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1. Introduction

08KX The goal of this chapter is to give a (relatively) gentle introduction to deformation
theory of modules, morphisms, etc. In this chapter we deal with those results that
can be proven using the naive cotangent complex. In the chapter on the cotangent
complex we will extend these results a little bit. The advanced reader may wish to
consult the treatise by Illusie on this subject, see [[II72].

2. Deformations of rings and the naive cotangent complex

0853 In this section we use the naive cotangent complex to do a little bit of deformation
theory. We start with a surjective ring map A" — A whose kernel is an ideal I of
square zero. Moreover we assume given a ring map A — B, a B-module N, and
an A-module map c¢: I — N. In this section we ask ourselves whether we can find
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the question mark fitting into the following diagram

0 N ? B 0
(20.1) 1 ]
0 I A A 0

and moreover how unique the solution is (if it exists). More precisely, we look for
a surjection of A’-algebras B’ — B whose kernel is an ideal of square zero and is
identified with N such that A’ — B’ induces the given map c. We will say B’ is a
solution to (2.0.1)).

Lemma 2.1. Given a commutative diagram

0 Ny B By 0
= 1/
00— 9]24>A’2— - Ay ——0

L 1L
R

0 I Al Ay 0
with front and back solutions to we have

(1) There exist a canonical element in Extp (NLpg, /a,, N2) whose vanishing is
a necessary and sufficient condition for the existence of a ring map B} — B}
fitting into the diagram.

ere exists a map — ing into the diagram the set of all suc
2) If th st B, — B} fitting into the diagram the set of all such
maps is a principal homogeneous space under Homp, (g, /4,, N2).

Proof. Let E = B; viewed as a set. Consider the surjection A;[E] — B; with
kernel J used to define the naive cotangent complex by the formula

NLp,ja, = (J/J* = Qa,(m)4, @am B1)
in Algebra, Section Since 4,[g)/a, ® B1 is a free Bi-module we have

1 Homp, (J/J?, Na)
EXtBl (NLBI/A17N2) HomBl (QA1[E]/A1 ® Bl7N2>
We will construct an obstruction in the module on the right. Let J' = Ker(A4}[E] —
Bj). Note that there is a surjection J’' — J whose kernel is I; A1[E]. For every
e € E denote z. € A;[E] the corresponding variable. Choose a lift y. € B} of
the image of z. in B; and a lift z, € B} of the image of ., in By. These choices
determine A/-algebra maps

AY[E] — B} and A}[E]— B
The first of these gives a map J' — Ny, f' — f'(y.) and the second gives a map
J" — No, f" + f'(z.). A calculation shows that these maps annihilate (J')2.

Because the left square of the diagram (involving ¢; and ¢3) commutes we see that
these maps agree on I; A;[E] as maps into No. Observe that Bf is the pushout
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of JJ = A)[B;y] and J' — N;. Thus, if the maps J' — N; — Ny and J' — No
agree, then we obtain a map B] — Bj fitting into the diagram. Thus we let the
obstruction be the class of the map

J/J? = Na, o> f'(ze) = v(f'(ye))

where v : N7 — Ns is the given map and where f' € J' is a lift of f. This is
well defined by our remarks above. Note that we have the freedom to modify our
choices of z. into z. + 02, and y. into ye + 61, for some d; . € N;. This will modify
the map above into

f'_>f,(ze+52,€)_V(f/(ye+51,e)) :fl(ze) Ze +Z 526_ 516 ) af

Oz,
This means exactly that we are modifying the map J/J? — Ny by the composition
J/J? = Qa, (g4, ® Bi — Ny where the second map sends dz. to d2.. — v(d1¢).
Thus our obstruction is well defined and is zero if and only if a lift exists.

Part (2) comes from the observation that given two maps ¢, : B} — B) fitting
into the diagram, then ¢ — 9 factors through a map D : B; — Ny which is an
Aq-derivation:

D(fg) = o(f'g") —o(f'q)
=¢(f)elg") —v(f)(d)
= (p(f") = 0(f)e(g") + o (f)(elg") —¥(g")
=gD(f) + fD(g)

Thus D corresponds to a unique Bi-linear map Qp, /4, — Na. Conversely, given
such a linear map we get a derivation D and given a ring map ¢ : B} — B} fitting
into the diagram the map ¢ + D is another ring map fitting into the diagram. O

Lemma 2.2. If there exists a solution to , then the set of isomorphism
classes of solutions is principal homogeneous under EthB(NLB/A, N).

Proof. We observe right away that given two solutions Bf and B} to we
obtain by Lemma [2.1| an obstruction element o(B}, BS) € Ext(NLp,4, N) to the
existence of a map B} — Bj}. Clearly, this element is the obstruction to the
existence of an isomorphism, hence separates the isomorphism classes. To finish
the proof it therefore suffices to show that given a solution B’ and an element
¢ € Exty(NLp,a, N) we can find a second solution B such that o(B’, By) = &.

Let E = B viewed as a set. Consider the surjection A[E] — B with kernel J used
to define the naive cotangent complex by the formula

NLpja = (J/J* = Qamja ©am B)
in Algebra, Section Since 4(g)/4 @ B is a free B-module we have

Homp(J/.J%, N)
HOHIB(QA[E]/A ® B, N)

Extp(NLp/a, N) =

Thus we may represent ¢ as the class of a morphism 6 : J/J? — N.

For every e € E denote z, € A[F] the corresponding variable. Choose a lift y, € B’
of the image of x, in B. These choices determine an A’-algebra map ¢ : A’[E] — B’'.
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Let J' = Ker(A'[E] — B). Observe that ¢ induces a map | : J' — N and that
B’ is the pushout, as in the following diagram

0 N B’ B 0

AT

0——=J —=AE]—=B——=0

Let ¢ : J' — N be the sum of the map |, and the composition
J = T NI = J/J2 S N
Then the pushout along v is an other ring extension Bg fitting into a diagram as
above. A calculation shows that o(B’, By) = ¢ as desired. O
Lemma 2.3. Let A be a ring. Let B be an A-algebra. Let N be a B-module. The
set of tsomorphism classes of extensions of A-algebras
0—-N—-B —-B—0

where N is an ideal of square zero is canonically bijective to Ext}3 (NLgja,N).

Proof. To prove this we apply the previous results to the case where (2.0.1) is
given by the diagram

0 N ? B 0
0 0 A4 4 0

Thus our lemma follows from Lemma [2.2] and the fact that there exists a solution,
namely N @ B. (See remark below for a direct construction of the bijection.) O

Remark| 2.4. Let A — B and N be as in Lemma Let « : P — B be a
presentation of B over A, see Algebra, Section With J = Ker(a) the naive
cotangent complex NL(c) associated to o is the complex J/J* — Qp/s @p B. We
have

Extp(NL(a), N) = Coker (Homp(Qp/a @p B,N) — HOmB(J/JQ,N))

because 2p, 4 is a free module. Consider a extension 0 — N — B’ — B —0asin
the lemma. Since P is a polynomial algebra over A we can lift o to an A-algebra
map o : P’ — B’. Then o/|;: J — N factors as J — J/J? — N as N has square
zero in B’. The lemma sends our extension to the class of this map J/J? — N in
the displayed cokernel.

Lemmal 2.5. Given ring maps A — B — C, a B-module M, a C-module N, a
B-linear map c¢: M — N, and extensions of A-algebras with square zero kernels
(a) 0> M — B’ — B — 0 corresponding to & € ExtlB(NLB/A,M), and
(b) 0 > N = C" — C — 0 corresponding to ¢ € Extlc(NLc/A,N).
See Lemma . Then there is an A-algebra map B’ — C' compatible with B — C
and c if and only if £ and  map to the same element of Extjlg(NLB/A, N).
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Proof. The stament makes sense as we have the maps
Extp(NLp)a, M) — Ext(NLg/a, N)
using the map M — N and
Extt(NLeja, N) = Extp(NLeya, N) — Extp(NLg/a, N)

where the first arrows uses the restriction map D(C) — D(B) and the second
arrow uses the canonical map of complexes NLp/4 — NLc/4. The statement of
the lemma can be deduced from Lemma [2.1] applied to the diagram

0 N o C 0
0—/—=0—>A—/=A——=0

Ly L L,
/1Y

0 0 A A 0

and a compatibility between the constructions in the proofs of Lemmas and
whose statement and proof we omit. (See remark below for a direct argument.) O

0GPW Remark 2.6. Let A—+B—-C, M, N,c: M - N,0—- M —- B — B —0,
¢ € Extg(NLg/a, M), 0 - N — C' — C — 0, and ¢ € Ext(NLgya, N) be as in
Lemma [2.5] Using pushout along ¢ : M — N we can construct an extension

0 N B, B 0
1]
0 M B’ B 0

by setting B} = (N x B’)/M where M is antidiagonally embedded. Using pullback
along B — C' we can construct an extension

0 N c' c 0
0 N B B 0

by setting B} = C’ x¢ B (fibre product of rings). A simple diagram chase tells
us that there exists an A-algebra map B’ — C’ compatible with B — C and c if
and only if B is isomorphic to Bj as A-algebra extensions of B by N. Thus to
see Lemma is true, it suffices to show that B] corresponds via the bijection of
Lemmato the image of £ by the map EthB(NLB/A’ M) — EthB(NLB/A’ N) and
that B correspond to the image of ¢ by the map Extlc(NLC/A, N) — EthB(NLB/A, N).
The first of these two statements is immediate from the construction of the class in


https://stacks.math.columbia.edu/tag/0GPW

0GPX

0GPY

0856

DEFORMATION THEORY 6

Remark 2:4] For the second, choose a commutative diagram

Q—>C

1. ]

P—>B
of A-algebras, such that « is a presentation of B over A and [ is a presentation
of C' over A. See Remark and references therein. Set J = Ker(«a) and K =
Ker(8). The map ¢ induces a map of complexes NL(a) — NL(f) and in particular
¢:J/J* = K/K?2 Choose A-algebra homomorphism 3’ : Q — C’ which is a lift of
B. Then o/ = (8’ o, a): P — By =C’ x¢ B is a lift of a. With these choices the
composition of the map K/K? — N induced by 8 and the map ¢ : J/J? — K/K?
is the restriction of o’ to J/J2. Unwinding the constructions of our classes in
Remark this indeed shows that Bj correspond to the image of ¢ by the map
Ext&(NLo/a, N) — Extp(NLg/a, N).

Lemmal 2.7. Let0 -1 — A —-A—0,A— B, andc:I— N be as in ,
Denote £ € Extz(NLA/A/,I) the element corresponding to the extension A’ of A
by I via Lemma [2.3. The set of isomorphism classes of solutions is canonically
bijective to the fibre of

Extp(NLp)ar, N) = Exty (NLasja, N)

over the image of €.

Proof. By Lemmamapplied to A" — B and the B-module N we see that elements
¢ of Extjlg(NLB/A/, N) parametrize extensions 0 - N — B’ — B — 0 of A’-
algebras. By Lemma applied to A’ -+ A — B and ¢: I —+ N we see that there
is an A’-algebra map A’ — B’ compatible with ¢ and A — B if and only if ¢ maps
to £. Of course this is the same thing as saying B’ is a solution of . O

Remark| 2.8. Observe that in the situation of Lemma we have
Extly(NLaija, N) = Extg(NLarjs @58, N) = Ext(NLa /o ®4B, N)
The first equality by More on Algebra, Lemma and the second by More on
Algebra, Lemma We have maps of complexes
NLp/ja ®aB — NLp s — NLp,4
which is close to being a distinguished triangle, see Algebra, Lemma If it were

a distinguished triangle we would conclude that the image of { in Ext5(NLpg 4, N)
would be the obstruction to the existence of a solution to (2.0.1]).

If our ring map A — B is a local complete intersection, then there is a solutuion.
This is a kind of lifting result; observe that for syntomic ring maps we have proved
a rather strong lifting result in Smoothing Ring Maps, Proposition

Lemmal 2.9. If A — B is a local complete intersection ring map, then there exists

a solution to .

First proof. Write B = A[z1,...,2,]/J. By More on Algebra, Definition [33.2]the
ideal J is Koszul-regular. This implies J is Hi-regular and quasi-regular, see More
on Algebra, Section Let J' C A'[x1,...,x,] be the inverse image of J. Denote
I[xy,...,z,] the kernel of A'[zy,...,z,] — Alz1,...,2,]. By More on Algebra,
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Lemma|32.5(we have I[z1,...,2,]N(J")? = J'I[z1,...,2,] = JI[z1,...,7,]. Hence
we obtain a short exact sequence

0=I®sB—=J/)J)Y—=J/J*=0
Since J/J? is projective (More on Algebra, Lemma [32.3) we can choose a splitting
of this sequence

J )V =1I®sB®J/J?

Let (J)? € J” C J' be the elements which map to the second summand in the
decomposition above. Then

0—=I®aB— Alry,...,2,]/J" — B—0

is a solution to (2.0.1) with N = I ® 4 B. The general case is obtained by doing a
pushout along the given map I ® 4 B — N. O

Second proof. Please read Remark before reading this proof. By More on
Algebra, Lemma the maps NLy 4 ®aB — NLg;ar — NLps4 do form a
distinguished triangle in D(B). Hence it suffices to show that Ext% /a(NLp/a,N)
vanishes. By More on Algebra, Lemma the complex NLp,4 is perfect of
tor-amplitude in [—1,0]. This implies our Ext® vanishes for example by More on

Algebra, Lemma part (1). O

3. Thickenings of ringed spaces

In the following few sections we will use the following notions:
(1) A sheaf of ideals Z C O/ on a ringed space (X', Ox-) is locally nilpotent if
any local section of Z is locally nilpotent. Compare with Algebra, Item
(2) A thickening of ringed spaces is a morphism i : (X,0x) — (X', 0x/) of
ringed spaces such that
(a) i induces a homeomorphism X — X',
(b) the map i* : Oxs — i,Ox is surjective, and
(c) the kernel of ! is a locally nilpotent sheaf of ideals.
(3) A first order thickening of ringed spaces is a thickening i : (X,0x) —
(X', Ox/) of ringed spaces such that Ker(i*) has square zero.
(4) Tt is clear how to define morphisms of thickenings, morphisms of thickenings
over a base ringed space, etc.
If i : (X,0x) — (X',0x) is a thickening of ringed spaces then we identify the
underlying topological spaces and think of Ox, Ox/, and Z = Ker(i*) as sheaves
on X = X’. We obtain a short exact sequence

0—>I—>OX/—>O)(—>O

of Ox,-modules. By Modules, Lemma the category of Ox-modules is equiva-
lent to the category of Oxs-modules annihilated by Z. In particular, if 4 is a first
order thickening, then Z is a Ox-module.

Situation 3.1. A morphism of thickenings (f, f’) is given by a commutative
diagram

(X, Ox) —_— (XI,OXI)

(3.1.1) fl Z lf’

(S,05) —— (5", 0s1)
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of ringed spaces whose horizontal arrows are thickenings. In this situation we set
T = Ker(i*) € Ox: and J = Ker(t!) € Og:. As f = f’ on underlying topological
spaces we will identify the (topological) pullback functors f~! and (f’)~!. Observe
that (f')*: f~'Og — Ox/ induces in particular a map f~'J — T and therefore a
map of Ox/-modules

frg—1z
If i and t are first order thickenings, then (f')*J = f*J and the map above becomes
amap f*J — T.

Definition 3.2. In Situation we say that (f, f') is a strict morphism of thick-
enings if the map (f')*J — Z is surjective.

The following lemma in particular shows that a morphism (f, f') : (X € X') —
(S € ") of thickenings of schemes is strict if and only if X =5 xg X'.

Lemmal 3.3. In Situation the morphism (f, f') is a strict morphism of thick-
enings if and only if is cartesian in the category of ringed spaces.

Proof. Omitted. U

4. Modules on first order thickenings of ringed spaces

In this section we discuss some preliminaries to the deformation theory of modules.
Let i : (X,0x) — (X',Ox) be a first order thickening of ringed spaces. We will
freely use the notation introduced in Section [3] in particular we will identify the
underlying topological spaces. In this section we consider short exact sequences

(4.0.1) 0-K—>F -F—=0

of Oxs-modules, where F, K are Ox-modules and F’ is an Ox/-module. In this
situation we have a canonical Ox-module map

C]:/ZI@OX]:—>IC

where Z = Ker(i*). Namely, given local sections f of T and s of F we set ¢z (f®s) =
/s where s’ is a local section of F’ lifting s.

Lemma 4.1. Leti: (X,0x) — (X',O0x/) be a first order thickening of ringed
spaces. Assume given extensions

0O-K—>F -F—=0 and 0-L—->G —-G—=0

asinandmapstp:]:—)g and ¢ : I — L.
(1) If there exists an Ox:-module map ¢' : F' — G’ compatible with ¢ and 1,
then the diagram

T ®oy ]:*)CF/ K

I®oxgi>ﬁ

s commutative.
(2) The set of Ox:-module maps @' : F' — G' compatible with ¢ and ) is, if
nonempty, a principal homogeneous space under Home,, (F, L).


https://stacks.math.columbia.edu/tag/08L1
https://stacks.math.columbia.edu/tag/08L2
https://stacks.math.columbia.edu/tag/08L5

08L6

08L7

DEFORMATION THEORY 9
Proof. Part (1) is immediate from the description of the maps. For (2), if ¢’ and
@' are two maps F' — G’ compatible with ¢ and v, then ¢’ — ¢’ factors as
FraF=>L—(

The map in the middle comes from a unique element of Home, (F, £) by Modules,
Lemma Conversely, given an element « of this group we can add the compo-
sition (as displayed above with « in the middle) to ¢’. Some details omitted. O

Lemma 4.2. Leti: (X,0x) = (X',Ox/) be a first order thickening of ringed
spaces. Assume given extensions

0-K—>F -F—=0 and 0-L—-G —-G—0
as in and maps ¢ : F — G and ¢ : KK — L. Assume the diagram
I@OX\FCHIC
]:/

00| iqp

Cg/
I®0, G——L
is commutative. Then there exists an element
o(, ) € Exto, (F, L)

whose vanishing is a mecessary and sufficient condition for the existence of a map
¢ F' = G compatible with ¢ and 1.

Proof. We can construct explicitly an extension
O=L-+H—=>F—=0

by taking H to be the cohomology of the complex
K2 Fag 2

in the middle (with obvious notation). A calculation with local sections using the
assumption that the diagram of the lemma commutes shows that # is annihilated
by Z. Hence H defines a class in

Extg (F,L) C EX’G}QX, (F,L)

Finally, the class of # is the difference of the pushout of the extension F’ via 1) and
the pullback of the extension G’ via ¢ (calculations omitted). Thus the vanishing
of the class of H is equivalent to the existence of a commutative diagram

0 K F' F 0
I
0 L g g 0
as desired. O

Lemma 4.3. Leti: (X,0x) = (X',Ox/) be a first order thickening of ringed
spaces. Assume given Ox-modules F, K and an Ox -linear map ¢: T ®@o, F — K.
If there exists a sequence with ¢y = ¢ then the set of isomorphism classes
of these extensions is principal homogeneous under Extéx (F,K).
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Proof. Assume given extensions
0-K—-F =-F—=0 and 0K —Fy—F—=0

with ¢z = ¢z, = c¢. Then the difference (in the extension group, see Homology,
Section [0f) is an extension

0-K—=-E—-F—=0
where £ is annihilated by Z (local computation omitted). Hence the sequence is
an extension of Ox-modules, see Modules, Lemma Conversely, given such an
extension £ we can add the extension £ to the Ox/-extension F' without affecting
the map cx/. Some details omitted. (|

Lemma 4.4. Leti: (X,0x) — (X',O0x) be a first order thickening of ringed
spaces. Assume given Ox-modules F, K and an Ox -linear map ¢: Z®o, F — K.
Then there exists an element

o(F,K,c) € Exty, (F,K)

whose vanishing is a necessary and sufficient condition for the existence of a se-

quence with cxr = c.

Proof. We first show that if I is an injective Ox-module, then there does exist
a sequence with ¢z = c¢. To do this, choose a flat Ox -module H’ and a
surjection H" — F (Modules, Lemma[I7.6)). Let 7 C H’ be the kernel. Since H’ is
flat we have
I®o, H =IH cJCH
Observe that the map
IH =TI ®o, H —I®o,, F=I®oy F

annihilates Z.7. Namely, if f is a local section of Z and s is a local section of H,
then fs is mapped to f ® s where § is the image of s in F. Thus we obtain

IH | IT—— TJTT
l .
. N
I®0y F—K
a diagram of Ox-modules. If K is injective as an Ox-module, then we obtain the

dotted arrow. Denote ' : J — K the composition of v with J — J/ZJ. A local
calculation shows the pushout

0—>J—>H —> F—>0
|
0—>K—>F — > F—0

is a solution to the problem posed by the lemma.

General case. Choose an embedding K C K’ with K’ an injective O x-module. Let
Q be the quotient, so that we have an exact sequence

0-K—=-K —-9—=0

Denote ¢’ : T®o, F — K’ be the composition. By the paragraph above there exists
a sequence
0K =& —=F—=0
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as in (4.0.1) with ¢ = ¢/. Note that ¢/ composed with the map X' — Q is zero,
hence the pushout of &’ by K’ — Q is an extension

0-9—-D - F—0

as in (4.0.1) with ¢p = 0. This means exactly that D’ is annihilated by Z, in other
words, the D’ is an extension of Ox-modules, i.e., defines an element

o(F,K,c) € Exty (F, Q) = Exty, (F,K)

(the equality holds by the long exact cohomology sequence associated to the exact
sequence above and the vanishing of higher ext groups into the injective module
K. If o(F, K, c) = 0, then we can choose a splitting s : F — D’ and we can set

F'=Ker(& — D' /s(F))

so that we obtain the following diagram

0 K F F 0
0 K &' F 0

with exact rows which shows that ¢z = ¢. Conversely, if 7’ exists, then the pushout
of ' by the map K — K’ is isomorphic to & by Lemma [4.3| and the vanishing
of higher ext groups into the injective module K’. This gives a diagram as above,
which implies that D’ is split as an extension, i.e., the class o(F, K, ¢) is zero. O

Remark 4.5. Let (X, Ox) be aringed space. A first order thickening i : (X, Ox) —
(X',0x) is said to be trivial if there exists a morphism of ringed spaces 7 :
(X',0x/) = (X, Ox) which is a left inverse to ¢. The choice of such a morphism =
is called a trivialization of the first order thickening. Given m we obtain a splitting

(4.5.1) Ox =0x®T

as sheaves of algebras on X by using 7 to split the surjection Ox — Ox. Con-
versely, such a splitting determines a morphism «. The category of trivialized first
order thickenings of (X, Ox) is equivalent to the category of Ox-modules.

Remark 4.6. Let i : (X,0x) — (X’,0x) be a trivial first order thickening of
ringed spaces and let 7 : (X', Ox/) — (X, Ox) be a trivialization. Then given any
triple (F, K, ¢) consisting of a pair of Ox-modules and a map ¢: Z ®p, F — K we
may set

é,triv =F S5 IC

and use the splitting associated to m and the map c to define the O x,-module
structure and obtain an extension . We will call F/,,,;, the trivial extension
of F by K corresponding to ¢ and the trivialization 7. Given any extension F’ as
in we can use ! : Ox — Ox/ to think of F’ as an Oy-module extension,
hence a class {# in Exté)x (F,K). Lemma assures that F' — £z induces a
bijection

{isomorphism classes of extensions

F'as in (4.0.1) with ¢ = ¢z

Moreover, the trivial extension F. ..,
,

} — Exty (F.K)

maps to the zero class.
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Remark 4.7. Let (X, Ox) be a ringed space. Let (X,Ox) — (X/,Ox;), i = 1,2

be first order thickenings with ideal sheaves Z;. Let h: (X7, Ox/) — (X5,O0x;) be
a morphism of first order thickenings of (X, Ox). Picture

(X>OX)

N

(X1,0x,) L (X3,0x;)

Observe that At : (’)Xé — OX{ in particular induces an Ox-module map Zo — Z;.
Let F be an Ox-module. Let (K;,¢;), i = 1,2 be a pair consisting of an Ox-module
K;andamap ¢; : Z;®0, F — K;. Assume furthermore given a map of O x-modules
Ko — K1 such that

Iy ®ox F —5> Ko

L

1 Rox }-L>’C1

is commutative. Then there is a canonical functoriality

{}"ﬁ as in (4.0.1) with } N {}"{ as in (4.0.1) with }

c2 = Cry and K = Ko €1 =cpy and K = K4

Namely, thinking of all sheaves Ox, O x:, F, KC;, etc as sheaves on X, we set given
F4 the sheaf F| equal to the pushout, i.e., fitting into the following diagram of
extensions

0 Ko 7 F 0
0 K F! F 0

We omit the construction of the Ox;-module structure on the pushout (this uses
the commutativity of the diagram involving ¢; and cz).

Remark 4.8. Let (X,0x), (X,0x) — (X},0x;), Z;, and h : (X{,0x;) —
(X5,0 x;) be as in Remark Assume that we are given trivializations m; : X| —
X such that m; = h o m. In other words, assume A is a morphism of trivialized
first order thickening of (X, Ox). Let (K;,¢;), i = 1,2 be a pair consisting of an
Ox-module K; and a map ¢; : Z; ®p, F — K;. Assume furthermore given a map
of Ox-modules Ko — K1 such that

Iy ®ox F —5> Ko

L

Il ®OX ]:*>c1 K:l
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is commutative. In this situation the construction of Remark induces a com-
mutative diagram

{F3 as in (4.0.1) with c2 = cx; and K = K}

|

{F1 as in (4.0.1) with ¢; = cz and K = K1}

where the vertical map on the right is given by functoriality of Ext and the map
K2 — Ky and the vertical map on the left is the one from Remark [£.7]

EXt%QX (.7:, IC2)

EXt%QX (]:, ’Cl)

Remark 4.9. Let (X, Ox) be a ringed space. We define a sequence of morphisms
of first order thickenings

of (X,0x) to be a complezx if the corresponding maps between the ideal sheaves
Z; give a complex of Ox-modules T3 — Zo — 77 (i.e., the composition is zero).
In this case the composition (X7,Ox;) — (X3, Ox;) factors through (X,0x) —
(X3, Oxy), 1.e., the first order thickening (X7, Ox;) of (X, Ox) is trivial and comes
with a canonical trivialization m : (X1, 0x/) — (X, Ox).
We say a sequence of morphisms of first order thickenings

(XL OX{) - (Xéa OX;) - (Xil’,a OX:;)

of (X, Ox) is a short exact sequence if the corresponding maps between ideal sheaves
is a short exact sequence

0123 —>1o—1, =0
of Ox-modules.

Remark 4.10. Let (X, Ox) be a ringed space. Let F be an Ox-module. Let
(X1, 0x;) = (X5, 0x;) — (X3, 0x;)

be a complex first order thickenings of (X,Ox), see Remark Let (K, ),
i =1,2,3 be pairs consisting of an Ox-module ; and a map ¢; : Z; ®o, F — K.
Assume given a short exact sequence of Ox-modules

0—>/C3—>]C2—>IC1—>0

such that
I ®ox F —7>Ke I3 ®ox F —> K3
oo
11 oy F—5K I R0y F—5K,

are commutative. Finally, assume given an extension
0=2Ke > Fy—=F—=0

as in with £ = Iy of OXé—modules with cry = c2. In this situation we
can apply the functoriality of Remark to obtain an extension Fj on Xj (we'll
describe F7 in this special case below). By Remark |4.6|using the canonical splitting
7 (X1,0x;) = (X,0x) of Remarkwe obtain {7 € Extéx (F,K1). Finally,
we have the obstruction

O(f, K3, 03) c EXt?gX (.7:, Kg)
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see Lemma In this situation we claim that the canonical map
9 : Exty, (F, K1) — Extd (F,K3)

coming from the short exact sequence 0 — K3 — Ko — K1 — 0 sends £ to the
obstruction class o(F, K3, ¢3).

To prove this claim choose an embedding j : K3 — K where K is an injective Ox-
module. We can lift j to a map j' : Ko — K. Set &) = j.F} equal to the pushout
of F3 by j' so that cg; = j" 0 ca. Picture:

0 & 7 F 0
I
0 K & F 0

Set & = &) but viewed as an Ox;-module via Ox; — Ox;. Then cg; = jocs.
The proof of Lemma constructs o(F, K3, c3) as the boundary of the class of the
extension of O x-modules

0—K/Ks—EJ/Ks —F—0

On the other hand, note that 7] = J3/K3 hence the class {r; is the class of the
extension

0— ICQ/ICS —>}—é/IC3 —-F =0
seen as a sequence of Ox-modules using 7¢ where 7 : (X1, Ox;) — (X, Ox) is the
canonical splitting. Thus finally, the claim follows from the fact that we have a
commutative diagram

0 —— K2/ FalKs 7 0
0 ——= K/ &/ F 0

which is Ox-linear (with the Ox-module structures given above).

5. Infinitesimal deformations of modules on ringed spaces

Let i : (X,0x) — (X',O0x/) be a first order thickening of ringed spaces. We
freely use the notation introduced in Section [3] Let 7’ be an Ox/-module and set
F = i*F'. In this situation we have a short exact sequence

0—-IF - F - F—=0

of Oxs-modules. Since 7?2 = 0 the Ox/-module structure on ZF’ comes from
a unique Ox-module structure. Thus the sequence above is an extension as in
. As a special case, if F' = Ox/ we have i*Ox/ = Ox and ZOx: = T and
we recover the sequence of structure sheaves

0—-7Z—-0x —0Ox —0

Lemma 5.1. Leti: (X,0x) — (X',Ox/) be a first order thickening of ringed
spaces. Let F', G be Ox/-modules. Set F = i*F and G =1*G'. Let o : F — G be
an Ox-linear map. The set of lifts of ¢ to an Ox:-linear map ¢’ : F' — G’ is, if
nonempty, a principal homogeneous space under Home,, (F,ZG’).
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Proof. This is a special case of Lemma [4.1] but we also give a direct proof. We
have short exact sequences of modules

05T —-0x -0x—=>0 and 0-IG -G -G —0

and similarly for F’. Since Z has square zero the Ox/-module structure on Z and
ZG' comes from a unique O x-module structure. It follows that

Homo ., (F',ZG") = Homo, (F,ZG') and Home,,(F',G) = Homo, (F,G)
The lemma now follows from the exact sequence
0— Hom@X, (f’,Ig/) — Homox,(]-",g') — HOmoX,(f/, g)

see Homology, Lemma [5.8 (]

Lemma 5.2. Let (f, f') be a morphism of first order thickenings of ringed spaces
as in Situation [3.1l Let F' be an Ox:-module and set F = i*F'. Assume that F
is flat over S and that (f, f') is a strict morphism of thickenings (Definition ,
Then the following are equivalent

(1) F' is flat over S’, and

(2) the canonical map f*J @o F — ZF' is an isomorphism.

Moreover, in this case the maps
I ®oy F—>I®0y F—IF
are isomorphisms.

Proof. The map f*J — Z is surjective as (f, f’) is a strict morphism of thicken-
ings. Hence the final statement is a consequence of (2).

Proof of the equivalence of (1) and (2). We may check these conditions at stalks.
Let z € X C X' be a point with image s = f(z) € S C S’. Set A’ = Og s,
B' = Ox: 4y, A= 0gs, and B = Ox,. Then A = A’/J and B = B’/I for some
square zero ideals. Since (f, f') is a strict morphism of thickenings we have I = JB'.
Let M’ = F, and M = F,. Then M’ is a B’-module and M is a B-module. Since
F = i*F' we see that the kernel of the surjection M’ — M is IM’' = JM'. Thus
we have a short exact sequence

0—-JM - M - M—=0

Using Sheaves, Lemma[26.4Jand Modules, Lemma to identify stalks of pullbacks
and tensor products we see that the stalk at x of the canonical map of the lemma
is the map

(J@AaB)@pM=J@sM=J®s M — JM'
The assumption that F is flat over S signifies that M is a flat A-module.
Assume (1). Flatness implies Tor’f‘/(M’,A) = 0 by Algebra, Lemma [75.8] This
means J® 4 M’ — M’ is injective by Algebra, Remark Hence J@ M — JM'

is an isomorphism.

Assume (2). Then J® 4 M’ — M’ is injective. Hence Tor‘f/(M’, A) = 0 by Algebra,
Remark Hence M’ is flat over A’ by Algebra, Lemma [99.8| O
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Lemma 5.3. Let (f, f') be a morphism of first order thickenings as in Situation
[5:3] Let 7', G’ be Ox/-modules and set F = i*F' and G = i*G'. Let ¢ : F — G
be an Ox-linear map. Assume that G' is flat over S’ and that (f, f') is a strict
morphism of thickenings. The set of lifts of ¢ to an Ox/-linear map ' : F' — G’
is, if nonempty, a principal homogeneous space under

HOIHOX (‘F7 g ®OX f*j)
Proof. Combine Lemmas [5.1] and 5.2 O

Lemma 5.4. Leti: (X,0x) — (X',O0x) be a first order thickening of ringed
spaces. Let F', G' be Ox/-modules and set F = 1*F' and G =i*G'. Let o : F — G
be an Ox -linear map. There exists an element

o(p) € Exty, (Li*F',IG")
whose vanishing is a necessary and sufficient condition for the existence of a lift of
© to an Ox:-linear map ¢' : F' — G'.

Proof. It is clear from the proof of Lemma that the vanishing of the boundary
of ¢ via the map
Homo, (F,G) = Homo,, (F',G) — Exty , (F,IG')
is a necessary and sufficient condition for the existence of a lift. We conclude as
Exte , (F',2G') = Exty (Li*F',1G')
the adjointness of i, = Ri, and Li* on the derived category (Cohomology, Lemma

28.1). 0

Lemma 5.5. Let (f, f) be a morphism of first order thickenings as in Situation
. Let ', G' be Ox/-modules and set F = i*F and G = i*G’'. Let o : F — G
be an Ox-linear map. Assume that F' and G’ are flat over S’ and that (f, f') is a
strict morphism of thickenings. There exists an element

o(p) € Exto, (F.G @0y [*T)
whose vanishing is a necessary and sufficient condition for the existence of a lift of
o to an Ox/-linear map ¢’ : F' — G'.
First proof. This follows from Lemma [5.4]|as we claim that under the assumptions
of the lemma we have

Exty, (Li*F',IG") = Exty, (F,G @0y [*T)

Namely, we have ZG' = G ®p, [*J by Lemma On the other hand, observe
that

H YLi*F) = Tor{X' (F, 0x)
(local computation omitted). Using the short exact sequence

0—-Z—>0x —-0x —0

we see that this Tor; is computed by the kernel of the map Z ®p,, F — ZF' which
is zero by the final assertion of Lemma Thus 7>_1Li*F" = F. On the other
hand, we have

Exty, (Li*F',IG') = Exty, (t5_1Li*F', IG')
by the dual of Derived Categories, Lemma [16.1 (]
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Second proof. We can apply Lemma [£.2] as follows. Note that K = Z ®0, F and
L=TI®0,G by Lemmal5.2] that c; =1®1 and ¢gy = 1®1 and taking ) = 1®¢
the diagram of the lemma commutes. Thus o(p) = o(p, 1 ® ¢) works. ]

Lemma 5.6. Let (f, f') be a morphism of first order thickenings as in Situation
. Let F be an Ox-module. Assume (f, f') is a strict morphism of thickenings
and F flat over S. If there exists a pair (F',«) consisting of an Ox:-module F'
flat over S’ and an isomorphism o : i* F' — F, then the set of isomorphism classes
of such pairs is principal homogeneous under EX‘C}QX (F.Z®oy F).

Proof. If we assume there exists one such module, then the canonical map
T ®oy F—=>IR0y F

is an isomorphism by Lemma[5.2} Apply Lemma [£3]with K = Z®e, F and ¢ = 1.
By Lemma the corresponding extensions F’ are all flat over S”. g

Lemma 5.7. Let (f, f') be a morphism of first order thickenings as in Situation
. Let F be an Ox-module. Assume (f, ') is a strict morphism of thickenings
and F flat over S. There exists an Ox/-module F' flat over S' with i*F = F, if
and only if

(1) the canonical map f*J Qo F = I Qo F is an isomorphism, and

(2) the class o( F,Z ®p, F,1) € EXt?QX (F,Z®o, F) of Lemma is zero.

Proof. This follows immediately from the characterization of Ox/-modules flat
over S’ of Lemma [5.2 and Lemma .4l O

6. Application to flat modules on flat thickenings of ringed spaces
Consider a commutative diagram

(X, Ox) — (X/,OX/)

fl l lf
(8,05) —— (5", Os/)

of ringed spaces whose horizontal arrows are first order thickenings as in Situation
Set T = Ker(i*) € Ox, and J = Ker(t!) C Og. Let F be an Ox-module.
Assume that

(1) (f,f") is a strict morphism of thickenings,

(2) f’is flat, and

(3) F is flat over S.
Note that (1) + (2) imply that Z = f*J (apply Lemma [5.2]to Ox/). The theory
of the preceding section is especially nice under these assumptions. We summarize
the results already obtained in the following lemma.

Lemma 6.1. In the situation above.

(1) There exists an Ox:-module F' flat over S’ with i*F' = F, if and only if
the class o(F, f*J @0y F.1) € Exty (F, f*T ®oy F) of Lemma is
zero.

(2) If such a module exists, then the set of isomorphism classes of lifts is prin-
cipal homogeneous under Ext%ox (F, [*T ®oy F).
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(3) Given a lift F', the set of automorphisms of F' which pull back to idr is
canonically isomorphic to Ext%x (F, f*T ®oy F).

Proof. Part (1) follows from Lemma [5.7 as we have seen above that Z = f*7.
Part (2) follows from Lemma Part (3) follows from Lemma O

Situation 6.2. Let f : (X,0x) — (5,0s) be a morphism of ringed spaces.
Consider a commutative diagram

(X1, 01) —— (X3, 05) —— (X3, 03)

R R

(Sia OSi) - (Séa OSé) - (Si/’)a OSé)

where (a) the top row is a short exact sequence of first order thickenings of X, (b)
the lower row is a short exact sequence of first order thickenings of S, (c) each f/
restricts to f, (d) each pair (f, f/) is a strict morphism of thickenings, and (e) each
f1 is flat. Finally, let F} be an Oj-module flat over S} and set F = Fj|x. Let
7 : X{ — X be the canonical splitting (Remark .

Lemma 6.3. In Situation |6.4 the modules 7*F and h*F} are O}-modules flat
over S| restricting to F on X. Their difference (Lemma is an element 0
of Extéx (F, f*J1 ®o, F) whose boundary in Extng (F, f*Js ®oy F) equals the
obstruction (Lemma[6.1)) to lifting F to an O-module flat over Sj.

Proof. Note that both 7*F and h*F} restrict to F on X and that the kernels of
m*F — F and h*F5 — F are given by f*71 ®o F. Hence flatness by Lemma
Taking the boundary makes sense as the sequence of modules

0= f*T3Q0 F = [fT2a®ox F = [*Th Qo F =0

is short exact due to the assumptions in Situation and the fact that F is flat
over S. The statement on the obstruction class is a direct translation of the result
of Remark [£.10] to this particular situation. O

7. Deformations of ringed spaces and the naive cotangent complex

In this section we use the naive cotangent complex to do a little bit of deformation
theory. We start with a first order thickening ¢ : (S,0s) — (S',Os/) of ringed
spaces. We denote J = Ker(t¥) and we identify the underlying topological spaces
of S and S’. Moreover we assume given a morphism of ringed spaces f : (X,0x) —
(S,0s), an Ox-module G, and an f-map ¢ : J — G of sheaves of modules (Sheaves,
Definition and Section . In this section we ask ourselves whether we can
find the question mark fitting into the following diagram

0 g ? Ox 0
(7.0.1) T T T
0 J O/ Os 0

(where the vertical arrows are f-maps) and moreover how unique the solution is (if it
exists). More precisely, we look for a first order thickening i : (X,0x) — (X', O0x)
and a morphism of thickenings (f, f’) as in where Ker(i%) is identified with
G such that (f’)* induces the given map c. We will say X' is a solution to .
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08U8 |Lemma 7.1. Assume given a commutative diagram of morphisms of ringed spaces
(X2,0x,) —— (X3, Oxy)
le \sz/
g ta ’
(SQ, 052) - (S2a OS;)
08U9 (7.1.1)
(X170X1) — ( {’ OX{)

i1

)

ty

(51,051) - (51505’{)

whose horizontal arrows are first order thickenings. Set G; = Ker(iﬁ-) and assume
given a g-map v : G — Go of modules giving rise to the commutative diagram

0 Go Ox; Ox, — >0
0—/—= > > OSé -/ 052 0
08UA  (7.1.2) / / /
0 Gi / OX§/ Oxl/ 0
| o Os, 0

with front and back solutions to .

(1) There exist a canonical element in EXt%/)X2 (Lg* NLx, s,,G2) whose vanish-
ing is a necessary and sufficient condition for the existence of a morphism
of ringed spaces X5 — X fitting into compatibly with v.
(2) If there exists a morphism X5 — X7 fitting into compatibly with v
the set of all such morphisms is a principal homogeneous space under
Homo, (Qx,/5,,9+G2) = Homo,, (9"Qx,/s,,G2) = Ext%x2 (Lg" NLx,/s,,G2)-
Proof. The naive cotangent complex NLx, g, is defined in Modules, Definition
The equalities in the last statement of the lemma follow from the fact that
g* is adjoint to g, the fact that HO(NLXI/SI) = Qx, /s, (by construction of the
naive cotangent complex) and the fact that Lg* is the left derived functor of g*.
Thus we will work with the groups EXt](CQXQ (Lg* NLx,/s,,G2), k = 0,1 in the rest
of the proof. We first argue that we can reduce to the case where the underlying
topological spaces of all ringed spaces in the lemma is the same.

To do this, observe that g=! NLy, /s, is equal to the naive cotangent complex of the
homomorphism of sheaves of rings g~ ' f; 'Os, — ¢ 'Ox,, see Modules, Lemma
Moreover, the degree 0 term of NLy, s, is a flat Ox,-module, hence the
canonical map

Lg* NLx,/s, — g~ ' NLx, /s, ®4-105, Ox,
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induces an isomorphism on cohomology sheaves in degrees 0 and —1. Thus we may
replace the Ext groups of the lemma with

k - k
Exty 10y, (97" NLx,/s,,G2) = Extg 0 (NLy-1o, jg-15-10,, 5 92)
The set of morphism of ringed spaces X} — X7 fitting into ((7.1.1) compatibly with

v is in one-to-one bijection with the set of homomorphisms of g~! f; o s;-algebras

g_l(’)X{ — Ox; which are compatible with f% and v. In this way we see that we
may assume we have a diagram ([7.1.2)) of sheaves on X and we are looking to find
a homomorphism of sheaves of rings Ox; — Ox; fitting into it.

In the rest of the proof of the lemma we assume all underlying topological spaces
are the same, i.e., we have a diagram (7.1.2)) of sheaves on a space X and we are
looking for homomorphisms of sheaves of rings Ox; — Ox; fitting into it. As ext

groups we will use Ext’éx1 (NLOXI/@S1 ,G2), k=0,1.
Step 1. Construction of the obstruction class. Consider the sheaf of sets
&= OX{ ><(f)X2 OXé
This comes with a surjective map a : £ — Ox, and hence we can use NL(«) instead
of NLoy, /o5, see Modules, Lemma, Set
7' = Ker(Og[€] = Ox,) and T =Ker(Og,[f] = Ox,)

There is a surjection Z' — 7 whose kernel is J1Og [€]. We obtain two homomor-
phisms of Og;-algebras

a: 031 [5] — OX{ and b: (931 [5] — OXé

which induce maps a|z : ' — Gy and b|z/ : Z' — Go. Both a and b annihilate (Z')2.
Moreover a and b agree on J1Og; [€] as maps into G2 because the left hand square
of is commutative. Thus the difference b|z: — v o a|z induces a well defined
Ox, -linear map
£:T)I* — Gy

which sends the class of a local section f of Z to a(f’) — v(b(f’)) where f’ is a lift
of f to a local section of Z'. We let [¢] € Extéx1 (NL(«),G2) be the image (see
below).

Step 2. Vanishing of [¢] is necessary. Let us write Q = Qos, 1£)/0s, Pos, (€] OX; -
Observe that NL(«) = (Z/Z? — Q) fits into a distinguished triangle
Q0] — NL(a) — Z/T?[1] — Q[1]

Thus we see that [£] is zero if and only if £ is a composition Z/Z? — Q — G, for
some map {2 — Gy. Suppose there exists a homomorphisms of sheaves of rings
¢ : Ox; — Oy fitting into . In this case consider the map Og/ [€] — G,
= b(f") —p(a(f’)). A calculation shows this annihilates J1Og; [€] and induces a
derivation Og, [€] — G2. The resulting linear map € — G witnesses the fact that
[€] = 0 in this case.

Step 3. Vanishing of [¢] is sufficient. Let 6 : Q — G be a Ox,-linear map such that
€ is equal to 0 o (Z/Z? — ). Then a calculation shows that

b+0od: 051[5] — OX;
annihilates 7' and hence defines a map Ox; — Ox; fitting into (7.1.2).
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Proof of (2) in the special case above. Omitted. Hint: This is exactly the same as
the proof of (2) of Lemma O

Lemmal 7.2. Let X be a topological space. Let A — B be a homomorphism of
sheaves of rings. Let G be a B-module. Let £ € Ext%;(NLB/A,g). There exists a

map of sheaves of sets a : £ — B such that & € Extyi(NL(a),G) is the class of a
map Z/I? — G (see proof for notation,).

Proof. Recall that given « : £ — B such that A[E] — B is surjective with kernel
7 the complex NL(«) = (Z/I? — Quie)/4 @.afe) B) is canonically isomorphic to
NLg, 4, see Modules, Lemma Observe moreover, that 0 = Q 4ie1/4 @) B
is the sheaf associated to the presheaf U — @.cg(y) B(U). In other words,  is
the free B-module on the sheaf of sets £ and in particular there is a canonical map
E—= Q.

Having said this, pick some & (for example £ = B as in the definition of the naive
cotangent complex). The obstruction to writing & as the class of a map Z/Z? — G is
an element in Extlg(Q, G). Say this is represented by the extension 0 - G — H —
Q — 0 of B-modules. Consider the sheaf of sets £ = £ xq H which comes with an
induced map o : & — B. Let 7' = Ker(A[£'] — B) and ' = Q414 @a[e B.
The pullback of £ under the quasi-isomorphism NL(a') — NL(«) maps to zero in
Ext}g(ﬂ’ ,G) because the pullback of the extension H by the map Q' — Q is split as
Q' is the free B-module on the sheaf of sets £ and since by construction there is a
commutative diagram

E<—="0
D<—M

|

This finishes the proof. (I

Lemma 7.3. If there exists a solution to W, then the set of isomorphism
classes of solutions is principal homogeneous under Extéx (NLx/s,9).

Proof. We observe right away that given two solutions X{ and X} to we
obtain by Lemma n an obstruction element o(X{, X}) € Exty (NLx/s,G) to
the existence of a map X; — X}. Clearly, this element is the obstruction to the
existence of an isomorphism, hence separates the isomorphism classes. To finish
the proof it therefore suffices to show that given a solution X’ and an element
e Extéx (NLx;s,G) we can find a second solution Xé such that o(X’,Xé) =¢£.

Pick @ : &€ — Ox as in Lemma [7.2] for the class . Consider the surjection
f1O5[€] — Ox with kernel Z and corresponding naive cotangent complex NL(a) =
(Z)1? — Q104061 f10s @f-105[¢) Ox). By the lemma § is the class of a mor-
phism § : Z/Z? — G. After replacing £ by £ xp, Ox’ we may also assume that «
factors through a map o’ : £ — Ox-.

These choices determine an f~!Og/-algebra map ¢ : Og/[€] — Ox:. Let T/ =
Ker(p). Observe that ¢ induces a map |z : Z' — G and that Oy is the pushout,
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as in the following diagram

0 g Ox Ox 0

ST

0——=7 —— f10g[] —= Ox —=0

Let ¢ : 7/ — G be the sum of the map |z and the composition

T -T)T)? -1/ 56
Then the pushout along 1 is an other ring extension Ox- fitting into a diagram as
above. A calculation (omitted) shows that o(X’, X{) = & as desired. O
Lemma 7.4. Let f: (X,0x) — (S,0g) be a morphism of ringed spaces. Let G
be a Ox-module. The set of isomorphism classes of extensions of f~1Og-algebras

0—-G6—-0x —0x —0

where G is an ideal of square zer is canonically bijective to Ext%gx (NLx/s,G).

Proof. To prove this we apply the previous results to the case where (7.0.1) is
given by the diagram

0 G ? O 0
0 0 0s —4. 04 0

Thus our lemma follows from Lemma [7.3] and the fact that there exists a solution,
namely G ® Ox. (See remark below for a direct construction of the bijection.) O

Remark 7.5. Let f: (X,0x) — (S,05) and G be as in Lemma Consider
an extension 0 - G — Oxs — Ox — 0 as in the lemma. We can choose a sheaf of
sets £ and a commutative diagram

Oxr — Ox

such that f~1O0g[€] — Ox is surjective with kernel J. (For example you can take
any sheaf of sets surjecting onto Ox/.) Then

NLx/s = NL(e) = (T /T? — Qp-1040e)/5-10s @f-10s(g] Ox)

See Modules, Section [31 and in particular Lemma Of course o/ determines a
map f10g[€] — Ox/ which in turn determines a map

J)T? —G
which in turn determines the element of Ext%gx (NL(a),G) = Extéx (NLx;s,9)

corresponding to Ox by the bijection of the lemma.

1n other words, the set of isomorphism classes of first order thickenings i : X — X’ over S
endowed with an isomorphism G — Ker(i#) of O x-modules.
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Lemma 7.6. Let f: (X,0x) — (S,05) and g : (Y,0y) = (X, Ox) be morphisms
of ringed spaces. Let F be a Ox-module. Let G be a Oy -module. Let c: F — G be
a g-map. Finally, consider

(a) 0 = F — Ox: — Ox — 0 an extension of f~1Og-algebras corresponding
to € € Extéx (NLx;s,F), and
(b) 0 = G — Oyr — Oy — 0 an eatension of g~' f~1Og-algebras correspond-
ing to ¢ € Ext}gy (NLy;s,G).
See Lemma[7.4). Then there is an S-morphism g’ : Y' — X' compatible with g and
c if and only if £ and ¢ map to the same element of Extéy (Lg* NLx/s,G).

Proof. The stament makes sense as we have the maps
Exty, (NLx/s, F) — Exte, (Lg* NLx/s, Lg*F) — Exté, (Lg* NLx/s,G)
using the map Lg*F — ¢*F < G and
Exty, (NLy,s,G) — Exté (Lg* NLx/s,G)

using the map Lg* NLx,s — NLy/,s. The statement of the lemma can be deduced
from Lemma, [7.1] applied to the diagram

0 g Oy Oy 0

1/

0—/ >0 05—/~ 05 —=0

Lo Lol L

A

and a compatibility between the constructions in the proofs of Lemmas [7-4] and [7]]
whose statement and proof we omit. (See remark below for a direct argument.) O

Remark 7.7. Let f: (X,0x) — (5,05),9: (Y,0y) = (X,0x), F, G, c: F —
g, 0—),7:—)0)(/ —)OX —>O,€€Ext%9X(NLx/S,./—")7 0_>g_>0Y’ _>OY _>07
and ¢ € Extéy (NLy,s,G) be as in Lemma Using pushout along c: g7'F — G

we can construct an extension

0 T 0] g t0x ——=0
0 g 1F g 10x ——=g7t0x ——=0

Using pullback along ¢f : ¢"'Ox — Oy we can construct an extension

0 g Oy Oy 0

]

0 g o, g 10x —=0
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A diagram chase tells us that there exists an S-morphism Y’ — X’ compatible with
g and c if and only if O is isomorphic to 0% as g~ f~'Og-algebra extensions of
9 'Ox by G. By Lemma these extensions are classified by the LHS of

Exty 10, (NLg-10y /g1 f-104:G) = Extg, (Lg* NLx/s,G)
Here the equality comes from tensor-hom adjunction and the equalities
NLy-10y/g-1/-105 =9 ' NLx;s and  Lg*NLx;s =g ' NLx/s @510, Oy

For the first of these see Modules, Lemma the second follows from the defini-
tion of derived pullback. Thus, in order to see that Lemma [7.6]is true, it suffices to
show that O} corresponds to the image of £ and that O} correspond to the image
of (. The correspondence between £ and O} is immediate from the construction
of the class ¢ in Remark For the correspondence between ¢ and O}, we first
choose a commutative diagram

&

B
Oy/ HOY

such that g~ f~1Og[€] — Oy is surjective with kernel K. Next choose a commu-
tative diagram

E<~—-¢

)
oLl
Oy =— 0) ——= g 10y

such that ¢g='f~10g[€'] — g~ 'Ox is surjective with kernel 7. (For example just
take &' = £ O) as a sheaf of sets.) The map ¢ induces a map of complexes
NL(a) — NL(B) (notation as in Modules, Section[31)) and in particular ¢ : J/J2 —
K/K?. Then NL(a) = NLy,s and NL(3) = NLy-10, /g-1f-104 and the map of
complexes NL(«) — NL(3) represents the map Lg* NLx/;s — NLy/g used in the
statement of Lemma (see first part of its proof). Now ( corresponds to the class
of the map K/K? — G induced by ', see Remark Similarly, the extension
O}, corresponds to the map J/J? — G induced by o’. The commutative diagram
above shows that this map is the composition of the map K/K? — G induced by 3’
with the map ¢ : J/J? — K/K?. This proves the compatibility we were looking
for.

Lemma 7.8. Lett: (S, Os) — (5',0s), J = Ker(t!), f: (X,0x) = (S,0s), G,
and c: J — G be as in . Denote € € Ext}gs(NLs/S/,j) the element corre-
sponding to the extension Og of Og by J via Lemma[74) The set of isomorphism
classes of solutions is canonically bijective to the fibre of

Exty, (NLx/s/,G) — Exty (Lf* NLg/s/,G)
over the image of €.
Proof. By Lemma [7.4] applied to X — S’ and the Ox-module G we see that
elements ¢ of Ext%gx (NLx/s:,G) parametrize extensions 0 — G — Oxs — Ox — 0

of f~10g-algebras. By Lemma applied to X — S — S  and ¢: J — G we see
that there is an S’-morphism X’ — S’ compatible with ¢ and f : X — S if and
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only if ( maps to £. Of course this is the same thing as saying Ox- is a solution of
(7.0.1). O

Remark| 7.9. In the situation of Lemma we have maps of complexes
Lf*NLg /s — NLx;s — NLx/s

These maps are closed to forming a distinguished triangle, see Modules, Lemma
If it were a distinguished triangle we would conclude that the image of £ in
Exty, (NVLx/s,G) would be the obstruction to the existence of a solution to l)

8. Deformations of schemes

In this section we spell out what the results in Section [7] mean for deformations of
schemes.

Lemmal 8.1. Let S C S’ be a first order thickening of schemes. Let f : X — S
be a flat morphism of schemes. If there exists a flat morphism [ : X' — 8" of
schemes and an isomorphism a : X — X' xg/ S over S, then
(1) the set of isomorphism classes of pairs (f' : X' — S’,a) is principal homo-
geneous under ExtéX(NLX/S, f*Csys), and
(2) the set of automorphisms of ¢ : X' — X' over S’ which reduce to the
identity on X' xg S is Ext%x (NLx/s, f*Cs/s7)-

Proof. First we observe that thickenings of schemes as defined in More on Mor-
phisms, Section [2] are the same things as morphisms of schemes which are thick-
enings in the sense of Section 3l We may think of X as a closed subscheme of X’
so that (f,f') : (X € X') = (S C &) is a morphism of first order thickenings.
Then we see from More on Morphisms, Lemma m (or from the more general
Lemma that the ideal sheaf of X in X' is equal to f*Cg/s/. Hence we have a
commutative diagram

OHf*Cs/S/ OX/ OX 0
0 Cs/s Os Os 0

where the vertical arrows are f-maps; please compare with (]E . Thus part (1)
follows from Lemma and part (2) from part (2) of Lemma [7.1] (Note that
NLx /s as defined for a morphism of schemes in More on Morphisms, Section
agrees with NLx /g as used in Section ) [

9. Thickenings of ringed topoi

This section is the analogue of Section [3] for ringed topoi. In the following few
sections we will use the following notions:

(1) A sheaf of ideals Z C O’ on a ringed topos (Sh(D), Q') is locally nilpotent
if any local section of Z is locally nilpotent.
(2) A thickening of ringed topoi is a morphism i : (Sh(C),O) — (Sh(D),O’) of
ringed topoi such that
(a) i is an equivalence Sh(C) — Sh(D),
(b) the map i* : O’ — i,0 is surjective, and
(c) the kernel of i* is a locally nilpotent sheaf of ideals.
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(3) A first order thickening of ringed topoi is a thickening i : (Sh(C),O) —
(Sh(D), 0’ of ringed topoi such that Ker(i*) has square zero.
(4) It is clear how to define morphisms of thickenings of ringed topoi, morphisms
of thickenings of ringed topoi over a base ringed topos, etc.
If i : (Sh(C),0) — (Sh(D),’) is a thickening of ringed topoi then we identify the
underlying topoi and think of @, ©’, and T = Ker(i*) as sheaves on C. We obtain
a short exact sequence
0-5Z—-0 -0-=0

of @’'-modules. By Modules on Sites, Lemma the category of O-modules is
equivalent to the category of O’-modules annihilated by Z. In particular, if 7 is a
first order thickening, then Z is a O-module.

Situation 9.1. A morphism of thickenings of ringed topoi (f, f’) is given by a
commutative diagram

(5h(C), 0) —— (SK(D), ")

(9.1.1) f l if’

(Sh(B), O5) —> (Sh(B'), Op')
of ringed topoi whose horizontal arrows are thickenings. In this situation we set
T = Ker(i*) ¢ O" and J = Ker(t*) C Og/. As f = f’ on underlying topoi we will

identify the pullback functors f~! and (f’)~!. Observe that (f')*: f~1Op — O’
induces in particular a map f~'J — T and therefore a map of O’-modules

f)yg—1z
If i and t are first order thickenings, then (f')*J = f*J and the map above becomes
amap f[*J — T.

Definition 9.2. In Situation we say that (f, f') is a strict morphism of thick-
enings if the map (f')*J — Z is surjective.

10. Modules on first order thickenings of ringed topoi

In this section we discuss some preliminaries to the deformation theory of modules.
Let i : (Sh(C,0) — (Sh(D),O’) be a first order thickening of ringed topoi. We will
freely use the notation introduced in Section [9] in particular we will identify the
underlying topological topoi. In this section we consider short exact sequences

(10.0.1) 0-K—=F —-F—=0

of @’-modules, where F, K are O-modules and F” is an @’-module. In this situation
we have a canonical O-module map

cr i I®pF —K

where Z = Ker(i*). Namely, given local sections f of Z and s of F we set cz (f®s) =
/s’ where s’ is a local section of F” lifting s.

Lemma 10.1. Let i : (Sh(C),0) — (Sh(D),O’) be a first order thickening of
ringed topoi. Assume given extensions

0O-K—>F -F—=0 and 0=-L—=>G —-G—0
as in (10.0.1) and maps ¢ : F = G and ¢ : K — L.
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(1) If there exists an O'-module map ¢’ : F' — G' compatible with ¢ and 1,
then the diagram

7
TR0 G —2>L

s commutative.
(2) The set of O'-module maps ¢’ : F' — G’ compatible with ¢ and v is, if
nonempty, a principal homogeneous space under Homep (F, L).

Proof. Part (1) is immediate from the description of the maps. For (2), if ¢’ and
¢’ are two maps F' — G’ compatible with ¢ and ¢, then ¢’ — ¢ factors as

FlaF—=>L—=d

The map in the middle comes from a unique element of Homey (F, £) by Modules
on Sites, Lemma Conversely, given an element « of this group we can add
the composition (as displayed above with « in the middle) to ¢'. Some details
omitted. O

Lemma 10.2. Let i : (Sh(C),0) — (Sh(D),0’) be a first order thickening of
ringed topoi. Assume given extensions

0-K—>F -F—=0 and 0-L—>G —-G—0
as in and maps ¢ : F — G and ¢ : K — L. Assume the diagram
IT®oF — K
T
T®0G—2>L
is commutative. Then there exists an element
o(p, V) € Exty(F, L)

whose vanishing is a mecessary and sufficient condition for the existence of a map
¢ F' = G compatible with ¢ and 1.

Proof. We can construct explicitly an extension
O=L—->H—+F—=0

by taking H to be the cohomology of the complex
kKLt Fag g

in the middle (with obvious notation). A calculation with local sections using the
assumption that the diagram of the lemma commutes shows that # is annihilated
by Z. Hence H defines a class in

Extéy(F, L) C Exty, (F, L)

Finally, the class of H is the difference of the pushout of the extension F” via 1 and
the pullback of the extension G’ via ¢ (calculations omitted). Thus the vanishing
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of the class of H is equivalent to the existence of a commutative diagram

0 K F F 0
I
0 L g g 0
as desired. O

Lemma 10.3. Let i : (Sh(C),0) — (Sh(D),O’) be a first order thickening of
ringed topoi. Assume given O-modules F, K and an O-linear map ¢ : T®o F — K.
If there exists a sequence with ¢z = ¢ then the set of isomorphism classes
of these extensions is principal homogeneous under Ext}g (F,K).

Proof. Assume given extensions
0-K—-F =-F—=0 and 0K —>Fy—F—=0

with ¢z = ¢z, = ¢. Then the difference (in the extension group, see Homology,
Section [6f) is an extension

0=-K—=E—=-F—=0

where £ is annihilated by Z (local computation omitted). Hence the sequence is
an extension of @-modules, see Modules on Sites, Lemma, Conversely, given
such an extension £ we can add the extension £ to the O’-extension F’ without
affecting the map cz/. Some details omitted. O

Lemma 10.4. Let i : (Sh(C),0) — (Sh(D),0’) be a first order thickening of
ringed topoi. Assume given O-modules F, K and an O-linear map ¢ : T®op F — K.
Then there exists an element

o(F,K,c) € Exté(}', K)

whose vanishing is a necessary and sufficient condition for the existence of a se-

quence (10.0.1)) with cx = c.

Proof. We first show that if IC is an injective O-module, then there does exist
a sequence ([10.0.1) with ¢z = ¢. To do this, choose a flat O’-module H’ and a
surjection H' — F (Modules on Sites, Lemma [28.8). Let J C H’ be the kernel.
Since H' is flat we have

I@o/HlZZH/ cIJcCH
Observe that the map
IH =Z @0 H —I®0 F=I®0F

annihilates Z.J7. Namely, if f is a local section of 7 and s is a local section of H,
then fs is mapped to f ® s where s is the image of s in F. Thus we obtain

TH |IT—— T |IT

L

I®o]'—%-lc
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a diagram of O-modules. If K is injective as an O-module, then we obtain the
dotted arrow. Denote v : J — K the composition of v with J — J/ZJ. A local
calculation shows the pushout

0—>J —>H —>F —>0
|
0— > K—>F — > F—0

is a solution to the problem posed by the lemma.

General case. Choose an embedding £ C K’ with K’ an injective O-module. Let
Q be the quotient, so that we have an exact sequence

0-K—=-K —-9—0

Denote ¢’ : T ®p F — K’ be the composition. By the paragraph above there exists
a sequence
0K =& —=F—=0

as in ((10.0.1)) with cer = ¢/. Note that ¢’ composed with the map K’ — Q is zero,
hence the pushout of £ by K’ — Q is an extension
0-Q—D —-F—0

as in (10.0.1) with ¢ps = 0. This means exactly that D’ is annihilated by Z, in
other words, the D’ is an extension of O-modules, i.e., defines an element

o(F,K,c) € Exty(F, Q) = Extd (F, K)

(the equality holds by the long exact cohomology sequence associated to the exact
sequence above and the vanishing of higher ext groups into the injective module
K. If o(F, K, c) = 0, then we can choose a splitting s : F — D’ and we can set

F' =Ker(&' — D'/s(F))

so that we obtain the following diagram

0 K F' F 0
0 K & F 0

with exact rows which shows that ¢z = c¢. Conversely, if 7’ exists, then the pushout
of F' by the map K — K’ is isomorphic to & by Lemma and the vanishing
of higher ext groups into the injective module K’. This gives a diagram as above,
which implies that D’ is split as an extension, i.e., the class o(F, K, ¢) is zero. O

Remark 10.5. Let (Sh(C),0) be a ringed topos. A first order thickening i :
(Sh(C),0) — (Sh(D), ") is said to be trivial if there exists a morphism of ringed
topoi 7 : (Sh(D),0’) — (Sh(C),O) which is a left inverse to i. The choice of such
a morphism 7 is called a trivialization of the first order thickening. Given 7 we
obtain a splitting

(10.5.1) O'=0a1
as sheaves of algebras on C by using 7# to split the surjection @’ — ©. Conversely,

such a splitting determines a morphism 7. The category of trivialized first order
thickenings of (Sh(C), Q) is equivalent to the category of O-modules.
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08MI Remark|10.6. Let i: (Sh(C),O) — (Sh(D),O’) be a trivial first order thickening
of ringed topoi and let 7 : (Sh(D), 0’) — (Sh(C), O) be a trivialization. Then given
any triple (F, X, ¢) consisting of a pair of O-modules and a map ¢: Z @0 F — K
we may set
é,tm"u =F @ K
and use the splitting (10.5.1)) associated to 7 and the map c to define the O’-module
structure and obtain an extension (10.0.1). We will call F7 ;. the trivial extension
of F by K corresponding to ¢ and the trivialization 7. Given any extension F' as
in we can use 7% : @ — O’ to think of F’ as an O-module extension, hence

a class €7 in Exty(F, K). Lemma assures that F’' — £z induces a bijection
isomorphism classes of extensions
F'asin ((10.0.1]) with ¢ = cx

Moreover, the trivial extension F. ...,

} — Extp(F,K)
maps to the zero class.

08MJ |Remark| 10.7. Let (Sh(C),O) be a ringed topos. Let (Sh(C), O) — (Sh(D;), O}),
i = 1,2 be first order thickenings with ideal sheaves Z;. Let h : (Sh(Dy),0}) —
(Sh(D3), O4) be a morphism of first order thickenings of (Sh(C), O). Picture

(4(¢),0)
/ \

(Sh(Dy), 0}) b (Sh(Dy), O%)

Observe that hf : O} — O} in particular induces an O-module map Zy — Z;. Let
F be an O-module. Let (K;,¢;), i = 1,2 be a pair consisting of an O-module K;
and a map ¢; : Z; ®o F — K;. Assume furthermore given a map of O-modules
Ko — K1 such that

I @0 F —5> K2

L

T @0 F —2> K4

is commutative. Then there is a canonical functoriality

{]—"ﬁ as in ((10.0.1)) with } R {]:{ as in ([10.0.1)) with }

CQZC].'é andlC:ICQ 6110]:{ andIC:ICl

Namely, thinking of all sheaves O, O}, F, K;, etc as sheaves on C, we set given
F4 the sheaf F| equal to the pushout, i.e., fitting into the following diagram of

extensions
0 Ko ]-'é F 0
0 K1 F { F 0

We omit the construction of the O}-module structure on the pushout (this uses the
commutativity of the diagram involving ¢; and ¢s).

08MK Remark 10.8. Let (Sh(C),O), (Sh(C),0) — (Sh(D;), 0}), I;,and h : (Sh(Dy),O}) —

(Sh(D3),04) be as in Remark Assume that we are given trivializations
m ¢ (Sh(D;),0}) — (Sh(C),O) such that m = h o m. In other words, assume
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h is a morphism of trivialized first order thickenings of (Sh(C),O). Let (K;,¢),
i = 1,2 be a pair consisting of an O-module I; and a map ¢; : Z; o F — K;.
Assume furthermore given a map of @O-modules Ky — K1 such that

R

L

T @0 F —2= K4

is commutative. In this situation the construction of Remark [[0.6] induces a com-
mutative diagram

{F} as in ([[0.0.1) with ¢, = cr; and K = Ky} ————— Ext(F, K2)

| |

{71 as in (10.0.1) with ¢; = cx; and K = K1} Exté, (F, K1)

where the vertical map on the right is given by functoriality of Ext and the map
K2 — K4 and the vertical map on the left is the one from Remark

Remark 10.9. Let (Sh(C), O), (Sh(C),O) — (Sh(D;), 0)), Z;, and h : (Sh(D1),0}) —
(Sh(D3), O4) be as in Remark Observe that hf : O4 — O} in particular in-
duces an O-module map Zo — Z;. Let F be an O-module. Let (K;,¢;), i = 1,2
be a pair consisting of an O-module IC; and a map ¢; : Z; ®o F — K;. Assume
furthermore given a map of O-modules Ky — Ky such that

I @0 F —= Ko

L

Il ®(9 ]: L> Kl
is commutative. Then we claim the map
Ext} (F, K2) — Bxth(F,K))
sends o(F, Ka, c2) to o(F, Ky, c1).

To prove this claim choose an embedding js : Ko — K} where K is an injective O-
module. As in the proof of Lemma [10.4] we can choose an extension of Os-modules

0Ky =& —F—0

such that cg, = ja 0 ca. The proof of Lemma constructs o(F, Kq,c2) as the
Yoneda extension class (in the sense of Derived Categories, Section of the exact
sequence of O-modules

0— Ko — Ky — E/Ka = F =0

Let K} be the cokernel of Ko — K1 @ K. There is an injection j; : K3 — K} and
a map K} — K} forming a commutative square. We form the pushout:

0 K & F 0

L

0 ! & F 0
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There is a canonical O;-module structure on &£ and for this structure we have
cg, = j1 o c1 (this uses the commutativity of the diagram involving ¢; and co
above). The procedure of Lemma tells us that o(F,Ki,c1) is the Yoneda
extension class of the exact sequence of O-modules

0K =K =&/ —=F—=0

Since we have maps of exact sequences

0 ,Cz IC/2 52/K24>.7:4>0
0 Ko IC/2 52/’C24>]:4>0

we conclude that the claim is true.

Remark 10.10. Let (Sh(C),O) be a ringed topos. We define a sequence of
morphisms of first order thickenings

(Sh(D1),01) = (Sh(D2), 03) — (Sh(Ds), O3)

of (Sh(C), ) to be a complez if the corresponding maps between the ideal sheaves
Z; give a complex of O-modules Zs — Zo — Z; (i.e., the composition is zero). In this
case the composition (Sh(D;),07) — (Sh(D3), 0%) factors through (Sh(C),O) —
(Sh(Ds3), 0f), i.e., the first order thickening (Sh(D1),O}) of (Sh(C),O) is trivial
and comes with a canonical trivialization 7 : (Sh(D1), 0}) — (Sh(C), O).

We say a sequence of morphisms of first order thickenings

of (Sh(C),0) is a short exact sequence if the corresponding maps between ideal
sheaves is a short exact sequence

0—=12Z3 =1 —-1; =0
of O-modules.
Remark 10.11. Let (Sh(C),O) be a ringed topos. Let F be an O-module. Let
(Sh(D1),01) = (Sh(D2), 03) — (Sh(Ds), O3)

be a complex first order thickenings of (Sh(C), ©O), see Remark [10.10] Let (K;,¢;),
i = 1,2,3 be pairs consisting of an O-module K; and a map ¢; : Z; o F — K;.
Assume given a short exact sequence of O-modules

0—-K3 =K —>K1—0

such that
I @0 F —5> K2 I3 @0 F — > K3
oo
T @0 F —2> K, Ty @0 F —2> K,

are commutative. Finally, assume given an extension
0=>Ke—=Fy—=F—=0

as in ((10.0.1) with K = K5 of O)-modules with cF; = co. In this situation we can ap-
ply the functoriality of Remark to obtain an extension Fj of O-modules (we’ll
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describe Fj in this special case below). By Remark using the canonical split-
ting 7 : (Sh(D1), 01) — (Sh(C), O) of Remark [10.10| we obtain §r; € Exté (F, K1).
Finally, we have the obstruction
O(]:, K:g7 Cg) S EXt?Q(]:, K:g)
see Lemma In this situation we claim that the canonical map
9 : BExty(F, K1) — Extd(F, Ks)
coming from the short exact sequence 0 — K3 — Ko — K1 — 0 sends & 7 to the

obstruction class o(F, K3, ¢3).

To prove this claim choose an embedding j : 3 — K where K is an injective O-
module. We can lift j to a map j' : Ko — K. Set £ = j.F} equal to the pushout
of F3 by j' so that cg; = j’ o ca. Picture:

0 Ks 7 F 0
I
0 K & F 0

Set & = &; but viewed as an Oj-module via O3 — 0. Then cg; = jocz. The
proof of Lemma constructs o(F, K3, c3) as the boundary of the class of the
extension of O-modules

0—K/Ks—EJ/Ks —F—0

On the other hand, note that 7] = J3/K3 hence the class §r; is the class of the
extension

0— Ko/Ks — Fp/Ks = F =0
seen as a sequence of O-modules using 7* where 7 : (Sh(D;),O}) — (Sh(C),O) is
the canonical splitting. Thus finally, the claim follows from the fact that we have
a commutative diagram

0*>/C2//C3 .Fé//Cg F 0
00— K/Ks &4 /K3 F 0

which is O-linear (with the O-module structures given above).

11. Infinitesimal deformations of modules on ringed topoi

Let i : (Sh(C),0) — (Sh(D),O’) be a first order thickening of ringed topoi. We

freely use the notation introduced in Section @ Let 7' be an O’-module and set

F =*F'. In this situation we have a short exact sequence
0-IF - F -F—=0

of O©'-modules. Since Z? = 0 the O@’-module structure on ZF’ comes from a unique
O-module structure. Thus the sequence above is an extension as in . As
a special case, if /' = O’ we have *(O’ = O and ZO' = T and we recover the
sequence of structure sheaves

0-Z—-0 -0-=0
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Lemma 11.1. Let i : (Sh(C),0) — (Sh(D),O’) be a first order thickening of
ringed topoi. Let F', G' be O'-modules. Set F = i*F and G =1*G'. Let o : F — G
be an O-linear map. The set of lifts of ¢ to an O'-linear map ¢ : F' — G is, if
nonempty, a principal homogeneous space under Home (F,ZG").

Proof. This is a special case of Lemma but we also give a direct proof. We
have short exact sequences of modules

0-Z—-0' —-0—=0 and 072G -G -G —0
and similarly for F’. Since Z has square zero the O’-module structure on Z and
ZG' comes from a unique O-module structure. It follows that
Homo: (F',ZG") = Home(F,ZG') and Home (F',G) = Home(F,G)
The lemma now follows from the exact sequence
0 — Home/ (F',ZG") — Homoer (F',G") — Homoer (F', G)
see Homology, Lemma [5.8 O

Lemma 11.2. Let (f, f') be a morphism of first order thickenings of ringed topoi
as in Situation[91 Let F' be an O'-module and set F = i*F'. Assume that F is
flat over Og and that (f, f') is a strict morphism of thickenings (Definition .
Then the following are equivalent

(1) F is flat over Og:, and

(2) the canonical map f*J ®o F — ZF' is an isomorphism.

Moreover, in this case the maps
fIT®oF —>I®oF —IF
are isomorphisms.

Proof. The map f*J — Z is surjective as (f, f') is a strict morphism of thicken-
ings. Hence the final statement is a consequence of (2).

Proof of the equivalence of (1) and (2). By definition flatness over Op means flatness
over f~1Opg. Similarly for flatness over f~'Op/. Note that the strictness of (f, f’)
and the assumption that F = ¢*F’ imply that

F=F I IF

as sheaves on C. Moreover, observe that f*7 ®o F = f~1J ®f-10, F . Hence the
equivalence of (1) and (2) follows from Modules on Sites, Lemma [28.15 O

Lemma 11.3. Let (f, f') be a morphism of first order thickenings of ringed topoi
as in Situation [9.1 Let F' be an O'-module and set F = i*F'. Assume that F'
is flat over Og and that (f, f') is a strict morphism of thickenings. Then the
following are equivalent

(1) F' is an O'-module of finite presentation, and

(2) F is an O-module of finite presentation.

Proof. The implication (1) = (2) follows from Modules on Sites, Lemma For
the converse, assume F of finite presentation. We may and do assume that C = C’.
By Lemma we have a short exact sequence

02I®oy F—>F = F—=0
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Let U be an object of C such that F|y has a presentation
O™ — OF" — Fly — 0

After replacing U by the members of a covering we may assume the map Og” —

Flu lifts to a map (O};)®™ — F’|y. The induced map Z%" — 7 ® F is surjective

by right exactness of ®. Thus after replacing U by the members of a covering we

can find a lift (O'|)®™ — (O'|y)®" of the given map OF™ — OF™ such that
(O™ = (O — F'ly — 0

is a complex. Using right exactness of ® once more it is seen that this complex is
exact. ]

Lemma 11.4. Let (f, f') be a morphism of first order thickenings as in Situation
[9.1 Let ', G' be O'-modules and set F = i*F' and G = i*G'. Let p: F — G
be an O-linear map. Assume that G’ is flat over Og: and that (f, ') is a strict
morphism of thickenings. The set of lifts of ¢ to an O'-linear map ¢’ : F' — G’ is,
if nonempty, a principal homogeneous space under

Homo (F,G ®o f*J)
Proof. Combine Lemmas [1.1] and (1.2 O
Lemma 11.5. Let i : (Sh(C),0) — (Sh(D),O’) be a first order thickening of
ringed topoi. Let F', G' be O'-modules and set F = *F' and G = 1*G’'. Let
@ : F = G be an O-linear map. There exists an element
o(p) € Exty(Li*F', TG

whose vanishing is a necessary and sufficient condition for the existence of a lift of
¢ to an O'-linear map ¢ : F' — G'.

Proof. It is clear from the proof of Lemma that the vanishing of the boundary
of ¢ via the map

Homo (F,G) = Homo: (F',G) — Exty, (F,ZG")
is a necessary and sufficient condition for the existence of a lift. We conclude as
Exté, (F',IG") = Exty(Li* F', ZG)
the adjointness of i, = Ri, and Li* on the derived category (Cohomology on Sites,

Lemma [19.1)). O

Lemma 11.6. Let (f, f') be a morphism of first order thickenings as in Situation
. Let F', G’ be O'-modules and set F = i*F' and G = i*G'. Let o : F — G
be an O-linear map. Assume that F' and G' are flat over Og: and that (f, f') is a
strict morphism of thickenings. There exists an element

o(p) € Exty(F,G @0 f*T)
whose vanishing is a necessary and sufficient condition for the existence of a lift of
© to an O'-linear map ¢ : F' — G'.
First proof. This follows from Lemma [11.5| as we claim that under the assump-
tions of the lemma we have

Exty(Li* F',ZIG') = Exty(F,G @0 f*7)
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Namely, we have ZG' = G Q¢ f*J by Lemma On the other hand, observe
that

H Y Li*F') = T (F', 0)
(local computation omitted). Using the short exact sequence

0—-Z—-0 —-0—=0

we see that this Tor; is computed by the kernel of the map Z ® o F — ZF’ which
is zero by the final assertion of Lemma Thus 7>_1Li*F" = F. On the other
hand, we have

Exté, (Li*F,IG) = Exty (151 Li* F', IG')
by the dual of Derived Categories, Lemma [16.1 (]

Second proof. We can apply Lemma as follows. Note that K = Z ®¢ F and
L=7T®o¢G by Lemmalll.2] that c; = 1®1 and c¢gr = 1® 1 and taking ¢ = 1® ¢
the diagram of the lemma commutes. Thus o(p) = o(p, 1 ® ¢) works. ]

Lemma 11.7. Let (f, f') be a morphism of first order thickenings as in Situation
[9:1 Let F be an O-module. Assume (f, ') is a strict morphism of thickenings and
F flat over Og. If there exists a pair (F',«) consisting of an O'-module F' flat
over Op: and an isomorphism « : i*F' — F, then the set of isomorphism classes
of such pairs is principal homogeneous under Exté(]—',I ®o F).

Proof. If we assume there exists one such module, then the canonical map

ffI®0F —>I®oF
is an isomorphism by Lemma Apply Lemma with X =Z®e F and ¢ = 1.
By Lemma the corresponding extensions F’ are all flat over Op:. O

Lemma 11.8. Let (f, f') be a morphism of first order thickenings as in Situation
. Let F be an O-module. Assume (f, ') is a strict morphism of thickenings and
F flat over Og. There exists an O'-module F' flat over Op: with i* F' = F, if and
only if

(1) the canonical map f*T @0 F = L Qo F is an isomorphism, and

(2) the class o(F,I @0 F,1) € Ext(F,T @0 F) of Lemma is zero.

Proof. This follows immediately from the characterization of O’-modules flat over
Op' of Lemma [11.2) and Lemma |

12. Application to flat modules on flat thickenings of ringed topoi
Consider a commutative diagram

(Sh(C),0) —— (Sh(D), ")

i

T
(Sh(B), O5) —> (Sh(B'), Op')
of ringed topoi whose horizontal arrows are first order thickenings as in Situation

Set T = Ker(i*¥) ¢ O' and J = Ker(t!) C Op. Let F be an O-module.
Assume that

(1) (f,f) is a strict morphism of thickenings,
(2) f’is flat, and
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(3) F is flat over Op.

Note that (1) + (2) imply that Z = f*J (apply Lemma to O0'). The theory
of the preceding section is especially nice under these assumptions. We summarize
the results already obtained in the following lemma.

Lemma 12.1. In the situation above.
(1) There exists an O'-module F' flat over O with i*F' = F, if and only if
the class o F, f*J @0 F,1) € Extfg(]-', f*IT @0 F) of Lemma is zero.
(2) If such a module exists, then the set of isomorphism classes of lifts is prin-
cipal homogeneous under Exty (F, f*T @0 F).
(3) Given a lift F', the set of automorphisms of F' which pull back to idr is
canonically isomorphic to Exty(F, f*J ®o F).

Proof. Part (1) follows from Lemma as we have seen above that Z = f*J.
Part (2) follows from Lemma [I1.7} Part (3) follows from Lemma O

Situation 12.2. Let f : (Sh(C), O) — (Sh(B), Op) be a morphism of ringed topoi.

Consider a commutative diagram

(5h(C1), O1) ——= (5h(C3), O3)

/| /

(Sh(B1), Op;) —— (Sh(B3), Og,)

where h is a morphism of first order thickenings of (Sh(C), O), the lower horizontal
arrow is a morphism of first order thickenings of (Sh(B), Og), each f/ restricts to f,
both pairs (f, f!) are strict morphisms of thickenings, and both f/ are flat. Finally,
let F be an O-module flat over Og.

Lemma 12.3. In Situation the obstruction class o(F, f*Jo @0 F,1) maps
to the obstruction class o(F, f*J1 ®o F,1) under the canonical map

Exth(F, f*Jo @0 F) — Exto(F, f* T @0 F)
Proof. Follows from Remark [[0.91 O

Situation 12.4. Let f : (Sh(C), O) — (Sh(B), Op) be a morphism of ringed topoi.
Consider a commutative diagram

(Sh(C1), O1) —— (Sh(C3), O3) —— (Sh(C3), O3)

/| /| A

(Sh(B1), Op; ) —— (5h(B3), Op,) —— (5h(B3), O,

where (a) the top row is a short exact sequence of first order thickenings of (Sh(C), O),
(b) the lower row is a short exact sequence of first order thickenings of (Sh(B), Op),
(c) each f! restricts to f, (d) each pair (f, f/) is a strict morphism of thickenings,
and (e) each f/ is flat. Finally, let 75 be an Oj-module flat over Op, and set
F=F,®0. Let m: (Sh(C}),O1) — (Sh(C), O) be the canonical splitting (Remark

10T,
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Lemmal 12.5. In Situation@ the modules 7™ F and h*F} are O)-modules flat
over Op; restricting to F on (Sh(C),O). Their difference (Lemma m) is an
element 0 of Exty (F, f*J1 @0 F) whose boundary in Exty(F, f*Jz @0 F) equals
the obstruction (Lemma to lifting F to an O%-module flat over Op;, -

Proof. Note that both 7*F and h*F restrict to F on (Sh(C),O) and that the
kernels of 7*F — F and h*Fj — F are given by f*J; ®o F. Hence flatness by
Lemma Taking the boundary makes sense as the sequence of modules

0= TR0 F = o F—=[fhecF—=0

is short exact due to the assumptions in Situation [[2.4) and the fact that F is flat
over Op. The statement on the obstruction class is a direct translation of the result
of Remark [10.11] to this particular situation. (I

13. Deformations of ringed topoi and the naive cotangent complex

In this section we use the naive cotangent complex to do a little bit of deformation
theory. We start with a first order thickening ¢ : (Sh(B),Og) — (Sh(B'), Op') of
ringed topoi. We denote J = Ker(t!) and we identify the underlying topoi of B
and B’. Moreover we assume given a morphism of ringed topoi f : (Sh(C),O0) —
(Sh(B),0p), an O-module G, and a map f~17 — G of sheaves of f~1Og-modules.
In this section we ask ourselves whether we can find the question mark fitting into
the following diagram

0 G ? o 0
(13.0.1) T T T
0 17 f10p —— 105 ——=0

and moreover how unique the solution is (if it exists). More precisely, we look for a
first order thickening i : (Sh(C),O) — (Sh(C’'),O’) and a morphism of thickenings
(f,f") as in where Ker(i*) is identified with G such that (f’)* induces the
given map c. We will say (Sh(C’),0’) is a solution to (13.0.1)).

Lemmal 13.1. Assume given a commutative diagram of morphisms ringed topoi

(SH(C2), 02) ———= (h(CE), O%)

A P

(Sh(Bz), Op,) —2= (Sh(B}), Og,)

(13.1.1) /

(5h(C1), Or) —— (Sh(C1), O1)

o

t1

(Sh(61)7 031) - (Sh(B/l)7 OB{)

whose horizontal arrows are first order thickenings. Set G; = Ker(iﬁ-) and assume
given a map of g~ O1-modules v : g7'G1 — Gy giving rise to the commutative
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diagram
0 Ga 0O O, 0
00—/~ fy ' Jo— f3 'O, —/> f; 'O, —=0
(13.1.2) / / /
0 g1 (@) O 0

VAR VAR VA

0—— fi'Jh — fi'Op; — f{ 'O, ——0

with front and back solutions to (13.0.1). (The north-north-west arrows are maps
on Co after applying g~* to the source.)

(1) There exist a canonical element in Extg,, (Lg* NLo, /04, G2) whose vanish-
ing is a necessary and sufficient condition for the existence of a morphism
of ringed topoi (Sh(Ch), O%) — (Sh(Cy), O}) fitting into compatibly
with v.

(2) If there exists a morphism (Sh(C5), O%) — (Sh(Cy), O}) fitting into
compatibly with v the set of all such morphisms is a principal homogeneous
space under

HOInOl (901/051 9 9*92) = Homoz (9*901/051 5 gQ) = EXt?Qz (Lg* NLO1/031 9 g2)

Proof. The proof of this lemma is identical to the proof of Lemmal[7.1] We urge the
reader to read that proof instead of this one. We will identify the underlying topoi
for every thickening in sight (we have already used this convention in the statement).
The equalities in the last statement of the lemma are immediate from the definitions.
Thus we will work with the groups Ex‘c’é2 (Lg* NLOI/OBI,gg), k = 0,1 in the rest
of the proof. We first argue that we can reduce to the case where the underlying
topos of all ringed topoi in the lemma is the same.

To do this, observe that g~ NLp, /Os, 18 equal to the naive cotangent complex of
the homomorphism of sheaves of rings g~ f;” 1(’)51 — ¢~ 101, see Modules on Sites,
Lemma Moreover, the degree 0 term of NLe, JOs, 1S a flat O1-module, hence
the canonical map

Lg* NLo, j0,, — 9~ ' NLo, 05, ®g-10,02

induces an isomorphism on cohomology sheaves in degrees 0 and —1. Thus we may
replace the Ext groups of the lemma with

Extt 10, (97" NLo, jo,, ,G2) = Extl 10, (NLy-10, /g1 -10,,F2)

The set of morphism of ringed topoi (Sh(C}),04) — (Sh(C}),0}) fitting into
compatibly with v is in one-to-one bijection with the set of homomor-
phisms of gflfl_lOB/I—algebras g t0O} — O} which are compatible with f# and v.
In this way we see that we may assume we have a diagram of sheaves on
a site C (with f; = fo = id on underlying topoi) and we are looking to find a
homomorphism of sheaves of rings O] — O} fitting into it.
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In the rest of the proof of the lemma we assume all underlying topological spaces are
the same, i.e., we have a diagram ([13.1.2)) of sheaves on a site C (with f; = fo =id
on underlying topoi) and we are looking for homomorphisms of sheaves of rings
O] — O} fitting into it. As ext groups we will use Ext’fgl (NLo, j0p,,G2), k=0, 1.

Step 1. Construction of the obstruction class. Consider the sheaf of sets
E=0] X0, 0,

This comes with a surjective map « : £ — O; and hence we can use NL(«) instead
of NLol/ogl, see Modules on Sites, Lemma Set

7' = Ker(Op;[€] — O1) and T = Ker(Op,[£] — O1)

There is a surjection Z' — Z whose kernel is J105; [€]. We obtain two homomor-
phisms of Op, -algebras

a:O0p[€] = O and b:Og[E] = O,

which induce maps a|z : 7/ — Gy and blzr : Z' — Go. Both a and b annihilate
(Z')%. Moreover a and b agree on J10p; [€] as maps into G2 because the left hand
square of (13.1.2) is commutative. Thus the difference b|z/ — v o a|z/ induces a well
defined O;-linear map

§:T/T* — Gy

which sends the class of a local section f of Z to a(f') —v(b(f")) where f’ is a lift of
f to a local section of Z'. We let [¢] € Extg, (NL(a),Go) be the image (see below).

Step 2. Vanishing of [{] is necessary. Let us write Q = Qoy, £]/05, ®0s, €] O1-
Observe that NL(«) = (Z/Z? — Q) fits into a distinguished triangle

Q[0] — NL(a) — Z/Z°[1] — Q[1]

Thus we see that [£] is zero if and only if £ is a composition Z/Z? — Q — G, for
some map 2 — G5. Suppose there exists a homomorphisms of sheaves of rings
¢ : O] — O} fitting into (I3.1.2). In this case consider the map O}[€] — Go,
f = b(f") —p(a(f’)). A calculation shows this annihilates J1Op; €] and induces a
derivation Op, [€] — G2. The resulting linear map ©Q — G» witnesses the fact that
[€] = 0 in this case.

Step 3. Vanishing of [€] is sufficient. Let 6 : Q — G5 be a O;-linear map such that
¢ is equal to 0 o (Z/Z? — ). Then a calculation shows that

b+0od: O[] — Of
annihilates Z' and hence defines a map O] — O} fitting into (13.1.2)).

Proof of (2) in the special case above. Omitted. Hint: This is exactly the same as
the proof of (2) of Lemma O

Lemmal 13.2. Let C be a site. Let A — B be a homomorphism of sheaves of
rings on C. Let G be a B-module. Let € € Ext;;(NLB/A,g). There ezists a map

of sheaves of sets o : & — B such that € € Extg(NL(a),G) is the class of a map
TI/I* — G (see proof for notation,).
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Proof. Recall that given o : & — B such that A[] — B is surjective with
kernel Z the complex NL(a) = (Z/Z? — Quie/a ®@ape) B) is canonically iso-
morphic to NLg, 4, see Modules on Sites, Lemma Observe moreover, that
Q = Q e/ 4 @ a) B is the sheaf associated to the presheaf U — @ cg () B(U). In
other words, € is the free B-module on the sheaf of sets £ and in particular there
is a canonical map £ — €.

Having said this, pick some & (for example £ = B as in the definition of the naive
cotangent complex). The obstruction to writing ¢ as the class of a map Z/Z? — G is
an element in Extlg(Q, G). Say this is represented by the extension 0 — G — H —
Q — 0 of B-modules. Consider the sheaf of sets £ = £ xq H which comes with an
induced map o : & — B. Let 7' = Ker(A[£'] — B) and ' = Q414 @a[e B.
The pullback of € under the quasi-isomorphism NL(a') — NL(«) maps to zero in
Ext}g(ﬂ’ ,G) because the pullback of the extension H by the map ' — Q is split as
Q' is the free B-module on the sheaf of sets £ and since by construction there is a
commutative diagram

|

QD=<—"=mM0

E<~—"0

This finishes the proof. O

Lemma 13.3. If there exists a solution to (13.0.1)), then the set of isomorphism
classes of solutions is principal homogeneous under Exté(NLo/@B,g).

Proof. We observe right away that given two solutions O} and O} to we
obtain by Lemma an obstruction element o(0},0}) € Exté(NLO/OB,Q) to
the existence of a map O] — ). Clearly, this element is the obstruction to the
existence of an isomorphism, hence separates the isomorphism classes. To finish
the proof it therefore suffices to show that given a solution @’ and an element
¢ € Extg, (NLo/0,,G) we can find a second solution O such that o(O’, O;) = ¢.

Pick a : € — O as in Lemma for the class €. Consider the surjection
f71O5[€] — O with kernel Z and corresponding naive cotangent complex NL(a) =
(Z/T? = Qp-10406)/ 105 @ -104[e] O)- By the lemma ¢ is the class of a morphism
§: IZ/I? — G. After replacing £ by £ xp O’ we may also assume that « factors
through a map o’ : € — O'.

These choices determine an f~1Op/-algebra map ¢ : O/ [€] — O'. Let I’ = Ker(y).
Observe that ¢ induces a map ¢|z/ : ' — G and that O’ is the pushout, as in the
following diagram

0 g o’ (@) 0

4T

0——=7 ——= f10p[f] —= O —=0
Let ¢ : 7/ — G be the sum of the map |z and the composition

T T/ —1/12 5.
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Then the pushout along v is an other ring extension Oé fitting into a diagram as
above. A calculation (omitted) shows that o(O’, O;) = £ as desired. O

Lemma 13.4. Let f: (Sh(C),0) — (Sh(B),Og) be a morphism of ringed topoi.
Let G be an O-module. The set of isomorphism classes of extensions of f1Og-
algebras

0G0 =-0-=0

where G is an ideal of square zer s canonically bijective to EX‘D%Q(NL()/OB7 G).

Proof. To prove this we apply the previous results to the case where (13.0.1)) is
given by the diagram

0 g ? @) 0

]

O—>O—>f_1(’)3i—d>f_l(’)5—>0

Thus our lemma follows from Lemma [13.3|and the fact that there exists a solution,
namely G @ O. (See remark below for a direct construction of the bijection.) O

Remark 13.5. Let f : (Sh(C),0) — (B, Op) and G be as in Lemma(13.4] Consider
an extension 0 = G — O’ — O — 0 as in the lemma. We can choose a sheaf of
sets £ and a commutative diagram

O ——=0

such that f=10g[€] — O is surjective with kernel J. (For example you can take
any sheaf of sets surjecting onto O’.) Then

NLojo,s = NL(e) = (T /T?* — Qp-104(e)/ 1105 @105 O)

See Modules on Sites, Section and in particular Lemma Of course o’
determines a map f~'0g[€] — O’ which in turn determines a map

T T —G

which in turn determines the element of Exté,(NL(a), G) = Ext{,(NLo o, G) cor-
responding to O’ by the bijection of the lemma.

Lemma 13.6. Let f : (Sh(C),Oc) — (Sh(B),0) and g : (Sh(D),0p) —
(Sh(C),Oc) be morphisms of ringed topoi. Let F be a Oc-module. Let G be a
Op-module. Let ¢ : g*F — G be a Op-linear map. Finally, consider
(a) 0 = F — Ocr — Oc — 0 an extension of f~*Op-algebras corresponding to
¢ € Exty, (NLo. /0, F), and
(b) 0 = G — Opr — Op — 0 an extension of g~ ' f~1Op-algebras correspond-
ing to € Exté)D (NLop /04, 9)-

2In other words, the set of isomorphism classes of first order thickenings ¢ : (Sh(C),0) —
(Sh(C), ©") over (Sh(B), Op) endowed with an isomorphism G — Ker(if) of O-modules.
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See Lemma[137) Then there is a morphism
9" : (Sh(D),Opr) — (Sh(C), Oc)

of ringed topoi over (Sh(B), Op) compatible with g and ¢ if and only if & and ¢ map
to the same element of Ext%% (Lg* NLo10s,9)-

Proof. The stament makes sense as we have the maps
Exté, (NLo. /0y, F) — Exto, (Lg* NLoe o, Lg*F) — Extp, (Lg* NLoe 0, G)
using the map Lg*F — ¢*F < G and

Exto, (NLop 0s:G) — Exto, (Lg* NLo. /0, G)

using the map Lg* NLo.,0; — NLo,/0s- The statement of the lemma can be
deduced from Lemma applied to the diagram

0 g Opr Op 0
0—/—=0—>g ' f10p—/>g [0 —0
0 F /(190, /Oc / 0

/L

0——=0——>f10g—— f1Og ————0

and a compatibility between the constructions in the proofs of Lemmas|[I3.4]and
whose statement and proof we omit. (See remark below for a direct argument.) O

Remark 13.7. Let f : (Sh(C),Oc) — (Sh(B),0g), g : (Sh(D),Op) — (Sh(C), O¢),
F.G c:gF -G, 0= F = O = O = 0, & € Exty,(NLoe 0, F),
0—-+G—=0Op = Op = 0,and ¢ € EX‘D}DD(NL@D/@wg) be as in Lemma E
Using pushout along ¢ : g7'F — G we can construct an extension

0 g O, g 10c 0
0 g\ F g 10¢: g 1O 0

Using pullback along ¢* : ¢ '*O¢ — Op we can construct an extension

0 g Op: Op 0
0 g 0/2 giloc —0

A diagram chase tells us that there exists a morphism ¢’ : (Sh(D), Op/) — (Sh(C), Oc')
over (Sh(B),Op) compatible with ¢g and ¢ if and only if O] is isomorphic to O} as
g~ ' f~1Op-algebra extensions of ¢g~'O¢ by G. By Lemma these extensions are
classified by the LHS of

Ext} 10, (NLy-100/g-1f-104:G) = Exto, (Lg* NLo. 0+ G)
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Here the equality comes from tensor-hom adjunction and the equalities
NLy10c/g-1f-105 =9 NLocjos  and  Lg* NLogjos =9 NLoejos @510, Oy
For the first of these see Modules on Sites, Lemma the second follows from
the definition of derived pullback. Thus, in order to see that Lemma [13.6]is true,

it suffices to show that O} corresponds to the image of ¢ and that O correspond

to the image of . The correspondence between ¢ and O] is immediate from the

construction of the class £ in Remark [I3.5] For the correspondence between ¢ and
4, we first choose a commutative diagram

B
Opr ——Op

such that g~ f~1Op[€] — Op is surjective with kernel K. Next choose a commu-
tative diagram
E<=——-¢&'
o]
SR
Op <— 0O ——= g7 1Oc

such that ¢g=1f~1O03['] — g7 Oc¢ is surjective with kernel 7. (For example just
take &' = £ 11 O) as a sheaf of sets.) The map ¢ induces a map of complexes
NL(a) — NL(B) (notation as in Modules, Section[31]) and in particular ¢ : J/J? —
K/K?. Then NL(«a) = NLo, 0, and NL(B) = NLg-10,/g-1f-10, and the map of
complexes NL(c«) — NL(f) represents the map Lg* NLo./0, — NLo, 0, used
in the statement of Lemma m (see first part of its proof). Now ( corresponds
to the class of the map K/K? — G induced by ', see Remark Similarly, the
extension O} corresponds to the map J/J?% — G induced by o’. The commutative
diagram above shows that this map is the composition of the map K/K? — G
induced by " with the map ¢ : J/J?% — K/K2. This proves the compatibility we
were looking for.

0GQ9 Lemma 13.8. Lett: (Sh(B),0p) — (Sh(B'),0p), J = Ker(t*), f : (Sh(C),0) —
(Sh(B),08), G, and c: J — G be as in m Denote & € Extés (NLoy 04 T)
the element corresponding to the extension Og: of O by J via Lemma[I57. The
set of isomorphism classes of solutions is canonically bijective to the fibre of

Exto(NLo/oy,G) = Bxto(Lf* NLog /oy, 9)
over the image of €.
Proof. By Lemma applied to t o f : (Sh(C),0) — (Sh(B'),Op) and the
O-module G we see that elements ¢ of Exté(NL@ /0> 9) parametrize extensions
0—G— 0 — O —=0of f'Op-algebras. By Lemma applied to
(Sh(C), 0) > (Sh(B), Og) > (Sh(B'), O)
and c¢: J — G we see that there is an morphism
f 2 (Sh(C),0") — (SM(B'), O)

over (Sh(B'),Op/) compatible with ¢ and f if and only if ¢ maps to £. Of course
this is the same thing as saying @’ is a solution of ((13.0.1)). g
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14. Deformations of algebraic spaces

In this section we spell out what the results in Section [I3] mean for deformations of
algebraic spaces.

Lemmal 14.1. Let S be a scheme. Let i : Z — Z' be a morphism of algebraic
spaces over S. The following are equivalent

(1) 4 is a thickening of algebraic spaces as defined in More on Morphisms of
Spaces, Section[9, and

(2) the associated morphism igman : (SM(Zgtare), Oz) = (SMZ%,.), Oz) of
ringed topoi (Properties of Spaces, Lemma is a thickening in the sense
of Section[9

Proof. We stress that this is not a triviality.

Assume (1). By More on Morphisms of Spaces, Lemmathe morphism ¢ induces
an equivalence of small étale sites and in particular of topoi. Of course i¥ is surjective
with locally nilpotent kernel by definition of thickenings.

Assume (2). (This direction is less important and more of a curiosity.) For any
étale morphism Y/ — Z’ we see that Y = Z x 7/ Y/ has the same étale topos as Y.
In particular, Y’ is quasi-compact if and only if Y is quasi-compact because being
quasi-compact is a topos theoretic notion (Sites, Lemma. Having said this we
see that Y’ is quasi-compact and quasi-separated if and only if Y is quasi-compact
and quasi-separated (because you can characterize Y’ being quasi-separated by
saying that for all Y/, Yy quasi-compact algebraic spaces étale over Y’ we have
that Y] xy+ Yy is quasi-compact). Take Y’ affine. Then the algebraic space YV
is quasi-compact and quasi-separated. For any quasi-coherent Oy-module F we
have H1(Y,F) = HY(Y',(Y — Y’).F) because the étale topoi are the same. Then
HYY', (Y — Y').F) = 0 because the pushforward is quasi-coherent (Morphisms
of Spaces, Lemma and Y is affine. It follows that Y” is affine by Cohomology
of Spaces, Proposition [16.7) (there surely is a proof of this direction of the lemma
avoiding this reference). Hence i is an affine morphism. In the affine case it follows
easily from the conditions in Section [0 that i is a thickening of algebraic spaces. O

Lemmal 14.2. Let S be a scheme. Let Y C Y’ be a first order thickening of
algebraic spaces over S. Let f : X — 'Y be a flat morphism of algebraic spaces over
S. If there exists a flat morphism f' : X' — Y’ of algebraic spaces over S and an
isomorphsm a : X — X' Xy Y overY, then

(1) the set of isomorphism classes of pairs (f' : X' — Y’ a) is principal homo-
geneous under Ext%QX(NLX/y, [*Cy/yr), and

(2) the set of automorphisms of p : X' — X' over Y’ which reduce to the
identity on X' xy:Y is EXt%X(NLx/Y,f*Cy/y/).

Proof. We will apply the material on deformations of ringed topoi to the small
étale topoi of the algebraic spaces in the lemma. We may think of X as a closed
subspace of X’ so that (f,f") : (X € X') - (Y C Y’) is a morphism of first
order thickenings. By Lemma this translates into a morphism of thickenings
of ringed topoi. Then we see from More on Morphisms of Spaces, Lemma m (or
from the more general Lemma that the ideal sheaf of X in X’ is equal to
[*Cy/y and this is in fact equivalent to flatness of X’ over Y. Hence we have a
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commutative diagram

0——— f*Cy/Y/ OX/ OX 0

| | |

—1 -1
CY/Y' fsmalloy/ fsmall

—1
0 fsmall

Please compare with . Observe that automorphisms ¢ as in (2) give au-
tomorphisms ¢* : Ox, — Ox fitting in the diagram above. Conversely, an auto-
morphism o : Ox, — Oy fitting into the diagram of sheaves above is equal to ¢*
for some automorphism ¢ as in (2) by More on Morphisms of Spaces, Lemma
Finally, by More on Morphisms of Spaces, Lemma if we find another sheaf of
rings A on Xgqe fitting into the diagram

0——— f*Cy/y/ .A OX 0

| | |

—1 —1
CY/Y' fsmall small

OYHO

0*>fs_1

mall OY’

OYHO

then there exists a first order thickening X € X" with Ox~» = A and applying More
on Morphisms of Spaces, Lemma once more, we obtain a morphism (f, f”) :
(X ¢ X") - (Y C Y') with all the desired properties. Thus part (1) follows
from Lemma and part (2) from part (2) of Lemma (Note that NLyx,y
as defined for a morphism of algebraic spaces in More on Morphisms of Spaces,
Section 21| agrees with NLx/y as used in Section ) (I

Let S be a scheme. Let f : X — B be a morphism of algebraic spaces over S.
Let F — G be a homomorphism of Ox-modules (not necessarily quasi-coherent).
Consider the functor

extensions of f~'Op algebras extensions of f~10p algebras
F: 0->F -0 —=-0x—0 — 0-G—-0 -0x—0
where F is an ideal of square zero where G is an ideal of square zero

given by pushout.

Lemma 14.3. In the situation above assume that X is quasi-compact and quasi-
separated and that DQx(F) — DQx(G) (Derived Categories of Spaces, Section
@) is an isomorphism. Then the functor F is an equivalence of categories.

Proof. Recall that NLx/p is an object of Dgcon(Ox ), see More on Morphisms of
Spaces, Lemma Hence our assumption implies the maps

Ext’(NLx/p, F) — Ext(NLx,p,G)

are isomorphisms for all . This implies our functor is fully faithful by Lemma [I3.3]
On the other hand, the functor is essentially surjective by Lemma [I3.3] because we
have the solutions Ox @& F and Ox @ G in both categories. ([l

Let S be a scheme. Let B C B’ be a first order thickening of algebraic spaces over
S with ideal sheaf J which we view either as a quasi-coherent Og-module or as
a quasi-coherent sheaf of ideals on B’, see More on Morphisms of Spaces, Section
[0 Let f: X — B be a morphism of algebraic spaces over S. Let F — G be a
homomorphism of O x-modules (not necessarily quasi-coherent). Let ¢ : f~17 — F
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be a map of f~'Opg-modules and denote ¢’ : f =17 — G the composition. Consider
the functor

FT : {solutions to (13.0.1) for F and ¢} — {solutions to ([13.0.1)) for G and '}

given by pushout.

Lemma 14.4. In the situation above assume that X is quasi-compact and quasi-
separated and that DQx(F) — DQx(G) (Derived Categories of Spaces, Section
@) is an isomorphism. Then the functor FT is an equivalence of categories.

Proof. A solution of (13.0.1)) for F in particular gives an extension of f~'Opg/-
algebras
0F =0 =0x—0

where F is an ideal of square zero. Similarly for G. Moreover, given such an
extension, we obtain a map cor : f~1J — F. Thus we are looking at the full
subcategory of such extensions of f~!Op/-algebras with ¢ = cor. Clearly, if 0" =
F(O') where F is the equivalence of Lemma [I4.3] (applied to X — B’ this time),
then cpr is the composition of ¢, and the map F — G. This proves the lemma. [

15. Deformations of complexes

This section is a warmup for the next one. We will use as much as possible the
material in the chapters on commutative algebra.

Lemma 15.1. Let R’ — R be a surjection of rings whose kernel is an ideal I of
square zero. For every K € D™ (R) there is a canonical map
w(K): K — K@% I[2]
in D(R) with the following properties
(1) w(K) =0 if and only if there exists K' € D(R') with K' %, R =K,
(2) given K — L in D~ (R) the diagram

K——> K% I2]

L

L— Y gLy

commutes, and
(3) formation of w(K) is compatible with ring maps R — S’ (see proof for a
precise statement).

Proof. Choose a bounded above complex K*® of free R-modules representing K.
Then we can choose free R’-modules (K')" lifting K™. We can choose R’-module
maps (d')% : (K')" — (K')"*! lifting the differentials d% : K™ — K"! of K*.
Although the compositions
(@) o (A5 + ()" (K2
may not be zero, they do factor as
(Kl)n — Kn W_K> K’n+2 ®R I — I(K/)’n,+2 — (K/)n+2

because d"*! o d™ = 0. A calculation shows that w? defines a map of complexes.
This map of complexes defines w(K).
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Let us prove this construction is compatible with a map of complexes a® : K* — L*®
of bounded above free R-modules and given choices of lifts (K')™, (L")", (d')%, (d')7}.
Namely, choose (/)" : (K')™ — (L’)™ lifting the components a™ : K™ — L™. As
before we get a factorization

n

(K" — K™ 25 1 @p I = I(L)"H — (L)"+2
of (@)% o (/)" — (/)" o (d')%. Then it is an pleasant calculation to show that
wloa™ = (' ®@idy) o A" + A" o dl + (@™ @ idy) o wi
This proves the commutativity of the diagram in (2) of the lemma in this particular
case. Using this for two different choices of bounded above free complexes repre-

senting K, we find that w(K) is well defined! And of course (2) holds in general as
well.

If K lifts to K" in D~ (R'), then we can represent K’ by a bounded above complex of
free R’-modules and we see immediately that w(K) = 0. Conversely, going back to
our choices K*®, (K')", (d')%, if w(K) = 0, then we can find ¢" : K" — K""' g
with

w" = (d?fl ®idr)og" +¢" " od
This means that with differentials (d')% + ¢" : (K')" — (K’)"*! we obtain a
complex of free R’-modules lifting K*®. This proves (1).

Finally, part (3) means the following: Let R' — S’ be a map of rings. Set S =
S’ ®pr R and denote J = IS C S’ the square zero kernel of S — S. Then given
K € D~ (R) the statement is that we get a commutative diagram

Kebs—— > (KokI)2) @k S

i w(K)®id l

w(K ;S
K®hs (HER5) (K ®% 9) @k J[2]

Here the right vertical arrow comes from
(K ®F I[2]) ®% S = (K ®F S) ®% (I ®% 5)[2] — (K ®F 5) ®% J[2]
Choose K*, (K')", and (d’)% as above. Then we can use K*®pg S, (K')"®p S’, and

(d')%- ®idg for the construction of w(K ®% S). With these choices commutativity
is immediately verified on the level of maps of complexes. ([

16. Deformations of complexes on ringed topoi
This material is taken from [Lie06].

The material in this section works in the setting of a first order thickening of
ringed topoi as defined in Section )] However, in order to simplify the notation we
will assume the underlying sites C and D are the same. Moreover, the surjective
homomorphism @' — O of sheaves of rings will be denoted @ — Oy as is perhaps
more customary in the literature.

Lemma 16.1. Let C be a site. Let O — Oy be a surjection of sheaves of rings.
Assume given the following data

(1) flat O-modules G™,
(2) maps of O-modules G* — G+,
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(3) a complex K of Op-modules,
(4) maps of O-modules G — K
such that
(a) H"(K3) =0 forn >0,
(b) G" =0 for n >0,
(¢) with G = G" ®o Oy the induced maps determine a complex G§ and a map
of complezes G§ — K.
Then there exist
(i) flat O-modules F7,
(ii) maps of O-modules F* — Fnt1,
(iii) maps of O-modules F™ — K,
(iv) maps of O-modules G" — F",
such that F™ =0 for n > 0, such that the diagrams

gn gn+1

|

Fn o fn+1

commute for all n, such that the composition G" — F" — K is the given map
G" — K§, and such that with F§ = F™ ®0 Oy we obtain a complex F3 and map
of complexes F§ — K§ which is a quasi-isomorphism.

Proof. We will prove by descending induction on e that we can find 77, G» — F™,
and F" — F"tl forn >e ﬁtting into a commutative diagram

ge—i—l

< <fe \ JT:eJrl
. ’Ce 1

IC6+1—>...

such that F§ is a complex, the induced map F§ — K§ induces an isomorphism on
H™ for n > e and a surjection for n = e. For e > 0 this is true because we can
take F™ = 0 for n > e in that case by assumptions (a) and (b).

Induction step. We have to construct F¢~! and the maps G¢~1 — Fe~1, Fe=l -
Fe,and Fe=! — K1 We will choose F¢~! = A@ B @ C as a direct sum of three
pieces.

For the first we take A = G¢~! and we choose our map G¢~1 — F¢~! to be the
inclusion of the first summand. The maps A — K§~' and A — F° will be the
obvious ones.

To choose B we consider the surjection (by induction hypothesis)
v : Ker(Fy — f§+1) — Ker(K§ — IC8+1)/Im(IC8_1 — K§)

We can choose a set I, for each ¢ € I an object U; of C, and sections s; € F¢(U;),
t; € K¢™H(U;) such that
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(1) s; maps to a section of Ker(y) C Ker(F§ — F¢th),

(2) s; and ¢; map to the same section of K§,

(3) the sections s; generate Ker(y) as an Op-module.
We omit giving the full justification for this; one uses that F¢ — F is a surjective
maps of sheaves of sets. Then we set to put

B= @iel JuiOuv

and define the maps B — F¢ and B — ICg_1 by using s; and t; to determine where
to send the summand jy,1 Oy, .

With F¢~! = A® B and maps as above, this produces a diagram as above for e — 1
such that 7§ — K induces an isomorphism on H" for n > e. To get the map to
be surjective on H®~! we choose the summand C as follows. Choose a set J, for
each j € J an object U; of C and a section ¢, of Ker(K§™' — K§) over U; such that
these sections generate this kernel over Opy. Then we put

C:@jerUj!OUj

and the zero map C' — F¢ and the map C' — ICg_l by using s; to determine where to
the summand jy;1 Oy, . This finishes the induction step by taking F e=l = AgBaC
and maps as indicated. (I

Lemma 16.2. Let C be a site. Let O — Oy be a surjection of sheaves of rings
whose kernel is an ideal sheaf T of square zero. For every object Ko in D~ (Op)
there is a canonical map

w(Ko) : Ko — Ko ®, Z[2]
in D(Oq) such that for any map Ko — Lo in D~ (Oy) the diagram

L
Ko — iy Ko ®T D
w(Lo)
Lo - (Lo ®6, T)[2]

commutes.

Proof. Represent K by any complex K§ of Op-modules. Apply Lemma [I6.1] with
G™ = 0 for all n. Denote d : F* — F"*! the maps produced by the lemma. Then
we see that dod : F* — F"t2 is zero modulo Z. Since F" is flat, we see that
IF" =F"®0 1 =F§ ®o, L. Hence we obtain a canonical map of complexes

dod: F§ — (F§ ®o, I)[2]

Since F{ is a bounded above complex of flat Op-modules, it is K-flat and may be
used to compute derived tensor product. Moreover, the map of complexes F5 — K
is a quasi-isomorphism by construction. Therefore the source and target of the map
just constructed represent Ko and Ko ®%, Z[2] and we obtain our map w(Kj).

Let us show that this procedure is compatible with maps of complexes. Namely,
let L3 represent another object of D~ (Op) and suppose that

Ky — L3
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is a map of complexes. Apply Lemma [T6.1] for the complex £, the flat modules
Fm, the maps F* — F"*! and the compositions F* — K — LB (we apologize
for the reversal of letters used). We obtain flat modules G", maps F™ — G", maps
G" — Gt and maps G" — L} with all properties as in the lemma. Then it is
clear that

F5 — (F5 ®o, 1)2]

L

g6 — (98 ®0, D[2]
is a commutative diagram of complexes.
To see that w(Ky) is well defined, suppose that we have two complexes K§ and (Kf)®
of Op-modules representing Ky and two systems (F",d : F* — FHL Frn — Kn)
and ((F)",d : (F)* — (F)"1 (F)" — K&) as above. Then we can choose a
complex (K{)® and quasi-isomorphisms K§ — (K{))® and (K)® — (K{))® realizing
the fact that both complexes represent Ky in the derived category. Next, we apply
the result of the previous paragraph to

(Ko)®* & (Kg)® — (Kg)*
This produces a commutative diagram

T3 @ (Fo)* — (F6 ®o, I)[2] @ ((F5)* ®0, 1)[2]
g5 (98 ®o, 7)[2]

Since the vertical arrows give quasi-isomorphisms on the summands we conclude
the desired commutativity in D(Oy).

Having established well-definedness, the statement on compatibility with maps is a
consequence of the result in the second paragraph. ([l

Lemma 16.3. Let (C,0) be a ringed site. Let o : K — L be a map of D~(0O).
Let F be a sheaf of O-modules. Letn € Z.
(1) If H'(«) is an isomorphism fori > n, then H'(a®% idr) is an isomorphism
fori>mn.
(2) If H () is an isomorphism fori > n and surjective fori = n, then H'(a®%
idr) is an isomorphism for i > n and surjective for i = n.
Proof. Choose a distinguished triangle
K—L—C— K[l

In case (2) we see that H'(C) = 0 for i > n. Hence H(C®%F) =0fori >n by (the
dual of) Derived Categories, Lemma This in turn shows that H'(a ®% idr)
is an isomorphism for ¢ > n and surjective for i = n. In case (1) we moreover see
that H"~Y(L) — H"~1(C) is surjective. Considering the diagram

H" (L) @0 F —= H"1(C) @0 F

|

H" YL ®% F) — H" ' (C®4 F)
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we conclude the lower horizontal arrow is surjective. Combined with what was said
before this implies that H"(a ®% idx) is an isomorphism. O

Lemma 16.4. Let C be a site. Let O — Oy be a surjection of sheaves of rings
whose kernel is an ideal sheaf T of square zero. For every object Ko in D~ (Oy) the
following are equivalent

(1) the class w(Ky) € Extd, (Ko, Ko®o,T) constructed in Lemma is zero,
(2) there exists K € D~(0) with K @% Oy = Ky in D(Oy).

Proof. Let K be as in (2). Then we can represent K by a bounded above complex
F* of flat O-modules. Then F§ = F* ®o Op represents Ky in D(Op). Since
dre odre =0 as F* is a complex, we see from the very construction of w(Kjy) that
it is zero.

Assume (1). Let ", d : F* — F"*! be as in the construction of w(Ky). The
nullity of w(Kj) implies that the map

w=dod: Fy — (F§ ®o, I)[2]

is zero in D(Qp). By definition of the derived category as the localization of the
homotopy category of complexes of Oy-modules, there exists a quasi-isomorphism
a: Gy — F3 such that there exist Op-modules maps h" : G& — Fo @0 T with

woa:d}-‘;®zoh—|—h0dg3
We set
H" = F" xXrn Gy
and we define
d M1 — H"T (f"g0) — (d(f") — ™ (g5). d(gg))

with obvious notation using that .7-‘6”1 Ro, I = F'""' @0 I = ZFtt c Fril.
Then one checks d' o d’ = 0 by our choice of h™ and definition of w. Hence H*®
defines an object in D(O). On the other hand, there is a short exact sequence of
complexes of O-modules

0= FS®0, LT —H*—=G;—0

We still have to show that H*® ®I(5 Oy is isomorphic to Ky. Choose a quasi-
isomorphism £* — H® where £° is a bounded above complex of flat O-modules.
We obtain a commutative diagram

0> 0T g £ 0
bk
0——F ®o, T H* g5 0

We claim that § is a quasi-isomorphism. Since H*(§) is an isomorphism for i > 0,
we can use descending induction on n such that H(§) is an isomorphism for i > n.
Observe that £° ®o T represents £ @, I, that F§ ®o, I represents G§ @6, I, and
that 3 = §®§, idz as maps in D(Op). This is true because f = (a®idz)o (§@idz).
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Suppose that H%(§) is an isomorphism in degrees > n. Then the same is true for 3
by what we just said and Lemma[16.3] Then we can look at the diagram

H"Y(€* ®0 T) —> H" Y (€*) —— H""(3) —— H™(E® ©0 I) — H"(£*)

iH"l(ﬂ) l J{H”l(cﬂ J/H"(ﬁ) J{

H"Y(F§ @0 1) — H""'(H*) —— H""1(G§) —— H"(F§ ®0 I) — H" (")

Using Homology, Lemma we see that H"!(§) is surjective. This in turn
implies that H"~1(3) is surjective by Lemma Using Homology, Lemma
again we see that H"~1(§) is an isomorphism. The claim holds by induction, so &
is a quasi-isomorphism which is what we wanted to show. ([l

0DIX Lemma 16.5. Let C be a site. Let O — Oy be a surjection of sheaves of rings.

Assume given the following data

(1) a complex of O-modules F*,

(2) a complex K of Og-modules,

(3) a quasi-isomorphism K§ — F* @0 Oy,
Then there exist a quasi-isomorphism G®* — F* such that the map of complexes
G* ®o Oy — F* R0 O factors through K§ in the homotopy category of complexes
of Og-modules.

Proof. Set 7§ = F* ®0 Op. By Derived Categories, Lemma there exists a
factorization

Ks— Ly — Fp
of the given map such that the first arrow has an inverse up to homotopy and the

second arrow is termwise split surjective. Hence we may assume that X§ — F is
termwise surjective. In that case we take

g" =F" xgn K¢
and everything is clear. O

0DIY Lemma 16.6. Let C be a site. Let O — Oy be a surjection of sheaves of rings
whose kernel is an ideal sheaf T of square zero. Let K, L € D=(0). Set Ky =
K ®% Oy and Ly = L ®% O in D=(0Op). Given ag : Ko — Lo in D(Oy) there is
a canonical element
o(an) € Exté, (Ko, Lo @, T)

whose vanishing is necessary and sufficient for the existence of a map o : K — L
in D(O) with ag = a %, id.

Proof. Finding o : K — L lifing ay is the same as finding o : K — L such that
the composition K = L — Lg is equal to the composition K — Ky — Lg. The
short exact sequence 0 — Z — O — Oy — 0 gives rise to a canonical distinguished
triangle

L®%T - L— Ly— (LeLI))
in D(O). By Derived Categories, Lemma [4.2| the composition

K — Ko 2% Lo — (L®% T)[1]
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is zero if and only if we can find o : K — L lifting ap. The composition is an
element in

Homp oy (K, (L ®§ T)[1]) = Homp(o,) (Ko, (L ©% I)[1]) = Exté, (Ko, Lo @8, T)

by adjunction. (I

Lemmal 16.7. Let C be a site. Let O — Oy be a surjection of sheaves of rings
whose kernel is an ideal sheaf T of square zero. Let Ky € D~ (0). A lift of Ko
is a pair (K, ag) consisting of an object K in D~(O) and an isomorphism «y :
K ®I(5 00 — Ky in D(Oo)
(1) Given a lift (K, ) the group of automorphism of the pair is canonically the
cokernel of a map

Ext,! (Ko, Ko) — Homo, (Ko, Ko ®, T)

(2) If there is a lift, then the set of isomorphism classes of lifts is principal
homogenenous under Exté)o (Ko, Ko @4, T).

Proof. An automorphism of (K, «)isamap ¢ : K — K in D(0O) with p®pidp, =
id. This is the same thing as saying that

K29 K 5 Kok o,
is zero. We conclude the group of automorphisms is the cokernel of a map
Homo (K, Ko[~1]) — Homo (K, Ko ®%, 7)
by the distinguished triangle
K@bT— K= Ko O — (KogI)1]

in D(O) and Derived Categories, Lemma To translate into the groups in the
lemma use adjunction of the restriction functor D(OQy) — D(O) and — ®p Oy :
D(O) — D(0Op). This proves (1).

Proof of (2). Assume that Ko = K®50 in D(O). By Lemmathe map sending
alift (K’, ap) to the obstruction o(«yg) to lifting «g defines a canonical injective map
from the set of isomomorphism classes of pairs to Ext%go (Ko, Ko ®%0 7). To finish
the proof we show that it is surjective. Pick & : Ko — (Ko ®%_ Z)[1] in the Ext! of
the lemma. Choose a bounded above complex F* of flat O-modules representing
K. The map ¢ can be represented as t o s~ where s : K§ — F3 is a quasi-
isomorphism and t : K§ — F§ ®o, Z[1] is a map of complexes. By Lemma we
can assume there exists a quasi-isomorphism G®* — F* of complexes of O-modules
such that G5 — F§ factors through s up to homotopy. We may and do replace
G* by a bounded above complex of flat O-modules (by picking a qis from such
to G* and replacing). Then we see that £ is represented by a map of complexes
t:Gy = F§ ®o, Z[1] and the quasi-isomorphism G§ — Fg. Set

Hn = fn X]:Cr)z g{)‘
with differentials

HY = HL (7 g5) = (d(f") +t(g5). d(g5)
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This makes sense as Fj ™! ®p, T = F'" @0 T = ZF* C F*+1. We omit the
computation that shows that H® is a complex of O-modules. By construction there
is a short exact sequence

0= Fy®0,L—H*—=G5—0

of complexes of O-modules. Exactly as in the proof of Lemma [I6.4] one shows that
this sequence induces an isomorphism «qg : H*® (X% Oy — G§ in D(Op). In other
words, we have produced a pair (H®, ap). We omit the verification that o(ag) = &;
hint: o(ag) can be computed explitly in this case as we have maps H" — F"
(not compatible with differentials) lifting the components of ag. This finishes the
proof. ([
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