0DWH

0DWI

DISCRIMINANTS AND DIFFERENTS

Contents
[L.__Introductionl 1
2. Dualizing modules for quasi-finite ring maps| 2
[3.__Discriminant of a finite locally free morphism| 6
[ Traces for Hat quasi-finite ring maps| 7
b.  Finite morphisms| 11
6. The Noether different] 12
[._The Kahler differentl 15
I8, The Dedekind different] 16
9. _The differentl 17
110.  Quasi-finite syntomic morphisms| 19
[11.  Finite syntomic morphisms| 22
12. A formula for the differentl 25
I13. The Tate map| 28
[14. A generalization of the different| 32
15. omparison with duality theory| 34
116.  Quasi-finite Gorenstein morphisms| 36
I117. Other chapters| 37

1. Introduction

In this chapter we study the different and discriminant of locally quasi-finite mor-
phisms of schemes. A good reference for some of this material is [Kun86].

Given a quasi-finite morphism f : Y — X of Noetherian schemes there is a relative
dualizing module wy, x. In Section El we construct this module from scratch, using
Zariski’s main theorem and étale localization methods. The key property is that
given a diagram

Y —Y

g
f’l lf

x' 2. x
with g: X’ — X flat, Y/ C X' xx Y open, and f’: Y’ — X' finite, then there is a
canonical isomorphism

Ji(g ) wy x = Homo, (fLOy, Ox)

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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as sheaves of f,Oy/-modules. In Section |4| we prove that if f is flat, then there is a
canonical global section 7y, x € H Oy, wy/x ) which for every commutative diagram
as above maps (g')*7y,x to the trace map of Section [3| for the finite locally free
morphism f’. In Section |§| we define the different for a flat quasi-finite morphism
of Noetherian schemes as the annihilator of the cokernel of 7y, x : Ox — wy/x.

The main goal of this chapter is to prove that for quasi-finite syntomidII f the
different agrees with the Kéhler different. The Kéhler different is the zeroth fitting
ideal of Qy/x, see Sectimﬂ This agreement is not obvious; we use a slick argument
due to Tate, see Section On the way we also discuss the Noether different and
the Dedekind different.

Only in the end of this chapter, see Sections [I5] and do we make the link with
the more advanced material on duality for schemes.

2. Dualizing modules for quasi-finite ring maps

Let A — B be a quasi-finite homomorphism of Noetherian rings. By Zariski’s main
theorem (Algebra, Lemma [123.14]) there exists a factorization A — B’ — B with
A — B’ finite and B’ — B inducing an open immersion of spectra. We set

(2.0.1) Wwp/A = HOIHA(B/,A) ®Qp B

in this situation. The reader can think of this as a kind of relative dualizing module,
see Lemmas|15.1|and In this section we will show by elementary commutative
algebra methods that wp, 4 is independent of the choice of the factorization and that
formation of wp,4 commutes with flat base change. To help prove the independence
of factorizations we compare two given factorizations.

Lemmal 2.1. Let A — B be a quasi-finite ring map. Given two factorizations
A— B — Band A— B" — B with A— B’ and A — B” finite and Spec(B) —
Spec(B’) and Spec(B) — Spec(B”) open immersions, there exists an A-subalgebra
B"" C B finite over A such that Spec(B) — Spec(B"') an open immersion and
B’" — B and B"” — B factor through B"".

Proof. Let B"” C B be the A-subalgebra generated by the images of B’ —+ B and
B"” — B. As B’ and B"” are each generated by finitely many elements integral over
A, we see that B"” is generated by finitely many elements integral over A and we
conclude that B" is finite over A (Algebra, Lemma [36.5)). Consider the maps
BZB/(X)B/B—)BW@B/B—)B@B/BZB

The final equality holds because Spec(B) — Spec(B’) is an open immersion (and
hence a monomorphism). The second arrow is injective as B’ — B is flat. Hence
both arrows are isomorphisms. This means that

Spec(B"") <—— Spec(B)

! l

Spec(B’) <—— Spec(B)

is cartesian. Since the base change of an open immersion is an open immersion we

conclude. 0

LAKA flat and lci.
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Lemma 2.2. The module is well defined, i.e., independent of the choice
of the factorization.

Proof. Let B, B”, B"” be as in Lemma We obtain a canonical map
W= HOHIA(B/H,A) Rpn B —> HOHIA(B’, A) ®p B = w'

and a similar one involving B”. If we show these maps are isomorphisms then the
lemma is proved. Let g € B’ be an element such that B, — B, is an isomorphism
and hence B, — (B""), — B, are isomorphisms. It suffices to show that (w’), —
w, is an isomorphism. The kernel and cokernel of the ring map B’ — B are finite
A-modules and g-power torsion. Hence they are annihilated by a power of g. This

easily implies the result. [

Lemma 2.3. Let A — B be a quasi-finite map of Noetherian rings.
(1) If A— B factors as A — Ay — B for some f € A, then wp/a = wp/a,-
(2) If g € B, then (wp/a)g = wB,/A-
(3) If f € A, then WB/A; = (wBya)f-

Proof. Say A — B’ — B is a factorization with A — B’ finite and Spec(B) —
Spec(B’) an open immersion. In case (1) we may use the factorization Ay — B} —
B to compute wp, 4, and use Algebra, Lemma @ In case (2) use the factorization
A — B’ — By to see the result. Part (3) follows from a combination of (1) and
(2). O

Let A — B be a quasi-finite ring map of Noetherian rings, let A — A; be an
arbitrary ring map of Noetherian rings, and set By = B ®4 A;. We obtain a
cocartesian diagram

B—— Bl

|

AﬂAl

Observe that A; — Bj is quasi-finite as well (Algebra, Lemma [122.8)). In this
situation we will define a canonical B-linear base change map

(231) WB/A — WBy /A,

Namely, we choose a factorization A — B’ — B as in the construction of wp,4.
Then B} = B’ ®4 A is finite over A; and we can use the factorization Ay — B] —
By in the construction of wpg, /4,. Thus we have to construct a map

HOIHA(B/,A) RKp B — HOIIlA1 (B/ XA Al,Al) ®Bi B,

Thus it suffices to construct a B’-linear map Hom 4 (B’, A) — Homy, (B'®4 41, A1)
which we will denote ¢ — 1. Namely, given an A-linear map ¢ : B’ — A we let
1 be the map such that ¢1 () ® a1) = p(b')a;. This is clearly A;-linear and the
construction is complete.

Lemma 2.4. The base change map is independent of the choice of the
factorization A — B' — B. Given ring maps A — A1 — Ao the composition of the
base change maps for A — Ay and Ay — As is the base change map for A — As.

Proof. Omitted. Hint: argue in exactly the same way as in Lemma using
Lemma 211 O
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Lemmal 2.5. If A — A; is flat, then the base change map (2.3.1]) induces an
isomorphism wp,a ®p B1 — wp, /4, -

Proof. Assume that A — A; is flat. By construction of wp,4 we may assume that
A — B is finite. Then wg/y4 = Homa(B, A) and wp, 4, = Homy, (B1, A1). Since
By = B®4 Aj the result follows from More on Algebra, Lemma [65.4] O

Lemmal 2.6. Let A - B — C be quasi-finite homomorphisms of Noetherian
rings. There is a canonical map wp s ®B Wc/B — W /A-

Proof. Choose A — B’ — B with A — B’ finite such that Spec(B) — Spec(B’) is
an open immersion. Then B’ — C' is quasi-finite too. Choose B’ — C' — C with
B’ — " finite and Spec(C') — Spec(C”) an open immersion. Then the source of
the arrow is

HOHIA(BI,A) ®p B®p HOIIIB(B Rpr CI,B) QB® g/ C C

which is equal to

Homy(B’, A) @ g Homp/ (C', B) ®@c: C
This indeed comes with a canonical map to Hom(C’, A) ®c' C' = w4 coming
from composition Hom 4 (B’, A) x Homp/ (C’, B) — Homy4 (C’, A). |

Lemmal 2.7. Let A — B and A — C be quasi-finite maps of Noetherian rings.
Then wpxc/a = wp/a X woya as modules over B x C.

Proof. Choose factorizations A — B’ — B and A — C' — C such that A — B’
and A — C’ are finite and such that Spec(B) — Spec(B’) and Spec(C') — Spec(C”’)
are open immersions. Then A — B’ x C' — B x C' is a similar factorization. Using
this factorization to compute wpyc /4 gives the lemma. (I

Lemma 2.8. Let A — B be a quasi-finite homomorphism of Noetherian rings.
Then Assp(wp/a) is the set of primes of B lying over associated primes of A.

Proof. Choose a factorization A — B’ — B with A — B’ finite and B’ — B
inducing an open immersion on spectra. As wp/A = wpja @p B it suffices to
prove the statement for wp/ /4. Thus we may assume A — B is finite.

Assume p € Ass(A) and q is a prime of B lying over p. Let 2 € A be an element
whose annihilator is p. Choose a nonzero x(p) linear map A : x(q) — x(p). Since
A/p C B/q is a finite extension of rings, there is an f € A, f & p such that fA
maps B/q into A/p. Hence we obtain a nonzero A-linear map

B—B/qgq—A/p— A, b— fAb)x

An easy computation shows that this element of wp,4 has annihilator q, whence
q € Ass(wpya)-

Conversely, suppose that g C B is a prime ideal lying over a prime p C A which
is not an associated prime of A. We have to show that q ¢ Assp(wp/a). After
replacing A by A, and B by B, we may assume that p is a maximal ideal of A.
This is allowed by Lemma [2.5 and Algebra, Lemma [63.16] Then there exists an
f € m which is a nonzerodivisor on A. Then f is a nonzerodivisor on wp,4 and
hence q is not an associated prime of this module. ]

Lemmal2.9. Let A — B be a flat quasi-finite homomorphism of Noetherian rings.
Then wpya is a flat A-module.
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Proof. Let g C B be a prime lying over p C A. We will show that the localization
wp/A,q is flat over Ap. This suffices by Algebra, Lemma By Algebra, Lemma
we can find an étale ring map A — A’ and a prime ideal p’ C A’ lying over p
such that x(p’) = k(p) and such that

B =BosA =CxD

with A’ — C finite and such that the unique prime q" of B ® 4 A’ lying over q
and p’ corresponds to a prime of C. By Lemma and Algebra, Lemma it
suffices to show wp// 4/ 4 is flat over A;J,. Since wpr /41 = Weyar X wpyar by Lemma
2.7 this reduces us to the case where B is finite flat over A. In this case B is finite
locally free as an A-module and wp,4 = Homa (B, A) is the dual finite locally free
A-module. O

Lemma 2.10. If A — B is flat, then the base change map induces an
isomorphism wp,4 ®p B1 — wp, /4, -

Proof. If A — B is finite flat, then B is finite locally free as an A-module. In this
case wp/4 = Homy4 (B, A) is the dual finite locally free A-module and formation of
this module commutes with arbitrary base change which proves the lemma in this
case. In the next paragraph we reduce the general (quasi-finite flat) case to the
finite flat case just discussed.

Let q1 C B; be a prime. We will show that the localization of the map at the
prime ¢; is an isomorphism, which suffices by Algebra, Lemma Let q C B
and p C A be the prime ideals lying under q;. By Algebra, Lemma we can
find an étale ring map A — A’ and a prime ideal p’ C A’ lying over p such that
k(p") = k(p) and such that

B '=B@asA'=CxD

with A’ — C finite and such that the unique prime q' of B ®4 A’ lying over q and
p’ corresponds to a prime of C. Set A} = A’ ® 4 A; and consider the base change
maps ([2.3.1)) for the ring maps A —+ A’ — A} and A — A; — A] as in the diagram

/
CLJB//A/ XRpr Bl %wBi/Azl

| !

WB/A ®B Bi — ~ WBy /A ®B, Bi

where B =B ®4 A', Bl =B®4 A;,and B] = B®4 (A’ ®4 A1). By Lemma
the diagram commutes. By Lemma the vertical arrows are isomorphisms. As
B; — Bj is étale and hence flat it suffices to prove the top horizontal arrow is an
isomorphism after localizing at a prime g} of B] lying over g (there is such a prime
and use Algebra, Lemma[39.17). Thus we may assume that B = C'x D with A — C
finite and g corresponding to a prime of C. In this case the dualizing module wg,4
decomposes in a similar fashion (Lemma which reduces the question to the
finite flat case A — C handled above. g

Remark| 2.11. Let f : Y — X be a locally quasi-finite morphism of locally
Noetherian schemes. It is clear from Lemma [2.3] that there is a unique coherent
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Oy-module wy,x on Y such that for every pair of affine opens Spec(B) =V C Y,
Spec(A) = U C X with f(V) C U there is a canonical isomorphism

HO(V,wy)x) = wp/a
and where these isomorphisms are compatible with restriction maps.
Lemma 2.12. Let A — B be a quasi-finite homomorphism of Noetherian rings.
Let wI'B,/A € D(B) be the algebraic relative dualizing complex discussed in Dual-
izing Complexes, Section . Then there is a (nonunique) isomorphism wp 4 =
HOWY ).
Proof. Choose a factorization A — B’ — B where A — B’ is finite and Spec(B’) —
Spec(B) is an open immersion. Then wJ‘B/A = wl’g,/A ®% B’ by Dualizing Complexes,
Lemmas and and the definition of wy, ;. Hence it suffices to show there is
an isomorphism when A — B is finite. In this case we can use Dualizing Complexes,
Lemma to see that wy 4 = RHom(B, A) and hence Ho(w;i,/A) = Hom (B, A)
as desired. (]

3. Discriminant of a finite locally free morphism

Let X be a scheme and let F be a finite locally free Ox-module. Then there is a
canonical trace map

Trace : Homo, (F,F) — Ox
See Exercises, Exercise This map has the property that Trace(id) is the locally
constant function on Ox corresponding to the rank of F.

Let # : X — Y be a morphism of schemes which is finite locally free. Then there
exists a canonical trace for m which is an Oy-linear map

Trace, : m.0x — Oy

sending a local section f of m,Ox to the trace of multiplication by f on 7.Ox.
Over affine opens this recovers the construction in Exercises, Exercise The
composition
#
OY Tr—)’/T*OX Trace, OY
equals multiplication by the degree of 7 (which is a locally constant function on
Y). In analogy with Fields, Section [20| we can define the trace pairing
Qr :mO0x x 1, Ox — Oy

by the rule (f,g) — Trace,(fg). We can think of @, as a linear map m.0Ox —
Homo, (m.Ox, Oy) between locally free modules of the same rank, and hence ob-
tain a determinant

det(Qr) : A'P(m,.Ox) — AP(m,Ox)®7!
or in other words a global section
det(Qr) € T(Y, A'P(7,0x)®72)

The discriminant of w is by definition the closed subscheme D, C Y cut out by
this global section. Clearly, D is a locally principal closed subscheme of Y.

Lemma 3.1. Let 7 : X — Y be a morphism of schemes which is finite locally
free. Then w is étale if and only if its discriminant is empty.
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Proof. By Morphisms, Lemma it suffices to check that the fibres of 7 are étale.
Since the construction of the trace pairing commutes with base change we reduce to
the following question: Let k be a field and let A be a finite dimensional k-algebra.
Show that A is étale over k if and only if the trace pairing Q4 : A X A — K,
(a,b) — Trace4 i (ab) is nondegenerate.

Assume @ 4/, is nondegenerate. If @ € A is a nilpotent element, then ab is nilpotent
for all b € A and we conclude that Qa/x(a,—) is identically zero. Hence A is
reduced. Then we can write A = K; X ... X K, as a product where each K; is a
field (see Algebra, Lemmas [53.2 [53.6] and [25.1)). In this case the quadratic space
(A,Qayk) is the orthogonal direct sum of the spaces (K;, Qg, /). It follows from
Fields, Lemma that each K; is separable over k. This means that A is étale
over k by Algebra, Lemma The converse is proved by reading the argument
backwards. g

4. Traces for flat quasi-finite ring maps

The trace referred to in the title of this section is of a completely different nature
than the trace discussed in Duality for Schemes, Section [7] Namely, it is the trace
as discussed in Fields, Section [20] and generalized in Exercises, Exercises [22.6] and

22.7

Let A — B be a finite flat map of Noetherian rings. Then B is finite flat as an
A-module and hence finite locally free (Algebra, Lemma. Given b € B we can
consider the trace Traceg,4(b) of the A-linear map B — B given by multiplication
by b on B. By the references above this defines an A-linear map Traceg,4 : B — A.
Since wp/4 = Homa(B, A) as A — B is finite, we see that Tracep /4 € wp/a-

For a general flat quasi-finite ring map we define the notion of a trace as follows.

Definition 4.1. Let A — B be a flat quasi-finite map of Noetherian rings. The
trace element is the uniqueﬂ element 75,4 € wp,a with the following property:
for any Noetherian A-algebra A; such that By = B ® 4 A; comes with a product
decomposition By = C x D with A; — C finite the image of 75,4 in we 4,
is Tracec,a,. Here we use the base change map and Lemma to get
wB/A — wB1/A1 — wc/Al.

We first prove that trace elements are unique and then we prove that they exist.

Lemma 4.2. Let A — B be a flat quasi-finite map of Noetherian rings. Then
there is at most one trace element in wp /4.

Proof. Let q C B be a prime ideal lying over the prime p C A. By Algebra,
Lemma [145.2] we can find an étale ring map A — A; and a prime ideal p; C Ay
lying over p such that x(p1) = x(p) and such that

B1:B®AA1:C><D

with A; — C finite and such that the unique prime ¢; of B ® 4 A; lying over q
and p; corresponds to a prime of C. Observe that we/a, = wp/a ®p C (combine
Lemmas and . Since the collection of ring maps B — C obtained in this
manner is a jointly injective family of flat maps and since the image of 75,4 in
wcyA, is prescribed the uniqueness follows. O

2Uniqueness and existence will be justified in Lemmas and
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Here is a sanity check.

Lemma 4.3. Let A — B be a finite flat map of Noetherian rings. Then Traceg,4 €
wpya 18 the trace element.

Proof. Suppose we have A — A; with A; Noetherian and a product decomposition
B®y4 A = C x D with A; — C finite. Of course in this case A; — D is also finite.
Set By = B®4 A;. Since the construction of traces commutes with base change we
see that Tracep,4 maps to Tracep, 4,. Thus the proof is finished by noticing that
Tracep, /4, = (Traceca,, Tracep,a,) under the isomorphism wg, 4, = weya, X

wpya, of Lemma O

Lemma 4.4. Let A — B be a flat quasi-finite map of Noetherian rings. Let
T € wpya be a trace element.

(1) If A — Ay is a map with Ay Noetherian, then with By = Ay ®4 B the
image of T in wp, /4, s a trace element.

(2) If A= Ry, then 7 is a trace element in wp/p.

(3) If g € B, then the image of T in wp, /4 is a trace element.

(4) If B = By x By, then T maps to a trace element in both wp, ;4 and wp, /4.

Proof. Part (1) is a formal consequence of the definition.

Statement (2) makes sense because wp,r = wp/4 by Lemma Denote 7/ the
element 7 but viewed as an element of wg,g. To see that (2) is true suppose that we
have R — Ry with Ry Noetherian and a product decomposition B®g R; = C x D
with Ry — C finite. Then with A; = (R1)s we see that B®4 A1 = C x D. Since
Ry — C'is finite, a fortiori Ay — C'is finite. Hence we can use the defining property
of 7 to get the corresponding property of 7’.

Statement (3) makes sense because wp, 4 = (wp/a)y by Lemma The proof is
similar to the proof of (2). Suppose we have A — A; with A; Noetherian and a
product decomposition By ®4 A1 = C' x D with A; — C finite. Set B; = B®4 A;.
Then Spec(C) — Spec(B1) is an open immersion as By ®4 A1 = (B1)y and the
image is closed because By — C' is finite (as Ay — C is finite). Thus we see that
By = C x Dy and D = (D;)g4. Then we can use the defining property of 7 to get
the corresponding property for the image of 7 in wp, /4.

Statement (4) makes sense because wp/4 = Wp, /4 XWp,/4 by Lemma Suppose
we have A — A’ with A’ Noetherian and a product decomposition B A" = Cx D
with A — C finite. Then it is clear that we can refine this product decomposition
into Bq A" = C; x Cy x D; X Dy with A’ — C; finite such that B; ®4 A’ =
C; x D;. Then we can use the defining property of 7 to get the corresponding
property for the image of 7 in wp, /4. This uses the obvious fact that Tracec,sr =
(Tracec, /a, T‘racec2/,4/) under the decomposition w41 = we, a7 X Wy /ar- ([l

Lemma 4.5. Let A — B be a flat quasi-finite map of Noetherian rings. Let
91;---,9m € B be elements generating the unit ideal. Let T € wp/a be an element
whose image in wp, a is a trace element for A — By,. Then T is a trace element.

Proof. Suppose we have A — A; with A; Noetherian and a product decomposition
B®aA; = CxD with Ay — C finite. We have to show that the image of 7 in wg /4,
is Tracec,4,. Observe that g1,. .., g, generate the unit ideal in By = B®4 A; and
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that 7 maps to a trace element in w( Bi)y, /A1 by Lemma Hence we may replace
A by A; and B by B; to get to the situation as described in the next paragraph.

Here we assume that B = C x D with A — C is finite. Let 7¢ be the image of 7
in weya. We have to prove that 7¢ = Tracec/4 in weya. By the compatibility of
trace elements with products (Lemma we see that 7¢ maps to a trace element
in we, /4. Hence, after replacing B by C' we may assume that A — B is finite flat.

Assume A — B is finite flat. In this case Tracep,4 is a trace element by Lemma
Hence Tracep,4 maps to a trace element in w By, /A by Lemma Since trace
elements are unique (Lemma we find that Tracep,4 and 7 map to the same
elements in wp, /4 = (wBya)g;- As g1,. .., gm generate the unit ideal of B the map
wp/A — HWB.% /4 is injective and we conclude that 7¢ = Tracep,4 as desired. [

Lemma 4.6. Let A — B be a flat quasi-finite map of Noetherian rings. There
exists a lrace element T € wp/4-

Proof. Choose a factorization A — B’ — B with A — B’ finite and Spec(B) —
Spec(B’) an open immersion. Let g1, ..., g, € B’ be elements such that Spec(B) =
\UD(g:) as opens of Spec(B’). Suppose that we can prove the existence of trace
elements 7; for the quasi-finite flat ring maps A — By,. Then for all ¢, j the elements
7; and 7; map to trace elements of w Byyg, /A by Lemma By uniqueness of trace
elements (Lemma they map to the same element. Hence the sheaf condition for
the quasi-coherent module associated to wp,4 (see Algebra, Lemma @ produces
an element 7 € wp/s. Then 7 is a trace element by Lemma @ [n this way we
reduce to the case treated in the next paragraph.

Assume we have A — B’ finite and g € B’ with B = By flat over A. It is our task
to construct a trace element in wp/4 = Homy(B’, A) ®p B. Choose a resolution
F, — Fy — B" — 0 of B’ by finite free A-modules Fy and F;. Then we have an
exact sequence

0 — Homu(B', A) = Fy — FY
where F)Y = Homa(F;, A) is the dual finite free module. Similarly we have the
exact sequence

0— HOHIA(B/,BI) — F(;/ ®A B — Flv ®a B
The idea of the construction of 7 is to use the diagram
B' £ Homy (B, B') + Homu (B, A) @4 B' <5 A

where the first arrow sends b’ € B’ to the A-linear operator given by multiplication
by o' and the last arrow is the evaluation map. The problem is that the middle
arrow, which sends X' ® b’ to the map b” — X ()b, is not an isomorphism. If B’
is flat over A, the exact sequences above show that it is an isomorphism and the
composition from left to right is the usual trace Tracep: 4. In the general case, we
consider the diagram

HomA(B’,A) XA B HomA(B’,A) XA B;

B _H> Hom (B, B') ——— Ker(Fy ®4 B — F\ ®4 B))
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By flatness of A — Bj we see that the right vertical arrow is an isomorphism.
Hence we obtain the unadorned dotted arrow. Since Bj = colim q%B’ , since
colimits commute with tensor products, and since B’ is a finitely pfesented A-
module we can find an n > 0 and a B’-linear (for right B’-module structure) map
¥ : B" — Homa(B', A) ®4 B’ whose composition with the left vertical arrow is
g"u. Composing with ev we obtain an element evot € Hom 4(B’, A). Then we set

7= (evoy)®@g " € Homa(B', A) ®@p By = WpI /A = WB/A

We omit the easy verification that this element does not depend on the choice of n
and v above.

Let us prove that 7 as constructed in the previous paragraph has the desired prop-
erty in a special case. Namely, say B’ = C’' x D' and g = (f, h) where A — C’ flat,
Dj, is flat, and f is a unit in C’. To show: 7 maps to Tracecs 4 in wer /4. In this case
we first choose np and ¥p : D' — Homy (D', A) ®4 D’ as above for the pair (D', h)
and we can let ¥ : ¢ — Homy (C', A) @4 C' = Hom 4(C’, C’) be the map second-
ing ¢/ € C’ to multiplication by ¢’. Then we take n = np and ¢ = (f"Pc,¥p)
and the desired compatibility is clear because Tracec/,;4 = ev o ¢ as remarked
above.

To prove the desired property in general, suppose given A — A; with A; Noetherian
and a product decomposition B; ®a4 A = C x D with A; — C finite. Set B} =
B’ ®4 A;. Then Spec(C) — Spec(Bj) is an open immersion as B, ®4 A1 = (B),
and the image is closed as B} — C is finite (since 4; — C is finite). Thus

1 = CxD"and Dj = D. We conclude that Bj = C x D" and g over A; are
as in the previous paragraph. Since formation of the displayed diagram above
commutes with base change, the formation of 7 commutes with the base change
A — A (details omitted; use the resolution F; ®4 A1 — Fy®4 A1 — B} — 0
to see this). Thus the desired compatibility follows from the result of the previous
paragraph. (I

Remark| 4.7. Let f : Y — X be a flat locally quasi-finite morphism of locally
Noetherian schemes. Let wy,x be as in Remark It is clear from the unique-
ness, existence, and compatibility with localization of trace elements (Lemmas
and that there exists a global section

Ty/X S P(Y, CUy/X)
such that for every pair of affine opens Spec(B) =V C Y, Spec(A) = U C X
with f(V) C U that element Ty,x maps to 7p,4 under the canonical isomorphism
HO(V,wy/x) =wp/a.
Lemma 4.8. Let k be a field and let A be a finite k-algebra. Assume A is local
with residue field k'. The following are equivalent

(1) Traceayy is nonzero,
(2) Ta/k € wayi is nonzero, and
(3) k'/k is separable and length,(A) is prime to the characteristic of k.

Proof. Conditions (1) and (2) are equivalent by Lemma Let m C A. Since
dimy (A) < oo it is clear that A has finite length over A. Choose a filtration

A=Iyom=0L>0L>...1,=0
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by ideals such that I;/I;1; = k' as A-modules. See Algebra, Lemma [52.11| which
also shows that n = length 4 (A). If @ € m then al; C I;41 and it is immediate that
Tracea/,(a) = 0. If a ¢ m with image A € £/, then we conclude

Trace,/,(a) = Z

The proof of the lemma is finished by applying Fields, Lemma [20.7 ]

. Tracey(a : I;/1;—1 — 1;/1;_1) = nTracey ;5 ())

1=0,...,n—

5. Finite morphisms

OFKW In this section we collect some observations about the constructions in the previous
sections for finite morphisms. Let f : Y — X be a finite morphism of locally
Noetherian schemes. Let wy,x be as in Remark @

The first remark is that

f*WY/X = HOmOX (f*OY7 OX)
as sheaves of f,Oy-modules. Since f is affine, this formula uniquely characterizes
wy/x, see Morphisms, Lemma The formula holds because for Spec(A) = U C
X affine open, the inverse image V = f~1(U) is the spectrum of a finite A-algebra
B and hence

HO(U, fuwy/x) = H*(V,wy)x) = wp/a = Homa(B, A) = H°(U, Homo (f.Oy, Ox))
by construction. In particular, we obtain a canonical evaluation map

frwy x — Ox
which is given by evaluation at 1 if we think of f.wy,x as the sheaf Homo  (f+Oy, Ox).

The second remark is that using the evaluation map we obtain canonical identifi-
cations

Homy(]-', f*g ®OY WY/X) = HomX(f*fv g)
functorially in the quasi-coherent module F on Y and the finite locally free module
G on X. If G = Ox this follows immediately from the above and Algebra, Lemma
For general G we can use the same lemma and the isomorphisms

[(f7G ®o, wy/x) =G ®ox Homoy (f:Oy, Ox) = Homo (fOy,G)

of f.Oy-modules where the first equality is the projection formula (Cohomology,
Lemma [54.2]). An alternative is to prove the formula affine locally by direct com-
putation.

The third remark is that if f is in addition flat, then the composition

fat
fOy =5 fawy, x — Ox

is equal to the trace map Tracey discussed in Section @ This follows immediately
by looking over affine opens.

The fourth remark is that if f is flat and X Noetherian, then we obtain
Homy(K, Lf*M Koy wy/X) = Homy (Rf*K, M)

for any K in Dgcon(Oy) and M in Dgeon(Ox). This follows from the material in
Duality for Schemes, Section but can be proven directly in this case as follows.
First, if X is affine, then it holds by Dualizing Complexes, Lemmas and [13.9

3There is a simpler proof of this lemma in our case.
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and Derived Categories of Schemes, Lemma [3.5] Then we can use the induction
principle (Cohomology of Schemes, Lemma and Mayer-Vietoris (in the form of
Cohomology, Lemma [33.3) to finish the proof.

6. The Noether different

There are many different differents available in the literature. We list some of them
in this and the next sections; for more information we suggest the reader consult
[Kun86].

Let A — B be a ring map. Denote
p:BoaB— B, bt — bV

the multiplication map. Let I = Ker(u). It is clear that I is generated by the
elements b® 1 — 1 ® b for b € B. Hence the annihilator J C B ®4 B of I is a
B-module in a canonical manner. The Noether different of B over A is the image
of J under the map p: B®4 B — B. Equivalently, the Noether different is the
image of the map

J =Hompg (B, B®aB) — B, ¢ u(p(1))
We begin with some obligatory lemmas.

Lemmal 6.1. Let A — B;, i = 1,2 be ring maps. Set B = By x Bs.

(1) The annihilator J of Ker(B®a B — B) is J; X Jo where J; is the annihilator
of Ker(Bi ®a B — Bl)

(2) The Noether different © of B over A is ©1 X Da, where D; is the Noether
different of B; over A.

Proof. Omitted. ]

Lemmal 6.2. Let A — B be a finite type ring map. Let A — A’ be a flat ring
map. Set BB =B®4 A'.
(1) The annihilator J' of Ker(B' @4 B' — B’) is J @4 A’ where J is the
annihilator of Ker(B ®4 B — B).
(2) The Noether different @' of B’ over A’ is DB’, where ® is the Noether
different of B over A.

Proof. Choose generators by, ...,b, of B as an A-algebra. Then

J =Ker(B®, B 2&218%, (B g4 B)®)

Hence we see that the formation of J commutes with flat base change. The result
on the Noether different follows immediately from this. O

Lemmal 6.3. Let A — B’ — B be ring maps with A — B’ of finite type and
B’ — B inducing an open immersion of spectra.

(1) The annihilator J of Ker(B ®4 B — B) is J' ®p' B where J' is the anni-
hilator of Ker(B' @ 4 B’ — B').

(2) The Noether different © of B over A is ®'B, where ©' is the Noether
different of B' over A.
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Proof. Write I = Ker(B&4B — B) and I' = Ker(B'®4 B’ — B’). As Spec(B) —
Spec(B’) is an open immersion, it follows that B = (B ®4 B) ®p'g,p’ B'. Thus
we see that I = I'(B®4 B). Since I’ is finitely generated and B’ ®4 B’ — B®4 B
is flat, we conclude that J = J'(B ®4 B), see Algebra, Lemma Since the
B’ ® 4 B’-module structure of J’ factors through B’ ® 4 B’ — B’ we conclude that
(1) is true. Part (2) is a consequence of (1). O

Remark| 6.4. Let A — B be a quasi-finite homomorphism of Noetherian rings.
Let J be the annihilator of Ker(B ® 4 B — B). There is a canonical B-bilinear
pairing

(6.4.1) wp/jaXJ — B

defined as follows. Choose a factorization A — B’ — B with A — B’ finite and
B’ — B inducing an open immersion of spectra. Let J’ be the annihilator of
Ker(B' @4 B’ — B'). We first define

Homu(B', A) x J' — B/, (A _bi®c;)— Y Abi)ei

This is B’-bilinear exactly because for £ € J' and b € B’ we have (b®1)§ = (1®b)E.
By Lemma and the fact that wp 4 = Hom(B', A) ®p B we can extend this
to a B-bilinear pairing as displayed above.

0BVR Lemmal 6.5. Let A — B be a quasi-finite homomorphism of Noetherian rings.

0BVS

(1) If A — A’ is a flat map of Noetherian rings, then

wpja X J — B

|

wB//A/ X J/*>Bl

is commutative where notation as in Lemmal6.4 and horizontal arrows are

given by .
(2) If B= B; X Bs, then

wp/a X J —B

|

wp;/A X J; —— B;

is commutative for i = 1,2 where notation as in Lemma[6.1] and horizontal

arrows are given by .

Proof. Because of the construction of the pairing in Remark [6.4] both (1) and (2)
reduce to the case where A — B is finite. Then (1) follows from the fact that the
contraction map Hom 4 (M, A)@a M @4 M — M, A\@m®@m’ — A(m)m’' commuted
with base change. To see (2) use that J = J; x Jy is contained in the summands
Bi1 ®4 B1 and By ®4 By of B®4 B. |

Lemma 6.6. Let A — B be a flat quasi-finite homomorphism of Noetherian rings.
The pairing of Remark induces an isomorphism J — Homp(wp,a, B).
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Proof. We first prove this when A — B is finite and flat. In this case we can
localize on A and assume B is finite free as an A-module. Let by,...,b, be a
basis of B as an A-module and denote by, ...,by the dual basis of wp/a- Note
that » b; ® ¢; € J maps to the element of Homp(wp,4, B) which sends b to ¢;.
Suppose ¢ : wp/a — B is B-linear. Then we claim that £ = Y7 b; ® ¢(b)) is an
element of J. Namely, the B-linearity of ¢ exactly implies that (b® 1) = (1® b)¢
for all b € B. Thus our map has an inverse and it is an isomorphism.

Let g C B be a prime lying over p C A. We will show that the localization
Jq — HomB(wB/A,B)q

is an isomorphism. This suffices by Algebra, Lemma By Algebra, Lemma
145.2) we can find an étale ring map A — A’ and a prime ideal p’ C A’ lying over p
such that x(p’) = k(p) and such that

B =B, A =CxD
with A’ — C finite and such that the unique prime q’ of B® 4 A’ lying over q and p’

corresponds to a prime of C. Let J’ be the annihilator of Ker(B'® 4 B — B’). By
Lemmas and the map J' — Homp/(wp//as, B') is gotten by applying
the functor —®p B’ to the map J — Homp (wB/A, B). Since By — B , is faithfully
flat it suffices to prove the result for (4" — B’,q’). By Lemmas . [6.1] and [6 -
this reduces us to the case proved in the first paragraph of the proof.

Lemma 6.7. Let A — B be a flat quasi-finite homomorphism of Noetherian rings.
The diagram

J ————— Homp(wp/a, B)

\ ME/A)

commutes where the horizontal arrow is the isomorphism of Lemma[6.6, Hence the
Noether different of B over A is the image of the map Homp(wp, 4, B) — B.

Proof. Exactly as in the proof of Lemma this reduces to the case of a finite
free map A — B. In this case 75,4 = Traceg,4. Choose a basis b1,...,b, of B as
an A-module. Let £ =) b; ® ¢; € J. Then pu(€) = > bic;. On the other hand, the
image of £ in Homp(wp,a, B) sends Tracep 4 to ) Traceg 4 (b;)c;. Thus we have

to show
Zbici = ZTraceB/A(b-)c-
when £ =Y b; ® ci € J. Write bib; =Y, aF by for some a - € A. Then the right

hand side is ), g a”cl On the other hand, f € J implies

(b; ® 1)(2, bi®ci)=(1® bj)(z4 bi ® c;)

which implies that bjc; = Y, a%.ck. Thus the left hand side is > @i
k

a;; = a?i the equality holds. .

cj. Since

Lemmal 6.8. Let A — B be a finite type ring map. Let ® C B be the Noether
different. Then V(D) is the set of primes q C B such that A — B is not unramified
at q.
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Proof. Assume A — B is unramified at q. After replacing B by B, for some g € B,
g ¢ q we may assume A — B is unramified (Algebra, Definition and Lemma
. In this case Qp/4 = 0. Hence if I = Ker(B®4 B — B), then I/I*> = 0 by
Algebra, Lemma Since A — B is of finite type, we see that I is finitely
generated. Hence by Nakayama’s lemma (Algebra, Lemma there exists an
element of the form 1+ ¢ annihilating I. It follows that ® = B.

Conversely, assume that ® ¢ q. Then after replacing B by a principal localization
as above we may assume © = B. This means there exists an element of the form
1+ in the annihilator of I. Conversely this implies that I/I? = 2p/a is zero and
we conclude. a

7. The Kahler different

Let A — B be a finite type ring map. The Kdhler different is the zeroth fitting
ideal of 2,4 as a B-module. We globalize the definition as follows.

Definition 7.1. Let f : Y — X be a morphism of schemes which is locally of
finite type. The Kdhler different is the Oth fitting ideal of Qy/x.

The Kaéhler different is a quasi-coherent sheaf of ideals on Y.

Lemma 7.2. Consider a cartesian diagram of schemes
Y ——=Y
f'l lf
X' 2sx

with f locally of finite type. Let R CY, resp. R’ C Y’ be the closed subscheme cut
out by the Kdihler different of f, resp. f'. ThenY' — Y induces an isomorphism
R - R Xy Y’

Proof. This is true because Qy,x is the pullback of Qy,/x (Morphisms, Lemma
32.10) and then we can apply More on Algebra, Lemma O

Lemma 7.3. Let f:Y — X be a morphism of schemes which is locally of finite
type. Let R C Y be the closed subscheme defined by the Kdhler different. Then
R C Y is exactly the set of points where f is not unramified.

Proof. This is a copy of Divisors, Lemma [10.2 [

Lemma 7.4. Let A be a ring. Letn > 1 and f1,...,fn € Alz1,...,2,]. Set
B=Alzy,...,z,)/(f1,--., fn). The Kahler different of B over A is the ideal of B
generated by det(0f;/0x;).

Proof. This is true because {2p/4 has a presentation

by Algebra, Lemma [I31.9 (]
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8. The Dedekind different

0BWO Let A — B be a ring map. We say the Dedekind different is defined if A is Noe-

0BW1

0BW2

0BW3

therian, A — B is finite, any nonzerodivisor on A is a nonzerodivisor on B, and
K — L is étale where K = Q(A) and L = B®4 K. Then K C L is finite étale and

Lpsa =A{x € L | Tracer k(bx) € A for all b € B}
is the Dedekind complementary module. In this situation the Dedekind different is
QB/A = {l’ cL | IEB/A C B}

viewed as a B-submodule of L. By Lemma the Dedekind different is an ideal
of B either if A is normal or if B is flat over A.

Lemma 8.1. Assume the Dedekind different of A — B is defined. Consider the
statements

(1) A— B is flat,

(2) A is a normal ring,

(3) Tracer x(B) C A,

(4) 1€ Lpya, and

(5) the Dedekind different D4 is an ideal of B.

Then we have (1) = (3), (2) = (3), (3) < (4), and (4) = (5).
Proof. The equivalence of (3) and (4) and the implication (4) = (5) are immediate.

If A — B is flat, then we see that Tracep,4 : B — A is defined and that Tracer,/x
is the base change. Hence (3) holds.

If A is normal, then A is a finite product of normal domains, hence we reduce to
the case of a normal domain. Then K is the fraction field of A and L = [] L;
is a finite product of finite separable field extensions of K. Then Tracer x(b) =
> Tracer, k (b;) where b; € L; is the image of b. Since b is integral over A as B is
finite over A, these traces are in A. This is true because the minimal polynomial of
b; over K has coefficients in A (Algebra, Lemma and because Tracer, /x (b;)
is an integer multiple of one of these coefficients (Fields, Lemma . O

Lemma 8.2. If the Dedekind different of A — B is defined, then there is a
canonical isomorphism Lp/a — wWp/a-

Proof. Recall that wp/q4 = Homy(B,A) as A — B is finite. We send 2 € Lp/4
to the map b +— Tracer,x (bx). Conversely, given an A-linear map ¢ : B — A we
obtain a K-linear map ¢ : L — K. Since K — L is finite étale, we see that the
trace pairing is nondegenerate (Lemma and hence there exists a € L such
that px (y) = Tracer k (xy) for all y € L. Then 2 € Lg/4 maps to ¢ in wg/x. O

Lemma 8.3. If the Dedekind different of A — B is defined and A — B is flat,
then

(1) the canonical isomorphism Lp/a — wp/a sends 1 € Lpya to the trace
element T4 € wp/a, and
(2) the Dedekind different is Dp/a = {b € B | bwp/a C Bt/a}.

Proof. The first assertion follows from the proof of Lemma and Lemma 4.3
The second assertion is immediate from the first and the definitions. O
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9. The different

The motivation for the following definition is that it recovers the Dedekind different
in the finite flat case as we will see below.

Definition 9.1. Let f:Y — X be a flat locally quasi-finite morphism of locally
Noetherian schemes. Let wy,x be the relative dualizing module and let 7y, x €
I'(Y,wy,x) be the trace element (Remarks and . The annihilator of

Coker(Oy SAZEN wy/x)
is the different of Y/X. It is a coherent ideal ®; C Oy-.

We will generalize this in Remark [T4.2] below. Observe that @ is locally generated
by one element if wy,x is an invertible Oy-module. We first state the agreement
with the Dedekind different.

Lemma 9.2. Let f : Y — X be a flat quasi-finite morphism of Noetherian
schemes. Let V = Spec(B) C Y, U = Spec(A) C X be affine open subschemes
with f(V) C U. If the Dedekind different of A — B is defined, then

Dflv =Dpja
as coherent ideal sheaves on V.

Proof. This is clear from Lemmas B.1] and [8:3] O

Lemma 9.3. Let f : Y — X be a flat quasi-finite morphism of Noetherian
schemes. Let V = Spec(B) C Y, U = Spec(A) C X be affine open subschemes
with f(V) C U. If wy,x|v is invertible, i.c., if wg,a is an invertible B-module,
then

Dy =D
as coherent ideal sheaves on V where ® C B is the Noether different of B over A.
Proof. Consider the map
Homo, (wy)x,0y) — Oy, @ +— ¢(Ty/x)

The image of this map corresponds to the Noether different on affine opens, see
Lemma [6.7] Hence the result follows from the elementary fact that given an invert-
ible module w and a global section 7 the image of 7 : Hom(w,O) = w®~ 1 — O is
the same as the annihilator of Coker(r: O — w). O

Lemma 9.4. Consider a cartesian diagram of Noetherian schemes

Y —=Y
f/l lf
x —2sx
with f flat and quasi-finite. Let R C Y, resp. R© C Y’ be the closed subscheme

cut out by the different D¢, resp. Dy. Then Y' — Y induces a bijective closed
immersion R' — R xy Y'. If g is flat or if wy,x is invertible, then R’ = R xy Y'.
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Proof. There is an immediate reduction to the case where X, X', Y, Y’ are affine.
In other words, we have a cocartesian diagram of Noetherian rings

B'~——B

]

A<~— A
with A — B flat and quasi-finite. The base change map wg/s ®p B" — wps /4 is an
isomorphism (Lemma and maps the trace element 75,4 to the trace element
Tpr/4 (Lemma [4.4). Hence the finite B-module @ = Coker(rg/4 : B — wp/a)
satisfies Q ®p B" = Coker(rp//ar : B" = wprjar). Thus Dp, 4B’ C Dpsya which
means we obtain the closed immersion R' — R xy Y’. Since R = Supp(Q) and
R’ = Supp(Q®p B’) (Algebra Lemma [40.5) we see that R’ — R xy Y is bijective
by Algebra, Lemma The equality ”DB 4B’ =Dp 4 holds if B — B is flat,
eg,if A— A'is ﬂat7 see Algebra, Lemma Finally, if wg/ 4 is invertible, then
we can localize and assume wg/4 = BA. Writing 75,4 = b\ we see that Q = B/bB
and Dp/4 = bB. The same reasoning over B’ gives Dp/ 4 = bB" and the lemma
is proved. O

Lemma 9.5. Let f:Y — X be a finite flat morphism of Noetherian schemes.
Then Normy : f.Oy — Ox maps f.Dy into the ideal sheaf of the discriminant Dy.

Proof. The norm map is constructed in Divisors, Lemma and the discriminant
of f in Section 3] The question is affine local, hence we may assume X = Spec(A),
Y = Spec(B) and f given by a finite locally free ring map A — B. Localizing further
we may assume B is finite free as an A-module. Choose a basis by,...,b, € B for
B as an A-module. Denote by, ..., by the dual basis of wg 4 = Homyx (B, A) as an
A-module. Since the norm of b is the determinant of b : B — B as an A-linear map,
we see that Normp,4(b) = det(by (bb;)). The discriminant is the principal closed
subscheme of Spec(A) defined by det(Tracep 4 (bib;)). If b € Dp 4 then there exist
¢; € B such that b-b) = ¢; - Tracep,4 where we use a dot to indicate the B-module
structure on wp,4. Write ¢; = > ab;. We have

Normp 4 (b) = det(b; (bb;))
= det((b- b7)(b;))
= det((c; - Tracep,4)(b;))
= det(Tracep a(cib;))
= det(a;;) det(Traceg 4 (bib;))
which proves the lemma. (Il
Lemma 9.6. Let f : Y — X be a flat quasi-finite morphism of Noetherian

schemes. The closed subscheme R C 'Y defined by the different D is exactly the
set of points where f is not étale (equivalently not unramified).

Proof. Since f is of finite presentation and flat, we see that it is étale at a point
if and only if it is unramified at that point. Moreover, the formation of the locus
of ramified points commutes with base change. See Morphisms, Section and
especially Morphisms, Lemma [36.17] By Lemma [9.4] the formation of R commutes
set theoretically with base change. Hence it suffices to prove the lemma when X
is the spectrum of a field. On the other hand, the construction of (wy,x,7y,x) is
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local on Y. Since Y is a finite discrete space (being quasi-finite over a field), we
may assume Y has a unique point.

Say X = Spec(k) and Y = Spec(B) where k is a field and B is a finite local k-
algebra. If Y — X is étale, then B is a finite separable extension of k, and the
trace element Tracep/; is a basis element of wp/;, by Fields, Lemma Thus
Dp/r = B in this case. Conversely, if D/, = B, then we see from Lemma and
the fact that the norm of 1 equals 1 that the discriminant is empty. Hence Y — X
is étale by Lemma O

Lemma 9.7. Let f : Y — X be a flat quasi-finite morphism of Noetherian
schemes. Let R C'Y be the closed subscheme defined by D.

(1) If wy,x is invertible, then R is a locally principal closed subscheme of Y.

(2) Ifwy,x is invertible and f is finite, then the norm of R is the discriminant
Df Of f

(3) If wy/x is invertible and f is étale at the associated points of Y, then R is
an effective Cartier divisor and there is an isomorphism Oy (R) = wy,x .

Proof. Proof of (1). We may work locally on Y, hence we may assume wy,x is
free of rank 1. Say wy,x = Oy A. Then we can write 7y, x = hA and then we see
that R is defined by h, i.e., R is locally principal.

Proof of (2). We may assume Y — X is given by a finite free ring map A — B
and that wp/4 is free of rank 1 as B-module. Choose a B-basis element A for
wp/a and write Traceg,4 = b- A for some b € B. Then ©p,4 = (b) and Dy is
cut out by det(Traceg,a(b;b;)) where by, ..., b, is a basis of B as an A-module.
Let bY,...,b, be the dual basis. Writing b/ = ¢; - A we see that ¢q,...,¢, is a
basis of B as well. Hence with ¢; = > ayb; we see that det(a;) is a unit in A.
Clearly, b- b = ¢; - Tracep /A hence we conclude from the computation in the proof
of Lemma [9.5( that Normpg,4(b) is a unit times det(Tracep,4(bib;)).

Proof of (3). In the notation above we see from Lemma and the assumption
that h does not vanish in the associated points of Y, which implies that h is a
nonzerodivisor. The canonical isomorphism sends 1 to Ty, x, see Divisors, Lemma

1410 O

10. Quasi-finite syntomic morphisms

This section discusses the fact that a quasi-finite syntomic morphism has an invert-
ible relative dualizing module.

Lemma 10.1. Let f : Y — X be a morphism of schemes. The following are
equivalent

(1) f is locally quasi-finite and syntomic,

(2) f is locally quasi-finite, flat, and a local complete intersection morphism,

(3) f is locally quasi-finite, flat, locally of finite presentation, and the fibres of
f are local complete intersections,

(4) f is locally quasi-finite and for every y € Y there are affine opens y €
V = Spec(B) C Y, U = Spec(A) C X with f(V) C U an integer n and
hyfio.oos fn € A1, ... o] such that B = Alzq,..., 20, 1/R]/(f1,. .., fn),

(5) for every y € Y there are affine opens y € V. = Spec(B) C Y, U =
Spec(A) C X with f(V) C U such that A — B is a relative global complete
intersection of the form B = Alzx1,...,xn]/(f1,---, fn),
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(6) f is locally quasi-finite, flat, locally of finite presentation, and NLx,y has
tor-amplitude in [—1,0], and

(7) f is flat, locally of finite presentation, NLxy is perfect of rank O with
tor-amplitude in [—1,0],

Proof. The equivalence of (1) and (2) is More on Morphisms, Lemma The
equivalence of (1) and (3) is Morphisms, Lemma [30.11

If A— Bisasin (4), then B = Az, z1,...,2,]/(xzh — 1, f1,..., fa] is a relative
global complete intersection by see Algebra, Definition [136.5 Thus (4) implies (5).
It is clear that (5) implies (4).

Condition (5) implies (1): by Algebra, Lemma a relative global complete
intersection is syntomic and the definition of a relative global complete intersec-
tion guarantees that a relative global complete intersection on n variables with n
equations is quasi-finite, see Algebra, Definition and Lemma [122.2

Either Algebra, Lemma [136.15|or Morphisms, Lemma [30.10| shows that (1) implies
(5)-

More on Morphisms, Lemma [62.17] shows that (6) is equivalent to (1). If the
equivalent conditions (1) — (6) hold, then we see that affine locally Y — X is given
by a relative global complete intersection B = A[z1,...,z,]/(f1,- .., fn) with the
same number of variables as the number of equations. Using this presentation we
see that

NEpa = (oo fu) /U o) — @D, Bz
By Algebra, Lemma [136.12| the module (f1,..., fn)/(f1,-.., fn)? is free with gen-

erators the congruence classes of the elements f1,..., f,. Thus NLp,4 has rank 0
and so does NLy,x. In this way we see that (1) — (6) imply (7).

Finally, assume (7). By More on Morphisms, Lemma we see that f is syn-
tomic. Thus on suitable affine opens f is given by a relative global complete in-
tersection A — B = Alzy,...,x,)/(f1,..., fm), see Morphisms, Lemma
Exactly as above we see that NLp,4 is a perfect complex of rank n —m. Thus
n = m and we see that (5) holds. This finishes the proof. O

Lemma 10.2. Invertibility of the relative dualizing module.

(1) If A — B is a quasi-finite flat homomorphism of Noetherian rings, then
wp/a is an invertible B-module if and only if wpg ,w(p)/x(p) S an invertible
B ® 4 k(p)-module for all primes p C A.

(2) IfY = X is a quasi-finite flat morphism of Noetherian schemes, then wyx
is invertible if and only if wy, /. is invertible for all x € X.

Proof. Proof of (1). As A — B is flat, the module wp /4 is A-flat, see Lemma
Thus wp,4 is an invertible B-module if and only if w/4 ®4 K(p) is an invertible
B ®4 k(p)-module for every prime p C A, see More on Morphisms, Lemma m
Still using that A — B is flat, we have that formation of wp,4 commutes with base
change, see Lemma [2.10] Thus we see that invertibility of the relative dualizing
module, in the presence of flatness, is equivalent to invertibility of the relative
dualizing module for the maps x(p) = B @4 k(p).

Part (2) follows from (1) and the fact that affine locally the dualizing modules are
given by their algebraic counterparts, see Remark [2.11] O
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Lemma 10.3. Let k be a field. Let B = k[xy,...,x,)/(f1,.-., fn) be a global
complete intersection over k of dimension 0. Then wp/y, is invertible.

Proof. By Noether normalization, see Algebra, Lemma we see that there
exists a finite injection k — B, i.e., dimy(B) < co. Hence wp/, = Homy(B, k) as
a B-module. By Dualizing Complexes, Lemma we see that RHom(B, k) is
a dualizing complex for B and by Dualizing Complexes, Lemma we see that
RHom(B, k) is equal to wpg/), placed in degree 0. Thus it suffices to show that
B is Gorenstein (Dualizing Complexes, Lemma . This is true by Dualizing
Complexes, Lemma [21.7 ]

Lemma 10.4. Let f : Y — X be a morphism of locally Noetherian schemes.
If f satisfies the equivalent conditions of Lemma then wy,x is an invertible
Oy -module.

Proof. We may assume A — B is a relative global complete intersection of the
form B = Alzy,...,2,]/(f1,..., fn) and we have to show wp,4 is invertible. This
follows in combining Lemmas and [10.3] a

Example 10.5. Let n > 1 and d > 1 be integers. Let T" be the set of multi-indices
E = (e1,...,en) with e; >0 and ) e; < d. Consider the ring

A=Zla;, p;1<i<n,EeT|

E _ e e
=Ty ... T

In Alzy,...,2,] consider the elements f; = Y o i pa” where
as is customary. Consider the A-algebra

B:A[fﬂl,w-,xn]/(fla"',fn)

Denote X, 4 = Spec(A) and let Y,, 4 C Spec(B) be the maximal open subscheme
such that the restriction of the morphism Spec(B) — Spec(A) = X, 4 is quasi-

finite, see Algebra, Lemma [123.13

Lemma 10.6. With notation as in Example the schemes X, 4 and Y, q
are regular and irreducible, the morphism Yy, q — Xy 4 is locally quasi-finite and
syntomic, and there is a dense open subscheme V C Y, q such that Y, g — Xpn.q
restricts to an étale morphism V. — X, 4.

Proof. The scheme X, 4 is the spectrum of the polynomial ring A. Hence X, 4 is
regular and irreducible. Since we can write

E

we see that the ring B is isomorphic to the polynomial ring on z1,...,z, and the
elements a;, g with £ # (0,...,0). Hence Spec(B) is an irreducible and regular
scheme and so is the open Y,, 4. The morphism Y,, ¢ — X,, 4 is locally quasi-finite
and syntomic by Lemma [I0.1}] To find V it suffices to find a single point where
Yi.a = X4 is étale (the locus of points where a morphism is étale is open by
definition). Thus it suffices to find a point of X,, 4 where the fibre of V;, 4 —
Xn,q is nonempty and étale, see Morphisms, Lemma ‘We choose the point
corresponding to the ring map x : A — Q sending f; to 1+ xf. Then

B®ax Q= Qar,....ap)/(af = 1,....a5 — 1)

which is a nonzero étale algebra over Q. (I
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Lemma 10.7. Let f :' Y — X be a morphism of schemes. If f satisfies the
equivalent conditions of Lemma then for every y € Y there exist n,d and a
commutative diagram

Y<~—V—Y,4

L

X<~—U—=X,4

where U C X and V CY are open, where Yy, g — Xp 4 is as in Ezample and
where the square on the right hand side is cartesian.

Proof. By Lemma we can choose U and V affine so that U = Spec(R) and
V = Spec(S) with S = Rly1,...,9n]/(91,--.,9n). With notation as in Example

if we pick d large enough, then we can write each g; as g; = ZEeT gi,EyE with

9i,r € R. Then the map A — R sending a; g to ¢; g and the map B — S sending
x; — y; give a cocartesian diagram of rings

S<—B

|

R<—A

which proves the lemma. O

11. Finite syntomic morphisms
This section is the analogue of Section [I0] for finite syntomic morphisms.

Lemma 11.1. Let f : Y — X be a morphism of schemes. The following are
equivalent
(1) f is finite and syntomic,
(2) f is finite, flat, and a local complete intersection morphism,
(3) f is finite, flat, locally of finite presentation, and the fibres of f are local
complete intersections,
(4) f is finite and for every x € X there is an affine open x € U = Spec(A) C X
an integer n and f1, ..., fn € Alz1,...,1,] such that f~Y(U) is isomorphic
to the spectrum of Alxy,...,x,]/(f1,-.., [n),
(5) [ is finite, flat, locally of finite presentation, and NLx,y has tor-amplitude
in [-1,0], and
(6) f is finite, flat, locally of finite presentation, and NLx vy is perfect of rank
0 with tor-amplitude in [—1,0],

Proof. The equivalence of (1), (2), (3), (5), and (6) and the implication (4) = (1)
follow immediately from Lemma Assume the equivalent conditions (1), (2),
(3), (5), (6) hold. Choose a point € X and an affine open U = Spec(A) of z in X
and say  corresponds to the prime ideal p C A. Write f~1(U) = Spec(B). Write
B = Alzy,...,2,]/1. Since NLp,, is perfect of tor-amplitude in [~1,0] by (6) we
see that I/I? is a finite locally free B-module of rank n. Since B, is semi-local we
see that (I/I?), is free of rank n, see Algebra, Lemma Thus after replacing
A by a principal localization at an element not in p we may assume I/I? is a free
B-module of rank n. Thus by Algebra, Lemma we can find a presentation of
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B over A with the same number of variables as equations. In other words, we may
assume B = Alxq,...,2,]/(f1,- .., fn). This proves (4). O

Example| 11.2. Let d > 1 be an integer. Consider variables aﬁ»j for 1 <i,5,l<d
and denote
Aq =2t/
where J is the ideal generated by the elements
> aéjalrg > a?faé-k Vi, j, k,m

afj — a?i Vi, 5,k

afl — (Sij vz,j
where 6;; indices the Kronecker delta function. We define an Ag4-algebra By as
follows: as an Agz-module we set

By =A4e19 ... Ageq

The algebra structure is given by A; — By mapping 1 to e;. The multiplication
on By is the Ag-bilinar map

k
m: Bg x Bg — By, mle;,e;) = Zaijek

It is straightforward to check that the relations given above exactly force this to be
an Ag-algebra structure. The morphism

mq : Yq = Spec(Bgq) — Spec(Aq) = Xq
is the “universal” finite free morphism of rank d.

Lemma 11.3. With notation as in Example there is an open subscheme
Ug C X4 with the following property: a morphism of schemes X — Xy factors
through Uq if and only if Yqg xx, X = X is syntomic.

Proof. Recall that being syntomic is the same thing as being flat and a local
complete intersection morphism, see More on Morphisms, Lemma The set
W4 C Yy of points where 74 is Koszul is open in Yy and its formation commutes
with arbitrary base change, see More on Morphisms, Lemma Since mq is
finite and hence closed, we see that Z = myq(Yy \ Wa) is closed. Since clearly
Uq = X4\ Z and since its formation commutes with base change we find that the
lemma is true. (]

Lemma 11.4. With notation as in Example and Uy as in Lemma then
Uy is smooth over Spec(Z).

Proof. Let us use More on Morphisms, Lemma, to show that Uy — Spec(Z)
is smooth. Namely, suppose that Spec(A) — Uy is a morphism and A’ — A is a
small extension. Then B = A ® 4, By is a finite free A-algebra which is syntomic
over A (by construction of Uy). By Smoothing Ring Maps, Proposition there
exists a syntomic ring map A’ — B’ such that B &2 B’ ®4 A. Set e} =1 € B'.
For 1 < i < d choose lifts e, € B’ of the elements 1 ® ¢;, € A ®4, By = B.
Then €}, ..., ¢} is a basis for B’ over A’ (for example see Algebra, Lemma [101.1)).
Thus we can write eje); = Y al;e; for unique elements of; € A’ which satisfy the
a morphism Spec(A’) — X4 by sending aéj € Ay to aéj € A’. This morphism agrees

with the given morphism Spec(A) — Uy. Since Spec(A’) and Spec(A) have the same

3 5 L m _ m 1 k _ J o5 1 r f G
relations  , ay;apy = >, ajfazy, and gy = af; and oy —d;; in A’. This determines
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underlying topological space, we see that we obtain the desired lift Spec(A’) — Uy
and we conclude that Uy is smooth over Z. [l

Lemma 11.5. With notation as in Example consider the open subscheme
Uy C X4 over which my is étale. Then U} is a dense subset of the open Uy of

Lemma 113

Proof. By exactly the same reasoning as in the proof of Lemma [11.3] using Mor-
phisms, Lemma there is a maximal open U, C X, over which my is étale.
Moreover, since an étale morphism is syntomic, we see that U; C Ug. To finish
the proof we have to show that U} C Uy is dense. Let w : Spec(k) — Uy be a
morphism where k is a field. Let B = k ® 4, Bg as in the proof of Lemma
We will show there is a local domain A" with residue field k& and a finite syntomic
A’ algebra B’ with B = k ® o+ B’ whose generic fibre is étale. Exactly as in the
previous paragraph this will determine a morphism Spec(A’) — Uy which will map
the generic point into U}, and the closed point to u, thereby finishing the proof.

By Lemmal/l1.1|part (4) we can choose a presentation B = k[x1,...,2,]/(f1,- -, fn)-
Let d’ be the maximum total degree of the polynomials f1, ..., f,. Let Y, o — X, o/
be as in Example m By construction there is a morphism ' : Spec(k) — X, 4/
such that

Spec(B) = Yy, a0 Xx, , u Spec(k)

Denote A = O% w the henselization of the local ring of Xy, 4 at the image of u’.

Then we can write
Yn,d’ XXn,,d’ Spec(A) =Z10wW

with Z — Spec(A) finite and W — Spec(A) having empty closed fibre, see Algebra,
Lemma part (13) or the discussion in More on Morphisms, Section By
Lemma [10.6| the local ring A is regular (here we also use More on Algebra, Lemma
and the morphism Z — Spec(A) is étale over the generic point of Spec(A)
(because it is mapped to the generic point of Xg,/). By construction Z Xgpec(a)
Spec(k) = Spec(B). This proves what we want except that the map from residue
field of A to k may not be an isomorphism. By Algebra, Lemma[159.1] there exists a
flat local ring map A — A’ such that the residue field of A’ is k. If A" isn’t a domain,
then we choose a minimal prime p C A’ (which lies over the unique minimal prime
of A by flatness) and we replace A’ by A’/p. Set B’ equal to the unique A’-algebra
such that Z Xgpec(a) Spec(A’) = Spec(B’). This finishes the proof. O

Remark| 11.6. Let 74 : Y; — X4 be as in Example Let Uy C X4 be the
maximal open over which V; = W;l(Ud) is finite syntomic as in Lemma m Then
it is also true that Vj is smooth over Z. (Of course the morphism V; — Uy is
not smooth when d > 2.) Arguing as in the proof of Lemma this corresponds
to the following deformation problem: given a small extension C’ — C and a
finite syntomic C-algebra B with a section B — C, find a finite syntomic C’-
algebra B’ and a section B’ — C’ whose tensor product with C recovers B — C.
By Lemma we may write B = Clxy,...,2,]/(f1,..., fn) as a relative global
complete intersection. After a change of coordinates we may assume x1, ..., T, are
in the kernel of B — C. Then the polynomials f; have vanishing constant terms.
Choose any lifts f/ € C'[z1,...,x,] of f; with vanishing constant terms. Then
B' =C"x1,...,za]/(f1,- .., f),) with section B’ — C’ sending z; to zero works.
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Lemma 11.7. Let f : Y — X be a morphism of schemes. If f satisfies the
equivalent conditions of Lemma then for every x € X there exist a d and a
commutative diagram

Y 14 Va Yy
A A R
X U Uy X4

with the following properties
(1) U C X is open, x € U, and V = f~1(U),
(2) mqg: Yy — Xg4 is as in E:mmple
(3) Ug C X4 is as in Lemma and Vg = 7Td_1(Ud) CYy,
(4) where the middle square is cartesian.

Proof. Choose an affine open neighbourhood U = Spec(A) C X of z. Write
V = f~1(U) = Spec(B). Then B is a finite locally free A-module and the inclusion
A C B is a locally direct summand. Thus after shrinking U we can choose a basis
1=eq,e9,...,eq of B as an A-module. Write e;e; = Zaﬁjel for unique elements
of; € A which satisfy the relations Y, al;ajp = 3, aﬁaék and of; = of;
a{l —0;; in A. This determines a morphism Spec(4) — Xy by sending aéj € Ay to
al; € A. By construction V 2 Spec(A) X x, Yq. By the definition of Uy we see that
Spec(A) — X factors through Uy. This finishes the proof. O

and

12. A formula for the different

In this section we discuss the material in [MR70, Appendix A] due to Tate. In our
language, this will show that the different is equal to the Kéhler different in the
case of a flat, quasi-finite, local complete intersection morphism. First we compute
the Noether different in a special case.

Lemmal 12.1. Let A — P be a ring map. Let f1,..., fn, € P be a Koszul regular
sequence. Assume B = P/(f1,..., fn) is flat over A. Let g1,...,9, € P®4 B be a
Koszul reqular sequence generating the kernel of the multiplication map P @4 B —
B. Write f;®@1 =" gijg;. Then the annihilator of Ker(B®a B — B) is a principal
ideal generated by the image of det(g;;).

Proof. The Koszul complex Ko = K(P, f1,..., f) is a resolution of B by finite
free P-modules. The Koszul complex My = K(P ®4 B, g1,.-.,9n) is a resolution
of B by finite free P ® 4 B-modules. There is a map of complexes

K¢ — M,

which in degree 1 is given by the matrix (g;;) and in degree n by det(g;;). See
More on Algebra, Lemma As B is a flat A-module, we can view M, as a
complex of flat P-modules (via P — P ®4 B, p— p® 1). Thus we may use both
complexes to compute ToriD (B, B) and it follows that the displayed map defines a
quasi-isomorphism after tensoring with B. It is clear that H, (K, ® p B) = B. On
the other hand, H,,(M, ® p B) is the kernel of

B®A B g1,--,0n (B ®A B)@n

Since g1, ..., gn generate the kernel of B ® 4 B — B this proves the lemma. ([

IMR70, Appendix]
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0BWD Lemmal 12.2. Let A be a ring. Let n > 1 and h, f1,..., fn € Alx1,...,2,]. Set
B=Alz1,...,zn,1/B])/(f1,..., fn). Assume that B is quasi-finite over A. Then
(1) B is flat over A and A — B is a relative local complete intersection,
(2) the annihilator J of I = Ker(B ®4 B — B) is free of rank 1 over B,
(3) the Noether different of B over A is generated by det(0f;/0x;) in B.

Proof. Note that B = A[z,x1,...,z,]/(xh—1, f1,..., f,) is a relative global com-
plete intersection over A, see Algebra, Definition [[36.5] By Algebra, Lemma[136.13
we see that B is flat over A.

Write P’ = Alz,z1,...,2,) and P = P'/(xh — 1) = A[x1,...,2n,1/g]. Then we
have P’ — P — B. By More on Algebra, Lemma [33.4 we see that th—1, f1,..., fn
is a Koszul regular sequence in P’. Since xh — 1 is a Koszul regular sequence of
length one in P’ (by the same lemma for example) we conclude that fi,..., f, isa
Koszul regular sequence in P by More on Algebra, Lemma [30.14

Let g; € P®4 B be the image of x; ®1 —1®x;. Let us use the short hand y; = z; ®1
and z; = 1®z; in Az, ..., 2, ®4 Al2z1,...,2,] so that g; is the image of y; — z;.
For a polynomial f € Alzy,...,z,] we write f(y) = f® 1 and f(2) =1® f in the
above tensor product. Then we have

A[yl,...,yn,zl,...,zn,m}
(fl(z)""7fn(z)7yl _Z17~--ayn_zn)

which is clearly isomorphic to B. Hence by the same arguments as above we find
that f1(2),..., fn(2),y1—21, .., Yn—2n is a Koszul regular sequence in A[y1, ..., Yn, 21, - -, Zn, m]

P®AB/(glaagn):

The sequence f1(z2), ..., fo(2) is a Koszul regular in A[y1, ..., Yn, 21, -« » Zn, m]
by flatness of the map

P—>A[yl,...,ymzl,...,zn,m], Ti—> 2

and More on Algebra, Lemma|30.5l By More on Algebra, Lemma [30.14] we conclude
that g1, ..., gn is a regular sequence in P ® 4 B.

At this point we have verified all the assumptions of Lemma above with P,
fi,---sfn, and g; € P ®4 B as above. In particular the annihilator J of I is
freely generated by one element ¢ over B. Set f;; = 0f;/0x; € A[z1,...,2,]. An
elementary computation shows that we can write

fity) = fi(z1 + g1, 20+ gn) = filz) + Zj fij(2)g; + Zj,j/ Fijj 9395

for some Fjj;r € A[y1,...,Yn,21,...,2n). Taking the image in P ®4 B the terms
fi(z) map to zero and we obtain

fiel= Zj (1 ® fij + Zj, Fijj’Qj’) gj

Thus we conclude from Lemma that ¢ = det(g;;) with g;; = 1 ® fi; +
Zj, Fi;j79;. Since gj maps to zero in B, we conclude that the image of det(9f;/0z;)
in B generates the Noether different of B over A. O

0BWG |Lemma 12.3. Let f : Y — X be a morphism of Noetherian schemes. If f satisfies
the equivalent conditions of Lemma then the different ©f of f is the Kdhler

different of f.
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Proof. By Lemmas [9.3]and the different of f affine locally is the same as the
Noether different. Then the lemma follows from the computation of the Noether
different and the Kahler different on standard affine pieces done in Lemmas[7.4] and
12.2 [

Lemma 12.4. Let A be a ring. Letn > 1 and h, f1,..., fn € Alz1,...,2z,]. Set
B = Alxy,...,xn,1/h)/(f1,..., fn). Assume that B is quasi-finite over A. Then
there is an isomorphism B — wp 4 mapping det(df;/0x;) to Tp 4.

Proof. Let J be the annihilator of Ker(B ®4 B — B). By Lemma the map
A — Bisflat and J is a free B-module with generator { mapping to det(9f;/0z;) in
B. Thus the lemma follows from Lemma and the fact (Lemma that wp/a
is an invertible B-module. (Warning: it is necessary to prove wpg,4 is invertible
because a finite B-module M such that Homp (M, B) = B need not be free.) O

Example 12.5. Let A be a Noetherian ring. Let f,h € A[z] such that

B = (Alz]/(f))n = Alz, 1/h]/(f)

is quasi-finite over A. Let f’ € A[z] be the derivative of f with respect to x. The
ideal © = (f’) C B is the Noether different of B over A, is the Kéahler different
of B over A, and is the ideal whose associated quasi-coherent sheaf of ideals is the
different of Spec(B) over Spec(A).

Lemma 12.6. Let S be a Noetherian scheme. Let X, Y be smooth schemes of
relative dimension n over S. Let f :Y — X be a locally quasi-finite morphism over
S. Then f is flat and the closed subscheme R C'Y cut out by the different of f is
the locally principal closed subscheme cut out by

A (df) € T(Y, (f*Q%/5)° 7 ®oy Y/s)
If f is étale at the associated points of Y, then R is an effective Cartier divisor and
[ Y% s ®oy, O(R) = QY /g
as invertible sheaves on Y .

Proof. To prove that f is flat, it suffices to prove Y; — X, is flat for all s € S
(More on Morphisms, Lemma . Flatness of Y; — X, follows from Algebra,
Lemma By More on Morphisms, Lemma the morphism f is a local
complete intersection morphism. Thus the statement on the different follows from
the corresponding statement on the Kéhler different by Lemma [12.3] Finally, since
we have the exact sequence

. d
f Qx/s —f> Qy/s — Qy/x —0

by Morphisms, Lemma and since Qg and {2y g are finite locally free of rank
n (Morphisms, Lemma [34.12)), the statement for the Kéahler different is clear from
the definition of the zeroth fitting ideal. If f is étale at the associated points of Y,
then A"df does not vanish in the associated points of Y, which implies that the
local equation of R is a nonzerodivisor. Hence R is an effective Cartier divisor. The
canonical isomorphism sends 1 to A™df, see Divisors, Lemma [14.10 (]
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13. The Tate map

In this section we produce an isomorphism between the determinant of the relative
cotangent complex and the relative dualizing module for a locally quasi-finite syn-
tomic morphism of locally Noetherian schemes. Following [Gar84, 1.4.4] we dub
the isomorphism the Tate map. Our approach is to avoid doing local calculations
as much as is possible.

Let Y — X be a locally quasi-finite syntomic morphism of schemes. We will use
all the equivalent conditions for this notion given in Lemma without further
mention in this section. In particular, we see that NLy,x is a perfect object of
D(Oy) with tor-amplitude in [—1,0]. Thus we have a canonical invertible module
det(NLy,x) on Y and a global section

6(NLy,x) € I'(Y,det(NLy,x))

See Derived Categories of Schemes, Lemma Suppose given a commutative
diagram of schemes

Yl ? Y

X —X
whose vertical arrows are locally quasi-finite syntomic and which induces an iso-
morphism of Y/ with an open of X’ x y Y. Then the canonical map

Lb* NLy/X — NLY’/X’

is a quasi-isomorphism by More on Morphisms, Lemma [13.16f Thus we get a
canonical isomorphism b* det(NLy,x) — det(NLy,x) which sends the canonical
section 6(NLy,x) to 6(NLy,x), see Derived Categories of Schemes, Remark

Remark|13.1. Let Y — X be alocally quasi-finite syntomic morphism of schemes.
What does the pair (det(NLy,x),d(NLy,x)) look like locally? Choose affine opens
V = Spec(B) C Y, U = Spec(A) C X with f(V) C U and an integer n and
fi,--oyfn € A[z1, ..., y] such that B = Alz1,...,2,]/(f1,--, fn). Then

Nepga = (oo F) /G fu)? — @, Bdx)

and (f1,..., fn)/(f1,--., fn)? is free with generators the classes f,. See proof of
Lemma Thus det(Lpg/4) is free on the generator

dl‘l/\.../\dl‘n®(?1/\~-~/\?n)®il

and the section §(NLpg,4) is the element

§(NLp/a) = det(df;/0x;) -dawr A ... Adey @ (Fy Ao A f)E
by definition.

Let Y — X be a locally quasi-finite syntomic morphism of locally Noetherian
schemes. By Remarks and @ we have a coherent Oy-module wy,x and a
canonical global section

Tv/x € (Y, wy)x)
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which affine locally recovers the pair wg/a,75/4. By Lemma[I0.4]the module wy x
is invertible. Suppose given a commutative diagram of locally Noetherian schemes

Yy
X —X
whose vertical arrows are locally quasi-finite syntomic and which induces an iso-
morphism of Y’ with an open of X’ x x Y. Then there is a canonical base change
map
b*wY/X — Wy’ /X7
which is an isomorphism mapping 7y, x to 7y/,xs. Namely, the base change map

in the affine setting is (2.3.1)), it is an isomorphism by Lemma [2.10} and it maps

Ty;x to Tyr/x+ by Lemma part (1).

Proposition| 13.2. There exists a unique rule that to every locally quasi-finite
syntomic morphism of locally Noetherian schemes Y — X assigns an isomorphism

Cy/x - det(NLy/X) — Wy/x
satisfying the following two properties

(1) the section 6(NLy,x) is mapped to Ty;x, and
(2) the rule is compatible with restriction to opens and with base change.

Proof. Let us reformulate the statement of the proposition. Consider the category
C whose objects, denoted Y/ X, are locally quasi-finite syntomic morphism ¥ — X
of locally Noetherian schemes and whose morphisms b/a : Y'/X' — Y/X are
commutative diagrams

Y’ — Y

bt
which induce an isomorphism of Y’ with an open subscheme of X’ xx Y. The
proposition means that for every object Y/X of C we have an isomorphism ¢y, x :
det(NLy,x) — wy;x with ¢y, x(6(NLy,x)) = Ty, x and for every morphism b/a :
Y'/X" = Y/X of C we have b*cy, x = cy//x/ via the identifications b* det(NLy,x) =
det(NLy+,x) and b*wy,x = wy/x described above.

Given Y/X in C and y € Y we can find an affine open V C Y and U C X with
f(V) C U such that there exists some isomorphism

det(NLy,x)|lv — wy/x|v

mapping 6(NLy,x)|v to Ty;x|v. This follows from picking affine opens as in
Lemma part (5), the affine local description of §(NLy,x) in Remark
and Lemma @ If the annihilator of the section 7y, x is zero, then these lo-
cal maps are unique and automatically glue. Hence if the annihilator of 7y, x
is zero, then there is a unique isomorphism cy,x : det(NLy,x) — wy,;x with
cy/x(6(NLy,x)) = 7y/x. If b/a : Y'/X' — Y/X is a morphism of C and
the annihilator of 7y, x/ is zero as well, then b*cy,x is the unique isomorphism
Cy//X/ : det(NLy//X/) — wy//X/ with Cy//X/((s(NLY//X/)) = Ty//X/. This follows
formally from the fact that b*6(NLy,x) = 6(NLy/x) and b 1y, x = Ty’ /x-


https://stacks.math.columbia.edu/tag/0FKD

DISCRIMINANTS AND DIFFERENTS 30

We can summarize the results of the previous paragraph as follows. Let Cpice C C
denote the full subcategory of Y/ X such that the annihilator of 7y x is zero. Then
we have solved the problem on Cyce. For Y/X in Cp e we continue to denote Cy/x
the solution we’ve just found.

Consider morphisms
vi X, &Ly x By, x,

in C such that Y1/X; and Y2/ X5 are objects of Cpice. Claim. bicy, x, = bscy,/x,-
We will first show that the claim implies the proposition and then we will prove
the claim.

Let d,n > 1 and consider the locally quasi-finite syntomic morphism Y;, 4 = X, 4
constructed in Example Then Y,, 4 is an irreducible regular scheme and the
morphism Y,, ¢ = X, 4 is locally quasi-finite syntomic and étale over a dense open,
see Lemma Thus 7y, ,/x, , is nonzero for example by Lemma [9.60 Now
a nonzero section of an invertible module over an irreducible regular scheme has
vanishing annihilator. Thus Y;, 4/ X, 4 is an object of Cpice-

Let Y/X be an arbitrary object of C. Let y € Y. By Lemma we can find
n,d > 1 and morphisms

Y/X < VIU Y% Y0/ Xa

of C such that V C Y and U C X are open. Thus we can pullback the canonical
morphism cy, ,/x, , constructed above by b to V. The claim guarantees these
local isomorphisms glue! Thus we get a well defined global isomorphism ¢y, x :
det(NLy/X) — wy/X with Cy/X((g(NLy/X)) = TY/X' If b/a : Y//X/ — Y/X is
a morphism of C, then the claim also implies that the similarly constructed map
cy/x is the pullback by b of the locally constructed map cy,x. Thus it remains
to prove the claim.

In the rest of the proof we prove the claim. We may pick a point y € Y and prove
the maps agree in an open neighbourhood of y. Thus we may replace Y1, Y5 by
open neighbourhoods of the image of y in Y; and Y5. Thus we may assume there
are morphisms

Y'ﬂl;dl/an;dl A Yl/Xl and Yé/XQ - Yn27d2/Xn27d2

These are morphisms of C,,;ce for which we know the desired compatibilities. Thus
we may replace Y1 /X1 by Yy, 4, /X0, 4, and Yo/ Xo by Y5, 4,/ Xn, a,- This reduces
us to the case that Y7, X5, Y5, Xo are of finite type over Z. (The astute reader will
realize that this step wouldn’t have been necessary if we’d defined Cp;ce to consist
only of those objects Y/X with ¥ and X of finite type over Z.)

Assume Y7, X1, Y3, X5 are of finite type over Z. After replacing Y, X, Y7, X1, Y5, X5
by suitable open neighbourhoods of the image of y we may assume Y, X, Y7, X3, Y5, Xo
are affine. We may write X = lim X, as a cofiltered limit of affine schemes of finite
type over X7 X Xs. For each A we get

Yi XX, X)\ and X)\ XXy }/2
If we take limits we obtain

lim Y7 XXlX)\Zyl XXlXDYCXXX2Y2:limX)\ XXQ}/Q
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By Limits, Lemma we can find a A and opens Vi, C Y7 xx, Xy and Vo, C
X X x, Ya whose base change to X recovers Y (on both sides). After increasing A
we may assume there is an isomorphism V;j y — V5 ) whose base change to X is the
identity on Y, see Limits, Lemma Then we have the commutative diagram

Y/X

|

Yl/Xl e Vl,)\/XA — Yz/X2

Thus it suffices to prove the claim for the lower row of the diagram and we reduce
to the case discussed in the next paragraph.

Assume Y, X, Y7, X1, Y3, Xy are affine of finite type over Z. Write X = Spec(A),
X,; = Spec(A;). The ring map A; — A corresponding to X — X is of finite
type and hence we may choose a surjection Ay[zy,...,2,] — A. Similarly, we
may choose a surjection As[y1,...,ym] — A. Set X| = Spec(Ai[z1,...,2,]) and
X5 = Spec(As[y1,...,ym]). Set Y] =Y) xx, Xj and YJ = Y5 x x, X;. We get the
following diagram

Yi/X1 « Y//X] < Y/X =Y, /X, - Yy /X,

Since X{ — X7 and X} — X, are flat, the same is true for Y{ — Y7 and Yy — V5.
It follows easily that the annihilators of 7y, x: and Ty;/x; are zero. Hence Y{/Xj
and Yy /X are in Cpice. Thus the outer morphisms in the displayed diagram are
morphisms of Cy;ee for which we know the desired compatibilities. Thus it suffices
to prove the claim for Y{//X| « Y/X — YJ/X}. This reduces us to the case

discussed in the next paragraph.

Assume Y, X, Y7, X1, Y5, Xo are affine of finite type over Z and X — X; and X —
X5 are closed immersions. Consider the open embeddings Y7 xx, X DY C X xx,
Y5. There is an open neighbourhood V' C Y of y which is a standard open of both
Y1 xx, X and X X x, Yo. This follows from Schemes, Lemma [11.5[ applied to the
scheme obtained by glueing Y7 X x, X and X X x, Y» along Y'; details omitted. Since
X Xx, Y5 is a closed subscheme of Ys we can find a standard open V, C Y3 such
that Vo xx, X = V. Similarly, we can find a standard open V; C Y7 such that
Vi xx, X = V. After replacing Y, Y7, Y5 by V, Vi, V5 we reduce to the case discussed
in the next paragraph.

Assume Y, X, Y7, X1, Y5, Xo are affine of finite type over Z and X — X; and X —
X, are closed immersions and Y7 xx, X =Y = X Xx, Yo. Write X = Spec(4),
X; = Spec(4;), Y = Spec(B), Y; = Spec(B;). Then we can consider the affine
schemes

X' = Spec(A; x4 Az) = Spec(A’) and Y’ = Spec(B; xp Bs) = Spec(B’)

Observe that X’ = X IIx X5 and Y’ = Y IIy Y5, see More on Morphisms, Lemma
By More on Algebra, Lemma the rings A’ and B’ are of finite type over
Z. By More on Algebra, Lemma [6.4] we have B’ ® 4 A1 = By and B’ x4 Ay = Bo.
In particular a fibre of Y’ — X’ over a point of X' = X; IIx X, is always equal
to either a fibre of Y7 — X3 or a fibre of Yo — X5. By More on Algebra, Lemma
the ring map A’ — B’ is flat. Thus by Lemma m part (3) we conclude that
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Y’/X' is an object of C. Consider now the commutative diagram

Y/X

Yi/X, Yo/ X,

~

Y//X/

Now we would be done if Y'/X’ is an object of Cpice- Namely, then pulling back
cyx+ around the two sides of the square, we would obtain the desired conclusion.
Now, in fact, it is true that Y'/X’ is an object of Cmceﬁ But it is amusing to
note that we don’t even need this. Namely, the arguments above show that, after
possibly shrinking all of the schemes X,Y, X1,Y7, X5, Y5, X', Y’ we can find some
n,d > 1, and extend the diagram like so:

Y/X

Y1/X, Yo/ Xo
\ /
Y'/X!
|
Yo,a/Xn.d

and then we can use the already given argument by pulling back from cy, ,/x, ,-
This finishes the proof. (I

14. A generalization of the different

OBWK In this section we generalize Definition [9.1] to take into account all cases of ring maps
A — B where the Dedekind different is defined and 1 € Lp/4. First we explain the
condition “A — B maps nonzerodivisors to nonzerodivisors and induces a flat map

Q(A) - Q(A) ®4 B”.

0BWL Lemma 14.1. Let A — B be a map of Noetherian rings. Consider the conditions

(1) nonzerodivisors of A map to nonzerodivisors of B,

(2) (1) holds and Q(A) — Q(A) ®4 B is flat,

(3) A — By is flat for every q € Ass(B),

(4) (3) holds and A — By is flat for every q lying over an element in Ass(A).

4Namely, the structure sheaf Oy is a subsheaf of (Y; — Y")«Oy, x (Y2 = Y')«Oys,.
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Then we have the following implications

(1) == (2)

[

()<=
If going up holds for A — B then (2) and (1) are equivalent.

Proof. The horizontal implications in the diagram are trivial. Let S C A be the
set of nonzerodivisors so that Q(A) = S7'A and Q(A) ®4 B = S~ B. Recall that
S = A\ Upeass(a) P by Algebra, Lemma Let ¢ C B be a prime lying over
p C A

Assume (2). If q € Ass(B) then q consists of zerodivisors, hence (1) implies the
same is true for p. Hence p corresponds to a prime of S™'A. Hence A — By is
flat by our assumption (2). If g lies over an associated prime p of A, then certainly
p € Spec(S~1A) and the same argument works.

Assume (3). Let f € A be a nonzerodivisor. If f were a zerodivisor on B, then f is
contained in an associated prime g of B. Since A — B, is flat by assumption, we
conclude that p is an associated prime of A by Algebra, Lemma This would
imply that f is a zerodivisor on A, a contradiction.

Assume (4) and going up for A — B. We already know (1) holds. If q corresponds
to a prime of S™!B then p is contained in an associated prime p’ of A. By going
up there exists a prime ¢’ containing q and lying over p. Then A — By is flat
by (4). Hence A — By is flat as a localization. Thus A — S™!B is flat and so is
S~'A — S~'B, see Algebra, Lemma [39.18 O

Remark| 14.2. We can generalize Definition Suppose that f: Y — X is a
quasi-finite morphism of Noetherian schemes with the following properties

(1) the open V C Y where f is flat contains Ass(Oy) and f~!(Ass(Ox)),
(2) the trace element 7y, x comes from a section 7 € I'(Y, wy,x).

Condition (1) implies that V' contains the associated points of wy,x by Lemma
In particular, 7 is unique if it exists (Divisors, Lemma. Given 7 we can define
the different ©; as the annihilator of Coker(r : Oy — wy,x). This agrees with
the Dedekind different in many cases (Lemma [14.3). However, for non-flat maps
between non-normal rings, this generalization no longer measures ramification of
the morphism, see Example

Lemma 14.3. Assume the Dedekind different is defined for A — B. Set X =
Spec(A4) and Y = Spec(B). The generalization of Remark applies to the
morphism f 1Y — X if and only if 1 € Lp,a (e.g., if A is normal, see Lemma
. In this case D 4 is an ideal of B and we have

Dy =Dp/a
as coherent ideal sheaves on'Y .

Proof. As the Dedekind different for A — B is defined we can apply Lemma [14.1
to see that ¥ — X satisfies condition (1) of Remark Recall that there is
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a canonical isomorphism ¢ : L5/4 — wp/a, see Lemma Let K = Q(A) and
L = K ®4 B as above. By construction the map c fits into a commutative diagram

Lpjg—1L

-

wp/a — Hompg (L, K)

where the right vertical arrow sends = € L to the map y +— Tracer, /i (zy) and the
lower horizontal arrow is the base change map ([2.3.1) for wp,4. We can factor the
lower horizontal map as

wp/a =Y, wy)x) = I'(V,wy,x) = Homk (L, K)

Since all associated points of wy,x map to associated primes of A (Lemma
we see that the second map is injective. The element 7y,,x maps to Tracer x in
Hompg (L, K) by the very definition of trace elements (Definition [4.1)). Thus 7 as
in condition (2) of Remark exists if and only if 1 € L/4 and then 7 = ¢(1).
In this case, by Lemma we see that Dp,4 C B. Finally, the agreement of D
with D /4 is immediate from the definitions and the fact 7 = ¢(1) seen above. [

Example 14.4. Let k be a field. Let A = k[z,y]/(zy) and B = k[u,v]/(uv)
and let A — B be given by = — " and y + v™ for some n,m € N prime to
the characteristic of k. Then A4, — By4, is (finite) étale hence we are in the
situation where the Dedekind different is defined. A computation shows that

Tracer, /i (1) = (nz + my)/(z +y), Tracer x(u’) =0, Tracey/x(v’) =0

for1 <i<nand1l<j<m. We conclude that 1 € [,B/A if and only if n = m.
Moreover, a computation shows that if n = m, then Lp,4 = B and the Dedekind
different is B as well. In other words, we find that the different of Remark is
defined for Spec(B) — Spec(A) if and only if n = m, and in this case the different
is the unit ideal. Thus we see that in nonflat cases the nonvanishing of the different
does not guarantee the morphism is étale or unramified.

15. Comparison with duality theory

In this section we compare the elementary algebraic constructions above with the
constructions in the chapter on duality theory for schemes.

Lemma 15.1. Let f:Y — X be a quasi-finite separated morphism of Noetherian
schemes. For every pair of affine opens Spec(B) =V CY, Spec(A) =U C X with
f(V) C U there is an isomorphism

HO(V7 f!OY) = WpB/A

where f' is as in Duality for Schemes, Sectz’on. These isomorphisms are compat-
ible with restriction maps and define a canonical isomorphism H°(f'Ox) = Wy, x
with wy,x as in Remark . Stmilarly, if f:Y — X is a quasi-finite morphism
of schemes of finite type over a Noetherian base S endowed with a dualizing complex
wy, then HO(f1.,0x) = wy/x.

Proof. By Zariski’s main theorem we can choose a factorization f = f’ o j where
j:Y — Y’ is an open immersion and f’ : Y’ — X is a finite morphism, see More on
Morphisms, Lemma[43.3] By our construction in Duality for Schemes, Lemma [16.2
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we have f! = j* oa’ where a’ : DQ(]O}L(O}(') — DQCO}L(OY/) is the right adjoint to
Rf! of Duality for Schemes, Lemma By Duality for Schemes, Lemma we
see that ®(a’(Ox)) = RHom(f.Oy/,Ox) in D'Cgcoh(f,i@y/). In particular o’(Ox)
has vanishing cohomology sheaves in degrees < 0. The zeroth cohomology sheaf is
determined by the isomorphism

frH (d'(Ox)) = Homo, (f.Oy, Ox)
as f, Oy -modules via the equivalence of Morphisms, Lemma Writing (f/)~'U =
V' = Spec(B’), we obtain
H(V',d/ (Ox)) = Hom(B', A).

As the zeroth cohomology sheaf of a/(Ox) is a quasi-coherent module we find that
the restriction to V' is given by wp/4 = Homa(B’, A) @ B as desired.

The statement about restriction maps signifies that the restriction mappings of
the quasi-coherent Oy--module H%(a’(Ox)) for opens in Y’ agrees with the maps
defined in Lemma for the modules wp /4 via the isomorphisms given above. This
is clear.

Let f : Y — X be a quasi-finite morphism of schemes of finite type over a Noe-
therian base S endowed with a dualizing complex wg. Consider opens V C Y and
U C X with f(V) C U and V and U separated over S. Denote f|y : V — U the
restriction of f. By the discussion above and Duality for Schemes, Lemma [20.9
there are canonical isomorphisms

H(f1,000x)lv = H((fIv)'Ov) = wyr = wy)x|v

We omit the verification that these isomorphisms glue to a global isomorphism
HO( rILewOX) — Wy/x- O
Lemma 15.2. Let f:Y — X be a finite flat morphism of Noetherian schemes.
The map

Tracey : f.Oy — Ox
of Section@ corresponds to a map Oy — f'Ox (see proof). Denote Ty;x €
HO(Y, f'Ox) the image of 1. Via the isomorphism H°(f'Ox) = wx/y of Lemma
[15.1] this agrees with the construction in Remark[{.].

Proof. The functor f' is defined in Duality for Schemes, Section Since f is
finite (and hence proper), we see that f' is given by the right adjoint to pushforward
for f. In Duality for Schemes, Section [L1] we have made this adjoint explicit. In
particular, the object f'Ox consists of a single cohomology sheaf placed in degree
0 and for this sheaf we have

f*f!OX = %m(’)x (f*OY7 OX)

To see this we use also that f,QOy is finite locally free as f is a finite flat morphism
of Noetherian schemes and hence all higher Ext sheaves are zero. Some details
omitted. Thus finally

Traces € Homo, (f+Oy,O0x) =T'(X, ff'Ox) =T(Y, f'Ox)

On the other hand, we have f'Ox = wy,x by the identification of Lemma m
Thus we now have two elements, namely Tracey and 7y, x from Remark @ in

I(Y, f'Ox) =T(Y,wy/x)
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and the lemma says these elements are the same.

Let U = Spec(4) C X be an affine open with inverse image V' = Spec(B) C Y.
Since f is finite, we see that A — B is finite and hence the wy,x (V') = Hom(B, A)
by construction and this isomorphism agrees with the identification of f, f'QOy with
Homo, (f«Oy,Ox) discussed above. Hence the agreement of Trace; and Ty, x
follows from the fact that 75,4 = Tracep,4 by Lemma @

16. Quasi-finite Gorenstein morphisms
This section discusses quasi-finite Gorenstein morphisms.

Lemma 16.1. Let f:Y — X be a quasi-finite morphism of Noetherian schemes.
The following are equivalent

(1) f is Gorenstein,

(2) f is flat and the fibres of f are Gorenstein,

(3) f is flat and wy,x is invertible (Remark ,

(4) for every y € Y there are affine opens y € V. = Spec(B) C Y, U =
Spec(A) C X with f(V) C U such that A — B is flat and wp/a is an
invertible B-module.

Proof. Parts (1) and (2) are equivalent by definition. Parts (3) and (4) are equiv-
alent by the construction of wy,x in Remark 2.1T, Thus we have to show that
(1)-(2) is equivalent to (3)-(4).

First proof. Working affine locally we can assume f is a separated morphism and
apply Lemma to see that wy, x is the zeroth cohomology sheaf of f 'Ox. Under
both assumptions f is flat and quasi-finite, hence f'Ox is isomorphic to wy/x[0],
see Duality for Schemes, Lemma [21.6] Hence the equivalence follows from Duality
for Schemes, Lemma

Second proof. By Lemma [10.2] we see that it suffices to prove the equivalence of
(2) and (3) when X is the spectrum of a field k. Then Y = Spec(B) where B
is a finite k-algebra. In this case wp 4 = wpy, = Homy(B, k) placed in degree
0 is a dualizing complex for B, see Dualizing Complexes, Lemma [I5.8] Thus the
equivalence follows from Dualizing Complexes, Lemma [21.4 (]

Remark|16.2. Let f:Y — X be a quasi-finite Gorenstein morphism of Noether-
ian schemes. Let ®¢ C Oy be the different and let R C Y be the closed subscheme
cut out by ®y. Then we have

(1) @y is a locally principal ideal,

(2) R is a locally principal closed subscheme,

(3) @y is affine locally the same as the Noether different,

(4) formation of R commutes with base change,

(5) if f is finite, then the norm of R is the discriminant of f, and

(6) if f is étale in the associated points of Y, then R is an effective Cartier

divisor and wy,x = Oy (R).

This follows from Lemmas [9.3] [9-4] and [0.7]
Remark| 16.3. Let S be a Noetherian scheme endowed with a dualizing complex

wg. Let f :Y — X be a quasi-finite Gorenstein morphism of compactifyable
schemes over S. Assume moreover Y and X Cohen-Macaulay and f étale at the
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generic points of Y. Then we can combine Duality for Schemes, Remark [23.4] and
Remark [I6.2] to see that we have a canonical isomorphism

wy = ffwx Roy, wy/x = ffwx ®o, Oy(R)

of Oy-modules. If further f is finite, then the isomorphism Oy (R) = wy,x comes

from the global section 7y,x € H Oy, wy/x) which corresponds via duality to the
map Traces : f,Oy — Ox, see Lemma@
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