
(2) if f: X' — X is locally of finite type and c € A*(X' — X), then coci (L) =
a(f*L)oc.
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Proof. Of course (2) implies (1). Let p : L — X be as in Lemma and let
0 : X — L be the zero section. Denote p’ : L' — X’ and o' : X’ — L' their base
changes. By Lemma [32.4] we have
p*(ci(L)Na) =—o.a and (p)*(ci(f*L)Na’) = —ol.d
Since ¢ is a bivariant class we have
@) (cnea(l)na)=cnp*(a(l)Na)
= —cNoyx
=—o. (cNa)
@) (e(fL)yNena)
Since (p’)* is injective by one of the lemmas cited above we obtain cN e (L) Na =

c1(f*L)NeNa. The same is true after any base change by Y — X locally of finite
type and hence we have the equality of bivariant classes stated in (2). O

Lemma 34.6. Let (S,0) be as in Situation . Let X be a finite type scheme
over S which has an ample invertible sheaf. Assume d = dim(X) < oo (here
we really mean dimension and not d-dimension). Then for any invertible sheaves
Li,...,Lar1 on X we have c1(L1)o...0c1(Lgrr) =0 in ATH(X).

*

Proof. We prove this by induction on d. The base case d = 0 is true because
in this case X is a finite set of closed points and hence every invertible module is
trivial. Assume d > 0. By Divisors, Lemma we can write L1 =2 Ox (D) ®
Ox(D")®~1 for some effective Cartier divisors D, D’ C X. Then c¢;(L4y1) is the
difference of ¢1(Ox (D)) and ¢; (Ox(D’)) and hence we may assume L4411 = Ox (D)
for some effective Cartier divisor.

Denote i : D — X the inclusion morphism and denote i* € AY(D — X) the
bivariant class given by the gysin hommomorphism as in Lemma [33.3] We have

iv 0i* = ¢1(L441) in AY(X) by Lemma (and Lemma m to make sense of
the left hand side). Since c¢;(£;) commutes with both i, and i* (by definition of
bivariant classes) we conclude that

c1(L1)o...0c1(Lgs1) =ixoci(L1)o...0c1(Lg)oi™ =ixoc1(Ly|p)o...0c1(Ly|p)oi”

Thus we conclude by induction on d. Namely, we have dim(D) < d as none of the
generic points of X are in D. (I

Remark 34.7. Let (S, ) be as in Situation Let Z — X be a closed immersion
of schemes locally of finite type over S and let p > 0. In this setting we define

AP (Z - X) = Higpfl A'(X) x H@p ANZ — X).
Then A®)(Z — X) canonically comes equipped with the structure of a graded
algebra. In fact, more generally there is a multiplication
AP(Z - X)x AD(Z = X) — Amax(a) (7 - X)
In order to define these we define maps
ANZ = X) x A (X) = ATI(Z = X)
A(X) x AN(Z = X) = ATI(Z = X)
AZ = X)x ANZ = X) = AT (Z = X)
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For the first we use composition of bivariant classes. For the second we use re-
striction A*(X) — A"(Z) (Remark [33.5) and composition A*(Z) x A7(Z — X) —
Ai(Z — X). For the third, we send (c,c’) to res(c) o ¢ where res : A(Z —
X) — A¥(Z) is the restriction map (see Remark . We omit the verification
that these multiplications are associative in a suitable sense.

OFA1 Remark 34.8. Let (S,0) be asin Situation Let Z — X be a closed immersion
of schemes locally of finite type over S. Denote res : AP(Z — X) — AP(Z) the
restriction map of Remark For ¢ € AP(Z — X)) we have res(c) Na = cN i
for a € CH.(Z). Namely res(c) N = ¢ N« and compatibility of ¢ with proper
pushforward gives (Z — Z).(cNa) =cN(Z = X).a.

35. Lemmas on bivariant classes

OFDY In this section we prove some elementary results on bivariant classes. Here is a
criterion to see that an operation passes through rational equivalence.

0B7A Lemma 35.1. Let (S,0) be as in Situation , Let f: X =Y be a morphism of Very weak form of
schemes locally of finite type over S. Let p € Z. Suppose given a rule which assigns [Ful98, Theorem
to every locally of finite type morphism Y' — Y and every k a map 17.1]

cN—:Zp(Y') — CHy_p(X)

where Y' = X' x x Y, satisfying condition (3) of Definition whenever L'|pr =
Opr. Then ¢ — factors through rational equivalence.

Proof. The statement makes sense because given a triple (£,s,7 : D — X) as
in Definition such that £|p = Op, then the operation i* is defined on the
level of cycles, see Remark Let o € Z(X') be a cycle which is rationally
equivalent to zero. We have to show that cN o = 0. By Lemma there exists
a cycle 8 € Zpy1(X' x P1) such that a = %3 — i% 3 where ig, i : X' — X' x P!
are the closed immersions of X’ over 0,00. Since these are examples of effective
Cartier divisors with trivial normal bundles, we see that ¢ Ni§8 = ji(c N 5) and
cnit B =j%(cnB) where jo,joo : Y’ — Y’ x P! are closed immersions as before.
Since j§(cN B) ~par jis(cN B) (follows from Lemma we conclude. O

OF9A Lemma 35.2. Let (S,0) be as in Situation , Let f: X =Y be a morphism of Weak form of
schemes locally of finite type over S. Let p € Z. Suppose given a rule which assigns [Ful98, Theorem
to every locally of finite type morphism Y' —Y and every k a map 17.1]

cN—: CHE(Y'") — CHy_,(X")

where Y' = X' xxY, satisfying conditions (1), (2) of Definition and condition
(8) whenever L'|p =2 Opr. Then ¢ — is a bivariant class.

Proof. Let Y/ — Y be a morphism of schemes which is locally of finite type. Let
(L',¢',i" : D" = Y") be as in Definition with pullback (N’,t',j": E' — X') to
X'. We have to show that ¢N (¢')*a’ = (j')*(ecN ') for all &' € CH,(Y”).

Denote g : Y — Y’ the smooth morphism of relative dimension 1 with i : D" —
Y” and p : D” — D’ constructed in Lemma (Warning: D" isn’t the full
inverse image of D’.) Denote f : X” — X’ and E” C X" their base changes by
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X' = Y’. Picture

XI/ Y/I

D" g

N

E— =D

E//

By the properties given in the lemma we know that 8/ = (i')*«’ is the unique
element of CHy_1(D’) such that p*8’ = (i")*¢*a’. Similarly, we know that v =
(47)*(eNda’) is the unique element of CHy_1_,(E’) such that ¢*+v' = (j”)*h*(cNd’).
Since we know that

(]//)*h*(cm 0[/) — (]//)*(cmg*al) — Cm (i//)*g*a/

by our assuptions on ¢; note that the modified version of (3) assumed in the state-
ment of the lemma applies to " and its base change j”. We similarly know that

q*(cnp)=cnp*p
We conclude that v/ = ¢ N 3’ by the uniqueness pointed out above. |

Here a criterion for when a bivariant class is zero.

Lemma 35.3. Let (S,0) be as in Situation . Let f : X =Y be a morphism of
schemes locally of finite type over S. Let c € AP(X = Y). ForY" —=Y' =Y set
X"=Y"xy X and X' =Y' xy X. The following are equivalent

(1) c is zero,

(2) eN[Y'] =0 in CH.(X') for every integral scheme Y’ locally of finite type
overY, and

(3) for every integral scheme Y' locally of finite type over Y, there exists a
proper birational morphism Y — Y’ such that cN[Y"] =0 in CH,.(X").

Proof. The implications (1) = (2) = (3) are clear. Assumption (3) implies (2)
because (Y — Y'),[Y”] = [Y'] and hence ¢ N [Y'] = (X = X')(en [Y"))
as c is a bivariant class. Assume (2). Let Y/ — Y be locally of finite type. Let
a € CHE(Y'). Write a = Y n;[Y]/] with Y/ C Y alocally finite collection of integral
closed subschemes of §-dimension k. Then we see that « is pushforward of the
cycle o =Y n;[Y/] on Y = []Y/ under the proper morphism Y — Y’. By the
properties of bivariant classes it suffices to prove that cNa/ = 0 in CHy_,(X"). We
have CHy,_,(X") = [[ CHy—,(X]) where X/ =Y/ xy X. This follows immediately
from the definitions. The projection maps CHy_,(X") — CHj_,(X}) are given
by flat pullback. Since capping with ¢ commutes with flat pullback, we see that it
suffices to show that ¢N[Y/] is zero in CHy_,(X/) which is true by assumption. [

Lemma 35.4. Let (S,0) be as in Situation . Let f: X =Y be a morphism of
schemes locally of finite type over S. Assume we have disjoint union decompositions
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X =]le; XiandY = HjeJ Y; by open and closed subschemes and a mapa : I — J
of sets such that f(X;) C Yy(;). Then

AP(X — Y) = H'GI Ap(XZ — Ya(i))

Proof. Suppose given an element (c¢;) € [[; AP(X; — Yg(;)). Then given 3 €
CHy(Y') we can map this to the element of CHy,_,(X) whose restriction to X; is ¢;N
Bly, - This works because CHy—p(X) = [[; CHg—p(X;). The same construction
works after base change by any Y’ — Y locally of finite type and we get ¢ €
AP(X — Y). Thus we obtain a map ¥ from the right hand side of the formula to
the left hand side of the formula. Conversely, given ¢ € AP(X — Y') and an element
Bi € CHg(Yq(iy) we can consider the element (cN (Yo — Y)«fi)|x; in CHy—p(X5).
The same thing works after base change by any Y’ — Y locally of finite type and
we get ¢; € AP(X; — Y,(;)). Thus we obtain a map ® from the left hand side of
the formula to the right hand side of the formula. It is immediate that ® o ¥ = id.
For the converse, suppose that ¢ € A?(X — YY) and 8 € CHg(Y). Say ®(c) = (¢;).
Let j € J. Because ¢ commutes with flat pullback we get

cn =cn g
AL, x =Bl
Because ¢ commutes with proper pushforward we get
(0L, -, X = X):(enBDlpy ) =en¥s =Y)Bly,
The left hand side is the cycle on X restricting to (¢ N f)|x, on X; for ¢ € I with

a(i) = j and 0 else. The right hand side is a cycle on X whose restriction to X; is
¢; N Ply; for i € I with a(i) = j. Thus cN B = ¥((c;)) as desired. O

Remark 35.5. Let (S,0) be as in Situation Let f: X — Y be a morphism
of schemes locally of finite type over S. Let X = [[,c; X; and Y =[], ;Y] be
the decomposition of X and Y into their connected components (the connected
components are open as X and Y are locally Noetherian, see Topology, Lemma
and Properties, Lemma [5.5). Let a(i) € J be the index such that f(X;) C Y.
Then AP(X — V) = [[AP(X; — Y(;)) by Lemma In this setting it is
convenient to set

* N * . .
AYX > )N =T AT (X = Vo)
This “completed” bivariant group is the subset

A(X =Y\ Hp>0AP(X)

consisting of elements ¢ = (cg, ¢y, ¢a,...) such that for each connected component
X; the image of ¢, in AP(X; — Yj(;)) is zero for almost all p. If Y — Z is a second
morphism, then the composition A*(X — Y)x A*(Y — Z) = A*(X — Z) extends
to a composition A*(X — V)" x A*(Y — Z2)" = A*(X — Z)" of completions. We
sometimes call A*(X)" = A*(X — X)” the completed bivariant cohomology ring
of X.

Lemma 35.6. Let (S,0) be as in Situation . Let f : X = Y be a morphism
of schemes locally of finite type over S. Let g: Y' — Y be an envelope (Definition
and denote X' =Y’ xy X. Let p € Z and let ¢ € AP(X' = Y"). If the two
restrictions

resi(c') =resy(c) € AP(X' xx X' =Y xyY')
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are equal (see proof), then there exists a unique ¢ € AP(X — YY) whose restriction
res(c) = in AP(X' = Y').

Proof. We have a commutative diagram

X' xx X’ X —X

. h
PR
P 9
Y'xy Y YV —=Y
q
The element res;(c’) is the restriction (see Remark of ¢ for the cartesian
square with morphisms a, f’, p, f” and the element resy(c’) is the restriction of ¢
for the cartesian square with morphisms b, f', g, f”. Assume res;(c') = ress(c)
and let 8 € CH,(Y). By Lemma 2.4 we can find a 8/ € CHy(Y”) with g.8" = 3.
Then we set

cNB=h(np)

To see that this is independent of the choice of 5 it suffices to show that h.(c’ N
(p«y — q7y)) is zero for v € CH (Y’ xy Y”). Since ¢ is a bivariant class we have

he (< N (psy — q+7)) = hulae(d Ny) = bu(d' ' NY)) =0
the last equality since hy cay = hyob, as hoa="hob.

Observe that our choice for ¢N 3 is forced by the requirement that res(c) = ¢ and
the compatibility of bivariant classes with proper pushforward.

Of course, in order to define the bivariant class ¢ we need to construct maps ¢ N
— : CHi(Y71) = CHyqp(Y: xy X) for any morphism Y; — Y locally of finite
type satisfying the conditions listed in Definition m Denote Y{ = Y’ xy Y7,
X1 = X Xy Yj. The morphism Y/ — Y} is an envelope by Lemma Hence we
can use the base changed diagram

a1
_a
X1 xx, Xq X ——X

. I
by
if{' lf{ lﬁ
. a1
Y1/ Xy, Yll Yll —Y

q1

and the same arguments to get a well defined map ¢N — : CHy (Y1) — CHy4p(X71)
as before.

Next, we have to check conditions (1), (2), and (3) of Definition for ¢. For
example, suppose that ¢ : Y5 — Y7 is a proper morphism of schemes locally of finite
type over Y. Denote as above the base changes of the first diagram to Y7, resp. Y3,
by subscripts 1, resp. 2. Denote t' : Yy — Y/, s: X5 — X3, and s’ : X} — X/ the
base changes of ¢ to Y/, X, and X’. We have to show that

s«(cNB2) =cNtfo
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for By € CHy(Y2). Choose 5 € CHy(Y;) with go .85 = B2. Since ¢’ is a bivariant
class and the diagrams

X)—— Xy X, ——Yy
h2 I3

s/l ls and s/l it'

’ h1 / f{ ’

X —X; X, —Y]

are cartesian we have
s:(cN B2) = 8:(ha,u (! N B3)) = h1x8L(c' N By) = hau(c" N (E.52))

and the final expression computes ¢ N t,B2 by construction: t,85 € CHg(Y]) is a
class whose image by g1 . is t.f2. This proves condition (1). The other conditions
are proved in the same manner and we omit the detailed arguments. ]

36. Projective space bundle formula

Let (S,6) be as in Situation Let X be locally of finite type over S. Consider
a finite locally free Ox-module £ of rank r. Our convention is that the projective
bundle associated to £ is the morphism

P(€) = Proj (Sym*(£)) ——= X

over X with Opg)(1) normalized so that 7. (Op()(1)) = €. In particular there is
a surjection 7€ — Opg)(1). We will say informally “let (7 : P — X,Op(1)) be
the projective bundle associated to £” to denote the situation where P = P (&) and
Op(1) = Op(g)(1).

Lemma 36.1. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let & be a finite locally free Ox-module € of rank r. Let (m: P — X,0p(1)) be
the projective bundle associated to £. For any o € CHi(X) the element

T (Cl(OP(l))S N 7T*O[) S CHk+r—1—s(X)
is 0 if s <r —1 and is equal to « when s =1r — 1.

Proof. Let Z C X be an integral closed subscheme of §-dimension k. Note that
7*[Z] = [r7Y(Z)] as 7~ 1(Z) is integral of 6-dimension 7 — 1. If s < r — 1, then by
construction ¢ (Op(1))® N7*[Z] is represented by a (k47— 1 — s)-cycle supported
on 7~1(Z). Hence the pushforward of this cycle is zero for dimension reasons.

Let s = r—1. By the argument given above we see that 7, (c1(Op(1))°’N1*a) = n[Z]
for some n € Z. We want to show that n = 1. For the same dimension reasons
as above it suffices to prove this result after replacing X by X \ T where T C Z
is a proper closed subset. Let & be the generic point of Z. We can choose el-
ements eq,...,e,—1 € & which form part of a basis of £&. These give rational
sections s1,...,5,-1 of Op(1)|z-1(z) whose common zero set is the closure of the
image a rational section of P(€|z) — Z union a closed subset whose support
maps to a proper closed subset T of Z. After removing T from X (and corre-
spondingly 7=(T) from P), we see that si,...,s, form a sequence of global sec-
tions s; € T(7~(Z), Ox-1(z)(1)) whose common zero set is the image of a section
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Z — m1(Z). Hence we see successively that

mZ] = [ HZ)]
a(Op()N7*[Z] = [Z(s1)]
ca(Op())* N7 2] = [Z(s1) N Z(s2)]
ca(Op()PNa*[Z] = [Z(s1)N...NZ(sp_1)]

by repeated applications of Lemma [25.4] Since the pushforward by 7 of the image
of a section of m over Z is clearly [Z] we see the result when o = [Z]. We omit
the verification that these arguments imply the result for a general cycle a =
> n;lZj). O

Lemma 36.2 (Projective space bundle formula). Let (S,0) be as in Situation .
Let X be locally of finite type over S. Let € be a finite locally free Ox-module € of
rank r. Let (m: P — X,0p(1)) be the projective bundle associated to €. The map

r—1
P, , CHii(X) — CHypra(P),
(0, -y 1) — g + 1 (Op(1)) N7y + ...+ 1 (Op(1) PN,y
is an isomorphism.

Proof. Fix k € Z. We first show the map is injective. Suppose that (ag,...,ar_1)
is an element of the left hand side that maps to zero. By Lemma we see that

0=m (" ap +c1(Op(D))N7*ar + ...+ (Op(1)) P Nr*ar_1) = ar
Next, we see that
0 =7 (c1 (Op())N (T ap+c1 (Op(1))NT a1 +. . .4c1(Op(1) 2Nr*ar_2)) = r_o
and so on. Hence the map is injective.

It remains to show the map is surjective. Let X;, i € I be the irreducible com-
ponents of X. Then P; = P(€|x,), i € I are the irreducible components of P.
Consider the commutative diagram

ol

X —+-=x

Observe that p. is surjective. If 3 € CHi(]] X;) then 7*¢.8 = p.([[7:)*B, see
Lemma m Similarly for capping with ¢;(O(1)) by Lemma m Hence, if the
map of the lemma is surjective for each of the morphisms m; : P; — X;, then the
map is surjective for 7 : P — X. Hence we may assume X is irreducible. Thus
dims(X) < oo and in particular we may use induction on dims(X).

The result is clear if dims(X) < k. Let oo € CHp4r—1(P). For any locally closed
subscheme T' C X denote vy : @ CHg4;(T) — CHyyr—1 (7~ *(T)) the map
’)’T(OZ()7 RN Oérfl) =g +...+ cl(Oﬂ_l(T)(l))"_l N7 a,_1.

Suppose for some nonempty open U C X we have a|,—1 () = (o, ..., 1)
Then we may choose lifts o, € CHyy;(X) and we see that o — yx(ag,...,al._;) is
by Lemma rationally equivalent to a k-cycle on Py = P(€|y) where Y = X\U
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as a reduced closed subscheme. Note that dims(Y) < dims(X). By induction the
result holds for Py — Y and hence the result holds for a. Hence we may replace
X by any nonempty open of X.

In particular we may assume that £ = OF". In this case P(£) = X x P"L. Let us
use the stratification

P 1=A""TITA™211... 1T A°

The closure of each stratum is a P"~1=¢ which is a representative of ¢;(O(1))! N
[P"~1]. Hence P has a similar stratification

Pp=yur—nur2iu... uuv°

Let P? be the closure of U'. Let n* : P! — X be the restriction of 7 to P’
Let @« € CHyyr—1(P). By Lemma we can write a|gr-—1 = 7 ag|yr—1 for
some a9 € CHg(X). Hence the difference o — m*cyy is the image of some o' €
CHyyr—1(P"%). By Lemma again we can write o'|pr—2 = (777 2)*aq|pr—2
for some oy € CHiy1(X). By Lemma we see that the image of (7" ~2)*ay
represents ¢1(Op(1)) N7*ay. We also see that o — g — ¢1(Op (1)) N7*ay is the
image of some o’ € CHyy,_1(P"~3). And so on. O

Lemma 36.3. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let £ be a finite locally free sheaf of rank r on X. Let

p: E = Spec(Sym*(£)) — X

be the associated vector bundle over X. Then p* : CHi(X) — CHpir(E) is an
isomorphism for all k.

Proof. (For the case of linebundles, see Lemma [32.2]) For surjectivity see Lemma
Let (7 : P — X, Op(1)) be the projective space bundle associated to the finite
locally free sheaf £ @ Ox. Let s € I'(P,Op(1)) correspond to the global section
(0,1) e (X, £ @ Ox). Let D = Z(s) C P. Note that (n|p : D — X,0p(1)|p) is
the projective space bundle associated to £. We denote mp = «|p and Op(1) =
Op(1)|p. Moreover, D is an effective Cartier divisor on P. Hence Op(D) = Op(1)
(see Divisors, Lemma . Also there is an isomorphism EF = P\ D. Denote
j : E — P the corresponding open immersion. For injectivity we use that the kernel
of

j* : CHk+T(P) — CHk+T(E)

are the cycles supported in the effective Cartier divisor D, see Lemma So if
p*a =0, then 7*a = 7,8 for some 8 € CHy4,(D). By Lemma we may write

B=75Bo+...+ci(Op(1)) P NrhBr_1.
for some 3; € CHg4;(X). By Lemmas and this implies
o =i =c1(Op(1)) N7 By + ... +c1(Op(1))" Nr*B,_1.

Since the rank of £ @& Oy is r + 1 this contradicts Lemma [26.4] unless all o and all
(; are zero. O
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37. The Chern classes of a vector bundle

We can use the projective space bundle formula to define the Chern classes of a
rank r vector bundle in terms of the expansion of ¢;(O(1))" in terms of the lower
powers, see formula (37.1.1)). The reason for the signs will be explained later.

Definition 37.1. Let (S,0) be as in Situation Let X be locally of finite type
over S. Assume X is integral and n = dims(X). Let £ be a finite locally free sheaf
of rank r on X. Let (7 : P — X,Op(1)) be the projective space bundle associated
to £.

(1) By Lemma there are elements ¢; € CH,,_;(X), ¢ = 0,...,r such that
cp = [X], and

(37.1.1) Z::O(_l)icl(OP(l))i Na*c,—; = 0.

(2) With notation as above we set ¢;(£)N[X] = ¢; as an element of CH,,_;(X).
We call these the Chern classes of € on X.
(3) The total Chern class of € on X is the combination

c&)NX]=co&)N[X]+ca(E)NX]+ ...+ (E)N[X]
which is an element of CH.(X) = @4 CHp(X).

Let us check that this does not give a new notion in case the vector bundle has
rank 1.

Lemma 37.2. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Assume X is integral and n = dimg(X). Let £ be an invertible Ox -module. The
first Chern class of L on X of Definition is equal to the Weil divisor associated

to L by Definition [2].1].
Proof. In this proof we use c¢1(£)N[X] to denote the construction of Definition[24.1]
Since £ has rank 1 we have P(£) = X and Op(£)(1) = £ by our normalizations.

Hence (37.1.1)) reads
(—1)161(£) N co + (—1)061 =0

Since ¢g = [X], we conclude ¢; = ¢;(£) N [X] as desired. O
Remark| 37.3. We could also rewrite equation as
(37.3.1) Zi:o 1 (Op(=1)) N7¥c,_; = 0.

but we find it easier to work with the tautological quotient sheaf Op(1) instead of
its dual.

38. Intersecting with Chern classes

In this section we define Chern classes of vector bundles on X as bivariant classes
on X, see Lemma [38.7] and the discussion following this lemma. Our construction
follows the familiar pattern of first defining the operation on prime cycles and then
summing. In Lemma we show that the result is determined by the usual for-
mula on the associated projective bundle. Next, we show that capping with Chern
classes passes through rational equivalence, commutes with proper pushforward,
commutes with flat pullback, and commutes with the gysin maps for inclusions of
effective Cartier divisors. These lemmas could have been avoided by directly using
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the characterization in Lemma [38:2 and using Lemma [33.4} the reader who wishes
to see this worked out should consult Chow Groups of Spaces, Lemma [28.1

Definition 38.1. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let £ be a finite locally free sheaf of rank r on X. We define, for every
integer k and any 0 < j < r, an operation
Cj((‘:) n—: Zk(X) — CHk_j(X)
called intersection with the jth Chern class of £.
(1) Given an integral closed subscheme i : W — X of é-dimension k we define

¢ (E)N W] =ix(c;("E) N [W]) € CHi—;(X)

where ¢;(i*€) N [W] is as defined in Definition [37.1}
(2) For a general k-cycle o = > n;[W,;] we set

(&) Na = nic;(€) N [Wi]

If £ has rank 1 then this agrees with our previous definition (Definition [25.1]) by
Lemma 3721

Lemma 38.2. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let € be a finite locally free sheaf of rank r on X. Let (w: P — X, Op(1))
be the projective bundle associated to £. For o € Zi(X) the elements ¢;(€) Na are
the unique elements o; of CHy_;(X) such that oy = o and

S (CDa(0p() Nat(ap) =0
holds in the Chow group of P.

Proof. The uniqueness of «y, ..., a, such that oy = a and such that the displayed
equation holds follows from the projective space bundle formula Lemma The
identity holds by definition for o = [WW] where W is an integral closed subscheme of
X. For a general k-cycle a on X write a = Y no[W,] with n, # 0, and i, : W, = X
pairwise distinct integral closed subschemes. Then the family {W,} is locally finite
on X. Set P, = 71 (W,) = P(€|w,). Denote i, : P, — P the corresponding
closed immersions. Consider the fibre product diagram

P —=1[P,—>P
H 1A
el
X' o
— W, —>

The morphism p : X’ — X is proper. Moreover 7/ : P’ — X’ together with
the invertible sheaf Op/(1) = [ Op, (1) which is also the pullback of Op(1) is the
projective bundle associated to £ = p*£. By definition

(E) N1l =) dan(es(Elw,) N [Wa]).

Write B, = ¢;(€|w,) N [W,] which is an element of CHy_;(W,). We have
S (“)ea(Or, (V) N7 (Bari) = 0

for each a by definition. Thus clearly we have

> (e W) N () (Broi) =0
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with 8; = > nefq,; € CHg—;(X’). Denote p’ : P’ — P the morphism [[i,. We
have m*p.3; = pl(7')*B; by Lemma m By the projection formula of Lemma
26.4] we conclude that

3 (D ea(Op(1) N () = 0
Since p.f; is a representative of ¢;(£) N o we win. O

We will consistently use this characterization of Chern classes to prove many more
properties.

Lemma 38.3. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let € be a finite locally free sheaf of rank v on X. If a ~,qt B are rationally
equivalent k-cycles on X then c;(€) Na = ¢;(€) N B in CH,_;(X).

Proof. By Lemma[38.2]the elements o; = ¢;(£)Na, j > Land 35 = ¢;(£)NB, j > 1
are uniquely determined by the same equation in the chow group of the projective
bundle associated to £. (This of course relies on the fact that flat pullback is
compatible with rational equivalence, see Lemma ) Hence they are equal. [

In other words capping with Chern classes of finite locally free sheaves factors
through rational equivalence to give maps
Cj(g) n—: CHk(X) — CHk,j(X).

Our next task is to show that Chern classes are bivariant classes, see Definition

B31

Lemma 38.4. Let (S,6) be as in Situation , Let X, Y be locally of finite type
over S. Let £ be a finite locally free sheaf of rank r on X. Letp: X — Y be a
proper morphism. Let o be a k-cycle on X. Let € be a finite locally free sheaf on
Y. Then

po(c;(0*€) M) = ¢5() Ny
Proof. Let (7 : P — Y,0p(1)) be the projective bundle associated to £. Then
Px = X Xy P is the projective bundle associated to p*€ and Op, (1) is the pullback
of Op(1). Write a; = ¢;(p*€) N, s0 ap = . By Lemma we have
Y De(OpD) Nk (o) =0
in the chow group of Px. Consider the fibre product diagram
P
g
XYooy

Apply proper pushforward p/, (Lemma [20.3]) to the displayed equality above. Using
Lemmas 26.4] and [[5.1] we obtain

> D e(@p(L) Nt (paar_;) = 0
in the chow group of P. By the characterization of Lemma [38.2] we conclude. [

Lemma 38.5. Let (S,6) be as in Situation . Let X, Y be locally of finite type
over S. Let £ be a finite locally free sheaf of rank r on'Y. Let f : X =Y be a flat
morphism of relative dimension r. Let o be a k-cycle on'Y . Then

[ e(€)Na) =c(ffE)N fra
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Proof. Write a; = ¢;(€) N, so g = . By Lemma we have
T . .
Zi:o(—l)lcl((’)p(l))l Na*(ap—;) =0

in the chow group of the projective bundle (7 : P — Y,Op(1)) associated to &.
Consider the fibre product diagram

Py =P(f*€) 7>P
x—1 .y

Note that Op, (1) is the pullback of Op(1). Apply flat pullback (f’)* (Lemmal[20.2)
to the displayed equation above. By Lemmas [26.2] and [I4-3] we see that

> D (Op () Nk (frar) =0

holds in the chow group of Py. By the characterization of Lemma[38.2] we conclude.
(I

Lemmal 38.6. Let (S,0) be as in Situation . Let X be locally of finite type
over S. Let € be a finite locally free sheaf of rank r on X. Let (L,s,i: D — X) be
as in Definition [29.1, Then ¢;(E|p) Ni*or = i*(c;(E) N ) for all a € CH(X).

Proof. Write a; = ¢; (€)Na, so ag = a. By Lemma we have
> (D ea(@p() nat(a,—) =0

in the chow group of the projective bundle (7 : P — X, Op(1)) associated to &.
Consider the fibre product diagram

PD— g|D *>P

b

D—" X
Note that Op, (1) is the pullback of Op(1). Apply the gysin map (i')* (Lemma
30.2)) to the displayed equation above. Applying Lemmas and we obtain
T . .
S (D (Or, (W) Nah(ita,_) =0
in the chow group of Pp. By the characterization of Lemma we conclude. [J

At this point we have enough material to be able to prove that capping with Chern
classes defines a bivariant class.

Lemma 38.7. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let € be a locally free Ox-module of rank r. Let 0 < p < r. Then the rule that
to f: X' — X assigns c,(f*€) N — : CHp(X') — CHy_p(X') is a bivariant class
of degree p.

Proof. Immediate from Lemmas[38.3] [38.4] [38.5] and [38.6]and Definition O

This lemma allows us to define the Chern classes of a finite locally free module as
follows.
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Definition 38.8. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let £ be a locally free Ox-module of rank r. For ¢ =0, ..., r the ith Chern
class of € is the bivariant class ¢;(€) € A'(X) of degree i constructed in Lemma
BRT The total Chern class of £ is the formal sum

(&) =co(&)+ 1 (&) + ...+ ¢ (€)
which is viewed as a nonhomogeneous bivariant class on X.

By the remark following Definition [38.1]if £ is invertible, then this definition agrees
with Definition B4.4l Next we see that Chern classes are in the center of the
bivariant Chow cohomology ring A*(X).

Lemma 38.9. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let £ be a locally free Ox-module of rank r. Then

(1) ¢;(€) € AJ(X) is in the center of A*(X) and
(2) if f: X' — X is locally of finite type and ¢ € A*(X' — X)), then coc;j(€) =
¢j(f*€)oc.
In particular, if F is a second locally free Ox-module on X of rank s, then
GE)Nej(F)Na=cj(F)Ne(€)Na
as elements of CHy_;_;(X) for all o € CHy(X).

Proof. It is immediate that (2) implies (1). Let o € CHg(X). Write o; = ¢;(€)Ne,
so o = a. By Lemma [38:2] we have

> @) nat(ap) =0

in the chow group of the projective bundle (7 : P — Y,Op(1)) associated to &.
Denote «’ : P’ — X’ the base change of m by f. Using Lemma and the
properties of bivariant classes we obtain

0=ecn (Z;O(_Uicl(op(l))i N w*(ar_i))
=3 (DO () A () (enap)

in the Chow group of P’ (calculation omitted). Hence we see that cNea; is equal to
¢;(f*€)N(cNa) by the characterization of Lemmal[38.2} This proves the lemma. [

Remark 38.10. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let £ be a finite locally free Ox-module. If the rank of £ is not constant
then we can still define the Chern classes of £. Namely, in this case we can write

X=XoIX;IOX,II...

where X,. C X is the open and closed subspace where the rank of £ is r. By Lemma
we have AP(X) = [[ AP(X,). Hence we can define ¢,(€) to be the product
of the classes ¢,(£|x,) in AP(X,). Explicitly, if X’ — X is a morphism locally of
finite type, then we obtain by pullback a corresponding decomposition of X’ and
we find that

CH,(X') = HM CH, (X")

by our definitions. Then ¢,(£) € AP(X) is the bivariant class which preserves
these direct product decompositions and acts by the already defined operations
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¢i(€lx,) N — on the factors. Observe that in this setting it may happen that ¢,(&)
is nonzero for infinitely many p. It follows that the total chern class is an element
C(g) = C()(g) + 01(8) + 62(5) +...€ A*(X)A

of the completed bivariant cohomology ring, see Remark [35.5] In this setting we
define the “rank” of € to be the element r(£) € AY(X) as the bivariant operation
which sends () € [[CH.(X]) to (ra,) € []CH.(X]). Note that it is still true
that ¢,(€) and (&) are in the center of A*(X).

Remark 38.11. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let &€ be a finite locally free O x-module. In general we write X = [[ X, as
in Remark [38.10] If only a finite number of the X, are nonempty, then we can set

ctop(E) = ZT o (flx,) € AN(X) = @A*(Xr)

where the equality is Lemma If infinitely many X, are nonempty, we will use
the same notation to denote

ciop(€) = [[ er(€lx,) € [T AT(X,) € A*(X)"
see Remark [35.5] for notation.

39. Polynomial relations among Chern classes

Let (S,0) be as in Situation Let X be locally of finite type over S. Let &; be a
finite collection of finite locally free sheaves on X. By Lemma we see that the
Chern classes

(&) € AY(X)
generate a commutative (and even central) Z-subalgebra of the Chow cohomology
algebra A*(X). Thus we can say what it means for a polynomial in these Chern

classes to be zero, or for two polynomials to be the same. As an example, saying
that ¢1(&1)% + c2(E2)c3(£3) = 0 means that the operations

CHk(Y) — CH}C,5(Y)7 o — 61(61)5 Na+ 62(52) N 63((93) Na

are zero for all morphisms f : Y — X which are locally of finite type. By Lemma
[35.3] this is equivalent to the requirement that given any morphism f : Y — X
where Y is an integral scheme locally of finite type over S the cycle

c1(E1)° N [Y] + c2(E) Nes(E3) N[Y]
is zero in CHgjm(y)—5(Y)-
A specific example is the relation
(L ®@ox N)=c1(L)+ 1 (N)

proved in Lemma [25.2 More generally, here is what happens when we tensor an
arbitrary locally free sheaf by an invertible sheaf.

Lemma 39.1. Let (S,6) be as in Situation , Let X be locally of finite type over
S. Let &€ be a finite locally free sheaf of rank v on X. Let L be an invertible sheaf
on X. Then we have

(39.1.1) G(E®L) =Zi (T_?Jrj)ci_j(g)cl(,c)j

=0\ j
in A*(X).


https://stacks.math.columbia.edu/tag/0FA4
https://stacks.math.columbia.edu/tag/02UD

02UF
02UG

CHOW HOMOLOGY AND CHERN CLASSES 79

Proof. This should hold for any triple (X, &, £). In particular it should hold when
X is integral and by Lemma [35.3]it is enough to prove it holds when capping with
[X] for such X. Thus assume that X is integral. Let (7 : P — X, Op(1)), resp.
(7' : P = X,0p/(1)) be the projective space bundle associated to &, resp. £ ® L.
Consider the canonical morphism

P
\ g /
X
see Constructions, Lemma It has the property that ¢*Op: (1) = Op(1) @ 7*L.
This means that we have

S D) N (€@ L) N [X]) =0

in CH,(P), where & represents ¢1(Op(1)) and x represents ci(7*L). By simple
algebra this is equivalent to

P/

" igi " i (T =i
> (X e (9o e e onix)) =0
Comparing with Equation (37.1.1)) it follows from this that
r ] -
i@ =30 (D)) ne s onix

Reworking this (getting rid of minus signs, and renumbering) we get the desired
relation. (]

Some example cases of (39.1.1]) are
cl(ERL) =ci1(E) +rer(L)

(EDL) = a(E) + (r — Der(E)er (L) + (;) c1(L)?

s(E@ L) = cs(E) + (r — 2)ea(E)er (L) + (T ) 1)c1(5)c1(c)2 + (g) er(L)?

40. Additivity of Chern classes
All of the preliminary lemmas follow trivially from the final result.

Lemma 40.1. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let £, F be finite locally free sheaves on X of ranks r, r — 1 which fit into
a short exact sequence

0-0x =2&—=F—=0

Then we have

in A*(X).

Proof. By Lemma it suffices to show that if X is integral then ¢;(£) N [X] =
¢ (F)N[X]. Let (m : P — X,0p(1)), resp. (' : P — X,0p/(1)) denote the
projective space bundle associated to £, resp. F. The surjection &€ — F gives rise
to a closed immersion

i:P— P
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over X. Moreover, the element 1 € T'(X,0x) C T'(X,E) gives rise to a global
section s € T'(P,Op(1)) whose zero set is exactly P’. Hence P’ is an effective
Cartier divisor on P such that Op(P’) = Op(1). Hence we see that

c1(0Op()) N1 a =i ((7') )

for any cycle class a on X by Lemma By Lemma we see that a; =
¢(F)N[X],j=0,...,r — 1 satisfy

r—1 . .
> W e(Op (W)Y N () a; =0
Pushing this to P and using the remark above as well as Lemma [26.4) we get

r—1 . .
S (D e(Op) nrta; =0
J:

By the uniqueness of Lemma we conclude that ¢, (£)N[X] = 0and ¢;(E)N[X] =
aj =c¢j(F)N[X] for j =0,...,7 — 1. Hence the lemma holds. O

Lemma 40.2. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let £, F be finite locally free sheaves on X of ranks r, r — 1 which fit into
a short exact sequence

0O=L—=E=F—=0

where L is an invertible sheaf. Then
(&) = c(L)e(F)
in A*(X).
Proof. This relation really just says that ¢;(€) = ¢;(F)+c1(L)¢;—1(F). By Lemma

40.1|we have ¢; (ERLE™) = ¢;(FRLE ) for j = 0,...,r were we set ¢, (FRL™) =
0 by convention. Applying Lemma [39.1] we deduce

e —i4 g , , fr—1—i+] j j
S () eves@aey =3 (17T ) ey
=\ j
Setting ¢;(€) = ¢i(F) + c1(L)ci—1(F) gives a “solution” of this equation. The
lemma follows if we show that this is the only possible solution. We omit the
verification. 0

Lemma 40.3. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Suppose that & sits in an exact sequence

Jj=0

0=+&6 —=E—=E—0
of finite locally free sheaves &; of rank r;. The total Chern classes satisfy
(&) = ¢(&1)e(2)
in A*(X).
Proof. By Lemma [35.3| we may assume that X is integral and we have to show the
identity when capping against [X]. By induction on 1. The case r; = 1 is Lemma

Assume r; > 1. Let (7 : P — X,0p(1)) denote the projective space bundle
associated to &;. Note that
(1) m* : CH.(X) — CH,(P) is injective, and
(2) m*&; sits in a short exact sequence 0 — F — 7% — L — 0 where L is
invertible.
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The first assertion follows from the projective space bundle formula and the second
follows from the definition of a projective space bundle. (In fact £ = Op(1).) Let
Q = 7*&/F, which sits in an exact sequence 0 — £ — @ — 7*& — 0. By
induction we have

c(mE)N[P] = oF)Ne(n*E/F)N[P]
= c¢(F)Nne(L)Nne(n*E)N[P]
= c¢(n*&) Ne(r™E) N [P
Since [P] = 7*[X] we win by Lemma [38.5] O

Lemma 40.4. Let (S,9) be as in Situation . Let X be locally of finite type over
S. Let L;,i=1,...,r be invertible Ox-modules on X. Let £ be a locally free rank
Ox -module endowed with a filtration

0=&cé&E cé&cC...céE=E
such that £ /€1 = L;. Set ¢1(L;) = x;. Then

c(&) = Hi:l(l + ;)
in A*(X).
Proof. Apply Lemma and induction. O

41. Degrees of zero cycles

We start defining the degree of a zero cycle on a proper scheme over a field. One
approach is to define it directly as in Lemma and then show it is well defined
by Lemma [I8:3] Instead we define it as follows.

Definition 41.1. Let k be a field (Example . Let p : X — Spec(k) be proper.
The degree of a zero cycle on X is given by proper pushforward

P« : CHo(X) — CHy(Spec(k))

(Lemma combined with the natural isomorphism CHg(Spec(k)) = Z which
maps [Spec(k)] to 1. Notation: deg(«).

Let us spell this out further.

Lemma 41.2. Let k be a field. Let X be proper over k. Let « = > n;[Z;] be in
Zy(X). Then

deg(a) = Z n; deg(Z;)
where deg(Z;) is the degree of Z; — Spec(k), i.e., deg(Z;) = dimy I'(Z;, Ogz,).
Proof. This is the definition of proper pushforward (Definition [12.1]). (I

Next, we make the connection with degrees of vector bundles over 1-dimensional
proper schemes over fields as defined in Varieties, Section

Lemma 41.3. Let k be a field. Let X be a proper scheme over k of dimension
< 1. Let € be a finite locally free Ox-module of constant rank. Then

deg(€) = deg(c1(€) N [X]1)
where the left hand side is defined in Varieties, Definition [{4.1]
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Proof. Let C; C X,7=1,...,t be the irreducible components of dimension 1 with
reduced induced scheme structure and let m; be the multiplicity of C; in X. Then
[X]1 = > my[Ci] and ¢1(€) N [X]1 is the sum of the pushforwards of the cycles
mic1(Ele;) N [Ci]. Since we have a similar decomposition of the degree of £ by
Varieties, Lemma it suffices to prove the lemma in case X is a proper curve
over k.

Assume X is a proper curve over k. By Divisors, Lemma there exists a mod-
ification f : X’ — X such that f*& has a filtration whose successive quotients are
invertible O x/-modules. Since f.[X']; = [X]; we conclude from Lemma that

deg(c1(€) N [X]1) = deg(er (f7E) N[X']1)

Since we have a similar relationship for the degree by Varieties, Lemma [44.4] we
reduce to the case where £ has a filtration whose successive quotients are invertible
Ox-modules. In this case, we may use additivity of the degree (Varieties, Lemma

44.3) and of first Chern classes (Lemma [40.3)) to reduce to the case discussed in the
next paragraph.

Assume X is a proper curve over k and £ is an invertible O x-module. By Divisors,
Lemma we see that & is isomorphic to Ox (D) ® Ox(D')®~! for some effec-
tive Cartier divisors D, D’ on X (this also uses that X is projective, see Varieties,
Lemma for example). By additivity of degree under tensor product of invert-
ible sheaves (Varieties, Lemma and additivity of ¢; under tensor product of
invertible sheaves (Lemma [25.2] or [39.1)) we reduce to the case £ = Ox (D). In this
case the left hand side gives deg(D) (Varieties, Lemma and the right hand
side gives deg([D]o) by Lemma Since

[Dlo=)_ _, lengtho, (Opa)le) =) _ lengtho, ,(Op.)la]
by definition, we see
des((Dly) = Y__ lengtho,  (Op..)[s(x) : k] = dimi T(D, Op) = deg(D)
The penultimate equality by Algebra, Lemma [52.12 using that D is affine. O

Finally, we can tie everything up with the numerical intersections defined in Vari-
eties, Section

Lemma 41.4. Let k be a field. Let X be a proper scheme over k. Let Z C X be a
closed subscheme of dimension d. Let Lq,..., Ly be invertible Ox -modules. Then

(L1 Lg-Z)=deg(cr(L1)N...Ne1(La) N [Z)a)
where the left hand side is defined in Varieties, Definition[{5.3 In particular,
deg,(Z) = deg(er(£)? N [Z]a)
if L is an ample invertible O x-module.

Proof. We will prove this by induction on d. If d = 0, then the result is true by
Varieties, Lemma Assume d > 0.

Let Z; C Z,i=1,...,t be the irreducible components of dimension d with reduced
induced scheme structure and let m; be the multiplicity of Z; in Z. Then [Z]4 =
>-my[Z;] and ¢1(L1) N ...Nc1(Lg) N[Z]q is the sum of the cycles mici(L1)N...N
c1(L4) N[Z;]. Since we have a similar decomposition for (£; --- L4+ Z) by Varieties,
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Lemma it suffices to prove the lemma in case Z = X is a proper variety of
dimension d over k.

By Chow’s lemma there exists a birational proper morphism f : Y — X with Y
H-projective over k. See Cohomology of Schemes, Lemma and Remark
Then
(f* Ly f*Lqg-Y)= (L1 Lyg-X)
by Varieties, Lemma [45.7| and we have
f*(Cl(f*ﬁl) n...N Cl(f*ﬁd) n [Y]) = 01(£1> n...N Cl<£d) n [X]

by Lemma [26.4] Thus we may replace X by Y and assume that X is projective
over k.

If X is a proper d-dimensional projective variety, then we can write £1 = Ox (D) ®
Ox(D")®~1 for some effective Cartier divisors D, D’ C X by Divisors, Lemma
By additivity for both sides of the equation (Varieties, Lemma and
Lemma we reduce to the case £ = Ox (D) for some effective Cartier divisor
D. By Varieties, Lemma we have

(Ly--Lg-X)= (L Lq-D)
and by Lemma we have
cl(ﬁl) n... ﬂcl([,d) N [X] = Cl(ﬁg) n... ﬂcl(ﬁd) N [D]d,1

Thus we obtain the result from our induction hypothesis. (Il

42. Cycles of given codimension

In some cases there is a second grading on the abelian group of all cycles given by
codimension.

Lemma 42.1. Let (S,9) be as in Situation . Let X be locally of finite type over
S. Write 6 = dx /s as in Section @ The following are equivalent

(1) There exists a decomposition X = [],cz Xn into open and closed sub-
schemes such that 6(§) = n whenever £ € X, is a generic point of an
trreducible component of X,,.

(2) Forallz € X there exists an open neighbourhood U C X of x and an integer
n such that 6(§) = n whenever £ € U is a generic point of an irreducible
component of U.

(3) Forallx € X there exists an integer n,, such that §(§) = n, for any generic
point € of an irreducible component of X containing x.

The conditions are satisfied if X is either normal or Cohen—Macaulaﬂ,

Proof. It is clear that (1) = (2) = (3). Conversely, if (3) holds, then we set
X, ={x € X | n, =n} and we get a decomposition as in (1). Namely, X,, is open
because given x the union of the irreducible components of X passing through x
minus the union of the irreducible components of X not passing through z is an
open neighbourhood of xz. If X is normal, then X is a disjoint union of integral
schemes (Properties, Lemma and hence the properties hold. If X is Cohen-
Macaulay, then ¢’ : X — Z, z — —dim(Ox ;) is a dimension function on X (see
Example [7.4)). Since § — ¢’ is locally constant (Topology, Lemma and since
§'(£) = 0 for every generic point £ of X we see that (2) holds. O

3In fact, it suffices if X is (S2). Compare with Local Cohomology, Lemma
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Let (S,6) be as in Situation Let X be locally of finite type over S satisfying
the equivalent conditions of Lemma [{2.1] For an integral closed subscheme Z C X
we have the codimension codim(Z, X) of Z in X, see Topology, Deﬁnition We
define a codimension p-cycle to be a cycle a = > nz[Z] on X such that nz # 0=
codim(Z, X) = p. The abelian group of all codimension p-cycles is denoted Z?(X).
Let X =[] X, be the decomposition given in Lemma [42.1] part (1). Recalling that
our cycles are defined as locally finite sums, it is clear that

22(X) =1 Zu p(X0)

Moreover, we see that [, ZP(X) = [[, Zx(X). We could now define rational
equivalence of codimension p cycles on X in exactly the same manner as before
and in fact we could redevelop the whole theory from scratch for cycles of a given
codimension for X as in Lemma However, instead we simply define the Chow
group of codimension p-cycles as

CHP(X) = Hn CH, _,(X,)

As before we have J[, CH?(X) = [[, CHx(X). If X is quasi-compact, then the
product in the formula is finite (and hence is a direct sum) and we have p,, CH”(X) =
@, CHy(X). If X is quasi-compact and finite dimensional, then only a finite num-
ber of these groups is nonzero.

Many of the constructions and results for Chow groups proved above have natural
counterparts for the Chow groups CH*(X). Each of these is shown by decomposing
the relevant schemes into “equidimensional” pieces as in Lemma and applying
the results already proved for the factors in the product decomposition given above.
Let us list some of them.

(1) If f: X — Y is a flat morphism of schemes locally of finite type over S and
X and Y satisfy the equivalent conditions of Lemma [2.1] then flat pullback
determines a map

£ CHP(Y) — CHP(X)

(2) If f: X — Y is a morphism of schemes locally of finite type over S and
X and Y satisfy the equivalent conditions of Lemma let us say f has
codimension r € Z if for all pairs of irreducible components Z C X, W C Y
with f(Z) C W we have dims(W) — dims(Z) = r.

(3) If f: X — Y is a proper morphism of schemes locally of finite type over
S and X and Y satisfy the equivalent conditions of Lemma and f has
codimension r, then proper pushforward is a map

fi: CHP(X) — CHPT"(Y)

(4) If f : X — Y is a morphism of schemes locally of finite type over S
and X and Y satisfy the equivalent conditions of Lemma [I2.1] and f has
codimension r and ¢ € A9(X — Y), then ¢ induces maps

cnN—:CH(Y) — CHPTI7(X)

(5) If X is a scheme locally of finite type over S satisfying the equivalent
conditions of Lemma [{2.I] and £ is an invertible O x-module, then

c1(L)N—: CHP(X) — CHPT(X)
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(6) If X is a scheme locally of finite type over S satisfying the equivalent
conditions of Lemma [{2.] and £ is a finite locally free Ox-module, then

ci(€) N —: CHP(X) — CHPT(X)

Warning: the property for a morphism to have codimension r is not preserved by
base change.

Remark 42.2. Let (5,d) be as in Situation Let X be locally of finite type
over S satisfying the equivalent conditions of Lemma Let X = [[ X, be
the decomposition into open and closed subschemes such that every irreducible
component of X, has §-dimension n. In this situation we sometimes set

[X] =) [Xu]n € CH(X)

This class is a kind of “fundamental class” of X in Chow theory.

43. The splitting principle

In our setting it is not so easy to say what the splitting principle exactly says/is.
Here is a possible formulation.

Lemma 43.1. Let (S,6) be as in Situation , Let X be locally of finite type over
S. Let & be a finite collection of locally free Ox-modules of rank r;. There exists
a projective flat morphism w: P — X of relative dimension d such that
(1) for any morphism f:Y — X the map 7} : CH.(Y) = CH,44(Y xx P) is
injective, and
(2) each ©*&; has a filtration whose successive quotients L;1,...,L;,, are in-
vertible O p-modules.

Moreover, when (1) holds the restriction map A*(X) — A*(P) (Remark[3].9) is
injective.

Proof. We may assume r; > 1 for all i. We will prove the lemma by induction on
>>(r; — 1). If this integer is 0, then &; is invertible for all ¢ and we conclude by
taking m = idx. If not, then we can pick an i such that r; > 1 and consider the
morphism 7; : P, = P(&;) = X. We have a short exact sequence

0—=>F—mé& —Op(l)—0

of finite locally free Op,-modules of ranks r; — 1, r;, and 1. Observe that =} is
injective on chow groups after any base change by the projective bundle formula
(Lemma . By the induction hypothesis applied to the finite locally free Op,-
modules F and 7}, &y for i’ # 4, we find a morphism 7 : P — P; with properties
stated as in the lemma. Then the composition m; o m: P — X does the job. Some
details omitted. O

Remark| 43.2. The proof of Lemma shows that the morphism 7 : P — X
has the following additional properties:
(1) 7 is a finite composition of projective space bundles associated to locally
free modules of finite constant rank, and
(2) for every a € CHy(X) we have a = m.(§1 N ... N &g N7 ) where &; is the
first Chern class of some invertible O p-module.
The second observation follows from the first and Lemma, We will add more
observations here as needed.
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Let (S,6), X, and &; be as in Lemma [3.1] The splitting principle refers to the
practice of symbolically writing

(&) =] +wiy)

The symbols z; 1,...,x;,, are called the Chern roots of &. In other words, the
pth Chern class of &; is the pth elementary symmetric function in the Chern roots.
The usefulness of the splitting principle comes from the assertion that in order to
prove a polynomial relation among Chern classes of the &; it is enough to prove the
corresponding relation among the Chern roots.

Namely, let 7 : P — X be as in Lemma Recall that there is a canonical
Z-algebra map 7* : A*(X) — A*(P), see Remark The injectivity of 73 on
Chow groups for every Y over X, implies that the map ©* : A*(X) — A*(P) is
injective (details omitted). We have

we(&) = [[(1 + en(Liy))

by Lemma [40.4 Thus we may think of the Chern roots z;; as the elements
c1(Li ;) € A*(P) and the displayed equation as taking place in A*(P) after ap-
plying the injective map 7* : A*(X) — A*(P) to the left hand side of the equation.

To see how this works, it is best to give some examples.

Lemma 43.3. [In Situation let X be locally of finite type over S. Let € be a
finite locally free Ox-module with dual EV. Then

(V) = (=1)'c(€)
in AY(X).
Proof. Choose a morphism 7 : P — X as in Lemma[43.1] By the injectivity of m*
(after any base change) it suffices to prove the relation between the Chern classes

of £ and &V after pulling back to P. Thus we may assume there exist invertible
Ox-modules £;, i =1,...,r and a filtration

0= Ccé&E Ccé&C...céE=E
such that &;/&;_1 = L;. Then we obtain the dual filtration
0=&rcé&tcé&tc...c&h=¢Y

such that & ,/&+F = L2 Set x; = ¢1(L;). Then ¢;(£P™') = —x; by Lemma
By Lemma we have

117 , WTT (1-=,
c(€) = H¢=1(1 +x;) and ¢(&Y) = Hi:l(l x;)
in A*(X). The result follows from a formal computation which we omit. O

Lemmal 43.4. In Situation let X be locally of finite type over S. Let £ and
F be a finite locally free Ox-modules of ranks r and s. Then we have

(EQ@F) =rci(F)+ sci(€)

T

c2(ERF) =rca(F) + sca(€) + (2

)cl(}")Q +(rs — e (Fer (€) + <5> c1(E)?

and so on in A*(X).
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Proof. Arguing exactly as in the proof of Lemma we may assume we have
invertible Ox-modules £;, i =1,...,r N;, i =1,..., s filtrations

0=&CcéCéC...cé =€ and 0=FyCFiCFC...CF=F
such that &/&_1 = L£; and such that F;/F;_1 = N;. Ordering pairs (4, j) lexico-
graphically we obtain a filtration
0C...CERF;+E1QFC...CERF
with successive quotients
LI1ON,LIONo, ..., L1 ONG LN, ..., L RN,
By Lemma [40.4] we have

&) =[+z), «F)=][A+y), and c€@F)=][0+ai+y),
in A*(X). The result follows from a formal computation which we omit. O

Remark| 43.5. The equalities proven above remain true even when we work with
finite locally free O x-modules whose rank is allowed to be nonconstant. In fact, we
can work with polynomials in the rank and the Chern classes as follows. Consider
the graded polynomial ring Z[r, ¢1, ¢2, c3, . . .] where r has degree 0 and ¢; has degree
1. Let

Pe Z[’I‘, C1,C2,C3,. . ]

be a homogeneous polynomial of degree p. Then for any finite locally free Ox-
module £ on X we can consider

P(&)=P(r(€),c1(E),c2(E),e5(E),...) € AP(X)

see Remark [38.10] for notation and conventions. To prove relations among these
polynomials (for multiple finite locally free modules) we can work locally on X and
use the splitting principle as above. For example, we claim that

co(Homoy (€,€)) = P(€)

where P = 2rcy — (r — 1)c?. Namely, since Homoy (€,€) = € ® £V this follows
easily from Lemmas and above by decomposing X into parts where the
rank of £ is constant as in Remark [38.10)

Example 43.6. For every p > 1 there is a unique homogeneous polynomial

P, € Zcy,ca,c3,...] of degree p such that, for any n > p we have
P,(s1,82,...,8p) = fo

in Z[z1,...,z,] where sq,...,s, are the elementary symmetric polynomials in

T1y.e.y Ty, SO

S; = Zl§j1<.4.<ji§n Ljy Ly« - T,
The existence of P, comes from the well known fact that the elementary symmetric
functions generate the ring of all symmetric functions over the integers. Another
way to characterize P, € Z[c1, ¢2,¢3, . ..] is that we have

P
_ _1\p—12Pp
log(1+c1+02+03+...)—§ p21( 1) o
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as formal power series. This is clear by writing 1 +¢; + ¢z + ... =[[(1 4+ z;) and
applying the power series for the logarithm function. Expanding the left hand side
we get
(cr+cat..)—(1/2)(cr+ea+..) 2 +(1/3)(c1 +ea+...)° — ...
=1+ (c2 — (1/2)3) + (e5 — crea + (1/3)3) + . ..
In this way we find that
P =,
Py = c% — 2co,
P; = c? — 3ci1c0 + 3cs,
P, = c‘l1 — 40%02 + 4cie3 + 203 — 4ey,

and so on. Since the Chern classes of a finite locally free Ox-module £ are the
elementary symmetric polynomials in the Chern roots x;, we see that

Py(&) = me
For convenience we set Py = r in Z[r,c1,ca,c3,...] so that Py(&) = r(€) as a

bivariant class (as in Remarks |38.10| and [43.5)).

44. Chern classes and sections

A brief section whose main result is that we may compute the top Chern class of a
finite locally free module using the vanishing locus of a “regular section.

Let (S,d) be as in Situation Let X be a scheme locally of finite type over S.
Let & be a finite locally free Ox-module. Let f : X’ — X be locally of finite type.
Let

se (X', f*€)
be a global section of the pullback of £ to X'. Let Z(s) C X’ be the zero scheme of
s. More precisely, we define Z(s) to be the closed subscheme whose quasi-coherent
sheaf of ideals is the image of the map s: f*£Y — Ox.

Lemma 44.1. In the situation described just above assume dims(X') = n, that
f*E has constant rank r, that dims(Z(s)) < n—r, and that for every generic point
¢ € Z(s) with 6(€) = n —r the ideal of Z(s) in Ox: ¢ is generated by a reqular
sequence of length r. Then

in CH,(X').

Proof. Since ¢, (€) is a bivariant class (Lemma [38.7) we may assume X = X’ and
we have to show that ¢,(£) N [X], = [Z(s)]n—r in CH,_.(X). We will prove the
lemma by induction on 7 > 0. (The case r = 0 is trivial.) The case r = 1 is handled
by Lemma [25.:4] Assume r > 1.

Let # : P — X be the projective space bundle associated to £ and consider the
short exact sequence

0=>& =7 — 0p(1) =0
By the projective space bundle formula (Lemma it suffices to prove the equal-
ity after pulling back by w. Observe that 771 Z(s) = Z(7*s) has d-dimension < n—1
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and that the assumption on regular sequences at generic points of J-dimension n—1
holds by flat pullback, see Algebra, Lemma Let t € I'(P,Op(1)) be the image
of m*s. We claim
[Z(t)lntr—2 = c1(Op(1)) N [Plnsr—

Assuming the claim we finish the proof as follows. The restriction 7*s|,(;) maps to
zero in Op(1)|z(;) hence comes from a unique element s” € I'(Z(t),E’|z(1)). Note
that Z(s") = Z(n*s) as closed subschemes of P. If £ € Z(s') is a generic point
with §(§) = n — 1, then the ideal of Z(s') in Oz ¢ can be generated by a regular
sequence of length r — 1: it is generated by r — 1 elements which are the images
of 7 — 1 elements in Op¢ which together with a generator of the ideal of Z(¢) in
Op,¢ form a regular sequence of length r in Op¢. Hence we can apply the induction
hypothesis to s’ on Z(t) to get ¢,—1(E") N [Z(#)]n+r—2 = [Z(8")]n—1. Combining all
of the above we obtain

e (7°E) N [Plusr—1 = ¢r—1(E) N e1(Op(1)) N [Plytr—1
= cr—1(E) N [Z(O)]ntr—2
=[2(5")]n-1
= [Z2(7"5)]n-

which is what we had to show.

Proof of the claim. This will follow from an application of the already used Lemma
We have m=1(Z(s)) = Z(n*s) C Z(t). On the other hand, for x € X if
P, C Z(t), then t|p, = 0 which implies that s is zero in the fibre £ ® x(x), which
implies x € Z(s). It follows that dims(Z(t)) < n+ (r—1)— 1. Finally, let £ € Z(t)
be a generic point with §(£) = n+r — 2. If £ is not the generic point of the fibre
of P — X it is immediate that a local equation of Z(t) is a nonzerodivisor in Op
(because we can check this on the fibre by Algebra, Lemma. If ¢ is the generic
point of a fibre, then z = 7(§) € Z(s) and 6(z) =n+r—2—(r—1) =n— 1
This is a contradiction with dims(Z(s)) < n —r because r > 1 so this case doesn’t
happen. (I

Lemma 44.2. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let

0N N —=E—=0
be a short exact sequence of finite locally free Ox-modules. Consider the closed
embedding

i: N' = Spec (Sym((N")")) — N = Spec (Sym(N"))
For a € CHy(X) we have
in(p') e =p* (ctop(€) N )
where p' : N' = X and p: N — X are the structure morphisms.

Proof. Here c;,(&) is the bivariant class defined in Remark By its very
definition, in order to verify the formula, we may assume that £ has constant rank.
We may similarly assume N’ and N have constant ranks, say r’ and r, so £ has
rank 7 — " and ¢4p(€) = ¢r—(€). Observe that p*€ has a canonical section

s € D(N,p*€) = T(X,p.p*E) = [(X, € ®o, Sym(N") D I'(X, Hom(N, E))
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corresponding to the surjection N'— £ given in the statement of the lemma. The
vanishing scheme of this section is exactly N’ € N. Let Y C X be an integral
closed subscheme of d-dimension n. Then we have

(1) p*[Y] = [p~H(Y)] since p~1(Y) is integral of §-dimension n + r,

(2) () [Y] = [(p)~H(Y)] since (p')~1(Y) is integral of §-dimension n + 7/,

(3) the restriction of s to p~1Y has vanishing scheme (p’)~'Y and the closed
immersion (p’)~'Y — p~'Y is a regular immersion (locally cut out by a
regular sequence).

We conclude that
() [Y] = ¢, (p*E) Np*[Y] in CH.(N)
by Lemma This proves the lemma. O

45. The Chern character and tensor products

Let (S,6) be as in Situation Let X be locally of finite type over S. We define
the Chern character of a finite locally free Ox-module to be the formal expression

ch(€) = Z;l e’

if the x; are the Chern roots of £. Writing this as a polynomial in the Chern classes
we obtain

ch(E) = (&) + c1(E) + = (c1(E)? — 2¢2(8)) + é(cl(f))?’ —3c1(E)c2(E) + 3c3(E))

N

+ 5(01(5)4 — 461(5)202(5) + 461(8)63(5) + 262(5)2 — 404(8)) 4+ ...
P,

(€
:Zp=012 ()

1,2, pl

with P, polynomials in the Chern classes as in Example The degree p com-
ponent of the above is

P, (&
ch, (&) = % e AA(X)®Q
What does it mean that the coeflicients are rational numbers? Well this simply
means that we think of ch,(£) as an element of A?(X) ® Q.

Remark| 45.1. In the discussion above we have defined the components of the
Chern character ch,(€) € AP(X) ® Q of £ even if the rank of £ is not constant.
See Remarks B8.10] and @3.5l Thus the full Chern character of £ is an element of
[[,50(AP(X)®Q). If X is quasi-compact and dim(X) < oo (usual dimension), then
one can show using Lemmaand the splitting principle that ch(€) € A*(X)®Q.

Lemma 45.2. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let 0 — & — & — & — 0 be a short exact sequence of finite locally free
Ox -modules. Then we have the equality

ch(&) = ch(&r) + ch(&E)

More precisely, we have P,(E) = Pp(&1) + Pp(&) in AP(X) where P, is as in

Ezample [}3.6,
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Proof. It suffices to prove the more precise statement. By Section [43| this follows

because if x1;, ¢ = 1,...,7 and @24, ¢ = 1,...,ry are the Chern roots of &£ and
&, then z11,...,214,,%21,...,%2,, are the Chern roots of £. Hence we get the
result from our choice of P, in Example O

Lemma 45.3. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let & and & be finite locally free Ox-modules. Then we have the equality

Ch(gl ®@X 52) = ch(El)ch(Eg)

More precisely, we have

p
D& @ox &) = Zmﬂnz:p (

JENCILRES
b1
in AP(X) where P, is as in Ezample[{3.6|

Proof. It suffices to prove the more precise statement. By Section [43| this follows
because if x1;, ¢ =1,...,7 and 22,4, ¢ = 1,...,ry are the Chern roots of £ and
&, then x1 ; + 225, 1 <7<y, 1 < j < ryare the Chern roots of £ ® £. Hence
we get the result from the binomial formula for (z1; + 22 ;)” and the shape of our
polynomials P, in Example [@3.6] O

Lemmal 45.4. In Situation let X be locally of finite type over S. Let &
be a finite locally free Ox-module with dual Y. Then chi(EY) = (=1)ich;(€) in
A'(X)® Q.

Proof. Follows from the corresponding result for Chern classes (Lemma [43.3)). O

46. Chern classes and the derived category

In this section we define the total Chern class of a perfect object E of the derived
category of a scheme X, under the assumption that F may be represented by a
finite complex of finite locally free modules on an envelope of X.

Let (S, 6) be as in Situation Let X be locally of finite type over S. Let
FoR Y L S L

be a bounded complex of finite locally free O x-modules of constant rank. Then we
define the total Chern class of the complex by the formula

c(&®) = Hn:a,...,b (€MD" e AP(X)

p=>0
Here the inverse is the formal inverse, so
(A4+ci4+cotes+...)  =l—c1+c —co—c +2ci60 —c3+...

We will denote ¢,(E°) € AP(X) the degree p part of ¢(£°®). We similarly define the
Chern character of the complex by the formula

(e =3 e e]]  anxeq)

We will denote ch,(E®) € AP(X) ® Q the degree p part of ch(€®). Finally, for
P, € Z[r,c1,c9,c3,...] as in Example we define

PAEN =Y (CDRE


https://stacks.math.columbia.edu/tag/0F9D
https://stacks.math.columbia.edu/tag/0FAB

0ESZ

CHOW HOMOLOGY AND CHERN CLASSES 92

in AP(X). Then we have ch,(E°®) = (1/p!)P,(E°®) as usual. The next lemma shows
that these constructions only depends on the image of the complex in the derived
category.

Lemma 46.1. Let (S,6) be as in Situation , Let X be locally of finite type over
S. Let E € D(Ox) be an object such that there exists a locally bounded complex
E* of finite locally free Ox-modules representing E. Then a slight generalization of
the above constructions

(&%) e szo AP(X), ch(E®) e szo AP(X)®Q, P,(£%) € AP(X)
are independent of the choice of the complex E°.

Proof. We prove this for the total Chern class; the other two cases follow by the
same arguments using Lemma instead of Lemma,

As in Remark [38.10|in order to define the total chern class ¢(£®) we decompose X
into open and closed subschemes

X=1l_X;
i€l
such that the rank £ is constant on X; for all n and ¢. (Since these ranks are
locally constant functions on X we can do this.) Since £° is locally bounded, we

see that only a finite number of the sheaves £"|x, are nonzero for a fixed 7. Hence

we can define
& lx) =1 e x)"" e[ _ A" (X)

as above. By Lemma we have AP(X) =[], AP(X;). Hence for each p € Z we
have a unique element ¢,(€®) € AP(X) restricting to ¢,(£°%|x,) on X; for all i.

Suppose we have a second locally bounded complex F* of finite locally free Ox-
modules representing F. Let g : Y — X be a morphism locally of finite type with
Y integral. By Lemma it suffices to show that with ¢(¢*€®) N [Y] is the same
as ¢(g*F*) N [Y] and it even suffices to prove this after replacing Y by an integral
scheme proper and birational over Y. Then first we conclude that ¢g*£® and ¢g*F*
are bounded complexes of finite locally free Oy-modules of constant rank. Next,
by More on Flatness, Lemma we may assume that H(Lg*E) is perfect of tor
dimension < 1 for all ¢ € Z. This reduces us to the case discussed in the next
paragraph.

Assume X is integral, £* and F* are bounded complexes of finite locally free
modules of constant rank, and H*(E) is a perfect Ox-module of tor dimension < 1
for all ¢ € Z. We have to show that ¢(£®) N [X] is the same as ¢(F*) N [X]. Denote
di : & — &% and diz : F* — F'*! the differentials of our complexes. By More
on Flatness, Remark we know that Im(d%), Ker(d%), Im(d%), and Ker(d%) are
finite locally free O x-modules for all . By additivity (Lemma we see that

e(€%) = [ e(Ker(dg)) ™" e(tm(dg)) ="
and similarly for F*. Since we have the short exact sequences
0 — Im(ds) — Ker(ds) — H(E) - 0 and 0 — Im(d%) — Ker(d%) — H'(E) =0
we reduce to the problem stated and solved in the next paragraph.

Assume X is integral and we have two short exact sequences
058 —=€E—-Q—0 and 0 F - F—=Q—0
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with £, &, F, F' finite locally free. Problem: show that c(€)c(E)~1 N [X] =
c(F)e(F)~tn[X]. To do this, consider the short exact sequence

0-G—-EBF—-Q—0

defining G. Since Q has tor dimension < 1 we see that G is finite locally free. A
diagram chase shows that the kernel of the surjection G — F maps isomorphically
to £ in & and the kernel of the surjection G — £ maps isomorphically to F’ in F.
(Working affine locally this follows from or is equivalent to Schanuel’s lemma, see
Algebra, Lemma ) We conclude that

c(E)e(F') = c(G) = c(F)e(€')
as desired. 0

Lemma 46.2. Let (S,9) be as in Situation , Let X be locally of finite type over
S. Let E € D(Ox) be a perfect object. Assume there exists an envelope f :Y — X
(Definition such that Lf*E is isomorphic in D(QOy) to a locally bounded
complex E* of finite locally free Oy -modules. Then there exists unique bivariant
classes c(E) € [ ,50AP(X), ch(E) € [[,504P(X) ® Q, and P,(E) € AP(X),
independent of the choice of f :' Y — X and E°®, such that the restriction of these
classes to 'Y are equal to ¢(E®), ch(E®), and P,(E®).

Proof. Fix p € Z. We will prove the lemma for the chern class ¢,(F) € AP(X)
and omit the arguments for the other cases.

Let ¢ : T — X be a morphism locally of finite type such that there exists a
locally bounded complex £° of finite locally free Op-modules representing Lg*F
in D(Or). The bivariant class ¢,(€®) € AP(T) is independent of the choice of £°
by Lemma Let us write ¢,(Lg*E) € AP(T) for this class. For any further
morphism h : T/ — T which is locally of finite type, setting ¢’ = g o h we see
that L(¢')*E = L(go h)*E = Lh*Lg*E is represented by h*E® in D(Or/). We
conclude that ¢,(L(¢')*E) makes sense and is equal to the restriction (Remark

33.5) of ¢,(Lg*E) to T" (strictly speaking this requires an application of Lemma
3 7:

Let f: Y — X and £° be as in the statement of the lemma. We obtain a bivariant
class ¢,(E) € AP(X) from an application of Lemma to f: Y — X and the
class ¢ = ¢,(Lf*E) we constructed in the previous paragraph. The assumption in
the lemma is satisfied because by the discussion in the previous paragraph we have
resi(c’) = cp(Lg*E) =resa(c’) where g = fop=foqg: Y xx Y — X.

Finally, suppose that f’ : Y/ — X is a second envelope such that L(f")*E is
represented by a bounded complex of finite locally free Oy/-modules. Then it
follows that the restrictions of ¢,(Lf*E) and ¢,(L ) to Y xx Y’ are equal.
Since Y xx Y/ — X is an envelope (Lemmas [22.3] and - , we see that our two
candidates for ¢,(E) agree by the unicity in Lemma [35.6]

Definition 46.3. Let (5,0) be as in Situation Let X be locally of finite type
over S. Let E € D(Ox) be a perfect object.

(1) We say the Chern classes of E are deﬁnecﬁ if there exists an envelope
f:Y — X such that Lf*FE is isomorphic in D(Oy) to a locally bounded
complex of finite locally free Oy-modules.

43ee Lemma 4] for some criteria.
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(2) If the Chern classes of E are defined, then we define

¢(E) € pZOAp(X), ch(E)erZOAP(X)®Q, P,(E) € AP(X)

by an application of Lemma [46.2

This definition applies in many but not all situations envisioned in this chapter,
see Lemma Perhaps an elementary construction of these bivariant classes for
general E/X/(S,0) as in the definition exists; we don’t know.

Lemma 46.4. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Let E € D(Ox) be a perfect object. If one of the following conditions hold,
then the Chern classes of E are defined:

(1) there exists an envelope f :' Y — X such that Lf*E is isomorphic in D(QOy)
to a locally bounded complex of finite locally free Oy -modules,

) E can be represented by a bounded complex of finite locally free Ox -modules,

) the irreducible components of X are quasi-compact,

) X is quasi-compact,

) there exists a morphism X — X' of schemes locally of finite type over S
such that E is the pullback of a perfect object E' on X' whose chern classes
are defined, or

(6) add more here.

Proof. Condition (1) is just Definition [46.3] part (1). Condition (2) implies (1).

As in (3) assume the irreducible components X; of X are quasi-compact. We view
X; as a reduced integral closed subscheme over X. The morphism [[X; — X
is an envelope. For each i there exists an envelope X; — X, such that X/ has
an ample family of invertible modules, see More on Morphisms, Proposition [80.3]
Observe that f:Y =[] X! — X is an envelope; small detail omitted. By Derived
Categories of Schemes, Lemma each X/ has the resolution property. Thus the
perfect object L(f] X;)*E of D(OX;) can be represented by a bounded complex of
finite locally free O X;—modules, see Derived Categories of Schemes, Lemma W
This proves (3) implies (1).

Part (4) implies (3).

Let g : X — X’ and F’ be as in part (5). Then there exists an envelope f :
Y’ — X' such that L(f")*E’ is represented by a locally bounded complex (£')® of
Oy /-modules. Then the base change f : Y — X is an envelope by Lemma [22.3
Moreover, the pulllback £* = ¢g*(£’)® represents Lf*E and we see that the chern
classes of E are defined. O

Lemma 46.5. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let E € D(Ox) be a perfect object. Assume the Chern classes of E are defined.
For g : W — X locally of finite type with W integral, there exists a commutative
diagram

W/

N

X

w
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with W' integral and b : W' — W proper birational such that L(g')*E is represented
by a bounded complex £* of locally free Ow-modules of constant rank and we have

res(cp(E)) = ¢p(E°) in AP(W').

Proof. Choose an envelope f : Y — X such that Lf*E is isomorphic in D(QOy) to
a locally bounded complex £° of finite locally free Oy-modules. The base change
Y xx W — W of f is an envelope by Lemma Choose a point £ €Y xx W
mapping to the generic point of W with the same residue field. Consider the
integral closed subscheme W’ C Y xx W with generic point £. The restriction of
the projection Y xx W — W to W' is a proper birational morphism b : W/ — W.
Set ¢’ = g ob. Finally, consider the pullback (W’ — Y)*£°. This is a locally
bounded complex of finite locally free modules on W’. Since W’ is integral it
follows that it is bounded and that the terms have constant rank. Finally, by
construction (W' — Y)*E® represents L(g')*FE and by construction its pth chern
class gives the restriction of ¢,(E) by W’ — X. This finishes the proof. O

Lemma 46.6. Let (S,0) be as in Situation , Let X be locally of finite type over
S. Let E € D(Ox) be perfect. If the Chern classes of E are defined then

(1) ¢p(E) is in the center of the algebra A*(X), and
(2) ifg: X' — X is locally of finite type and c € A*(X' — X)), then coc,(E) =
cp(Lg*E) oc.

Proof. Part (1) follows immediately from part (2). Let ¢ : X' — X and ¢ €
A*(X’ — X) be as in (2). To show that co ¢,(E) — ¢,(Lg*E) o ¢ = 0 we use the
criterion of Lemma [35.3] Thus we may assume that X is integral and by Lemma
46.5] we may even assume that F is represented by a bounded complex £° of finite
locally free O x-modules of constant rank. Then we have to show that

cNep(E0)N[X] = cp(E%) Nen [X]

in CH,(X’). This is immediate from Lemma and the construction of ¢,(£°)
as a polynomial in the chern classes of the locally free modules £™. (]

Lemma 46.7. Let (S,6) be as in Situation . Let X be locally of finite type over
S. Let
E1 — E2 — E3 — El[l]
be a distinguished triangle of perfect objects in D(Ox). If one of the following
conditions holds
(1) there exists an envelope f :' Y — X such that Lf*FEy — Lf*Es can be
represented by a map of locally bounded complexes of finite locally free Oy -
modules,
(2) E1 — E5 can be represented be a map of locally bounded complexes of finite
locally free Ox -modules,
(3) the irreducible components of X are quasi-compact,
(4) X is quasi-compact, or
(5) add more here,
then the Chern classes of E1, Ea, E5 are defined and we have ¢(Es) = ¢(E1)c(Es3),
Ch(Eg) = Ch(E1) + Ch(Eg), and Pp(EQ) = Pp(El) + Pp(Eg).

Proof. Let f: Y — X be an envelope and let a® : £ — &5 be a map of locally
bounded complexes of finite locally free Oy -modules representing Lf*FE; — Lf*FEs.
Then the cone C'(a)® represents L f*E3. Since C(a)” = EF@EN T we see that C(a)®


https://stacks.math.columbia.edu/tag/0FAC
https://stacks.math.columbia.edu/tag/0F9F

OFAD

CHOW HOMOLOGY AND CHERN CLASSES 96

is a locally bounded complex of finite locally free Oy-modules. We conclude that
the Chern classes of E1, Es, E3 are defined. Moreover, recall that ¢,(E1) is defined
as the unique element of AP(X) which restricts to ¢,(€7) in AP(Y'). Similarly for E,
and Ej. Hence it suffices to prove ¢(€3) = ¢(€7)e(C(a)*®) in [[,50 AP(Y). In turn,
it suffices to prove this after restricting to a connected component of Y. Hence
we may assume the complexes £ and &£ are bounded complexes of finite locally
free Oy-modules of fixed rank. In this case the desired equality follows from the
multiplicativity of Lemma In the case of ch or P, we use Lemmas

In the previous paragraph we have seen that the lemma holds if condition (1)
is satisfied. Since (2) implies (1) this deals with the second case. Assume (3).
Arguing exactly as in the proof of Lemma we find an envelope f : Y — X
such that Y is a disjoint union Y = []Y; of quasi-compact (and quasi-separated)
schemes each having the resolution property. Then we may represent the restriction
of Lf*E1 — Lf*FE, to Y; by a map of bounded complexes of finite locally free
modules, see Derived Categories of Schemes, Proposition In this way we see
that condition (3) implies condition (1). Of course condition (4) implies condition
(3) and the proof is complete. O

Remark| 46.8. The Chern classes of a perfect complex, when defined, satisfy a
kind of splitting principle. Namely, suppose that (5,9), X, E are as in Definition
[46.3] such that the Chern classes of E are defined. Say we want to prove a relation
between the bivariant classes ¢, (E), P,(E), and chy,(E). To do this, we may choose
an envelope f: Y — X and a locally bounded complex £° of finite locally free Ox-
modules representing E. By the uniqueness in Lemma [46.2] it suffices to prove the
desired relation between the bivariant classes ¢,(£°), P,(€®), and ch,(E®). Thus we
may replace X by a connected component of ¥ and assume that E is represented
by a bounded complex £° of finite locally free modules of fixed rank. Using the
splitting principle (Lemma we may assume each £ has a filtration whose
successive quotients L; ; are invertible modules. Settting z; ; = c¢1(£; ;) we see
that

C(E) - Hz even(1 + xi’j) Hz odd(1 + zid)il
and
_ P P
Pp(E) o Zi even (:EZ’J) Zz odd (xl’])
Formally taking the logarithm for the expression for ¢(E) above we find that

tog(e(5) = (-1 2

Looking at the construction of the polynomials P, in Example [#3.6]it follows that
P,(E) is the exact same expression in the Chern classes of E as in the case of vector
bundles, in other words, we have

Pi(E) = a(E),

Py(E) = c1(E)? — 2¢2(E),

P3(E) = c1(E)?® = 3¢1(E)ca(E) + 3c3(E),

Py(E) = c1(E)* — 4e1(E)?ca(E) + 4er(E)es(E) + 2¢2(E)? — 4dea(B),
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and so on. On the other hand, the bivariant class Py(E) = r(E) = cho(F) cannot
be recovered from the Chern class ¢(E) of E; the chern class doesn’t know about
the rank of the complex.

OFAE Lemma 46.9. In Situation let X be locally of finite type over S. Let E €
D(Ox) be a perfect object whose Chern classes are defined. Then c;(EY) = (—1)'c;(E),
P,(EY) = (=1)'Pi(E), and ch;(EY) = (=1)ich;(E) in AY(X).

Proof. First proof: argue as in the proof of Lemma [46.6] to reduce to the case
where F is represented by a bounded complex of finite locally free modules of fixed
rank and apply Lemma [43.3] Second proof: use the splitting principle discussed
in Remark and use that the chern roots of EV are the negatives of the chern
roots of F. |

OFAF Lemma 46.10. In Situation let X be locally of finite type over S. Let E be
a perfect object of D(Ox) whose Chern classes are defined. Let L be an invertible
Ox -module. Then

. _N (rrEI i
G(E®L)= ijo < ; )clj (E)er (L)
provided E has constant rank r € Z.

Proof. In the case where E is locally free of rank 7 this is Lemma |39.1] The
reader can deduce the lemma from this special case by a formal computation. An

alternative is to use the splitting principle of Remark In this case one ends
up having to prove the following algebra fact: if we write formally

Ha:l,...,n(l + l'a)
Hn:l,“.,m(l + yb)

with ¢; homogeneous of degree i in Z[x;, y;] then we have

:1+01+CQ+C3+...

[lozi, (I +za+1) :Z Zi r—i+] o 4
]‘[bzlmm(l +yp+t) i>0 £~j=0 j v
where r = n — m. We omit the details. O

OFAG |Lemma 46.11. In Situation let X be locally of finite type over S. Let E and
F be perfect objects of D(Ox) whose Chern classes are defined. Then we have

c1(E @, F) =r(E)cy(F) +r(F)ei(€)
and for c3(E ®%  F) we have the expression

r(E)

1By ('

)01(F)2+(r(E)r(F)—1)cl(F)cl(E)—i—( 5 )cl(E)2

and so on for higher Chern classes in A*(X). Similarly, we have ch(E @%X F)=
ch(E)ch(F) in A*(X) ® Q. More precisely, we have

CIEE TR SN (g LA A

in AP(X).


https://stacks.math.columbia.edu/tag/0FAE
https://stacks.math.columbia.edu/tag/0FAF
https://stacks.math.columbia.edu/tag/0FAG

OF9G

0F9H

CHOW HOMOLOGY AND CHERN CLASSES 98

Proof. After choosing an envelope f : Y — X such that Lf*E and Lf*F can
be represented by locally bounded complexes of finite locally free Ox-modules this
follows by a compuation from the corresponding result for vector bundles in Lemmas
and A better proof is probably to use the splitting principle as in Remark
and reduce the lemma to computations in polynomial rings which we describe
in the next paragraph.

Let A be a commutative ring (for us this will be the subring of the bivariant chow
ring of X generated by Chern classes). Let S be a finite set together with maps
€: S — {1} and f: S — A. Define

Pp(S f.e) =D _ e(s)f(s)

in A. Given a second triple (S, ¢, f') the equality that has to be shown for P, is
the equality

/ rnN p T
Pp(SXS,f+f,€€)—Zpl+p2:p <p1)Pp1(Safa€)Pp2(Safv€)

To see this is true, one reduces to the polynomial ring on variables S II .S’ and one
shows that each term f(s)’f’(s’)? occurs on the left and right hand side with the
same coefficient. To verify the formulas for ¢;(E @, F) and ¢3(E ®p  F) we use
the splitting principle to reduce to checking these formulae in a torsion free ring.
Then we use the relationship between P;(E) and ¢;(E) proved in Remark For

example
A(E®F)=P(E®F)=r(F)P(E)+r(E)P(F) =r(F)ca(E) +r(E)a(F)
the middle equation because r(E) = Py(E) by definition. Similarly, we have
2e(E @ F)
=c(E®@F)* - P(E®F)
(r(F)ey(E) + r(E)ei(F))? — r(F)Py(E) — Pi(E)PL(F) — r(E)Py(F)
= (r(F)ei(B) + r(B)er (F)? = r(F)(e1(B)? = 2¢2(E)) — ex(E)ex (F)—
r(E)(c1(F)? = 2¢x(F))

which the reader can verify agrees with the formula in the statement of the lemma
up to a factor of 2. O

47. A baby case of localized Chern classes

In this section we discuss some properties of the bivariant classes constructed in
the following lemma; most of these properties follow immediately from the charac-
terization given in the lemma. We urge the reader to skip the rest of the section.

Lemma 47.1. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Leti; : X; — X, j = 1,2 be closed immersions such that X = X; U Xy set
theoretically. Let Ey € D(Ox,) be a perfect object. Assume

(1) Chern classes of Eo are defined,
(2) the restriction Eo|x,nx, 1S zero, resp. isomorphic to a finite locally free
Ox,nx,-module of rank < p sitting in cohomological degree 0.
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Then there is a canonical bivariant class
P (Es), resp. c,(Ey) € AP(Xy — X))
characterized by the property
P;(Eg) n ig’*ag = Pp(EQ) Nay and P;(EQ) n i17*a1 =0,
respectively
C/p(EQ) N i27*042 = Cp(EQ) N a9 and C;(EQ) n ’L.17*051 =0

for a; € CHg(X;) and similarly after any base change X' — X locally of finite
type.

Proof. We are going to use the material of Section 6] without further mention.

Assume Fs|x,nx, is zero. Consider a morphism of schemes X’ — X which is locally
of finite type and denote i, : X7 — X' the base change of i;. By Lemma we
can write any element o’ € CH(X') as 4] ,a] +15 ,a5 where o € CHg(X3) is well
defined up to an element in the image of pushforward by X; N X} — X). Then
we can set Py(F2) Na' = Py(Fs) Nay € CHgy—p(X3). This is well defined by our
assumption that Es restricts to zero on X; N Xo.

If Fs|x,nx, is isomorphic to a finite locally free Ox,nx,-module of rank < p sitting
in cohomological degree 0, then c,(F2|x,nx,) = 0 by rank considerations and we
can argue in exactly the same manner. O

Lemma 47.2. In Lemma|47.1| the bivariant class Py (Ey), resp. ¢,(Es) in AP(Xy —
X) does not depend on the choice of Xi.

Proof. Suppose that X; C X is another closed subscheme such that X = X{ U X,
set theoretically and the restriction Es| X/nX, 18 zero, resp. isomorphic to a finite
locally free O x/nx,-module of rank < p sitting in cohomological degree 0. Then
X = (X1 NX{)UXs,. Hence we can write any element o € CHg (X)) as .8 + iz .0
with az € CHg(X3) and 8 € CHy(Xy N X7). Thus it is clear that P (F2) Na =
Pp(Eg) Nas € CHk_p(XQ), resp. C/p(EQ) Na = Cp(EQ) Nay € CHk_p(Xg), is
independent of whether we use X; or X{. Similarly after any base change. O

Lemmal 47.3. In Lemma let X' — X be a morphism which is locally of
finite type. Denote X' = X1 U X5 and Ey € D(Ox;) the pullbacks to X'. Then
the class Py(E3), resp. ¢,(E3) in AP(X5 — X') constructed in Lemma using
X' = X1 U X/ and EY is the restriction (Remark of the class P,(E2), resp.
cp(E) in AP(Xy — X).

Proof. Immediate from the characterization of these classes in Lemma[d7.11 O

Lemmal 47.4. In Lemma say Es is the restriction of a perfect E € D(Ox)
such that E|x, is zero, resp. isomorphic to a finite locally free Ox, -module of rank
< p sitting in cohomological degree 0. If Chern classes of E are defined, then

igx 0 Py(E2) = Py(E), resp. igx o cp(E2) = ¢,(E) (with o as in Lemma W
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Proof. First, assume E|x, is zero. With notations as in the proof of Lemma [47.1]
the lemma in this case follows from

Bp(E) Na =iy (Pp(E)Na)) + iy (Bp(E) N o)
= i) (Bp(E|x,) Ny) + 15 (P (E2) Na)
— i}, (P)(Ez) Na)
The case where E|x, is isomorphic to a finite locally free Ox,-module of rank < p
sitting in cohomological degree 0 is similar. O

Lemma 47.5. In Lemma suppose we have closed subschemes X} C Xo and
X1 C X] C X such that X = X] U X3 set theoretically. Assume Ea|x/nx, is zero,
resp. isomorphic to a finite locally free module of rank < p placed in degree 0. Then
we have (X5 — X2).0P)(Fa|x;) = Py(E2), resp. (X5 — Xz).0c,(Falxy) = ¢p(E2)
(with o as in Lemma[33.4).

Proof. This follows immediately from the characterization of these classes in Lemma

471l O
Lemma 47.6. In Lemma let f:Y — X be locally of finite type and say
ce A*(Y = X). Then

coP)(Ey) = Py (LfsEy)oc resp. coc,(Ey) =c,(LfsEy)oc

in A*(Yo = Y) where fy: Yo — Xo is the base change of f.
Proof. Let a € CHi(X). We may write
o=+ ag

with a; € CHg(X;); we are omitting the pushforwards by the closed immersions
X; — X. The reader then checks that c,(E2) Na = c,(E2) Nag, cNcy(F2) Na =
cNep(Er)Nag, cNa = cNag +cNag, and c;(LfQ*Eg) NeNa = cp(LfsEy)NeNas.
We conclude by Lemma [16.6] O

Lemmal 47.7. In Lemma assume Es|x,nx, is zero. Then

P{(Es) = ¢|(B),
Py(Ez) = ¢1(E2)? — 2¢(E),
Py(Es) = ¢ (E2)® = 3¢) (B2)ch(Ea) + 3¢5(Es),
Pi(Es) = ¢} (Ea)* — 4¢| (Ea)?ch(By) + 4¢) (Ea) sy (Bs) + 2¢5(E2)? — 4cy(Ba),

and so on with multiplication as in Remark [3.7.

Proof. The statement makes sense because the zero sheaf has rank < 1 and hence
the classes c;,(E2) are defined for all p > 1. The equalities follow immediately from
the characterization of the classes produced by Lemma [I7.1] and the corresponding
result for capping with the Chern classes of E5 given in Remark [46.8] (]

Lemma 47.8. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Leti; : X; — X, j = 1,2 be closed immersions such that X = X; U X, set
theoretically. Let E,F € D(Ox) be perfect objects. Assume
(1) Chern classes of E and F are defined,
(2) the restrictions E|x,nx, and F|x,nx, are isomorphic to a finite locally free
Ox, -modules of rank < p and < q sitting in cohomological degree 0.
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With notation as in Remark[3].7 set
P(E)=14c1(BE)+...+cpo1(E) + ¢\ (Elx,) + chir(Blx,) +... € AP (Xo — X)
with ¢ (E|x,) as in Lemma |47.1 Similarly for ¢\9(F) and ¢P*9(E @ F). Then
PTD(E @ F) = c(P(E)D(F) in APTI (X, — X).

Proof. Immediate from the characterization of the classes in Lemma (7.1l and the
additivity in Lemma O

Lemma 47.9. Let (S,9) be as in Situation . Let X be locally of finite type
over S. Leti; : X; = X, j =1,2 be closed immersions such that X = X; U X, set
theoretically. Let E,F € D(Ox,) be perfect objects. Assume

(1) Chern classes of E and F are defined,
(2) the restrictions E|x,nx, and F|x,nx, are zero,

Denote Py(E), Py(F), P (E® F) € AP(Xy — X) for p > 0 the classes constructed
in Lemma|{7.1. Then Py(E®© F) = P,(E)+ P,(F).

Proof. Immediate from the characterization of the classes in Lemma [47.1] and the
additivity in Lemma [£6.7} O

Lemma 47.10. In Lemma assume Fy has constant rank 0. Let L be an
invertible Ox-module. Then

o)=Y (T ) By

Proof. The assumption on rank implies that Es|x,nx, is zero. Hence ¢}(E2) is
defined for all ¢ > 1 and the statement makes sense. The actual equality follows
immediately from Lemma [46.10[ and the characterization of ¢ in Lemma m g

Lemmal 47.11. In Situation let X be locally of finite type over S. Let
X=X1UXy=X]UX}

be two ways of writing X as a set theoretic union of closed subschemes. Let E, E'
be perfect objects of D(Ox) whose Chern classes are defined. Assume that E|x,
and E'|x; are zemﬂ fori=1,2. Denote

(1) 7= P)(E) € A°(Xy — X) and r' = P{(E') € A°(X} — X)),

(2) 7 = (Elx,) € AP(Xs = X) and ) = cL(F'|x;) € AP(X} - X),

(3) xp = P(Elx,) € AP(X2 — X) and x;, = P,(E'|x;) € AP(X3 — X)
the classes constructed in Lemma[{7.1 Then we have

A(E©6y, Bxanxsy) =11 +7'm
in AL(Xo N X5 — X) and
r T’

) 002+ v = i + (5 )3
in A%2(X2 N X5 — X) and so on for higher Chern classes. Similarly, we have

P(E®6, ENlxnxg) =Y

SUE O, E)|xanxy) = b+ 'z + (

p X X/
p1+p2=p \P1 P1Ap2

5Presumably there is a variant of this lemma where we only assume these restrictions are
isomorphic to a finite locally free modules of rank < p and < p’.
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in AP(Xo N X} — X).

Proof. First we observe that the statement makes sense. Namely, we have X =
(X2NX5)UY where Y = (X1NX{)U(X1NX5)U(X2NX]) and the object E®g E’
restricts to zero on Y. The actual equalities follow from the characterization of our
classes in Lemma and the equalities of Lemma [6.11] We omit the details. O

48. Gysin at infinity

This section is about the bivariant class constructed in the next lemma. We urge
the reader to skip the rest of the section.

Lemma 48.1. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Letb: W — PY be a proper morphism of schemes which is an isomorphism
over Aﬁ(. Denote io : Woo — W the inverse image of the divisor Do, C Pk with
complement AL,. Then there is a canonical bivariant class

Ce AWy — X)

with the property that ioe +(C N ) = dg . for a € CHE(X) and similarly after any
base change by X' — X locally of finite type.

Proof. Given a € CHg(X) there exists a 8 € CHgy1 (W) restricting to the flat
pullback of a on b= (A%), see Lemma A second choice of 3 differs from 3 by
a cycle supported on W, see Lemma([19.3] Since the normal bundle of the effective
Cartier divisor Do C P of (18.1.1)) is trivial, the gysin homomorphism %, kills
cycle classes supported on W, see Remark Hence setting C Na = i} 5 is
well defined.

Since Wo and Wy = X x {0} are the pullbacks of the rationally equivalent effective
Cartier divisors Dy, Dy in P, we see that i* 3 and if8 map to the same cycle
class on W; namely, both represent the class Cl(OP%{ (1)) N B by Lemma By
our choice of § we have i3 = a as cycles on Wy = X x {0}, see for example Lemma
Thus we see that i «(C' N @) =g . as stated in the lemma.

Observe that the assumptions on b are preserved by any base change by X’ — X
locally of finite type. Hence we get an operation C' N — : CH,(X’) — CHx(W.,)
by the same construction as above. To see that this family of operations defines a
bivariant class, we consider the diagram

CH,(X)

lﬂat pullback

CHosy (Woo) —— CH, 1y (W) —22 2229 op 1(AL) ——=0

isg L
L ON—
2

CH, (W)

for X as indicated and the base change of this diagram for any X' — X. We
know that flat pullback and ¢, are bivariant operations, see Lemmas @ and
33.3l Then a formal argument (involving huge diagrams of schemes and their chow
groups) shows that the dotted arrow is a bivariant operation. [
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Lemma/48.2. In Lemma let X' — X be a morphism which is locally of finite
type. Denote b : W' — P, and i, : W, — W' the base changes of b and is.
Then the class C' € A°(W., — X') constructed as in Lemma using b’ is the
restriction (Remark[33.5) of C.

Proof. Immediate from the construction and the fact that a similar statement
holds for flat pullback and ¢} . O

Lemma 48.3. In Lemma let g : W' — W be a proper morphism which is
an isomorphism over A%. Let C' € A°(W., — X) and C € A°(Wy — X) be the
classes constructed in Lemma |48.1 Then goo .0 C' = C in A°(Wy — X).

Proof. Set b =bog: W' — PL. Denote i’ : W, — W’ the inclusion morphism.
Denote goo : W/, — Wy the restriction of g. Given a € CHy(X) choose ' €
CHy41(W') restricting to the flat pullback of a on (¥')"'AL. Then 8 = g.8 €
CHy41 (W) restricts to the flat pullback of o on b= AL Then i’ 8 = goo « (il )* B’
by Lemma [29.8] This and the corresponding fact after base change by morphisms
X' — X locally of finite type, corresponds to the assertion made in the lemma. O

Lemmal 48.4. In Lemma we have C o (W — X)), 0ik, =i

Proof. Let 8 € CHyy1(W). Denote iy : X = X x {0} — W the closed immersion
of the fibre over 0 in P'. Then (W, — X).i% 8 = i3 in CH(X) because ino «i%, 3
and g .45/ represent the same class on W (for example by Lemma and hence
pushforward to the same class on X. The restriction of 8 to b=1(AY) restricts to
the flat pullback of i§8 = (W — X).i%, B because we can check this after pullback
by ig, see Lemmas and Hence we may use 8 when computing the image
of (Weo — X).i% 0 under C' and we get the desired result. O

Lemma 48.5. In Lemma let f:Y — X be a morphism locally of finite type
andc € A*(Y - X). ThenCoc=coC in A*(We xx Y — X).

Proof. Consider the commutative diagram

We Xx Y —— WY,oo v Wy by P%/ oy Y
L)
Wo —= =W —Lopl 2o x

with cartesian squares. For an elemnent ov € CHy(X) choose 5 € CHy41 (W) whose
restriction to b~1(AY%) is the flat pullback of a. Then ¢ f is a class in CH,(Wy)
whose restriction to by (A}.) is the flat pullback of ¢ N . Next, we have

Voo(cNB) =cnil B

because c is a bivariant class. This exactly says that CNcNa =cNCNa. The
same argument works after any base change by X’ — X locally of finite type. This
proves the lemma. [

49. Preparation for localized Chern classes

In this section we discuss some properties of the bivariant classes constructed in
the following lemma. We urge the reader to skip the rest of the section.
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Lemma 49.1. Let (S,9) be as in Situation . Let X be locally of finite type over
S. Let Z C X be a closed subscheme. Let

b: W — Pk
be a proper morphism of schemes. Let Q € D(Ow) be a perfect object. Denote
Waoo C W the inverse image of the divisor Doy C P with complement A%.. We
assume
(A0) Chern classes of Q are defined (Section [46),
(A1) b is an isomorphism over A,
(A2) there exists a closed subscheme T C Wy, containing all points of Wao lying
over X \ Z such that Q|r is zero, resp. isomorphic to a finite locally free
Or-module of rank < p sitting in cohomological degree 0.

Then there exists a canonical bivariant class
PZ')(Q), resp. c;,(Q) € AP(Z — X)
with (Z — X ). 0 P;;(Q) = Pp(Qlxx{0}), resp. (Z — X). 0 C;(Q) = ¢p(Qlxx{0})-

Proof. Denote F C W, the inverse image of Z. Then W, = T U E and b
induces a proper morphism E — Z. Denote C € A°(W,, — X) the bivariant class
constructed in Lemma Denote P (Q|g), resp. ¢,(Q|r) in AP(E — W) the
bivariant class constructed in Lemma This makes sense because (Q|g)|rne
is zero, resp. isomorphic to a finite locally free Ognp-module of rank < p sitting in
cohomological degree 0 by assumption (A2). Then we define

P(Q) = (E = Z).0Py(Q|r)oC, resp. ¢,(Q) = (E — Z).0¢,(Q|g)oC

This is a bivariant class, see Lemma [33:4] Since £ — Z — X is equal to £ —
We — W — X we see that

W — X)* 01g4 © Cp(Q|X><{O})

= CP(Q|X><{O})
The second equality holds by Lemma The third equality because ¢,(Q) is a
bivariant class. The fourth equality by Lemma The fifth equality because
¢p(Q) is a bivariant class. The final equality because (Wy — W) o (W — X) is
the identity on X if we identify Wy with X as we’ve done above. The exact same
sequence of equations works to prove the property for P;,(Q). [

Lemma 49.2. In Lemma let X' — X be a morphism which is locally of
finite type. Denote Z', b : W' — PL,, and T" C W., the base changes of Z,
b:W =Pk, and T C Wy. Set Q' = (W' — W)*Q. Then the class Py(Q"), resp.
cp(Q') in AP(Z" — X') constructed as in Lemma using ', Q', and T’ is the
restriction (Remark of the class Py(Q), resp. c,(Q) in AP(Z — X).

Proof. Recall that the construction is as follows

PUQ) = (E = Z), 0 P(Qlg) o C, resp. ¢)(Q) = (B — Z). 0 ¢,(Qlz) o C
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Thus the lemma follows from the corresponding base change property for C' (Lemma
48.2) and the fact that the same base change property holds for the classes con-
structed in Lemma [47.1] (small detail omitted). O

Lemma 49.3. In Lemma the bivariant class Py(Q), resp. ¢,(Q) is indepen-
dent of the choice of the closed subscheme T. Moreover, given a proper morphism
g : W' — W which is an isomorphism over Ak, then setting Q' = g*Q we have

Pi(Q) = Py(Q'), resp. ;,(Q) = ¢,(Q').

Proof. The independence of T follows immediately from Lemma [47.2

Let g : W — W be a proper morphism which is an isomorphism over A%,. Observe
that taking 77 = g~ *(T) C W/, is a closed subscheme satisfying (A2) hence the
operator Py (Q’), resp. ¢,(Q') in AP(Z — X) corresponding to b’ = bog : W' — Pl
and @’ is defined. Denote E’ C W/ the inverse image of Z in W/ . Recall that

(@) = (E" = Z)s 0 ¢, (Q']pr) o T

with C" € A°(W), — X) and ¢,(Q’|pr) € AP(E" — W/,). By Lemma @ we have
goos 0 C" = C. Observe that E' is also the inverse image of E in W/, by go.. Since
moreover Q' = g*Q we find that ¢,(Q'|g) is simply the restriction of ¢,(Q|g) to
schemes lying over W/_, see Remark Thus we obtain

Q) = (E' = Z).0c,(Q'|p) o C"

=(F — Z).0(E" — E). oc;(Q|E) o'
=(F— 2). oc/p(Q|E) 0 oo, 0 C"
=(F—2), oc/p(Q|E) oC

=, (@)

In the third equality we used that c;(Q| g) commutes with proper pushforward as
it is a bivariant class. The equality P;(Q) = P,(Q") is proved in exactly the same
way. (Il

Lemma 49.4. In Lemma assume Q| is isomorphic to a finite locally free
Or-module of rank < p. Denote C € A° (W, — X) the class of Lemma|48.1. Then

Co Cp(QlXx{O}) =Co (Z — X)* S C;;(Q) = Cp(Q‘WOQ) oC

Proof. The first equality holds because c,(Q|xx{0}) = (Z — X)« o c,(Q) by
Lemma We may prove the second equality one cycle class at a time (see
Lemma . Since the construction of the bivariant classes in the lemma is com-
patible with base change, we may assume we have some o € CH(X) and we have


https://stacks.math.columbia.edu/tag/0FAU
https://stacks.math.columbia.edu/tag/0FAV

0FAW

OFAX

CHOW HOMOLOGY AND CHERN CLASSES 106
to show that C'N(Z — X)*(c;,(Q) Na) =c,(Qlw..) N C Na. Observe that
CN(Z = X)ule,(@)Na)=CN(Z = X)(E = Z)u(c,(Qle) NCNa)
=CN(We = X)u(E = Weo)u(c,(Qle) NC Na)
=CN(Wo = X)u(E = Woo)u(c,(QlE) N, B)
=CNWoo = X)u(cp(Qlwy) NigeB)
( )3

=CN(Wsx — X).
=is(cp(@) N P)

= ¢p(Qlw.) NiZp
=c(Qlw.)NCNa

as desired. For the first equality we used that c,(Q) = (E = Z). o ¢,(Q|g) o C
where 2 C W, is the inverse image of Z and ¢,(Q|g) is the class constructed in
Lemmafd7.1] The second equality is just the statement that E — Z — X is equal to
E — W4 — X. For the third equality we choose € CHy11(W) whose restriction
to b=1(AL) is the flat pullback of o so that C N« = i S by construction. The
fourth equality is Lemma The fifth equality is the fact that ¢,(Q) is a bivariant
class and hence commutes with ¢%_ . The sixth equality is Lemma The seventh
uses again that ¢,(Q) is a bivariant class. The final holds as C'N o =% 3. O

(e (@)N B)

Lemma 49.5. In Lemma let Y — X be a morphism locally of finite type and
let c € A*(Y — X) be a bivariant class. Then

P(Q)oc=coPy(Q)
in A*(Y xx Z — X).

resp.

(@) oc=coc(Q)

Proof. Let E C Wy be the inverse image of Z. Recall that P)(Q) = (E —
Z)« 0 P(Q|E) o C, resp. ¢,(Q) = (E — Z)+ 0¢,(Q|r) o C where C is as in Lemma
and P)(Q|g), resp. ¢,(Q|g) are as in Lemma By Lemma we see
that C' commutes with ¢ and by Lemma we see that P)(Q|g), resp. ¢,(Q|r)
commutes with c. Since ¢ is a bivariant class it commutes with proper pushforward
by EF — Z by definition. This finishes the proof. (I

Lemmal 49.6. In Lemma assume Q|r is zero. In A*(Z — X) we have

P(Q) = c1(Q),

Py(Q) = 4 (Q)* — 2¢5(Q),

Pi(Q) = ¢1(Q)* = 3¢1(Q)cy(Q) + 3¢5(Q),

P{(Q) = ¢1(Q)" — 4c1(Q)*c3(Q) + 4¢1 (Q)c(Q) + 2¢5(Q)* — 4c4(Q),

and so on with multiplication as in Remark[3Z.7}

Proof. The statement makes sense because the zero sheaf has rank < 1 and hence
the classes ¢,(Q) are defined for all p > 1. In the proof of Lemma we have
constructed the classes P)(Q) and ¢},(Q) using the bivariant class C' € A"(Wy, —
X) of Lemma and the bivariant classes P)(Q|r) and ¢, (Q|g) of Lemma m
for the restriction Q|g of @ to the inverse image E of Z in W,. Observe that by
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Lemma we have the desired relationship between P, (Q|g) and ¢, (Q|r). Recall
that

P(Q)=(E = Z).0oP)(Qlp)oC and ¢,(Q)=(E = Z).0¢,(Q|g)oC

To finish the proof it suffices to show the multiplications defined in Remark
on the classes a, = ¢,(Q) and on the classes b, = c,(Q|r) agree:

Upy Gpy - Gp, = (B = Z), 0by, by, ... by, 0 C

Some details omitted. If 7 = 1, then this is true. For r > 1 note that by Remark
the multiplication in Remark proceeds by inserting (Z — X)., resp.
(E — W)+ in between the factors of the product a,, ap, ... ap,., resp. by, by, ... by,
and taking compositions as bivariant classes. Now by Lemma [{7.1] we have

(E — Woo)* o bpf, = cpi(Q|Woc)
and by Lemma [£9.4] we have
Co (Z — X)* O ap, = Cpi(Qlwoo) oC

fori =2,...,r. A calculation shows that the left and right hand side of the desired
equality both simplify to

(E— Z)so0 C;n (Qlr) 0 cp,(Qlw) 0 -0, (Qlw,,) o C

and the proof is complete. (I

Lemma 49.7. In Lemma assume Q| is isomorphic to a finite locally free
Or-module of rank < p. Assume we have another perfect object Q' € D(Ow ) whose
Chern classes are defined with Q'|1 isomorphic to a finite locally free Or-module
of rank < p’ placed in cohomological degree 0. With notation as in Remark set

Q) =1+ c1(Qlxxoy) + -+ cpm1(Qlx xq0}) + EH(Q) + ¢hy1(Q) + ...

in A®)(Z — X) with ¢,(Q) fori > p as in Lemmal49.1. Similarly for ¢*)(Q’) and
c(p+p’)(Q ® Q). Then c(p+p’)(Q ® Q) =cP(Q)eP)(Q) in A(p+p’)(Z - X).

Proof. Recall that the image of ¢;(Q) in AP(X) is equal to ¢;(Q|xxgoy) for i > p
and similarly for Q" and Q ® Q’, see Lemma [49.1] Hence the equality in degrees
< p+ p follows from the additivity of Lemma

Let’s take n > p + p’. As in the proof of Lemma let £ C W, denote the
inverse image of Z. Observe that we have the equality

" (Qle & Q'p) = P (Qlp)™ Q')
in APt)(E — W) by Lemma Since by construction
(QeQ)=(E—2Z)oq(QlreQr)oC
we conclude that suffices to show for all i + j = n we have
(B = 2). 0" (Qle)e(Q']£) 0 € = " (@)(Q)

in A"(Z — X) where the multiplication is the one from Remark on both sides.
There are three cases, depending on whether ¢ > p, j > p’, or both.
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Assume ¢ > p and j > p/. In this case the products are defined by inserting
(E = Weo)x, resp. (Z — X),. in between the two factors and taking compositions
as bivariant classes, see Remark [34.8] In other words, we have to show

(B = Z)s0ci(Qlp) o (E = W )s 0 ¢5(Q'|) 0 C = cj(Q) 0 (Z = X), 0 ¢5(Q)

By Lemma the left hand side is equal to
(B = Z)x0ci(Qlp) o cj(Qlw.) o C
Since ¢;(Q) = (E — Z). o ¢;(Q|g) o C the right hand side is equal to
(E— Z)s0ci(Qr)oCo(Z — X). oc}(Q')
which is immediately seen to be equal to the above by Lemma [£9.4]
Assume i > p and j < p. Unwinding the products in this case we have to show
(E = Z).0di(Qlr) o c(Q'lw,) o C = ¢i(Q) 0 ¢5(Q' | x x10})

Again using that ¢(Q) = (E — Z). o cj(Q|g) o C we see that it suffices to show

¢j(Q'lw,,) o C = Cocj(Q'|xx{oy) which is part of Lemma

Assume i < p and 7 > p’. Unwinding the products in this case we have to show
(B 2).0a(Qlr) o &(@15) 0 C = ci(@lzx (o)) 0 (@)

However, since ¢} (Q|g) and ¢;(Q") are bivariant classes, they commute with capping
with Chern classes (Lemma [38.9)). Hence it suffices to prove

(E—Z)xo0 C;(Q/‘E) 0¢i(Qlw.,)oC = C}(Q') o ¢;(Qlxx{oy)

which we reduces us to the case discussed in the preceding paragraph. (I

/

Lemmal 49.8. In Lemma assume Q|r is zero. Assume we have another
perfect object Q' € D(Ow ) whose Chern classes are defined such that the restriction
Q'|r is zero. In this case the classes P, (Q), Py (Q'), P (Q © Q') € AP(Z — X)

constructed in Lemma satisfy Pp(Q © Q') = Py(Q) + Py(Q").

Proof. This follows immediately from the construction of these classes and Lemma
479 O

50. Localized Chern classes

Outline of the construction. Let F' be a field, let X be a variety over F, let E
be a perfect object of D(Ox), and let Z C X be a closed subscheme such that
E|x\z = 0. Then we want to construct elements

cp(Z—X,E) e AP(Z — X)
We will do this by constructing a diagram

|
P}

and a perfect object @ of D(Oy) such that

(1) fisflat, and f, g are proper; for t € P}. denote W; the fibre of f, q; : Wy —
X the restriction of ¢, and Q: = Q|w,,
(2) ¢ : Wy — X is an isomorphism and Q; = ¢ E for t € AL,
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(3) Goo : Woo — X is an isomorphism over X \ Z,

(4) if T C W is the closure of ¢! (X \ Z) then Quo|7 is zero.
The idea is to think of this as a family {(W;, Q;)} parametrized by t € P!. For
t # oo we see that ¢,(Q;) is just ¢,(F) on the chow groups of @, = X. But for
t = 0o we see that ¢,(Qo) sends classes on Qo to classes supported on E = ¢ '(2)
since Quo|r = 0. We think of E as the exceptional locus of ¢, : W — X. Since
any a € CH,(X) gives rise to a “family” of cycles oy € CH,(W;) it makes sense to
define ¢,(Z — X, E) N« as the pushforward (E — Z).(cp(Qs) N oo )-

To make this work there are two main ingredients: (1) the construction of W and
Q@ is a sort of algebraic Macpherson’s graph construction; it is done in More on
Flatness, Section (2) the construction of the actual class given W and Q is
done in Section [49] relying on Sections [48] and [47]
Situation 50.1. Let (S,d) be as in Situation Let X be a scheme locally of
finite type over S. Let i : Z — X be a closed immersion. Let E € D(Ox) be an
object. Let p > 0. Assume
(1) E is a perfect object of D(Ox),
(2) the restriction E|x 7 is zero, resp. isomorphic to a finite locally free Ox\ z-
module of rank < p sitting in cohomological degree 0, and
(3) at least ontﬂ of the following is true: (a) X is quasi-compact, (b) X has
quasi-compact irreducible components, (c) there exists a locally bounded
complex of finite locally free O x-modules representing F, or (d) there exists
a morphism X — X’ of schemes locally of finite type over S such that F
is the pullback of a perfect object on X’ and the irreducible components of
X' are quasi-compact.

Lemma 50.2. In Sz’tuationm there exists a canonical bivariant class
P, (Z— X,E)e A(Z = X), vresp. cp(Z — X,E) e AP(Z — X)
with the property that
(50.2.1) ix0Py(Z — X,E) = P,(E), resp. is0cy(Z — X,E)=c,(E)
as bivariant classes on X (with o as in Lemma .
Proof. The construction of these bivariant classes is as follows. Let
b:W —PL and T — W, and Q

be the blowing up, the perfect object @ in D(Ow ), and the closed immersion
constructed in More on Flatness, Section [44] and Lemma Let 7" C T be
the open and closed subscheme such that Q|7 is zero, resp. isomorphic to a finite
locally free Op/,-module of rank < p sitting in cohomological degree 0. By condition
(2) of Situation the morphisms

T 5T - Wy =X

are all isomorphisms of schemes over the open subscheme X \ Z of X. Below
we check the chern classes of @ are defined. Recalling that Q|xxoy = E by
construction, we conclude that the bivariant class constructed in Lemma [49.1] using
W,b,Q, T’ gives us classes

Py(Z = X,E) = P)(Q) € A"(Z — X)

6Please ignore this technical condition on a first reading; see discussion in Remark [50.5
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and
cp(Z—X,E) = c;(Q) € AP(Z — X)

satisfying (50.2.1)).

In this paragraph we prove that the chern classes of ) are defined (Definition [46.3]);
we suggest the reader skip this. If assumption (3)(a) or (3)(b) of Situation
holds, i.e., if X has quasi-compact irreducible components, then the same is true
for W (because W — X is proper). Hence we conclude that the chern classes of any
perfect object of D(Ow ) are defined by Lemma If (3)(c) hold, i.e., if E can
be represented by a locally bounded complex of finite locally free modules, then the
object @ can be represented by a locally bounded complex of finite locally free Oyy-
modules by part (5) of More on Flatness, Lemmam Hence the chern classes of @
are defined. Finally, assume (3)(d) holds, i.e., assume we have a morphism X — X’
of schemes locally of finite type over S such that E is the pullback of a perfect
object E' on X’ and the irreducible components of X’ are quasi-compact. Let
v : W' — PL, and Q' € D(Ow) be the morphism and perfect object constructed
as in More on Flatness, Section [44]starting with the triple (P, (P%)oc, L(p)* E").
By the discussion above we see that the chern classes of Q" are defined. Since b and
b’ were constructed via an application of More on Flatness, Lemma it follows
from More on Flatness, Lemma that there exists a morphism W — W’ such
that Q@ = L(W — W’)*Q’. Then it follows from Lemma [46.4] that the chern classes
of ) are defined. ([

Definition 50.3. With (5,9), X, E € D(Ox), and i : Z — X as in Situation
100. 1]
(1) If the restriction E|x\z is zero, then for all p > 0 we define
P,(Z— X,E) € AP(Z — X)
by the construction in Lemma [50.2] and we define the localized Chern char-
acter by the formula
P,(Z - X,E)

p=0,1,2,... p!

ch(Z—X,E)=>_ in HP>OAP(Z—>X)®Q

(2) If the restriction E|x\z is isomorphic to a finite locally free O x\ z-module
of rank < p sitting in cohomological degree 0, then we define the localized
pth Chern class ¢,(Z — X, E) by the construction in Lemma [50.2}

In the situation of the definition assume E|x\ 7 is zero. Then, to be sure, we have
the equality

ixoch(Z — X, E) = ch(E)
in A*(X) ® Q because we have shown the equality (50.2.1)) above.

Here is an important sanity check.

Lemmal 50.4. [In Situation let f: X' — X be a morphism of schemes which
is locally of finite type. Denote E' = f*E and Z' = f~1(Z). Then the bivariant
class of Definition [50.

Py (Z' = X',E") e AP(Z' = X"), resp. cp(Z' — X', E') € AP(Z' — X')

constructed as in Lemma[50.9 using X', Z', E' is the restriction (Remark[35.5) of
the bivariant class P,(Z — X, E) € AP(Z — X), resp. ¢,(Z — X,E) € AP(Z —
X).
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Proof. Denote p : P — X and p' : P%, — X’ the structure morphisms. Recall
that b: W — P and b’ : W' — P, are the morphism constructed from the triples
(P, (PY)oo,p*E) and (P, (PL.)oo, (p')*E’) in More on Flatness, Lemma
Furthermore Q = Lnz_p*E and Q = Lnz:_(p')*E’ where Z, C Ow is the ideal
sheaf of W, and I/ C Oy is the ideal sheaf of W/ . Next, h : Py, — Pk is a
morphism of schemes such that the pullback of the effective Cartier divisor (P4 )uo
is the effective Cartier divisor (P%/)e and such that h*p*E = (p/)*E’. By More
on Flatness, Lemma [43.8 we obtain a commutative diagram

W' —=PL, xp1 W——=W

S

1 1
le %PX

such that W is the “strict transform” of P, with respect to b and such that Q' =
(q09)*Q. Now recall that P,(Z — X, E) = P)(Q), resp. ¢,(Z — X, E) = ¢,(Q)
where P} (Q), resp. ¢, (Q) are constructed in Lemma using b, Q, T’ where T" is
a closed subscheme T’ C W, with the following two properties: (a) 7" contains all
points of W, lying over X \ Z, and (b) Q|1+ is zero, resp. isomorphic to a finite
locally free module of rank < p placed in degree 0. In the construction of Lemma
we chose a particular closed subscheme T” with properties (a) and (b) but the
precise choice of T” is immaterial, see Lemma m

Next, by Lemma[49.2] the restriction of the bivariant class P,(Z — X, E) = Py (Q),
E) = c,(Q') to X' corresponds to the class P)(q*Q), resp. ¢, (¢* Q)

resp. ¢p(Z = X, E
constructed as in Lemma using 7 : P, xp1 W — P, the complex ¢*Q, and
the inverse image ¢~ *(71").

Now by the second statement of Lemma we have P)(Q') = P)(q*Q), resp.
cp(*Q) = ¢,(Q"). Since P(Z" — X', E') = P,(Q"), resp. ¢,(Z" — X', E') = ¢,,(Q")
we conclude that the lemma is true. O

Remark| 50.5. In Situation it would have been more natural to replace
assumption (3) with the assumption: “the chern classes of E are defined”. In fact,
combining Lemmas[50.2|and [50.4] with Lemma [35.0]it is easy to extend the definition
to this (slightly) more general case. If we ever need this we will do so here.

Lemmal 50.6. In Situation we have
P,(Z - X,E)Niza=P,(E|z)Na, resp. cp(Z = X,E)Nica=cy(Elz)Na
in CH,(Z) for any o € CH.(Z).

Proof. We only prove the second equality and we omit the proof of the first. Since
¢p(Z — X, E) is a bivariant class and since the base change of Z — X by Z — X
is id : Z — Z we have ¢,(Z — X, E) Niva = ¢p(Z — X, E) N . By Lemma [50.4]
the restriction of ¢,(Z — X, E) to Z (!) is the localized Chern class forid: Z — Z
and E|z. Thus the result follows from with X = Z. O

Lemma 50.7. In Situation if &« € CHE(X) has support disjoint from Z, then
P(Z—>X,E)Na=0, resp. cp(Z - X,E)Na=0.
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Proof. This is immediate from the construction of the localized Chern classes. It
also follows from the fact that we can compute ¢,(Z — X, E) Na by first restricting
cp(Z — X, E) to the support of «, and then using Lemma to see that this
restriction is zero. [

Lemmal 50.8. In Situation assume Z C Z' C X where Z' is a closed
subscheme of X. Then Py(Z' — X,E) = (Z — Z'). 0o P,(Z — X,E), resp.
ep(Z2' = X, E)=(Z — Z')s0c,(Z = X,E) (with o as in Lemma[33.4)).

Proof. The construction of P,(Z' — X, E), resp. ¢,(Z' — X, E) in Lemma [50.2]
uses the exact same morphism b : W — P%. and perfect object @ of D(Oy). Then
we can use Lemma [7.5] to conclude. Some details omitted. O

Lemmal 50.9. In Lemma say FEs is the restriction of a perfect E € D(Ox)
whose restriction to X1 is zero, resp. isomorphic to a finite locally free Ox, -module
of rank < p sitting in cohomological degree 0. Then the class P, (Ez), resp. c,(E2)
of Lemma agrees with P,(Xo — X, E), resp. c,(Xo — X, E) of Definition
provided E satisfies assumption (3) of Situation .

Proof. The assumptions on E imply that there is an open U C X containing
X1 such that E|y is zero, resp. isomorphic to a finite locally free Opy-module of
rank < p. See More on Algebra, Lemma Let Z C X be the complement
of U in X endowed with the reduced induced closed subscheme structure. Then
P,(Xy - X,E) = (Z = X3)s 0 Py(Z — X,E), resp. ¢,(Xo — X, E) = (Z —
X3).0¢y(Z — X, E) by Lemma [50.8] Now we can prove that P,(Xy — X, E), resp.
cp(X2 — X, F) satisfies the characterization of P)(Es), resp. ¢, (F2) given in Lemma
Namely, by the relation P,(Xy — X, E) = (Z — Xa). o P,(Z — X, E), resp.
cp(Xo = X,E) = (Z — X2)x0cp(Z — X,E) just proven and the fact that
X1 NZ =0, the composition P,(Xy — X, E) 0y, resp. ¢p(Xo = X, E) 0y, is
zero by Lemma On the other hand, P,(Xs — X, FE) oy, = P,(E3), resp.
cp(Xo = X, E) 0y, = ¢p(E2) by Lemma [50.6] O

51. Two technical lemmas

In this section we develop some additional tools to allow us to work more comfort-
ably with localized Chern classes. The following lemma is a more precise version
of something we’ve already encountered in the proofs of Lemmas [49.6] and [49.7]

Lemma 51.1. Let (S,6) be as in Situation , Let X be locally of finite type over
S. Letb: W —s P be a proper morphism of schemes. Letn > 1. Fori=1,...,n
let Z; C X be a closed subscheme, let Q; € D(Ow) be a perfect object, let p; > 0
be an integer, and let T; C Woo, i = 1,...,n be closed. Denote W; = b_l(Plzi).
Assume

(1) fori=1,...,n the assumption of Lemma hold for b, Z;, Q;, T;, pi,

(2) Qilw\w, is zero, resp. isomorphic to a finite locally free module of rank

< p; placed in cohomological degree 0,

(3) Qi on W satisfies assumption (3) of Situation|50.1}
Then P} (Qn)o...o P} (Q1) is equal to

Whoo N 0O Wioo = ZnN...0 Z1)w 0 Py (Qulw, )00 Py (Qilw, ..) 0 C
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in APntAPL(Z N N Zy — X), resp. Cp, (Qn)o...0c, (Q1) is equal to
WhooNoo . NWi oo = Zp,N...NZ7), 0 C;),;(Qn‘wn,oo) 0...0 C;n(Q1|W1,oo) o(C
in APrttPL(Z, N N7 — X).
Proof. Let us prove the statement on Chern classes by induction on n; the state-
ment on P,(—) is proved in the exact same manner. The case n = 1 is the con-
struction of ¢;, (Q1) because W o is the inverse image of Z; in W,. For n > 1 we
have by induction that ¢}, (Qn)o...0¢, (Q1) is equal to
c;n (Qn)o(Wpn—1 0oN . W1 06 = Zp—1N.. .ﬂZl)*ocgw1 (Qn-1lw,_,.00)0-- .oc;1 (Q1lw, .. )oC

By Lemma the restriction of ¢, (Qn) to Z,—1 N ...N Z; is computed by the
closed subset Z, N...N Zy, the morphism b’ : W,_1N...nWy =Py . and
the restriction of @, to W,_1N...NW;. Observe that (b')~1(Z,) = W, N...NnW;
and that (W, N...NW1)oo = Wyoo N ... N W1 o. Denote Cp_1 € A° (W1 o0 N
o NWi oo = Zp_1N...NZ7) the class of Lemma We conclude the restriction
of c;,n(Qn) to Zp_1N...N 7y 1s

(Wn,oo n...N Wl,oo — Z,N...N Zl)* o C;n (in(wnm_“nwl)m) oCp_1

= (Wn,oo N...N Wl,oo — Zn N...N Zl)* [¢] C;)n(Qn|Wn,oc) oCp_1

where the equality follows from Lemmam (we omit writing the restriction on the
right). Hence the above becomes

(Wn,oo n...N Wl,oo — Z,N...N Zl)* o C;n (Qn|WmOO)O
Ch_10 (Wn—l,oo n...N Wl,oo — Lp_1MN...N Zl)*
oc)y (Qn-1lw,_1.00) 0.0, (Qlw, ) oC

By Lemma we know that the composition Cp,—1 0 (Wp_1,00 N... N Wi oo —
Zp-1N...NZ1)s is the identity on elements in the image of the gysin map

(Wn—l,oo n...N Wl,oo - Wh_1N...N Wl)*

Thus it suffices to show that any element in the image of ¢, | (Qn—1lw,_,,00)0-.0
ey, (Q1lw, ) o C is in the image of the gysin map. We may write

c;i (Qilw,...) = restriction of ¢,, (W; = W, Q;) to Wi

by Lemma and assumptions (2) and (3) on @; in the statement of the lemma.
Thus, if 8 € CHg41(W) restricts to the flat pullback of o on b=1(A%L), then

G (@Qntlw, 100) NNy, (Qilw, ) NCNa

=, (Qntlw,_100) NNy (Qulw, o) NGB

=cp,  (Wpo1 = W, Qn-1)N .. Nep, (W1 = W, Q1) Nis B

= (Wnt00 N e e AW ao = Wyl 0o OW) (s Wit = W, Qu1) N N ey, (Wh = W, Q1) N )

as desired. Namely, for the last equality we use that c,, (W; — W, Q;) is a bivariant
class and hence commutes with % by definition. O

The following lemma gives us a tremendous amount of flexibility if we want to
compute the localized Chern classes of a complex.

0OFE8 Lemma 51.2. Assume (S,6),X,Z,b: W — PL. Q,T,p satisfy the assumptions
of Lemma(49.1l Let F € D(Ox) be a perfect object such that
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(1) the restriction of Q to b=*(A%) is isomorphic to the pullback of F,
(2) F|x\z is zero, resp. isomorphic to a finite locally free Ox\ z-module of rank
< p sitting in cohomological degree 0, and
(3) Q on W and F on X satisfy assumption (3) of Situation [50.1]
Then the class P,(Q), resp. ¢,(Q) in AP(Z — X) constructed in Lemma is
equal to Py(Z — X, F), resp. ¢,(Z — X, F) from Definition .

Proof. The assumptions are preserved by base change with a morphism X’ — X
locally of finite type. Hence it suffices to show that P,(Z — X, F)Na = P)(Q)Na,
resp. ¢,(Z — X, F)Na = c,(Q) Na for any a € CH(X). Choose 3 € CHg11(W)
whose restriction to b= (AL ) is equal to the flat pullback of « as in the construction
of C'in Lemma Denote W/ = b~1(Z) and denote E = W/ C W, the inverse
image of Z by Wo, — X. The lemma follows from the following sequence of
equalities (the case of P, is similar)
QQ)Na=(E = Z).

p(Qlr) Nis,B)
E— Z)* (

(B = Weo, Qlwo.) Nigf)
(W = W,Q) ni, 6)
«((i5) " (cp(W' = W, Q) N B))
((

(

(
(

Z)

Z)
W’ —>Z)* ir) (cp(Z' — X, F)N B))
Wi = 2).((ig)"(ep(Z2" = X, F) N B))
= (W§ — 2).(cp(Z" = X, F)NiB))
= Z—-X,F)Na

The first equality is the construction of ¢},(Q) in Lemma The second is Lemma
The base change of W' — W by W, — W is the morphism F = W/ — W..
Hence the third equality holds by Lemma [50.4f The fourth equality, in which
i+ Wl — W' is the inclusion morphism, follows from the fact that ¢,(W’' —
W, Q) is a bivariant class. For the fith equality, observe that ¢,(W' — W, Q) and
cp(Z' — X, F) restrict to the same bivariant class in AP((b')~! — b~1(AL)) by
assumption (1) of the lemma Which says that ) and F restrict to the same object
of D(Oy-1(at )) use Lemma Since (i.,)* annihilates cycles supported on W/,
(see Remark [29.6)) we conclude the fifth equality is true. The sixth equality holds
because W/ and W are the pullbacks of the rationally equivalent effective Cartier
divisors Dy, Do, in P} and hence i% 3 and i3 map to the same cycle class on
W’; namely, both represent the class ¢1(Op1 (1)) N¢y(Z — X, F) N 3 by Lemma
29.4 The seventh equality holds because ¢,(Z — X, F) is a bivariant class. By
construction W} = Z and i§8 = a which explains why the final equality holds. O

(
= (
= (W
= (W
=(
= (

52. Properties of localized Chern classes

The main results in this section are additivity and multiplicativity for localized
Chern classes.

Lemma 52.1. In Situation assume E|x\ 7 is zero. Then

P(Z—- X FE)=c(Z— X,E),

Py(Z = X,E)=c(Z = X,E)? —2¢2(Z - X, E),

Py(Z = X,E) =c1(Z = X,E)® =3c1(Z = X,E)c2(Z = X,E) + 3c3(Z — X, E),
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and so on where the products are taken in the algebra AV (Z — X) of Remark
B2

Proof. The statement makes sense because the zero sheaf has rank < 1 and hence
the classes ¢,(Z — X, E) are defined for all p > 1. The result itself follows im-

mediately from the more general Lemma as the localized Chern classes where
defined using the procedure of Lemma [49.1] in Section O

Lemma 52.2. In Situation let Y — X be locally of finite type and ¢ €
A*(Y — X). Then

P, (Z = X,E)oc=coP,(Z — X,E),
respectively

cp(Z - X,E)oc=cocy(Z — X,E)
in A*(Y xx Z = X).
Proof. This follows from Lemma More precisely, let

b:W =Py and Q and T' CT C Wy

be as in the proof of Lemmaw By definition ¢,(Z — X, E) = ¢},(Q) as bivariant
operations where the right hand side is the bivariant class constructed in Lemma
using W,b,Q,T". By Lemma49.5(we have P, (Q)oc = coP,(Q), resp. c,,(Q)oc =
cocy(Q) in A*(Y xx Z — X) and we conclude. O

Remark 52.3. In Situation it is convenient to define
PNZ = X, E)=14c1(E)+...+cp 1(B)+cp(Z = X, E)+cpyi(Z — X, E)+...
as an element of the algebra A®)(Z — X) considered in Remark

Lemma 52.4. Let (S,0) be as in Situation . Let X be locally of finite type over
S. Let Z — X be a closed immersion. Let
FE1— FEy — E3 — El[l]
be a distinguished triangle of perfect objects in D(Ox). Assume
(1) the restrictions Ei|x\z and E3|x\z are isomorphic to finite locally free
Ox\z-modules of rank < p1 and < p3 placed in degree 0, and
(2) at least one of the following is true: (a) X is quasi-compact, (b) X has
quasi-compact irreducible components, (c¢) Es — E1[1] can be represented
by a map of locally bounded complexes of finite locally free Ox-modules, or
(d) there exists an envelope f : Y — X such that Lf*Es — Lf*Eq[1] can
be represented by a map of locally bounded complexes of finite locally free
Oy -modules.
With notation as in Remark[52.3 we have

PP (7 X By) = P)(Z = X, E)eP)(Z — X, Es)
in AP1HP3) (7 — X).

Proof. Observe that the assumptions imply that Es|x\ z is zero, resp. isomorphic
to a finite locally free Ox\ z-module of rank < p; + p3. Thus the statement makes
sense.

Let f: Y — X be an envelope. Expanding the left and right hand sides of the
formula in the statement of the lemma we see that we have to prove some equalities
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of classes in A*(X) and in A*(Z — X). By the uniqueness in Lemma [35.6]it suffices
to prove the corresponding relations in A*(Y') and A*(Z — Y'). Since moreover the
construction of the classes involved is compatible with base change (Lemma
we may replace X by Y and the distinguished triangle by its pullback.

In the proof of Lemma [46.7 we have seen that conditions (2)(a), (2)(b), and (2)(c)
imply condition (2)(d). Combined with the discussion in the previous paragraph
we reduce to the case discussed in the next paragraph.

Let ¢°® : E3[—1] — &7 be a map of locally bounded complexes of finite locally free
O x-modules representing the map E3[—1] — Fj in the derived category. Consider
the scheme X’ = A' x X with projection g : X’ — X. Let Z' = g~ }(Z) = Al x Z.
Denote t the coordinate on A'. Consider the cone C® of the map of complexes
tg*p® : g & [-1] — g7Er
over X’. We obtain a distinguished triangle
g & = C* — g &S — g ET]]

where the first three terms form a termwise split short exact sequence of complexes.
Clearly C*® is a bounded complex of finite locally free O x-modules whose restriction
to X"\ Z' is isomorphic to a finite locally free Ox\ z-module of rank < p; + p3
placed in degree 0. Thus we have the localized Chern classes

(2 — X',C*%) e AP(Z' — X)
for p > p1 + ps. For any a € CHg(X) consider
cp(Z' = X',C*)Ng*a € CHpy1-p(A! x X)

If we restrict to t = 0, then the map tg**® restricts to zero and C*®|;— is the direct
sum of £7 and £3. By compatibility of localized Chern classes with base change
(Lemma [50.4]) we conclude that

i o PP (7 5 X! %) o gt = P1HP)(Z 5 X By @ Fs)

in A(p1+p3)(Z — X). On the other hand, if we restrict to ¢ = 1, then the map
tg*® restricts to ¢ and C*|;=1 is a bounded complex of finite locally free modules
representing Fs. We conclude that

it ocPtre)(z 5 X' C*) o g* = PFP2)(Z 5 X Ey)

in AP14p3)(Z — X). Since i§ = i} by definition of rational equivalence (more
precisely this follows from the formulae in Lemma [32.4]) we conclude that

PP (7 o X By) = P FP)(7 5 X B @ Bs)
This reduces us to the case discussed in the next paragraph.

Assume Ey = E; @ E5 and the triples (X, Z, F;) are as in Situation m For
i=1,3let

b :W; =Py and Q; and T/ CT;C Wi
be as in the proof of Lemma By definition

ep(Z = X, E;) = ¢, (Qi)
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where the right hand side is the bivariant class constructed in Lemma [49.1] using
Wi, bi, Qi, T Set W =W, Xpy PL b Ws and consider the cartesian diagram

W——W;

Iy

W, —>PL

Of course b~'(A') maps isomorphically to Al. Observe that 77 = g; *(T}) N
g5 1 (T) still contains all the points of W, lying over X \ Z. By Lemma we
may use W, b, g7 Q,;, and T" to construct ¢,(Z — X, E;) for i = 1,3. Also, by the
stronger independence given in Lemma [51.2] we may use W, b, g7 Q1 ® ¢5@3, and
T’ to compute the classes ¢,(Z — X, E5). Thus the desired equality follows from
Lemma 9.7 0O

Lemma 52.5. Let (5,6) be as in Situation . Let X be locally of finite type over
S. Let Z — X be a closed immersion. Let

E1 — EQ — E3 — El[l]

be a distinguished triangle of perfect objects in D(Ox). Assume

(1) the restrictions Ey|x\z and E3|x\z are zero, and

(2) at least one of the following is true: (a) X is quasi-compact, (b) X has
quasi-compact irreducible components, (c¢) Es — E1[l] can be represented
by a map of locally bounded complexes of finite locally free Ox-modules, or
(d) there exists an envelope f : Y — X such that Lf*Es — Lf*Eq[1] can
be represented by a map of locally bounded complexes of finite locally free
Oy -modules.

Then we have
Py (Z = X,E;) =P,(Z - X,Er)+ P,(Z — X, Es)
for allp € Z and consequently ch(Z — X, E3) = ch(Z — X, E1) +ch(Z — X, E3).

Proof. The proof is exactly the same as the proof of Lemma [52.4] except it uses
Lemma[d9.§ at the very end. For p > 0 we can deduce this lemma from Lemma[52.4]
with p; = ps = 1 and the relationship between P,(Z — X, E) and ¢,(Z — X, E)
given in Lemma The case p = 0 can be shown directly (it is only interesting
if X has a connected component entirely contained in 7). O

Lemmal 52.6. In Situation let X be locally of finite type over S. Let Z; C X,
1= 1,2 be closed subschemes. Let F;, i = 1,2 be perfect objects of D(Ox). Assume
for i = 1,2 that Fi|x\z, is zercﬂ and that F; on X salisfies assumption (3) of
Situation . Denote r; = Po(Z; — X, F;) € A°(Z; — X). Then we have

Cl(Zl OZQ — X, Fl ®éx Fg) = T‘lcl(Zg — X7F2) +T261(Z1 — X, Fl)

7Presumably there is a variant of this lemma where we only assume F;| X\z; s isomorphic to
a finite locally free Ox\ z,-module of rank < p;.
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in AY(Z1 N Zy — X) and
CQ(Zl n ZQ — X, F1 ®éx FQ) = ’/‘162(Z2 — X,Fg) +T262(Z1 — X, Fl)—|—

(T;) C1 (ZQ — X, F2)2+

(7‘17“2 — 1)61(Z2 — X, Fg)cl(Zl — )(7 F1)+

(T;)Cl(zl — X, F1)2

in A%2(Z1 N Zy — X) and so on for higher Chern classes. Similarly, we have
ch(Z1NZy = X, Fy ®%, Fs) = ch(Z1 — X, Fy)ch(Zs — X, F»)
n szo AP(Zy N Zy — X) ® Q. More precisely, we have

p

)Ppl(Zl — X7F1)Pp2(Z2 — X,Fg)
Y41

P(Z1NZy = X, FL Q% F,) =
p( 1 2 , P Qo h) Zpl+p2_p<
inAp(ZlﬂZg—>X).

Proof. Choose proper morphisms b; : W; — PL and Q; € D(Ow,) as well as
closed subschemes T; C W; o as in the construction of the localized Chern classes
for F; or more generally as in Lemma Choose a commutative diagram

W?WQ

g
ig\ \Lbz
Wy L>PA1X

where all morphisms are proper and isomorphisms over Ak.. For example, we can
take W to be the closure of the graph of the isomorphism between b; *(A%) and
by '(A%). By Lemma we may work with W, b = b; o g;, Lg;Q;, and g; ' (T;)
to construct the localized Chern classes ¢,(Z; — X, F;). Thus we reduce to the
situation described in the next paragraph.

Assume we have
(1) a proper morphism b : W — P which is an isomorphism over A,
(2) E; C W4 is the inverse image of Z;,
(3) perfect objects Q; € D(Oy/) whose Chern classes are defined, such that
(a) the restriction of Q; to b=1(AYL) is the pullback of F;, and
(b) there exists a closed subscheme T; C W, containing all points of W,
lying over X \ Z; such that Q;|r, is zero.

By Lemma [51.2) we have
Cp(Zi — )(7 Fl) = C;(Qz) = (Ei — Zl)* o C;(Qi

Ei)oc

and
Py(Zi = X, F;) = P)(Qi) = (B = Zi)+ 0 Pp(Qi|g,) o C

for i = 1,2. Next, we observe that Q = Q1 ®p,, Q2 satisfies (3)(a) and (3)(b) for
F ®%X F5 and Ty UT5. Hence we see that

p(Z1NZy = X, F1 @%, F2) = (E1NEy = Z1 N Z3)x 0 ¢, (Q|p,nm,) 0 C
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and
P(Zy N Zy = X, F1 ®%, F) = (BEy N E2 — Z1 N Z3), 0 Pl(Q|pynE,) 0 C

by the same lemma. By Lemma[47.11{the classes ¢, (Q|g,nE,) and P)(Q|g,nE,) can
be expanded in the correct manner in terms of the classes c,(Qi|g,) and Py (Q;i|g,)-

Then finally Lemma tells us that polynomials in ¢, (Qi|x,) and P)(Qi|g,) agree
with the corresponding polynomials in ¢,(Q;) and P,(Q;) as desired. O

53. Blowing up at infinity

Let X be a scheme. Let Z C X be a closed subscheme cut out by a finite type
quasi-coherent sheaf of ideals. Denote X’ — X the blowing up with center Z. Let
b: W — P be the blowing up with center co(Z). Denote E C W the exceptional
divisor. There is a commutative diagram

X —W

|

X —2-pL

whose horizontal arrows are closed immersion (Divisors, Lemma [33.2). Denote
E C W the exceptional divisor and W, C W the inverse image of (P ). Then
the following are true

(1) bis an isomorphism over A% U Pk\zv
) X’ is an effective Cartier divisor on W,
) X' N E is the exceptional divisor of X’ — X,
) Weo = X' + E as effective Cartier divisors on W,
) E =Proj, (Cz/x«[S]) where S is a variable placed in degree 1,
) X/ N E = PI‘OjZ(Cz/X’*),
) EAX'=E\ (X'NE)=S8pec,(Cz/x ) =CzX,
) there is a closed immersion PL, — W whose composition with b is the inclu-
sion morphism P}, — P4 and whose base change by oo is the composition
Z — CzX — E — W, where the first arrow is the vertex of the cone.

We recall that Cz,x . is the conormal algebra of Z in X, see Divisors, Definition
and that Cz X is the normal cone of Z in X, see Divisors, Definition [19.5

We now give the proof of the numbered assertions above. We strongly urge the
reader to work through some examples instead of reading the proofs.

Part (1) follows from the corresponding assertion of Divisors, Lemma Observe
that £ C W is an effective Cartier divisor by the same lemma.

Observe that W, is an effective Cartier divisor by Divisors, Lemma Since
E C W4 we can write W, = D + E for some effective Cartier divisor D, see
Divisors, Lemma We will see below that D = X’ which will prove (2) and
(4).

Since X is the strict transform of the closed immersion oo : X — P (see above)
it follows that the exceptional divisor of X’ — X is equal to the intersection X' NE

(for example because both are cut out by the pullback of the ideal sheaf of Z to
X'). This proves (3).
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The intersection of co(Z) with P}, is the effective Cartier divisor (P} ). hence
the strict transform of P} by the blowing up b maps isomorphically to P (see
Divisors, Lemmas and . This gives us the morphism P}, — W mentioned
in (8). It is a closed immersion as b is separated, see Schemes, Lemma [21.11]

Suppose that Spec(A4) C X is an affine open and that Z N Spec(A) corresponds to
the finitely generated ideal I C A. An affine neighbourhood of co(Z N Spec(A)) is
the affine space over A with coordinate s = Ty/Ty. Denote J = (I,s) C Als] the
ideal generated by I and s. Let B = A[s] ® J @ J? @ ... be the Rees algebra of
(Als], J). Observe that

JV=T"®sI" ' ps"Aes T A ..
as an A-submodule of A[s] for all n > 0. Consider the open subscheme
Proj(B) = Proj(Als|@ J @ J?®...) C W
Finally, denote S the element s € J viewed as a degree 1 element of B.

Since formation of Proj commutes with base change (Constructions, Lemma [11.6))
we see that

E = Proj(B®aps) A/I) = Proj((A/I & I/I* & I*/I* & ...)[S])

The verification that B ® 4 A/I = @ J"/J"*! is as given follows immediately
from our description of the powers J” above. This proves (5) because the conormal
algebra of Z N Spec(A) in Spec(A) corresponds to the graded A-algebra A/I &
I/I?® I?/T° & ... by Divisors, Lemma [19.2]

Recall that Proj(B) is covered by the affine opens D (S) and D, (fM) for f € I

which are the spectra of affine blowup algebras A[s][%} and A[s][%], see Divisors,

Lemma and Algebra, Definition We will describe each of these affine
opens and this will finish the proof.

The open D (S), i.e., the spectrum of A[s][Z]. It follows from the description of
the powers of J above that

A[s][%] =Y s"I"[s] C Als,s7!]
The element s is a nonzerodivisor in this ring, defines the exceptional divisor F as
well as Wao. Hence DN Dy (S) = 0. Finally, the quotient of A[s][£] by s is the
conormal algebra
Allel/Pel*/Peo...
This proves (7).

The open D, (M), i.e., the spectrum of A[s] [%] It follows from the description of
the powers of J above that

Als][] = A[][5]
is a variable. The element f is a nonzerodivisor in this ring whose zero
scheme defines the exceptional divisor E. Since s defines W, and s = f - % we

conclude that % defines the divisor D constructed above. Then we see that

where £

DN D (fY) = Spec(A[4])

which is the corresponding open of the blowup X’ over Spec(A4). Namely, the
surjective graded A[s]-algebra map B — A® I ® I?> @ ... to the Rees algebra of
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(A, I) corresponds to the closed immersion X’ — W over Spec(A[s]). This proves
D = X' as desired.

Let us prove (6). Observe that the zero scheme of ? in the previous paragraph is
the restriction of the zero scheme of S on the affine open D, (f(1)). Hence we see
that S = 0 defines X' N E on E. Thus (6) follows from (5).

Finally, we have to prove the last part of (8). This is clear because the map P, — W
is affine locally given by the surjection

B B A/l =(A/T@I/PeI?/IP®...)[S] —» A/I[S]
and the identification Proj(A/I[S]) = Spec(A/I). Some details omitted.

54. Higher codimension gysin homomorphisms

Let (S,d) be as in Situation Let X be a scheme locally of finite type over S.
In this section we are going to consider triples

(Z— X N,0: NV = Cyz/x)

consisting of a closed immersion Z — X and a locally free Oz-module A/ and a
surjection 0 : NV —= Cz,x from the dual of N to the conormal sheaf of Z in X, see
Morphisms, Section We will say N is a virtual normal sheaf for Z in X.

Lemma 54.1. Let (S,0) be as in Situation . Let
Z/ - X/

| b
Z ——X
be a cartesian diagram of schemes locally of finite type over S whose horizontal

arrows are closed immersions. If N is a virtual normal sheaf for Z in X, then
N = g*N is a virtual normal sheaf for Z' in X'.

Proof. This follows from the surjectivity of the map g*Cz,x — Cz//x/ proved in
Morphisms, Lemma [31.4 (]

Let (S,d) be as in Situation Let X be a scheme locally of finite type over S.
Let A be a virtual normal bundle for a closed immersion Z — X. In this situation
we set

p:N = Mz(Sym(Nv)) —Z
equal to the vector bundle over Z whose sections correspond to sections of . In
this situation we have canonical closed immersions

CzX—>NzX—>N

The first closed immersion is Divisors, Equation and the second closed
immersion corresponds to the surjection Sym(N"Y) — Sym(Cz,x) induced by o.
Let
b: W — Pk
be the blowing up in co(Z) constructed in Section By Lemma we have a
canonical bivariant class in
Ce AWy — X)
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Consider the open immersion j : Cz X — W, of and the closed immersion
i : CzX — N constructed above. By Lemma for every o € CHy(X) there
exists a unique 8 € CH,(Z) such that
ixj (CNa)=pp

We set ¢(Z = X, N)Na=4.
Lemma 54.2. The construction above defines a bivariant cla&ﬁ

co(Z— X,N)e A (Z - X)"
and moreover the construction is compatible with base change as in Lemma [54.1]

If N has constant rank r, then ¢(Z — X,N) € A"(Z — X).

Proof. Since both i, o j* o C and p* are bivariant classes (see Lemmas and
33.4)) we can use the equation

iv0j oC=poc(Z— X,N)
(suitably interpreted) to define ¢(Z — X,N) as a bivariant class. This works
because p* is always bijective on chow groups by Lemma [36.3]

Let X' — X, Z' — X', and N be as in Lemma [54.1] Write ¢ = ¢(Z — X, N)
and ¢ = ¢(Z" — X', N'). The second statement of the lemma means that ¢’ is the
restriction of ¢ as in Remark Since we claim this is true for all X'/X locally
of finite type, a formal argument shows that it suffices to check that ¢/ Na’ = cNa’
for o/ € CHy(X"). To see this, note that we have a commutative diagram

Cy X' W, w’ P,
CzX Wa w PL

which induces closed immersions:

W' =W xp1i Pk, Wi = Wexx X', CpX' = CzX xz2
To get cNa’ we use the class CNa’ defined using the morphism W xp1 P, — PL,
in Lemma To get ¢’ Na’ on the other hand, we use the class C' N o/ defined
using the morphism W’ — PL,,. By Lemma Mthe pushforward of C' Na’ by the

closed immersion W/, — (W Xp1 Pl)wo, is equal to C' No’. Hence the same is
true for the pullbacks to the opens

Cp X' WL, CzX xzZ C(Wxpi Pk
by Lemma [I5.1] Since we have a commutative diagram

Czp X' — N’

|

CzX Xzz/HNXZZI

these classes pushforward to the same class on N’ which proves that we obtain the
same element cNa’ = ¢ Na’ in CH.(Z). O

8The notation A*(Z — X)" is discussed in Remark [35.5 If X is quasi-compact, then A*(Z —
XN = A*(Z = X).
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Lemma 54.3. Let (S,0) be as in Situation . Let X be a scheme locally of
finite type over S. Let N be a virtual normal sheaf for a closed subscheme Z of X.
Suppose that we have a short exact sequence 0 — N — N — £ — 0 of finite locally
free Oz-modules such that the given surjection o : NV — Cz,x factors through a
map o' : (N')Y — Cy/x. Then

A(Z = X,N) = ciop(E) oc(Z — X,N")
as bivariant classes.
Proof. Denote N’ — N the closed immersion of vector bundles corresponding to
the surjection NV — (N”)V. Then we have closed immersions

CzX — N = N

Thus the desired relationship between the bivariant classes follows immediately
from Lemma E4.2] 0
Lemma 54.4. Let (S,0) be as in Situation . Consider a cartesian diagram

7 — = X'
|
4 ——X

of schemes locally of finite type over S whose horizontal arrows are closed immer-
sions. Let N, resp. N be a virtual normal sheaf for Z C X, resp. Z' — X'.
Assume given a short exact sequence 0 = N' — g*N — € — 0 of finite locally free
modules on Z' such that the diagram

g*N\/ (N/)\/

L

9°Cz/x —=Czi/x
commutes. Then we have
res(c(Z — X, N)) = ctop(E) 0 c(Z" = X', N)
in A*(Z' — X')".

Proof. By Lemma we have res(c(Z — X,N)) = ¢(Z' — X',g*N) and the
equality follows from Lemma O

Let (S,6) be as in Situation Let X be a scheme locally of finite type over S.
Let V be a virtual normal sheaf for a closed subscheme Z of X. Let Y — X be a
morphism which is locally of finite type. Assume Z xx Y — Y is a regular closed
immersion, see Divisors, Section In this case the conormal sheaf C, v,y is a
finite locally free Oz« , y-module and we obtain a short exact sequence

0—=&Y =N |zxxy = Caxyyyy =0
The quotient M|y« z — & is called the excess normal sheaf of the situation.

Lemma 54.5. In the situation described just above assume dims(Y) = n and that
Cyxxz/z has constant rank r. Then

o(Z = X, N)N Y]y = cop(E) N [Z xx Yooy
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in CH,(Z xx Y).

Proof. The bivariant class ct,,(€) € A*(Z xx Y) was defined in Remark
By Lemma [54.2] we may replace X by Y. Thus we may assume Z — X is a regular
closed immersion of codimension r, we have dims(X) = n, and we have to show
that ¢(Z — X,N) N [X],, = ctop(E) N [Z]5—r in CH,(Z). By Lemma we may
even assume NV — Cz/x is an isomorphism. In other words, we have to show

o(Z = X.CY)x) N[X]n = [Z]n—r in CHL(Z).

Let us trace through the steps in the definition of ¢(Z — X, C\Z//X) N [X]n. Let
b: W — P be the blowing up of co(Z). We first have to compute C' N[X],, where
C € A°(W, — X) is the class of Lemma m To do this, note that [W],41 is a
cycle on W whose restriction to Al is equal to the flat pullback of [X],. Hence
C N [X], is equal to % [W],4+1. Since W is an effective Cartier divisor on W we
have i [W]n41 = [Weo]n, see Lemma[29.5] The restriction of this class to the open
CzX C Wy is of course just [CzX],. Because Z C X is regularly embedded we
have
CZ/X,* = Sym(CZ/X)

as graded Oz-algebras, see Divisors, Lemma Hence p: N = CzX — Z is
the structure morphism of the vector bundle associated to the finite locally free
module Cz/x of rank r. Then it is clear that p*[Z],,_, = [CzX], and the proof is
complete. O

Lemma 54.6. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let N be a virtual normal sheaf for a closed subscheme Z of X. Let
Y — X be a morphism which is locally of finite type. Given integers r, n assume

(1) N is locally free of rank r,

(2) every irreducible component of Y has §-dimension n,

(3) dims(Z xxY)<n-—r, and

(4) for& e Z xxY with 6(§) = n —r the local ring Oy ¢ is Cohen-Macaulay.
Then c(Z — X,N)N[Y], =[Z Xx Y]n_r in CH,_.(Z xx Y).

Proof. The statement makes sense as Z x x Y is a closed subscheme of Y. Because
N has rank r we know that ¢(Z — X,N)N|[Y], is in CH,,_,(Z xx Y). Since
dims(Z NY) < n — r the chow group CH,,_.(Z xx Y) is freely generated by the
cycle classes of the irreducible components W C Z X x Y of d-dimension n — r. Let
&€ € W be the generic point. By assumption (2) we see that dim(Oy,¢) = r. On the
other hand, since A has rank r and since NV — Cz/x is surjective, we see that
the ideal sheaf of Z is locally cut out by r equations. Hence the quasi-coherent
ideal sheaf 7 C Oy of Z xx Y in Y is locally generated by r elements. Since Oy,¢
is Cohen-Macaulay of dimension r and since Z¢ is an ideal of definition (as & is
a generic point of Z xx Y') it follows that Z is generated by a regular sequence
(Algebra, Lemma . By Divisors, Lemma we see that 7 is generated by
a regular sequence over an open neighbourhood V- C Y of £. By our description of
CH,—.(Z xx Y) it suffices to show that ¢(Z — X,N)N[V], = [Z xx V]p—r in
CH,,_.(Z xx V). This follows from Lemma because the excess normal sheaf
is 0 over V. O

Lemma 54.7. Let (S,0) be as in Situation . Let X be a scheme locally of
finite type over S. Let (L,s,i : D — X) be a triple as in Definition W The
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gysin homomorphism i* viewed as an element of AL(D — X) (see Lemma m
is the same as the bivariant class (D — X,N) € AY(D — X) constructed using
N = i*L viewed as a virtual normal sheaf for D in X.

Proof. We will use the criterion of Lemma [35.3] Thus we may assume that X
is an integral scheme and we have to show that ¢*[X] is equal to ¢ N [X]. Let
n = dims(X). As usual, there are two cases.

If X = D, then we see that both classes are represented by c1(N) N [X],. See
Lemma [54.5 and Definition 29.11

If D # X, then D — X is an effective Cartier divisor and in particular a regular
closed immersion of codimension 1. Again by Lemma we conclude ¢(D —
X, N)N[X],, = [D]n-1. The same is true by definition for the gysin homomorphism
and we conclude once again. (I

Lemma 54.8. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let Z C X be a closed subscheme with virtual normal sheaf N'. Let
Y — X be locally of finite type and ¢ € A*(Y — X). Then ¢ and ¢(Z — X,N)

commute (Remark[33.6).

Proof. To check this we may use Lemma [35.3] Thus we may assume X is an
integral scheme and we have to show cNe(Z — X, N)N[X] = ¢(Z — X,N)NeN[X]
in CH.(Z xx Y).

If Z= X, then ¢(Z — X,N) = ¢1op(N) by Lemma which commutes with the
bivariant class ¢, see Lemma, [38.9

Assume that Z is not equal to X. By Lemma[35.3]it even suffices to prove the result
after blowing up X (in a nonzero ideal). Let us blowup X in the ideal sheaf of Z.
This reduces us to the case where Z is an effective Cartier divisor, see Divisors,
Lemma |32.4

If Z is an effective Cartier divisor, then we have
A(Z = X, N) = ciop(€) 0i”

where i* € AY(Z — X) is the gysin homomorphism associated to i : Z — X
(Lemma and £ is the dual of the kernel of NV — Cz, x, see Lemmas @l and
Then we conclude because Chern classes are in the center of the bivariant
ring (in the strong sense formulated in Lemma and ¢ commutes with the gysin
homomorphism i* by definition of bivariant classes. O

Let (S,0) be as in Situation Let X be an integral scheme locally of finite type
over S of d-dimension n. Let Z C Y C X be closed subschemes which are both
effective Cartier divisors in X. Denote 0 : Y — Cy X the zero section of the normal
line cone of Y in X. As Cy X is a line bundle over Y we obtain a bivariant class

o* € ALY — Cy X)), see Lemmam

Lemmal 54.9. With notation as above we have
0*[Cz X]n =[CzY]pn-1

in CHp—1 (Y Xo.0px CzX).
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Proof. Denote W — P the blowing up of oco(Z) as in Section Similarly,
denote W/ — PL the blowing up of co(Y). Since oco(Z) C oo(Y) we get an
opposite inclusion of ideal sheaves and hence a map of the graded algebras defining
these blowups. This produces a rational morphism from W to W’ which in fact
has a canonical representative

WoU—W

See Constructions, Lemma A local calculation (omitted) shows that U con-
tains at least all points of W not lying over co and the open subscheme Cz X of
the special fibre. After shrinking U we may assume Uy, = CzX and AL C U. An-
other local calculation (omitted) shows that the morphism Uy, — W/ induces the
canonical morphism Cz X — Cy X C W/ of normal cones induced by the inclusion
of ideals sheaves coming from Z C Y. Denote W C W the strict transform of
Pl Cc PL in W. Then W” is the blowing up of P{. in co(Z) by Divisors, Lemma
and hence (W' NU)s = CLY.

Consider the effective Cartier divisor i : P}, — W’ from and its associated
bivariant class i* € A*(Pi — W’) from Lemma We similarly denote (i%,)* €
AYW!, — W') the gysin map at infinity. Observe that the restriction of i’
(Remark [33.5) to U is the restriction of i%, € A'(W,, — W) to U. On the one
hand we have

(igo)*i*[U]nJrl = 50" [Uln41 = iZo[(Wl/ NU)oslnt1 = [CzY ],

because i, kills all classes supported over oo, because ¢*[U] and [W"] agree as
cycles over A', and because CzY is the fibre of W” N U over co. On the other
hand, we have

(i00) 8" [Ulns1 = 105 [Uln41 = i"[Usc] = 0"[Cy X]nn

because (i’,)* and i* commute (Lemma [30.5]) and because the fibre of i : P3, — W’
over oo factors as 0 : Y — Cy X and the open immersion Cy X — W/ . The lemma
follows. O

Lemma 54.10. Let (S,d) be as in Situation . Let Z C'Y C X be closed
subschemes of a scheme locally of finite type over S. Let N be a virtual normal
sheaf for Z C X. Let N' be a virtual normal sheaf for Z CY. Let N be a virtual
normal sheaf for Y C X. Assume there is a commutative diagram

(N//)\/|Z j\l\/ (N/)\/
Cy/xlz Cz/x Czyy

where the sequence at the bottom is from More on Morphisms, Lemma[7.12 and the
top sequence is a short exact sequence. Then

(Z = X,N)=cZ—=Y,N)oc(Y = X,N")
in A*(Z — X)".
Proof. Observe that the assumptions remain satisfied after any base change by
a morphism X’ — X which is locally of finite type (the short exact sequence of

virtual normal sheaves is locally split hence remains exact after any base change).
Thus to check the equality of bivariant classes we may use Lemma [35.3] Thus we
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may assume X is an integral scheme and we have to show ¢(Z — X, N) N [X] =
o(Z =Y, N')Ne(Y — X,N") N [X].

If Y = X, then we have
o(Z=Y,N)neY = X, N )N [X]=c(Z = Y,N')N ciopN") N Y]
= ciopN"|2) N e(Z = Y, N')N Y]
=c(Z = X,N)N[X]

The first equality by Lemmal[54.3] The second because Chern classes commute with
bivariant classes (Lemma [38.9). The third equality by Lemma

Assume Y # X. By Lemma it even suffices to prove the result after blowing
up X in a nonzero ideal. Let us blowup X in the product of the ideal sheaf of
Y and the ideal sheaf of Z. This reduces us to the case where both Y and Z are
effective Cartier divisors on X, see Divisors, Lemmas and

Denote N — £ the surjection of finite locally free Oz-modules such that 0 —
EY = (N")Y = Cy;x — 0 s a short exact sequence. Then N' — €|z is a surjection
as well. Denote N; the finite locally free kernel of this map and observe that
NY = Cy/x factors through Ni. By Lemma we have

(Y = X,N") = crop(E) o c(Y — X,CSV,/X)
and
A(Z = X, N) = crop(€lz) 0 c(Z — X,N7)

Since Chern classes of bundles commute with bivariant classes (Lemma |38.9) it
suffices to prove

«(Z = X,N1)=¢c(Z =Y, N')oce(Y = X,Cy )

in A*(Z — X). This we may assume that N = Cy,x. This reduces us to the case
discussed in the next paragraph.

In this paragraph Z and Y are effective Cartier divisors on X integral of dimension
n, we have N = Cy,x. In this case ¢(Y — X,Cy ) N [X] = [Y],—1 by Lemma
54.5] Thus we have to prove that ¢(Z — X, N)N[X] = ¢(Z — Y, N') N [Y],-1.
Denote N and N’ the vector bundles over Z associated to A/ and A/'. Consider the
commutative diagram

N’ p N (CyX) XyZ
CZ}/’HCZX

of cones and vector bundles over Z. Observe that N’ is a relative effective Cartier
divisor in N over Z and that

N/

]

Z—25 (CyX)xy Z




0FBQ

O0FED

OFEE

OFEF

CHOW HOMOLOGY AND CHERN CLASSES 128

is cartesian where o is the zero section of the line bundle Cy X over Y. By Lemma
we have 0*[Cz X], = [CzY],—1 in

CHp1(Y Xo,0yx C2X) = CHpo1(Z X0, 0y X)xyz C2X)
By the cartesian property of the square above this implies that
i*[CzX]n = [CzY]n-1

in CH,,—1(N'). Now observe that v = ¢(Z — X,N)N[X] and 7' = ¢(Z = Y,N') N
[Y],—1 are characterized by p*y = [Cz X],, in CH,,(N) and by (p')*y = [CzY]n-1
in CH,,_1(N’). Hence the proof is finished as i* o p* = (p’)* by Lemma O

Remark 54.11 (Variant for immersions). Let (S, ) be as in Situation Let
X be a scheme locally of finite type over S. Let ¢ : Z — X be an immersion of
schemes. In this situation

(1) the conormal sheaf Cz/x of Z in X is defined (Morphisms, Deﬁnition,
(2) we say a pair consisting of a finite locally free O z-module N and a surjection
0 : NV = Cy/x is a virtual normal bundle for the immersion Z — X,
(3) choose an open subscheme U C X such that Z — X factors through a closed
immersion Z — U and set ¢(Z - X,N) =c(Z - U,N)o (U — X)*.
The bivariant class ¢(Z — X, ) does not depend on the choice of the open sub-
scheme U. All of the lemmas have immediate counterparts for this slightly more
general construction. We omit the details.

55. Calculating some classes

To get further we need to compute the values of some of the classes we’ve con-
structed above.

Lemma 55.1. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let € be a locally free Ox-module of rank r. Then

II . et =1—(r -1l (E) + ...

n=0,...,r

Proof. By the splitting principle we can turn this into a calculation in the poly-
nomial ring on the Chern roots z1,...,z, of £. See Section [43] Observe that

C(/\ng) = H1<i1<,,,<i <r(1 + T +...+ xln)

Thus the logarithm of the left hand side of the equation in the lemma is

r —1 p+n
- Zp21 ano Zl§i1<...<in§r S (@iy .o i, )P

p
Please notice the minus sign in front. However, we have

r (_1)p+n o
szo Zn:O Zl§i1<...<in§r ! (@i +..o F2q,)P = H(l —e ™)

Hence we see that the first nonzero term in our Chern class is in degree r and equal
to the predicted value. O

Lemma 55.2. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let C be a locally free Ox-module of rank r. Consider the morphisms

X = Proj (Ox[T)) & E = Proj, (Sym*(C)[T]) = X
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Then c4(i,Ox) =0 fort =1,...,7 — 1 and in A°(C — E) we have
prom oc (i0x) = (1) (r - 1)l5"

where j: C — E and p: C — X are the inclusion and structure morphism of the
vector bundle C' = Spec(Sym™(C)).

Proof. The canonical map 7*C — Og(1) vanishes exactly along i(X). Hence the
Koszul complex on the map

is a resolution of i,Ox. In particular we see that i.Ox is a perfect object of D(OF
whose Chern classes are defined. The vanishing of ¢;(i.Ox) for t = 1,...,t —
follows from Lemma This lemma also gives

¢r(1:0x) = —(r — Dl (7*C @ Og(-1))
On the other hand, by Lemma we have
(T C @ Op(—1)) = (=1)"c (7*CY ® Op(1))

)
1

and 7*CY ® Og(1) has a section s vanishing exactly along i(X).

After replacing X by a scheme locally of finite type over X, it suffices to prove
that both sides of the equality have the same effect on an element o € CH,(FE).
Since C' — X is a vector bundle, every cycle class on C' is of the form p*g for some
3 € CH,(X) (Lemmal[36.3). Hence by Lemma we can write a = 7"+ where
~ is supported on E \ C. Using the equalities above it suffices to show that

p*(m(en(77CY @ Op (1)) N[W])) = 5*[W]

when W C E is an integral closed subscheme which is either (a) disjoint from C or
(b) is of the form W = 7~ 'Y for some integral closed subscheme ¥ C X. Using
the section s and Lemma [44.1] we find in case (a) ¢, (7*C¥ ® Og(1)) N [W] = 0 and
in case (b) ¢, (7*CY @ Og(1)) N [W] = [i(Y)]. The result follows easily from this;
details omitted. g

Lemma 55.3. Let (S,9) be as in Situation . Let i : Z — X be a regular
closed immersion of codimension r between schemes locally of finite type over S.
Let N = C;/X be the normal sheaf. If X is quasi-compact (or has quasi-compact

irreducible components), then ci(Z — X,i,0z) =0 fort=1,...,r — 1 and
c(Z = X,i.0z7) = (=1)""tr—1)e(Z = X,N) in A(Z = X)
where ¢,(Z — X,1.Qy) is the localized Chern class of Definition ,

Proof. For any x € Z we can choose an affine open neighbourhood Spec(4) C X
such that Z N Spec(A4) = V(f1,..., fr) where fi,..., f. € A is a regular sequence.
See Divisors, Definition[2I.T]and Lemma[20.8] Then we see that the Koszul complex
on fi,...,fr is a resolution of A/(f1,...,[f.) for example by More on Algebra,
Lemma Hence A/(f1,...,fr) is perfect as an A-module. It follows that
F = i,0yz is a perfect object of D(Ox) whose restriction to X \ Z is zero. The
assumption that X is quasi-compact (or has quasi-compact irreducible components)
means that the localized Chern classes ¢:(Z — X,i,.07z) are defined, see Situation
and Definition All in all we conclude that the statement makes sense.
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Denote b : W — P the blowing up in co(Z) as in Section By we have a
closed immersion

i Py — W
We claim that Q = i;(’)p1z is a perfect object of D(Ow ) and that F' and Q satisfy
the assumptions of Lemma [51.2}

Assume the claim. The output of Lemma [51.2]is that we have
(7 > X, F) = (@) = (E — Z). 0 &,(Qls) o C

for all p > 1. Observe that Q|g is equal to the pushforward of the structure sheaf
of Z via the morphism Z — E which is the base change of i’ by co. Thus the
vanishing of ¢;(Z — X, F) for 1 <t <r—1 by Lemmam applied to £ — Z.
Because Cz/x = N is locally free the bivariant class ¢(Z — X, N) is characterized
by the relation
jfoC=p*oc(Z— X,N)

where j : CzX — Wy and p : Oz X — Z are the given maps. (Recall C €
AW, — X) is the class of Lemma M) Thus the displayed equation in the
statement of the lemma follows from the corresponding equation in Lemma [55.2

Proof of the claim. Let A and f1,..., f. be as above. Consider the affine open
Spec(A[s]) c Pk as in Section Recall that s = 0 defines (P4 )., over this open.
Hence over Spec(A[s]) we are blowing up in the ideal generated by the regular
sequence s, f1,..., fr. By More on Algebra, Lemma the r + 1 affine charts
are global complete intersections over A[s]. The chart corresponding to the affine
blowup algebra

A[S][fl/sv SR fT/S] = A[S7 Y1y 7y7‘]/(syi - fl>
contains i'(Z N Spec(A)) as the closed subscheme cut out by y1,...,¥.. Since

Yis--sYr, SY1—f1, .- ., Syr— fr is aregular sequence in the polynomial ring A[s, y1, . . .

we find that ¢’ is a regular immersion. Some details omitted. As above we conclude
that Q = i, Op1 is a perfect object of D(Oyw ). All the other assumptions on F' and
Q@ in Lemma (and Lemma [49.1]) are immediately verified. O

Lemmal 55.4. In the situation of Lemma say dimg(X) = n. Then we have
(1) a(Z = X,i.02)N[X]n =0 fort=1,...,r — 1,
(2) ¢r(Z = X,i.02)N [X],, = (=) (r = D[ Z)0—r,
3) chi(Z = X,i.02)N[X]n =0 fort=0,...,7r—1, and
(4) ch(Z = X,i.02) N [X]pn = [Z]5—r-

Proof. Parts (1) and (2) follow immediately from Lemma combined with
Lemma Then we deduce parts (3) and (4) using the relationship between
ch, = (1/p!)P, and ¢, given in Lemma (Namely, (—=1)""1(r — 1)Ich, = ¢,
provided ¢; =cg = ... =¢,—1 =0.) O

56. An Adams operator

We do the minimal amount of work to define the second adams operator. Let X
be a scheme. Recall that Vect(X) denotes the category of finite locally free Ox-
modules. Moreover, recall that we have constructed a zeroth K-group Ko( Vect(X))
associated to this category in Derived Categories of Schemes, Section Finally,
Ko(Vect(X)) is a ring, see Derived Categories of Schemes, Remark

, yr]
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Lemma 56.1. Let X be a scheme. There is a ring map
Y2 Ko(Vect(X)) — Ko( Vect(X))
which sends [L] to [L%?] when L is invertible and is compatible with pullbacks.

Proof. Let X be a scheme. Let £ be a finite locally free Ox-module. We will
consider the element

$*(E) = [Sym?(&)] — [A*(€)]
of Ko(Vect(X)).
Let X be a scheme and consider a short exact sequence

0=>&—=2F =G0

of finite locally free Ox-modules. Let us think of this as a filtration on F with 2
steps. The induced filtration on Sym?(F) has 3 steps with graded pieces Sym?(&),
£ ® F, and Sym?(G). Hence

[Sym®(F)] = [Sym*(€)] + [€ @ F] + [Sym*(G)]
In exactly the same manner one shows that
[N(F)] = [N(E)] + [€ @ F] + [A*(G)]

Thus we see that ¥?(F) = ¥2(€) + ¥?(G). We conclude that we obtain a well
defined additive map 1?2 : Ko(Vect(X)) — Ko(Vect(X)).

It is clear that this map commutes with pullbacks.

We still have to show that )2 is a ring map. Let X be a scheme and let £ and F
be finite locally free Ox-modules. Observe that there is a short exact sequence

0= A*(€) @ A*(F) — Sym*(€ @ F) — Sym*(€) @ Sym*(F) — 0
where the first map sends (e Ae') @ (f A f) to (e® f)(e @ f')— (¢ ® fle® [)

and the second map sends (e ® f)(e/ ® f’) to ee’ ® ff’. Similarly, there is a short
exact sequence

0 — Sym?(&) @ A2(F) = A2(E® F) — A2(E) @ Sym?(F) — 0

where the first map sends ee’ @ fA f' to (e@ YN (€@ )+ (¢! ® f)A(e® f') and
the second map sends (e ® f) A (e/ ® f') to (e Ae’) @ (ff'). As above this proves
the map 1?2 is multiplicative. Since it is clear that 12(1) = 1 this concludes the
proof. ([

Remark| 56.2. Let X be a scheme such that 2 is invertible on X. Then the Adams
operator 1)? can be defined on the K-group Ko(X) = Ko(Dperf(Ox)) (Derived
Categories of Schemes, Definition in a straightforward manner. Namely, given
a perfect complex L on X we get an action of the group {+1} on L&Y L by switching
the factors. Then we can set

V(L) = [(Le" L]~ [(Le" L)7]
where (=) denotes taking invariants and (—)~ denotes taking anti-invariants (suit-
ably defined). Using exactness of taking invariants and anti-invariants one can argue
similarly to the proof of Lemma to show that this is well defined. When 2 is

not invertible on X the situation is a good deal more complicated and another
approach has to be used.
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Lemma 56.3. Let X be a scheme. There is a ring map ' : Ko(Vect(X)) —
Ko(Vect(X)) which sends [E] to [EV] when & is finite locally free and is compatible
with pullbacks.

Proof. The only thing to check is that taking duals is compatible with short exact
sequences and with pullbacks. This is clear. ([l

Remark 56.4. Let (5,d) be as in Situation Let X be locally of finite type
over S. The Chern class map defines a canonical map

c: Ko(Vect(X)) — HiZO AY(X)

by sending a generator [£] on the left hand side to ¢(€) = 14¢1(E) +c2(E)+. .. and
extending multiplicatively. Thus —[£] is sent to the formal inverse ¢(£)~! which is
why we have the infinite product on the right hand side. This is well defined by

Lemma [40.3

Remark 56.5. Let (5,§) be as in Situation Let X be locally of finite type
over S. The Chern character map defines a canonical ring map

ch : Ko(Vect(X)) — ]‘LZO A(X)2Q

by sending a generator [£] on the left hand side to ch(€) and extending additively.
This is well defined by Lemma and a ring homomorphism by Lemma

Lemma 56.6. Let (S,0) be as in Situation . Let X be locally of finite type over

S. If ¢? is as in Lemma and ¢ and ch are as in Remarks and then
we have c;(Y?*(a)) = 2i¢;(a) and ch;(Y?(a)) = 2ich;(a) for all a € Ko( Vect(X)).
Proof. Observe that the map [[,~,AY(X) — [];»o A*(X) multiplying by 2° on
A¥(X) is a ring map. Hence, since 92 is also a ring map, it suffices to prove the
formulas for additive generators of Ko(Vect(X)). Thus we may assume a = [€] for
some finite locally free Ox-module £. By construction of the Chern classes of £
we immediately reduce to the case where £ has constant rank r, see Remark
In this case, we can choose a projective smooth morphism p : P — X such that
restriction A*(X) — A*(P) is injective and such that p*& has a finite filtration
whose graded parts are invertible Op-modules £;, see Lemma m Then [p*&] =
Y [£;] and hence % ([pf]) = Z[E;@z] by definition of 1%, Setting z; = ¢1(L;) we
have

(@) =[[(1+2;) and c(*(a)) =[] +22;)
in [T A*(P) and we have

ch(a) = Zexp(:nj) and ch(y?(a)) = Zexp(2xj)
in [T A*(P). From these formulas the desired result follows. O

Remark| 56.7. Let X be a locally Noetherian scheme. Let Z C X be a closed
subscheme. Consider the strictly full, saturated, triangulated subcategory

Dz.perf(Ox) € D(Ox)

consisting of perfect complexes of Ox-modules whose cohomology sheaves are set-
theoretically supported on Z. Denote Cohz(X) C Coh(X) the Serre subcategory
of coherent O x-modules whose set theoretic support is contained in Z. Observe
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that given £ € Dy pers(Ox) Zariski locally on X only a finite number of the coho-
mology sheaves H'(E) are nonzero (and they are all settheoretically supported on
7). Hence we can define

Ko(Dzpers(Ox)) — Ko(Cohz(X)) = Ki(Z)
(equality by Lemma [23.6]) by the rule
2 _ 241
B (@, HE)] - (@D, 7 (E)

This works because given a distinguished triangle in Dy e, f(Ox) we have a long
exact sequence of cohomology sheaves.

Remark 56.8. Let X, Z, Dy perr(Ox) be as in Remark Assume X is
regular. Then there is a canonical map

Ko(Coh(Z)) — Ko(Dzperf(Ox))

defined as follows. For any coherent Oz-module F denote F[0] the object of D(Ox)
which has F in degree 0 and is zero in other degrees. Then F[0] is a perfect
complex on X by Derived Categories of Schemes, Lemma [11.8] Hence F[0] is an
object of Dy perf(Ox). On the other hand, given a short exact sequence 0 —
F — F — F’ — 0 of coherent Oz-modules we obtain a distinguished triangle
F[0] = F'[0] — F"[0] — F[1], see Derived Categories, Section [12] This shows that
we obtain a map Ko(Coh(Z)) = Ko(Dzperf(Ox)) by sending [F] to [F[0]] with
apologies for the horrendous notation.

Lemma 56.9. Let X be a Noetherian reqular scheme. Let Z C X be a closed
subscheme. The maps constructed in Remarks[56.7 and[56.8 are mutually inverse
and we get K((Z) = Ko(Dz perf(Ox)).

Proof. Clearly the composition
Ko(COh(Z)) — KO(DZ,perf(OX)) — Ko(COh(Z))

is the identity map. Thus it suffices to show the first arrow is surjective. Let E
be an object of Dz perr(Ox). Recall that Dpe,f(Ox) = Dl’coh(OX) by Derived
Categories of Schemes, Lemma m Hence the cohomologies H!(E) are coherent,
can be viewed as objects of Dz perr(Ox), and only a finite number are nonzero.
Using the distinguished triangles of canonical truncations the reader sees that

[E] =) _(-1)'[H'(E)0]

in Ko(Dz perf(Ox)). Then it suffices to show that [F[0]] is in the image of the map
for any coherent Ox-module set theoretically supported on Z. Since we can find a
finite filtration on F whose subquotients are Oz-modules, the proof is complete. [

Remark 56.10. Let (S, d) be as in Situation Let X be locally of finite type
over S. Let Z C X be a closed subscheme and let Dz e,y (Ox) be as in Remark
If X is quasi-compact (or more generally the irreducible components of X are
quasi-compact), then the localized Chern classes define a canonical map

o(Z = X, =) : Ko(Dzper(0x)) — A°(X) x [ 47 = X)

by sending a generator [E] on the left hand side to
(7= X,E)=1+c(Z = X,E) +c2(Z = X,E) +...
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and extending multiplicatively (with product on the right hand side as in Remark
34.7). The quasi-compactness condition on X guarantees that the localized chern
classes are defined (Situation and Definition and that these localized
chern classes convert distinguished triangles into the corresponding products in the
bivariant chow rings (Lemma [52.4)).

Remark 56.11. Let (S,0) be as in Situation Let X be locally of finite type
over S. Let Z C X be a closed subscheme and let Dz e,y (Ox) be as in Remark
If the irreducible components of X are quasi-compact, then the localized
Chern character defines a canonical additive and multiplicative map

ch(Z = X,~) : Ko(Dzperf(Ox)) — H@o AZ - X)®Q

by sending a generator [E] on the left hand side to ch(Z — X, E) and extending
additively. Namely, the condition on the irreducible components of X guarantees
that the localized chern character is defined (Situation and Definition
and that these localized chern characters convert distinguished triangles into the
corresponding sums in the bivariant chow rings (Lemma . The multiplication
on Ko(Dz perf(X)) is defined using derived tensor product (Derived Categories

of Schemes, Remark [38.9) hence ch(Z — X,af8) = ch(Z — X,a)ch(Z — X,[)
by Lemma If X is quasi-compact, then the map ch(Z — X, —) has image
contained in A*(Z — X) ® Q; we omit the details.

Remark 56.12. Let (S,d) be as in Situation Let X be locally of finite
type over S and assume X is quasi-compact (or more generally the irreducible
components of X are quasi-compact). With Z = X and notation as in Remarks

and we have Dz perf(Ox) = Dperf(Ox) and we see that
Ko(Dzperf(Ox)) = Ko(Dpers(Ox)) = Ko(X)
see Derived Categories of Schemes, Definition Hence we get
c: Ko(X) = [[A(X) and eh: Ko(X) = [[4(X)2Q

as a special case of Remarks and Of course, instead we could have
just directly used Definition [46.3 and Lemmas [46.7] and to construct these
maps (as this immediately seen to produce the same classes). Recall that there is
a canonical map Ko(Vect(X)) — Ko(X) which sends a finite locally free module to
itself viewed as a perfect complex (placed in degree 0), see Derived Categories of
Schemes, Section Then the diagram

((Vect perf Ox)> :K()(X)

\H » /

commutes where the south-east arrow is the one constructed in Remark[56.4] Sim-
ilarly, the diagram

((Vect perf OX)) = KO(X)

\ﬁAl /
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commutes where the south-east arrow is the one constructed in Remark [56.5

57. Chow groups and K-groups revisited

This section is the continuation of Section Let (S,0) be as in Situation Let
X be locally of finite type over S. The K-group K{(X) = Ko(Coh(X)) of coherent
sheaves on X has a canonical increasing filtration

FKp(X) = Tm (Ko ( Cohar(X)) = Kol Coh(X))
This is called the filtration by dimension of supports. Observe that
g1 Kp(X) € K(X)/Fuor K(X) = Ko(Coh(X)/ Cohey—1 (X))
where the equality holds by Homology, Lemma The discussion in Remark
shows that there are canonical maps
CHi(X) — gr), Ko (X)
defined by sending the class of an integral closed subscheme Z C X of §-dimension

k to the class of [Oz] on the right hand side.

Proposition| 57.1. Let (S,9) be as in Situation , Assume given a closed im-
mersion X — Y of schemes locally of finite type over S with Y reqular and quasi-
compact. Then the composition
K{(X) = Ko(Dx perf(Oy)) > A(X - Y)® Q = CH.(X)® Q

of the map F +— FI[0] from Remark the map ch(X — Y,—) from Remark
56.11) and the map ¢ — c¢N[Y] induces an isomorphism

Ko(X)® Q — CH.(X)® Q
which depends on the choice of Y. Moreover, the canonical map

CH,(X) ® Q — g1, K((X) ® Q

(see above) is an isomorphism of Q-vector spaces for all k € Z.

Proof. Since Y is regular, the construction in Remark applies. Since Y is
quasi-compact, the construction in Remark [56.1T]applies. We have that Y is locally
equidimensional (Lemma and thus the “fundamental cycle” [Y] is defined as
an element of CH, (), see Remark [42.2] Combining this with the map CHj(X) —
gr, K{(X) constructed above we see that it suffices to prove
(1) If F is a coherent Ox-module whose support has §-dimension < k, then
the composition above sends [F] into @,, ., CHy (X) ® Q.
(2) If Z C X is an integral closed subscheme of §-dimension k, then the com-
position above sends [Oz] to an element whose degree k part is the class of
[Z] in CHE(X) ® Q.
Namely, if this holds, then our maps induce maps gr, Kj(X) ® Q — CHi(X) ® Q
which are inverse to the canonical maps CHy(X) ® Q — gr, K((X)® Q given above
the proposition.

Given a coherent Ox-module F the composition above sends [F] to
ch(X =Y, FIO)N[Y] € CH.(X)® Q
If F is (set theoretically) supported on a closed subscheme Z C X, then we have
ch(X =Y, F[0]) = (Z = X).och(Z = Y, F[0])
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by Lemma[50.8f We conclude that in this case we end up in the image of CH,.(Z) —
CH..(X). Hence we get condition (1).

Let Z C X be an integral closed subscheme of J-dimension k. The composition
above sends [Oz] to the element

(X = Y,02[0) N[Y] = (Z — X)uch(Z — Y,02]0)) N [Y]

by the same argument as above. Thus it suffices to prove that the degree k part
of ch(Z = Y,0z[0))N[Y] € CH.(Z) ® Q is [Z]. Since CH(Z) = Z, in order to
prove this we may replace Y by an open neighbourhood of the generic point £ of
Z. Since the maximal ideal of the regular local ring Ox ¢ is generated by a regular
sequence (Algebra, Lemma we may assume the ideal of Z is generated by
a regular sequence, see Divisors, Lemma Thus we deduce the result from
Lemma (5.4l (Il

58. Rational intersection products on regular schemes

We will show that CH.(X) ® Q has an intersection product if X is Noetherian,
regular, finite dimensional, with affine diagonal. The basis for the construction is
the following result (which is a corollary of the proposition in the previous section).

Lemma 58.1. Let (S,9) be as in Situation . Let X be a quasi-compact reqular
scheme of finite type over S with affine diagonal and 0x,s : X — Z bounded. Then
the composition

Ko(Vect(X))®Q — A (X)®Q — CH.(X)® Q
of the map ch from Remark and the map c+— ¢ N [X] is an isomorphism.

Proof. We have K(j(X) = K¢(X) = Ko(Vect(X)) by Derived Categories of Schemes,
Lemmas [38.4] [36.8] and [38.5] By Remark [56.12] the composition given agrees with
the map of Proposition for X =Y. Thus the result follows from the proposi-
tion. ([l

Let X, 5,6 be as in Lemma [58.1} For simplicity let us work with cycles of a given
codimension, see Section Let [X] be the fundamental cycle of X, see Remark
Pick « € CHY(X) and 8 € CH’(X). By the lemma we can find a unique o’ €
Ko(Vect(X))®Q with ch(a/)N[X] = «. Of course this means that chy (a/)N[X] =0
if i/ # i and ch;(a’) N [X] = . By Lemma we see that o = 274)%(a’) is
another solution. By uniqueness we get o = o’ and we conclude that ch; (o) =0
in A" (X) ® Q for i’ # i. Then we can define

a-B=ch(d)NB=chi(a)Np

in CH"™/ (X) ® Q by the property of o’ we observed above. This is a symmetric
pairing: namely, if we pick 8’ € Ko(Vect(X)) ® Q lifting 3, then we get

a-B=ch(d)NB=ch(a)Nch(B)N[X]

and we know that Chern classes commute. The intersection product is associative
for the same reason

(a-B) -7 = ch(a’) N ch(8)) N eh(y') N [X]
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because we know composition of bivariant classes is associative. Perhaps a better
way to formulate this is as follows: there is a unique commutative, associative inter-
section product on CH*(X)®Q compatible with grading such that the isomorphism
Ko(Vect(X)) ® Q = CH*(X) ® Q is an isomorphism of rings.

59. Gysin maps for local complete intersection morphisms

Before reading this section, we suggest the reader read up on regular immersions
(Divisors, Section and local complete intersection morphisms (More on Mor-

phisms, Section .

Let (S,0) be as in Situation Let i : X — Y be a regular immerSiOIﬁ of schemes
locally of finite type over S. In particular, the conormal sheaf Cy,y is finite locally
free (see Divisors, Lemma [21.5). Hence the normal sheaf

Nxy = Homoy (Cx/y, Ox)

is finite locally free as well and we have a surjection Ny Yy Cx/y (because

an isomorphism is also a surjection). The construction in Section gives us a
canonical bivariant class

i = c(X — KNX/Y) € A*(X — Y)/\
We need a couple of lemmas about this notion.

Lemma 59.1. Let (S,6) be as in Situation , Leti: X =Y andj:Y — Z be
reqular tmmersions of schemes locally of finite type over S. Then j oi is a reqular
immersion and (joi)' =i oj'.

Proof. The first statement is Divisors, Lemma By Divisors, Lemma [21.6]
there is a short exact sequence

0— Z*(Cy/z> — CX/Z — CX/Y —0

Thus the result by the more general Lemma [54.10)] O

Lemma 59.2. Let (S,0) be as in Situation . Let p : P — X be a smooth
morphism of schemes locally of finite type over S and let s : X — P be a section.
Then s is a regular immersion and 1 = s' op* in A*(X)" where p* € A*(P — X)"
is the bivariant class of Lemma[33.9

Proof. The first statement is Divisors, Lemma m It suffices to show that s' N
p*[Z] = [Z] in CH.(X) for any integral closed subscheme Z C X as the assumptions
are preserved by base change by X’ — X locally of finite type. After replacing P by
an open neighbourhood of s(Z) we may assume P — X is smooth of fixed relative
dimension r. Say dims(Z) = n. Then every irreducible component of p~1(Z) has
dimension r 4+ n and p*[Z] is given by [p~!(Z)]n4r. Observe that s(X)Np~H(Z) =
s(Z) scheme theoretically. Hence by the same reference as used above s(X)Np~!(2)
is a closed subscheme regularly embedded in p~!(Z) of codimension r. We conclude
by Lemma [54.5 (I

9See Divisors, Definition Observe that regular immersions are the same thing as Koszul-
regular immersions or quasi-regular immersions for locally Noetherian schemes, see Divisors,
Lemma E We will use this without further mention in this section.
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Let (S, 6) be as in Situation Consider a commutative diagram

Xﬁp
PN
Y

of schemes locally of finite type over S such that g is smooth and 7 is a regular
immersion. Combining the bivariant class i' discussed above with the bivariant
class g* € A*(P — Y)" of Lemma we obtain

fl=ilog" € A*(X =Y)

Observe that the morphism f is a local complete intersection morphism, see More
on Morphisms, Definition Conversely, if f : X — Y is a local complete
intersection morphism of locally Noetherian schemes and f = g o ¢ with g smooth,
then i is a regular immersion. We claim that our construction of f' only depends
on the morphism f and not on the choice of factorization f = go .

Lemma 59.3. Let (5,6) be as in Situation. Let f : X =Y be a local complete
intersection morphism of schemes locally of finite type over S. The bivariant class
f' is independent of the choice of the factorization f = goi with g smooth (provided
one exists).

Proof. Given a second such factorization f = ¢’ o4’ we can consider the smooth
morphism g” : Pxy P’ — Y, the immersion ¢’ : X — P xy P’ and the factorization
f =¢" oi”. Thus we may assume that we have a diagram

P/

P

X%P*g>y

where p is a smooth morphism. Then (¢')* = p* o g* (Lemma [14.3) and hence
it suffices to show that i' = (i)' o p* in A*(X — P). Consider the commutative
diagram

XXPP/%>P/

bk

X X L P

where s = (1,4'). Then s and j are regular immersions (by Divisors, Lemma [22.8
and Divisors, Lemma and ¢/ = j os. By Lemma we have (i')! = s' 0 j.
Since the square is cartesian, the bivariant class j' is the restriction (Remark
of i' to P', see Lemma [54.2] Since bivariant classes commute with flat pullbacks
we find j' o p* = p* 04'. Thus it suffices to show that s' o * = id which is done in
Lemma O

Definition 59.4. Let (S,) be as in Situation Let f: X — Y be a local
complete intersection morphism of schemes locally of finite type over S. We say the
gysin map for f exists if we can write f = g o4 with g smooth and ¢ an immersion.
In this case we define the gysin map f' =i' o g* € A*(X — Y) as above.
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It follows from the definition that for a regular immersion this agrees with the
construction earlier and for a smooth morphism this agrees with flat pullback. In
fact, this agreement holds for all syntomic morphisms.

Lemma 59.5. Let (S,0) be as in Situation . Let f : X — Y be a local complete
intersection morphism of schemes locally of finite type over S. If the gysin map
exists for f and f is flat, then f' is equal to the bivariant class of Lemma .

Proof. Choose a factorization f = goi with i : X — P an immersion and g : P —
Y smooth. Observe that for any morphism Y’ — Y which is locally of finite type,
the base changes of f’, ¢’, i’ satisfy the same assumptions (see Morphisms, Lemmas
and and More on Morphisms, Lemma . Thus we reduce to proving
that f*[Y] = i'(¢*[Y]) in case Y is integral, see Lemma Set n = dims(Y).
After decomposing X and P into connected components we may assume f is flat of

relative dimension r and g is smooth of relative dimension ¢. Then f*[Y] = [X],4s
and ¢*[Y] = [P]nt+- On the other hand i is a regular immersion of codimension
t —s. Thus i'[P]yst = [X]n+s (Lemma [54.5) and the proof is complete. O

Lemma 59.6. Let (S,9) be as in Situation . Let f: X Y andg:Y — Z
be local complete intersection morphisms of schemes locally of finite type over S.
Assume the gysin map exists for go f and g. Then the gysin map exists for f and
(gof) =fog"

Proof. Observe that g o f is a local complete intersection morphism by More on
Morphisms, Lemma and hence the statement of the lemma makes sense. If
X — P is an immersion of X into a scheme P smooth over Z then X — P xzY
is an immersion of X into a scheme smooth over Y. This prove the first assertion
of the lemma. Let Y — P’ be an immersion of Y into a scheme P’ smooth over Z.
Consider the commutative diagram

XHPXZYT)PXZP/

L
=

Here the horizontal arrows are regular immersions, the south-west arrows are smooth,
and the square is cartesian. Whence a' o ¢* = p* o b' as bivariant classes commute
with flat pullback. Combining this fact with Lemmas and the reader finds
the statement of the lemma holds true. Small detail omitted. O

Lemma 59.7. Let (S,0) be as in Situation . Consider a commutative diagram
X// - S XI - X
N
Y'—Y ——=Y

of schemes locally of finite type over S with both square cartesian. Assume f: X —
Y is a local complete intersection morphism such that the gysin map exists for f.
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Let c € A*(Y" — Y'). Denote res(f') € A*(X' — Y) the restriction of f' to Y’
(Remark . Then ¢ and res(f') commute (Remark .

Proof. Choose a factorization f = g o4 with g smooth and 7 an immersion. Since
f' =i'og' it suffices to prove the lemma for ¢' (which is given by flat pullback)
and for i'. The result for flat pullback is part of the definition of a bivariant class.
The case of i' follows immediately from Lemma O

Lemma 59.8. Let (S,0) be as in Situation . Consider a cartesian diagram

X ——=X

ol

Y —=Y
of schemes locally of finite type over S. Assume

(1) f is a local complete intersection morphism and the gysin map exists for f,

(2) X, X', Y, Y’ satisfy the equivalent conditions of Lemma

(3) for z" € X" with images z, y', and y in X, Y’', and Y we have ng —n, =
Ng — Ny where ng, ng, Ny, and ny are as in the lemma, and

(4) for every generic point £ € X' the local ring Oy g1(¢y is Cohen-Macaulay.

Then f'[Y'] = [X'] where [Y'] and [X'] are as in Remark[{2.2,

Proof. Recall that n, is the common value of §(¢) where ¢ is the generic point of
an irreducible component passing through x’. Moreover, the functions z’ +— ng,
x — Ny, Yy — ny, and y — n, are locally constant. Let X, X,, Y, and Y, be
the open and closed subscheme of X', X, Y/, and Y where the function has value
n. Recall that [X'] = > [X] ], and [Y'] = >_[V,/]». Having said this, it is clear that
to prove the lemma we may replace X’ by one of its connected components and X,
Y’, Y by the connected component that it maps into. Then we know that X', X,
Y’, and Y are d-equidimensional in the sense that each irreducible component has
the same §-dimension. Say n’, n, m’, and m is this common value for X', X, Y,
and Y. The last assumption means that n’ —m’ =n — m.

Choose a factorization f = g oi where i : X — P is an immersion and g : P = Y
is smooth. As X is connected, we see that the relative dimension of P — Y at
points of i(X) is constant. Hence after replacing P by an open neighbourhood of
i(X), we may assume that P — Y has constant relative dimension and i : X — P
is a closed immersion. Denote ¢’ : Y/ xy P — Y’ the base change of g and
denote i’ : X’ — Y’ xy P the base change of i. It is clear that ¢*[Y] = [P] and
(') [Y'] = [Y' xy P]. Finally, if & € X’ is a generic point, then Oy, p (e is
Cohen-Macaulay. Namely, the local ring map Oy f/(¢) — Oy x, pire) is flat with
regular fibre (see Algebra, Section , a regular local ring is Cohen-Macaulay
(Algebra, Lemma , Oy p1(¢) is Cohen-Macaulay by assumption (4) and we
get what we want from Algebra, Lemma[163.3] Thus we reduce to the case discussed
in the next paragraph.

Assume f is a regular closed immersion and X', X, Y’ and Y are d-equidimensional
of -dimensions n’, n, m’, and m and m’ — n’ = m — n. In this case we obtain the
result immediately from Lemma [54.6] O
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Remark 59.9. Let (5,d) be as in Situation Let f : X — Y be a local
complete intersection morphism of schemes locally of finite type over S. Assume
the gysin map exists for f. Then f' o ¢;(£) = c;(f*€) o f' and similarly for the
Chern character, see Lemma If X and Y satisfy the equivalent conditions of
Lemmaand Y is Cohen-Macaulay (for example), then f'[Y] = [X] by Lemma
In this case we also get f'(c;(€) N[Y]) = ¢;(f*€) N [X] and similarly for the
Chern character.

Lemma 59.10. Let (S,0) be as in Situation . Consider a cartesian square

X —X
f/l ’ lf
v 2>y
of schemes locally of finite type over S. Assume
(1) both f and f" are local complete intersection morphisms, and
(2) the gysin map exists for f

Then C = Ker(H *((¢')* NLx/y) — H '(NLx:,y+)) is a finite locally free Ox:-
module, the gysin map exists for f', and we have

res(f') = cuop(CY) o (')
in A*(X' =Y.
Proof. The fact that C is finite locally free follows immediately from More on
Algebra, Lemma Choose a factorization f = goi with g : P — Y smooth and

¢ an immersion. Then we can factor f' = ¢'o4’ where ¢’ : P’ — Y/ and ' : X' — P’
the base changes. Picture

X ——pP —=Y'

RN

X—P——Y

In particular, we see that the gysin map exists for f’. By More on Morphisms,
Lemmas we have

NLx;y = (Cx/p — i*Qp)y)

where Cx/p is the conormal sheaf of the embedding 7. Similarly for the primed
version. We have (g')*i*Qp/y = (i')*Qp//y+ because Qp,y pulls back to Qp /vy by
Morphisms, Lemma Also, recall that (¢')*Cx/p — Cx//ps is surjective, see
Morphisms, Lemma We deduce that the sheaf C is canonicallly isomorphic
to the kernel of the map (¢9')*Cx/p — Cx//ps of finite locally free modules. Recall
that ' is defined using N = C}, /x and similarly for (i")'. Thus we have

res(i') = ciop(CY) o ()’

in A*(X’ — P') by an application of Lemma Since finally we have f' = i'og*,
()= (i") o (¢")*, and (¢')* = res(g*) we conclude. O
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Lemma 59.11 (Blow up formula). Let (S, ) be as in Situation . Leti:Z - X
be a regular closed immersion of schemes locally of finite type over S. Let b : X' —
X be the blowing up with center Z. Picture

/!

&

— =X
J

lb
X

Assume that the gysin map exists for b. Then we have

N

e

res(b!) = ctop(F) o™
in A*(E — Z) where F is the kernel of the canonical map 7*Cz/x — Cg/x-

Proof. Observe that the morphism b is a local complete intersection morphism
by More on Algebra, Lemma and hence the statement makes sense. Since
Z — X is a regular immersion (and hence a fortiori quasi-regular) we see that
Cz,x is finite locally free and the map Sym*(Cz,x) — Cz/x,. is an isomorphism,
see Divisors, Lemma Since E = Proj(Cz/x,«) we conclude that £ = P(Cz/x)
is a projective space bundle over Z. Thus F — Z is smooth and certainly a local
complete intersection morphism. Thus Lemma [59.10| applies and we see that

res(b') = ciop(CY) o 7

with C as in the statement there. Of course 7* = 7' by Lemma It remains to
show that F is equal to the kernel C of the map H~*(j* NLx//x) — H '(NLg,z).

Since E — Z is smooth we have H ! (NLg,7) = 0, see More on Morphisms, Lemma

Hence it suffices to show that F can be identified with H~!(j* NLx//x). By

More on Morphisms, Lemmas [13.11] and we have an exact sequence
0— Hﬁl(j* NLX’/X) — Hﬁl(NLE/X) — CE/X’ — ...
By the same lemmas applied to £ — Z — X we obtain an isomorphism 7*Cy,x =

H='(7* NLy,x) — H *(NLg,x). Thus we conclude. O

Lemma 59.12. Let (S,d) be as in Situation . Let f: X =Y be a morphism
of schemes locally of finite type over S such that both X and Y are quasi-compact,
regular, have affine diagonal, and finite dimension. Then f is a local complete
intersection morphism. Assume moreover the gysin map exists for f. Then

fla-B)=fa- f'p
in CH*(X) ® Q where the intersection product is as in Section .
Proof. The first statement follows from More on Morphisms, Lemma [62.11} Ob-

serve that f'[Y] = [X], see Lemmal[59.8f Write o = ch(a/)N[Y] and 8 = ch(5)N[Y]
where o/, 8 € Ko( Vect(X))®Q as in Section[58] Setting ¢ = ch(a’) and ¢’ = ch(B')
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we find - § = ¢N N[Y] by construction. By Lemma we know that f' com-
mutes with both ¢ and ¢’. Hence

fila-p)=fllend n[Y])
=cnd N fiy]
=cndn[X]
= (en[X])- (¢ N[X])
= (enfY)- (¢ nfY)
= f'(a)- 1'(B)
as desired. O

Lemma 59.13. Let (S,d) be as in Situation . Let f: X =Y be a morphism
of schemes locally of finite type over S such that both X and Y are quasi-compact,
reqular, have affine diagonal, and finite dimension. Then f is a local complete
intersection morphism. Assume moreover the gysin map exists for f and that f is
proper. Then

fola-fB) = fua- B
in CH*(Y) ® Q where the intersection product is as in Section .

Proof. The first statement follows from More on Morphisms, Lemma Ob-
serve that f'[Y] = [X], see Lemmal|59.8, Write a = ch(a/)N[X] and 38 = ch(5)N[Y]
o € Ko(Vect(X)) ® Q and ' € Ko(Vect(Y)) ® Q as in Section [58] Set ¢ = ch(c)
and ¢’ = ch(f’). We have

fla- f'8) = fulen f'(d N[Y].))

The first equality by the construction of the intersection product. By Lemma [59.7]
we know that f' commutes with ¢/. The fact that Chern classes are in the center
of the bivariant ring justifies switching the order of capping [X] with ¢ and ¢
Commuting ¢’ with f, is allowed as ¢’ is a bivariant class. The final equality is
again the construction of the intersection product. O

60. Gysin maps for diagonals

Let (S, ) be as in Situation Let f: X — Y be a smooth morphism of schemes
locally of finite type over S. Then the diagonal morphism A : X — X Xy X is a
regular immersion, see More on Morphisms, Lemma [62.18] Thus we have the gysin
map

Al e A" (X = X xy X)"
constructed in Section If X — Y has constant relative dimension d, then
Al € AU X — X xy X).

Lemmal 60.1. In the situation above we have A' o pri =1 in A%(X).


https://stacks.math.columbia.edu/tag/0FFA
https://stacks.math.columbia.edu/tag/0FBS

0OFBT

CHOW HOMOLOGY AND CHERN CLASSES 144

Proof. Observe that the projections pr; : X xy X — X are smooth and hence we
have gysin maps for these projections as well. Thus the lemma makes sense and is
a special case of Lemma [59.6] O

Proposition 60.2. Let (S,0) be as in Situatz'on. Letf: X Y andg:Y = Z
be morphisms of schemes locally of finite type over S. If g is smooth of relative
dimension d, then AP(X —Y) = AP~4X — 7).

Proof. We will use that smooth morphisms are local complete intersection mor-
phisms whose gysin maps exist (see Section . In particular we have ¢' €
A=Y — Z). Then we can send ¢ € AP(X — Y) to cog' € AP~4X — Z).

Conversely, let ¢/ € AP~4(X — Z). Denote res(c’) the restriction (Remark [33.5)) of
¢ by the morphism Y — Z. Since the diagram

XXzY —>Y
pro

X——7

is cartesian we find res(c’) € AP"4X xzY = Y). Let A:Y = Y xzY be
the diagonal and denote res(A') the restriction of A' to X xz Y by the morphism
X XxzY =Y xzY. Since the diagram

X——=XxzY

L,

Y 2oV x,Y

is cartesian we see that res(A') € A4(X — X xzY). Combining these two restric-
tions we obtain

res(AY ores(c) € AP(X =)
Thus we have produced maps AP(X —Y) — AP~4(X — Z) and AP~ 4(X — Z) —
AP(X —Y). To finish the proof we will show these maps are mutually inverse.

Let us start with ¢ € AP(X — Y). Consider the diagram
X Y

|

XXZYHYXZY?Y

iprl ipl ig
f g
X Y Z
whose squares are carteisan. The lower two square of this diagram show that
res(co g') = res(c) N py where in this formula res(c) means the restriction of ¢

via py. Looking at the upper square of the diagram and using Lemma [59.7] we get
co A" =res(A') ores(c). We compute

res(A') ores(co g') = res(A') o res(c) o ph
~contop,

=cC

[Ful98, Proposition
17.4.2]
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The final equality by Lemma [60.1}

Conversely, let us start with ¢/ € AP~4(X — Z). Looking at the lower rectangle of
the diagram above we find res(c’) o g' = pr} o ¢’. We compute

res(A') ores(c) o g' =res(A')opriod
= CI
The final equality holds because the left two squares of the diagram show that
id = res(A' o p}) = res(A') o pr}. This finishes the proof. O
61. Exterior product

Let k be a field. In this section we work over S = Spec(k) with ¢ : S — Z defined
by sending the unique point to 0, see Example

Consider a cartesian square

XX,y — =Y

| |

X Spec(k) = S

of schemes locally of finite type over k. Then there is a canonical map
X CHn(X) Xz CHm(Y) — CHn+m(X Xk Y)

which is uniquely determined by the following rule: given integral closed subschemes
X' Cc X and Y’ CY of dimensions n and m we have

[(X]x Y] = [X" x5 Y']ngm
in CHp (X x5 Y).

Lemma 61.1. The map x : CH,(X) ®z CH,,(Y) = CHpyn (X X1 Y) ds well
defined.

Proof. A first remark is that if & = > n;[X;] and 8 = > m;[Y;] with X; C X
and Y; C Y locally finite families of integral closed subschemes of dimensions n and
m, then X; x; Yj is a locally finite collection of closed subschemes of X X Y of
dimensions n +m and we can indeed consider

a X ﬂ = anmj[Xz Xk ij]n+m

as a (n+m)-cycle on X x; Y. In this way we obtain an additive map x : Z,(X) ®z
Zm(Y) = Zpim(X x1Y). The problem is to show that this procedure is compatible
with rational equivalence.

Let ¢ : X’ — X be the inclusion morphism of an integral closed subscheme of
dimension n. Then flat pullback along the morphism p’ : X’ — Spec(k) is an
element (p')* € A™™"(X' — Spec(k)) by Lemma and hence ¢ =i, 0 (p/)* €
A™"(X — Spec(k)) by Lemmam This produces maps

dN—:CH,(Y) — CHppn(X x5 Y)

which the reader easily sends [Y”'] to [X'x Y], 4+m for any integral closed subscheme
Y’ C Y of dimension m. Hence the construction ([X'],[Y’]) — [X' Xk Y']ntm
factors through rational equivalence in the second variable, i.e., gives a well defined
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map Z,(X) ®z CH,,(Y) — CHpym (X X Y). By symmetry the same is true for
the other variable and we conclude. O

Lemma 61.2. Let k be a field. Let X be a scheme locally of finite type over k.
Then we have a canonical identification

AP(X — Spec(k)) = CH_,(X)
forallp e Z.

Proof. Consider the element [Spec(k)] € CHy(Spec(k)). We get a map AP(X —
Spec(k)) — CH_,(X) by sending ¢ to ¢ N [Spec(k)].

Conversely, suppose we have o« € CH_,(X). Then we can define ¢, € A?(X —
Spec(k)) as follows: given X’ — Spec(k) and o € CH,,(X’) we let

caNa =axa

in CH,,_,(X xj X’). To show that this is a bivariant class we write o = > n;[X;]
as in Definition [8:I] Consider the composition

HXi 9y X — Spec(k)

and denote f : [ X; — Spec(k) the composition. Then g is proper and f is flat
of relative dimension —p. Pullback along f is a bivariant class f* € AP(]] X; —
Spec(k)) by Lemma Denote v € A°([] X;) the bivariant class which multiplies
a cycle by n; on the ith component. Thus v o f* € AP(][X; — X). Finally, we
have a bivariant class

gsovo f*
by Lemma [33.4] The reader easily verifies that ¢, is equal to this class and hence
is itself a bivariant class.

To finish the proof we have to show that the two constructions are mutually inverse.
Since ¢, N [Spec(k)] = « this is clear for one of the two directions. For the other,
let ¢ € AP(X — Spec(k)) and set a = ¢ N [Spec(k)]. It suffices to prove that

cN[X']=con[X']

when X' is an integral scheme locally of finite type over Spec(k), see Lemma m
However, then p’ : X’ — Spec(k) is flat of relative dimension dim(X’) and hence
[X'] = (p)*[Spec(k)]. Thus the fact that the bivariant classes ¢ and ¢, agree on
[Spec(k)] implies they agree when capped against [X’] and the proof is complete. O

Lemma 61.3. Let k be a field. Let X be a scheme locally of finite type over k.
Let c € AP(X — Spec(k)). Let Y — Z be a morphism of schemes locally of finite
type over k. Let ¢ € AYY — Z). Then cocd =c ocin APTU(X x, Y — Z).

Proof. In the proof of Lemmal[61.2) we have seen that c is given by a combination of
proper pushforward, multiplying by integers over connected components, and flat
pullback. Since ¢/ commutes with each of these operations by definition of bivariant
classes, we conclude. Some details omitted. ([

Remark| 61.4. The upshot of Lemmas and is the following. Let k be a
field. Let X be a scheme locally of finite type over k. Let « € CH,(X). Let Y — Z
be a morphism of schemes locally of finite type over k. Let ¢/ € AY(Y — Z). Then

ax([dnp)=dn(axp)
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in CH.(X x; Y) for any 8 € CH,(Z). Namely, this follows by taking ¢ = ¢, €
A*(X — Spec(k)) the bivariant class corresponding to «, see proof of Lemma

Lemma 61.5. FExzterior product is associative. More precisely, let k be a field,
let X,Y,Z be schemes locally of finite type over k, let @« € CH,(X), 8 € CH,(Y),
v € CH.(Z). Then (a x ) x y=a x (8 x7v) in CH(X X, Y xi Z).

Proof. Omitted. Hint: associativity of fibre product of schemes. ]

62. Intersection products

Let k be a field. In this section we work over S = Spec(k) with § : S — Z defined
by sending the unique point to 0, see Example

Let X be a smooth scheme over k. The bivariant class A! of Section [60] allows us
to define a kind of intersection product on chow groups of schemes locally of finite
type over X. Namely, suppose that Y — X and Z — X are morphisms of schemes
which are locally of finite type. Then observe that

YXXZ:(YXkZ) XXXkX,AX

Hence we can consider the following sequence of maps

CH,\(Y) ©2 CHy(Z) =5 CHpym (Y 5 Z) 25 CHypomo (Y xx Z)

Here the first arrow is the exterior product constructed in Section [61] and the
second arrow is the gysin map for the diagonal studied in Section If X is
equidimensional of dimension d, then we end up in CH,4,,,—4(Y Xx Z) and in
general we can decompose into the parts lying over the open and closed subschemes
of X where X has a given dimension. Given oo € CH,.(Y) and 5 € CH..(Z) we will
denote
a-f=A(axp)e CH(Y xx Z)

In the special case where X =Y = Z we obtain a multiplication

CH.(X) x CH,.(X) —» CH,(X), (a,f)—a-f

which is called the intersection product. We observe that this product is clearly
symmetric. Associativity follows from the next lemma.

Lemma 62.1. The product defined above is associative. More precisely, let k be
a field, let X be smooth over k, let Y, Z, W be schemes locally of finite type over
X, let « € CH.(Y), 8 € CH.(Z), vy € CH.(W). Then (a-8)-v=a-(8-7) in
CH*(Y Xx A4 Xx W)

Proof. By Lemma we have (a X 8) x vy =a x (8 x7v) in CH.(Y xi Z x3; W).
Consider the closed immersions

Ap: X xpg X — X xp X %1 X, (v,2))— (z,2,2")

and
Aoz : X X1, X — X xp X x1, X, (z,2))— (z,2',2")
Denote Al, and Al the corresponding bivariant classes; observe that Al, is the
restriction (Remark of A' to X xj X x X by the map pr;, and that Al is
the restriction of A' to X x; X x; X by the map prys. Thus clearly the restriction
of Allz by Ags is A' and the restriction of A!23 by Ais is A' too. Thus by Lemma
we have
Ao Al =A oAl
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Now we can prove the lemma by the following sequence of equalities:

!

(- B) -y = A (A ax p) x7)
=AY (AL ((ax B) x 7))
= A'(Abs((a x B) x 7))
= Al (Aby(a x (B x 7))
= A'(a x A'(Bx7))
=a-(B-7)

All equalities are clear from the above except perhaps for the second and penulti-
mate one. The equation Abs(a x (8 x 7)) = a x A'(3 x ) holds by Remark
Similarly for the second equation. O

Lemma 62.2. Let k be a field. Let X be a smooth scheme over k, equidimensional
of dimension d. The map

AP(X) — CHy_p(X), c¢— e [X]a

is an isomorphism. Via this isomorphism composition of bivariant classes turns
into the intersection product defined above.

Proof. Denote g : X — Spec(k) the structure morphism. The map is the compo-
sition of the isomorphisms

AP(X) — AP~4(X — Spec(k)) — CHy_p(X)

The first is the isomorphism ¢ — ¢ o g* of Proposition and the second is the
isomorphism ¢ ~ ¢ N [Spec(k)] of Lemma From the proof of Lemma
we see that the inverse to the second arrow sends a € CHy_,(X) to the bivariant
class ¢, which sends § € CH,(Y) for Y locally of finite type over k to o x 8 in
CH.(X X} Y). From the proof of Proposition we see the inverse to the first
arrow in turn sends ¢, to the bivariant class which sends g € CH.(Y) for Y — X
locally of finite type to A'(aw x ) = o - 3. From this the final result of the lemma
follows. O

Lemma 62.3. Let k be a field. Let f : X — Y be a morphism of schemes smooth
over k. Then the gysin map exists for f and f'(a-B) = fla- f'B.

Proof. Observe that X — X XY is an immersion of X into a scheme smooth over
Y. Hence the gysin map exists for f (Definition [59.4]). To prove the formula we
may decompose X and Y into their connected components, hence we may assume
X is smooth over k£ and equidimensional of dimension d and Y is smooth over k
and equidimensional of dimension e. Observe that f'[Y]. = [X]4 (see for example
Lemma [59.8)). Write a = ¢N[Y]. and 8 = ¢ N[Y]. and hence a- f =cnd N[Y]e,
see Lemma By Lemma we know that f' commutes with both ¢ and ¢'.
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Hence
fla-B)=fiendnlYle)
=cnd N flyle
=cnNdN[X]y
= (N [X]a) - (¢ N [X]a)
= (enf¥le)- (¢ nfiyle)
= f(a)- f1(8)
as desired where we have used Lemma [62.2] for X as well.

An alternative proof can be given by proving that (f x f)'(a x 8) = f'a x f'3 and
using Lemma [59.6] O

Lemma 62.4. Let k be a field. Let f : X — Y be a proper morphism of schemes
smooth over k. Then the gysin map exists for f and f.(a - f'B) = fea - B.

Proof. Observe that X — X x; Y is an immersion of X into a scheme smooth over
Y. Hence the gysin map exists for f (Definition . To prove the formula we
may decompose X and Y into their connected components, hence we may assume
X is smooth over k and equidimensional of dimension d and Y is smooth over k
and equidimensional of dimension e. Observe that f'[Y]. = [X]q (see for example

Lemma [59.8). Write o = ¢ [X ]d and 8 = ¢ N[Y]., see Lemma We have
fela- f18) = fulen f1(d N [Y]e))

= fulend'n f[Y]e)

= fulend N[X]a)

= fu(d Nen[X]a)

= N filen[X]a)

=B fula)

The first equality by the result of Lemma [62.2] for X. By Lemma [59.7 we know

that f' commutes with ¢’. The commutativity of the intersection product justifies

switching the order of capping [X]; with ¢ and ¢ (via the lemma). Commuting

¢ with f, is allowed as ¢’ is a bivariant class. The final equality is again the
lemma. (I

Lemma 62.5. Let k be a field. Let X be an integral scheme smooth over k. Let
Y,Z C X be integral closed subschemes. Set d = dim(Y) + dim(Z) — dim(X).
Assume

(1) dim(Y NnZ) <d, and
(2) Oy, and Oz are Cohen-Macaulay for every £ € Y N Z with §(§) =
Then [Y]-[Z] = [Y N Z]q in CHg(X).
Proof. Recall that [Y]-[Z] = AY([Y x Z]) where A' = ¢(A: X — X x X, Tx ;) is

a higher codimension gysin map (Section with Ty, = Hom(Qx/r, Ox) locally
free of rank dim(X). We have the equality of schemes

YﬂZ:XXA,(XXx) (YXZ)


https://stacks.math.columbia.edu/tag/0FFC
https://stacks.math.columbia.edu/tag/0FFD

OFFE

OFFF

0FC3

CHOW HOMOLOGY AND CHERN CLASSES 150

and dim(Y x Z) = dim(Y) + dim(Z) and hence conditions (1), (2), and (3) of
Lemma hold. Finally, if £ € Y N Z, then we have a flat local homomorphism

Oy,e — Oyxze

whose “fibre” is Oz¢. It follows that if both Oy ¢ and Oz ¢ are Cohen-Macaulay,
then so is Oy xz¢, see Algebra, Lemma [163.3] In this way we see that all the
hypotheses of Lemma [54.6] are satisfied and we conclude. O

Lemma 62.6. Let k be a field. Let X be a scheme smooth overk. Leti:Y — X be
a regular closed immersion. Let o € CH.(X). IfY is equidimensional of dimension
e, then a - [Y]. = i.(i'(a)) in CH,(X).

Proof. After decomposing X into connected components we may and do assume
X is equidimensional of dimension d. Write & = ¢ N [X], with € A*(X), see
Lemma [62.20 Then

i (@) = 02 (i (¢ N [X]n) = in(cNi'[X]n) = ix(cN [Y]e) = cNis[Y]e = - [Y].

The first equality by choice of c¢. Then second equality by Lemma The third
because i'[X]y = [Y]. in CH.(Y) (Lemma [59.8). The fourth because bivariant
classes commute with proper pushforward. The last equality by Lemma[62.2} O

Lemma 62.7. Let k be a field. Let X be a smooth scheme over k which is quasi-
compact and has affine diagonal. Then the intersection product on CH*(X) con-
structed in this section agrees after temsoring with Q with the intersection product
constructed in Section [58.

Proof. Let a € CH'(X) and 8 € CH/(X). Write a = ch(a/)N[X] and B = ch(f')N
[X] o, 8" € Ko(Vect(X)) ® Q as in Section Set ¢ = ch(a’) and ¢ = ch(f).
Then the intersection product in Section roduces cnN ¢ N[X]. This is the
same as a - 3 by Lemma (or rather the generalization that A%(X) — CH'(X),
¢ — ¢N[X] is an isomorphism for any smooth scheme X over k). (]

63. Exterior product over Dedekind domains

Let S be a locally Noetherian scheme which has an open covering by spectra of
Dedekind domains. Set §(s) = 0 for s € S closed and §(s) = 1 otherwise. Then
(S,0) is a special case of our general Situation see Example Observe that
S is normal (Algebra, Lemma and hence a disjoint union of normal integral
schemes (Properties, Lemma . Thus all of the arguments below reduce to the
case where S is irreducible. On the other hand, we allow S to be nonseparated (so
S could be the affine line with 0 doubled for example).

Consider a cartesian square

XxgY —>Y

L

X——=S5
of schemes locally of finite type over S. We claim there is a canonical map
x : CH,(X) ®z CH,,(Y) — CH,,41m-1(X xgY)

which is uniquely determined by the following rule: given integral closed subschemes
X' C X and Y/ C Y of §-dimensions n and m we set
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(1) X x[Y']=[X"xsY']ptm—1 if X’ or Y dominates an irreducible com-
ponent of .5,
(2) [X'] x [Y'] =0 if neither X’ nor Y dominates an irreducible component of

S.

0FC4 |Lemma 63.1. The map x : CH,(X) ®z CH,,,(Y) = CHyqm—1(X x5 Y) is well
defined.

Proof. Consider n and m cycles o = >, ;ni[X;] and B = > . ; m;[Y;] with
X; € X and Y; C Y locally finite families of integral closed subschemes of -
dimensions n and m. Let K C I x J be the set of pairs (¢,5) € I x J such that
X; or Y; dominates an irreducible component of S. Then {X; xg }/j}(i7j)eK is a
locally finite collection of closed subschemes of X xg Y of -dimension n 4+ m — 1.
This means we can indeed consider

o X ﬁ = Z(i,j)eK n;m; [Xi Xg Yj]n+m—1

as a (n+m — 1)-cycle on X xg Y. In this way we obtain an additive map X :
Zn(X)®z Zm(Y) = Zynym(X xgY). The problem is to show that this procedure
is compatible with rational equivalence.

Let 7 : X’ — X be the inclusion morphism of an integral closed subscheme of 6-
dimension n which dominates an irreducible component of S. Then p’ : X’ — S
is flat of relative dimension n — 1, see More on Algebra, Lemma [22.11] Hence flat
pullback along p’ is an element (p')* € A~"*1(X’ — S) by Lemma and hence
d=i.0(p) € A"TH(X — S) by Lemma m This produces maps

¢ N—: CHp(Y) — CHpppno1 (X x5 Y)

which sends [Y'] to [X' Xg Y] 4m—1 for any integral closed subscheme Y’/ C Y of
d-dimension m.

Let z : X’ — X be the inclusion morphism of an integral closed subscheme of
d-dimension n such that the composition X’ — X — S factors through a closed
point s € S. Since s is a closed point of the spectrum of a Dedekind domain,
we see that s is an effective Cartier divisor on S whose normal bundle is trivial.
Denote ¢ € Al(s — S) the gysin homomorphism, see Lemma The morphism
p' : X' — sis flat of relative dimension n. Hence flat pullback along p’ is an element
(p)* € A7"(X’ — S) by Lemma[33.2] Thus

d=i,o@p)oce A AN(X = 9)
by Lemma [33.4] This produces maps
¢ —: CHp(Y) — CHypyno1 (X X5 Y)

which for any integral closed subscheme Y’ C Y of §-dimension m sends [Y'] to
either [X’ xg Y'];4m—1 if Y/ dominates an irreducible component of S or to 0 if
not.

From the previous two paragraphs we conclude the construction ([X'],[Y]) —
[X' X5 Y']ntm—1 factors through rational equivalence in the second variable, i.e.,
gives a well defined map Z,,(X) ®z CH,,,(Y) = CHpym—1(X xsY). By symmetry
the same is true for the other variable and we conclude. ([
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Lemma 63.2. Let (S,0) be as above. Let X be a scheme locally of finite type over
S. Then we have a canonical identification

AP(X — S) = CH1_p(X)
forallp e Z.

Proof. Consider the element [S]; € CH;(S). We get a map AP(X — §) —
CH;_,(X) by sending ¢ to ¢ N [S];.

Conversely, suppose we have o € CH;_,,(X). Then we can define ¢, € A?(X — 5)
as follows: given X’ — S and o’ € CH,,(X’) we let

caNa =axa

in CH,,_,(X x5X’). To show that this is a bivariant class we write a = 3, n;[Xj]
as in Definition In particular the morphism

g:HieIXz-—>X

is proper. Pick ¢ € I. If X; dominates an irreducible component of S, then the
structure morphism p; : X; — S is flat and we have & = pf € AP(X; — S5). On
the other hand, if p; factors as p} : X; — s; followed by the inclusion s; — S of a
closed point, then we have & = (p})* o ¢; € AP(X; — S) where ¢; € Al(s; — S) is
the gysin homomorphism and (p})* is flat pullback. Observe that

AL, xi—9=]]_ 4 ~5)
Thus we have
= mi € Ap(Hiele‘ —5)
Finally, since g is proper we have a bivariant class
giof € AP(X — S)

by Lemma m The reader easily verifies that ¢, is equal to this class (please
compare with the proof of Lemma [63.1)) and hence is itself a bivariant class.

To finish the proof we have to show that the two constructions are mutually inverse.
Since ¢, N [S]1 = a this is clear for one of the two directions. For the other, let
c€ AP(X — S) and set a = ¢N [S]1. It suffices to prove that

cN[X'] =can[X']

when X’ is an integral scheme locally of finite type over S, see Lemma m How-
ever, either p’ : X’ — S is flat of relative dimension dims(X’) — 1 and hence [X'] =
(»")*[S]1 or X’ — S factors as X’ — s — S and hence [X'] = (p')*(s — 5)*[S]1.
Thus the fact that the bivariant classes ¢ and ¢, agree on [S]; implies they agree
when capped against [X'] (since bivariant classes commute with flat pullback and
gysin maps) and the proof is complete. ([l

Lemma 63.3. Let (S,0) be as above. Let X be a scheme locally of finite type over
S. Letc e AP(X — S). Let Y — Z be a morphism of schemes locally of finite type
over S. Let ¢ € AY(Y — Z). Thencocd =c ocin APTI(X xgY = X Xg Z).

Proof. In the proof of Lemma we have seen that c is given by a combination
of proper pushforward, multiplying by integers over connected components, flat
pullback, and gysin maps. Since ¢’ commutes with each of these operations by
definition of bivariant classes, we conclude. Some details omitted. (I
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Remark 63.4. The upshot of Lemmas and is the following. Let (S, 0)
be as above. Let X be a scheme locally of finite type over S. Let a € CH,(X). Let
Y — Z be a morphism of schemes locally of finite type over S. Let ¢/ € AY(Y — Z).
Then

ax(dnNp)=cdn(axp)
in CH,(X xgY) for any § € CH,(Z). Namely, this follows by taking ¢ = ¢, €
A*(X — S) the bivariant class corresponding to «, see proof of Lemma m

Lemma 63.5. FExterior product is associative. More precisely, let (S,d) be as
above, let X,Y,Z be schemes locally of finite type over S, let a € CH4(X), B €
CH.(Y), vy € CH.(Z). Then (ax B) xy=a x (8 xv) in CH.(X xgY xg Z).

Proof. Omitted. Hint: associativity of fibre product of schemes. O

64. Intersection products over Dedekind domains

Let S be a locally Noetherian scheme which has an open covering by spectra of
Dedekind domains. Set d(s) = 0 for s € S closed and §(s) = 1 otherwise. Then
(S,0) is a special case of our general Situation see Example and discussion
in Section [G3]

Let X be a smooth scheme over S. The bivariant class A' of Section [60] allows us
to define a kind of intersection product on chow groups of schemes locally of finite
type over X. Namely, suppose that Y — X and Z — X are morphisms of schemes
which are locally of finite type. Then observe that

YXXZ:(YXSZ) XXXSX,AX

Hence we can consider the following sequence of maps

Al
CH,(Y) ®z CH,,,(Y) = CHpymn—1(Y x5 Z) = CHpym—u(Y Xx Z)

Here the first arrow is the exterior product constructed in Section [63] and the

second arrow is the gysin map for the diagonal studied in Section [60] If X is

equidimensional of dimension d, then X — S is smooth of relative dimension d — 1

and hence we end up in CHy, 4, —q(Y Xx Z). In general we can decompose into

the parts lying over the open and closed subschemes of X where X has a given
dimension. Given a € CH,(Y') and 8 € CH,.(Z) we will denote

a-f=A(axp)eCH(Y xx Z)
In the special case where X =Y = Z we obtain a multiplication
CH,(X) x CH,(X) —» CH.(X), (o,8)—a-f

which is called the intersection product. We observe that this product is clearly
symmetric. Associativity follows from the next lemma.

Lemma 64.1. The product defined above is associative. More precisely, with (S, 0)
as above, let X be smooth over S, let Y, Z, W be schemes locally of finite type over
X, let a« € CH.(Y), 8 € CH.(Z), v € CH,(W). Then (a-5)-y=a-(8-7) in
CH*(Y X x Z X x W)

Proof. By Lemma [63.5| we have (a x 8) x v = a x (8 x7) in CH.(Y xg Z xg W).
Consider the closed immersions

A : X xg X — X xg X xg X, (v,2")— (x,2,2")
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and
Aoz : X xg X — X xg X xg X, (w,2")— (x,2",2)
Denote Al, and Al the corresponding bivariant classes; observe that Al, is the
restriction (Remark [33.5) of A' to X x5 X xg X by the map pry, and that Al is
the restriction of A' to X xg X xg X by the map prys. Thus clearly the restriction
of Aly by Ags is A' and the restriction of Ab; by Ajs is A' too. Thus by Lemma
B4.8 we have
Ao A, = Ao A,
Now we can prove the lemma by the following sequence of equalities:
(a-B)-v= MA’(a x ) x )
12((04 x B) x 7))
23((0‘ x B) x 7))
Ajs(ax (8 x7))
ax AYB x 7))
=a-(B-7)
All equalities are clear from the above except perhaps for the second and penulti-

mate one. The equation Abs(a x (8 x 7)) = a x A'(3 x ) holds by Remark
Similarly for the second equation. ([l

A'(A
=A'(A
= A
= A

Lemma 64.2. Let (S,0) be as above. Let X be a smooth scheme over S, equidi-
mensional of dimension d. The map

AP(X) —)CHd,p(X), C'—)Cﬂ[X]d

is an isomorphism. Via this isomorphism composition of bivariant classes turns
into the intersection product defined above.

Proof. Denote g : X — S the structure morphism. The map is the composition
of the isomorphisms

AP(X) — AP7IH(X — §) — CHy_p(X)
The first is the isomorphism ¢ — ¢ o g* of Proposition [60.2 and the second is the
isomorphism ¢ — ¢ N [S]; of Lemma From the proof of Lemma we see
that the inverse to the second arrow sends o € CHy—_,,(X) to the bivariant class ¢,
which sends € CH,(Y") for Y locally of finite type over &k to ax 8 in CH, (X xY).
From the proof of Proposition [60.2 we see the inverse to the first arrow in turn sends

Cq to the bivariant class which sends f € CH,(Y) for Y — X locally of finite type
to A'(a x B) = a - B. From this the final result of the lemma follows. O

65. Todd classes
A final class associated to a vector bundle £ of rank r is its Todd class Todd(E). In

terms of the Chern roots z1, ..., z, it is defined as
T xT;
Todd(£) = ]‘LZ1 T
In terms of the Chern classes ¢; = ¢;(€) we have

1 1
(A 4ca)+ —crco+ o= (—ct+4ccy +3c3+cre3—ca) + . ..

11
Todd(E) =14 =c1 + — 50 0

2 12
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We have made the appropriate remarks about denominators in the previous section.
It is the case that given an exact sequence

0—-& —>E—=E —0

we have
Todd(E) = Todd(E1)Todd(Es).

66. Grothendieck-Riemann-Roch

Let (.5,6) be as in Situation Let X,Y be locally of finite type over S. Let £
be a finite locally free sheaf £ on X of rank r. Let f: X — Y be a proper smooth
morphism. Assume that R’f.E are locally free sheaves on Y of finite rank. The
Grothendieck-Riemann-Roch theorem say in this case that

fo(Todd(Tx/y)ch(€)) = > (—1)'ch(R' f.E)
Here
Tx)y = Homoy (x/v, Ox)
is the relative tangent bundle of X over Y. If Y = Spec(k) where k is a field, then
we can restate this as

X(X, &) = deg(Todd(T'x1)ch(E))

The theorem is more general and becomes easier to prove when formulated in correct
generality. We will return to this elsewhere (insert future reference here).

67. Change of base scheme
In this section we explain how to compare theories for different base schemes.

Situation 67.1. Here (S5,0) and (5’,d’) are as in Situation Furthermore
g:S" — S is a flat morphism of schemes and ¢ € Z is an integer such that: for all
s € S and s’ € S a generic point of an irreducible component of g~ ({s}) we have

5(s)=4d(s)+ec.

We will see that for a scheme X locally of finite type over S there is a well defined
map CHy(X) — CHy4o(X x5 .5") of Chow groups which (by and large) commutes
with the operations we have defined in this chapter.

Lemma 67.2. In Situation let X — S be locally of finite type. Denote
X" — S’ the base change by S’ — S. If X is integral with dims(X) = k, then every
irreducible component Z' of X' has dimg (Z') = k + ¢,

Proof. The projection X’ — X is flat as a base change of the flat morphism
S’ — S (Morphisms, Lemma . Hence every generic point 2’ of an irreducible
component of X’ maps to the generic point € X (because generalizations lift
along X’ — X by Morphisms, Lemma . Let s € S be the image of x. Recall
that the scheme S = S’ x g s has the same underlying topological space as g~ ({s})
(Schemes, Lemma . We may view 2’ as a point of the scheme S’ x & which
comes equipped with a monomorphism S, xsx — S’ xg X. Of course, 2’ is a
generic point of an irreducible component of S x; x as well. Using the flatness
of Spec(k(x)) — Spec(k(s)) = s and arguing as above, we see that ' maps to a
generic point s’ of an irreducible component of g=!({s}). Hence §'(s") = §(s) +c by
assumption. We have dim,(X,) = dim, (X, ) by Morphisms, Lemma Since
x is a generic point of an irreducible component X (this is an irreducible scheme
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but we don’t need this) and z’ is a generic point of an irreducible component of X7,
we conclude that trdeg, (x(z)) = trdeg, ) (x(2")) by Morphisms, Lemma m
Then

dxrys50(x") = 6(s") + trdeg, (o) (k(2)) = 8(s) + ¢ + trdeg, () (k(2)) = dx/s(z) + ¢
This proves what we want by Definition O

In Situation let X — S be locally of finite type. Denote X’ — S’ the base
change by g : S’ — S. There is a unique homomorphism

g* : Zk(X) — Zk—i—c(X/)

which given an integral closed subscheme Z C X of §-dimension k sends [Z] to
[Z X5 S|k+c. This makes sense by Lemma m

Lemma 67.3. In Situation let X — S locally of finite type and let X' — S
be the base change by S’ — S.

(1) Let Z C X be a closed subscheme with dims(Z) < k and base change
Z' C X'. Then we have dimg (Z")) < k+ ¢ and [Z'j1c = ¢*[Z]x in
Zive(X').

(2) Let F be a coherent sheaf on X with dims(Supp(F)) < k and base change
F' on X'. Then we have dims(Supp(F')) < k + ¢ and ¢g*[Fli = [F'litc in
Zto(X').

Proof. The proof is exactly the same is the proof of Lemma and we suggest
the reader skip it.

The statements on dimensions follow from Lemma m Part (1) follows from part
(2) by Lemma and the fact that the base change of the coherent module Oz
is OZ’-

Proof of (2). As X, X’ are locally Noetherian we may apply Cohomology of
Schemes, Lemma to see that F is of finite type, hence F’ is of finite type
(Modules, Lemma, hence F’ is coherent (Cohomology of Schemes, Lemma
again). Thus the lemma makes sense. Let W C X be an integral closed subscheme
of §-dimension k, and let W’ C X’ be an integral closed subscheme of §’-dimension
k 4+ ¢ mapping into W under X’ — X. We have to show that the coefficient n of
[W'] in g*[F]i agrees with the coefficient m of [W’] in [F'lky.. Let & € W and
¢ € W’ be the generic points. Let A = Ox ¢, B = Ox/ ¢ and set M = F¢ as an
A-module. (Note that M has finite length by our dimension assumptions, but we
actually do not need to verify this. See Lemma m) We have Ff, = BQa M.
Thus we see that

n = lengthg(B®4 M) and m = length,(M)lengthy(B/maB)
Thus the equality follows from Algebra, Lemma [52.13 O

Lemmal67.4. In Situation let X — S be locally of finite type and let X' — S’
be the base change by S — S. The map g* : Zip(X) — Zrio(X') above factors
through rational equivalence to give a map

g* : CHk(X) — CH;H_C(X/)

of chow groups.
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Proof. Suppose that o € Zx(X) is a k-cycle which is rationally equivalent to zero.
By Lemma [21.7] there exists a locally finite family of integral closed subschemes
W; C X x P! of 5-dimension k not contained in the divisors (X x P1)g or (X xP1),
of X x P! such that a = S_([(Wi)olr — [(Wi)eo]). Thus it suffices to prove for
W C X xP! integral closed of J-dimension k not contained in the divisors (X xP1)g
or (X x P1), of X x P! we have

(1) the base change W’ C X’ x P! satisfies the assumptions of Lemma

with k replaced by k 4+ ¢, and

(2) g [Wolk = [(W")o]kte and g* [Wooli = [(W') oo kte-
Part (2) follows immediately from Lemma and the fact that (W')g is the
base change of W (by associativity of fibre products). For part (1), first the
statement on dimensions follows from Lemma [67.2] Then let w’ € (W’)y with
image w € Wy and z € P}. Denote t € Op: . the usual equation for 0: S — PL.
Since Ow,w — Owr . is flat and since ¢ is a nonzerodivisor on Oy, (as W is
integral and W # W,)) we see that also t is a nonzerodivisor in Oy . Hence W’
has no associated points lying on Wj. ]

Lemma 67.5. In Situation let Y — X — S be locally of finite type and let
Y’ — X" — S’ be the base change by S’ — S. Assume f:Y — X is flat of relative
dimension r. Then [ :Y' — X' is flat of relative dimension r and the diagrams

Zypr(Y) — Ziterr(Y') CHp4r(Y) — CHpqetr (Y)
(f/)*T Tf* and (f’)*T Tf*
Ze(X) —L s 7o (X)) CHu(X) — % = CHypo(X7)

of cycle and chow groups commutes.

Proof. It suffices to show the first diagram commutes. To see this, let Z C X be
an integral closed subscheme of -dimension k& and denote Z/ C X' its base change.
By construction we have ¢g*[Z] = [Z]g+c- By Lemma we have (f')*¢g*[Z] =
[Z' Xx/ Y|k tcqr. Conversely, we have f*[Z] = [Z X x Y4+ by Deﬁnition By
Lemma [67.3| we have g* f*[Z] = [(Z xx Y)Jk4rqe- Since (Z xxY) =2Z' xx1 Y’
by associativity of fibre product we conclude. O

Lemma 67.6. In Situation let Y — X — S be locally of finite type and let
Y’ — X' — S be the base change by S’ — S. Assume f:Y — X is proper. Then
f Y = X' is proper and the diagram

Ze(Y) == Zrse(Y) CHu(Y) — > CHo(Y7)
f*l ifi and f*l lfi
Zu(X) 2> Zpso(X7) CHu(X) —L> CHppo(X)

of cycle and chow groups commutes.

Proof. It suffices to show the first diagram commutes. To see this, let Z C Y be
an integral closed subscheme of d-dimension &k and denote Z’ C X' its base change.
By construction we have ¢*[Z] = [Z']kx+.. By Lemma we have (f").g*[Z] =
[f1Oz/)kte. By the same lemma we have f.[Z] = [f+Oz]ir. By Lemma we
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have g* f.[Z] = [(X' = X)* f«Oz]g+r. Thus it suffices to show that
(X' = X)" f.0z = fLOz

as coherent modules on X’. As X’ — X is flat and as Oz = (Y’ — Y)*Op, this
follows from flat base change, see Cohomology of Schemes, Lemma [5.2 O

OFVM Lemma 67.7. In Situation|67.1let X — S be locally of finite type and let X' — S’
be the base change by S’ — S. Let L be an invertible O x-module with base change
L' on X'. Then the diagram

lcl ([,/)ﬁ—

CHj—1(X) —25 CHjpe1(X)

c1 (L)ﬂ—i

*

of chow groups commutes.

Proof. Let p: L — X be the line bundle associated to £ with zero section o : X —
L. For o € CHy(X) we know that 5 = ¢1(£)Nea is the unique element of CH_1(X)
such that o,a = —p* 3, see Lemmas[32.2]and [32.4] The same characterization holds
after pullback. Hence the lemma follows from Lemmas [67.5] and [67.6] O

O0FVN |Lemma 67.8. In Situation let X — S be locally of finite type and let X' — S’
be the base change by 8" — S. Let £ be a finite locally free Ox-module of rank v
with base change &' on X'. Then the diagram

CH (X) —— CHyyo(X7)
g

Cl(g)ﬂl ici(g’)ﬁ

CHj,—i(X) —= CHjye—i(X')
of chow groups commutes for all i.

Proof. Set P =P (). The base change P’ of P is equal to P(£’). Since we already
know that flat pullback and cupping with ¢; of an invertible module commute with
base change (Lemmas [67.5 and [67.7) the lemma, follows from the characterization
of capping with ¢;(£) given in Lemma [38.2] O

OFVP Lemma 67.9. Let (S,4), (5,8), (5”,0”) be as in Situation . Letg: S — S
and g’ : S — S’ be flat morphisms of schemes and let ¢, € Z be integers such that
S,8,8',6',g,c and S',8',8",g',c are as in Situation [67.1. Let X — S be locally
of finite type and denote X' — S’ and X" — S the base changes by S’ — S and
S" — S. Then

(1) 5,6,8",8",gog ,c+ ¢ is asin Situationm

(2) the maps g* : Zyp(X) = Zrye(X') and (¢')* : Zite(X') = Zigere (X") of
compose to give the map (go ¢')* : Zp(X) = Zitere (X"), and

(3) the maps g* : CH(X) — CHgye(X') and (¢')" : CHpyo(X') = CHpqeqer (X7)
of Lemma[67.4) compose to give the map (gog’)* : CH(X) = CHpyeper (X”)
of Lemma [67.4)

Proof. Let s € S and let s € S” be a generic point of an irreducible component
of (go g’ )7 ({s}). Set s’ = ¢'(s”). Clearly, s” is a generic point of an irreducible
component of (g')~*({s'}). Moreover, since ¢’ is flat and hence generalizations
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lift along ¢’ (Morphisms, Lemma we see that also s’ is a generic point of
an irreducible component of g~ ({s}). Thus by assumption ¢§’(s’) = §(s) + ¢ and
§"(s") = 0'(s") + /. We conclude 6”(s"”) = (s) + ¢+ ¢ and the first part of the
statement is true.

For the second part, let Z C X be an integral closed subscheme of §-dimension
k. Denote Z' € X’ and Z” C X" the base changes. By definition we have
g*[Z] = [Z']k+c. By Lemma [67.3] we have (¢')*[Z'lk4c = [Z"]k+cte- This proves
the final statement. O

Lemma 67.10. In Situation assume ¢ = 0 and assume that S’ = lim;c; S;
is a filtered limit of schemes S; affine over S such that

(1) with §; equal to S; — S % Z the pair (S;,0;) is as in Situationm

(2) 5;,0:,5,0,S — S;;c=0 is as in Situation

(3) Si,0i,Sir, 0, S; = Sy,e =0 fori >4’ is as in Situation .
Then for a quasi-compact scheme X of finite type over S with base change X'
and X; by 8" — S and S; — S we have Zi(X') = colim Z,(X;) and CHy(X') =
colim CHy (X).

Proof. By the result of Lemma we obtain a system of cycle groups Zx(X;)
and a system of chow groups CHy(X;) as well as maps colim Zy (X;) — Z,(X') and
colim CH;(X;) — CHg(X’). We may replace S by a quasi-compact open through
which X — S factors, hence we may and do assume all the schemes occuring in
this proof are Noetherian (and hence quasi-compact and quasi-separated).

Let us show that the map colim Zy(X;) — Z,(X') is surjective. Namely, let Z' C X’
be an integral closed subscheme of §’-dimension k. By Limits, Lemma we can
find an ¢ and a morphism Z; — X; of finite presentation whose base change is
Z'. Afer increasing i we may assume Z; is a closed subscheme of X;, see Limits,
Lemma[8.5] Then Z’ — X, factors through Z; and we may replace Z; by the scheme
theoretic image of Z’ — X;. In this way we see that we may assume Z; is an integral
closed subscheme of X;. By Lemma[67.2] we conclude that dimy, (Z;) = dims/ (Z') =
k. Thus Z,(X;) — Zx(X') maps [Z;] to [Z’] and we conclude surjectivity holds.

Let us show that the map colim Zj(X;) — Z;(X') is injective. Let oy = > n;[Z;] €
Z1,(X;) be a cycle whose image in Zj(X") is zero. We may and do assume Z; # Z;/
if j # j' and n; # 0 for all j. Denote Z; C X' the base change of Z;. By
Lemma each irreducible component of Z; has ¢’-dimension k. Moreover, as
Zj is irreducible and Z; — Z; is flat (as the base change of S’ — 5) we see that
Z]/» — Zj is dominant. Hence if Z; is nonempty, then some irreducible component,
say Z', of Z; dominates Z;. It follows that Z’ cannot be an irreducible component
of Z}, for j' # j. Hence if Z} is nonempty, then we see that (S" — S;)*a; = >_[Z]],
is nonzero (as the coefficient of Z’ would be nonzero). Thus we see that Z} = ()
for all j. However, this means that the base change of Z; by some transition map
Sy — S; is empty by Limits, Lemma Thus «; dies in the colimit as desired.

The surjectivity of colim Zy(X;) — Z;(X’) implies that colim CH(X;) — CHy(X")
is surjective. To finish the proof we show that this map is injective. Let «; €
CHy(X;) be a cycle whose image o € CHy(X") is zero. Then there exist integral
closed subschemes W/ C X', I =1,...,r of §”-dimension k+ 1 and nonzero rational
functions f] on W such that o’ = 7,  divpy(f/). Arguing as above we can
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find an 7 and integral closed subschemes W;; C X; of J;-dimension k + 1 whose
base change is W/. After increasin ¢ we may assume we have rational functions
fiq on W; ;. Namely, we may think of f/ as a section of the structure sheaf over a
nonempty open U] C W/, we can descend these opens by Limits, Lemma and
after increasing ¢ we may descend f; by Limits, Lemma We claim that

ai=) divw, , (fi1)
=1,...,r

after possibly increasing i.

To prove the claim, let Z . C W] be a finite collection of integral closed subschemes
of ¢’-dimension k such that f{ is an invertible regular function outside J,; Y};. After
increasing ¢ (by the arguments above) we may assume there exist integral closed
subschemes Z;; ; C W; of §;-dimension k such that f;; is an invertible regular
function outside (J; Z;,1,;. Then we may write

leW/ fl an,j Zl,g
and

leWl fz § ng, l,] ll7j

To prove the claim it suffices to show that n; ; = n;; ;. Namely, this will imply that

=0 — 1 div, 1 (fiq) is a cycle on X; whose pullback to X' is zero as a
cycle' Tt follows that B; pulls back to zero as a cycle on X; for some i’ > ¢ by an
easy argument we omit.

To prove the equality n;; = n;;; we choose a generic point &’ € Z, / ; and we denote
£ € Z;1,; the image which is a generic point also. Then the local rmg map

Ow, e — Owy e

is flat as W/ — W, is the base change of the flat morphism S” — S;. We also have
mg(’)W/ ¢ = mg because Z;; ; pulls back to Z ' Thus the equality of

;= ordg (fi) = Ordowl,,fl(fz) and  n;y; = ordz,, (fi1) = ordoy, , (fi1)

follows from Algebra, Lemma [52.13]and the construction of ord in Algebra, Section
121 O

68. Appendix A: Alternative approach to key lemma

In this appendix we first define determinants det, (M) of finite length modules
M over local rings (R, m,«), see Subsection The determinant det, (M) is
a l-dimensional k-vector space. We use this in Subsection to define the
determinant det, (M, p,¥) € k* of an exact (2, 1)-periodic complex (M, ¢, ) with
M of finite length. In Subsection [68.26] we use these determinants to construct a
tame symbol dg(a,b) = det,.(R/ab, a,b) for a pair of nonzerodivisors a,b € R when
R is Noetherian of dimension 1. Although there is no doubt that

dR(a, b) = 83(@, b)

where Jp is as in Section we have not (yet) added the verification. The advantage
of the tame symbol as constructed in this appendix is that it extends (for example)
to pairs of injective endomorphisms ¢, of a finite R-module M of dimension 1
such that p(yp(M)) = ¥ (e(M)). In Subsection we relate Herbrand quotients



02P5

02P6

02P7

CHOW HOMOLOGY AND CHERN CLASSES 161

and determinants. An easy to state version of the main result (Proposition [68.43))
is the formula

76R(M7 ©, 7/1) = ordR(detK(MK7 2 7/}))

when (M, p, ) is a (2, 1)-periodic complex whose Herbrand quotient er (Definition
2.2)) is defined over a 1-dimensonal Noetherian local domain R with fraction field
K. We use this proposition to give an alternative proof of the key lemma (Lemma
for the tame symbol constructed in this appendix, see Lemma

68.1. Determinants of finite length modules. The material in this section
is related to the material in the paper [KM76] and to the material in the thesis
[Ros09].

Let (R,m,k) be a local ring. Let ¢ : M — M be an R-linear endomorphism of
a finite length R-module M. In More on Algebra, Section [I20] we have already
defined the determinant det, () (and the trace and the characteristic polynomial)
of ¢ relative to k. In this section, we will construct a canonical 1-dimensional x-
vector space det, (M) such that det, (¢ : M — M) : det, (M) — det, (M) is equal
to multiplication by det,(p). If M is annihilated by m, then M can be viewed
as a finite dimension k-vector space and then we have det,(M) = AT(M) where
n = dim,(M). Our construction will generalize this to all finite length modules
over R and if R contains its residue field, then the determinant det, (M) will be
given by the usual determinant in a suitable sense, see Remark [68.9]

Definition 68.2. Let R be a local ring with maximal ideal m and residue field k.
Let M be a finite length R-module. Say | = lengthyp(M).

(1) Given elements z1,...,2, € M we denote (z1,...,z,) = Rx1 + ...+ Rz,
the R-submodule of M generated by z1,...,z,.
(2) We will say an I-tuple of elements (eq,...,e;) of M is admissible if me; C
(e1,...,e5-1) fori=1,... 1.
(3) A symbol [eq,...,e;] will mean (eq,...,e;) is an admissible I-tuple.
(4) An admissible relation between symbols is one of the following:
(a) if (e1,...,e;) is an admissible sequence and for some 1 < a < we have
eq € (e1,...,€4-1), then [e1,...,e;] =0,
(b) if (e1,...,e;) is an admissible sequence and for some 1 < a < [ we have
eq = Ael, +x with A € R*, and = € (e1,...,€e4_1), then
[e1, .. se)] = ANer, ... ea—1,€hs€atts---s€l
where A € £* is the image of A in the residue field, and
(c) if (e1,...,e;) is an admissible sequence and me, C (e1,...,e,—2) then
[617 M | el} = 7[617 ctt 6(1—27 ea? ea—l) ea+1’ MR el]'

(5) We define the determinant of the finite length R-module M to be

dety (M) — { k-vector space generated by symbols }

k-linear combinations of admissible relations

We stress that always | = lengthp(M). We also stress that it does not follow that
the symbol [eq, ..., ¢] is additive in the entries (this will typically not be the case).
Before we can show that the determinant det, (M) actually has dimension 1 we
have to show that it has dimension at most 1.

Lemma 68.3. With notations as above we have dim, (det,(M)) < 1.
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Proof. Fix an admissible sequence (f1,..., fi) of M such that
lengthp((f1,..., fi)) =1

fori=1,...,l. Such an admissible sequence exists exactly because M has length [.
We will show that any element of det, (M) is a k-multiple of the symbol [f1, ..., fi].
This will prove the lemma.

Let (e1,...,e) be an admissible sequence of M. It suffices to show that [eq, ..., €]
is a multiple of [fi,..., fi]. First assume that (e1,...,e;) # M. Then there exists
an ¢ € [1,...,1] such that e; € (e1,...,e;-1). It immediately follows from the
first admissible relation that [ey,...,e,] = 0 in det,(M). Hence we may assume
that (e1,...,e;) = M. In particular there exists a smallest index i € {1,...,l}
such that f; € (e1,...,e;). This means that e; = Afi1 + x with « € (e1,...,e;—1)
and A € R*. By the second admissible relation this means that [e,...,e] =
Mer, ... ei—1, fi,€it1,---,€]. Note that mf; = 0. Hence by applying the third
admissible relation ¢ — 1 times we see that

[81,...,61} = (—1)i_1X[f1,61,...,ei_1,€i+1,...,€l].

Note that it is also the case that (f1,e1,...,€;-1,€it1,...,€) = M. By induction
suppose we have proven that our original symbol is equal to a scalar times

[fl, . '7fj7€j+17' . .,6[]
for some admissible sequence (fi,..., fj,ejt1,...,e) whose elements generate M,
ie, with (fi,...,fj,ej41,...,e1) = M. Then we find the smallest ¢ such that

fi+1 € (f1,--., fj,€j+1,...,€;) and we go through the same process as above to see
that

[fl,...,fj,ej+1,...,el] = (SCalaI‘)[fl,...,fj,fj+1,€j+17...,éi,...,el]

Continuing in this vein we obtain the desired result. ]

Before we show that det, (M) always has dimension 1, let us show that it agrees
with the usual top exterior power in the case the module is a vector space over k.

Lemma 68.4. Let R be a local ring with mazximal ideal m and residue field k. Let
M be a finite length R-module which is annihilated by m. Let | = dim,(M). Then
the map

det, (M) — AL(M), [er,...,e]—e1A...Ne

is an isomorphism.

Proof. It is clear that the rule described in the lemma gives a k-linear map since
all of the admissible relations are satisfied by the usual symbols e; A ... Ae. It is
also clearly a surjective map. Since by Lemma[68.3|the left hand side has dimension
at most one we see that the map is an isomorphism. (I

Lemma 68.5. Let R be a local ring with maximal ideal m and residue field k.
Let M be a finite length R-module. The determinant det,(M) defined above is a
k-vector space of dimension 1. It is generated by the symbol [f1,..., fi] for any
admissible sequence such that (f1,...fi) = M.

Proof. We know det,;(M) has dimension at most 1, and in fact that it is generated
by [f1,--., fi], by Lemma and its proof. We will show by induction on [ =
length(M) that it is nonzero. For | = 1 it follows from Lemma Choose a
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nonzero element f € M with mf = 0. Set M = M/(f), and denote the quotient
map z — T. We will define a surjective map

¥ : detyp (M) — det, (M)

which will prove the lemma since by induction the determinant of M is nonzero.

We define ¢ on symbols as follows. Let (e1,...,e;) be an admissible sequence. If
f & (e1,...,e) then we simply set ¥([e1,...,e]) =0. If f € (e1,...,e;) then we
choose an ¢ minimal such that f € {(eq,...,e;). We may write e¢; = \f 4+ = for some
unit A € R and x € (e1,...,e;—1). In this case we set

1/1([61, ey 6[]) = (—1)iX[El, . 7Ei71;5i+17 N ,El}.
Note that it is indeed the case that (e1,...,€_1,€+1,...,€) is an admissible se-

quence in M, so this makes sense. Let us show that extending this rule -linearly
to linear combinations of symbols does indeed lead to a map on determinants. To
do this we have to show that the admissible relations are mapped to zero.

Type (a) relations. Suppose we have (eq,...,e;) an admissible sequence and for
some 1 < a < I we have e, € (e1,...,e4—1). Suppose that f € (e1,...,e;)
with ¢ minimal. Then ¢ # a and &, € (El,...,é,...,éa_l) ifi <aore, €
(€1,...,8q_1) if i > a. Thus the same admissible relation for det, (M) forces the
symbol [é1,...,€_1,€i+1,-..,€] to be zero as desired.

Type (b) relations. Suppose we have (eq,...,e;) an admissible sequence and for
some 1 < a <1 we have e, = e, + 2 with A € R*, and = € {(ey,...,eq_1). Suppose
that f € (ey,...,e;) with ¢ minimal. Say e; = pf +y with y € {(ey,...,e;—1). If
1 < a then the desired equality is

(_1)1‘X[€17 e aéi717éi+17 e 761] = (_1)1X[E13 tee 7Ei717€i+17 e )Ea717€;7€a+17 H 7El]
which follows from €, = e, + 7 and the corresponding admissible relation for
det,.(M). If i > a then the desired equality is

(—1)iX[§1, e ,Ei,]_,élqu, e ,El] = (—1)1X[€1, e ,éa,hé:},éaJrl, e 7€i,1,éi+1, .. .,el]

which follows from €, = Ae, + T and the corresponding admissible relation for

det,;(M). The interesting case is when ¢ = a. In this case we have e, = Ae/, + © =
wf +vy. Hence also e, = A" (uf +y — x). Thus we see that

'(/)([617 o ,6[]) = (_1)iﬁ[él7 D] 7éi—17€i+1a s aél] = w(x[ela vy €a—1, e:l? €atly---, el])
as desired.
Type (c) relations. Suppose that (eq,...,e;) is an admissible sequence and me, C

(e1,...,eq—2). Suppose that f € {(eq,...,e;) with ¢ minimal. Say e; = \f + z with
x € {e1,...,€,—1). We distinguish 4 cases:

Case 1: ¢ < a — 1. The desired equality is
(-1)'New,...,€_1,€it1,.--,€l
P o B o B B
= (—1)z+ )\[617 ey €i-1,€i41,-..,€0-2,€0,€a—1,€a+15- -+, el]

which follows from the type (c) admissible relation for det, (M ).
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Case 2: ¢ > a. The desired equality is

(=1)'N\[E1, ..., & _1,Cit1,---, €
= (=1)"""X[e1, ..., €a—2,Cq:€a—1:Ca1s-- - Eim1, Citd, - - El)

which follows from the type (c) admissible relation for det, (M ).
Case 3: i = a. We write e, = Af + peq—1 +y with y € {eq,...,e4—2). Then

w([el, ey 61]) = (—1)aA[€1, RN 7€a_1,éa+1, ce 7€l]

by definition. If & is nonzero, then we have e, 1 = —pu~*Af + pu~te, — p~ 'y and
we obtain
1/)(—[61, ey €q-2,€0,€0—1,Cq+1y .-, el]) = (—1)“#*1)\[51, . ,éa,Q,Ea,éaJrl, e ,El]

by definition. Since in M we have €, = pe,—1 + 7y we see the two outcomes are
equal by relation (a) for det,,(M). If on the other hand 7 is zero, then we can write
ea = Af +y with y € {e1,...,eq4—2) and we have

P(—[e1, .. €a—2,€ar€a—1,€a11s---€1]) = (=1)* A1, ..., €a_1,Cat1,- -, €|
which is equal to ¥ ([e1,...,e]).
Case 4: i = a — 1. Here we have
Y(lers .. e]) = (=D Ner, ..., 8—2,€a,- - -, &)
by definition. If f & (e;,...,e4_2,€,) then
P(=[e1,. ., Ca2,€ar€a1,€at,---el)) = (=1)"TN[EL, ..., 2,8a,...,€]

Since (—1)2~! = (=1)¢*! the two expressions are the same. Finally, assume f €
(e1,...,€q—2,€q). In this case we see that e,_1 = Af + = with = € (e1,...,e4-2)
and e, = pf +y with y € {(e1,...,e4—2) for units A\,u € R. We conclude that
both e, € (e1,...,eq-1) and e,_1 € (e1,...,€4-2,€,). In this case a relation of
type (a) applies to both [e1,...,e)] and [e1,...,€q—2,€q,€a—-1,€a+1,- - -, €] and the
compatibility of ¥ with these shown above to see that both

P(ler,...,e]) and ¥([er,...,€a—2,€asa—1sEatls---;€l])
are zero, as desired.

At this point we have shown that ¢ is well defined, and all that remains is to show

that it is surjective. To see this let (f,. .., f;) be an admissible sequence in M. We
can choose lifts fa,..., fi € M, and then (f, f2,..., fi) is an admissible sequence in
M. Since w([faf%“',fl]):[an“',fl] we win. U

Let R be a local ring with maximal ideal m and residue field x. Note that if ¢ :
M — N is an isomorphism of finite length R-modules, then we get an isomorphism

det, (¢) : det (M) — det,(N)
simply by the rule
deti(p)([e1, ... &) = [pler), - .., p(er)]
for any symbol [eq, ..., e for M. Hence we see that det, is a functor

{ﬁnite length R—modules} N {l—dimensional K-vector spaces}

with isomorphisms with isomorphisms

(68.5.1)
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This is typical for a “determinant functor” (see [Knu02]), as is the following addi-
tivity property.
02PA Lemma 68.6. Let (R,m, k) be a local ring. For every short exact sequence
0—K—-L—>M-—=0
of finite length R-modules there exists a canonical isomorphism
Y- LM : det, (K) ®, det (M) — det, (L)

defined by the rule on nonzero symbols

[ela-“aek}] & [fl?"'a?yn] — [617'~-aek7f17"'7fm]
with the following properties:

(1) For every isomorphism of short exact sequences, i.e., for every commutative

diagram
0 K L M 0
0 K’ L M’ 0

with short exact rows and isomorphisms u,v,w we have
Vi - © (det(u) ® dety(w)) = det(v) o YR,

(2) for every commutative square of finite length R-modules with exact rows
and columns

0 0 0
0 A B C 0
0 D E F 0
0 G H 1 0
0 0 0

the following diagram is commutative

det,;(A) ® det,;(C) ® det,(G) ® det,; (1)

det,.(B) ® det,,(H)

YA—-B—-CQVGoH—1I
\L'YB%E%H

€ det,(E)

T’YD*)EHF

dety(A) ® dets (G) ® det (C) ® dety (1) —222=CEIC=r2T, qot, (D) © det, (F)

where € is the switch of the factors in the tensor product times (—1)9 with
¢ = lengthr(C) and g = lengthr(G), and
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(3) the map vk r—m agrees with the usual isomorphism if 0 - K — L —
M — 0 is actually a short exact sequence of k-vector spaces.

Proof. The significance of taking nonzero symbols in the explicit description of
the map Yx 1 is simply that if (e1,...,e;) is an admissible sequence in K,
and (fy,...,f,,) is an admissible sequence in M, then it is not guaranteed that
(e1,... €1, f1,---, fm) is an admissible sequence in L (where of course f; € L sig-
nifies a lift of f;). However, if the symbol [ey, ..., ¢;] is nonzero in det,(K), then
necessarily K = (e1,...,ex) (see proof of Lemma , and in this case it is true
that (e1,..., ek, f1,..., fm) is an admissible sequence. Moreover, by the admissible
relations of type (b) for det, (L) we see that the value of [e1,..., ek, f1,..., fm] In
det,;(L) is independent of the choice of the lifts f; in this case also. Given this
remark, it is clear that an admissible relation for eq, ..., e in K translates into an
admissible relation among ey, ..., ek, f1,..., fm in L, and similarly for an admissi-
ble relation among the fy, ..., f,,. Thus 7 defines a linear map of vector spaces as
claimed in the lemma.

By Lemma we know det, (L) is generated by any single symbol [x1,. .., Zgtm]
such that (z1, ..., Zk+m) is an admissible sequence with L = (x1, ..., Zg4+m). Hence
it is clear that the map yx_, 1 is surjective and hence an isomorphism.

Property (1) holds because

det,(v)([e1, -y eks f1s-vy fm])
[v(el)a ) 7U(ek)7v(f1)7 v 7U(fm)]
= Yr-r-m(luler), .. uler)] ® [w(fi), ..., w(fm)])-
Property (2) means that given a symbol [a, ..., a,] generating det,(A), a symbol
(Y1, .., 7] generating det,(C), a symbol [(i,...,(,;] generating det,(G), and a
symbol [i1, ..., ¢;] generating det, (I) we have
[ala"'704(13:}/17"'7:763517"'aégazla"'azi]
= (_1)Cg[a17 e 7aa7C17 e 7<g7’3/17 cee 3’7672:1, ey Li]

(for suitable lifts # in E) in det,,(E). This holds because we may use the admissible
relations of type (c¢) cg times in the following order: move the (; past the elements

N ) (allowgd since mgil C A), then move (o past the elements e, ..., %
(allowed since m{s C A+ R(;), and so on.

Part (3) of the lemma is obvious. This finishes the proof. O
We can use the maps v of the lemma to define more general maps v as follows.

Suppose that (R,m, k) is a local ring. Let M be a finite length R-module and
suppose we are given a finite filtration (see Homology, Definition [19.1))

O=F"CcF™'c...cF""'cF"=M
then there is a well defined and canonical isomorphism
Yo r) t det (F™ 1/ F™) ®, ... @y, det,, (F™/F" ) — det,, (M)

To construct it we use isomorphisms of Lemma [68.6] coming from the short exact
sequences 0 — F~1/F" — M/F* — M/F~! — 0. Part (2) of Lemma with
G = 0 shows we obtain the same isomorphism if we use the short exact sequences
0— F— Pl 5 PR/ R 0.
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Here is another typical result for determinant functors. It is not hard to show. The
tricky part is usually to show the existence of a determinant functor.

Lemma 68.7. Let (R,m, k) be any local ring. The functor

finite length R-modules 1-dimensional k-vector spaces
det, : sy . . sy - .
with isomorphisms with isomorphisms

endowed with the maps Yk —r—n 1S characterized by the following properties

(1) its restriction to the subcategory of modules annihilated by m is isomorphic
to the usual determinant functor (see Lemma m}, and

(2) (1), (2) and (3) of Lemma [68.6] hold.
Proof. Omitted. (]

Lemma 68.8. Let (R',m') — (R,m) be a local ring homomorphism which induces
an isomorphism on residue fields k. Then for every finite length R-module the
restriction Mg is a finite length R'-module and there is a canonical isomorphism

detRﬁ(M) — detR/,,{(MR/)

This isomorphism is functorial in M and compatible with the isomorphisms Y 1 — nm

of Lemma [68.6] defined for detr . and detrr .

Proof. If the length of M as an R-module is [, then the length of M as an
R’-module (i.e., Mgs) is | as well, see Algebra, Lemma Note that an ad-
missible sequence z1,...,2; of M over R is an admissible sequence of M over
R’ as m’ maps into m. The isomorphism is obtained by mapping the symbol
[1,...,21] € detg (M) to the corresponding symbol [z1,...,2;] € detr .(M).
It is immediate to verify that this is functorial for isomorphisms and compatible
with the isomorphisms v of Lemma [68.6] O

Remark 68.9. Let (R, m, x) be a local ring and assume either the characteristic of
K is zero or it is p and pR = 0. Let M1, ..., M, be finite length R-modules. We will
show below that there exists an ideal I C m annihilating M; fori=1,...,n and a
section o : kK — R/I of the canonical surjection R/I — k. The restriction M; , of
M; via o is a k-vector space of dimension [; = length(M;) and using Lemma m
we see that
detﬁ(Mi) = /\fi"f (Mi,m)

These isomorphisms are compatible with the isomorphisms i ;- of Lemma
for short exact sequences of finite length R-modules annihilated by I. The
conclusion is that verifying a property of det, often reduces to verifying corre-
sponding properties of the usual determinant on the category finite dimensional
vector spaces.

For I we can take the annihilator (Algebra, Definition of the module M =
@ M;. In this case we see that R/I C Endgr(M) hence has finite length. Thus
R/I is an Artinian local ring with residue field . Since an Artinian local ring is
complete we see that R/I has a coefficient ring by the Cohen structure theorem
(Algebra, Theorem which is a field by our assumption on R.

Here is a case where we can compute the determinant of a linear map. In fact
there is nothing mysterious about this in any case, see Example [68.11] for a random
example.
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Lemma 68.10. Let R be a local ring with residue field k. Let uw € R* be a
unit. Let M be a module of finite length over R. Denote up; : M — M the map
multiplication by u. Then

det,;(upr) : det (M) — det (M)
is multiplication by u' where | = lengthr(M) and U € Kk* is the image of .

Proof. Denote fi; € x* the element such that det,(urs) = faridget, (ar)- Suppose
that 0 - K — L — M — 0 is a short exact sequence of finite R-modules. Then
we see that ug, ur, ups give an isomorphism of short exact sequences. Hence by
Lemma m (1) we conclude that frx far = fr. This means that by induction on
length it suffices to prove the lemma in the case of length 1 where it is trivial. O

Example 68.11. Consider the local ring R = Z,. Set M = Z,/(p*) & Z,/(p*).
Let u: M — M be the map given by the matrix

_fa b
u_pcd

where a,b,¢,d € Zy, and a,d € Z;. In this case det,(u) equals multiplication by
a?d® mod p € F;. This can easily be seen by consider the effect of u on the symbol
[p%e, pe, pf, e, f] where e = (0,1) € M and f = (1,0) € M.

68.12. Periodic complexes and determinants. Let R be a local ring with
residue field k. Let (M, ¢, %) be a (2, 1)-periodic complex over R. Assume that M
has finite length and that (M, p, ) is exact. We are going to use the determinant
construction to define an invariant of this situation. See Subsection Let us
abbreviate K, = Ker(yp), I, = Im(y), Ky = Ker(¢), and I, = Im(¢)). The short
exact sequences

0—-K,—->M—-1,—-0, 0Ky —>M-—=1,—0
give isomorphisms
Ve ¢ det (Ky) ® det, (I,) — dety (M), 7y : det, (Ky) @ dety (1) — det, (M),

see Lemma [68.6] On the other hand the exactness of the complex gives equalities
K, =1,,and Ky = I, and hence an isomorphism

o :det,(K,) ® det,(I,) — dety (Ky) @ det,(Iy)
by switching the factors. Using this notation we can define our invariant.

Definition 68.13. Let R be a local ring with residue field k. Let (M, ¢, %) be a
(2, 1)-periodic complex over R. Assume that M has finite length and that (M, ¢, )
is exact. The determinant of (M, p,1)) is the element

det,.(M, @, ) € &*
such that the composition

Yy 00

o1
L7 det, (M)

is multiplication by (—1)'erethr(le)lengthr(lv) det, (M, p, 1)).

det, (M)
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Remark| 68.14. Here is a more down to earth description of the determinant
introduced above. Let R be a local ring with residue field . Let (M, ¢, %) be a
(2, 1)-periodic complex over R. Assume that M has finite length and that (M, ¢, )
is exact. Let us abbreviate I, = Im(y), Iy = Im(¢)) as above. Assume that
length(I,) = a and lengthy(I,) = b, so that a + b = lengthy (M) by exactness.
Choose admissible sequences z1,...,%, € I, and y1,...,ys € Iy such that the sym-
bol [z1,..., x| generates det,(I,) and the symbol [z1,..., x| generates det, (Iy).
Choose #; € M such that ¢(Z;) = x;. Choose §; € M such that ¥(g;) = y;. Then
det, (M, ¢, ) is characterized by the equality

[xh ces Tay Y1y 7gb] = (71)abdetK(M7¢’w)[yl7 ce Ybs T,y ;ja]
in det,(M). This also explains the sign.

Lemma 68.15. Let R be a local ring with residue field k. Let (M,p,v) be a
(2,1)-periodic complex over R. Assume that M has finite length and that (M, @, )
is exact. Then

dety (M, p, ¥) det (M, 1, ) = 1.
Proof. Omitted. g
Lemma 68.16. Let R be a local ring with residue field k. Let (M, p,¢) be a

(2, 1)-periodic complex over R. Assume that M has finite length and that (M, ¢, )
is exact. Then lengthr(M) = 2lengthy(Im(p)) and

detn(M,QD,QD) _ (_l)lengthR(Im(cp)) _ (_1)%lengthR(M')

Proof. Follows directly from the sign rule in the definitions. (]
Lemma 68.17. Let R be a local ring with residue field k. Let M be a finite length
R-module.

(1) if ¢ : M — M s an isomorphism then det,. (M, ¢,0) = det,(¢).

(2) if: M — M is an isomorphism then det,(M,0,v) = det, (1)1,

Proof. Let us prove (1). Set ¢y = 0. Then we may, with notation as above
Definition [68.13} identify K, = I, = 0, I, = K, = M. With these identifications,
the map

Vo k@ det, (M) = det,.(K,) ® det,,(I,) — det, (M)

is identified with det,;(¢~!). On the other hand the map 7, is identified with the
identity map. Hence vy 0 0 09, 1'is equal to det,(¢) in this case. Whence the
result. We omit the proof of (2). O

Lemma 68.18. Let R be a local ring with residue field k. Suppose that we have a
short exact sequence of (2,1)-periodic complezes

0 — (M, p1,91) = (M2, p2,v2) — (M3, ¢3,13) = 0
with all M; of finite length, and each (M, p1,11) exact. Then

dety (Ma, p2,12) = det, (My, @1,11) det,. (M3, p3,13).

n K*.
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Proof. Let us abbreviate I,; = Im(y;), K,; = Ker(yp;), Iy,; = Im(1;), and
K, ; = Ker(¢;). Observe that we have a commutative square

0 0 0
0 K, K, K, 3 0
0 M, My M; 0
0 I, I, I,3 0
0 0 0

of finite length R-modules with exact rows and columns. The top row is exact
since it can be identified with the sequence Iy, 1 — Iy 2 — Iy 3 — 0 of images, and
similarly for the bottom row. There is a similar diagram involving the modules
I,; and Ky ;. By definition det,(Ma,p2,12) corresponds, up to a sign, to the
composition of the left vertical maps in the following diagram

~

detH(Ml) ®d€tH(M3> detN(Mg)

,Y—l®,y—1 ’Y_l

®
et (Kp1) @ dety(Ip1) ® det, (Kp3) ® dety(I,3) ——> det, (K, .2) © dety (I,.2)
oQo o

det, (Ky.1) ® det,(Iy1) @ dete (Ky.3) @ dety(Ip3) > dety(Ky2) @ dety (1)

YRy Y

~

det,, (M) ® det, (Ms3) det,;(M>)

The top and bottom squares are commutative up to sign by applying Lemma [63.6]
(2). The middle square is trivially commutative (we are just switching factors).
Hence we see that det,(Ma, @2, 12) = edet,(My, p1,11) det,(Ms, p3,13) for some
sign €. And the sign can be worked out, namely the outer rectangle in the diagram
above commutes up to

e = (_1)1ength(1%1)length(Kw,3)+1ength(lw,l)length(Kw,g)

(_1)1ength(1%1)length(I,p,3)+1ength(1¢,1)length(I%g)

(proof omitted). It follows easily from this that the signs work out as well. O

Example 68.19. Let k be a field. Consider the ring R = k[T]/(T?) of dual
numbers over k. Denote ¢ the class of T'in R. Let M = R and ¢ = ut, ¢ = vt with
u,v € k*. In this case dety (M) has generator e = [t,1]. We identify I, = K, =
Iy = Ky = (t). Then v,(t ® t) = u=t[t,1] (since v~ € M is a lift of ¢ € I,,) and
Yy (t®@t) = v71t, 1] (same reason). Hence we see that dety (M, p,¢) = —u/v € k*.
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Example 68.20. Let R = Z, and let M = Z,/(p"). Let ¢ = p’u and ¢ = p®v
with a,b > 0, a+b =1 and u,v € Z;. Then a computation as in Example [68.19
shows that

detp, (Z,/(P"), p’u,p*v) = (=1)*u*/v" mod p

ord, (8

_ (71)ordp(a)ordp(/3) « (8

ﬂordp(a)

with o = pPu,f = p*v € Z,. See Lemma |68.37| for a more general case (and a
proof).

Example 68.21. Let R = k be a field. Let M = k®* @ k®® be | = a + b
dimensional. Let ¢ and 1 be the following diagonal matrices

mod p

p = diag(uy, ..., uq,0,...,0), 1 =diag(0,...,0,v1,...,0p)

with u;,v; € k*. In this case we have
Uy ... U
dety,(M, i, ¢)) = .
V...V
This can be seen by a direct computation or by computing in case [ = 1 and using
the additivity of Lemma [63.18]

Example 68.22. Let R = k be a field. Let M = k%@ k®* be | = 2a dimensional.
Let ¢ and 1 be the following block matrices

0 U (U

with U,V € Mat(a X a, k) invertible. In this case we have

det(U)
dety (M =(-1)° .
€ k( 7%037/}) ( ) det(V)
This can be seen by a direct computation. The case a = 1 is similar to the compu-
tation in Example [68.19]

Example 68.23. Let R =k be a field. Let M = k%%, Let

0 0 0 O 0 0 0 O
_fuw 0 0 O 10 0 v O
00 0 o] Y7lo 0o o0 o0
0 0 uy O vy 0 0 O
with uy,ug,v1,v9 € k*. Then we have
dety, (M, ¢,¢) = -~
V1V2

Next we come to the analogue of the fact that the determinant of a composition
of linear endomorphisms is the product of the determinants. To avoid very long
formulae we write I, = Im(yp), and K, = Ker(p) for any R-module map ¢ : M —
M. We also denote p1) = @ o 4 for a pair of morphisms ¢, : M — M.

Lemma 68.24. Let R be a local ring with residue field k. Let M be a finite length
R-module. Let «, B, be endomorphisms of M. Assume that

(1) I = Kg,, and similarly for any permutation of o, 3,7,
(2) Ko = Igy, and similarly for any permutation of c, 3,7.

Then
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The triple (M, «, 87) is an exact (2,1)-periodic complex.
The triple (I, a, 5) is an exact (2,1)-periodic complex.
The triple (M/Kg, a,v) is an exact (2, 1)-periodic complex.
We have

det, (M, o, By) = det (I, o, B) det (M/Kg, e, 7).

NSNS
W N =
NN NN

Proof. It is clear that the assumptions imply part (1) of the lemma.

To see part (1) note that the assumptions imply that I,, = I, and similarly for

kernels and any other pair of morphisms. Moreover, we see that I,5 = Ig, = K, C

I, and similarly for any other pair. In particular we get a short exact sequence
0—Igy = I, < Iy —0

and similarly we get a short exact sequence

0—>IM—>IWE>IM—>0.

This proves (I,q, ) is an exact (2,1)-periodic complex. Hence part (2) of the
lemma holds.

To see that «, v give well defined endomorphisms of M/Kg we have to check that
a(Kg) C Kg and y(Kpg) C Kg. This is true because o(Kg) = a(lya) = Iaya C
I, = K, and similarly in the other case. The kernel of the map o : M/Kg —
M/Kg is Kgo/Kp = I,/ Kg. Similarly, the kernel of v : M/Kg — M/Kg is equal
to In/Kg. Hence we conclude that (3) holds.

We introduce r = lengthr(K,), s = lengthp(Kj3) and ¢t = lengthy(K,). By

the exact sequences above and our hypotheses we have lengthp(I,) = s + t,
lengthp(Ig) = r + ¢, length(I,) = r + s, and length(M) = r + s +t. Choose
(1) an admissible sequence z1,...,z, € K, generating K,

2) an admissible sequence y1,...,ys € K3 generating Kg,
3) an admissible sequence z1,. .., 2 € K, generating K.,
4) elements &; € M such that gyz; = z;,
5) elements g; € M such that avyg; = v,
(6) elements z; € M such that Saz; = z;.

With these choices the sequence yy,...,ys,aZ1,...,aZ; is an admissible sequence
in I, generating it. Hence, by Remark [68.14] the determinant D = det, (M, «, B7)
is the unique element of x* such that

(Y1, Ysy Q21 e o vy QZg, By ooy Ty

= (_1)7-(S+t)D[:I:17 L) 7$T,’Vg1, LY ulygsvgh ) Zt]
By the same remark, we see that Dy = det,,(M/Kg, o, 7) is characterized by

[y17"'7y87a217'"aaétu‘%h'"afér] = (_]-)TtDl[ylu"wysv,yjla"'77557‘7217-”7215]

By the same remark, we see that Dy = det (I, @, 3) is characterized by

[yla o ays7’yila s 37537”7217 cee 72t] = (71)TSD2[‘T13 R axﬁ’ygla s 77@5721; o azt]
Combining the formulas above we see that D = D1 D5 as desired. O

Lemma 68.25. Let R be a local ring with residue field k. Let o : (M, p, ) —
(M, ¢, ") be a morphism of (2,1)-periodic complexes over R. Assume

(1) M, M’ have finite length,


https://stacks.math.columbia.edu/tag/02PV

CHOW HOMOLOGY AND CHERN CLASSES 173

(2) (M, p,9), (M', ¢, ') are ezact,
(3) the maps @, 1 induce the zero map on K = Ker(«), and
(4) the maps @, ¥ induce the zero map on @ = Coker(a).

Denote N = a(M) C M'. We obtain two short exact sequences of (2,1)-periodic
complezes

0= (N, ¢, ¢') = (M, ¢, ¢") = (Q,0,0) = 0
0— (K,0,0) = (M, p,9) = (N,¢',¢") = 0
which induce two isomorphisms o; : Q — K, i =0,1. Then
det,. (M, p,v) = det,(ay* o ay)det, (M’ ¢, ¢)
In particular, if ag = vy, then det (M, p, ) = det (M, @', 0").
Proof. There are (at least) two ways to prove this lemma. One is to produce
an enormous commutative diagram using the properties of the determinants. The

other is to use the characterization of the determinants in terms of admissible
sequences of elements. It is the second approach that we will use.

First let us explain precisely what the maps «; are. Namely, aq is the composition
ap: Q=H"Q,0,0) - H'(N,¢',¢') - H*(K,0,0) = K

and « is the composition
a1 :Q=H"(Q,0,0) — H*(N,¢',¢') - H*(K,0,0) = K

coming from the boundary maps of the short exact sequences of complexes displayed
in the lemma. The fact that the complexes (M, p, ), (M, ¢’ ¢") are exact implies
these maps are isomorphisms.

We will use the notation I, = Im(p), K, = Ker(¢) and similarly for the other
maps. Exactness for M and M’ means that K, = I, and three similar equalities.
We introduce k = length,(K), a = lengthp(1,), b = lengthz(ly;). Then we see
that lengthp(M) = a + b, and lengthyr(N) = a + b — k, lengthp(Q) = k and
lengthz (M') = a+b. The exact sequences below will show that also lengthy(I,/) =
a and lengthp (1) = b.
The assumption that K C K, = I, means that ¢ factors through N to give an
exact sequence
-1

0—a(ly) - N 22— 1, —0.

Here pa~!(2') = y means 2’ = a(x) and y = p(x). Similarly, we have

-1
0> a(l,) > N 2251, 0.

The assumption that ¢’ induces the zero map on @ means that I, = K, C N.
This means the quotient ¢’ (N') C I, is identified with Q. Note that ¢'(N) = a(I,).
Hence we conclude there is an isomorphism

‘P/ Q — L,a’/a(lt,a)
simply described by ¢'(z’ mod N) = ¢'(2") mod a(1,). In exactly the same way
we get

P Q = Iy Ja(Iy)
Finally, note that aq is the composition

pa~? \zw, Ja(Ip)

Q L/) Iso’/a(lso)
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and similarly a1 = pa™1, sa(1,) 0¥

To shorten the formulas below we are going to write ax instead of a(z) in the
following. No confusion should result since all maps are indicated by Greek letters
and elements by Roman letters. We are going to choose

(1) an admissible sequence z1, ...,z € K generating K,
(2) elements z, € M such that ¢z, = z,
(3) elements 2]’ € M such that ¢z] = z;,
(4) elements xj41,...,24 € I, such that zi,..., 2, Thy1, - . ., e is an admissi-
ble sequence generating I,
elements &; € M such that ¢Z; = z;,
elements yx41,...,Yp € Iy such that zq,..., 2k, Y41, - - -, Yp is an admissible
sequence generating Iy,
(7) elements §; € M such that g; = y;, and
) elements wy,...,wy € M’ such that w; mod N, ..., wx mod N are an ad-
missible sequence in ) generating Q).

By Remark [68.14] the element D = det,,(M, ¢, 1)) € x* is characterized by

—~~
D Ot
~ —

" "~ ~
[le--azk,$k+17-~-755@,317---7Zk>yk+17--~7yb}
_ ab / / ~ ~
- (71) D[Zla"'7Zkayk+1a"'ayb,zla"'7Zk7xk+1,~~';xa]
Note that by the discussion above azy41,..., a0z, pwi,...,pwy is an admissible
sequence generating I» and k41, - - ., Q¥Yp, Yw1, . . ., Pwy, is an admissible sequence

generating I,,. Hence by Remark [68.14] the element D' = det,,(M', ¢',¢') € k* is
characterized by
[CY.’I}]C+1, <., Og, SD/’LUh sy ‘leka agk+17 e ,O[gb7’l,U1, sy wk:]
= (=1)D'[ayrs1,- - ayp, V' wy, ..., W W, OFpy1, ..., g, W1, . . ., W]

Note how in the first, resp. second displayed formula the first, resp. last k entries of
the symbols on both sides are the same. Hence these formulas are really equivalent
to the equalities

[QTpi1, ..z, 2], . azy, Akt - - - O]
= (=1)®D[ayrs1,.. ..oy, a2l ... 0z, Qg1 . .., Q&)
and
[OTpi1y. s 0T, W, @ Wy pats - - - )
= (=)D’ [y, ..., yp, Vwr, ... P Wk, OF g1, ., O]
in det,(N). Note that ¢'wi,...,¢'w, and az{,..., 7] are admissible sequences

generating the module I/ /a(I,). Write
[P'wi, ..., o' wE] = Xo[az], ..., az)]
in det, (I, /(1)) for some Ay € k*. Similarly, write
[W'wr,. .., wg] = M[azy, ... azp)
in det,;(Iy /a(Iy)) for some A; € £*. On the one hand it is clear that
ai([w, ... wk]) = N[z, - -+, 28]
for ¢ = 0,1 by our description of «; above, which means that

det,.(agtoar) =\ /Ao
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and on the other hand it is clear that

NolQTht1s -y, az) oz, Qg1 - - - Q)
= [aTki1,. e AT, @ W1,y @ Wy ATt 1, - - - )
and
AL [QYkt1s v QU Q2] e ey QZpy ATy 1, -+ - AT g
= [QWri1,---ayp, V' wr, .. Y W, ATy, ]
which imply A\oD = A1 D’. The lemma follows. O

68.26. Symbols. The correct generality for this construction is perhaps the situ-
ation of the following lemma.

Lemmal 68.27. Let A be a Noetherian local ring. Let M be a finite A-module of
dimension 1. Assume @, : M — M are two injective A-module maps, and assume
(W (M)) = p(p(M)), for example if ¢ and 1 commute. Then lengthy(M/pp M) <
oo and (M/op M, p,) is an exact (2,1)-periodic complex.

Proof. Let q be a minimal prime of the support of M. Then M is a finite length
Ag-module, see Algebra, Lemma Hence both ¢ and v induce isomorphisms
My — M,. Thus the support of M/pyM is {m4} and hence it has finite length
(see lemma cited above). Finally, the kernel of ¢ on M/ M is clearly M /oM,
and hence the kernel of ¢ is the image of ) on M/ M. Similarly the other way
since M /oM = M /vpM by assumption. O

Lemmal 68.28. Let A be a Noetherian local ring. Let a,b € A.

(1) If M is a finite A-module of dimension 1 such that a,b are nonzerodivisors
on M, then length,(M/abM) < oo and (M/abM,a,b) is a (2,1)-periodic
exact complex.

(2) If a,b are nonzerodivisors and dim(A) = 1 then length,(A/(ab)) < co and
(A/(ab),a,b) is a (2,1)-periodic exact complez.

In particular, in these cases det,(M/abM,a,b) € k*, resp. det,(A/(ab),a,b) € K*
are defined.

Proof. Follows from Lemma [68.271 O

Definition 68.29. Let A be a Noetherian local ring with residue field . Let a,b €
A. Let M be a finite A-module of dimension 1 such that a,b are nonzerodivisors
on M. We define the symbol associated to M, a,b to be the element

dys(a,b) = det,.(M/abM,a,b) € K*

Lemma 68.30. Let A be a Noetherian local ring. Let a,b,c € A. Let M be a
finite A-module with dim(Supp(M)) = 1. Assume a,b,c are nonzerodivisors on M.
Then

dpr(a,be) = dpr(a,b)dpr(a,c)
and dps(a,b)dp(bya) = 1.
Proof. The first statement follows from Lemma [68.24] applied to M /abcM and

endomorphisms «, 3, given by multiplication by a,b,c. The second comes from
Lemma [68. 15l O
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Definition 68.31. Let A be a Noetherian local domain of dimension 1 with residue
field k. Let K be the fraction field of A. We define the tame symbol of A to be the
map

K*"x K* — k", (z,y) — da(x,y)
where da(z,y) is extended to K* x K* by the multiplicativity of Lemma [68.30

It is clear that we may extend more generally dy;(—, —) to certain rings of fractions
of A (even if A is not a domain).

Lemma 68.32. Let A be a Noetherian local ring and M a finite A-module of di-
mension 1. Leta € A be a nonzerodivisor on M. Then dys(a,a) = (—1)tergtha(M/aM),

Proof. Immediate from Lemma [63.16] O

Lemma 68.33. Let A be a Noetherian local ring. Let M be a finite A-module of
dimension 1. Let b € A be a nonzerodivisor on M, and let u € A*. Then

dpg(u, b) = utengtha(M/bM) 16d my.
In particular, if M = A, then d(u,b) = u°"(®) mod m4.

Proof. Note that in this case M/ubM = M/bM on which multiplication by b is
zero. Hence dps(u,b) = det,(u|pr/par) by Lemma [68.17, The lemma then follows
from Lemma [68.10) (]

Lemma 68.34. Let A be a Noetherian local ring. Let a,b € A. Let
0—>M—M — M —0
be a short exact sequence of A-modules of dimension 1 such that a,b are nonzero-
divisors on all three A-modules. Then
dpri(a,b) = dys(a,b)dpr (a,b)
n K*.
Proof. It is easy to see that this leads to a short exact sequence of exact (2,1)-
periodic complexes
0— (M/abM,a,b) — (M'/abM’',a,b) — (M" JabM" ,a,b) — 0
Hence the lemma follows from Lemma O

Lemmal 68.35. Let A be a Noetherian local ring. Let oo : M — M’ be a homo-
morphism of finite A-modules of dimension 1. Let a,b € A. Assume

(1) a, b are nonzerodivisors on both M and M', and
(2) dim(Ker(«)), dim(Coker(a)) < 0.
Then dp(a,b) = dar(a,b).

Proof. If a € A*, then the equality follows from the equality length(M/bM) =
length(M’/bM’) and Lemma Similarly if b is a unit the lemma holds as well
(by the symmetry of Lemma . Hence we may assume that a,b € my4. This in
particular implies that m is not an associated prime of M, and hence o : M — M’
is injective. This permits us to think of M as a submodule of M’. By assumption
M'/M is a finite A-module with support {m4} and hence has finite length. Note
that for any third module M" with M c M"” C M’ the maps M — M" and
M" — M’ satisfy the assumptions of the lemma as well. This reduces us, by
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induction on the length of M’/M, to the case where length 4, (M'/M) = 1. Finally,
in this case consider the map

a: M/abM —s M'/abM'.

By construction the cokernel @ of @ has length 1. Since a,b € my4, they act trivially
on . It also follows that the kernel K of @ has length 1 and hence also a, b act
trivially on K. Hence we may apply Lemma [68.25] Thus it suffices to see that
the two maps «; : Q@ — K are the same. In fact, both maps are equal to the map
g = 2’ mod Im(@) — abz’ € K. We omit the verification. O

Lemma 68.36. Let A be a Noetherian local ring. Let M be a finite A-module
with dim(Supp(M)) = 1. Let a,b € A nonzerodivisors on M. Let q1,...,q; be the
minimal primes in the support of M. Then

d(ab) =]

) b)lengthAqi (Mﬂz)

y dayq(a,

as elements of k*.

Proof. Choose a filtration by A-submodules
O=MyCMyC...CM,=M

such that each quotient M;/M;_ is isomorphic to A/p; for some prime ideal p;
of A. See Algebra, Lemma For each j we have either p; = q; for some 3, or
p; = ma. Moreover, for a fixed 4, the number of j such that p; = g, is equal to
length, (Myg,) by Algebra, Lemma Hence daz, (a, b) is defined for each j and

_ Jdn;_ (a,b)dyyq,(a,b) if p;=q;
de(a,b)—{ d,_, (a,b) it p; =my

by Lemma [68.34] in the first instance and Lemma [68.35 in the second. Hence the
lemma. O

Lemma 68.37. Let A be a discrete valuation ring with fraction field K. For
nonzero x,y € K we have
rda(y)

dafay) = (-1 @m0 2

7y07'dA($) mod my,

in other words the symbol is equal to the usual tame symbol.

Proof. By multiplicativity it suffices to prove this when z,y € A. Let t € A be
a uniformizer. Write z = t’u and y = t%v for some a,b > 0 and u,v € A*. Set
I =a+b. Then t!=1 ... t*is an admissible sequence in (x)/(zy) and t'=1, ... t% is
an admissible sequence in (y)/(zy). Hence by Remark we see that da(z,y)
is characterized by the equation

[ttt o o = (D)% () [t e T
Hence by the admissible relations for the symbols [z, ..., x;] we see that
da(z,y) = (—=1)u® /v’ mod m4

as desired. O
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02Q8 Lemma 68.38. Let A be a Noetherian local ring. Let a,b € A. Let M be a finite
A-module of dimension 1 on which each of a, b, b — a are nonzerodivisors. Then

Cl]\/[(a,7 b— a)dM(b, b) = dM(b, b— a)dM(a, b)
n K*.
Proof. By Lemma [68.36| it suffices to show the relation when M = A/q for some
prime q C A with dim(A4/q) = 1.

In case M = A/q we may replace A by A/q and a, b by their images in A/q. Hence
we may assume A = M and A a local Noetherian domain of dimension 1. The
reason is that the residue field x of A and A/q are the same and that for any A/q-
module M the determinant taken over A or over A/q are canonically identified. See

Lemma [68.8

It suffices to show the relation when both a,b are in the maximal ideal. Namely,
the case where one or both are units follows from Lemmas [68.33] and [68.32]

Choose an extension A C A’ and factorizations a = ta’, b = tb’ as in Lemma
Note that also b — a = t(V/ — @’) and that A" = (a/,0') = (a/, 0 — a') = (Y — d/, V).
Here and in the following we think of A’ as an A-module and a,b,d’,V',t as A-
module endomorphisms of A’. We will use the notation d4,(a’,b') and so on to
indicate

d4.(a’,b') = det, (A /d'b' A d | V)
which is defined by Lemma The upper index 4 is used to distinguish this
from the already defined symbol d4(a’,b") which is different (for example because
it has values in the residue field of A’ which may be different from ). By Lemma
we see that d4(a,b) = d4,(a,b), and similarly for the other combinations.
Using this and multiplicativity we see that it suffices to prove

d4.(a', v —a)dh (v, b)) = dy (Vb —a')d4 (d, D)
Now, since (a’,b') = A" and so on we have
A'f(a' (b —d)) = A/(d)®A'/(V —a)
AV —a')) = AJ) @ A/ —d)
A’/(a'b") = Ad)e A/{)
Moreover, note that multiplication by ¥ — a’ on A/(a’) is equal to multiplication

by b/, and that multiplication by ¥’ —a’ on A/(b’) is equal to multiplication by —a’.
Using Lemmas and |68.18| we conclude

dA,(a’,b’ - CLI) = detn(b’|A//(a/))_1 detm(a'|A//(b/,a/))
dA,(b/, v —d) = detn(—a’\A//(bz))_l detn(b/‘A//(br,a/))
dﬁ/(a/, b/) = detﬁ(b’|A//(a,))*1 detn(a’|A//(b,))

Hence we conclude that
(—1)lenetha (A NG (o b — a') = dy, (b, b — a)d4 (d, V)

the sign coming from the —a’ in the second equality above. On the other hand, by
Lemma [68.16{we have d4, (', V') = (—1)'netha(A”/ () and the lemma is proved. [

The tame symbol is a Steinberg symbol.
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Lemmal 68.39. Let A be a Noetherian local domain of dimension 1 with fraction
field K. For x € K\ {0,1} we have

da(z,1—2)=1

Proof. Write x = a/b with a,b € A. The hypothesis implies, since 1—x = (b—a)/b,
that also b — a # 0. Hence we compute

da(z,1—2) =da(a,b—a)da(a,b)"'da(b,b—a) " da(b,b)
Thus we have to show that da(a,b — a)da(b,b) = da(b,b — a)da(a,b). This is
Lemma [68.38 U

68.40. Lengths and determinants. In this section we use the determinant to
compare lattices. The key lemma is the following.

Lemmal 68.41. Let R be a Noetherian local ring. Let q C R be a prime with
dim(R/q) = 1. Let ¢ : M — N be a homomorphism of finite R-modules. Assume
there exist x1,...,x; € M and y1,...,y; € M with the following properties

(1) M ={xy,...,21),

(2) (@1,...,zi) (@1, xim1) 2 R/q fori=1,....1,
(3) N=(y1,...,u), and

(4) (i, 59/ W1, ¥ic1) 2 R/q fori=1,...,1.

Then ¢ is injective if and only if pq is an isomorphism, and in this case we have

lengthy (Coker(¢)) = ordg,q(f)

where [ € k(q) is the element such that

[p(z1), .- o(@)] = flyr,- - - mi]
mn det,{(q)(Nq).

Proof. First, note that the lemma holds in case [ = 1. Namely, in this case x; is a
basis of M over R/q and y; is a basis of N over R/q and we have ¢(z1) = fy; for
some f € R. Thus ¢ is injective if and only if f & q. Moreover, Coker(yp) = R/(f,q)
and hence the lemma holds by definition of ordg,q(f) (see Algebra, Definition

213,

In fact, suppose more generally that o(z;) = fiy; for some f; € R, f; & q. Then
the induced maps

(@1, m) (@1, @im) — (Y, Y)Y, Vi)
are all injective and have cokernels isomorphic to R/(f;,q). Hence we see that
length ,(Coker(p)) = ZordR/q(fi).
On the other hand it is clear that

(1), p(x)] = fi..- filyrs -l

in this case from the admissible relation (b) for symbols. Hence we see the result
holds in this case also.
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We prove the general case by induction on I. Assume [ > 1. Let ¢ € {1,...,1} be
minimal such that p(z1) € (y1,...,y;). We will argue by induction on . If i = 1,
then we get a commutative diagram

0 (:11> (ml,.J./.,gm*><m1,...,xl>/<a:1>*>0
0 (y1) Wi, y) ——= (v, w)/(y1) —=0

and the lemma follows from the snake lemma and induction on [. Assume now that
i > 1. Write ¢(x1) = a1y1 + ... + a;—1¥i—1 + ay; with a;,a € R and a ¢ q (since
otherwise ¢ was not minimal). Set

xﬂ_{ag;j it j>o ond yﬂ_{ayj it >
Let M' = (z},...,z)) and N’ = (y},...,y]). Since p(x}) = a1y1+. ..+ ai—1Yi_1+V}
by construction and since for j > 1 we have ¢(2;) = ap(x;) € (y1,...,y;) We get a
commutative diagram of R-modules and maps

M/ﬁNl

et

By the result of the second paragraph of the proof we know that length(M/M’) =
(I=1)ordg/q(a) and similarly lengthz(M/M’) = (I—i+1)ordg/q(a). By a diagram
chase this implies that

length(Coker(¢')) = lengthp(Coker(p)) + i ordg/q(a).
On the other hand, it is clear that writing

[cp(‘rl)a BERE) @(ml)] = f[y17 cee 7yl}7 [(p/(l’ll)7 sy @(I;)] = f/[yllv s 7yl/]
we have f' = a’f. Hence it suffices to prove the lemma for the case that p(x;) =
a1y1 + ... a;—1Y;—1 + y;, i.e., in the case that a = 1. Next, recall that

Wi, -] =W, Ve, a1y + - Gm1Yie1 + Yy Yit 1y - - Y1)

by the admissible relations for symbols. The sequence yi,...,%;—1,01y1 + ... +
@i—1Yi—1+ Yis Yit1, - - - , Y satisfies the conditions (3), (4) of the lemma also. Hence,
we may actually assume that ¢(x1) = y;. In this case, note that we have qz; =0
which implies also qy; = 0. We have

[yla cee 73}1] = _[y17 e Yi—2,Yis Yi—1,Yig 1, - - - ayl]
by the third of the admissible relations defining det,.(q)(/Ny). Hence we may replace
Y1,-- -,y by the sequence y1,...,y; = Y1, -, Yi-2,Yi»Yi—1,Yi+1,- - -,y (which also
satisfies conditions (3) and (4) of the lemma). Clearly this decreases the invariant
i by 1 and we win by induction on 1. O

To use the previous lemma we show that often sequences of elements with the
required properties exist.

Lemmal 68.42. Let R be a local Noetherian ring. Let q C R be a prime ideal. Let
M be a finite R-module such that q is one of the minimal primes of the support of
M. Then there exist x1,...,x; € M such that
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(1) the support of M/{x1,...,x;) does not contain q, and
(2) (@1,...,zi) (@1, ., Tim1) 2 R/q fori=1,...,L
Moreover, in this case I = lengthp (Mg).

Proof. The condition that q is a minimal prime in the support of M implies
that | = lengthp (M) is finite (see Algebra, Lemma . Hence we can find
Yi,- ..,y € Mg such that (y1,...,4:)/(W1,...,¥i—1) = x(q) fori=1,...,1. We can
find f; € R, f; & q such that f;y; is the image of some element z; € M. Moreover,
as R is Noetherian we can write ¢ = (g1,...,9:) for some g; € R. By assumption
9iYi € (Y1,...,Yi—1) inside the module My. By our choice of z; we can find some
further elements f;; € R, fi; & q such that fi;;g,2; € (z1,...,2i—1) (equality in the
module M). The lemma follows by taking

1 = fiifiz... fuezr, @2 = fuifiz. .. fieforfoo ... farzo,

and so on. Namely, since all the elements f;, f;; are invertible in R, we still have
that Ryx1+...+ Rqwi/Rqx1+.. .+ Rqwi—1 = k(q) for i = 1,...,1. By construction,
qz; € (x1,...,2i—1). Thus (z1,...,2;)/{x1,...,z;—1) is an R-module generated by
one element, annihilated q such that localizing at q gives a g-dimensional vector
space over (q). Hence it is isomorphic to R/q. O

Here is the main result of this section. We will see below the various different
consequences of this proposition. The reader is encouraged to first prove the easier

Lemma [68.44] his/herself.

Proposition 68.43. Let R be a local Noetherian ring with residue field k. Suppose
that (M, p, ) is a (2,1)-periodic complex over R. Assume

(1) M is a finite R-module,

(2) the cohomology modules of (M, p, 1) are of finite length, and

(3) dim(Supp(M)) = 1.
Let q;, e =1,...,t be the minimal primes of the support of M. Then we havﬂ

—er(M,p,¢) = Zi:l . OrdR/qi (detn(qi)(Mqu ‘quwqi))

Proof. We first reduce to the case t = 1 in the following way. Note that Supp(M) =
{m,q1,...,q:}, where m C R is the maximal ideal. Let M; denote the image of
M — My, , so Supp(M;) = {m,q;}. The map ¢ (resp. ¢) induces an R-module map
w; + M; — M; (vesp. ; : M; — M;). Thus we get a morphism of (2, 1)-periodic
complexes

The kernel and cokernel of this map have support contained in {m}. Hence by
Lemma 2.5 we have

GR(M,SO71/J) :Z eR(MiuSO'hwi)

i=1,..t
On the other hand we clearly have M,, = M; q,, and hence the terms of the right
hand side of the formula of the lemma are equal to the expressions

OrdR/CIz‘ (detﬁ(ql') (Mi7CIi » Piqq "/)z}%))

10Obviously we could get rid of the minus sign by redefining det,, (M, ¢,) as the inverse of

its current value, see Definition |68.13
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In other words, if we can prove the lemma for each of the modules M;, then the
lemma holds. This reduces us to the case t = 1.

Assume we have a (2,1)-periodic complex (M, ¢,1) over a Noetherian local ring
with M a finite R-module, Supp(M) = {m, q}, and finite length cohomology mod-
ules. The proof in this case follows from Lemma [68.41] and careful bookkeeping.
Denote K, = Ker(yp), I, = Im(p), Ky = Ker(¢), and I, = Im(¢)). Since R is
Noetherian these are all finite R-modules. Set

a = lengthp (lpq) = lengthy (Kyq), b=lengthp (Iyq) =lengthyp (Kyq).

Equalities because the complex becomes exact after localizing at q. Note that
I =lengthp (Mq) is equal to I = a +b.

We are going to use Lemma [68.42] to choose sequences of elements in finite R-
modules N with support contained in {m,q}. In this case N has finite length,
say n € N. Let us call a sequence ws,...,w, € N with properties (1) and (2)
of Lemma a “good sequence”. Note that the quotient N/(ws,...,w,) of
N by the submodule generated by a good sequence has support (contained in)
{m} and hence has finite length (Algebra, Lemma [62.3). Moreover, the symbol
[wi, ..., wy] € det,(q)(Ng) is a generator, see Lemma [68.

EE

Having said this we choose good sequences

T1,...,2p in K, t1,...,tq in Ky,
Y,y Yo 0 TN (1, te), S1,...,8 in IyN(x,...,x).

We will adjust our choices a little bit as follows. Choose lifts 7; € M of y; € I, and
3, € M of s; € I,. It may not be the case that qf; C (z1,...,xp) and it may not be
the case that q8; C (¢1,...,t,). However, using that q is finitely generated (as in the
proof of Lemma we can find ad € R, d € q such that qdg; C (z1,...,xp) and
qds; C (t1,...,tq). Thus after replacing y; by dy;, §; by dg;, s; by ds; and §; by ds;
we see that we may assume also that x1,...,2p,91,...,9p and t1,...,tq,51,-..,8p
are good sequences in M.

Finally, we choose a good sequence zi, ..., 2 in the finite R-module
<£C1,...,(£b,g1,...,ﬂa> n <t1,...,ta,§1,...,sb>.
Note that this is also a good sequence in M.

Since I, = Ky q there is a unique element h € k(q) such that [yi,...,ya] =
hlti, ... tq] inside det,(q)(Kyp,q). Similarly, as I, ¢ = K, 4 there is a unique element
h € k(q) such that [sq,...,ss] = g[z1,..., 2] inside det,q) (K, ). We can also do
this with the three good sequences we have in M. All in all we get the following
identities

Y1, Ya] = Rft1, ... td]
[$1y-.-,8p) = g[z1,..., 2]
21, z] = folris oo To, U1y -5 Yl
(21, 21) = fulti, . ta, 81, .-, 8p)

for some g, h, fo, fy € £(q).
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Having set up all this notation let us compute det,q) (M, ¢,?). Namely, consider
the element [21,. .., %]. Under the map vy 000 ’y;l of Definition [68.13| we have

[21,...721] = fw[xl,...,xb,gl,...,ga}
— f@[$1,...,$b]®[y1,...,ya]
= foh/glti, ..t ® [s1,.. ., 8]
= foh/glth, .. ta, 81, .., 8)

= foh/fpglzr,... 2]
This means that det,q) (Mg, ©q,%q) is equal to f,h/fyg up to a sign.

We abbreviate the following quantities

k, = lengthp(Ky/(x1,...,z))

ky = lengthp(Ky/(t1,...,ta))

ip = lengthp(lo/(y1s -, ¥a))

iy = lengthp(ly/(s1,...,54))

me = lengthp(M/(x1,. .., 20,51, Ga))

my = lengthp(M/(t1,...,tq,81,---,38b))

d, = lengthp((@1,..., 26,91, Ua)(Z1,.--,21))
0y = lengthp({t1,...,ta,81,...,86)(21,...,21))

Using the exact sequences 0 — K, —+ M — I, — 0 we get m, = Kk, +1,. Similarly
we have my = ky +iy. We have §, + m, = dy + my since this is equal to the
colength of (z1,...,2;) in M. Finally, we have

dp = ordpr/q(fe), Oy =ordrq(fy)
by our first application of the key Lemma [68.41]

Next, let us compute the multiplicity of the periodic complex

er(M,p,) = lengthp(K,/I,) —lengthp(Ky/I,)
= lengthp((z1,...,2p)/(s1,..., %)) + ko
—lengthp ((t1, ..., ta)/ (Y1, -, ¥a)) — ky + 1o
= ordg/q(g9/h) + ky — iy — ky + iy
= ordg/q(g/h) +my, —my
= ordg/q(g/h) + 0y — 9,

= ordp/q(fpg/foh)
where we used the key Lemma[68.41] twice in the third equality. By our computation
of dety.(q) (Mg, @q,%q) this proves the proposition. O

In most applications the following lemma suffices.
Lemma 68.44. Let R be a Noetherian local ring with mazimal ideal m. Let M be
a finite R-module, and let ¢ : M — M be an R-module map. Assume that

(1) Ker(y) and Coker(¢)) have finite length, and
(2) dim(Supp(M)) < 1.
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Write Supp(M) = {m,q1,...,q:} and denote f; € r(q;)* the element such that
dety(q,) (Vq;) : dety(q,)(My,) — dety(q,)(My,) is multiplication by f;. Then we have

lengthp (Coker(¢)) — lengthg(Ker(¢)) = Z ordg q, (fi)-

i=1,...,t

Proof. Recall that H°(M,0,1) = Coker(¢)) and H*(M,0,v¢) = Ker(¢)), see re-
marks above Definition 2.2 The lemma follows by combining Proposition [68.43]
with Lemma [68.17]

Alternative proof. Reduce to the case Supp(M) = {m, q} as in the proof of Propo-

sition Then directly combine Lemmas and to prove this specific
case of Proposition [68:43] There is much less bookkeeping in this case, and the
reader is encouraged to work this out. Details omitted. O

68.45. Application to the key lemma. In this section we apply the results
above to show the analogue of the key lemma (Lemma with the tame symbol
da constructed above. Please see Remark for the relationship with Milnor
K-theory.

Lemma 68.46 (Key Lemma). Let A be a 2-dimensional Noetherian local domain
with fraction field K. Let f,g € K*. Let q1,...,q; be the height 1 primes q of A
such that either f or g is not an element of Ay. Then we have

Zi—l

. ordasq,(da,, (f,9)) =0

yeeey

We can also write this as
Zheight(q):l OTdA/q(qu (f’ g)) =0

since at any height one prime q of A where f,g € Ay we have da,(f,9) =1 by
Lemma [68.33.

Proof. Since the tame symbols d, (f,g) are additive (Lemma [68.30)) and the or-
der functions ord,/q are additive (Algebra, Lemma [121.1)) it suffices to prove the
formula when f =a € A and g =b € A. In this case we see that we have to show

Zheight(q)zl ord /q(det, (Aq/(ab), a,b)) =0
By Proposition [68.43| this is equivalent to showing that
ea(A/(ad),a,b) = 0.

Since the complex A/(ab) % A/(ab) LN A/(ab) % A/(ab) is exact we win. O

69. Appendix B: Alternative approaches

In this appendix we first briefly try to connect the material in the main text with
K-theory of coherent sheaves. In particular we describe how cupping with ¢; of an
invertible module is related to tensoring by this invertible module, see Lemma [69.7]
This material is obviously very interesting and deserves a much more detailed and
expansive exposition.

When A is an
excellent ring this is
[Kat86l, Proposition
1].
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69.1. Rational equivalence and K-groups. This section is a continuation of
Section 23] The motivation for the following lemma is Homology, Lemma [T1.3]

Lemma 69.2. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. Let F be a coherent sheaf on X. Let

® P ®

F F F F

be a complex as in Homology, Equation (11.2.1). Assume that

(1) dims(Supp(F)) <k + 1.
(2) dimgs(Supp(H'(F,¢,¢))) <k fori=0,1.

Then we have

[Ho(f7@a¢)]k ~rat [Hl(f7§07¢)]k

as k-cycles on X.

Proof. Let {W;};e; be the collection of irreducible components of Supp(F) which
have §-dimension k+1. Note that {W,} is a locally finite collection of closed subsets
of X by Lemma [10.1} For every j, let {; € W; be the generic point. Set

[i = det(e,) (Fe, s 0,5 e,) € ROWS)™.
See Definition [68.13] for notation. We claim that
—[H(F, 0,0 + [H(F,0,0)|k = (W = X).div(f;)
If we prove this then the lemma follows.

Let Z C X be an integral closed subscheme of d-dimension k. To prove the
equality above it suffices to show that the coefficient n of [Z] in [HO(F, ¢, )]k —
[HY(F,¢,v)]k is the same as the coefficient m of [Z] in >°(W; — X).div(f;). Let
§ € Z be the generic point. Consider the local ring A = Ox . Let M = F¢ as
an A-module. Denote ¢,v : M — M the action of ¢, on the stalk. By our
choice of £ € Z we have §(§) = k and hence dim(Supp(M)) = 1. Finally, the
integral closed subschemes W; passing through £ correspond to the minimal primes
q; of Supp(M). In each case the element f; € R(W;)* corresponds to the element
det;(q,)(My,, @, %) in k(g:)*. Hence we see that

n=—ea(M,p,9)
and
m= Z orda/q, (dety(q,) (My;, 0, 9))
Thus the result follows from Proposition [68.43 0

Lemma 69.3. Let (S,0) be as in Situation . Let X be a scheme locally of finite
type over S. The map
CHk<X) — K()(COhSkJrl(X)/COhSk,l(X))

from Lemma induces a bijection from CHy(X) onto the image By(X) of the
map

KO(Cthk(X)/Cthk_l(X)) — Ko(COhSIH_l(X)/Cohgk_l(X)).
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Proof. By Lemma[23.2|we have Z(X) = Ko(Coh<j(X)/Coh<i_1(X)) compatible
with the map of Lemma [23.4, Thus, suppose we have an element [A] — [B] of
Ko(Coh<i(X)/Coh<j—1(X)) which maps to zero in B(X), i.e., maps to zero in
Ko(Coh<p41(X)/Coh<—1(X)). We have to show that [A] — [B] corresponds to a
cycle rationally equivalent to zero on X. Suppose [A] = [A] and [B] = [B] for some
coherent sheaves A, B on X supported in d-dimension < k. The assumption that
[A] — [B] maps to zero in the group Ko(Coh<yy1(X)/Coh<i—1(X)) means that
there exists coherent sheaves A’, B’ on X supported in §-dimension < k — 1 such
that [A® A" — [B®B'] is zero in Ko(Cohy41(X)) (use part (1) of Homology, Lemma
[11.3). By part (2) of Homology, Lemma[11.3|this means there exists a (2, 1)-periodic
complex (F, ¢,1) in the category Coh<yy1(X) such that A® A" = H(F, o, 1) and
B B = HY(F,p,9). By Lemma this implies that

[A® A ~rat [B® Bk
This proves that [A] — [B] maps to a cycle rationally equivalent to zero by the map
Ky(Coh<y(X)/Coh<—1(X)) — Zy(X)
of Lemma [23.2] This is what we had to prove and the proof is complete. (I
69.4. Cartier divisors and K-groups. In this section we describe how the inter-

section with the first Chern class of an invertible sheaf £ corresponds to tensoring
with £ — O in K-groups.
Lemma 69.5. Let A be a Noetherian local ring. Let M be a finite A-module. Let
a,b e A. Assume

(1) dim(A4) =1,

(2) both a and b are nonzerodivisors in A,

(3) A has no embedded primes,

(4) M has no embedded associated primes,

(5) Supp(M) = Spec(A).
Let I = {x € A| z(a/b) € A}. Let q1,...,q: be the minimal primes of A. Then
(a/O)IM C M and

length (M /(a/b)IM) — length,(M/IM) = ZZ length,y (Mg, )ordaq, (a/b)

Proof. Since M has no embedded associated primes, and since the support of M

is Spec(A) we see that Ass(M) = {q1,...,q:}. Hence a, b are nonzerodivisors on
M. Note that

length 4 (M /(a/b)IM)

= length 4 (bM /aI M)

= length 4, (M /aIM) — length 4 (M /bM)

= length 4, (M/aM) + length 4 (aM /aI M) — length 4 (M /bM)

= length 4, (M/aM) + length ,(M/IM) — length 4 (M /bM)
as the injective map b : M — bM maps (a/b)IM to alM and the injective map
a: M — aM maps IM to alM. Hence the left hand side of the equation of the
lemma is equal to

length o (M /aM) — length 4, (M /bM).

Applying the second formula of Lemma [3.2] with = a,b respectively and using
Algebra, Definition [121.2] of the ord-functions we get the result. O
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02SW |Lemma 69.6. Let (S,0) be as in Situation . Let X be locally of finite type
over S. Let L be an invertible Ox-module. Let F be a coherent Ox-module. Let
s e (X, Kx (L)) be a meromorphic section of L. Assume
(1) dimg(X) < K+1,
(2) X has no embedded points,
(3) F has no embedded associated points,
(4) the support of F is X, and
(5) the section s is regular meromorphic.

In this situation let T C Ox be the ideal of denominators of s, see Divisors, Defi-
nition [23.10, Then we have the following:

(1) there are short exact sequences

0 - IF & F - Q1 —= 0
0 - IF 5 F®oyL — Q — 0

(2) the coherent sheaves Q1, Qs are supported in §-dimension < k,

(3) the section s restricts to a regular meromorphic section s; on every irre-
ducible component X; of X of 6-dimension k + 1, and

(4) writing [Fle+1 = Y my[X;] we have

[Qa]k — [Qa]k = Zmi(Xi — X)«dive (si)
in Zx(X), in particular
[Q2]k — [Qi]k = 1 (L) N [Flas1
in CHy(X).

Proof. Recall from Divisors, Lemma [24.5] the existence of injective maps 1 : ZF —
Fand s : ZF — F ®o, L whose cokernels are supported on a closed nowhere
dense subsets T'. Denote Q; there cokernels as in the lemma. We conclude that
dims(Supp(Q;)) < k. By Divisors, Lemmas and the pullbacks s; are
defined and are regular meromorphic sections for £|x,. The equality of cycles in
(4) implies the equality of cycle classes in (4). Hence the only remaining thing to
show is that

(Qa2]k — [Qu1]k = Zmz(Xz = X)udivg)y (si)

holds in Zy(X). To see this, let Z C X be an integral closed subscheme of ¢-
dimension k. Let £ € Z be the generic point. Let A = Ox ¢ and M = Fe.
Moreover, choose a generator s¢ € L¢. Then we can write s = (a/b)se where
a,b € A are nonzerodivisors. In this case I =Z; = {x € A | z(a/b) € A}. In this
case the coefficient of [Z] in the left hand side is

length 4 (M/(a/b)IM) — length , (M /IM)

and the coefficient of [Z] in the right hand side is

Z lengthAqi (Mg, )ord s /q,(a/b)

where (1, ..., q¢ are the minimal primes of the 1-dimensional local ring A. Hence
the result follows from Lemma [69.5] (]
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02SX |Lemma 69.7. Let (S,9) be as in Situation . Let X be locally of finite type over
S. Let L be an invertible Ox-module. Let F be a coherent Ox-module. Assume
dims (Supp(F)) < k+ 1. Then the element

[F ®ox L] = [F] € Ko(Coh<p11(X)/ Cohzp—1(X))

lies in the subgroup Bi(X) of Lemma and maps to the element ¢y (L) N [Flgt1
via the map B (X) — CHg(X).

Proof. Let
0K—>F—>F =0

be the short exact sequence constructed in Divisors, Lemma [4.6] This in particular
means that 7’ has no embedded associated points. Since the support of K is
nowhere dense in the support of F we see that dims(Supp(K)) < k. We may
re-apply Divisors, Lemma starting with K to get a short exact sequence

0K ' K=K =0

where now dims(Supp(K”)) < k and K’ has no embedded associated points. Sup-
pose we can prove the lemma for the coherent sheaves 7' and K’. Then we see
from the equations

[Fles1 = [Flrrr + [Krg1 + [K'rsa

(use Lemma [10.4)),
[F ®ox L] = [F] = [F' @0y L] = [F]+[K' @0y L] = [K']+ [K" @0y L] - [K”]

(use the ®L is exact) and the trivial vanishing of [K”]x+1 and [K” ®p, L] — [K”]
in Ko(Coh<gt+1(X)/Coh<p—1(X)) that the result holds for 7. What this means is
that we may assume that the sheaf F has no embedded associated points.

Assume X, F as in the lemma, and assume in addition that F has no embedded
associated points. Consider the sheaf of ideals T C Ox, the corresponding closed
subscheme ¢ : Z — X and the coherent Oz-module G constructed in Divisors,
Lemma [£.7] Recall that Z is a locally Noetherian scheme without embedded points,
G is a coherent sheaf without embedded associated points, with Supp(G) = Z and
such that 7,G = F. Moreover, set N’ = L|.

By Divisors, Lemma [25.4] the invertible sheaf A has a regular meromorphic section
s over Z. Let us denote J C Oy the sheaf of denominators of s. By Lemma
there exist short exact sequences

0—>jg$ g - 9Q; — 0
0ngi>g®oZN%Q2%O

such that dims(Supp(Q;)) < k and such that the cycle [Qa]r — [Q1]k is a represen-
tative of ¢1(N) N [Glg+1. We see (using the fact that i, (G @ N) = F @ L by the
projection formula, see Cohomology, Lemma [54.2)) that

[F ®ox £] = [F] = [ Qo] — [1+ Q1]
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in Ko(Coh<g+1(X)/Coh<p—1(X)). This already shows that [F ®o, L] — [F] is an

element of By (X). Moreover we have

(14 Qalk — [+ Q1K

iy ([Q2]k — [Q1]k)
ix (c1(N) N [Gli41)
c1(L) N [Glr+1
(L) N [Flet

by the above and Lemmas [26.4] and And this agree with the image of the
element under By (X) — CHg(X) by definition. Hence the lemma is proved. O
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