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1. Introduction

08P6 The goal of this chapter is to construct the cotangent complex of a ring map, of a
morphism of schemes, and of a morphism of algebraic spaces. Some references are

the notes [Qui], the paper [Qui70], and the books [And67] and [III72].

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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2. Advice for the reader

In writing this chapter we have tried to minimize the use of simplicial techniques.
We view the choice of a resolution P, of a ring B over a ring A as a tool to
calculating the homology of abelian sheaves on the category Cp,4, see Remark
This is similar to the role played by a “good cover” to compute cohomology using the
Cech complex. To read a bit on homology on categories, please visit Cohomology
on Sites, Section The derived lower shriek functor Lm is to homology what
RI'(Cp/a,—) is to cohomology. The category Cp/4, studied in Section 4} is the
opposite of the category of factorizations A — P — B where P is a polynomial
algebra over A. This category comes with maps of sheaves of rings

A—0O—B

where over the object U = (P — B) we have O(U) = P. It turns out that we
obtain the cotangent complex of B over A as

Lpja = Lm(Qo/a @0 B)

see Lemma We have consistently tried to use this point of view to prove the
basic properties of cotangent complexes of ring maps. In particular, all of the results
can be proven without relying on the existence of standard resolutions, although we
have not done so. The theory is quite satisfactory, except that perhaps the proof
of the fundamental triangle (Proposition uses just a little bit more theory on
derived lower shriek functors. To provide the reader with an alternative, we give a
rather complete sketch of an approach to this result based on simple properties of
standard resolutions in Remarks [.5] and

Our approach to the cotangent complex for morphisms of ringed topoi, morphisms
of schemes, morphisms of algebraic spaces, etc is to deduce as much as possible
from the case of “plain ring maps” discussed above.

3. The cotangent complex of a ring map

Let A be aring. Let Alg, be the category of A-algebras. Consider the pair of adjoint
functors (U, V') where V' : Alg, — Sets is the forgetful functor and U : Sets — Alg,
assigns to a set E the polynomial algebra A[E] on E over A. Let X, be the simplicial
object of Fun(Alg,, Alg,) constructed in Simplicial, Section

Consider an A-algebra B. Denote P, = X,(B) the resulting simplicial A-algebra.
Recall that Py = A[B], P, = A[A[B]], and so on. In particular each term P, is a
polynomial A-algebra. Recall also that there is an augmentation

e: P, — B
where we view B as a constant simplicial A-algebra.

Definition 3.1. Let A — B be a ring map. The standard resolution of B over A
is the augmentation € : P, — B with terms

and maps as constructed above.

It will turn out that we can use the standard resolution to compute left derived
functors in certain settings.
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08PN  Definition 3.2. The cotangent complez L4 of a ring map A — B is the complex

08PP

0859

08PQ

of B-modules associated to the simplicial B-module
Qp, /4 ®p, .« B
where € : Py — B is the standard resolution of B over A.

In Simplicial, Section [23] we associate a chain complex to a simplicial module, but
here we work with cochain complexes. Thus the term L7, in degree —n is the

B/A
B-module Qp, /4 ®p, ¢, B and L, , =0 for m > 0.

Remark| 3.3. Let A — B be a ring map. Let A be the category of arrows
1 : C — B of A-algebras and let S be the category of maps F — B where F is a
set. There are adjoint functors V : A — S (the forgetful functor) and U : § — A
which sends F — B to A[E] — B. Let X, be the simplicial object of Fun(A,.A)
constructed in Simplicial, Section The diagram

A S

L

Algy —— Sets

commutes. It follows that X(idg : B — B) is equal to the standard resolution of
B over A.

Lemma 3.4. Let A; — B; be a system of ring maps over a directed index set I.
Then colim LBi/Ai = Lcolim B;/colim A; -

Proof. This is true because the forgetful functor V : A-Alg — Sets and its adjoint
U : Sets — A-Alg commute with filtered colimits. Moreover, the functor B/A

Qp/4 does as well (Algebra, Lemma [131.5)). O

4. Simplicial resolutions and derived lower shriek

Let A — B be aring map. Consider the category whose objects are A-algebra maps
«: P — B where P is a polynomial algebra over A (in some setﬂ of variables) and
whose morphisms s : (a: P — B) — (a/ : P — B) are A-algebra homomorphisms
s: P — P with o’ os = a. Let C = Cp/4 denote the opposite of this category.
The reason for taking the opposite is that we want to think of objects (P, «) as
corresponding to the diagram of affine schemes

Spec(B) —= Spec(P)
L
Spec(A)

We endow C with the chaotic topology (Sites, Example , i.e., we endow C with
the structure of a site where coverings are given by identities so that all presheaves
are sheaves. Moreover, we endow C with two sheaves of rings. The first is the sheaf

11t suffices to consider sets of cardinality at most the cardinality of B.
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O which sends to object (P,«) to P. Then second is the constant sheaf B, which
we will denote B. We obtain the following diagram of morphisms of ringed topoi

(Sh(C), B) — (Sh(C), 0)

(4.0.1) ﬂl

(Sh(x), B)
The morphism i is the identity on underlying topoi and if : @ — B is the obvious
map. The map 7 is as in Cohomology on Sites, Example An important role
will be played in the following by the derived functors Li* : D(Q) — D(B) left
adjoint to Ri, = i. : D(B) — D(O) and Lm : D(B) — D(B) left adjoint to
7*=7"1:D(B) — D(B).

Lemma 4.1. With notation as above let Py be a simplicial A-algebra endowed
with an augmentation € : Py — B. Assume each P, is a polynomial algebra over A
and € is a trivial Kan fibration on underlying simplicial sets. Then

Lm(F) = F(P.,€)
in D(Ab), resp. D(B) functorially in F in Ab(C), resp. Mod(B).

Proof. We will use the criterion of Cohomology on Sites, Lemma to prove
this. Given an object U = (Q, ) of C we have to show that

So = MOI‘C((Q, /B)’ (PN 6))

is homotopy equivalent to a singleton. Write Q = A[E] for some set E (this is
possible by our choice of the category C). We see that

So = MorSets((Eaﬁ‘E)7 (P.,G))

Let * be the constant simplicial set on a singleton. For b € B let F; o be the
simplicial set defined by the cartesian diagram

Fb,oHPo
|
* —— B

With this notation Se = HeeE Fae)e- Since we assumed ¢ is a trivial Kan fibration
we see that F, o — * is a trivial Kan fibration (Simplicial, Lemma. Thus Se —
% is a trivial Kan fibration (Simplicial, Lemma [30.6). Therefore S, is homotopy
equivalent to x (Simplicial, Lemma . |

In particular, we can use the standard resolution of B over A to compute derived
lower shriek.

Lemma 4.2. Let A — B be a ring map. Let € : P, — B be the standard resolution

of B over A. Let 7 be as in . Then
Lm(F) = F(P.,€)
in D(Ab), resp. D(B) functorially in F in Ab(C), resp. Mod(B).
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First proof. We will apply Lemma Since the terms P, are polynomial alge-
bras we see the first assumption of that lemma is satisfied. The second assumption is
proved as follows. By Simplicial, Lemma [34.3] the map e is a homotopy equivalence
of underlying simplicial sets. By Simplicial, Lemma this implies € induces
a quasi-isomorphism of associated complexes of abelian groups. By Simplicial,
Lemma this implies that € is a trivial Kan fibration of underlying simplicial
sets. O

Second proof. We will use the criterion of Cohomology on Sites, Lemma [39.7]
Let U = (Q, B8) be an object of C. We have to show that

Se = Morc((Q, 8), (Pe, €))

is homotopy equivalent to a singleton. Write @ = A[FE] for some set F (this is
possible by our choice of the category C). Using the notation of Remark we see
that

Se = Mors((F — B),i(Ps — B))
By Simplicial, Lemma the map i(Ps — B) — i(B — B) is a homotopy
equivalence in §. Hence S, is homotopy equivalent to

Mors((E — B),(B — B)) = {x}

as desired. O

Lemma 4.3. Let A — B be a ring map. Let w and i be as in . There is a
canonical isomorphism

LB/A = LT(;(Li*QO/A) = Lﬂg(i*Qo/A) = LT(!(Q(Q/A ®o B)
in D(B).

Proof. For an object a : P — B of the category C the module Qp,4 is a free
P-module. Thus Q¢4 is a flat O-module. Hence Li*Qp /4 = i*Q /4 is the sheaf
of B-modules which associates to a : P — A the B-module Qp,4 ®p B. By
Lemma we see that the right hand side is computed by the value of this sheaf
on the standard resolution which is our definition of the left hand side (Definition

3.2). U
Lemma 4.4. If A — B is a ring map, then Lm(m~*M) = M with 7 as in .

Proof. This follows from Lemma which tells us Lm(7~*M) is computed by
(7=1M)(P,,€) which is the constant simplicial object on M. O

Lemmal 4.5. If A — B is a ring map, then HO(LB/A) =Qp/a.

Proof. We will prove this by a direct calculation. We will use the identification
of Lemma There is clearly a map from Qp/4 ® B to the constant sheaf with
value {2p,4. Thus this map induces a map

H(Lpa) = H'(Lm(Qo/a @ B)) = m(Qoja ® B) = Qp/a

By choosing an object P — B of Cg,4 with P — B surjective we see that this map
is surjective (by Algebra, Lemma . To show that it is injective, suppose that
P — B is an object of Cg/4 and that { € Qp,4 ®p B is an element which maps
to zero in Qp,4. We first choose factorization P — P’ — B such that P’ — B
is surjective and P’ is a polynomial algebra over A. We may replace P by P’.
If B = P/I, then the kernel Qp/4 ®p B — Qp/4 is the image of I/I? (Algebra,


https://stacks.math.columbia.edu/tag/08PU
https://stacks.math.columbia.edu/tag/08QE
https://stacks.math.columbia.edu/tag/08QF

08QG

08QH

08PV

08PW

THE COTANGENT COMPLEX 6

Lemma . Say ¢ is the image of f € I. Then we consider the two maps
a,b: P' = Plx] — P, the first of which maps « to 0 and the second of which maps
x to f (in both cases P[z] — B maps x to zero). We see that £ and 0 are the image
of dr®1in Qp/yjq ®pr B. Thus £ and 0 have the same image in the colimit (see
Cohomology on Sites, Example m(Qo/a ® B) as desired. O

Lemma 4.6. If B is a polynomial algebra over the ring A, then with w as in
4.0.1) we have that m is exact and mF = F(B — B).

Proof. This follows from Lemma [£.1] which tells us the constant simplicial algebra
on B can be used to compute L. O

Lemma 4.7. If B is a polynomial algebra over the ring A, then Lp/a is quasi-
isomorphic to Qp,4[0].

Proof. Immediate from Lemmas [4.3 and [4.6] O

5. Constructing a resolution

In the Noetherian finite type case we can construct a “small” simplicial resolution
for finite type ring maps.

Lemma 5.1. Let A be a Noetherian ring. Let A — B be a finite type ring map.
Let A be the category of A-algebra maps C — B. Let n > 0 and let Py be a
simplicial object of A such that

(1) Py — B is a trivial Kan fibration of simplicial sets,
(2) Py is finite type over A for k <n,
(3) Py = cosky, sk, Ps as simplicial objects of A.

Then P41 15 a finite type A-algebra.

Proof. Although the proof we give of this lemma is straightforward, it is a bit
messy. To clarify the idea we explain what happens for low n before giving the
proof in general. For example, if n = 0, then (3) means that P, = Py xg Py. Since
the ring map Py — B is surjective, this is of finite type over A by More on Algebra,
Lemma [5.T]

If n =1, then (3) means that
Py ={(fo, f1, f2) € P} | dofo = dofr, difo=dofz, difi =difa}
where the equalities take place in Fy. Observe that the triple
(do fo, d1 fo, d1f1) = (dof1,dofa,d1f2)

is an element of the fibre product Py xp Py X Py over B because the maps d; :
P, — Py are morphisms over B. Thus we get a map

w:P2—>P0XBP0XBPO

The fibre of ¢ over an element (go, g1,92) € Po xp Py X Py is the set of triples
(fo, f1, f2) of 1-simplices with (do,d1)(fo) = (g0,91), (do,d1)(f1) = (g0,92), and
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(do,d1)(f2) = (91,92). As Py — B is a trivial Kan fibration the map (dg,d;) :
P, — Py xp Py is surjective. Thus we see that P; fits into the cartesian diagram

P, P}

| |

PO XBPO XBPOH(PO XBP0)3

By More on Algebra, Lemma [5.2] we conclude. The general case is similar, but
requires a bit more notation.

The case n > 1. By Simplicial, Lemma the condition P, = cosk,,sk,,Ps
implies the same thing is true in the category of simplicial A-algebras and hence
in the category of sets (as the forgetful functor from A-algebras to sets commutes
with limits). Thus

P, 11 = Mor(A[n + 1], Py) = Mor(sk,A[n + 1], sk, Ps)
by Simplicial, Lemma and Equation . We will prove by induction on
1 <k <m<n+1 that the ring
Qr,m = Mor(skiyA[m], sky Ps)
is of finite type over A. The case k =1, 1 < m < n 4+ 1 is entirely similar to the

discussion above in the case n = 1. Namely, there is a cartesian diagram

Qi ——— PY

| |

P() XB...XBP()*)(PO XBPO)N

where N = (mg'l) We conclude as before.

Let 1 < ky < n and assume @y, is of finite type over A for all 1 < k < kp and
k<m<n+1. For kg +1 <m < n+ 1 we claim there is a cartesian square

N
Qko+17m > Pko+1

L

N
Qroym = Qi k41

where N is the number of nondegenerate (kg + 1)-simplices of A[m]. Namely, to see
this is true, think of an element of Qx,+1,m as a function f from the (ko+1)-skeleton
of Alm] to P,. We can restrict f to the kg-skeleton which gives the left vertical
map of the diagram. We can also restrict to each nondegenerate (ko + 1)-simplex
which gives the top horizontal arrow. Moreover, to give such an f is the same thing
as giving its restriction to ko-skeleton and to each nondegenerate (ko + 1)-face,
provided these agree on the overlap, and this is exactly the content of the diagram.
Moreover, the fact that Py — B is a trivial Kan fibration implies that the map

Pko — Qko,k(ﬁ'l = MOI‘(&A[]CO =+ 1], P.)

is surjective as every map 0Alkg + 1] — B can be extended to Alkg + 1] — B for
ko > 1 (small argument about constant simplicial sets omitted). Since by induction
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hypothesis the rings Qi,.m, @k ko+1 are finite type A-algebras, so is Qr,+1,m by
More on Algebra, Lemma [5.2] once more. (]

Proposition| 5.2. Let A be a Noetherian ring. Let A — B be a finite type ring
map. There exists a simplicial A-algebra Py with an augmentation € : Py — B such
that each P, is a polynomial algebra of finite type over A and such that € is a trivial
Kan fibration of simplicial sets.

Proof. Let A be the category of A-algebra maps C — B. In this proof our
simplicial objects and skeleton and coskeleton functors will be taken in this category.

Choose a polynomial algebra P, of finite type over A and a surjection Py — B. As
a first approximation we take Py = cosko(Fp). In other words, P, is the simplicial
A-algebra with terms P, = PyX 4...X 4 FPy. (In the final paragraph of the proof this
simplicial object will be denoted P?.) By Simplicial, Lemma the map P, — B
is a trivial Kan fibration of simplicial sets. Also, observe that P, = coskgskgP,.

Suppose for some n > 0 we have constructed P, (in the final paragraph of the proof
this will be P}') such that

(a) Ps — B is a trivial Kan fibration of simplicial sets,
(b) Py is a finitely generated polynomial algebra for 0 < k < n, and
(¢) P, = coskysk,, P,

By Lemma [5.1] we can find a finitely generated polynomial algebra @ over A and
a surjection @ — P,41. Since P, is a polynomial algebra the A-algebra maps
si 1 Py — Py lift to maps s; 1 P, — Q. Set dj : Q — P, equal to the composition
of @ = P41 and d; : P41 — P,,. We obtain a truncated simplicial object P, of
A by setting Pj, = Py for k <n and P); = Q and morphisms d; = d; and s, = s;
in degrees k < n — 1 and using the morphisms d} and s} in degree n. Extend this
to a full simplicial object P, of A using cosk, 1. By functoriality of the coskeleton
functors there is a morphism P, — P, of simplicial objects extending the given
morphism of (n 4 1)-truncated simplicial objects. (This morphism will be denoted
Prtl — Pmin the final paragraph of the proof.)

Note that conditions (b) and (c) are satisfied for P, with n replaced by n + 1. We
claim the map P, — P, satisfies assumptions (1), (2), (3), and (4) of Simplicial,
Lemmas with n + 1 instead of n. Conditions (1) and (2) hold by construction.
By Simplicial, Lemma we see that we have P, = cosk,18k,11P and P, =
cosky, 118k, 41 P, not only in A but also in the category of A-algebras, whence in the
category of sets (as the forgetful functor from A-algebras to sets commutes with all
limits). This proves (3) and (4). Thus the lemma applies and P, — P, is a trivial
Kan fibration. By Simplicial, Lemma we conclude that P, — B is a trivial
Kan fibration and (a) holds as well.

To finish the proof we take the inverse limit Py = lim PJ' of the sequence of simplicial
algebras

.= P:pl P
constructed above. The map P, — B is a trivial Kan fibration by Simplicial,

Lemma [30.5] However, the construction above stabilizes in each degree to a fixed
finitely generated polynomial algebra as desired. (|
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Lemmal 5.3. Let A be a Noetherian ring. Let A — B be a finite type ring map.
Let @, B be as in ([{.01). If F is an B-module such that F(P,c) is a finite B-
module for all o : P = Alxy,...,x,] — B, then the cohomology modules of L (F)
are finite B-modules.

Proof. By Lemma and Proposition we can compute L (F) by a complex
constructed out of the values of F on finite type polynomial algebras. ]

Lemmal 5.4. Let A be a Noetherian ring. Let A — B be a finite type ring map.
Then H"(Lpa) is a finite B-module for all n € Z.

Proof. Apply Lemmas [£.3] and O

Remark 5.5 (Resolutions). Let A — B be any ring map. Let us call an aug-
mented simplicial A-algebra € : Py, — B a resolution of B over A if each P, is a
polynomial algebra and € is a trivial Kan fibration of simplicial sets. If P, — B
is an augmentation of a simplicial A-algebra with each P, a polynomial algebra
surjecting onto B, then the following are equivalent

(1) €: P, — B is a resolution of B over A,

(2) e: Py — B is a quasi-isomorphism on associated complexes,
(3) €: Py — B induces a homotopy equivalence of simplicial sets.

To see this use Simplicial, Lemmas [30.8}, [31.9] and [31.8] A resolution P, of B over
A gives a cosimplicial object Us of Cp/a as in Cohomology on Sites, Lemma [39.7]
and it follows that

LmF = F(P,)

functorially in F, see Lemma The (formal part of the) proof of Proposition
[6.2 shows that resolutions exist. We also have seen in the first proof of Lemma [£.2]
that the standard resolution of B over A is a resolution (so that this terminology
doesn’t lead to a conflict). However, the argument in the proof of Proposition
shows the existence of resolutions without appealing to the simplicial computations
in Simplicial, Section[34] Moreover, for any choice of resolution we have a canonical
isomorphism

LB/A = Qp./A ®P.,e B

in D(B) by Lemma The freedom to choose an arbitrary resolution can be quite
useful.

Lemma 5.6. Let A — B be a ring map. Let 7, O, B be as in . For any
O-module F we have

Lm(F) = Lm(Li*F) = Lm(F @% B)
in D(AD).

Proof. It suffices to verify the assumptions of Cohomology on Sites, Lemma
hold for O — B on Cp/4. We will use the results of Remark [5;5' without further
mention. Choose a resolution P, of B over A to get a suitable cosimplicial object
Ue of Cpya. Since Py — B induces a quasi-isomorphism on associated complexes
of abelian groups we see that LmO = B. On the other hand Lm B is computed by
B(U,) = B. This verifies the second assumption of Cohomology on Sites, Lemma

39.12) and we are done with the proof. [
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Lemmal 5.7. Let A — B be a ring map. Let w, O, B be as in . We have
LTF!(O) = Lﬂ'!(ﬁ) =B and LB/A = LF;(Q@/A R E) = LW!(Q@/A)
in D(AD).

Proof. This is just an application of Lemma (and the first equality on the right
is Lemma [4.3]). d

Here is a special case of the fundamental triangle that is easy to prove.

Lemma 5.8. Let A — B — C be ring maps. If B is a polynomial algebra over A,
then there is a distinguished triangle L, @LC — Leja — Loy — Lipja el
in D(C).

Proof. We will use the observations of Remark[E.5 without further mention. Choose
a resolution € : Py — C of C over B (for example the standard resolution). Since B
is a polynomial algebra over A we see that P, is also a resolution of C' over A. Hence
L¢ 4 is computed by Qp, /4 ®p, C and Lg, g is computed by Qp, ;g ®p, C. Since
for each n we have the short exact sequence 0 — Qp/4 @ P, — Qp, /4 — Qp, /B
(Algebra, Lemma and since Lp,4 = Qp,4[0] (Lemma we obtain the

O

result.

Example 5.9. Let A — B be a ring map. In this example we will construct an
“explicit” resolution P, of B over A of length 2. To do this we follow the procedure
of the proof of Proposition [5.2} see also the discussion in Remark

We choose a surjection Py = Afu;] — B where u; is a set of variables. Choose
generators f; € Py, t € T of the ideal Ker(Py — B). We choose P; = Alu;, x¢] with
face maps dy and d; the unique A-algebra maps with d;(u;) = u; and do(2;) = 0 and
dq1(x¢) = fi. The map sg : Py — Py is the unique A-algebra map with so(u;) = u;.
It is clear that

Pl py B0

is exact, in particular the map (do,d1) : Py — Py Xp Py is surjective. Thus, if P,
denotes the 1-truncated simplicial A-algebra given by Py, Py, dg, dy, and sg, then
the augmentation cosk;(P,) — B is a trivial Kan fibration. The next step of the
procedure in the proof of Proposition [5.2]is to choose a polynomial algebra P, and
a surjection

P2 — COSkl(P.)Q

Recall that
cosky (Po)2 = {(g0,91,92) € P} | do(go) = do(g1),d1(g0) = do(g2),d1(g1) = d1(g2)}

Thinking of g; € P, as a polynomial in z; the conditions are

90(0) = 91(0), go(fe) = g2(0), g1(fe) = g2(f)

Thus cosk; (P,)2 contains the elements y; = (x4, x¢, fi) and z; = (0, z¢, z¢). Every
element G in cosky(P,)2 is of the form G = H + (0,0, g) where H is in the image
of Alu;, ys, 2zt] — cosky(Ps)2. Here g € Py is a polynomial with vanishing constant
term such that ¢g(f;) = 0 in Py. Observe that

(1) g =zxp — fray and

(2) g=> 1y withr, € Py if Y i fy =0in Py
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are elements of P; of the desired form. Let
Rel = Ker(@teT Py — Py), (r)+— Zrtft
We set Py = Alu;, yi, 2t, Ur, we 7] where r = (r4) € Rel, with map
Py — cosky (Py)2

given by yi — (2,2, f1), 2t — (0,24, 2), v — (0,0,> rxy), and wypy —
(0,0, x¢xy — frxy). A calculation (omitted) shows that this map is surjective.
Our choice of the map displayed above determines the maps dg,dy,ds : Po — Py.
Finally, the procedure in the proof of Proposition tells us to choose the maps
80,81 : P1 = Py lifting the two maps Py — cosky(P,)2. It is clear that we can take
s; to be the unique A-algebra maps determined by so(x:) = y; and s1(z¢) = 2.

6. Functoriality
In this section we consider a commutative square

B——= DB

I

A——A
of ring maps. We claim there is a canonical B-linear map of complexes
LB/A — LB’/A/

associated to this diagram. Namely, if P, — B is the standard resolution of B over
A and P, — B’ is the standard resolution of B’ over A’, then there is a canonical
map P, — P, of simplicial A-algebras compatible with the augmentations Py — B
and P, — B’. This can be seen in terms of the construction of standard resolutions
in Simplicial, Section |34] but in the special case at hand it probably suffices to say
simply that the maps

Py = A[B] — A'[B'] = P}, P, = AJA[B]] — A'[A'[B']] = P!,

and so on are given by the given maps A — A’ and B — B’. The desired map
Lpja — Lprya then comes from the associated maps Qp, a4 — Qpsjar.

Another description of the functoriality map can be given as follows. Let C = Cp/a
and C' = CjB,/A be the categories considered in Section {4 There is a functor

uw:C—C, (Pa)— (P®s A co(a®1))

where ¢ : B4 A’ — B’ is the obvious map. As discussed in Cohomology on Sites,
Example we obtain a morphism of topoi g : Sh(C) — Sh(C’) and a commutative
diagram of maps of ringed topoi

(6.0.2) Trl W\L ﬂ’l
(Sh(+), B) <—— (Sh(x), B') ~—— (Sh(+), B)

Here h is the identity on underlying topoi and given by the ring map B — B’ on
sheaves of rings. By Cohomology on Sites, Remark given F on C and F’ on C’
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and a transformation ¢ : F — g~ 'F’ we obtain a canonical map Lm (F) — Ln|(F").
If we apply this to the sheaves

F:(Pa)— Qpa@pB, F :(P,d)—Qp 4 @p B,
and the transformation ¢ given by the canonical maps
Qpja @p B — Qpg,arja0 @pg,a B’
to get a canonical map
Lm(Qo/a ®0 B) — L7(Qorjar @0 BY)

By Lemma @ this gives L4 — Lp//a-. We omit the verification that this map
agrees with the map defined above in terms of simplicial resolutions.

Lemma 6.1. Assume induces a quasi-isomorphism B ®ﬁ A" = B’. Then,
6.0.2

with notation as in and F' € Ab(C"), we have Lm(g~'F') = Ln{(F").

Proof. We use the results of Remark without further mention. We will apply
Cohomology on Sites, Lemma Let P, — B be a resolution. If we can show
that u(Ps) = Ps ®4 A’ — B’ is a quasi-isomorphism, then we are done. The
complex of A-modules s(P,) associated to P, (viewed as a simplicial A-module) is
a free A-module resolution of B. Namely, P, is a free A-module and s(P,) — B is
a quasi-isomorphism. Thus B ®% A’ is computed by s(P,) ®4 A’ = s(Ps ®4 A’).
Therefore the assumption of the lemma signifies that ¢ : P, ®4 A’ — B’ is a
quasi-isomorphism. ([l

The following lemma in particular applies when A — A’ is flat and B’ = B®4 A’
(flat base change).

Lemma 6.2. If induces a quasi-isomorphism B @% A’ = B’, then the
functoriality map induces an isomorphism

Lpja®p B — Lp/ja
Proof. We will use the notation introduced in Equation . We have
Lpja ®% B = Lm(Qo/a ®0 B) @5 B' = Lm(Lh* (0,4 ®0 B))
the first equality by Lemma [4.3] and the second by Cohomology on Sites, Lemma

Since Qp /4 is a flat O-module, we see that Qp,4 ®o B is a flat B-module.

Thus Lh*(Qo/a ®o B) = Qo a ®o B’ which is equal to g_l(Qo//A/ ®o» B’) by
inspection. we conclude by Lemma and the fact that Lp/ 4 is computed by
Lﬂ'!/(QO//A/ Rer Q/) (Il

Remark| 6.3. Suppose that we are given a square |) such that there exists
an arrow k : B — A’ making the diagram commute:
B——= B
B
A—%s A
In this case we claim the functoriality map P, — P, is homotopic to the composition
P, - B — A’ — P,. Namely, using  the functoriality map factors as

P.‘)PA//A/”*)P./
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where Pyr /4,4 is the standard resolution of A’ over A’. Since A’ is the polynomial
algebra on the empty set over A’ we see from Simplicial, Lemma that the
augmentation €4/ 4/ : Parjare — A’ is a homotopy equivalence of simplicial rings.
Observe that the homotopy inverse map ¢ : A" — P4//4: o constructed in the proof
of that lemma is just the structure morphism, hence we conclude what we want
because the two compositions

id

Po ——Parjar e _ Pyjare — P,

COGA//A/

are the two maps discussed above and these are homotopic (Simplicial, Remark

26.5). Since the second map P, — P, induces the zero map Qp, /4 — Qp; /4 We

conclude that the functoriality map Lp,4 — Lps 4/ is homotopic to zero in this
case.

Lemma 6.4. Let A — B and A — C be ring maps. Then the map Lpxc/a —
Lp/a® Loy is an isomorphism in D(B x C).

Proof. Although this lemma can be deduced from the fundamental triangle we will
give a direct and elementary proof of this now. Factor the ring map A — B x C
as A — A[z] — B x C where z ~ (1,0). By Lemma [5.8] we have a distinguished
triangle

Lajz)ja @5y (B X C) = Lpxcya — Lpxcyam — Lapyya @ (B x O)[1]
in D(B x C). Similarly we have the distinguished triangles

Lag)/a ®%p) B = Lpja — Lpjaja) — Laja/a ®%p, Bll]
Laz/a ®%y C = Loja = Loja) = Lapja %y, C[1

Thus it suffices to prove the result for BxC over A[z]. Note that A[z] — A[z,z71]is
flat, that (BxC)® 4, Alz, 1] = B® a[m Alr, 271, and that C® A Alr, r71]=0.
Thus by base change (Lemma the map Lpxc/Az] = LB/A2] D Lcyafz) becomes
an isomorphism after inverting x. In the same way one shows that the map becomes
an isomorphism after inverting x — 1. This proves the lemma. O

7. The fundamental triangle

In this section we consider a sequence of ring maps A — B — C'. It is our goal to
show that this triangle gives rise to a distinguished triangle

(7.0.1) Lp/a ®Iéc—>Lc/A—>LC/B—>LB/A ®I]§ C[1]

in D(C'). This will be proved in Proposition For an alternative approach see
Remark [T.5

Consider the category Cc/p/a wich is the opposite of the category whose objects
are (P — B,Q — C) where

1) P is a polynomial algebra over A,

2) P — B is an A-algebra homomorphism,
3) @ is a polynomial algebra over P, and
4) @ — C is a P-algebra-homomorphism.

(
(
(
(
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We take the opposite as we want to think of (P — B,Q — C) as corresponding to
the commutative diagram

Spec(C) —— Spec(Q)

.

Spec(B) —— Spec(P)

|

Spec(A)
Let Cp/a, Ccya, Coyp be the categories considered in Section@ There are functors
ur :Coypja — Cpja, (P—-B,Q—~>C)— (P—B)
uz : Coypja — Ceya, (P—B,Q—C)—(Q—C)
uS:CC/B/A%CC/B7 (P—)B7Q—>C)’—>(Q®PB—>C)

These functors induce corresponding morphisms of topoi g;. Let us denote O; =
g; 1 so that we get morphisms of ringed topoi

911 (Sh(Co/B/a), O1) — (Sh(Cpya), O)
(7.0.2) g2 : (Sh(CcyBya), O2) — (Sh(Ccya), O)

g3 : (Sh(Cc/Bya), 03) — (Sh(Ccy/B), O)
Let us denote 7 : Sh(Ccypya) — Sh(x), m1 : Sh(Cpya) — Sh(x), ma : Sh(Ccya) —
Sh(x), and 73 : Sh(Cc/p) — Sh(x), so that 7 = m; o g;. We will obtain our
distinguished triangle from the identification of the cotangent complex in Lemma
[433 and the following lemmas.

Lemma 7.1. With notation as in set

N =Q0/4®0 B onCpja
Q2 = Qo1 ®0 C on Ccya
Q3 =Q0,p®0 C onCgo/p

Then we have a canonical short exact sequence of sheaves of C-modules
0= 97" ®@pC — g5 Q2 — g5'Q3 =0
on CC/B/A'

Proof. Recall that g; ! is gotten by simply precomposing with u;. Given an object

U= (P — B,Q — C) we have a split short exact sequence
0—>QP/A®Q—>QQ/A—>QQ/IJ—>O

for example by Algebra, Lemma [138.9] Tensoring with C' over ) we obtain a short

exact sequence

0—>QP/A®C—>QQ/A®C—>QQ/P®C—>O

We have Qp, 4 @C = Qp,4,@B®C whence this is the value ofglel®§Q on U. The
module Qg /4 ® C is the value 0fg;1Q2 on U. We have Qq/p @ C = Qqg,p/@C
by Algebra, Lemma hence this is the value of g5 105 on U. Thus the short
exact sequence of the lemma comes from assigning to U the last displayed short
exact sequence. [
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Lemma 7.2. With notation as in suppose that C' is a polynomial algebra
over B. Then Lm (ggl]-') = Lm3 )\ F = w3.F for any abelian sheaf F on Co/p

Proof. Write C = B[E] for some set E. Choose a resolution P, — B of B over
A. For every n consider the object U, = (P, — B, P,[E] = C) of Cc/pja. Then
U, is a cosimplicial object of Cc/p/a. Note that uz(U,) is the constant cosimplicial
object of Co/p with value (C' — C). We will prove that the object U, of Cc/p/a
satisfies the hypotheses of Cohomology on Sites, Lemma This implies the
lemma as it shows that Lm /(g va ) is computed by the constant simplicial abelian
group F(C — C) which is the value of L3 F = m3,F by Lemma

Let U= (8:P — B,7:Q — C) be an object of Cc/p/a. We may write P = A[S]
and @Q = A[SIT] by the definition of our category Cc/p/a. We have to show that

More,.,,,, (Us, U)

is homotopy equivalent to a singleton simplicial set *. Observe that this simplicial

set is the product
/
Hses Fy % HtET F

where Fj is the corresponding simplicial set for U, = (A[{s}] — B, A[{s}] — C)
and F} is the corresponding simplicial set for U, = (A — B, A[{t}] — C). Namely,
the object U is the product [JUs x [[U; in Co/pya. It suffices each Fy and F}
is homotopy equivalent to *, see Simplicial, Lemma The case of F; follows
as P, — B is a trivial Kan fibration (as a resolution) and Fj is the fibre of this
map over (s). (Use Simplicial, Lemmas and [30.8). The case of F{ is more
interesting. Here we are saying that the fibre of

P.|E] — C = BIE]

over v(t) € C is homotopy equivalent to a point. In fact we will show this map is
a trivial Kan fibration. Namely, P, — B is a trivial can fibration. For any ring R
we have

R[E] = colilycMap(£,2) finite H

Iex
(filtered colimit). Thus the displayed map of simplicial sets is a filtered colimit of
trivial Kan fibrations, whence a trivial Kan fibration by Simplicial, Lemma [30. (I

Lemma 7.3. With notation as in we have Lg; ) o g;l =1id fori=1,2,3
and hence also L o 92'_1 =Lm fori=1,2,3.

Proof. Proof for i = 1. We claim the functor C¢, /4 is a fibred category over Cp/4
Namely, suppose given (P — B,Q — C) and a morphism (P’ — B) — (P — B)
of Cp/a. Recall that this means we have an A-algebra homomorphism P — P’
compatible with maps to B. Then we set Q' = Q ®p P’ with induced map to C
and the morphism

(PP - B,Q) - C)— (P— B,Q—C)

in Cc/p/a (note reversal arrows again) is strongly cartesian in Cc/p/a over Cp)a.
Moreover, observe that the fibre category of u; over P — B is the category Cc/p.
Let F be an abelian sheaf on Cp,4. Since we have a fibred category we may
apply Cohomology on Sites, Lemma Thus L,g1,97 ! F is the (pre)sheaf which
assigns to U € Ob(Cp/4) the nth homology of gy L F restricted to the fibre category
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over U. Since these restrictions are constant the desired result follows from Lemma
[4:4) via our identifications of fibre categories above.

The case i = 2. We claim Cc/p/ 4 is a fibred category over Cg 4 is a fibred category.
Namely, suppose given (P — B,Q — C) and a morphism (@' — C) — (Q — ()
of Ccya. Recall that this means we have a B-algebra homomorphism Q@ — @’
compatible with maps to C. Then

(P—B,Q - C)— (P—B,Q—C)

is strongly cartesian in Cc/p/a over Coya. Note that the fibre category of uz over
@ — C has an final (beware reversal arrows) object, namely, (A — B,Q — C).
Let F be an abelian sheaf on Cc/4. Since we have a fibred category we may apply
Cohomology on Sites, Lemma Thus Ly 92,195 ! F is the (pre)sheaf which assigns
to U € Ob(Ccy4) the nth homology of gy ! F restricted to the fibre category over
U. Since these restrictions are constant the desired result follows from Cohomology
on Sites, Lemma because the fibre categories all have final objects.

The case ¢ = 3. In this case we will apply Cohomology on Sites, Lemma [£0.3]to u =
u3 : Coypja — Coyp and F' = g3_1.7-" for some abelian sheaf 7 on Cc/p. Suppose
U = (Q — C) is an object of Ccyp. Then Iy = Cg, /4 (again beware of reversal of
arrows). The sheaf F7; is given by the rule (P — B,Q — Q) — F(Q ®p B — C).
In other words, this sheaf is the pullback of a sheaf on C@ e via the morphism
Sh(Ca/B/A) — Sh(Ca/B). Thus Lemma [7.2| shows that H, (Zy, F{;) =0 for n > 0
and equal to F(Q) — C) for n = 0. The aforementioned Cohomology on Sites,
Lemma implies that Lgs (g5 ' F) = F and the proof is done. O

Proposition| 7.4. Let A - B — C be ring maps. There is a canonical distin-
guished triangle
LB/A ®% C— LC/A — LC/B — LB/A ®% C[l]
in D(C).
Proof. Consider the short exact sequence of sheaves of Lemma and apply the
derived functor Lm to obtain a distinguished triangle
Lﬂg(gflfh ®§Q) — Lm(gglﬂg) — Lﬂ'g(gngg) — LTF!(glel ®EQ)[1]

in D(C). Using Lemmas and we see that the second and third terms agree
with Lo/4 and Lo, p and the first one equals

L1 y(Q1 ®p C) = Ly () ®% C = Lp/a @5 C

The first equality by Cohomology on Sites, Lemma m (and flatness of ; as a
sheaf of modules over B) and the second by Lemma O

Remark| 7.5. We sketch an alternative, perhaps simpler, proof of the existence of
the fundamental triangle. Let A — B — C be ring maps and assume that B — C
is injective. Let Py — B be the standard resolution of B over A and let Qo — C
be the standard resolution of C' over B. Picture

P A[AT[BH] gwfn == AlB)— B
Qu:  AJAJA[C]] == A[A[C)) == A[0] —C
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Observe that since B — C'is injective, the ring @,, is a polynomial algebra over P,
for all n. Hence we obtain a cosimplicial object in Cc/p/a (beware reversal arrows).
Now set Q, = Qe ®p, B. The key to the proof of Proposition is to show that
Q, is a resolution of C' over B. This follows from Cohomology on Sites, Lemma
applied to C = A, O = P,, O’ = B, and F = Q, (this uses that @, is flat
over P,; see Cohomology on Sites, Remark to relate simplicial modules to
sheaves). The key fact implies that the distinguished triangle of Proposition
is the distinguished triangle associated to the short exact sequence of simplicial
C-modules

O%Qp./A(X)P,C%QQ./A@)Q,C%QQ./B ®§.C*>O

which is deduced from the short exact sequences 0 — Qp, /4 @p, Qn — Qg, /4 —
Qq,/p, — 0 of Algebra, Lemma [I38.9] Namely, by Remark and the key fact
the complex on the right hand side represents L¢ /g in D(C).

If B — C'is not injective, then we can use the above to get a fundamental triangle for
A — B — BxC. Since LB><C/B — LB/BEBLc/B and LBXC/A — LB/AEBLc/A are
quasi-isomorphism in D(B x C) (Lemmal[6.4)) this induces the desired distinguished
triangle in D(C') by tensoring with the flat ring map B x C' — C.

Remark| 7.6. Let A — B — C be ring maps with B — C injective. Recall
the notation P,, Q., Q, of Remark Let R, be the standard resolution of
C over B. In this remark we explain how to get the canonical identification of
Q@./B ®3g. C with Lo/p = Qg, /B ®r, C. Let S¢ — B be the standard resolution
of B over B. Note that the functoriality map S, — R, identifies R,, as a polynomial
algebra over S, because B — C' is injective. For example in degree 0 we have the
map B[B] — BIC], in degree 1 the map B[B[B]] — B[B|C]], and so on. Thus
Re = R, ®s, B is a simplicial polynomial algebra over B as well and it follows
(as in Remark from Cohomology on Sites, Lemma that R, — C is a

resolution. Since we have a commutative diagram

Qo*)Ro

]

Phb——>S,——1B
we obtain a canonical map Q, = Qe ®p, B — Re. Thus the maps
Leyp =Qr, B Or, C — Qf 5 @g, C+— Q5 5®5 C
are quasi-isomorphisms (Remark and composing one with the inverse of the

other gives the desired identification.

8. Localization and étale ring maps

In this section we study what happens if we localize our rings. Let A — A’ — B
be ring maps such that B = B ®% A’. This happens for example if A’ = S714 is
the localization of A at a multiplicative subset S C A. In this case for an abelian
sheaf 7" on Cp s the homology of g 1 F over Cp/a agrees with the homology of
F' over Cg/as, see Lemma for a precise statement.

Lemma 8.1. Let A — A’ — B be ring maps such that B = B @Y% A’. Then
LB/A = LB/A’ m D(B)
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Proof. According to the discussion above (i.e., using Lemma[6.1)) and Lemma
we have to show that the sheaf given by the rule (P — B) — Qp,4 ®p B on
Cpya is the pullback of the sheaf given by the rule (P — B) — Qp,4 ®p B. The
pullback functor g—! is given by precomposing with the functor wu : Cg/a —Cpjar,
(P— B)— (P®4 A’ — B). Thus we have to show that

Qpja®p B =pg, a4 Qpegaan B
By Algebra, Lemma [131.12] the right hand side is equal to
(Qpja @4 A) @pgany B

Since P is a polynomial algebra over A the module 2p, 4 is free and the equality is
obvious. |

Lemma 8.2. Let A — B be a ring map such that B = B ®% B. Then Lp/a=0
in D(B).

Proof. This is true because Lg/a = L, = 0 by Lemmas [8.1] and O

Lemma 8.3. Let A — B be a ring map such that Tor{(B,B) =0 fori > 0 and
such that Lg/pg .5 = 0. Then Lg/s =0 in D(B).

Proof. By Lemmawe see that Lp s @ (B®a B) = Lpg,p/5- Now we use
the distinguished triangle ([7.0.1]

Lpg.p/B (e, B = Le/p = Le/Bo.s = LBo.B/B O(3s 5y Bl

associated to the ring maps B — B®4 B — B and the vanishing of Lg,p (Lemma
and Lp/pg,p (assumed) to see that

0= Lpg.B/B ®%B®AB) B=Lp/a®% (B®aB) ®{“B®AB) B =1Lg/a
as desired. O

Lemma 8.4. The cotangent complex Ly, is zero in each of the following cases:

(1) A— B and B®s B — B are flat, i.e., A — B is weakly étale (More on
Algebra, Definition ,

(2) A — B is a flat epimorphism of rings,

(3) B = S"tA for some multiplicative subset S C A,

(4) A — B is unramified and flat,

(5) A— B is étale,

(6) A — B is a filtered colimit of ring maps for which the cotangent complex
vanishes,

(7) B is a henselization of a local ring of A,

(8) B is a strict henselization of a local ring of A, and

(9) add more here.

Proof. In case (1) we may apply Lemmato the surjective flat ring map B ® 4
B — B to conclude that Lg,pg,p = 0 and then we use Lemma to conclude.
The cases (2) — (5) are each special cases of (1). Part (6) follows from Lemma
341 Parts (7) and (8) follows from the fact that (strict) henselizations are filtered
colimits of étale ring extensions of A, see Algebra, Lemmas [[55.7] and [155.11] O

Lemma 8.5. Let A — B — C be ring maps such that Lcyp = 0. Then Lojs =
LB/A ®% C.
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Proof. This is a trivial consequence of the distinguished triangle (7.0.1)). O

Lemmal 8.6. Let A — B be ring maps and S C A, T C B multiplicative subsets
such that S maps into T'. Then Lp-1p/s-14 = Lp/a @B T-'B in D(T7!B).

Proof. Lemma shows that Lp-1p/a = Lp/a @B T7'B and Lemma shows
that LT’lB/A:LT’lB/S’lA' [l

Lemma 8.7. Let A — B be a local ring homomorphism of local rings. Let

Al — B" resp. A" — B be the induced maps of henselizations, resp. strict
henselizations. Then

LBh/Ah = LBh/A :LB/A ®% B" resp. LBsh/Ash = LBsh,/A ZLB/A ®% Bsh
in D(B"), resp. D(B*").

Proof. The complexes Lyn s, Lasn/a, Lpn/p, and Lpsn, g are all zero by Lemma
Using the fundamental distinguished triangle for A - B — B" we
obtain Lpn ;4 = Lp/a ®L B". Using the fundamental triangle for A — A" — B"
we obtain Lpn/an = Lpn,4. Similarly for strict henselizations. (|

9. Smooth ring maps

Let C — B be a surjection of rings with kernel I. Let us call such a ring map
“weakly quasi-regular” if I/I? is a flat B-module and Tor¢ (B, B) is the exterior
algebra on I/I?. The generalization to “smooth ring maps” of what is done in
Lemma [84] for “étale ring maps” is to look at flat ring maps A — B such that the
multiplication map B ® 4 B — B is weakly quasi-regular. For the moment we just
stick to smooth ring maps.

Lemma 9.1. If A — B is a smooth ring map, then Lg,a = Qp,4[0].

Proof. We have the agreement in cohomological degree 0 by Lemma 4.5 Thus
it suffices to prove the other cohomology groups are zero. It suffices to prove this
locally on Spec(B) as Lp,/a = (Lpya)g for g € B by Lemma Thus we may
assume that A — B is standard smooth (Algebra, Lemma d, i.e., that we can
factor A — B as A — Alz1,...,x,] — B with A[xy,...,z,] — B étale. In this
case Lemmas @ and Lemma @ show that Lg/a = Las,,....e,)/4 ® B whence the
conclusion by Lemma [1.7] O

10. Positive characteristic

In this section we fix a prime number p. If A is a ring with p = 0 in A, then
F4: A — A denotes the Frobenius endomorphism a — a?.

Lemmal 10.1. Let A — B be a ring map with p =0 in A. Let P, be the standard
resolution of B over A. The map Py — P, induced by the diagram

B——B

P
AT 4

discussed in Sectz’on@ is homotopic to the Frobenius endomorphism Py — P, given
by Frobenius on each P,.
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Proof. Let A be the category of Fp-algebra maps A — B. Let S be the category of
pairs (A, E) where A is an F,-algebra and E is a set. Consider the adjoint functors

ViA—S, (A— B)— (A B)
and
U:S—= A, (AE)— (A— A[E))
Let X be the simplicial object in in the category of functors from A to A constructed
in Simplicial, Section [34] It is clear that Py = X (A — B) because if we fix A then.

Set Y = U o V. Recall that X is constructed from Y and certain maps and has
terms X,, = Y o...0Y with n 4+ 1 terms; the construction is given in Simplicial,
Example [33.1] and please see proof of Simplicial, Lemma for details.

Let f :id4 — id4 be the Frobenius endomorphism of the identity functor. In other
words, we set fa,p = (Fa,FB) : (A — B) —» (A — B). Then our two maps on
X(A — B) are given by the natural transformations f x 1x and 1x % f. Details
omitted. Thus we conclude by Simplicial, Lemma [33.6 (Il

Lemma 10.2. Let p be a prime number. Let A — B be a ring homomorphism
and assume that p =0 in A. The map Lp/a — Lp/a of Sectz’zm@ induced by the
Frobenius maps Fa and Fg is homotopic to zero.

Proof. Let P, be the standard resolution of B over A. By Lemma the map
P, — P, induced by F4 and Fp is homotopic to the map Fp, : P, — P, given by
Frobenius on each term. Hence we obtain what we want as clearly Fp, induces the
zero zero map Qp, /4 — 0p, /4 (since the derivative of a pth power is zero). O

Lemma 10.3. Let p be a prime number. Let A — B be a ring homomorphism
and assume that p =0 in A. If A and B are perfect, then Lg,4 is zero in D(B).

Proof. The map (Fa, Fg): (A — B) — (A — B) is an isomorphism hence induces
an isomorphism on Lp,4 and on the other hand induces zero on Lp,4 by Lemma
10,2 [l

11. Comparison with the naive cotangent complex
The naive cotangent complex was introduced in Algebra, Section [134]

Remark 11.1. Let A — B be a ring map. Working on Cp,4 as in Section
let J C O be the kernel of O — B. Note that Lm(J) = 0 by Lemma
Set Q = Q4 ®o B so that L4 = Lm(Q) by Lemma [4.3, It follows that
Lm(J — Q) = Lm(Q) = Lpya. Thus, for any object U = (P — B) of Cg/4 we
obtain a map

(11.1.1) (J—)QP/A Kp B) —)LB/A
where J = Ker(P — B) in D(A), see Cohomology on Sites, Remark Contin-
uing in this manner, note that Lm(J ®§ B) = Lm(J) = 0 by Lemma Since
Tor$ (7, B) = J/J? the spectral sequence

Hp(CB/A’TOY?(j,ﬁ)) = Hp+q(CB/A> J ®é B)=0

(dual of Derived Categories, Lemma [21.3)) implies that Ho(Cp,a,J/J?) = 0 and
Hl(CB/A,j/JQ) = 0. It follows that the complex of B-modules J/J? —
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satisfies 7>_1 Lm(J /J? — Q) = 7>_1Lp . Thus, for any object U = (P — B) of
Cp/a we obtain a map

(11.1.2) (J)J? = Qpja @p B) — 7>_1Lp/a
in D(B), see Cohomology on Sites, Remark
The first case is where we have a surjection of rings.

Lemma 11.2. Let A — B be a surjective ring map with kernel I. Then HO(LB/A) =
0 and H='(Lp/a) = I/I?. This isomorphism comes from the map for the
object (A — B) of Cp/a.

Proof. We will show below (using the surjectivity of A — B) that there exists a
short exact sequence

0—=n YI/I1*) - T/J* = Q=0

of sheaves on Cp, 4. Taking L and the associated long exact sequence of homology,
and using the vanishing of H1(Cg/a,J/J?) and Hy(Cp,a,J/J?) shown in Remark
[I1.3] we obtain what we want using Lemma

What is left is to verify the local statement mentioned above. For every object
U = (P — B) of Cg/a we can choose an isomorphism P = A[E] such that the
map P — B maps each e € F to zero. Then J = J(U) C P = O(U) is equal to
J =1IP + (e;e € E). The value on U of the short sequence of sheaves above is the
sequence

0= 1/I* = J/J> = Qpa®pB—0

Verification omitted (hint: the only tricky point is that IPNJ? = I.J; which follows
for example from More on Algebra, Lemma |30.9]). O

Lemma 11.3. Let A — B be a ring map. Then 7>_1Lp 4 is canonically quasi-
isomorphic to the naive cotangent complex.

Proof. Consider P = A[B] — B with kernel I. The naive cotangent complex
NLp,4 of B over A is the complex I/I? — Qp/a ®p B, see Algebra, Definition
134.1L Observe that in (|11.1.2) we have already constructed a canonical map

C: NLB/A — TzflLB/A
Consider the distinguished triangle (7.0.1))
Lpja®pB— Lgja— Lpp — (Lp/a @p B)[1]

associated to the ring maps A — A[B] — B. We know that Lp/q = Qp/a[0] =
NLp/y in D(P) (Lemma and Algebra, Lemma [134.3) and that 7> _1Lp,p =
I/I?[1] = NLg/p in D(B) (Lemma and Algebra, Lemma [134.6). To show ¢
is a quasi-isomorphism it suffices by Algebra, Lemma and the long exact co-
homology sequence associated to the distinguished triangle to show that the maps
Lpja — Lpya — Lp,p are compatible on cohomology groups with the correspond-
ing maps NLp/a — NLp/a — NLp,p of the naive cotangent complex. We omit
the verification. O

Remark| 11.4. We can make the comparison map of Lemma explicit in the
following way. Let P, be the standard resolution of B over A. Let [ = Ker(A[B] —
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B). Recall that Py = A[B]. The map of the lemma is given by the commutative
diagram

Lp/a coi—>=Qpa®@p, B——Qp g ®p, B——Qp 4 @p, B
NLp,a . 0 1)1 Qpy /4 @p, B

We construct the downward arrow with target I/I? by sending df ® b to the class
of (do(f)—di(f))bin I/I?. Here d; : P, — Py, i = 0,1 are the two face maps of the
simplicial structure. This makes sense as dy — d; maps P; into [ = Ker(Py — B).
We omit the verification that this rule is well defined. Our map is compatible with
the differential Qp 4 ®p, B — p, /4 ®p, B as this differential maps df ® b to
d(do(f) —d1(f)) ®b. Moreover, the differential Qp, /4 ®p, B — Qp, /4 @p, B maps
df ®bto d(do(f)—di(f)+da2(f))®b which are annihilated by our downward arrow.
Hence a map of complexes. We omit the verification that this is the same as the
map of Lemma

Remark 11.5. Adopt notation as in Remark The arguments given there
show that the differential

Hy(Cpja, T/ T?) — Ho(Cpya, Tor? (T, B))

of the spectral sequence is an isomorphism. Let Cj /A denote the full subcategory
of Cp/a consisting of surjective maps P — B. The agreement of the cotangent
complex with the naive cotangent complex (Lemma shows that we have an
exact sequence of sheaves

0—)H1(LB/A)—>;7/J2£>Q_>M_>O

on C 4. It follows that Ker(d) and Coker(d) on the whole category Cp/4 have van-
ishing higher homology groups, since these are computed by the homology groups
of constant simplicial abelian groups by Lemma Hence we conclude that

Hn(Cpja, T/ T?) = Hu(Lp)a)

is an isomorphism for all n > 2. Combined with the remark above we obtain the
formula Ha(Lp/a) = HO(CB/A,Tor?(J,Q)).

12. A spectral sequence of Quillen

In this section we discuss a spectral sequence relating derived tensor product to the
cotangent complex.

Lemma 12.1. Notation and assumptions as in Cohomology on Sites, Example
139.1. Assume C has a cosimplicial object as in Cohomology on Sites, Lemma[39.7.
Let F be a flat B-module such that Ho(C,F) = 0. Then HZ(C7Symk§(}')) =0 for
l<k.

Proof. We drop the subscript p from tensor products, wedge powers, and sym-
metric powers. We will prove the lemma by induction on k. The cases k = 0,1
follow from the assumptions. If £ > 1 consider the exact complex

o NP F@Sym* 2 F o F@ Sym* L F - SymPF — 0
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with differentials as in the Koszul complex. If we think of this as a resolution of
Symk}" , then this gives a first quadrant spectral sequence

EP? = H,(C,AN"T'F @ Sym* 97" F) = H,44(C, Sym*(F))
By Cohomology on Sites, Lemma we have
Lm(ATF @ Sym* 71 F) = L (AT F) @% Ly (Sym* 771 F))
It follows (from the construction of derived tensor products) that the induction
hypothesis combined with the vanishing of Hy(C, At (F)) = 0 will prove what we

want. This is true because AT (F) is a quotient of F®IT1 and Hy(C, F®IH!) is a
quotient of Hy(C,F)®9T! which is zero. O

Remark 12.2. In the situation of Lemma|12.1{one can show that Hy,(C, Sym"*(F)) =

Ak (HL(C, F)). Namely, it can be deduced from the proof that Hy(C,Sym"(F)) is
the Si-coinvariants of

H*(Lm(F) @Y% Lm(F) % ... % Lm(F)) = H (C, F)®*

Thus our claim is that this action is given by the usual action of Sy on the tensor
product multiplied by the sign character. To prove this one has to work through
the sign conventions in the definition of the total complex associated to a multi-
complex. We omit the verification.

Lemma 12.3. Let A be a ring. Let P = A[E] be a polynomial ring. Set I =
(e;e € E) C P. The maps Tort (A, I"tY) — Torl (A, I™) are zero for all i and n.

Proof. Denote z. € P the variable corresponding to e € E. A free resolution of A
over P is given by the Koszul complex K, on the z.. Here K; has basis given by
wedges e1A...Aej, e1,...,e; € Eand d(e) = z.. Thus Ke®pI™ = I"K, computes
Tor? (A, I™). Observe that everything is graded with deg(z.) = 1, deg(e) = 1, and
deg(a) = 0 for a € A. Suppose £ € I"M1K; is a cocycle homogeneous of degree m.
Note that m > i+ 1+mn. Then & = dn for some n € K; 1 as K, is exact in degrees
> 0. (The case i = 0 is left to the reader.) Now deg(n) = m > i+ 1+ n. Hence
writing 7 in terms of the basis we see the coordinates are in I™. Thus £ maps to
zero in the homology of I" K, as desired. ([

Theorem 12.4 (Quillen spectral sequence). Let A — B be a surjective ring map.
Consider the sheaf Q = Qo4 ®o B of B-modules on Cp/a, see Section |Z| Then
there is a spectral sequence with Eq-page

EYY=H_, 4(Cp/a, Symi(Q)) = Tor" (B, B)
with d, of bidegree (r,—r + 1). Moreover, H;(Cp/a, Symp(Q)) = 0 for i < k.

Proof. Let I C A be the kernel ofé — B. Let J C O be the kernel of O — B.
Then IO C J. Set K= J/IO and O = O/I0.

For every object U = (P — B) of Cg/a we can choose an isomorphism P = A[E]
such that the map P — B maps each e € E to zero. Then J = J(U) C P =0O(U)
isequal to J = IP+(e;e € E). Moreover O(U) = B[E]and K = K(U) = (e;e € E)
is the ideal generated by the variables in the polynomial ring B[E]. In particular
it is clear that

K/K*> % Qp/a@p B
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is a bijection. In other words, Q = K/K? and Syms(Q) = KF/KFF1. Note that
m(Q) = Qpa =0 (Lemma as A — B is surjective (Algebra, Lemma [131.4)).
By Lemma [I2.1] we conclude that

Hi(Cpya, K¥/KF) = Hy(Cp/a,Sym}(Q)) = 0
for ¢ < k. This proves the final statement of the theorem.
The approach to the theorem is to note that
B4 B =Lm(0) @} B = Lm(0 &% B) = Lm(0)

The first equality by Lemma the second equality by Cohomology on Sites,
Lemma and the third equality as O is flat over A. The sheaf O has a filtration

..CKPcK?cKcO

This induces a filtration F on a complex C representing Lm (O) with FPC repre-
senting L (KP) (construction of C' and F omitted). Consider the spectral sequence
of Homology, Section [24] associated to (C, F'). It has E;-page

EP' = H_, (Cpja, KP/KPTY) =  H_,_4(Cpa,0) =Tor",_ (B,B)
and differentials EP¢ — EPT™4="+1 To show convergence we will show that for
every k there exists a ¢ such that H;(Cg/a,K") =0 for i < k and n > cﬁ
Given k > 0 set ¢ = k2. We claim that
Hi(Cpja, K" ¢) = Hi(Cpa, K™)

is zero for ¢ < k and all n > 0. Note that K™/K"¢ has a finite filtration whose
successive quotients K™ /K™, n < m < n+ ¢ have Hy(Cp/a, K™/K™+1) = 0 for
i < n (see above). Hence the claim implies H;(Cp/a, K" ¢) = 0 for i < k and all
n > k which is what we need to show.

Proof of the claim. Recall that for any O-module F the map F — F ®% B induces
an isomorphism on applying L, see Lemma Consider the map

Krtk @b B — K" 0% B
We claim that this map induces the zero map on cohomology sheaves in degrees
0,—1,...,—k+ 1. If this second claim holds, then the k-fold composition

Krte @l B — K" 9% B
factors through 7<_ ;K™ ®§ B hence induces zero on H;(Cg/a,—) = Lym/(—) for
1 < k, see Derived Categories, Lemma By the remark above this means the

same thing is true for H;(Cp/a,K""¢) — H;(Cp/a,K") which proves the (first)
claim.

Proof of the second claim. The statement is local, hence we may work over an
object U = (P — B) as above. We have to show the maps

Tor} (B, K"*t*) — Tor! (B, K™)
are zero for ¢ < k. There is a spectral sequence

Tor? (P/IP, Tor,/'" (B, K™)) = Torl, (B, K™),

2A posteriori the “correct” vanishing H; (Cgya,K™) =0 for i < n can be concluded.
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see More on Algebra, Example Thus it suffices to prove the maps
Tor/'P(B, K™ = Torl'F (B, K™)

are zero for all 4. This is Lemma [12.3 O

Remark 12.5. In the situation of Theorem [12.4]let I = Ker(A — B). Then
H Y (Lpa) = Hi(Cpya, ) = I/I?, see Lemmal|11.2] Hence Hy,(Cp/a, Sym”*(Q)) =
AR (I/I?) by Remark Thus the E;-page looks like

B

0

0 I/12

0 H>(Lpsa)

0 HiB(LB/A) /\2(1/12)

0 H *(Lpsa) Hs(Cp/a,Sym*(Q))

0 H™%(Lpja) Ha(Cpa,Sym*(Q)) A3(I/I?)

with horizontal differential. Thus we obtain edge maps Tor (B, B) — H™"(Lpa),
i >0 and A (I/1%) = Tor*(B, B). Finally, we have Tori' (B, B) = I/I? and there
is a five term exact sequence

Tor{ (B, B) — H 3(Lga) — NL(I/I?) — Tory(B,B) — H (L) — 0
of low degree terms.

Remark| 12.6. Let A — B be a ring map. Let P, be a resolution of B over A
(Remark [5.5). Set J,, = Ker(P, — B). Note that

Tory™ (B, B) = Tor{" (J,, B) = Ker(J,, ®p, Jn — J2).
Hence Hy(Lp/a) is canonically equal to
Coker(Tor}" (B, B) — Tor}"(B, B))

by Remark To make this more explicit we choose P», P, Py as in Example
(.9 We claim that

Torf (B,B) = (D, . B) & €D, _, Jo & Tor" (B, B)

Namely, the basis elements x; Az of the first summand corresponds to the element
Q@ —xp Q@xy of Jy®p, J1. For f € Jy the element z; ® f of the second summand
corresponds to the element z; ® so(f) — so(f) ® ¢ of J; ®p, J1. Finally, the map
Torgo(B,B) — Torgl(B,B) is given by sg. The map dy — dy : Torgl(B,B) —
TorQPO(B, B) is zero on the last summand, maps z; ® f to f ® f; — ft ® f, and maps
T Nxy to fr @ for — frr @ fr. All in all we conclude that there is an exact sequence

NE(Jo/J3) — Tors®(B,B) — H™*(Lpy4) — 0

In this way we obtain a direct proof of a consequence of Quillen’s spectral sequence
discussed in Remark [12.5)


https://stacks.math.columbia.edu/tag/08RG
https://stacks.math.columbia.edu/tag/09D6

09AM

09CD

09CE

09CF

09CG

THE COTANGENT COMPLEX 26

13. Comparison with Lichtenbaum-Schlessinger

Let A — B be a ring map. In [LS67] there is a fairly explicit determination
of 7> _2Lp,4 which is often used in calculations of versal deformation spaces of
singularities. The construction follows. Choose a polynomial algebra P over A and
a surjection P — B with kernel I. Choose generators f;, t € T for I which induces a
surjection F' = @, ., P — I with F' a free P-module. Let Rel C F be the kernel of
F — I, in other words Rel is the set of relations among the f;. Let TrivRel C Rel
be the submodule of trivial relations, i.e., the submodule of Rel generated by the
elements (..., f¢,0,...,0,—f:0,...). Consider the complex of B-modules

(13.0.1) Rel/TrivRel — F ®p B — Qp/y ®p B

where the last term is placed in degree 0. The first map is the obvious one and the
second map sends the basis element corresponding to t € T to df; ® 1.

Definition 13.1. Let A — B be a ring map. Let M be a (B, B)-bimodule over A.
An A-biderivation is an A-linear map A : B — M such that A(zy) = zA(y) + A\(2)y.

For a polynomial algebra the biderivations are easy to describe.

Lemma 13.2. Let P = A[S] be a polynomial ring over A. Let M be a (P, P)-
bimodule over A. Given ms € M for s € S, there exists a unique A-biderivation
A: P — M mapping s to mg for s € S.

St) = E §1...8;—-1Mg;Si4+1 -5t

in M. Extending by A-linearity we obtain a biderivation. [

Proof. We set

Here is the comparison statement. The reader may also read about this in [And74]
page 206, Proposition 12] or in the paper [DRGV92] which extends the complex
(13.0.1) by one term and the comparison to 7>_3.

Lemma 13.3. In the situation above denote L the complex (13.0.1). There is a
canonical map Lg/a — L in D(B) which induces an isomorphism 7> _oLg/a — L
in D(B).

Proof. Let P, — B be a resolution of B over A (Remark . We will identify
Lp/a with Qp, 4 @ B. To construct the map we make some choices.

Choose an A-algebra map 1 : Py — P compatible with the given maps Py — B
and P — B.

Write P = A[S] for some set S. For s € S we may write

Y(do(s) Zpstft

for some p,; € P. Think of F = ®teTP as a (Pp, P1)-bimodule via the maps
(¥ o dp,9 ody). By Lemma _ 113.2] we obtain a unique A-biderivation A : P, — F
mapping s to the vector with coordinates ps ;. By construction the composition

PP—F—P

sends f € P to ¢¥(do(f) — di(f)) because the map f — (do(f) — di(f)) is an
A-biderivation agreeing with the composition on generators.
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For g € P, we claim that A(do(g) — d1(g) + dz2(g)) is an element of Rel. Namely, by
the last remark of the previous paragraph the image of A(do(g) — d1(g) + d2(g)) in
Pis

¥((do — d1)(do(g) — d1(g) + d2(9)))
which is zero by Simplicial, Section .
The choice of 1) determines a map

dy®1: QPO/A®B —>QP/A®B

Composing A\ with the map F' — F' ® B gives a usual A-derivation as the two
Pi-module structures on F' ® B agree. Thus A\ determines a map

X:Qpa®B—F®B
Finally, We obtain a B-linear map
q:Qp, /4 ® B — Rel/TrivRel
by mapping dg to the class of A(do(g) — d1(g) + d2(g)) in the quotient.
The diagram
Qp, 4 ®@ B Qp,ja ® B——=Qp 4 ® B——>Qp, /4 ®B
l | | el

0 ——— Rel/TrivRel ——> F @ B——>Qp/ 4, ® B

commutes (calculation omitted) and we obtain the map of the lemma. By Remark
and Lemma m we see that this map induces isomorphisms Hy(Lp/a) —
Hy(L) and Ho(Lpya) — Ho(L).

It remains to see that our map Lp/4 — L induces an isomorphism Hy(Lp/4) —
Hy(L). Choose a resolution of B over A with Py = P = A[u;] and then P, and P,
as in Example In Remark we have constructed an exact sequence

A% (Jo/JE) — Tors®(B,B) — H™*(Lgya) — 0

where Py = P and Jy = Ker(P — B) = I. Calculating the Tor group using the
short exact sequences 0 -1 —+ P —- B — 0and 0 — Rel - F — I — 0 we find
that Tord (B, B) = Ker(Rel ® B — F ® B). The image of the map A% (I/1%) —
Tord (B, B) under this identification is exactly the image of TrivRel ® B. Thus we
see that Ho(Lp/a) = Ho(L).

Finally, we have to check that our map Lp,4 — L actually induces this isomor-
phism. We will use the notation and results discussed in Example and Re-
marks and without further mention. Pick an element ¢ of Tor,? (B, B) =
Ker(I ®p I — I?). Write { = > hy 4 fy @ f; for some hy , € P. Tracing through
the exact sequences above we find that & corresponds to the image in Rel ® B of
the element r € Rel C F' = @, P with tth coordinate 7, = >, cp hy ¢ fr. On
the other hand, § corresponds to the element of Hy(Lp/4) = H2(S2) which is the
image via d : Hy(J/J?) — Ha(Q) of the boundary of ¢ under the 2-extension

0— TorS(B,B) » T @0 J = J —JT/JT*> =0

We compute the successive transgressions of our element. First we have

§=(do—di)(—=_ so(hwsfu) ® )
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and next we have
Z so(he ¢ fer)xe = do(vy) — di(vy) 4 da(vy)

by our choice of the variables v in Example We may choose our map A above
such that A(u;) = 0 and A(z;) = —e; where e; € F denotes the basis vector
corresponding to t € T'. Hence the construction of our map ¢ above sends dv, to

)\(Z so(he e fr)xe) = Zt (Zt/ ht/’tft/) “t

matching the image of £ in Rel ® B (the two minus signs we found above cancel
out). This agreement finishes the proof. O

Remark 13.4 (Functoriality of the Lichtenbaum-Schlessinger complex). Consider
a commutative square

A —— B

]

A——B

of ring maps. Choose a factorization

A ——sP —> P

]

A——P——B

with P a polynomial algebra over A and P’ a polynomial algebra over A’. Choose
generators fi, t € T for Ker(P — B). For t € T denote f/ the image of f; in P’.
Choose f! € P’ such that the elements f/ for t € T = T I S generate the kernel
of P/ = B'. Set F' = @,.r P and F' = @, .n P'. Let Rel = Ker(F — P) and
Rel’ = Ker(F' — P’) where the maps are given by multiplication by f;, resp. f/
on the coordinates. Finally, set TrivRel, resp. TrivRel’ equal to the submodule
of Rel, resp. TrivRel generated by the elements (..., fi,0,...,0,—f;,0,...) for
t,t' € T, resp. T'. Having made these choices we obtain a canonical commutative
diagram

L: Rel’/Tm'vRel’ — F Qpr B —— QP’/A’ K pr B’

] | |

L: Rel /TrivRel F®pB———Qpa®pB

Moreover, tracing through the choices made in the proof of Lemma the reader
sees that one obtains a commutative diagram

LB’/A' HL/

]

LB/A — L
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14. The cotangent complex of a local complete intersection

If A — B is a local complete intersection map, then Lp/4 is a perfect complex.
The key to proving this is the following lemma.

Lemma 14.1. Let A = Z[xy,...,x,] = B = Z be the ring map which sends x;
to 0 fori=1,...,n. Let [ = (x1,...,2,) C A. Then Lp,a is quasi-isomorphic to
I/1[1].

Proof. There are several ways to prove this. For example one can explicitly con-
struct a resolution of B over A and compute. We will use (7.0.1). Namely, consider
the distinguished triangle

LZ[acl,...,xn]/Z®Z[x1,...,acn]Z - LZ/Z — LZ/Z[xl,...,xn] — LZ[arl,...,xn]/Z®Z[x1,..A,xn]z[l]

The complex Lz, ... 2,z is quasi-isomorphic to Qz(,, . z.1/z by Lemma@ The
complex Lz 7 is zero in D(Z) by Lemma Thus we see that L/ has only one
nonzero cohomology group which is as described in the lemma by Lemma[I1.2] O

Lemma 14.2. Let A — B be a surjective ring map whose kernel I is generated by
a Koszul-regular sequence (for example a regular sequence). Then Lp/a is quasi-
isomorphic to I/I?[1].

Proof. Let f1,..., fr € I be a Koszul regular sequence generating I. Consider the

ring map Z[x1,...,2,] = A sending x; to f;. Since x1,...,z, is a regular sequence
in Z[x1,...,2,] we see that the Koszul complex on z1,...,x, is a free resolution
of Z =Zlxy,...,x.)/(21,...,2,) over Z[zy,...,z,] (see More on Algebra, Lemma

30.2). Thus the assumption that fi,..., f, is Koszul regular exactly means that
B = A®%[xl7_“7xr]z. Hence Lg/a = Lzz(,,...,2,) 9% B by Lemmasand O

Lemma 14.3. Let A — B be a surjective ring map whose kernel I is Koszul.
Then Lg4 is quasi-isomorphic to I/1?[1].

Proof. Locally on Spec(A) the ideal I is generated by a Koszul regular sequence,
see More on Algebra, Definition Hence this follows from Lemma [6.2 O

Proposition 14.4. Let A — B be a local complete intersection map. Then Lp,a
is a perfect complex with tor amplitude in [—1,0].

Proof. Choose a surjection P = Az, ..., z,] — B with kernel J. By Lemma[[1.3]
we see that J/J? — @ Bdx; is quasi-isomorphic to T>_1Lp/a. Note that J/J?
is finite projective (More on Algebra, Lemma [32.3), hence 7> _1Lp,4 is a perfect
complex with tor amplitude in [—1,0]. Thus it suffices to show that H*(Lp,4) =0

for i ¢ [—1,0]. This follows from (7.0.1)

Lpja®% B — Lg/a — Lp/p — Lpja @ B[1]
and Lemma to see that H*(Lg,/p) is zero unless i € {—1,0}. (We also use
Lemma [4.7| for the term on the left.) O

15. Tensor products and the cotangent complex
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Let R be a ring and let A, B be R-algebras. In this section we discuss Lag,5/r-
Most of the information we want is contained in the following diagram
(15.0.1)

La/r @5 (A®r B)———— Lg,B/B E

T |

Lajr @5 (A®r B) ———— Lag /R Lagpp/a

T !

Lp)r ©F (A®r B) == Lp,r % (A®r B)

Explanation: The middle row is the fundamental triangle for the ring maps
R — A — A®pg B. The middle column is the fundamental triangle for the
ring maps R — B — A®p B. Next, E is an object of D(A ®g B) which “fits” into
the upper right corner, i.e., which turns both the top row and the right column into
distinguished triangles. Such an E exists by Derived Categories, Proposition
applied to the lower left square (with 0 placed in the missing spot). To be more
explicit, we could for example define E as the cone (Derived Categories, Definition
of the map of complexes

Lir®% (A®r B)® L/ @F (A®r B) — Lag,n/r

and get the two maps with target E by an application of TR3. In the Tor indepen-
dent case the object E is zero.

Lemmal 15.1. If A and B are Tor independent R-algebras, then the object E in
15.0.1) is zero. In this case we have

Lagnp/r = Lajr ®% (A®r B)& Lp/p ®F (A®R B)
which is represented by the complex Lar ®r B® Lp/gr ®r A of A®r B-modules.

Proof. The first two statements are immediate from Lemma [6.21 The last state-
ment follows as L4/ is a complex of free A-modules, hence L4/ g ®% (A®g B) is
represented by Ly/r ®4 (A®r B) = La/r ®r B .

In general we can say this about the object E.

Lemmal 15.2. Let R be a ring and let A, B be R-algebras. The object E in
(15.0.1|) satisfies

. 0 if i>-—1

(3 _ -
H(E) = {Torf‘(A,B) if i=-2

Proof. We use the description of E as the cone on Lg/r ®L (A®RrB) — LagpB/a-
By Lemma the canonical truncations 7>_sLp /g and 7>_sLag, p/a are com-
puted by the Lichtenbaum-Schlessinger complex (13.0.1)). These isomorphisms are
compatible with functoriality (Remark [13.4). Thus in this proof we work with the
Lichtenbaum-Schlessinger complexes.

Choose a polynomial algebra P over R and a surjection P — B. Choose generators
ft € P, t € T of the kernel of this surjection. Let Rel C F' = @,. P be the
kernel of the map F' — P which maps the basis vector corresponding to ¢ to f;. Set
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Py=A®rPand Fy = AQr F = P, ®p F. Let Rels be the kernel of the map
F4 — P4. Using the exact sequence

0— Rel F—-P—B—0
and standard short exact sequences for Tor we obtain an exact sequence
A®p Rel — Rely — Tor(A4,B) = 0

Note that P4 — A ®pg B is a surjection whose kernel is generated by the elements
1® f; in P4. Denote TrivRels C Rels the Ps-submodule generated by the ele-
ments (...,1® fp,0,...,0,-1® f ®1,0,...). Since TrivRel ®r A — TrivRel 4 is
surjective, we find a canonical exact sequence

A ®p (Rel/TrivRel) — Rels/TrivRel s — Torl(A, B) — 0
The map of Lichtenbaum-Schlessinger complexes is given by the diagram
Rela/TrivRely — Fs ®@p, (AQr B) —— Qp, jaz,B @p, (A®r B)
- - i

Rel/TrivRel F®pB QP/A ®p B

Note that vertical maps —1 and —0 induce an isomorphism after applying the
functor A ® g — = P4 ®p — to the source and the vertical map —2 gives exactly
the map whose cokernel is the desired Tor module as we saw above. O

16. Deformations of ring maps and the cotangent complex

This section is the continuation of Deformation Theory, Section [2| which we urge
the reader to read first. We start with a surjective ring map A’ — A whose kernel
is an ideal I of square zero. Moreover we assume given a ring map A — B, a
B-module N, and an A-module map ¢ : I — N. In this section we ask ourselves
whether we can find the question mark fitting into the following diagram

0 N ? B 0
(16.0.1) CT T T
0 I A A 0

and moreover how unique the solution is (if it exists). More precisely, we look for
a surjection of A’-algebras B’ — B whose kernel is an ideal of square zero and is
identified with N such that A" — B’ induces the given map c. We will say B’ is a

solution to (|16.0.1]).

Lemma 16.1. In the situation above we have

(1) There is a canonical element & € Ext%(LB/mN) whose vanishing is a
sufficient and necessary condition for the existence of a solution to ,

(2) If there exists a solution, then the set of isomorphism classes of solutions
is principal homogeneous under EthB(LB/A, N).

(3) Given a solution B', the set of automorphisms of B’ fitting into is
canonically isomorphic to Ext% (Lpja,N).
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Proof. Via the identifications NLp 4 = 7>_1Lp/4 (Lemmal(l1.3) and H°(Lp/4) =
Qp/4 (Lemmald.5) we have seen parts (2) and (3) in Deformation Theory, Lemmas
21 and 221

Proof of (1). Roughly speaking, this follows from the discussion in Deformation
Theory, Remark by replacing the naive cotangent complex by the full cotangent
complex. Here is a more detailed explanation. By Deformation Theory, Lemma
and Remark there exists an element

¢ € Exty(NLajar, N) = Exty(NLajar @5 B, N) = Exty(Laja ®% B, N)

(for the equalities see Deformation Theory, Remark and use that NLu//a =
T>_1L ar/4) such that a solution exists if and only if this element is in the image of
the map

Exty(NLp/ar, N) = Extg(Lpar, N) — Ext(Laja ®% B, N)
The distinguished triangle for A — A — B gives rise to a long exact
sequence
.= Bxtg(Lpja, N) = Extp(Laja ®% B,N) — Exth(Lp/a, N) — ...
Hence taking £ the image of & works. O

17. The Atiyah class of a module

Let A — B be a ring map. Let M be a B-module. Let P — B be an object of
Cp/a (Section . Consider the extension of principal parts

0= Qpja®p M — Pp (M) = M — 0
see Algebra, Lemma [133.6] This sequence is functorial in P by Algebra, Remark
Thus we obtain a short exact sequence of sheaves of O-modules

0= Qoja®o M — Ph,4(M) = M — 0

on Cp/a. We have Lm(Qp 4 ®0 M) = Lg/a @5 M = L 4 ®% M by Lemma
and the flatness of the terms of L, 4. We have Lm (M) = M by Lemma Thus
a distinguished triangle

(17.0.1) Lo @ M — Lm (Pb;4(M)) = M = Lpa & M[1]

in D(B). Here we use Cohomology on Sites, Remark [39.13| to get a distinguished
triangle in D(B) and not just in D(A).

Definition 17.1. Let A — B be a ring map. Let M be a B-module. The map
M — Lp/a ®@% M[1] in (17.0.1) is called the Atiyah class of M.

18. The cotangent complex

In this section we discuss the cotangent complex of a map of sheaves of rings on
a site. In later sections we specialize this to obtain the cotangent complex of a
morphism of ringed topoi, a morphism of ringed spaces, a morphism of schemes, a
morphism of algebraic space, etc.

Let C be a site and let Sh(C) denote the associated topos. Let A denote a sheaf
of rings on C. Let A-Alg be the category of A-algebras. Consider the pair of
adjoint functors (U,V) where V : A-Alg — Sh(C) is the forgetful functor and
U : Sh(C) — A-Alg assigns to a sheaf of sets £ the polynomial algebra A[£] on
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& over A. Let X, be the simplicial object of Fun(.A-Alg, A-Alg) constructed in
Simplicial, Section [34]

Now assume that A — B is a homomorphism of sheaves of rings. Then B is an
object of the category A-Alg. Denote Po = X (B) the resulting simplicial A-
algebra. Recall that Py = A[B], P1 = A[A[B]], and so on. Recall also that there is

an augmentation
€:Pe — B
where we view B as a constant simplicial .A-algebra.
Definition 18.1. Let C be a site. Let A — B be a homomorphism of sheaves of

rings on C. The standard resolution of B over A is the augmentation ¢ : Py — B
with terms

Po=A[B], P1=A[A[B]],
and maps as constructed above.
With this definition in hand the cotangent complex of a map of sheaves of rings is

defined as follows. We will use the module of differentials as defined in Modules on
Sites, Section

Definition 18.2. Let C be a site. Let A — B be a homomorphism of sheaves of
rings on C. The cotangent complex Lp; 4 is the complex of B-modules associated
to the simplicial module

Qp, /4 @p,. B

where € : Py — B is the standard resolution of B over A. We usually think of Lz,
as an object of D(B).

These constructions satisfy a functoriality similar to that discussed in Section [6]
Namely, given a commutative diagram

B——B
(18.2.1) T T
A—— A
of sheaves of rings on C there is a canonical B-linear map of complexes
Lgja— Lpja

constructed as follows. If Py — B is the standard resolution of B over A and
P, — B’ is the standard resolution of B’ over A’, then there is a canonical map
Po — P, of simplicial A-algebras compatible with the augmentations P, — B and
P, — B’'. The maps

Po = AlB] — A'[B'] =Py, P1=AAB] — A[A[B]] =P;

and so on are given by the given maps A — A’ and B — B’. The desired map
Lpja — Lprja then comes from the associated maps on sheaves of differentials.

Lemma 18.3. Let f : Sh(D) — Sh(C) be a morphism of topoi. Let A — B be a
homomorphism of sheaves of rings on C. Then f~'Lg/a = Ly-1p/f-1.4.
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Proof. The diagram
A-Alg Sh(C)

S

=1 A-Alg —= Sh(D)

commutes. O

Lemmal 18.4. Let C be a site. Let A — B be a homomorphism of sheaves of rings
on C. Then Hi(LB/A) is the sheaf associated to the presheaf U — Hi(LB(U)/A(U)).

Proof. Let C’ be the site we get by endowing C with the chaotic topology (presheaves
are sheaves). There is a morphism of topoi f : Sh(C) — Sh(C’) where f, is the in-
clusion of sheaves into presheaves and f~! is sheafification. By Lemma it
suffices to prove the result for C’, i.e., in case C has the chaotic topology.

If C carries the chaotic topology, then Lg,4(U) is equal to Ly 4wy because

A-Alg

Sh(C)

S —
sections over Ul isections over U
A(U)-Alg —— Sets
commutes. (]

Remark 18.5. Tt is clear from the proof of Lemma that for any U € Ob(C)
there is a canonical map L), aw) — Lgja(U) of complexes of B(U)-modules.
Moreover, these maps are compatible with restriction maps and the complex Lg, 4
is the sheafification of the rule U — Ly, 4)-

Lemmal 18.6. Let C be a site. Let A — B be a homomorphism of sheaves of rings
on C. Then HO(LB/A) = QB/A'

Proof. Follows from Lemmas and [£.5]and Modules on Sites, Lemma (]

Lemmal 18.7. Let C be a site. Let A — B and A — B’ be homomorphisms of
sheaves of rings on C. Then

Lgxpja—> Le/a® Lpja
is an isomorphism in D(B x B').

Proof. By Lemma it suffices to prove this for ring maps. In the case of rings
this is Lemma O

The fundamental triangle for the cotangent complex of sheaves of rings is an easy
consequence of the result for homomorphisms of rings.

Lemmal 18.8. Let D be a site. Let A — B — C be homomorphisms of sheaves of
rings on D. There is a canonical distinguished triangle

Lja®pC — Leja — Leys — Lja @5 C[]
in D(C).
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Proof. We will use the method described in Remarks [.5] and [Z.6] to construct the
triangle; we will freely use the results mentioned there. As in those remarks we
first construct the triangle in case B — C is an injective map of sheaves of rings. In
this case we set

) Q. is the standard resolution of C over A,
) R, is the standard resolution of C over B,
) S, is the standard resolution of B over B,
)

go - Qo ®’P. 87 and
6) Re =Re ®s, B.
The distinguished triangle is the distinguished triangle associated to the short exact

sequence of simplicial C-modules
0—Qp,/4@p, C—Qg,/4R0, C— Q@,/B ®g, C—0

The first two terms are equal to the first two terms of the triangle of the state-
ment of the lemma. The identification of the last term with L¢ /s uses the quasi-
isomorphisms of complexes

LC/B = QR./B ®r, C — Qﬁ./B ®z%. C+—— Q@./B ®é, C

All the constructions used above can first be done on the level of presheaves and then
sheafified. Hence to prove sequences are exact, or that map are quasi-isomorphisms
it suffices to prove the corresponding statement for the ring maps A(U) — B(U) —
C(U) which are known. This finishes the proof in the case that B — C is injective.

In general, we reduce to the case where B — C is injective by replacing C by B x C
if necessary. This is possible by the argument given in Remark by Lemma
8.7 O

Lemmal 18.9. Let C be a site. Let A — B be a homomorphism of sheaves of rings
on C. If p is a point of C, then (Lgsa)p = Lp, /A, -
Proof. This is a special case of Lemma [18.3 O

For the construction of the naive cotangent complex and its properties we refer to
Modules on Sites, Section

Lemmal 18.10. Let C be a site. Let A — B be a homomorphism of sheaves of
rings on C. There is a canonical map Lgsa — NLg;a which identifies the naive
cotangent complex with the truncation 7>_1Lp)A-

Proof. Let P, be the standard resolution of B over A. Let Z = Ker(A[B] — B).
Recall that Py = A[B]. The map of the lemma is given by the commutative diagram

Lp)a o Op, A Oy, B——Qp, s ®p, B——Qp /4 @p, B
NLpgsa 0 T/1? Qpy /4 @p, B

We construct the downward arrow with target Z/Z? by sending a local section d f ®b
to the class of (do(f) — d1(f))b in Z/Z%. Here d; : Py — Po, @ = 0,1 are the two
face maps of the simplicial structure. This makes sense as dyg — d; maps P; into
7 = Ker(Py — B). We omit the verification that this rule is well defined. Our map
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is compatible with the differential Qp ;4 @p, B — Qp, /4 @p, B as this differential
maps a local section df ® b to d(do(f) — d1(f)) ® b. Moreover, the differential
Qp, ) 4@p, B = Qp, ) 4@p, B maps a local section d f®b to d(do(f)—di(f)+d2(f))2b
which are annihilated by our downward arrow. Hence a map of complexes.

To see that our map induces an isomorphism on the cohomology sheaves H° and
H~! we argue as follows. Let C’ be the site with the same underlying category as
C but endowed with the chaotic topology. Let f : Sh(C) — Sh(C’) be the morphism
of topoi whose pullback functor is sheafification. Let A" — B’ be the given map,
but thought of as a map of sheaves of rings on C’. The construction above gives a
map Lpija — NLg s 4 on C' whose value over any object U of C' is just the map

Lyw)jaw) = NLaw)/aw)

of Remark [11.4| which induces an isomorphism on H° and H~'. Since f‘lLB//A/ =
Lp/a (Lemma [18.3) and f~! NLg// 4 = NLpg;4 (Modules on Sites, Lemma [35.3)
the lemma is proved. [l

19. The Atiyah class of a sheaf of modules

Let C be a site. Let A — B be a homomorphism of sheaves of rings. Let F be a
sheaf of B-modules. Let P, — B be the standard resolution of B over A (Section
18)). For every n > 0 consider the extension of principal parts

(19.0.1) 0= Qp,/a®p, F=Pp j4(F) = F =0

see Modules on Sites, Lemma The functoriality of this construction (Modules
on Sites, Remark tells us is the degree n part of a short exact sequence
of simplicial Pe-modules (Cohomology on Sites, Section . Using the functor
Lm : D(P,) — D(B) of Cohomology on Sites, Remark (here we use that
Po — A is a resolution) we obtain a distinguished triangle

(19.0.2) Lija @ F = Lm (Ph,j4(F)) = F = Lnja & FI1
in D(B).
Definition 19.1. Let C be a site. Let A — B be a homomorphism of sheaves of
rings. Let F be a sheaf of B-modules. The map F — Lp/4 ®E F[1] in (19.0.2)) is
called the Atiyah class of F.

20. The cotangent complex of a morphism of ringed spaces

The cotangent complex of a morphism of ringed spaces is defined in terms of the
cotangent complex we defined above.

Definition 20.1. Let f : (X,0x) — (5,0g) be a morphism of ringed spaces.
The cotangent complex Ly of fis Ly = Lo, y-105- We will also use the notation
Ly =Lx/s=Loy/0s-

More precisely, this means that we consider the cotangent complex (Definition [18.2)

of the homomorphism f*: f~1Og — Ox of sheaves of rings on the site associated
to the topological space X (Sites, Example [6.4)).

Lemma 20.2. Let f: (X,0x) — (S,0s) be a morphism of ringed spaces. Then
H(Lx/s) = Qx/s.
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Proof. Special case of Lemma [18.6 O

Lemma 20.3. Let f: X =Y and g : Y — Z be morphisms of ringed spaces.
Then there is a canonical distinguished triangle

Lf*Lysz — Lx;z — Lx)y — Lf"Ly;z[1]

Proof. Set h = go f so that h~'0z = f~lg7'0z. By Lemma we have
f_lLy/Z = Ly-10, /h-10, and this is a complex of flat f~1Oy-modules. Hence the
distinguished triangle above is an example of the distinguished triangle of Lemma

[18.8 with A = h~'Oz, B= f~'Oy, and C = Ox. 0

Lemma 20.4. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. There
is a canonical map Lx;y — NLx/y which identifies the naive cotangent complex
with the truncation T7>_1Lx,y -

Proof. Special case of Lemma [18.10) (]

21. Deformations of ringed spaces and the cotangent complex

This section is the continuation of Deformation Theory, Section [7] which we urge
the reader to read first. We briefly recall the setup. We have a first order thickening
t:(S,05) — (8',0g) of ringed spaces with J = Ker(#*), a morphism of ringed
spaces f : (X,0x) — (5,0s), an Ox-module G, and an f-map ¢ : J — G of
sheaves of modules. We ask whether we can find the question mark fitting into the
following diagram

0 g ? Ox 0
(21.0.1) T T T
0 J Og Og 0

and moreover how unique the solution is (if it exists). More precisely, we look for
a first order thickening i : (X,0x) — (X’,Ox/) and a morphism of thickenings
(f, f') as in Deformation Theory, Equation where Ker(i*) is identified with
G such that (f")* induces the given map c¢. We will say X’ is a solution to .

Lemma 21.1. In the situation above we have

(1) There is a canonical element & € EXt%X (Lx/s,G) whose vanishing is a
sufficient and necessary condition for the existence of a solution to .

(2) If there exists a solution, then the set of isomorphism classes of solutions
is principal homogeneous under Ext}gx (Lx;s,G).

(3) Given a solution X', the set of automorphisms of X' fitting into

is canonically isomorphic to Ext(()gx (Lx;s,G).

Proof. Via the identifications NLx,s = 7>_1Lx,s (Lemma D and HO (Lx;s) =
Qx/s (Lemmal|20.2) we have seen parts (2) and (3) in Deformation Theory, Lemmas
and [Z.3l

Proof of (1). Roughly speaking, this follows from the discussion in Deformation
Theory, Remark by replacing the naive cotangent complex by the full cotangent
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complex. Here is a more detailed explanation. By Deformation Theory, Lemma
there exists an element

¢ € Exty (Lf* NLg)s,G) = Exty (Lf*Lg/s/,G)
such that a solution exists if and only if this element is in the image of the map
Exté (NLx/s,G) = Bxtp, (Lxs,G) — Bxtp (Lf*Lg)sr,G)

The distinguished triangle of Lemma for X — S — 5 gives rise to a long
exact sequence

.= Bxty (Lxs,G) = Bxty (Lf*Lsss, G) — Exty (Lx/s.G) — ...
Hence taking £ the image of & works. O

22. The cotangent complex of a morphism of ringed topoi

The cotangent complex of a morphism of ringed topoi is defined in terms of the
cotangent complex we defined above.

Definition 22.1. Let (f, f%) : (Sh(C),Oc) — (Sh(D),Op) be a morphism of
ringed topoi. The cotangent complex Ly of fis Ly = Lo./s-10,- We sometimes
write Ly = Lo /0p-

This definition applies to many situations, but it doesn’t always produce the thing
one expects. For example, if f : X — Y is a morphism of schemes, then f induces a
morphism of big étale sites fyig : (Sch/X)eétate = (Sch/Y)étale which is a morphism
of ringed topoi (Descent, Remark . However, Ly, = 0 since (fyig)* is an
isomorphism. On the other hand, if we take L; where we think of f as a morphism
between the underlying Zariski ringed topoi, then L; does agree with the cotangent
complex Ly /y (as defined below) whose zeroth cohomology sheaf is Qx /.

Lemma 22.2. Let f: (Sh(C),0) — (Sh(B),Og) be a morphism of ringed topoi.
Then HO(Lf) = Qf.

Proof. Special case of Lemma [18.6 [l

Lemma 22.3. Let [ : (Sh(C1),01) — (Sh(C2),02) and g : (Sh(Cs),Ds) —
(Sh(C3), O3) be morphisms of ringed topoi. Then there is a canonical distinguished
triangle

Lf*Ly — Lgoy — Ly — Lf*Ly[1]
Proof. Set h = go f so that h='03 = f1¢g7!03. By Lemma we have
L, = Ly-10,/n-10, and this is a complex of flat f~1Os-modules. Hence the
distinguished triangle above is an example of the distinguished triangle of Lemma

[18.8 with A = h= 103, B= f10s, and C = O. 0

Lemma 22.4. Let f: (Sh(C),0) — (Sh(B),Op) be a morphism of ringed topoi.
There is a canonical map Ly — NLy which identifies the naive cotangent complex
with the truncation T>_1Ly.

Proof. Special case of Lemma [18.10 (]
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23. Deformations of ringed topoi and the cotangent complex

This section is the continuation of Deformation Theory, Section [I3] which we urge
the reader to read first. We briefly recall the setup. We have a first order thickening
t: (Sh(B),0p) — (Sh(B'),Op') of ringed topoi with J = Ker(#*), a morphism of
ringed topoi f : (Sh(C),O) — (Sh(B), Og), an O-module G, and a map f~17 — G
of sheaves of f~!Og-modules. We ask whether we can find the question mark fitting
into the following diagram

0 G ? o 0
(23.0.1) T T T
0 17 f10p —— 105 ——=0

and moreover how unique the solution is (if it exists). More precisely, we look for a
first order thickening ¢ : (Sh(C),O) — (Sh(C’),O’) and a morphism of thickenings
(f, ") as in Deformation Theory, Equation where Ker(i*) is identified with
G such that (f")* induces the given map c¢. We will say (Sh(C'), O’) is a solution to

@500,

Lemma 23.1. In the situation above we have

(1) There is a canonical element & € Extg(Ly,G) whose vanishing is a suffi-
cient and necessary condition for the existence of a solution to .
(2) If there exists a solution, then the set of isomorphism classes of solutions
is principal homogeneous under Exté(Lf,g).
(3) Given a solution X', the set of automorphisms of X' fitting into
is canonically isomorphic to Extyy(Ls,G).
Proof. Via the identifications NL; = 7>_1L; (Lemma and HY(Ly) = Qy
(Lemma [22.2)) we have seen parts (2) and (3) in Deformation Theory, Lemmas [13.1]
and [13.3

Proof of (1). To match notation with Deformation Theory, Section [13|we will write
NLy = NLp,0, and Ly = Lo 0, and similarly for the morphisms ¢ and ¢ o f. By
Deformation Theory, Lemma there exists an element

¢ € Extp(Lf* NLog/0,,,G) = Exto(Lf*Log o, )
such that a solution exists if and only if this element is in the image of the map
Exty(NLojo,,,G) = Exty(Lojo,,G) — Exto(Lf*Log o, G)

The distinguished triangle of Lemma for f and t gives rise to a long exact
sequence

.. = Exty(Lojo,,,G) = Exto(Lf*Log o, G) = Exty(Lojog, G)
Hence taking & the image of & works. (I

24. The cotangent complex of a morphism of schemes

As promised above we define the cotangent complex of a morphism of schemes as
follows.

Definition| 24.1. Let f : X — Y be a morphism of schemes. The cotangent
complex Lx,y of X overY is the cotangent complex of f as a morphism of ringed
spaces (Definition [20.1)).
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In particular, the results of Section [20] apply to cotangent complexes of morphisms
of schemes. The next lemma shows this definition is compatible with the definition
for ring maps and it also implies that Lx/y is an object of Dgcon(Ox).

Lemma 24.2. Let f: X =Y be a morphism of schemes. Let U = Spec(A) C X
and V = Spec(B) C Y be affine opens such that f(U) C V. There is a canonical
map

Lpja — Lx/vlu
of complexes which is an isomorphism in D(Oy). This map is compatible with
restricting to smaller affine opens of X and Y.

Proof. By Remark there is a canonical map of complexes Lo, (1)/5-10y () —
Lx,y(U) of B = Ox(U)-modules, which is compatible with further restrictions.
Using the canonical map A — f~1Oy(U) we obtain a canonical map Lp/a —
Loy w)/s-10y @) of complexes of B-modules. Using the universal property of the
~ functor (see Schemes, Lemma we obtain a map as in the statement of the
lemma. We may check this map is an isomorphism on cohomology sheaves by
checking it induces isomorphisms on stalks. This follows immediately from Lemmas
and (and the description of the stalks of Ox and f~'Oy at a point p €
Spec(B) as By and Ay where ¢ = AN p; references used are Schemes, Lemma
and Sheaves, Lemma . ([l

Lemma 24.3. Let A be a ring. Let X be a scheme over A. Then

Lix/spec(n) = Loy /a
where A is the constant sheaf with value A on X.
Proof. Let p: X — Spec(A) be the structure morphism. Let g : Spec(A) — (x, A)
be the obvious morphism. By the distinguished triangle of Lemma [20.3] it suffices
to show that L, = 0. To see this it suffices to show for p € Spec(A) that
(Lq)p = LOSpec(A),p/A = LAP/A
(Lemma [18.9)) is zero which follows from Lemma O

25. The cotangent complex of a scheme over a ring

Let A be a ring and let X be a scheme over A. Write Lx/spec(a) = Lx/a which is
justified by Lemma [24.3] In this section we give a description of Ly, similar to
Lemma@ Namely, we construct a category Cx/, fibred over Xz, and endow it
with a sheaf of (polynomial) A-algebras O such that

LX/A = Lﬂ'!(Qo/A Ro QX)

We will later use the category Cx,a to construct a naive obstruction theory for the
stack of coherent sheaves.

Let A be aring. Let X be a scheme over A. Let Cx/a be the category whose objects
are commutative diagrams

X

U
(25.0.1) l l
A

Spec(A) =<—
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of schemes where

(1) U is an open subscheme of X,
(2) there exists an isomorphism A = Spec(P) where P is a polynomial algebra
over A (on some set of variables).

In other words, A is an (infinite dimensional) affine space over Spec(A). Morphisms
are given by commutative diagrams. Recall that Xz, denotes the small Zariski
site X. There is a forgetful functor

u:Cx/n = Xzar, (U—A)—=U

Observe that the fibre category over U is canonically equivalent to the category
Cox (u)/a introduced in Section @

Lemma 25.1. In the situation above the category Cxa is fibred over X zq,.

Proof. Given an object U — A of Cx/5 and a morphism U’ — U of Xz,, consider
the object U" — A of Cx/n where U' — A is the composition of U — A and
U" — U. The morphism (U" — A) — (U — A) of Cx/, is strongly cartesian over
XZar~ O

We endow Cx/n with the topology inherited from Xz, (see Stacks, Section .
The functor u defines a morphism of topoi 7 : Sh(Cx/a) — Sh(Xzar). The site
Cx/a comes with several sheaves of rings.

(1) The sheaf O given by the rule (U — A) — T'(A,Oa).

(2) The sheaf Oy = 7 1Ox given by the rule (U — A) — Ox (U).

(3) The constant sheaf A.
We obtain morphisms of ringed topoi

(Sh(Cx/n), Ox) ——= (Sh(Cx/n), O)

(25.1.1) Wl
(Sh(X zar), Ox)

The morphism i is the identity on underlying topoi and i : O — Oy is the
obvious map. The map w is a special case of Cohomology on Sites, Situation
An important role will be played in the following by the derived functors
Li* : D(O) — D(Qx) left adjoint to Ri. = ix : D(Ox) — D(O) and Lm :
D(Oy) — D(Ox) left adjoint to 7* =771 : D(Ox) — D(Oy). We can compute
L thanks to our earlier work.

Remark 25.2. In the situation above, for every U C X open let P, ;; be the
standard resolution of Ox(U) over A. Set A,y = Spec(P,,r). Then A,y is a
cosimplicial object of the fibre category Co, (ty/a of Cx/a over U. Moreover, as
discussed in Remarkwe have that A, ¢ is a cosimplicial object of Co (/)4 as in
Cohomology on Sites, Lemma Since the construction U — A, y is functorial
in U, given any (abelian) sheaf 7 on Cx/5 we obtain a complex of presheaves

U— F(Aev)

whose cohomology groups compute the homology of F on the fibre category. We
conclude by Cohomology on Sites, Lemma that the sheafification computes
L,m(F). In other words, the complex of sheaves whose term in degree —n is the
sheafification of U — F(A,, ) computes L (F).
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With this remark out of the way we can state the main result of this section.

Lemma 25.3. In the situation above there is a canonical isomorphism
Lx/p = Lm(Li* Qo) = Lm(i*Qo,a) = LT (Q0o/a ®0 Ox)

in D(Ox).

Proof. We first observe that for any object (U — A) of Cx /4 the value of the sheaf
O is a polynomial algebra over A. Hence o/, is a flat O-module and we conclude
the second and third equalities of the statement of the lemma hold.

By Remark the object Lm(Qo/a ®o Ox) is computed as the sheafification of
the complex of presheaves

U (Qoja ®0 Ox) (Ae) = Qp, /a @,y Ox(U) = Loy w)/a

using notation as in Remark Now Remark shows that Lm(Qo,/x ®0 Ox)
computes the cotangent complex of the map of rings A — Ox on X. This is what
we want by Lemma [24.3] O

26. The cotangent complex of a morphism of algebraic spaces

We define the cotangent complex of a morphism of algebraic spaces using the as-
sociated morphism between the small étale sites.

Definition 26.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The cotangent complex Lx,y of X over Y is the cotangent complex
of the morphism of ringed topoi fsmqu between the small étale sites of X and Y

(see Properties of Spaces, Lemma and Definition [22.1)).

In particular, the results of Section [22| apply to cotangent complexes of morphisms
of algebraic spaces. The next lemmas show this definition is compatible with the
definition for ring maps and for schemes and that Ly is an object of Dgcon(Ox).

Lemma 26.2. Let S be a scheme. Consider a commutative diagram

U——V

g

pl lq
!

X—Y

of algebraic spaces over S with p and q étale. Then there is a canonical identification
Lx/ylvaae = Luyv in D(Ov).

Proof. Formation of the cotangent complex commutes with pullback (Lemma
18.3) and we have p_,,;Ox = Ov and g0 OViu. = PemgnfomattO¥erm. be-
cause ¢t Oy, .. = Oy.,... (Properties of Spaces, Lemma [26.1). Tracing through
the definitions we conclude that Lx,y|v,,... = Lv/v- O

tale

Lemma 26.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume X and Y representable by schemes Xo and Yy. Then there
is a canonical identification Lx/y = € Lx,y, in D(Ox) where € is as in Derived
Categories of Spaces, Section[f| and Lx, vy, is as in Definition @


https://stacks.math.columbia.edu/tag/08T9
https://stacks.math.columbia.edu/tag/08VD
https://stacks.math.columbia.edu/tag/08VE
https://stacks.math.columbia.edu/tag/08VF

08VG

08VH

THE COTANGENT COMPLEX 43

Proof. Let fy: Xg — Yy be the morphism of schemes corresponding to f. There
is a canonical map €' fy 'Oy, — f. ! Oy compatible with € : e 1Ox, — Ox
because there is a commutative diagram

XO,Zar < Xétale

N

YO,Zav" -~ étale
see Derived Categories of Spaces, Remark Thus we obtain a canonical map

€ 1LXo/Yo =¢€ 1Loxo/fgloy0 = Lrloxg/rlfgloyo - Lox/f;,{a”oy = Lx)y
by the functoriality discussed in Section and Lemma [18.3] To see that the
induced map €*Lx,/y, — Lx/y is an isomorphism we may check on stalks at
geometric points (Properties of Spaces, Theorem . We will use Lemma m
to compute the stalks. Let T : Spec(k) — Xy be a geometric point lying over

x € Xg, with ¥ = f oT lying over y € Y. Then
LX/Y@ = LOX,E/Oy,g
and
(€*LX0/Y0)E = LXO/YO,I ®OX0,7; OX;E = LOXQ,:L’/OYo,y ®OXU,m OX’E
Some details omitted (hint: use that the stalk of a pullback is the stalk at the image
point, see Sites, Lemma [34.2] as well as the corresponding result for modules, see
Modules on Sites, Lemma [36.4). Observe that Ox z is the strict henselization of

Ox,,» and similarly for Oy 3 (Properties of Spaces, Lemma [22.1). Thus the result
follows from Lemma O

Lemma 26.4. Let A be a ring. Let X be an algebraic space over A. Then

Lx/spec(n) = Lox/a
where A is the constant sheaf with value A on Xgiale.
Proof. Let p : X — Spec(A) be the structure morphism. Let g : Spec(A)¢tare —
(*,A) be the obvious morphism. By the distinguished triangle of Lemma it

suffices to show that L, = 0. To see this it suffices to show (Properties of Spaces,
Theorem [19.12)) for a geometric point ¢ : Spec(k) — Spec(A) that

(Lq){ = LOSpeC(A)émLcsz/A
(Lemma [18.9) is zero. Since Ogpec(a).,,,,. 7 1 @ strict henselization of a local ring of
A (Properties of Spaces, Lemma [22.1)) this follows from Lemma O

27. The cotangent complex of an algebraic space over a ring

Let A be a ring and let X be an algebraic space over A. Write Ly, spec(a) = Lx/a
which is justified by Lemma In this section we give a description of Lx/x
similar to Lemma Namely, we construct a category Cx/ fibred over Xeiqie
and endow it with a sheaf of (polynomial) A-algebras O such that

Lx/an = Lm(Qo/a ®o Ox).

We will later use the category Cx,a to construct a naive obstruction theory for the
stack of coherent sheaves.
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Let A be a ring. Let X be an algebraic space over A. Let Cx/5 be the category
whose objects are commutative diagrams

X~—U

(27.0.1) l J/

Spec(A) =— A

of schemes where

(1) U is a scheme,

(2) U — X is étale,

(3) there exists an isomorphism A = Spec(P) where P is a polynomial algebra

over A (on some set of variables).

In other words, A is an (infinite dimensional) affine space over Spec(A). Morphisms
are given by commutative diagrams. Recall that X4, denotes the small étale site
of X whose objects are schemes étale over X. There is a forgetful functor

u:CX/A%Xétale, (U—)A)HU

Observe that the fibre category over U is canonically equivalent to the category
Cox (u)/a introduced in Section E}

Lemma 27.1. [In the situation above the category CX/A 1s fibred over Xgiqie-

Proof. Given an object U — A of Cx/y and a morphism U’ — U of X¢ae
consider the object U" — A of Cx/y where U’ — A is the composition of U — A
and U’ — U. The morphism (U’ — A) — (U — A) of Cx/ is strongly cartesian
over X¢iale- O

We endow Cx/n with the topology inherited from X¢sq. (see Stacks, Section .
The functor v defines a morphism of topoi m : Sh(Cx/p) — Sh(Xetate). The site
Cx/a comes with several sheaves of rings.

(1) The sheaf O given by the rule (U — A) — I'(A, Oa).

(2) The sheaf Oy = 77 1Ox given by the rule (U — A) — Ox (U).

(3) The constant sheaf A.

We obtain morphisms of ringed topoi

(Sh(Cx/), Ox) —— (Sh(Cx/a), O)

(27.1.1) ﬂl
(Sh(Xeétate), Ox)

The morphism i is the identity on underlying topoi and if : O — Oy is the
obvious map. The map 7 is a special case of Cohomology on Sites, Situation
An important role will be played in the following by the derived functors
Li* : D(O) — D(Ox) left adjoint to Ri, = ix : D(Oyx) — D(O) and Lm :
D(Oy) — D(Ox) left adjoint to 7* = 7~ : D(Ox) — D(Oy). We can compute
L thanks to our earlier work.

Remark 27.2. In the situation above, for every object U — X of Xgqie let Po iy
be the standard resolution of Ox (U) over A. Set A, y = Spec(P,,,r7). Then A,y
is a cosimplicial object of the fibre category Co (1y/a of Cx/a over U. Moreover, as
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discussed in Remark [5.5] we have that A, 7 is a cosimplicial object of Co (17)/4 as in
Cohomology on Sites, Lemma [39.7 Since the construction U — A,y is functorial
in U, given any (abelian) sheaf 7 on Cx,, we obtain a complex of presheaves

Ur— .F(A.7U)

whose cohomology groups compute the homology of F on the fibre category. We
conclude by Cohomology on Sites, Lemma that the sheafification computes
L,m(F). In other words, the complex of sheaves whose term in degree —n is the
sheafification of U — F(A,, y) computes Lm(F).

With this remark out of the way we can state the main result of this section.

Lemmal 27.3. In the situation above there is a canonical isomorphism
Ly = Lm(Li*Qo/p) = Lmi(i*Qo/a) = Lm(Qo,/s ®o Ox)
in D(Ox).
Proof. We first observe that for any object (U — A) of Cx/, the value of the sheaf

O is a polynomial algebra over A. Hence ¢/, is a flat O-module and we conclude
the second and third equalities of the statement of the lemma hold.

By Remark the object Lm(Qp,/y ®o Ox) is computed as the sheafification of
the complex of presheaves
U= (Qo/a @0 Ox) (Aev) = Qp, /8 ®p, y Ox(U) = Loy (w)/a

using notation as in Remark Now Remark shows that Lm(Qo/x ®0 Ox)
computes the cotangent complex of the map of rings A — Ox on Xgtqe. This is
what we want by Lemma O

28. Fibre products of algebraic spaces and the cotangent complex

Let S be a scheme. Let X — B and Y — B be morphisms of algebraic spaces over
S. Consider the fibre product X xpgY with projection morphisms p: X xp¥Y — X
and ¢ : X xgY — Y. In this section we discuss Lx ,y,p. Most of the information
we want is contained in the following diagram

Lp*Lx/p —— Lxxzy)y ——=F

T |

(28.0.1) Lp*Lx/p — Lxxpv/B — Lxxpv/x
Lg*Ly;p === Lq"LyB

Explanation: The middle row is the fundamental triangle of Lemma 22.3] for the
morphisms X XgY — X — B. The middle column is the fundamental triangle for
the morphisms X xpY — Y — B. Next, E is an object of D(Oxx v ) which “fits”
into the upper right corner, i.e., which turns both the top row and the right column
into distinguished triangles. Such an E exists by Derived Categories, Proposition
applied to the lower left square (with 0 placed in the missing spot). To be more
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explicit, we could for example define F as the cone (Derived Categories, Definition
of the map of complexes

Lp*Lxp ® Lq"Ly;p — Lxx,v/B

and get the two maps with target E by an application of TR3. In the Tor indepen-
dent case the object E is zero.

Lemma 28.1. In the situation above, if X and Y are Tor independent over B,
then the object E in (28.0.1]) is zero. In this case we have
Lxyx,y/B=Lp"'Lx/p®Lq" Ly/p
Proof. Choose a scheme W and a surjective étale morphism W — B. Choose a
scheme U and a surjective étale morphism U — X xg W. Choose a scheme V and
a surjective étale morphism V' — Y xp W. Then U xyw V — X xpY is surjective
étale too. Hence it suffices to prove that the restriction of E to U xy V is zero.
By Lemma and Derived Categories of Spaces, Lemma this reduces us to
the case of schemes. Taking suitable affine opens we reduce to the case of affine

schemes. Using Lemma [24.2] we reduce to the case of a tensor product of rings, i.e.,
to Lemma [I5.11 O

In general we can say the following about the object E.

Lemma 28.2. Let S be a scheme. Let X — B and Y — B be morphisms of
algebraic spaces over S. The object E in (28.0.1) satisfies H'(E) =0 fori=0,—1
and for a geometric point (Z,y) : Spec(k) = X xp Y we have

H%(E)zy) = Tor{'(A,B) ®ag,5 C
where R = (9375, A=0xz B=0yy, and C = Oxy,v,z5)-

Proof. The formation of the cotangent complex commutes with taking stalks and
pullbacks, see Lemmas and Note that C is a henselization of A ®g B.
Lo/r = LagpB/rR @agrp C by the results of Section Thus the stalk of E at our
geometric point is the cone of the map Ly/pr ® C — Lag,p/r ® C. Therefore the
results of the lemma follow from the case of rings, i.e., Lemma [15.2] O
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