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1. Introduction

In this chapter we study some very basic questions related to defining divisors, etc.
A basic reference is [DG6T].

2. Associated points

Let R be a ring and let M be an R-module. Recall that a prime p C R is associated
to M if there exists an element of M whose annihilator is p. See Algebra, Defini-
tion Here is the definition of associated points for quasi-coherent sheaves on
schemes as given in [DGG67, IV Definition 3.1.1].

Definition 2.1. Let X be a scheme. Let F be a quasi-coherent sheaf on X.
(1) We say = € X is associated to F if the maximal ideal m, is associated to
the Ox z-module F,.
(2) We denote Ass(F) or Assx (F) the set of associated points of F.
(3) The associated points of X are the associated points of Ox.

These definitions are most useful when X is locally Noetherian and F of finite type.
For example it may happen that a generic point of an irreducible component of X
is not associated to X, see Example 2.7} In the non-Noetherian case it may be
more convenient to use weakly associated points, see Section [} Let us link the
scheme theoretic notion with the algebraic notion on affine opens; note that this
correspondence works perfectly only for locally Noetherian schemes.

Lemmal 2.2. Let X be a scheme. Let F be a quasi-coherent sheaf on X. Let
Spec(A) = U C X be an affine open, and set M = T'(U, F). Let x € U, and let
p C A be the corresponding prime.

(1) If p is associated to M, then x is associated to F.

(2) If p is finitely generated, then the converse holds as well.

In particular, if X is locally Noetherian, then the equivalence
p € Ass(M) & x € Ass(F)
holds for all pairs (p,x) as above.

Proof. This follows from Algebra, Lemma [62.15] But we can also argue directly
as follows. Suppose p is associated to M. Then there exists an m € M whose
annihilator is p. Since localization is exact we see that pA, is the annihilator of
m/1 € M,. Since M, = F, (Schemes, Lemma we conclude that z is associated
to F.

Conversely, assume that z is associated to F, and p is finitely generated. As z is
associated to F there exists an element m’ € M, whose annihilator is pA,. Write
m’ =m/f for some f € A, f & p. The annihilator I of m is an ideal of A such that
IA, =pA,. Hence I C p, and (p/I), = 0. Since p is finitely generated, there exists
ag€A, g¢psuch that g(p/I) = 0. Hence the annihilator of gm is p and we win.

If X is locally Noetherian, then A is Noetherian (Properties, Lemma and p is
always finitely generated. O

Lemma 2.3. Let X be a scheme. Let F be a quasi-coherent Ox-module. Then
Ass(F) C Supp(F).

Proof. This is immediate from the definitions. O
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Lemma 2.4. Let X be a scheme. Let 0 — F1 — Fo — F3 — 0 be a short exact
sequence of quasi-coherent sheaves on X. Then Ass(Fa) C Ass(F1) U Ass(F3) and
Ass(F1) C Ass(Fz).

Proof. For every point € X the sequence of stalks 0 = F1 , — Faoz = F3o — 0

is a short exact sequence of Ox ;-modules. Hence the lemma follows from Algebra,
Lemma, [62.3] O

Lemmal 2.5. Let X be a locally Noetherian scheme. Let F be a coherent Ox-
module. Then Ass(F)NU is finite for every quasi-compact open U C X.

Proof. This is true because the set of associated primes of a finite module over
a Noetherian ring is finite, see Algebra, Lemma To translate from schemes
to algebra use that U is a finite union of affine opens, each of these opens is the
spectrum of a Noetherian ring (Properties, Lemma , F corresponds to a finite
module over this ring (Cohomology of Schemes, Lemma, and finally use Lemma
2.2 O

Lemmal 2.6. Let X be a locally Noetherian scheme. Let F be a quasi-coherent
Ox -module. Then
F =0« Ass(F) = 0.

Proof. If 7 =0, then Ass(F) = () by definition. Conversely, if Ass(F) = 0, then
F = 0 by Algebra, Lemma, To translate from schemes to algebra, restrict to
any affine and use Lemma [2:2] O

Example 2.7. Let k be a field. The ring R = k[x1,22,3,...]/(2?) is local
with locally nilpotent maximal ideal m. There exists no element of R which has
annihilator m. Hence Ass(R) = 0, and X = Spec(R) is an example of a scheme

which has no associated points.

Lemma 2.8. Let X be a locally Noetherian scheme. Let F be a quasi-coherent
Ox-module. If Ass(F) C U C X is open, then I'(X,F) — I'(U, F) is injective.

Proof. Let s € I'(X,F) be a section which restricts to zero on U. Let F' C F be
the image of the map Oy — F defined by s. Then Supp(F’)NU = @. On the other
hand, Ass(F’) C Ass(F) by Lemma [2.4 Since also Ass(F’) C Supp(F’) (Lemma
we conclude Ass(F') = (. Hence 7' = 0 by Lemma O

Lemmal2.9. Let X be a locally Noetherian scheme. Let F be a quasi-coherent Ox -
module. Let x € Supp(F) be a point in the support of F which is not a specialization
of another point of Supp(F). Then x € Ass(F). In particular, any generic point of
an irreducible component of X is an associated point of X.

Proof. Since x € Supp(F) the module F, is not zero. Hence Ass(F,) C Spec(Ox 4)
is nonempty by Algebra, Lemma On the other hand, by assumption Supp(F,) =
{m,}. Since Ass(F,) C Supp(F,) (Algebra, Lemma [62.2) we see that m, is associ-
ated to F, and we win. O

The following lemma is the analogue of More on Algebra, Lemma [21.10

Lemmal 2.10. Let X be a locally Noetherian scheme. Let ¢ : F — G be a map
of quasi-coherent Ox-modules. Assume that for every x € X at least one of the
following happens
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(1) Fi — Gy is injective, or
(2) x & Ass(F).

Then @ is injective.

Proof. The assumptions imply that Ass(Ker(y)) = @ and hence Ker(¢) = 0 by
Lemma 2.6 ([l

Lemmal 2.11. Let X be a locally Noetherian scheme. Let ¢ : F — G be a map of
quasi-coherent Ox-modules. Assume F is coherent and that for every x € X one
of the following happens

(1) Fr — G, is an isomorphism, or

(2) depth(F,) > 2 and x & Ass(G).

Then ¢ is an isomorphism.

Proof. This is a translation of More on Algebra, Lemma [21.11] into the language
of schemes. 0

3. Morphisms and associated points

Lemmal3.1. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
sheaf on X which is flat over S. Let G be a quasi-coherent sheaf on S. Then we
have

Assx (F @ox [*G) D UsEAsss(g) Assx, (Fs)

and equality holds if S is locally Noetherian.

Proof. Let x € X and let s = f(x) € S. Set B = Ox,4, A= 0Og,, N =F,, and
M = G,. Note that the stalk of F ®p, f*G at x is equal to the B-module M ® 4 N.
Hence = € Assx(F Qo f*G) if and only if mp is in Assg(M ®4 N). Similarly
s € Assg(G) and = € Assy_ (Fs) if and only if my € Assy(M) and mp/myB €
Asspg(ma) (N ® k(my)). Thus the lemma follows from Algebra, Lemma O

4. Embedded points

Let R be a ring and let M be an R-module. Recall that a prime p C R is an
embedded associated prime of M if it is an associated prime of M which is not
minimal among the associated primes of M. See Algebra, Definition Here is
the definition of embedded associated points for quasi-coherent sheaves on schemes
as given in [DGG6T, IV Definition 3.1.1].

Definition 4.1. Let X be a scheme. Let F be a quasi-coherent sheaf on X.

(1) An embedded associated point of F is an associated point which is not
maximal among the associated points of F, i.e., it is the specialization of
another associated point of F.

(2) A point x of X is called an embedded point if x is an embedded associated
point of Ox.

(3) An embedded component of X is an irreducible closed subset Z = {x} where
x is an embedded point of X.

In the Noetherian case when F is coherent we have the following.
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Lemma 4.2. Let X be a locally Noetherian scheme. Let F be a coherent Ox-
module. Then
(1) the generic points of irreducible components of Supp(F) are associated
points of F, and
(2) an associated point of F is embedded if and only if it is not a generic point
of an irreducible component of Supp(F).

In particular an embedded point of X is an associated point of X which is not a
generic point of an irreducible component of X .

Proof. Recall that in this case Z = Supp(F) is closed, see Morphisms, Lemma
and that the generic points of irreducible components of Z are associated points of
F, see Lemma Finally, we have Ass(F) C Z, by Lemma These results,
combined with the fact that Z is a sober topological space and hence every point
of Z is a specialization of a generic point of Z, imply (1) and (2). O

Lemmal 4.3. Let X be a locally Noetherian scheme. Let F be a coherent sheaf on
X. Then the following are equivalent:

(1) F has no embedded associated points, and
(2) F has property (S1).

Proof. This is Algebra, Lemma [I51.2] combined with Lemma [2.2] above. O

Lemma 4.4. Let X be a locally Noetherian scheme of dimension < 1. The
following are equivalent

(1) X is Cohen-Macaulay, and
(2) X has no embedded points.

Proof. Follows from Lemma (.3 and the definitions. O

Lemmal 4.5. Let X be a locally Noetherian scheme. Let U C X be an open
subscheme. The following are equivalent

(1) U is scheme theoretically dense in X (Morphisms, Definition[7.1)),
(2) U is dense in X and U contains all embedded points of X .

Proof. The question is local on X, hence we may assume that X = Spec(A4)
where A is a Noetherian ring. Then U is quasi-compact (Properties, Lemma [5.3)
hence U = D(f1) U... U D(f,) (Algebra, Lemma [28.1). In this situation U is
scheme theoretically dense in X if and only if A — Ay, x ... x Ay, is injective,
see Morphisms, Example Condition (2) translated into algebra means that for
every associated prime p of A there exists an ¢ with f; & p.

Assume (1), i.e., A— Ay, x...x Ay, is injective. If z € A has annihilator a prime
p, then « maps to a nonzero element of Ay, for some ¢ and hence f; ¢ p. Thus (2)
holds. Assume (2), i.e., every associated prime p of A corresponds to a prime of
Ay, for some i. Then A — Ay x ... x Ay, is injective because A —= [, cas50a) Ap
is injective by Algebra, Lemma [62.19

Lemmal 4.6. Let X be a locally Noetherian scheme. Let F be a coherent sheaf on
X. The set of coherent subsheaves

{K c F| Supp(K) is nowhere dense in Supp(F)}
has a mazimal element K. Setting F' = F /K we have the following
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(1) Supp(F") = Supp(F),
(2) F' has no embedded associated points, and
(3) there exists a dense open U C X such that UNSupp(F) is dense in Supp(F)
and F'ly = Flu.
Proof. This follows from Algebra, Lemmas and Note that U can be

taken as the complement of the closure of the set of embedded associated points of
F. U

Lemma 4.7. Let X be a locally Noetherian scheme. Let F be a coherent Ox -
module without embedded associated points. Set

T =Ker(Ox — Homo (F,F)).

This is a coherent sheaf of ideals which defines a closed subscheme Z C X without
embedded points. Moreover there exists a coherent sheaf G on Z such that (a)
F =(Z — X).G, (b) G has no associated embedded points, and (c) Supp(G) = Z
(as sets).

Proof. Some of the statements we have seen in the proof of Cohomology of Schemes,
Lemma The others follow from Algebra, Lemma [66.4 O

5. Weakly associated points

Let R be a ring and let M be an R-module. Recall that a prime p C R is weakly
associated to M if there exists an element m of M such that p is minimal among
the primes containing the annihilator of m. See Algebra, Definition If Ris
a local ring with maximal ideal m, then m is associated to M if and only if there
exists an element m € M whose annihilator has radical m, see Algebra, Lemma
05.2)

Definition 5.1. Let X be a scheme. Let F be a quasi-coherent sheaf on X.

(1) We say = € X is weakly associated to F if the maximal ideal m, is weakly
associated to the Ox ;-module F,.

(2) We denote WeakAss(F) the set of weakly associated points of F.

(3) The weakly associated points of X are the weakly associated points of Ox.

In this case, on any affine open, this corresponds exactly to the weakly associated
primes as defined above. Here is the precise statement.

Lemma 5.2. Let X be a scheme. Let F be a quasi-coherent sheaf on X. Let
Spec(A) = U C X be an affine open, and set M = T'(U,F). Let x € U, and let
p C A be the corresponding prime. The following are equivalent

(1) p is weakly associated to M, and
(2) x is weakly associated to F.

Proof. This follows from Algebra, Lemma [65.2 (]
Lemma 5.3. Let X be a scheme. Let F be a quasi-coherent Ox-module. Then
Ass(F) C WeakAss(F) C Supp(F).

Proof. This is immediate from the definitions. O

Lemma 5.4. Let X be a scheme. Let 0 = F1 — Fo — F3 — 0 be a short exact
sequence of quasi-coherent sheaves on X. Then WeakAss(Fo) C WeakAss(Fy) U
WeakAss(Fs) and WeakAss(Fy) C WeakAss(Fz).
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Proof. For every point x € X the sequence of stalks 0 — F1 , — Faz = F30 — 0
is a short exact sequence of Ox ;-modules. Hence the lemma follows from Algebra,
Lemma [65.3 O

Lemma 5.5. Let X be a scheme. Let F be a quasi-coherent Ox-module. Then
F =(0) & WeakAss(F) =0
Proof. Follows from Lemma and Algebra, Lemma [65.4 (]

Lemmal 5.6. Let X be a scheme. Let F be a quasi-coherent Ox-module. If
WeakAss(F) C U C X s open, then I'(X, F) — (U, F) is injective.

Proof. Let s € I'(X, F) be a section which restricts to zero on U. Let F' C F be
the image of the map Ox — F defined by s. Then Supp(F’)NU = @. On the other
hand, WeakAss(F’) C WeakAss(F) by Lemma[5.4] Since also Ass(F’) C Supp(F)
(Lemma we conclude WeakAss(F') = . Hence 7' = 0 by Lemma [5.5 O

Lemmal 5.7. Let X be a scheme. Let F be a quasi-coherent Ox-module. Let
x € Supp(F) be a point in the support of F which is not a specialization of another
point of Supp(F). Then x € WeakAss(F). In particular, any generic point of an
irreducible component of X is weakly associated to Ox.

Proof. Since z € Supp(F) the module F, is not zero. Hence WeakAss(F,) C
Spec(Ox ) is nonempty by Algebra, Lemma On the other hand, by assump-
tion Supp(F,) = {m,}. Since WeakAss(F,) C Supp(F,) (Algebra, Lemma
we see that m, is weakly associated to F, and we win. [l

Lemma 5.8. Let X be a scheme. Let F be a quasi-coherent Ox -module. If m, is
a finitely generated ideal of Ox ,, then

x € Ass(F) & x € WeakAss(F).
In particular, if X is locally Noetherian, then Ass(F) = WeakAss(F).

Proof. See Algebra, Lemma [65.8 (]

Lemma 5.9. Let f: X — S be a quasi-compact and quasi-separated morphism of
schemes. Let F be a quasi-coherent Ox-module. Let s € S be a point which is not
in the image of f. Then s is not weakly associated to f.F.

Proof. The question is local so we may assume X = Spec(A). By Schemes, Lemma
the sheaf f.F is quasi-coherent, say corresponding to the A-module M. Say s
corresponds to p C A. As s is not in the image of f we see that X = J,¢,, f~D(a)
is an open covering. Since X is quasi-compact we can find a1, ..., a, € p such that
X =f"'D(a)U...U ftD(ay). It follows that

M— M, ®...0M,,

is injective. Hence for any nonzero element m of the stalk M, there exists an 7 such
that aj’m is nonzero for all n > 0. Thus pA, is not weakly associated to M. O

Lemmal 5.10. Let X be a scheme. Let ¢ : F — G be a map of quasi-coherent
Ox -modules. Assume that for every x € X at least one of the following happens
(1) Fr — G, is injective, or
(2) = & WeakAss(F).
Then ¢ is injective.
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Proof. The assumptions imply that WeakAss(Ker(yp)) = 0 and hence Ker(y) = 0
by Lemma [5.5) U

6. Morphisms and weakly associated points

Lemma 6.1. Let f : X — S be an affine morphism of schemes. Let F be a
quasi-coherent Ox -module. Then we have

WeakAsss(fF) C f(WeakAssx (F))

Proof. We may assume X and S affine, so X — S comes from a ring map A — B.
Then F = M for some B-module M. By Lemmathe weakly associated points of
F correspond exactly to the weakly associated primes of M. Similarly, the weakly
associated points of f,JF correspond exactly to the weakly associated primes of M
as an A-module. Hence the lemma follows from Algebra, Lemma [65.10 O

Lemmal 6.2. Let f : X — S be an affine morphism of schemes. Let F be a
quasi-coherent O x-module. If X is locally Noetherian, then we have

f(Assx(F)) = Assg(foF) = WeakAssg(foF) = f(WeakAssx (F))

Proof. We may assume X and S affine, so X — S comes from a ring map A — B.
As X is locally Noetherian the ring B is Noetherian, see Properties, Lemma [5.2
Write F = M for some B-module M. By Lemma the associated points of F
correspond exactly to the associated primes of M, and any associated prime of M
as an A-module is an associated points of f,F. Hence the inclusion

f(Assx (F)) C Assg(fiF)
follows from Algebra, Lemma We have the inclusion
Assg(foF) C WeakAssg(f«F)
by Lemma [5.3] We have the inclusion
WeakAsss(f. F) C f(WeakAssx (F))

by Lemma [6.1} The outer sets are equal by Lemma hence we have equality
everywhere. 0O

Lemma 6.3. Let f : X — S be a finite morphism of schemes. Let F be a
quasi-coherent Ox -module. Then WeakAss(foF) = f(WeakAss(F)).

Proof. We may assume X and S affine, so X — S comes from a finite ring map
A — B. Write F = M for some B-module M. By Lemmathe weakly associated
points of F correspond exactly to the weakly associated primes of M. Similarly, the
weakly associated points of f.F correspond exactly to the weakly associated primes
of M as an A-module. Hence the lemma follows from Algebra, Lemma O

Lemmal6.4. Let f: X — S be a morphism of schemes. Let G be a quasi-coherent
Og-module. Let x € X with s = f(z). If f is flat at x, the point x is a generic
point of the fibre X, and s € WeakAsss(G), then x € WeakAss(f*G).
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Proof. Let A= 0gs, B=0Ox,, and M = G,. Let m € M be an element whose
annihilator I = {a € A | am = 0} has radical m4. Then m ® 1 has annihilator IB
as A — B is faithfully flat. Thus it suffices to see that v/ IB = mpg. This follows
from the fact that the maximal ideal of B/mB is locally nilpotent (see Algebra,
Lemma [24.1)) and the assumption that v/ = m4. Some details omitted. O

Lemma 6.5. Let K/k be a field extension. Let X be a scheme over k. Let F
be a quasi-coherent Ox-module. Let y € Xg with image x € X. If y is a weakly
associated point of the pullback Fi , then x is a weakly associated point of F.

Proof. This is the translation of Algebra, Lemma [65.1§] into the language of
schemes. ]

7. Relative assassin

Let A — B be aring map. Let N be a B-module. Recall that a prime q C B is said
to be in the relative assassin of N over B/A if q is an associated prime of N® 4 k(p).
Here p = AN gq. Here is the definition of the relative assassin for quasi-coherent
sheaves over a morphism of schemes.

Definition 7.1. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox-module. The relative assassin of F in X over S is the set

Assx/s(F) = Uses Assx, (Fs)
where Fs = (X, — X)*F is the restriction of F to the fibre of f at s.

Again there is a caveat that this is best used when the fibres of f are locally
Noetherian and F is of finite type. In the general case we should probably use the
relative weak assassin (defined in the next section). Let us link the scheme theoretic
notion with the algebraic notion on affine opens; note that this correspondence
works perfectly only for morphisms of schemes whose fibres are locally Noetherian.

Lemma 7.2. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let U C X and V C S be affine opens with f(U) C V. Write
U = Spec(A), V = Spec(R), and set M =T(U,F). Let x € U, and let p C A be
the corresponding prime. Then

p € Assajp(M) = x € Assxs(F)

If all fibres X of f are locally Noetherian, then p € Assy/r(M) < x € Assx/s(F)
for all pairs (p,x) as above.

Proof. The set Ass,/p(M) is defined in Algebra, Definition Choose a pair
(p,x). Let s = f(z). Let v C R be the prime lying under p, i.e., the prime
corresponding to s. Let p’ C A ®pg x(t) be the prime whose inverse image is p, i.e.,
the prime corresponding to x viewed as a point of its fibre X;. Then p € Ass /(M)
if and only if p’ is an associated prime of M ® g k(t), see Algebra, Lemma Note
that the ring A ® k(t) corresponds to Uy and the module M ®p k(t) corresponds
to the quasi-coherent sheaf Fs|y,. Hence x is an associated point of F; by Lemma
The reverse implication holds if p’ is finitely generated which is how the last
sentence is seen to be true. (]
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Lemma 7.3. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. Let g : S’ — S be a morphism of schemes. Consider the base change
diagram

X —X

L

[
and set F' = (¢')*F. Let ' € X' be a point with images v € X, s € S’ and
s € S. Assume f locally of finite type. Then x' € Assx: g(F') if and only if
r € Assx/g(F) and x' corresponds to a generic point of an irreducible component
of Spec(£(8') ®y(s) K()).
Proof. Consider the morphism X — X, of fibres. As Xy = X, Xgpec(n(s))
Spec(k(s')) this is a flat morphism. Moreover F., is the pullback of F, via this
morphism. As X is locally of finite type over the Noetherian scheme Spec(k(s))
we have that X is locally Noetherian, see Morphisms, Lemma [14.6] Thus we may
apply Lemma [3.I] and we see that

/N /
Assy, (F) = U,y A0,

Thus to prove the lemma it suffices to show that the associated points of the fibre
(X% of the morphism X!, — X over x are its generic points. Note that (X.,), =
Spec(k(s')@p(s) k() as schemes. By Algebra, Lemmal[161.1]the ring r(s") @5y k()
is a Noetherian Cohen-Macaulay ring. Hence its associated primes are its minimal
primes, see Algebra, Proposition (minimal primes are associated) and Algebra,
Lemma (no embedded primes). O

Remark| 7.4. With notation and assumptions as in Lemma we see that it is
always the case that (¢') " (Assx,s(F)) D Assx/ g (F'). If the morphism §" — S
is locally quasi-finite, then we actually have
(g/)_l(ASSX/S(f)) = ASSX//S/(I/)

because in this case the field extensions x(s) C k(s") are always finite. In fact, this
holds more generally for any morphism ¢ : S’ — S such that all the field extensions
k(s) C r(s’) are algebraic, because in this case all prime ideals of k(s") ®,s) k()
are maximal (and minimal) primes, see Algebra, Lemma [35.19

8. Relative weak assassin

Definition 8.1. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox-module. The relative weak assassin of F in X over S is the set

WeakAssX/S(]:) = Uses WeakAss(]:S)
where Fy = (Xs — X)*F is the restriction of F to the fibre of f at s.

Lemma 8.2. Let f: X — S be a morphism of schemes which is locally of finite
type. Let F be a quasi-coherent Ox-module. Then WeakAssxs(F) = Assx;s(F).

Proof. This is true because the fibres of f are locally Noetherian schemes, and
associated and weakly associated points agree on locally Noetherian schemes, see
Lemma (.8 O
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Lemma 8.3. Let f : X — S be a morphism of schemes. Leti : Z — X be a
finite morphism. Let F be a quasi-coherent Oz-module. Then WeakAssx g (isF) =
i(WeakAsszs(F)).

Proof. Let is : Z; — X, be the induced morphism between fibres. Then (i,F)s =
is,+(Fs) by Cohomology of Schemes, Lemma and the fact that 7 is affine. Hence
we may apply Lemma [6.9] to conclude. O

9. Fitting ideals

This section is the continuation of the discussion in More on Algebra, Section[8] Let
S be a scheme. Let F be a finite type quasi-coherent Og-module. In this situation
we can construct the Fitting ideals

0 =Fit_1(F) C Fito(F) C Fit1(F) C ... C Og
as the sequence of quasi-coherent ideals characterized by the following property:
for every affine open U = Spec(A) of S if F|y corresponds to the A-module M,
then Fit;(F)|y corresponds to the ideal Fit;(M) C A. This is well defined and a

quasi-coherent sheaf of ideals because if f € A, then the ith Fitting ideal of My
over Ay is equal to Fit;(M)Ay by More on Algebra, Lemma

Alternatively, we can construct the Fitting ideals in terms of local presentations of
F. Namely, if U C X is open, and

@EI(’)U—ND%" — Flu — 0

is a presentation of F over U, then Fit,(F)|y is generated by the (n—r) x (n —1r)-
minors of the matrix defining the first arrow of the presentation. This is compatible
with the construction above because this is how the Fitting ideal of a module over
a ring is actually defined. Some details omitted.

Lemmal 9.1. Let f : T — S be a morphism of schemes. Let F be a finite type
quasi-coherent Og-module. Then f~1Fit;(F) - Or = Fit;(f*F).

Proof. Follows immediately from More on Algebra, Lemma part (3). O

Lemma 9.2. Let S be a scheme. Let F be a finitely presented Og-module. Then
Fit,.(F) is a quasi-coherent ideal of finite type.

Proof. Follows immediately from More on Algebra, Lemma [8.4] part (4). O

Lemmal9.3. Let S be a scheme. Let F be a finite type, quasi-coherent Og-module.
Let Zy C S be the closed subscheme cut out by Fity(F). Let Z C S be the scheme
theoretic support of F. Then

(1) ZC Zy C S as closed subschemes,
(2) Z = Zy = Supp(F) as closed subsets,
(3) there exists a finite type, quasi-coherent O z,-module Gy with

(ZO — X)*go = F.

Proof. Recall that Z is locally cut out by the annihilator of F, see Morphisms,
Definition (which uses Morphisms, Lemma to define Z). Hence we see that
Z C Zy scheme theoretically by More on Algebra, Lemma part (6). On the
other hand we have Z = Supp(F) set theoretically by Morphisms, Lemma and
we have Zy = Z set theoretically by More on Algebra, Lemmapart (7). Finally,
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to get Go as in part (3) we can either use that we have G on Z as in Morphisms,
Lemma and set Gy = (Z — Zy)+G or we can use Morphisms, Lemma and
the fact that Fito(F) annihilates F by More on Algebra, Lemma [8.4] part (6). O

Lemmal9.4. Let S be a scheme. Let F be a finite type, quasi-coherent Og-module.
Let s € S. Then F can be generated by r elements in a neighbourhood of s if and
only if Fit,(F)s = Og.s.

Proof. Follows immediately from More on Algebra, Lemma [

Lemmal9.5. Let S be a scheme. Let F be a finite type, quasi-coherent Og-module.
Let r > 0. The following are equivalent

(1) F is finite locally free of rank r
(2) Fit,—1(F) =0 and Fit.(F) = Og, and
(3) Fity,(F) =0 for k <r and Fity(F) = Og for k > r.

Proof. Follows immediately from More on Algebra, Lemma 8.7 O

Lemmal9.6. Let S be a scheme. Let F be a finite type, quasi-coherent Og-module.
The closed subschemes

S=7Z1D2ZyD7Z1DZy...

defined by the Fitting ideals of F have the following properties

(1) The intersection (| Z, is empty.
(2) The functor (Sch/S)°PP — Sets defined by the rule

{x} if Fr is locally generated by <r sections
T'— { ] otherwise

is representable by the open subscheme S\ Z,..
(3) The functor F, : (Sch/S)°PP — Sets defined by the rule

T {x} if Fr locally f?fee rank r
0 otherwise

is representable by the locally closed subscheme Z._1 \ Z, of S.

If F is of finite presentation, then Z,. — S, S\ Z, — S, and Z,_1\ Z, — S are of
finite presentation.

Proof. Part (1) is true because over every affine open U there is an integer n such
that Fit, (F)|y = Oy. Namely, we can take n to be the number of generators of F
over U, see More on Algebra, Section

For any morphism ¢ : T' — S we see from Lemmas and that Fr is locally
generated by < r sections if and only if Fit,.(F) - O = Or. This proves (2).

For any morphism g : T'— S we see from Lemmas [0.1] and 0.5 that Fr is free of
rank r if and only if Fit,.(F) - Opr = Op and Fit,_1(F) - Or = 0. This proves (3).

Part (4) follows from the fact that if F is of finite presentation, then each of the
morphisms Z, — S is of finite presentation as Fit,.(F) is of finite type (Lemma
and Morphisms, Lemma . This implies that Z,_1 \ Z, is a retrocompact
open in Z, (Properties, Lemma and hence the morphism Z,_1 \ Z,, — Z, is
of finite presentation as well. O
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Lemma [9.6 notwithstanding the following lemma does not hold if F is a finite type
quasi-coherent module. Namely, the stratification still exists but it isn’t true that
it represents the functor Fy;,; in general.

Lemma 9.7. Let S be a scheme. Let F be an Og-module of finite presentation.
Let S=27_1C ZyC Zy C...beasin Lemma . Set Sy = Z._1\ Z.. Then
S" =11,s¢ Sr represents the functor

if Fr flat over T

| )
Ffigr : Sch/S — Sets, T— { 0 otherwise

Moreover, F|s, is locally free of rank r and the morphisms S, — S and S" — S are
of finite presentation.

Proof. Suppose that g : T'— S is a morphism of schemes such that the pullback
Fr = g*F is flat. Then Fr is a flat Op-module of finite presentation. Hence Fr is
finite locally free, see Properties, Lemma Thus T' =[], T, where Fr|z, is
locally free of rank r. This implies that

Fflat = H'I‘ZO F,

in the category of Zariski sheaves on Sch/S where F, is as in Lemma It follows
that Fyjq is represented by HTZO(ZT_l \ Z,) where Z, is as in Lemma The
other statements also follow from the lemma. O

10. The singular locus of a morphism

Let f: X — S be a finite type morphism of schemes. The set U of points where f
is smooth is an open of X (by Morphisms, Definition . In many situations it
is useful to a have canonical closed subscheme Sing(f) C X whose complement is
U and whose formation commutes with arbitrary change of base.

If f is of finite presentation, then one choice would be to consider the closed sub-
scheme Z cut out by functions which are affine locally “strictly standard” in the
sense of Smoothing Ring Maps, Definition It follows from Smoothing Ring
Maps, Lemma that if f/ : X’ — S’ is the base change of f by a morphism
S’ — S, then Z' C S’ xg Z where Z' is the closed subscheme of X’ cut out by
functions which are affine locally strictly standard. However, equality isn’t clear.
The notion of a strictly standard element was useful in the chapter on Popescu’s
theorem. The closed subscheme defined by these elements is (as far as we know)
not used in the literaturd]

If f is flat, of finite presentation, and the fibres of f all are equidimensional of
dimension d, then the dth fitting ideal of Qx /g is used to get a good closed sub-
scheme. For any morphism of finite type the closed subschemes of X defined by
the fitting ideals of {2x,g define a stratification of X in terms of the rank of Qx /g
whose formation commutes with base change. This can be helpful; it is related to
embedding dimensions of fibres, see Varieties, Section

Lemma 10.1. Let f: X — S be a morphism of schemes which is locally of finite
type. Let X = Z_1 D Zy D Zy1 D ... be the closed subschemes defined by the fitting

ideals of Qx/g. Then the formation of Z; commutes with arbitrary base change.

1f f is a local complete intersection morphism (More on Morphisms, Definition ) then the
closed subscheme cut out by the locally strictly standard elements is the correct thing to look at.
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Proof. Observe that Q2x/g is a finite type quasi-coherent O x-module (Morphisms,
Lemmal[31.12) hence the fitting ideals are defined. If f' : X’ — S’ is the base change
of f by g:8 — S, then Qx5 = (¢')*Qx/g where ¢’ : X’ — X is the projection
(Morphisms, Lemma [31.10). Hence (¢')~'Fit;(Qx/s) - Oxs = Fit;(Qx//s). This
means that

Zi=(9)"(Z) = Zixx X'
scheme theoretically and this is the meaning of the statement of the lemma. O

The Oth fitting ideal of € cuts out the “ramified locus” of the morphism.

Lemmal 10.2. Let f: X — S be a morphism of schemes which is locally of finite
type. The closed subscheme Z C X cut out by the Oth fitting ideal of Qx5 is exactly
the set of points where f is not unramified.
Proof. By Lemma the complement of Z is exactly the locus where Qx5 is
zero. This is exactly the set of points where f is unramified by Morphisms, Lemma
33.2 O
Lemma 10.3. Let f: X — S be a morphism of schemes. Let d > 0 be an integer.
Assume

(1) fis flat,

(2) f is locally of finite presentation, and

(3) every nonempty fibre of f is equidimensional of dimension d.
Let Z C X be the closed subscheme cut out by the dth fitting ideal of Qx,s5. Then
Z is exactly the set of points where f is not smooth.
Proof. By Lemma the complement of Z is exactly the locus where Qx5 can
be generated by at most d elements. Hence the lemma follows from Morphisms,
Lemma, [32.74 O

11. Torsion free modules

This section is the analogue of More on Algebra, Section for quasi-coherent
modules.
Lemma 11.1. Let X be an integral scheme with generic point 1. Let F be a
quasi-coherent Ox-module. Let U C X be nonempty open and s € F(U). The
following are equivalent

(1) for some x € U the image of s in F, is torsion,

(2) for all x € U the image of s in F,, is torsion,

(3) the image of s in F,, is zero,

(4) the image of s in j.JF, is zero, where j : 1 — X is the inclusion morphism.
Proof. Omitted. U
Definition 11.2. Let X be an integral scheme. Let F be a quasi-coherent O x-

module.

(1) We say a local section of F is torsion if it satisfies the equivalent conditions
of Lemma [[T.1]
(2) We say F is torsion free if every torsion section of F is 0.

Here is the obligatory lemma comparing this to the usual algebraic notion.
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Lemma 11.3. Let X be an integral scheme. Let F be a quasi-coherent Ox -module.
The following are equivalent

(1) F is torsion free,
(2) for U C X affine open F(U) is a torsion free O(U)-module.
Proof. Omitted. g

Lemmal11.4. Let X be an integral scheme. Let F be a quasi-coherent Ox -module.
The torsion sections of F form a quasi-coherent Ox-submodule Fiors C F. The
quotient module F | Fiors is torsion free.

Proof. Omitted. See More on Algebra, Lemma for the algebraic analogue. [

Lemma 11.5. Let X be an integral scheme. Any flat quasi-coherent Ox -module
1s torsion free.

Proof. Omitted. See More on Algebra, Lemma [20.9 (]

Lemma 11.6. Let f: X = Y be a flat morphism of integral schemes. Let G be a
torsion free quasi-coherent Oy -module. Then f*G is a torsion free Ox -module.

Proof. Omitted. See More on Algebra, Lemma for the algebraic analogue. [

Lemma 11.7. Let f : X — Y be a flat morphism of schemes. IfY is integral and
the generic fibre of f is integral, then X 1is integral.

Proof. The algebraic analogue is this: let A be a domain with fraction field K
and let B be a flat A-algebra such that B ®4 K is a domain. Then B is a domain.
This is true because B is torsion free by More on Algebra, Lemma and hence
BCB®s K. O

Lemma 11.8. Let X be an integral scheme. Let F be a quasi-coherent Ox-module.
Then F is torsion free if and only if Fy is a torsion free Ox z-module for all x € X.

Proof. Omitted. See More on Algebra, Lemma [20.6 d

Lemma 11.9. Let X be an integral scheme. Let 0 — F — F — F”" — 0 be a
short exact sequence of quasi-coherent Ox-modules. If F and F" are torsion free,
then F' is torsion free.

Proof. Omitted. See More on Algebra, Lemma for the algebraic analogue. [

Lemma 11.10. Let X be a locally Noetherian integral scheme with generic point
n. Let F be a nonzero coherent Ox-module. The following are equivalent

(1) F is torsion free,

(2) n is the only associated prime of F,

(3) n is in the support of F and F has property (S1), and

(4) n is in the support of F and F has no embedded associated prime.

Proof. This is a translation of More on Algebra, Lemma into the language of
schemes. We omit the translation. O

Lemma 11.11. Let X be an integral reqular scheme of dimension < 1. Let F be
a coherent Ox-module. The following are equivalent

(1) F is torsion free,

(2) F is finite locally free.
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Proof. It is clear that a finite locally free module is torsion free. For the converse,
we will show that if F is torsion free, then F, is a free Ox z-module for all x €
X. This is enough by Algebra, Lemma and the fact that F is coherent. If
dim(Ox ;) = 0, then Ox , is a field and the statement is clear. If dim(Ox ;) =1,
then Ox , is a discrete valuation ring (Algebra, Lemma and F, is torsion
free. Hence F, is free by More on Algebra, Lemma O

Lemma 11.12. Let X be an integral scheme. Let F, G be quasi-coherent Ox -
modules. If G is torsion free and F is of finite presentation, then Homo, (F,G) is
torsion free.

Proof. The statement makes sense because Homoe, (F,G) is quasi-coherent by
Schemes, Section To see the statement is true, see More on Algebra, Lemma
20.121 Some details omitted. O

Lemma 11.13. Let X be an integral locally Noetherian scheme. Let ¢ : F — G
be a map of quasi-coherent Ox-modules. Assume F is coherent, G is torsion free,
and that for every x € X one of the following happens

(1) Fr — G, is an isomorphism, or

(2) depth(F;) > 2.
Then ¢ is an isomorphism.

Proof. This is a translation of More on Algebra, Lemma [21.12] into the language
of schemes. 0

12. Reflexive modules

This section is the analogue of More on Algebra, Section [21] for coherent modules
on locally Noetherian schemes. The reason for working with coherent modules is
that Homoe, (F,G) is coherent for every pair of coherent Ox-modules F,G, see
Modules, Lemma [20.5

Definition 12.1. Let X be an integral locally Noetherian scheme. Let F be a
coherent Ox-module. The reflexive hull of F is the Ox-module

.7:** = /HOTILOX (’Homox (.7:, Ox), Ox)
We say F is reflexive if the natural map j : F — F** is an isomorphism.

It follows from Lemma [12.6] that the reflexive hull is a reflexive Ox-module. You
can use the same definition to define reflexive modules in more general situations,
but this does not seem to be very useful. Here is the obligatory lemma comparing
this to the usual algebraic notion.

Lemma 12.2. Let X be an integral locally Noetherian scheme. Let F be a coherent
Ox -module. The following are equivalent

(1) F is reflezive,

(2) for U C X affine open F(U) is a reflexive O(U)-module.

Proof. Omitted. O

Remark| 12.3. If X is a scheme of finite type over a field, then sometimes a
different notion of reflexive modules is used (see for example [HLIT7, bottom of page
5 and Definition 1.1.9]). This other notion uses R Hom into a dualizing complex
w% instead of into Ox and should probably have a different name because it can
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be different when X is not Gorenstein. For example, if X = Spec(k[t?,t*,%]), then
a computation shows the dualizing sheaf wx is not reflexive in our sense, but it is
reflexive in the other sense as wx — Hom(Hom(wx,wx),wx) is an isomorphism.

Lemma 12.4. Let X be an integral locally Noetherian scheme. Let F be a coherent
Ox -module.

(1) If F is reflexive, then F is torsion free.

(2) The map j: F — F** is injective if and only if F is torsion free

Proof. Omitted. See More on Algebra, Lemma [21.2 ]

Lemma 12.5. Let X be an integral locally Noetherian scheme. Let F be a coherent
Ox -module. The following are equivalent

(1) F is reflezive,

(2) Fs is a reflexive Ox z-module for all x € X,

(3) Fy is a reflexive Ox 5-module for all closed points x € X.

Proof. By Modules, Lemma we see that (1) and (2) are equivalent. Since
every point of X specializes to a closed point (Properties, Lemma [5.9) we see that
(2) and (3) are equivalent. O

Lemma 12.6. Let X be an integral locally Noetherian scheme. Let F, G be
coherent Ox -modules. If G is reflexive, then Homo (F,G) is reflezive.

Proof. The statement makes sense because Homo, (F,G) is coherent by Coho-
mology of Schemes, Lemma([9.4] To see the statement is true, see More on Algebra,
Lemma 21,6l Some details omitted. O

Lemma 12.7. Let X be an integral locally Noetherian scheme. Let F be a coherent
Ox -module. The following are equivalent
(1) F is reflezive,
(2) for each x € X one of the following happens
(a) Fy is a reflexive Ox ,-module, or
(b) depth(Ox ) > 2 and depth(Fy) > 2.

Proof. Omitted. See More on Algebra, Lemma [21.13 O
If the scheme is normal, then reflexive is the same thing as torsion free and (S2).

Lemma 12.8. Let X be an integral locally Noetherian normal scheme. Let F be
a coherent Ox-module. The following are equivalent

(1) F is reflexive, and
(2) F is torsion free and has property (Ss).

Proof. This is the scheme theoretic analogue of More on Algebra, Lemma
To translate into algebra use Lemma [l

Lemma 12.9. Let X be an integral locally Noetherian normal scheme with generic
pointn. Let F, G be coherent Ox-modules. LetT : G, — F, be a linear map. Then
T extends to a map G — F** of Ox-modules if and only if

(%) for every x € X with dim(Ox ,) =1 we have
T (Im(G, = Gy)) C Im(F, — F).
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Proof. Because F** is torsion free and F, = F;* an extension, if it exists, is
unique. Thus it suffices to prove the lemma over the members of an open covering
of X, i.e., we may assume X is affine. In this case we are asking the following
algebra question: Let R be a Noetherian normal domain with fraction field K,
let M, N be finite R-modules, let T : M ®r K — N ®r K be a K-linear map.
When does T extend to a map N — M**? By More on Algebra, Lemma [21.15] this
happens if and only if N, maps into (M/M;srs), for every height 1 prime p of R.
This is exactly condition (*) of the lemma. g

Lemmal 12.10. Let X be a regular scheme of dimension < 2. Let F be a coherent
Ox -module. The following are equivalent

(1) F is reflexive,

(2) F is finite locally free.

Proof. It is clear that a finite locally free module is reflexive. For the converse, we
will show that if F is reflexive, then F, is a free Ox ,-module for all z € X. This is
enough by Algebra, Lemma and the fact that F is coherent. If dim(Ox ;) =0,
then Ox , is a field and the statement is clear. If dim(Ox ,) = 1, then Ox, is a
discrete valuation ring (Algebra, Lemma and F, is torsion free. Hence F, is
free by More on Algebra, Lemma If dim(Ox ;) = 2, then Ox , is a regular
local ring of dimension 2. By More on Algebra, Lemma we see that F,, has
depth > 2. Hence F is free by Algebra, Lemma O

13. Effective Cartier divisors
We define the notion of an effective Cartier divisor before any other type of divisor.

Definition 13.1. Let S be a scheme.

(1) A locally principal closed subscheme of S is a closed subscheme whose sheaf
of ideals is locally generated by a single element.

(2) An effective Cartier divisor on S is a closed subscheme D C S whose ideal
sheaf Zp C Og is an invertible Og-module.

Thus an effective Cartier divisor is a locally principal closed subscheme, but the
converse is not always true. Effective Cartier divisors are closed subschemes of pure
codimension 1 in the strongest possible sense. Namely they are locally cut out by
a single element which is a nonzerodivisor. In particular they are nowhere dense.

Lemmal13.2. Let S be a scheme. Let D C S be a closed subscheme. The following
are equivalent:

(1) The subscheme D is an effective Cartier divisor on S.
(2) For every x € D there exists an affine open neighbourhood Spec(A) = U C
S of x such that U N D = Spec(A/(f)) with f € A a nonzerodivisor.

Proof. Assume (1). For every x € D there exists an affine open neighbourhood
Spec(A) = U C S of z such that Zp|y = Op. In other words, there exists a section
f € T(U,Zp) which freely generates the restriction Zp|y. Hence f € A, and the
multiplication map f: A — A is injective. Also, since Zp is quasi-coherent we see
that D NU = Spec(4/(f)).

Assume (2). Let z € D. By assumption there exists an affine open neighbourhood
Spec(A) = U C S of z such that UND = Spec(A/(f)) with f € A a nonzerodivisor.
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Then Zp|y = Oy since it is equal to (7) > A Op. Of course Zp restricted to
the open subscheme S\ D is isomorphic to Og\p. Hence Zp is an invertible Og-
module. ([

Lemma 13.3. Let S be a scheme. Let Z C S be a locally principal closed sub-
scheme. Let U =S\ Z. Then U — S is an affine morphism.

Proof. The question is local on S, see Morphisms, Lemmas [I1.3] Thus we may
assume S = Spec(A4) and Z = V(f) for some f € A. In this case U = D(f) =
Spec(Ay) is affine hence U — S is affine. O

Lemma 13.4. Let S be a scheme. Let D C S be an effective Cartier divisor. Let
U=S\D. ThenU — S is an affine morphism and U is scheme theoretically dense
in S.

Proof. Affineness is Lemma [13.3] The density question is local on S, see Mor-
phisms, Lemma Thus we may assume S = Spec(A4) and D corresponding to
the nonzerodivisor f € A, see Lemmal[I3.2] Thus A C Ay which implies that U C S
is scheme theoretically dense, see Morphisms, Example O

Lemmal 13.5. Let S be a scheme. Let D C S be an effective Cartier divisor. Let
s € D. If dimy(S) < oo, then dim,(D) < dimg(S).

Proof. Assume dim,(S) < oo. Let U = Spec(A) C S be an affine open neigh-
bourhood of s such that dim(U) = dim,(S) and such that D = V(f) for some
nonzerodivisor f € A (see Lemmall3.2). Recall that dim(U) is the Krull dimension
of the ring A and that dim(U N D) is the Krull dimension of the ring A/(f). Then
f is not contained in any minimal prime of A. Hence any maximal chain of primes
in A/(f), viewed as a chain of primes in A, can be extended by adding a minimal
prime. [

Definition| 13.6. Let S be a scheme. Given effective Cartier divisors Dy, Dy on
S we set D = Dy 4+ Dy equal to the closed subscheme of S corresponding to the
quasi-coherent sheaf of ideals Zp,Zp, C Og. We call this the sum of the effective
Cartier divisors Dy and Ds.

It is clear that we may define the sum > n;D; given finitely many effective Cartier
divisors D; on X and nonnegative integers n,.

Lemma 13.7. The sum of two effective Cartier divisors is an effective Cartier
divisor.

Proof. Omitted. Locally f1, fo € A are nonzerodivisors, then also fi1fs € A is a
nonzerodivisor. O

Lemmal 13.8. Let X be a scheme. Let D, D’ be two effective Cartier divisors on
X. If D C D' (as closed subschemes of X ), then there exists an effective Cartier
divisor D" such that D' = D + D".

Proof. Omitted. O

Lemma 13.9. Let X be a scheme. Let Z,Y be two closed subschemes of X with
ideal sheaves T and J. If ZJ defines an effective Cartier divisor D C X, then Z
and Y are effective Cartier divisors and D =72 +Y .


http://stacks.math.columbia.edu/tag/07ZT
http://stacks.math.columbia.edu/tag/07ZU
http://stacks.math.columbia.edu/tag/056N
http://stacks.math.columbia.edu/tag/01WT
http://stacks.math.columbia.edu/tag/01WU
http://stacks.math.columbia.edu/tag/02ON
http://stacks.math.columbia.edu/tag/07ZV

0C4R

053P

01WV

0200

DIVISORS 20

Proof. Applying Lemma [13.2] we obtain the following algebra situation: A is a
ring, I,J C A ideals and f € A a nonzerodivisor such that IJ = (f). Thus the
result follows from Algebra, Lemma [119.16 (]

Lemma 13.10. Let X be a scheme. Let D, D’ C X be effective Cartier divisors
such that the scheme theoretic intersection DN D’ is an effective Cartier divisor on
D’. Then D + D' is the scheme theoretic union of D and D’.

Proof. See Morphisms, Definition for the definition of scheme theoretic in-
tersection and union. To prove the lemma working locally (using Lemma we
obtain the following algebra problem: Given a ring A and nonzerodivisors f1, fo € A
such that f; maps to a nonzerodivisor in A/fsA, show that f1AN foA = f1faA.
We omit the straightforward argument. O

Recall that we have defined the inverse image of a closed subscheme under any
morphism of schemes in Schemes, Definition [17.7]

Lemmal 13.11. Let f : 8" — S be a morphism of schemes. Let Z C S be a locally
principal closed subscheme. Then the inverse image f~1(Z) is a locally principal
closed subscheme of S’.

Proof. Omitted. (]

Definition 13.12. Let f : S’ — S be a morphism of schemes. Let D C S be
an effective Cartier divisor. We say the pullback of D by f is defined if the closed
subscheme f~1(D) C S’ is an effective Cartier divisor. In this case we denote it
either f*D or f~(D) and we call it the pullback of the effective Cartier divisor.

The condition that f~!(D) is an effective Cartier divisor is often satisfied in prac-
tice. Here is an example lemma.

Lemma 13.13. Let f : X — Y be a morphism of schemes. Let D C Y be an
effective Cartier divisor. The pullback of D by f is defined in each of the following
cases:
(1) X, Y integral and f dominant,
(2) X reduced, and for any generic point & of any irreducible component of X
we have f(§) & D,
(3) X is locally Noetherian and for any associated point x of X we have f(x) &
D7
(4) X is locally Noetherian, has no embedded points, and for any generic point
& of any irreducible component of X we have f(§) € D,
(5) f is flat, and
(6) add more here as needed.

Proof. The question is local on X, and hence we reduce to the case where X =
Spec(A), Y = Spec(R), f is given by ¢ : R — A and D = Spec(R/(t)) where
t € R is a nonzerodivisor. The goal in each case is to show that p(t) € A is a
nonzerodivisor.

In case (2) this follows as the intersection of all minimal primes of a ring is the
nilradical of the ring, see Algebra, Lemma, [16.2

Let us prove (3). By Lemma the associated points of X correspond to the
primes p € Ass(A). By Algebra, Lemma we have |J,caqsa) P 18 the set of
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zerodivisors of A. The hypothesis of (3) is that ¢(t) & p for all p € Ass(A). Hence
©(t) is a nonzerodivisor as desired.

Part (4) follows from (3) and the definitions. O

Lemmal 13.14. Let f : S’ — S be a morphism of schemes. Let D1, Do be effective
Cartier divisors on S. If the pullbacks of D1 and Dy are defined then the pullback
of D = Dy + Dy is defined and f*D = f*D1 + f*Ds.

Proof. Omitted. O

14. Effective Cartier divisors and invertible sheaves

Since an effective Cartier divisor has an invertible ideal sheaf (Definition [13.1]) the
following definition makes sense.

Definition 14.1. Let S be a scheme. Let D C S be an effective Cartier divisor
with ideal sheaf Zp.

(1) The invertible sheaf Og(D) associated to D is defined by
Os(D) = Homoyg (ID7 Os) = Igil.

(2) The canonical section, usually denoted 1 or 1p, is the global section of
Og(D) corresponding to the inclusion mapping Zp — Og.

(3) We write Og(—D) = Og(D)®~! = Ip.

(4) Given a second effective Cartier divisor D’ C S we define Og(D — D') =
Os(D) ®og Os(=D'").

Some comments. We will see below that the assignment D — Og(D) turns addition
of effective Cartier divisors (Definition into addition in the Picard group of
S (Lemma [14.4). However, the expression D — D’ in the definition above does not
have any geometric meaning. More precisely, we can think of the set of effective
Cartier divisors on S as a commutative monoid EffCart(S) whose zero element is
the empty effective Cartier divisor. Then the assignment (D, D’) — Og(D — D')
defines a group homomorphism

EffCart(S)%” — Pic(S)

where the left hand side is the group completion of EffCart(S). In other words,
when we write Og(D — D’) we may think of D — D’ as an element of EffCart(5)9?.

Lemma 14.2. Let S be a scheme and let D C S be an effective Cartier divisor.

Then the conormal sheaf is Cp,;g = Ip|D = Os(—=D)|p and the normal sheaf is
Npys = Os(D)|p.

Proof. Omitted. O

Lemma 14.3. Let X be a scheme. Let D,C C X be effective Cartier divisors
with C C D and let D' = D + C. Then there is a short exact sequence

0— Ox(—D)|C — OD/ — OD —0

of Ox -modules.
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Proof. In the statement of the lemma and in the proof we use the equivalence of
Morphisms, Lemma to think of quasi-coherent modules on closed subschemes
of X as quasi-coherent modules on X. Let Z be the ideal sheaf of D in D’. Then
there is a short exact sequence

0—-2Z—0Op —0p—0

because D — D' is a closed immersion. There is a canonical surjection Z — Z/Z? =
Cp/p- We have Cp/x = Ox(—D)|p by Lemma and there is a canonical
surjective map
CD/X — CD/D/

see Morphisms, Lemmas and Thus it suffices to show: (a) Z? = 0 and (b)
T is an invertible Og-module. Both (a) and (b) can be checked locally, hence we
may assume X = Spec(A), D = Spec(A/fA) and C = Spec(A/gA) where f,g € A
are nonzerodivisors (Lemma . Since C C D we see that f € gA. Then
I = fA/fgA has square zero and is invertible as an A/gA-module as desired. O

Lemma 14.4. Let S be a scheme. Let Dy, Dy be effective Cartier divisors on S.
Let D = D1+ Dy. Then there is a unique isomorphism

Os(D1) ®os Os(D2) — Os(D)
which maps 1p, ® 1p, to 1p.

Proof. Omitted. O

Lemmal 14.5. Let f : S' — S be a morphism of schemes. Let D be a effective
Cartier divisors on S. If the pullback of D is defined then f*Og(D) = Og/ (f*D)

and the canonical section 1p pulls back to the canonical section 1f+p.

Proof. Omitted. O

Definition 14.6. Let (X,Ox) be a locally ringed space. Let £ be an invertible
sheaf on X. A global section s € I'(X, £) is called a regular section if the map
Ox — L, f — fsis injective.

Lemma 14.7. Let X be a locally ringed space. Let f € T(X,Ox). The following
are equivalent:

(1) f is a regular section, and
(2) for any x € X the image f € Ox 4 is a nonzerodivisor.
If X is a scheme these are also equivalent to
(3) for any affine open Spec(A) = U C X the image f € A is a nonzerodivisor,
(4) there exists an affine open covering X = |JSpec(A;) such that the image of
fin A; is a nonzerodivisor for all i.

Proof. Omitted. O

Note that a global section s of an invertible O x-module £ may be seen as an Ox-
module map s : Ox — L. Its dual is therefore a map s : L& — Ox. (See
Modules, Definition for the definition of the dual invertible sheaf.)

Definition 14.8. Let X be ascheme. Let £ be an invertible sheaf. Let s € I'(X, £)
be a global section. The zero scheme of s is the closed subscheme Z(s) C X

defined by the quasi-coherent sheaf of ideals Z C Ox which is the image of the map
s: L% Ox.
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Lemma 14.9. Let X be a scheme. Let L be an invertible sheaf. Let s € T'(X, L).

(1) Consider closed immersions i : Z — X such that i*s € T'(Z,i*L) is zero
ordered by inclusion. The zero scheme Z(s) is the mazimal element of this
ordered set.

(2) For any morphism of schemes f:Y — X we have f*s =0 in T'(Y, f*L) if
and only if f factors through Z(s).

(3) The zero scheme Z(s) is a locally principal closed subscheme.

(4) The zero scheme Z(s) is an effective Cartier divisor if and only if s is a
reqular section of L.

Proof. Omitted. O

Lemma) 14.10. Let X be a scheme.
(1) If D C X is an effective Cartier divisor, then the canonical section 1p of
Ox (D) is regular.
(2) Conversely, if s is a regular section of the invertible sheaf L, then there
exists a unique effective Cartier divisor D = Z(s) C X and a unique iso-
morphism Ox (D) — L which maps 1p to s.

The constructions D — (Ox (D), 1p) and (L, s) — Z(s) give mutually inverse maps

{effective Carticr divisors on X} ¢ { pairs (L, s) consisting of an invertible }

Ox-module and a regular global section

Proof. Omitted. O

Remark|/ 14.11. Let X be a scheme, £ an invertible O x-module, and s a regular
section of £. Then the zero scheme D = Z(s) is an effective Cartier divisor on X
and there are short exact sequences

0= 0x =L—=i(Llp) =0 and 0— L% 5 Ox —i,0p —0.
Given an effective Cartier divisor D C X using Lemmas [14.10] and we get
0= Ox = Ox(D) = ix(Np/x) >0 and 0— Ox(-D)—= Ox = i.(Op) =0

15. Effective Cartier divisors on Noetherian schemes

In the locally Noetherian setting most of the discussion of effective Cartier divisors
and regular sections simplifies somewhat.

Lemma 15.1. Let X be a locally Noetherian scheme. Let L be an invertible Ox -
module. Let s € T'(X,L). Then s is a reqular section if and only if s does not
vanish in the associated points of X.

Proof. Omitted. Hint: reduce to the affine case and £ trivial and then use Lemma
and Algebra, Lemma [62.9] O

Lemma 15.2. Let X be a locally Noetherian scheme. Let D C X be a closed
subscheme corresponding to the quasi-coherent ideal sheaf T C Ox.

(1) If for every x € D the ideal I, C Ox 4 can be generated by one element,
then D is locally principal.

(2) If for every x € D the ideal Z, C Ox 5 can be generated by a single nonze-
rodivisor, then D is an effective Cartier divisor.
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Proof. Let Spec(A) be an affine neighbourhood of a point x € D. Let p C A be
the prime corresponding to z. Let I C A be the ideal defining the trace of D on
Spec(A). Since A is Noetherian (as X is Noetherian) the ideal I is generated by
finitely many elements, say I = (f1,..., fr). Under the assumption of (1) we have
I, = (f) for some f € A,. Then f; = g;f for some g; € A,. Write g; = a;/h;
and f = f'/h for some h;,h € A, hj,h & p. Then I, p.n C Ap, . p.p is principal,
because it is generated by f’. This proves (1). For (2) we may assume I = (f).
The assumption implies that the image of f in A, is a nonzerodivisor. Then f is
a nonzerodivisor on a neighbourhood of z by Algebra, Lemma This proves
(2). O

Lemma 15.3. Let X be a locally Noetherian scheme.

(1) Let D C X be a locally principal closed subscheme. Let £ € D be a generic
point of an irreducible component of D. Then dim(Ox¢) < 1.

(2) Let D C X be an effective Cartier divisor. Let £ € D be a generic point of
an irreducible component of D. Then dim(Ox¢) = 1.

Proof. Proof of (1). By assumption we may assume X = Spec(A) and D =
Spec(A/(f)) where A is a Noetherian ring and f € A. Let £ correspond to the
prime ideal p C A. The assumption that £ is a generic point of an irreducible
component of D signifies p is minimal over (f). Thus dim(A4,) < 1 by Algebra,
Lemma [59.10l

Proof of (2). By part (1) we see that dim(Ox ¢) < 1. On the other hand, the local
equation f is a nonzerodivisor in A, by Lemma [I3.2 which implies the dimension is
at least 1 (because there must be a prime in A, not containing f by the elementary
Algebra, Lemma . O

Lemma 15.4. Let X be a Noetherian scheme. Let D C X be an integral closed
subscheme which is also an effective Cartier divisor. Then the local ring of X at
the generic point of D is a discrete valuation ring.

Proof. By Lemmall3.2) we may assume X = Spec(A) and D = Spec(A/(f)) where
A is a Noetherian ring and f € A is a nonzerodivisor. The assumption that D is
integral signifies that (f) is prime. Hence the local ring of X at the generic point
is A(y) which is a Noetherian local ring whose maximal ideal is generated by a
nonzerodivisor. Thus it is a discrete valuation ring by Algebra, Lemma (I

Lemma 15.5. Let X be a locally Noetherian scheme. Let D C X be an effective
Cartier divisor. If X is (Sk), then D is (Sk—1).

Proof. Let x € D. Then Op, = Ox./(f) where f € Ox, is a nonzerodi-
visor. By assumption we have depth(Ox ,) > min(dim(Ox ), k). By Algebra,
Lemma|[71.7| we have depth(Op ) = depth(Ox ,)—1 and by Algebra, Lemmal[59.12|
dim(Op ) = dim(Ox ;) — 1. Tt follows that depth(Op ,) > min(dim(Op ),k — 1)
as desired. O

Lemma 15.6. Let X be a locally Noetherian normal scheme. Let D C X be an
effective Cartier divisor. Then D is (S7).

Proof. By Properties, Lemma we see that X is (S3). Thus we conclude by
Lemma [15.5) O
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Lemmal 15.7. Let X be a Noetherian scheme. Let D C X be a integral closed
subscheme. Assume that

(1) D has codimension 1 in X, and
(2) Ox,z s a UFD for all x € D.

Then D is an effective Cartier divisor.

Proof. Let z € D and set A = Ox ,. Let p C A correspond to the generic point of
D. Then A, has dimension 1 by assumption (1). Thus p is a prime ideal of height
1. Since A is a UFD this implies that p = (f) for some f € A. Of course f is a
nonzerodivisor and we conclude by Lemma [15.2 (]

Lemma 15.8. Let X be a Noetherian scheme. Let Z C X be a closed subscheme.
Assume there exist integral effective Cartier divisors D; C X and a closed subset
Z' C X of codimension > 2 such that Z C Z' U|J D; set-theoretically. Then there
exists an effective Cartier divisor of the form

D:ZaiDiCZ

such that D — Z is an isomorphism away from codimension 2 in X. The existence
of the D; is guaranteed if Ox 5 is a UFD for all x € Z or if X is reqular.

Proof. Let § € D; be the generic point and let O; = Ox ¢, be the local ring which
is a discrete valuation ring by Lemma Let a; > 0 be the minimal valuation of
an element of Zz ¢, C O;. We claim that the effective Cartier divisor D = " a;D;
works.

Namely, suppose that € X. Let A = Ox ,. Let f; € A be a local equation for
D;; we only consider those i such that x € D;. Then f; is a prime element of A and
O; = Agy,y. Let I =17, C A. By our choice of a; we have [Ay,) = fia'iA(fi). It
follows that I C (I] f{"") because the f; are prime elements of A. This proves that
Iz C Ip,ie., that D C Z. Moreover, we also see that D and Z agree at the &,
which proves the final assertion.

To see the final statements we argue as follows. A regular local ring is a UFD (More
on Algebra, Lemma hence it suffices to argue in the UFD case. In that case,
let D; be the irreducible components of Z which have codimension 1 in X. By
Lemma each D; is an effective Cartier divisor. O

Lemmal 15.9. Let Z C X be a closed subscheme of a Noetherian scheme. Assume

(1) Z has no embedded points,
(2) every irreducible component of Z has codimension 1 in X,
(3) every local ring Ox o, x € Z is a UFD or X is regular.

Then Z is an effective Cartier divisor.

Proof. Let D = > a;D; be as in Lemma where D; C Z are the irreducible
components of Z. If D — Z is not an isomorphism, then Oz — Op has a nonzero
kernel sitting in codimension > 2. This would mean that Z has embedded points,
which is forbidden by assumption (1). Hence D = Z as desired. O

Lemma 15.10. Let R be a Noetherian UFD. Let I C R be an ideal such that R/I
has no embedded primes and such that every minimal prime over I has height 1.

Then I = (f) for some f € R.
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Proof. By Lemma m the ideal sheaf I is invertible on Spec(R). By More on
Algebra, Lemma it is generated by a single element. O

Lemma 15.11. Let X be a Noetherian scheme. Let D C X be an effective Cartier
divisor. Assume that there exist integral effective Cartier divisors D; C X such that
D c UD; set theoretically. Then D = > a;D; for some a; > 0. The existence of
the D; is guaranteed if Ox 5 is a UFD for all x € D or if X is regular.

Proof. Choose a; as in Lemma and set D' = > a;D;. Then D' — D is an
inclusion of effective Cartier divisors which is an isomorphism away from codimen-
sion 2 on X. Pick x € X. Set A = Ox, and let f, f/ € A be the nonzerodivisor
generating the ideal of D, D’ in A. Then f = gf’ for some g € A. Moreover, for
every prime p of height <1 of A we see that g maps to a unit of A,. This implies
that ¢ is a unit because the minimal primes over (g) have height 1 (Algebra, Lemma

F.10). 0

Lemma 15.12. Let X be a Noetherian scheme which has an ample invertible
sheaf. Then every invertible Ox -module is isomorphic to

Ox(D — D) = Ox(D) ®o, Ox(D")**
for some effective Cartier divisors D, D’ in X.

Proof. Let z1,...,x, be the associated points of X (Lemma . Let £ be an
ample invertible sheaf. There exists an n > 0 and a section s € I'(X, £L®") such
that X, = Spec(A) is affine and such that z; € X, for i = 1,...,n (Properties,
Lemma . Let p1,...,pn C A be the prime ideals corresponding to x1, ..., Zy,.

Then N|x, corresponds to an invertible A-module N. Choose an element t € N,
t € p;N for all 5. Such an element exists. This is clear if n = 1. If n > 1 first
rearrange the primes such that p; ¢ p,, for all © < n. Then using induction choose
an element t € N with t & p, N for i < n. Then we are done if ¢ € p,,N. Otherwise,
pick ant' € N, t' € p,N and f; € p;, fi & pn. The element ¢ + f1fo... fr_1t’ will
be as desired.

By Properties, Lemma[17.2] we see that for some e > 0 the section s¢|yt extends to
a global section 7 of £L&¢ @ M. Thus both £%¢ @ N and £L®¢ are invertible sheaves
which have global sections which generate the stalks at the associated points of X.
Thus these are regular sections by Lemma m Hence £®¢ @ N = Ox (D) and
L€ = Ox(D') for some effective Cartier divisors, see Lemma [14.10} O

Lemma 15.13. Let X be an integral reqular scheme of dimension 2. Leti: D — X
be the immersion of an effective Cartier divisor. Let F — F' — 1,G — 0 be an
ezxact sequence of coherent Ox-modules. Assume

(1) F,F'" are locally free of rank v on a nonempty open of X,

(2) D is an integral scheme,

(3) G is a finite locally free Op-module of rank s.
Then £ = (AN"F)** and L = (AN"F')** are invertible Ox -modules and L' = L(kD)
for some k € {0,...,min(s,7)}.

Proof. The first statement follows from Lemma as assumption (1) implies
that £ and £’ have rank 1. Taking A" and double duals are functors, hence we
obtain a canonical map o : £ — £’ which is an isomorphism over the nonempty
open of (1), hence nonzero. To finish the proof, it suffices to see that o viewed as a
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global section of £’ ® £L2~! does not vanish at any codimension point of X, except
at the generic point of D and there with vanishing order at most min(s, ).

Translated into algebra, we arrive at the following problem: Let (A, m,x) be a
discrete valuation ring with fraction field K. Let M — M’ — N — 0 be an exact
sequence of finite A-modules with dimg (M ® K) = dimg (M’ ® K) = r and with
N = %5, Show that the induced map L = A"(M)** — L' = A"(M')** vanishes
to order at most min(s,r). We will use the structure theorem for modules over
A, see More on Algebra, Lemma [98.3] or Dividing out a finite A-module by
a torsion submodule does not change the double dual. Thus we may replace M
by M/M,ors and M’ by M’ /Im(M;ers — M') and assume that M is torsion free.
Then M — M’ is injective and M],,.. — N is injective. Hence we may replace M’
by M'/M/,., and N by N/M/,... Thus we reduce to the case where M and M’
are free of rank r and N = x®%. In this case o is the determinant of M — M’ and
vanishes to order s for example by Algebra, Lemma O

16. Complements of affine opens

In this section we discuss the result that the complement of an affine open in a
variety has pure codimension 1.

Lemma 16.1. Let (A,m) be a Noetherian local ring. The punctured spectrum
U = Spec(A) \ {m} of A is affine if and only if dim(A4) < 1.

Proof. If dim(A) = 0, then U is empty hence affine (equal to the spectrum of the
0 ring). If dim(A) = 1, then we can choose an element f € m not contained in
any of the finite number of minimal primes of A (Algebra, Lemmas and .
Then U = Spec(Ay) is affine.

The converse is more interesting. We will give a somewhat nonstandard proof and
discuss the standard argument in a remark below. Assume U = Spec(B) is affine.
Since affineness and dimension are not affecting by going to the reduction we may
replace A by the quotient by its ideal of nilpotent elements and assume A is reduced.
Set Q = B/A viewed as an A-module. The support of @ is {m} as A, = B, for all
nonmaximal primes p of A. We may assume dim(A4) > 1, hence as above we can
pick f € m not contained in any of the minimal ideals of A. Since A is reduced
this implies that f is a nonzerodivisor. In particular dim(A/fA) = dim(A) — 1, see
Algebra, Lemma Applying the snake lemma to multiplication by f on the
short exact sequence 0 - A — B — @@ — 0 we obtain

0—=Qfl > A/fA— B/fB—Q/fQ—0

where Q[f] = Ker(f : @ — @). This implies that Q[f] is a finite A-module. Since
the support of Q[f] is {m} we see | = length ,(Q[f]) < oo (Algebra, Lemma [61.3).

Set 1, = length 4 (Q[f"]). The exact sequence
0= QU QU L5 qlp

shows inductively that I,, < co and that {,, <1I,11. Considering the exact sequence

0= QU] = QU™ L QU — Q/fQ

and we see that the image of Q[f"] in Q/fQ has length l,, — 1,41 +1 < 1. Since Q =
UQ[f"] we find that the length of @/ fQ is at most [, i.e., bounded. Thus Q/fQ is
a finite A-module. Hence A/fA — B/ fB is a finite ring map, in particular induces
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a closed map on spectra (Algebra, Lemmas [35.22] and [40.6). On the other hand
Spec(B/fB) is the punctured spectrum of Spec(A/fA). This is a contradiction
unless Spec(B/fB) = () which means that dim(A/fA) = 0 as desired. O

Remark 16.2. If (A,m) is a Noetherian local normal domain of dimension > 2
and U is the punctured spectrum of A, then T'(U, Oy) = A. This algebraic version
of Hartog’s theorem follows from the fact that A = mheight(p):l A, we've seen in
Algebra, Lemma Thus in this case U cannot be affine (since it would force m
to be a point of U). This is often used as the starting point of the proof of Lemma
16.1} To reduce the case of a general Noetherian local ring to this case, we first
complete (to get a Nagata local ring), then replace A by A/q for a suitable minimal
prime, and then normalize. Each of these steps does not change the dimension
and we obtain a contradiction. You can skip the completion step, but then the
normalization in general is not a Noetherian domain. However, it is still a Krull
domain of the same dimension (this is proved using Krull-Akizuki) and one can
apply the same argument.

Remark| 16.3. It is not clear how to characterize the non-Noetherian local rings
(A,m) whose punctured spectrum is affine. Such a ring has a finitely generated
ideal I with m = /I. Of course if we can take I generated by 1 element, then
A has an affine puncture spectrum; this gives lots of non-Noetherian examples.
Conversely, it follows from the argument in the proof of Lemma that such a
ring cannot possess a nonzerodivisor f € m with H?(A/fA) =0 (so A cannot have
a regular sequence of length 2). Moreover, the same holds for any ring A’ which is
the target of a local homomorphism of local rings A — A’ such that m4 = vmA'.

Lemma 16.4. Let X be a locally Noetherian scheme. Let U C X be an open
subscheme such that the inclusion morphism U — X is affine. For every generic
point & of an irreducible component of X \U the local ring Ox ¢ has dimension < 1.
If U is dense or if £ is in the closure of U, then dim(Ox¢) = 1.

Proof. Since € is a generic point of X \ U, we see that
Ug =U xx SpeC(OX,g) - SpeC(OXé)

is the punctured spectrum of Ox ¢ (hint: use Schemes, Lemma . AsU —- X
is affine, we see that Us — Spec(Ox ) is affine (Morphisms, Lemma and
we conclude that U is affine. Hence dim(Ox¢) < 1 by Lemma If ¢ € U,
then there is a specialization n — £ where n € U (just take 7 a generic point of
an irreducible component of U which contains &; since U is locally Noetherian,
hence locally has finitely many irreducible components, we see that n € U). Then
n € Spec(Ox ¢) and we see that the dimension cannot be 0. O

Lemma 16.5. Let X be a separated locally Noetherian scheme. Let U C X be
an affine open. For every generic point & of an irreducible component of X \ U the
local ring Ox ¢ has dimension < 1. If U is dense or if £ is in the closure of U, then

dim((’)xf) =1.

Proof. This follows from Lemma because the morphism U — X is affine by
Morphisms, Lemma [11.11 (Il

The following lemma can sometimes be used to produce effective Cartier divisors.

IGD67, EGA 1V,
Corollaire 21.12.7]
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Lemma 16.6. Let X be a Noetherian separated scheme. Let U C X be a dense
affine open. If Ox y is a UFD for all x € X \ U, then there exists an effective
Cartier divisor D C X with U = X \ D.

Proof. Since X is Noetherian, the complement X \ U has finitely many irreducible
components D, ..., D, (Properties, Lemma applied to the reduced induced
subscheme structure on X \ U). Each D; C X has codimension 1 by Lemma m
(and Properties, Lemma . Thus D; is an effective Cartier divisor by Lemma
Hence we can take D = Dy + ...+ D,. O

17. Norms

Let # : X — Y be a finite morphism of schemes and let d > 1 be an integer. Let
us say there exists a norm of degree d for 7TE| if there exists a multiplicative map

Norm, : m.Ox — Oy

of sheaves such that

Norm

(1) the composition Oy i> 1.0x —==3 Oy equals g — g%, and

(2) if f € Ox (7~ 1V) is zero at x € 7~ 1(V), then Norm,(f) is zero at 7(x).
We observe that condition (1) forces 7 to be surjective. Since Norm, is multiplica-
tive it sends units to units hence, given y € Y, if f is a regular function on X defined
at but nonvanishing at any = € X with 7(z) = y, then Norm,(f) is defined and
does not vanish at y. This holds without requiring (2); in fact, the constructions
in this section will only require condition (1) and only certain vanishing properties
(which are used in particular in the proof of Lemma will require property (2).

Lemma 17.1. Let 7 : X — Y be a finite morphism of schemes. Let L be an
invertible Ox-module. Let y € Y. There exists an open neighbourhood V.CY of y
such that L]y is trivial.

Proof. Clearly we may assume Y and hence X affine. Since 7 is finite the fibre
7 1({y}) over y is finite. Since X is affine, we can pick s € T'(X, £) not vanishing
in any point of 7=({y}). Namely, we can pick a finite set E C X of closed points
such that every x € m~({y}) specializes to some point of E. For x € E denote
iz : * — X the closed immersion. Then £ — @y iz +i5L is a surjective map of
quasi-coherent Ox-modules, and hence the map

(X, L) — QBJCEE Lo /m L,

is surjective (as taking global sections is an exact functor on the category of quasi-
coherent O x-modules, see Schemes, Lemma. Thus we can find an s € T'(X, £)
not vanishing at any point specializing to a point of . Then X, C X is an open
neighbourhood of 7=!({y}). Since 7 is finite, hence closed, we conclude that there
is an open neighbourhood V' C Y of y whose inverse image is contained in X as
desired. O

zER

Lemma 17.2. Letm: X — Y be a finite morphism of schemes. If there exists a
norm of degree d for m, then there exists a homomorphism of abelian groups

Normy : Pic(X) — Pic(Y)
such that Norm,(7*N') = N®4 for all invertible Oy -modules N .

2This is nonstandard notation.
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Proof. We will use the correspondence between isomorphism classes of invertible
Ox-modules and elements of H!(X, O%) given in Cohomology, Lemmawithout
further mention. We explain how to take the norm of an invertible Ox-module L.
Namely, by Lemma there exists an open covering Y = [JV; such that £|7771Vj
is trivial. Choose a generating section s; € L£(m~'V;) for each j. On the overlaps
7V, N~V we can write
§j = U585
for a unique u;j;; € O% (7~'V; N7~'V;/). Thus we can consider the elements
vjjr = Normz (uj5) € Oy (V; N V)

These elements satisfy the cocycle condition (because the u;;; do and Norm, is
multiplicative) and therefore define an invertible Oy-module. We omit the verifica-
tion that: this is well defined, additive on Picard groups, and satisfies the property
Norm, (7*N') 2 N®4 for all invertible Oy-modules N. O

Lemma 17.3. Let 7 : X — Y be a finite morphism of schemes. Assume there
exists a norm of degree d for w. For any Ox-linear map ¢ : L — L' of invertible
Ox-modules there is an Oy -linear map

Normy(¢) : Norm.(L) — Norm, (L")
with Norm (L), Normx(L') as in Lemma[17.9 Moreover, for y € Y the following

are equivalent
(1) ¢ is zero at a point of x € X with w(z) =y, and
(2) Norm,(p) is zero at y.

Proof. We choose an open covering Y = |JV; such that £ and £’ are trivial over
the opens 7~'V;. This is possible by Lemma m Choose generating sections
sj and s} of £ and L' over the opens 7~ 'V;. Then ¢(s;) = f;s for some f; €
Ox (7~'V;). Define Norm, (¢) to be multiplication by Norm, (f;) on V;. An simple
calculation involving the cocycles used to construct Norm, (L), Norm, (L) in the
proof of Lemma shows that this defines a map as stated in the lemma. The
final statement follows from condition (2) in the definition of a norm map of degree

d. Some details omitted. O

Lemma 17.4. Let m: X — Y be a finite morphism of schemes. Assume X has
an ample invertible sheaf and there exists a norm of degree d for m. Then Y has
an ample invertible sheaf.

Proof. Let £ be the ample invertible sheaf on X given to us by assumption. We
will prove that ' = Norm,(£) is ample on Y.

Since X is quasi-compact (Properties, Definition and X — Y surjective (by
the existence of Norm, ) we see that Y is quasi-compact. Let y € Y be a point. To
finish the proof we will show that there exists a section ¢ of some positive tensor
power of N which does not vanish at y such that Y; is affine. To do this, choose an
affine open neighbourhood V C Y of . Choose n > 0 and a section s € I'(X, L&)
such that
m*{y) c X, cn v

by Properties, Lemma Then ¢ = Norm,(s) is a section of N'®™ which does
not vanish at = and with ¥; C V, see Lemma[I7.3] Then Y; is affine by Properties,
Lemma [26.41 O
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Lemmal 17.5. Let 7 : X — Y be a finite morphism of schemes. Assume X is
quasi-affine and there exists a norm of degree d for w. Then'Y is quasi-affine.

Proof. By Properties, Lemma we see that Ox is an ample invertible sheaf on
X. The proof of Lemma shows that Norm,(Ox) = Oy is an ample invertible
Oy-module. Hence Properties, Lemma shows that Y is quasi-affine. O

Lemma 17.6. Let m: X = Y be a finite locally free morphism of degree d > 1.
Then there exists a canonical norm of degree d whose formation commutes with
arbitrary base change.

Proof. Let V C Y be an affine open such that (m.Ox)|v is finite free of rank d.
Choosing a basis we obtain an isomorphism

0! = (1,0x)|v

For every f € m.Ox(V) = Ox (7~ 1(V)) multiplication by f defines a Oy -linear
endomorphism my of the displayed free vector bundle. Thus we get a d X d matrix
My € Mat(d x d, Oy (V)) and we can set

Norm, (f) = det(Mjy)

Since the determinant of a matrix is independent of the choice of the basis chosen
we see that this is well defined which also means that this construction will glue to
a global map as desired. Compatibility with base change is straightforward from
the construction.

Property (1) follows from the fact that the determinant of a d x d diagonal matrix
with entries g, g,...,g is g?. To see property (2) we may base change and assume
that Y is the spectrum of a field k. Then X = Spec(A) with A a k-algebra with
dimy (A) = d. If there exists an = € X such that f € A vanishes at z, then there
exists a map A — k into a field such that f maps to zero in k. Then f: A — A
cannot be surjective, hence det(f : A — A) = 0 as desired. O

Lemma 17.7. Let m : X — Y be a finite surjective morphism with X and Y
integral and Y normal. Then there exists a norm of degree [R(X) : R(Y')] for .

Proof. Let Spec(B) C Y be an affine open subset and let Spec(4) C X be its
inverse image. Then A and B are domains. Let K be the fraction field of A and L
the fraction field of B. Picture:

L——K

]

B——A

Since K/L is a finite extension, there is a norm map Normg 7, : K* — L* of degree
d = [K : LJ; this is given by mapping f € K to dety(f : K — K) as in the proof of
Lemma Observe that the characteristic polynomial of f : K — K is a power
of the minimal polynomial of f over L; in particular Normg,(f) is a power of
the constant coefficient of the minimal polynomial of f over L. Hence by Algebra,
Lemma Normpg,, maps A into B. This determines a compatible system of
maps on sections over affines and hence a global norm map Norm, of degree d.

Property (1) is immediate from the construction. To see property (2) let f € A be
contained in the prime ideal p C A. Let f™ + by f™ ! 4+ ... + b,, be the minimal
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polynomial of f over L. By Algebra, Lemma we have b; € B. Hence by € BNp.
Since Normp 1, (f) = bg’/ " (see above) we conclude that the norm vanishes in the
image point of p. (]

Lemma 17.8. Let X be a Noetherian scheme. Let p be a prime number such that
pOx = 0. Then for some e > 0 there exists a norm of degree p¢ for X,eq — X
where X cq 1s the reduction of X.

Proof. Let A be a Noetherian ring with pA = 0. Let I C A be the ideal of
nilpotent elements. Then I™ = 0 for some n (Algebra, Lemma [31.4). Pick e such
that p© > n. Then

AJT — A, fmodI—s f*°

is well defined. This produces a norm of degree p° for Spec(A/I) — Spec(A). Now
if X is obtained by glueing some affine schemes Spec(A4;) then for some e > 0 these
maps glue to a norm map for X,.q — X. Details omitted. O

Proposition| 17.9. Let f : X — Y be a finite surjective morphism of schemes.
Assume that X has an ample invertible Ox -module. If

(1) m is finite locally free, or

(2) Y is an integral normal scheme, or

(3) Y is Noetherian, pOy =0, and X = Y,eq,

then Y has an ample invertible Oy -module.

Proof. Case (1) follows from a combination of Lemmas [17.6 and [17.4] Case (3)
follows from a combination of Lemmas|17.8/and [17.4] In case (2) we first replace X
by an irreducible component of X which dominates Y (viewed as a reduced closed
subscheme of X). Then we can apply Lemma m O

Lemma 17.10. Let f : X — Y be a finite surjective morphism of schemes.
Assume that X is quasi-affine. If either

(1) m is finite locally free, or
(2) Y is an integral normal scheme

then'Y is quasi-affine.
Proof. Case (1) follows from a combination of Lemmas and In case (2)

we first replace X by an irreducible component of X which dominates Y (viewed
as a reduced closed subscheme of X). Then we can apply Lemma m (]

18. Relative effective Cartier divisors

The following lemma shows that an effective Cartier divisor which is flat over the
base is really a “family of effective Cartier divisors” over the base. For example the
restriction to any fibre is an effective Cartier divisor.

Lemmal 18.1. Let f: X — S be a morphism of schemes. Let D C X be a closed
subscheme. Assume

(1) D is an effective Cartier divisor, and
(2) D — S is a flat morphism.

Then for every morphism of schemes g : S" — S the pullback (¢') D is an effective
Cartier divisor on X' = 8" xg X where ¢’ : X' — X is the projection.
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Proof. Using Lemma[I3.2 we translate this as follows into algebra. Let A — B be
a ring map and h € B. Assume h is a nonzerodivisor and that B/hB is flat over
A. Then

0= B2 B— B/hB—0

is a short exact sequence of A-modules with B/hB flat over A. By Algebra, Lemma
38.12| this sequence remains exact on tensoring over A with any module, in partic-
ular with any A-algebra A’. d

This lemma is the motivation for the following definition.

Definition 18.2. Let f: X — S be a morphism of schemes. A relative effective
Cartier divisor on X/S is an effective Cartier divisor D C X such that D — Sis a
flat morphism of schemes.

We warn the reader that this may be nonstandard notation. In particular, in [DGG67,
IV, Section 21.15] the notion of a relative divisor is discussed only when X — S is
flat and locally of finite presentation. Our definition is a bit more general. However,
it turns out that if € D then X — S is flat at 2 in many cases (but not always).

Lemma 18.3. Let f : X — S be a morphism of schemes. If D1,Dy C X are
relative effective Cartier divisor on X/S then so is D1 + Do (Definition .

Proof. This translates into the following algebra fact: Let A — B be a ring map
and hq, ho € B. Assume the h; are nonzerodivisors and that B/h;B is flat over A.
Then hihsy is a nonzerodivisor and B/h1heB is flat over A. The reason is that we
have a short exact sequence

0— B/hlB — B/hlth — B/th — 0

where the first arrow is given by multiplication by he. Since the outer two are flat
modules over A, so is the middle one, see Algebra, Lemma [38.13 d

Lemmal 18.4. Let f : X — S be a morphism of schemes. If D1,Ds C X are
relative effective Cartier divisor on X/S and D1 C Dy as closed subschemes, then
the effective Cartier divisor D such that Do = Dy + D (Lemma is a relative
effective Cartier divisor on X/S.

Proof. This translates into the following algebra fact: Let A — B be a ring map
and hy, ho € B. Assume the h; are nonzerodivisors, that B/h;B is flat over A, and
that (h2) C (h1). Then we can write he = hh; where h € B is a nonzerodivisor.
We get a short exact sequence

0 — B/hB — B/haB — B/hyB — 0

where the first arrow is given by multiplication by ;. Since the right two are flat
modules over A, so is the middle one, see Algebra, Lemma [38.13 ]

Lemma 18.5. Let f: X — S be a morphism of schemes. Let D C X be a relative
effective Cartier divisor on X/S. If v € D and Ox 5 is Noetherian, then f is flat
at x.

Proof. Set A= Og f(,) and B = Ox ;. Let h € B be an element which generates
the ideal of D. Then h is a nonzerodivisor in B such that B/hB is a flat local
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A-algebra. Let I C A be a finitely generated ideal. Consider the commutative
diagram

0 If ) T B/hB——0

0—>B@sl—">B®s]——>B/hB,1—>0

The lower sequence is short exact as B/hB is flat over A, see Algebra, Lemma
The right vertical arrow is injective as B/hB is flat over A, see Algebra,
Lemma [38.5] Hence multiplication by h is surjective on the kernel K of the middle
vertical arrow. By Nakayama’s lemma, see Algebra, Lemma we conclude that
K = 0. Hence B is flat over A, see Algebra, Lemma [38.5 [

The following lemma relies on the algebraic version of openness of the flat locus.
The scheme theoretic version can be found in More on Morphisms, Section

Lemmal 18.6. Let f : X — S be a morphism of schemes. Let D C X be a relative
effective Cartier divisor. If f is locally of finite presentation, then there exists an
open subscheme U C X such that D C U and such that fly : U — S is flat.

Proof. Pick z € D. It suffices to find an open neighbourhood U C X of x such
that f|y is flat. Hence the lemma reduces to the case that X = Spec(B) and
S = Spec(A) are affine and that D is given by a nonzerodivisor h € B. By
assumption B is a finitely presented A-algebra and B/hB is a flat A-algebra. We
are going to use absolute Noetherian approximation.

Write B = Ax1,...,2,]/(g1,--.,gm). Assume h is the image of i/ € A[xy,...,z,].
Choose a finite type Z-subalgebra Ay C A such that all the coefficients of the poly-
nomials b’ g1, ..., gm are in Ag. Then we can set By = Aglx1,...,2n]/(91,- s Gm)
and hg the image of ' in By. Then B = By ® 4, A and B/hB = By/hoBy ®4, A.
By Algebra, Lemma we may, after enlarging Ao, assume that By/hoBy is flat
over Ag. Let Ky = Ker(hg : By — Bp). As By is of finite type over Z we see
that Ky is a finitely generated ideal. Let A; C A be a finite type Z-subalgebra
containing Ag and denote By, hy, K7 the corresponding objects over A;. By More
on Algebra, Lemma the map Ky ®4, 41 — K is surjective. On the other
hand, the kernel of h : B — B is zero by assumption. Hence every element of
Ko maps to zero in K; for sufficiently large subrings 4; C A. Since K| is finitely
generated, we conclude that K7 = 0 for a suitable choice of A;.

Set f1: X1 — S1 equal to Spec of the ring map A; — B;. Set D1 = Spec(B;/h1By).
Since B = By ®4, A, ie., X = X1 xg, 5, it now suffices to prove the lemma for
X, — 51 and the relative effective Cartier divisor D1, see Morphisms, Lemma [24.6
Hence we have reduced to the case where A is a Noetherian ring. In this case
we know that the ring map A — B is flat at every prime q of V(h) by Lemma
[I85] Combined with the fact that the flat locus is open in this case, see Algebra,
Theorem [[28.4] we win. O

There is also the following lemma (whose idea is apparently due to Michael Artin,
see [Nob77]) which needs no finiteness assumptions at all.

Lemmal 18.7. Let f : X — S be a morphism of schemes. Let D C X be a relative
effective Cartier divisor on X/S. If f is flat at all points of X \ D, then f is flat.
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Proof. This translates into the following algebra fact: Let A — B be a ring map
and h € B. Assume h is a nonzerodivisor, that B/hB is flat over A, and that the
localization By, is flat over A. Then B is flat over A. The reason is that we have a
short exact sequence

0 - B — By, — colim,(1/h")B/B — 0

and that the second and third terms are flat over A, which implies that B is flat over
A (see Algebra, Lemma [38.13). Note that a filtered colimit of flat modules is flat
(see Algebra, Lemma[38.3)) and that by induction on n each (1/h")B/B = B/h"B
is flat over A since it fits into the short exact sequence

0— B/h"'B 2 B/h"B — B/hB — 0
Some details omitted. [l

Example| 18.8. Here is an example of a relative effective Cartier divisor D where
the ambient scheme is not flat in a neighbourhood of D. Namely, let A = k[t] and

B = k[t,z,y,x 'y, %y, .. ]/ (ty, to" Ly, te 2y, . .)

Then B is not flat over A but B/xB = A is flat over A. Moreover z is a nonzerodi-
visor and hence defines a relative effective Cartier divisor in Spec(B) over Spec(A).

If the ambient scheme is flat and locally of finite presentation over the base, then
we can characterize a relative effective Cartier divisor in terms of its fibres. See
also More on Morphisms, Lemma for a slightly different take on this lemma.

Lemmal 18.9. Let ¢ : X — S be a flat morphism which is locally of finite presen-
tation. Let Z C X be a closed subscheme. Let x € Z with image s € S.

(1) If Zs € X is a Cartier divisor in a neighbourhood of x, then there exists
an open U C X and a relative effective Cartier divisor D C U such that
ZNUCD and Z;NU = Dy.

(2) If Zs C X5 is a Cartier dwisor in a neighbourhood of x, the morphism
Z — X is of finite presentation, and Z — S is flat at z, then we can
choose U and D such that ZNU = D.

(3) If Z; C X, is a Cartier divisor in a neighbourhood of x and Z is a locally
principal closed subscheme of X in a neighbourhood of x, then we can choose
U and D such that ZNU = D.

In particular, if Z — S is locally of finite presentation and flat and all fibres
Zs C Xs are effective Cartier divisors, then Z is a relative effective Cartier divisor.
Similarly, if Z is a locally principal closed subscheme of X such that all fibres
Zs C X are effective Cartier divisors, then Z is a relative effective Cartier divisor.

Proof. Choose affine open neighbourhoods Spec(A) of s and Spec(B) of x such
that ¢(Spec(B)) C Spec(A). Let p C A be the prime ideal corresponding to s. Let
q C B be the prime ideal corresponding to z. Let I C B be the ideal corresponding
to Z. By the initial assumption of the lemma we know that A — B is flat and of
finite presentation. The assumption in (1) means that, after shrinking Spec(B), we
may assume I (B® 4 k(p)) is generated by a single element which is a nonzerodivisor
in B®a k(p). Say f € I maps to this generator. We claim that after inverting
an element g € B, g ¢ q the closed subscheme D = V(f) C Spec(By) is a relative
effective Cartier divisor.
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By Algebra, Lemma [162.1] we can find a flat finite type ring map Ag — By of
Noetherian rings, an element fy € By, a ring map Ay — A and an isomorphism
A®a, Bo = B. If pg = Ag N'p then we see that

B ®a k(p) = (Bo ®4, £(Po)) @x(po)) K(P)

hence fy is a nonzerodivisor in By ® 4, k(po). By Algebra, Lemma we see
that fo is a nonzerodivisor in (By)q, where qo = By N q and that (Bo/foBo)q, is
flat over Ay. Hence by Algebra, Lemma and Algebra, Theorem there
exists a go € By, go & qo such that fy is a nonzerodivisor in (By),, and such that
(Bo/ foBo)g, is flat over Ay. Hence we see that Dy = V(fy) C Spec((Bo)g,) is
a relative effective Cartier divisor. Since we know that this property is preserved
under base change, see Lemma we obtain the claim mentioned above with g
equal to the image of go in B.

At this point we have proved (1). To see (2) consider the closed immersion Z — D.
The surjective ring map u : Op , = Oz, is a map of flat local Og s-algebras which
are essentially of finite presentation, and which becomes an isomorphisms after
dividing by mg. Hence it is an isomorphism, see Algebra, Lemma It follows
that Z — D is an isomorphism in a neighbourhood of z, see Algebra, Lemma
To see (3), after possibly shrinking U we may assume that the ideal of D
is generated by a single nonzerodivisor f and the ideal of Z is generated by an
element g. Then f = gh. But g|y, and f|y, cut out the same effective Cartier
divisor in a neighbourhood of x. Hence h|x, is a unit in Ox_ ,, hence h is a unit
in Ox , hence h is a unit in an open neighbourhood of z. Le., ZNU = D after
shrinking U.

The final statements of the lemma follow immediately from parts (2) and (3),
combined with the fact that Z — S is locally of finite presentation if and only if
Z — X is of finite presentation, see Morphisms, Lemmas and [20.11 O

19. The normal cone of an immersion

Let i : Z — X be a closed immersion. Let Z C Ox be the corresponding quasi-
coherent sheaf of ideals. Consider the quasi-coherent sheaf of graded Ox-algebras
@D, Z" /It . Since the sheaves Z"/Z""! are each annihilated by Z this graded
algebra corresponds to a quasi-coherent sheaf of graded O z-algebras by Morphisms,
Lemma [£.1] This quasi-coherent graded Oz-algebra is called the conormal algebra
of Z in X and is often simply denoted @,,,Z"/Z""" by the abuse of notation
mentioned in Morphisms, Section [ a

Let f : Z — X be an immersion. We define the conormal algebra of f as the
conormal sheaf of the closed immersion i : Z — X \ 0Z, where 0Z = Z \ Z. It is
often denoted @,,+,Z"/Z""" where T is the ideal sheaf of the closed immersion
i:Z—X\0Z.

Definition 19.1. Let f:Z — X be an immersion. The conormal algebra Cz,x .
of Z in X or the conormal algebra of f is the quasi-coherent sheaf of graded Oyz-
algebras @0,,-, Z"/Z""* described above.

Thus Cz,x1 = Cz/x is the conormal sheaf of the immersion. Also Cz,x 0 = Oz
and Cz/x,, is a quasi-coherent Oz-module characterized by the property

(19.1.1) isCz/xn =I"/T"
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where i : Z — X \ 0Z and 7T is the ideal sheaf of i as above. Finally, note that
there is a canonical surjective map

(1912) Sym*(CZ/X) _>CZ/X7*
of quasi-coherent graded Oz-algebras which is an isomorphism in degrees 0 and 1.

Lemmal 19.2. Leti: Z — X be an tmmersion. The conormal algebra of i has
the following properties:

(1) Let U C X be any open such that i(Z) is a closed subset of U. Let T C Oy
be the sheaf of ideals corresponding to the closed subscheme i(Z) C U. Then

Cayxon =i (@HZOI”) =i (@nzo I"/I"“)

(2) For any affine open Spec(R) = U C X such that ZNU = Spec(R/I) there
is a canonical isomorphism T(Z NU,Cz/x,4) = @,o 1"/ 1"

Proof. Mostly clear from the definitions. Note that given a ring R and an ideal I

of R we have I"/I""! = I" @ R/I. Details omitted. O
Lemmal 19.3. Let
Z — X
|, b
7 X

be a commutative diagram in the category of schemes. Assume i, i immersions.
There is a canonical map of graded Oz-algebras

f*CZ’/X’,* — CZ/X,*
characterized by the following property: For every pair of affine opens (Spec(R) =
U C X,Spec(R') =U" C X') with f(U) C U such that ZNU = Spec(R/I) and
Z'NU' = Spec(R'/T") the induced map

N(Z'NU',Czyx ) =PI /) — @nzo "/ I =T(ZNU,Cy)x..)
is the one induced by the ring map f*: R' — R which has the property f*(I') C I.

Proof. Let 02’ = Z'\ Z' and 0Z = Z \ Z. These are closed subsets of X’ and of
X. Replacing X’ by X'\ 0Z’ and X by X \ (¢7*(0Z') UOZ) we see that we may
assume that ¢ and i’ are closed immersions.

U

The fact that g o4 factors through ¢’ implies that ¢*Z’ maps into Z under the
canonical map ¢g*Z' — Ox, see Schemes, Lemmas and Hence we get an
induced map of quasi-coherent sheaves g*((Z')"/(Z")" ') — Z"/Z"*+!. Pulling back
by i gives i*g*((Z')"/(Z')"*t!) — i*(Z"/Z™+!). Note that i*(Z"/Z""") = Cz/x -
On the other hand, i*g*((Z')"/(T)™1) = F*(@)"(T)"/(T')™*1) = [*Car/xrm:
This gives the desired map.

Checking that the map is locally described as the given map (I')"/(I')"*! —
I"/I"*1 is a matter of unwinding the definitions and is omitted. Another ob-
servation is that given any x € i(Z) there do exist affine open neighbourhoods U,
U' with f(U) C U and ZNU as well as U' N Z’ closed such that x € U. Proof
omitted. Hence the requirement of the lemma indeed characterizes the map (and
could have been used to define it). ]
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Lemma 19.4. Let

1
oLl
VA i’ X!
be a fibre product diagram in the category of schemes with i, i’ immersions. Then
the canonical map f*Czi/x:« — Cz/x .« of Lemma[19.3 is surjective. If g is flat,
then it is an isomorphism.

Proof. Let R — R be a ring map, and I’ C R’ an ideal. Set I = I'R. Then
(I /(I M @p R — I" /1" is surjective. If R’ — Ris flat, then I" = (I")"®@p R
and we see the map is an isomorphism. [l

Definition| 19.5. Let ¢ : Z — X be an immersion of schemes. The normal cone
CzX of Zin X is
CzX = Spec,(Cz/x «)
see Constructions, Definitions [7.1] and The normal bundle of Z in X is the
vector bundle
NzX = MZ(SYIH(CZ/X))
see Constructions, Definitions [6.1] and

Thus CzX — Z is a cone over Z and NzX — Z is a vector bundle over Z (recall
that in our terminology this does not imply that the conormal sheaf is a finite
locally free sheaf). Moreover, the canonical surjection of graded algebras
defines a canonical closed immersion

(1951) CzX — NzX

of cones over Z.

20. Regular ideal sheaves

In this section we generalize the notion of an effective Cartier divisor to higher codi-
mension. Recall that a sequence of elements fi,..., f, of a ring R is a regular se-
quence if for each i = 1,...,r the element f; is a nonzerodivisor on R/(f1,..., fi—1)
and R/(f1,...,fr) # 0, see Algebra, Definition There are three closely re-
lated weaker conditions that we can impose. The first is to assume that f1,..., f,
is a Koszul-reqular sequence, i.e., that H;(Ke(f1,...,fr)) = 0 for ¢ > 0, see
More on Algebra, Definition 27.1] The sequence is called an H;-reqular sequence
if Hi(Ke(f1,.-.,fr)) = 0. Another condition we can impose is that with J =

(f1,--., fr), the map
R/J(Ty, ..., T.] — €D A

which maps T} to f; mod J? is an isomorphism. In this case we say that f1,..., f»
is a quasi-reqular sequence, see Algebra, Definition Given an R-module M
there is also a notion of M-regular and M-quasi-regular sequence.

We can generalize this to the case of ringed spaces as follows. Let X be a ringed
space and let f1,..., [ € T(X,0x). We say that f1,..., f. is a reqular sequence if
for each 1 =1,...,r the map

(20.0.1) fi:Ox/(f1,-- s fic1) — Ox/(f1,- .-, fic1)
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is an injective map of sheaves. We say that fi,..., f, is a Koszul-regular sequence
if the Koszul complex
(20.0.2) K.(Ox, fo),

see Modules, Definition 21.2] is acyclic in degrees > 0. We say that fi,..., f- is a
Hi -regular sequence if the Koszul complex Ko(Ox, fo) is exact in degree 1. Finally,
we say that fi,..., f, is a quasi-reqular sequence if the map

(20.0.3) Ox/JTh,....T,] — @ _ T/T"

is an isomorphism of sheaves where J C Ox is the sheaf of ideals generated by
fis---, fro (There is also a notion of F-regular and F-quasi-regular sequence for a
given Ox-module F which we will introduce here if we ever need it.)

Lemma 20.1. Let X be a ringed space. Let f1,...,f. € I'(X,0x). We have
the following implications f1,..., fr is a reqular sequence = f1,..., fr is a Koszul-
reqular sequence = f1,..., fr is an Hi-reqular sequence = f1,..., fr is a quasi-
reqular sequence.

Proof. Since we may check exactness at stalks, a sequence f1,..., f. is a regular
sequence if and only if the maps

fi i Oxo/(f1s-- s fic1) — Oxo/(f1,- .-, fim1)

are injective for all x € X. In other words, the image of the sequence fi,..., f, in
the ring Ox , is a regular sequence for all x € X. The other types of regularity can
be checked stalkwise as well (details omitted). Hence the implications follow from
More on Algebra, Lemmas [27.2] 27.3] and 27.6] O

Definition 20.2. Let X be a ringed space. Let J C Ox be a sheaf of ideals.

(1) We say J is regular if for every € Supp(Ox/J) there exists an open
neighbourhood z € U C X and a regular sequence fi,...,f. € Ox(U)
such that J|y is generated by f1,..., fi.

(2) We say J is Koszul-regular if for every & € Supp(Ox/J) there exists an
open neighbourhood z € U C X and a Koszul-regular sequence fi,..., f. €
Ox (U) such that J|y is generated by fi,..., fr.

(3) We say J is Hy-regular if for every x € Supp(Ox/J) there exists an open
neighbourhood z € U C X and a Hj-regular sequence f1,..., f. € Ox(U)
such that J|y is generated by f1,..., fi.

(4) We say J is quasi-regular if for every x € Supp(Ox/J) there exists an
open neighbourhood x € U C X and a quasi-regular sequence fi,..., f, €
Ox (U) such that J|y is generated by f1,..., fi.

Many properties of this notion immediately follow from the corresponding notions
for regular and quasi-regular sequences in rings.

Lemma 20.3. Let X be a ringed space. Let J be a sheaf of ideals. We have the
following implications: J is regular = J is Koszul-reqular = J is Hy-reqular =
J is quasi-regular.

Proof. The lemma immediately reduces to Lemma [20.1 (I

Lemmal 20.4. Let X be a locally ringed space. Let J C Ox be a sheaf of ideals.
Then J is quasi-reqular if and only if the following conditions are satisfied:
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(1) J is an Ox-module of finite type,
(2) J/J? is a finite locally free Ox | J-module, and
(3) the canonical maps

Sym ) 7(T)T?) — T/ T
are isomorphisms for all n > 0.

Proof. It is clear that if U C X is an open such that J|y is generated by a
quasi-regular sequence f1,..., f. € Ox(U) then J|y is of finite type, J|v/JT?|v is
free with basis f1,..., f», and the maps in (3) are isomorphisms because they are
coordinate free formulation of the degree n part of . Hence it is clear that
being quasi-regular implies conditions (1), (2), and (3).

Conversely, suppose that (1), (2), and (3) hold. Pick a point z € Supp(Ox/J).
Then there exists a neighbourhood U C X of x such that J|y/J?|v is free of rank
r over Oy /J|uy. After possibly shrinking U we may assume there exist fi,..., f. €
J(U) which map to a basis of J|y/J?|v as an Op/J|y-module. In particular
we see that the images of fi,...,f. in J,/J? generate. Hence by Nakayama’s
lemma (Algebra, Lemma we see that f1,..., f. generate the stalk 7,. Hence,
since J is of finite type, by Modules, Lemma [9.4] after shrinking U we may assume
that fi,..., f. generate J. Finally, from (3) and the isomorphism 7|y /J%|y =
@B Ou/T|u fi it is clear that fi,..., fr € Ox(U) is a quasi-regular sequence. O

067N Lemma 20.5. Let (X,0Ox) be a locally ringed space. Let J C Ox be a sheaf of
ideals. Let x € X and fi,..., fr € T whose images give a basis for the k(x)-vector
space Ty /myTy.
(1) If J is quasi-reqular, then there exists an open neighbourhood such that
fis--os fr € Ox(U) form a quasi-regular sequence generating J |y .
(2) If J is Hy-regular, then there exists an open neighbourhood such that fi, ..., f, €
Ox(U) form an Hi-regular sequence generating J |y .
(3) If J is Koszul-reqular, then there exists an open neighbourhood such that
fis-ooy [r € Ox(U) form an Koszul-reqular sequence generating J|u .

Proof. First assume that J is quasi-regular. We may choose an open neighbour-
hood U C X of x and a quasi-regular sequence g1, ...,gs € Ox(U) which gen-
erates J|y. Note that this implies that J/J? is free of rank s over Oy /J|u
(see Lemma and its proof) and hence r = s. We may shrink U and assume
fiyooo, fr € J(U). Thus we may write

fi= Z @ij9;

for some a;; € Ox (U). By assumption the matrix A = (a;;) maps to an invertible
matrix over x(z). Hence, after shrinking U once more, we may assume that (a;;)
is invertible. Thus we see that fi,..., f, give a basis for (J/J?)|y which proves
that f1,..., fr is a quasi-regular sequence over U.

Note that in order to prove (2) and (3) we may, because the assumptions of (2) and
(3) are stronger than the assumption in (1), already assume that f1,..., f, € J(U)

and f; = ) a;jg; with (a;;) invertible as above, where now g1, ..., g, is a Hi-regular
or Koszul-regular sequence. Since the Koszul complex on f1, ..., f. is isomorphic to
the Koszul complex on g1, . .., g, via the matrix (a;;) (see More on Algebra, Lemma

26.4) we conclude that f1,..., f. is Hi-regular or Koszul-regular as desired. O
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Lemmal 20.6. Any regular, Koszul-regular, Hy-reqular, or quasi-reqular sheaf of
ideals on a scheme is a finite type quasi-coherent sheaf of ideals.

Proof. This follows as such a sheaf of ideals is locally generated by finitely many
sections. And any sheaf of ideals locally generated by sections on a scheme is
quasi-coherent, see Schemes, Lemma [10.1 O

Lemma 20.7. Let X be a scheme. Let J be a sheaf of ideals. Then J is reg-
ular (resp. Koszul-reqular, Hi-regular, quasi-regular) if and only if for every x €
Supp(Ox /| T) there exists an affine open neighbourhood x € U C X, U = Spec(A)
such that J|y = I and such that I is generated by a reqular (resp. Koszul-regular,
Hi-regular, quasi-regular) sequence f1,..., fr € A.

Proof. By assumption we can find an open neighbourhood U of = over which J
is generated by a regular (resp. Koszul-regular, H;-regular, quasi-regular) sequence
fis-ooy fr € Ox(U). After shrinking U we may assume that U is affine, say U =
Spec(A). Since J is quasi-coherent by Lemma we see that J|y = I for some
ideal I C A. Now we can use the fact that

“:Modg — QCoh(Oy)

is an equivalence of categories which preserves exactness. For example the fact
that the functions f; generate J means that the f;, seen as elements of A generate
I. The fact that is injective (resp. is exact, is exact in
degree 1, is an isomorphism) implies the corresponding property of the
map A/(f1,..., fi—1) = A/(f1,..., fi—1) (resp. the complex Ko(A, f1,..., fr), the
map A/I[Ty,...,T.] = @ I"/I" ). Thus f1,..., f- € Ais aregular (resp. Koszul-
regular, Hi-regular, quasi-regular) sequence of the ring A. O

Lemma 20.8. Let X be a locally Noetherian scheme. Let J C Ox be a quasi-
coherent sheaf of ideals. Let x be a point of the support of Ox/J. The following
are equivalent

(1) Tz is generated by a regular sequence in Ox ,,

) Ju is generated by a Koszul-reqular sequence in Ox .,

) Ju is generated by an Hi-regular sequence in Ox ,,

) Tz is generated by a quasi-regular sequence in Ox 4,

) there ezists an affine neighbourhood U = Spec(A) of © such that J|y = I

and I is generated by a reqular sequence in A, and N

(6) there exists an affine neighbourhood U = Spec(A) of x such that J|y = I
and I is generated by a Koszul-reqular sequence in A, and

(7) there exists an affine neighbourhood U = Spec(A) of @ such that J|y = T
and I is generated by an Hy-reqular sequence in A, and N

(8) there exists an affine neighbourhood U = Spec(A) of x such that J|y = I
and I is generated by a quasi-regular sequence in A,

(9) there exists a neighbourhood U of x such that J|u is regular, and

(10) there exists a neighbourhood U of x such that J|y is Koszul-regular, and

(11) there exists a neighbourhood U of x such that J |y is Hi-regular, and

(12) there exists a neighbourhood U of x such that J|y is quasi-reqular.

In particular, on a locally Noetherian scheme the notions of reqular, Koszul-reqular,
Hy-regular, or quasi-regular ideal sheaf all agree.
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Proof. It follows from Lemma [20.7] that (5) < (9), (6) < (10), (7) < (11), and
(8) & (12). It is clear that (5) = (1), (6) = (2), (7) = (3), and (8) = (4). We
have (1) = (5) by Algebra, Lemma [67.6] We have (9) = (10) = (11) = (12) by
Lemma [20.3] Finally, (4) = (1) by Algebra Lemma [68.6] Now all 12 statements
are equivalent. O

21. Regular immersions

Let i : Z — X be an immersion of schemes. By definition this means there exists
an open subscheme U C X such that Z is identified with a closed subscheme of U.
Let Z C Oy be the corresponding quasi-coherent sheaf of ideals. Suppose U’ C X
is a second such open subscheme, and denote Z' C Oy the corresponding quasi-
coherent sheaf of ideals. Then Z|yny = Z'|unus. Moreover, the support of Oy /T
is Z which is contained in UNU’ and is also the support of Oy /Z’. Hence it follows
from Definition that Z is a regular ideal if and only if 7’ is a regular ideal.
Similarly for being Koszul-regular, H;-regular, or quasi-regular.

Definition 21.1. Let ¢ : Z — X be an immersion of schemes. Choose an open
subscheme U C X such that ¢ identifies Z with a closed subscheme of U and denote
I C Oy the corresponding quasi-coherent sheaf of ideals.

(1) We say i is a regular immersion if T is regular.

(2) We say i is a Koszul-regular immersion if Z is Koszul-regular.

(3) We say i is a Hy-regular immersion if T is H;-regular.

(4) We say i is a quasi-reqular immersion if Z is quasi-regular.

The discussion above shows that this is independent of the choice of U. The condi-
tions are listed in decreasing order of strength, see Lemma [21.2} A Koszul-regular
closed immersion is smooth locally a regular immersion, see Lemma 2111} In the
locally Noetherian case all four notions agree, see Lemma [20.8

Lemma 21.2. Leti: Z — X be an immersion of schemes. We have the following
implications: i is reqular = 1 is Koszul-reqular = i is Hy-regular = i is quasi-
regular.

Proof. The lemma immediately reduces to Lemma [20.3 [

Lemmal 21.3. Leti: Z — X be an immersion of schemes. Assume X is locally
Noetherian. Then i is reqular < i s Koszul-reqular < ¢ is Hy-reqular < 1 is
quasi-reqular.

Proof. Follows immediately from Lemma and Lemma [20.8 O

Lemma 21.4. Leti : Z — X be a regular (resp. Koszul-regular, Hy-regular,
quasi-regular) immersion. Let X' — X be a flat morphism. Then the base change
i Z xx X' = X' is a reqular (resp. Koszul-regular, Hy-regular, quasi-regular)
1MMErsion.

Proof. Via Lemma [20.7] this translates into the algebraic statements in Algebra,
Lemmas and and More on Algebra, Lemma O

Lemma 21.5. Leti: Z — X be an immersion of schemes. Then i is a quasi-
regular tmmersion if and only if the following conditions are satisfied

(1) @ is locally of finite presentation,

(2) the conormal sheaf Cz/x is finite locally free, and
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(3) the map is an isomorphism.

Proof. An open immersion is locally of finite presentation. Hence we may replace
X by an open subscheme U C X such that ¢ identifies Z with a closed subscheme
of U, i.e., we may assume that ¢ is a closed immersion. Let Z C Ox be the
corresponding quasi-coherent sheaf of ideals. Recall, see Morphisms, Lemma
that Z is of finite type if and only if ¢ is locally of finite presentation. Hence the
equivalence follows from Lemma and unwinding the definitions. O

Lemma 21.6. Let Z — Y — X be immersions of schemes. Assume that Z —'Y
1s Hy-regular. Then the canonical sequence of Morphisms, Lemma |30.

0— i*Cy/X — CZ/X — Cz/y — 0
is exact and locally split.

Proof. Since Cz,y is finite locally free (see Lemmaand Lemma it suffices
to prove that the sequence is exact. By what was proven in Morphisms, Lemma|30.5
it suffices to show that the first map is injective. Working affine locally this reduces
to the following question: Suppose that we have a ring A and ideals I C J C A.
Assume that J/I C A/I is generated by an Hj-regular sequence. Does this imply
that I/1? ®4 A/J — J/J? is injective? Note that I/I? ®4 A/J = I/1J. Hence
we are trying to prove that I N .J? = I.J. This is the result of More on Algebra,
Lemma O

A composition of quasi-regular immersions may not be quasi-regular, see Algebra,
Remark The other types of regular immersions are preserved under composi-
tion.

Lemmal 21.7. Leti:Z —Y and j:Y — X be immersions of schemes.
(1) If i and j are regular immersions, so is j o 1.
(2) Ifi and j are Koszul-regular immersions, so is j o .
(3) Ifi and j are Hy-regular immersions, so is j o 1.
(4) If i is an Hy-regular immersion and j is a quasi-regular immersion, then
j ot is a quasi-reqular immersion.

Proof. The algebraic version of (1) is Algebra, Lemma The algebraic version
of (2) is More on Algebra, Lemma [27.13] The algebraic version of (3) is More on
Algebra, Lemma [27.11] The algebraic version of (4) is More on Algebra, Lemma
2710 O

Lemma 21.8. Leti:Z —Y and j:Y — X be immersions of schemes. Assume
that the sequence
0— i*Cy/X — CZ/X — CZ/Y —0
of Morphisms, Lemma[30.5 is ezact and locally split.
(1) If j oi is a quasi-regular immersion, so is 1.
(2) If joi is a Hy-regular immersion, so is i.
(3) If both j and j oi are Koszul-regular immersions, o s i.

Proof. After shrinking Y and X we may assume that 7 and j are closed immersions.
Denote T C Ox the ideal sheafof Y and J C Ox the ideal sheaf of Z. The conormal
sequence is 0 > Z/ZJ — J/J* = T/(Z + J?) — 0. Let 2 € Z and set y = i(z),
x = j(y) = j(i(2)). Choose fi,...,fn € Z, which map to a basis of Z,/m.Z,.
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Extend this to f1,..., fn,91,- -+, 9m € Jr which map to a basis of J,/m,J,. This
is possible as we have assumed that the sequence of conormal sheaves is split in a
neighbourhood of z, hence Z, /m,Z, — J,/m,J. is injective.

Proof of (1). By Lemmawe can find an affine open neighbourhood U of x such
that f1,..., fn,91,...,9m forms a quasi-regular sequence generating 7. Hence by
Algebra, Lemma [68.5| we see that g1,..., g, induces a quasi-regular sequence on
Y NU cutting out Z.

Proof of (2). Exactly the same as the proof of (1) except using More on Algebra,
Lemma P7.12

Proof of (3). By Lemma [20.5] (applied twice) we can find an affine open neigh-
bourhood U of z such that fi,..., f, forms a Koszul-regular sequence generating
Z and f1,..., fn,91,...,9m forms a Koszul-regular sequence generating 7. Hence
by More on Algebra, Lemma we see that g1, ..., g, induces a Koszul-regular
sequence on Y N U cutting out Z. [

Lemma 21.9. Leti: Z — Y and j:Y — X be immersions of schemes. Pick
z € Z and denote y € Y, x € X the corresponding points. Assume X is locally
Noetherian. The following are equivalent

(1) @ is a regular immersion in a neighbourhood of z and j is a regular immer-
sion in a neighbourhood of vy,

(2) ¢ and j oi are reqular immersions in a neighbourhood of z,

(3) joi is a regqular immersion in a neighbourhood of z and the conormal
sequence

0— Z*Cy/X — CZ/X — Cz/y —0

1s split exact in a neighbourhood of z.

Proof. Since X (and hence Y') is locally Noetherian all 4 types of regular immer-
sions agree, and moreover we may check whether a morphism is a regular immersion
on the level of local rings, see Lemma The implication (1) = (2) is Lemma
The implication (2) = (3) is Lemma Thus it suffices to prove that (3)
implies (1).

Assume (3). Set A = Ox,. Denote I C A the kernel of the surjective map
Ox . — Oy, and denote J C A the kernel of the surjective map Ox , — Oz ..
Note that any minimal sequence of elements generating J in A is a quasi-regular
hence regular sequence, see Lemma [20.5] By assumption the conormal sequence

0—=I/IJ— J/J* = J/(I+J*) =0

is split exact as a sequence of A/J-modules. Hence we can pick a minimal system
of generators fi,..., fn,91,-..,9m of J with fi,..., f, € I a minimal system of
generators of I. As pointed out above f1,..., fn,91,...,9m 1S a regular sequence
in A. It follows directly from the definition of a regular sequence that fi,..., f, is
a regular sequence in A and gy,...,7,, is a regular sequence in A/I. Thus j is a
regular immersion at y and 7 is a regular immersion at z. O

Remark 21.10. In the situation of Lemma parts (1), (2), (3) are not

equivalent to “j o4 and j are regular immersions at z and y”. An example is

X = A} = Spec(k[z]), Y = Spec(k[z]/(2?)) and Z = Spec(k[z]/(x)).
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Lemma 21.11. Let i : Z — X be a Koszul reqular closed immersion. Then
there exists a surjective smooth morphism X' — X such that the base change i’ :
Z xx X' — X' of i is a regular immersion.

Proof. We may assume that X is affine and the ideal of Z generated by a Koszul-
regular sequence by replacing X by the members of a suitable affine open covering
(affine opens as in Lemma [20.7). The affine case is More on Algebra, Lemma
2717 O

22. Relative regular immersions

In this section we consider the base change property for regular immersions. The
following lemma does not hold for regular immersions or for Koszul immersions,
see Examples, Lemma |13.2

Lemma 22.1. Let f: X — S be a morphism of schemes. Leti: Z C X be an
immersion. Assume

(1) 4 is an Hy-regular (resp. quasi-regular) immersion, and

(2) Z — S is a flat morphism.
Then for every morphism of schemes g : S’ — S the base change Z' = S' xg 7 —
X' =58 xg X is an Hy-regular (resp. quasi-reqular) immersion.

Proof. Unwinding the definitions and using Lemma this translates into More
on Algebra, Lemma [28.2 O

This lemma is the motivation for the following definition.

Definition 22.2. Let f: X — S be a morphism of schemes. Let i : Z — X be
an immersion.

(1) We say i is a relative quasi-regular immersion if Z — S is flat and ¢ is a
quasi-regular immersion.

(2) We say i is a relative Hy-regular immersion if Z — S is flat and 4 is an
Hi-regular immersion.

We warn the reader that this may be nonstandard notation. Lemma|22.1|guarantees
that relative quasi-regular (resp. Hj-regular) immersions are preserved under any
base change. A relative H;-regular immersion is a relative quasi-regular immersion,
see Lemma Please take a look at Lemma [22.5] (or Lemma which shows
that if Z — X is a relative H;-regular (or quasi-regular) immersion and the ambient
scheme is (flat and) locally of finite presentation over S, then Z — X is actually a
regular immersion and the same remains true after any base change.

Lemma 22.3. Let f : X — S be a morphism of schemes. Let Z — X be a relative
quasi-regular immersion. If x € Z and Ox , is Noetherian, then f is flat at .

Proof. Let f1,..., fr € Ox, be a quasi-regular sequence cutting out the ideal of
Z at x. By Algebra, Lemma [68.6| we know that fi,..., f, is a regular sequence.
Hence f, is a nonzerodivisor on Ox /(f1,..., fr—1) such that the quotient is a
flat Og f(z)-module. By Lemma we conclude that Ox . /(f1,..., fr—1) is a
flat Og, ¢(z)-module. Continuing by induction we find that Ox . is a flat Og ,-
module. O

Lemmal 22.4. Let X — S be a morphism of schemes. Let Z — X be an immer-
sion. Assume
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(1) X — S is flat and locally of finite presentation,
(2) Z — X is a relative quasi-reqular immersion.

Then Z — X is a regular immersion and the same remains true after any base
change.

Proof. Pick x € Z with image s € S. To prove this it suffices to find an affine
neighbourhood of x contained in U such that the result holds on that affine open.
Hence we may assume that X is affine and there exist a quasi-regular sequence
fiy.o o fr € T(X,0x) such that Z = V(fy,..., fr). By More on Algebra, Lemma
the sequence f1|x.,- .-, fr|x. is a quasi-regular sequence in I'( X, Ox,). Since
X is Noetherian, this implies, possibly after shrinking X a bit, that fi1|x.,. .., fr|x.
is a regular sequence, see Algebra, Lemmas[68.6|and [67.6] By Lemma[I8.9]it follows
that Z; = V(f1) C X is a relative effective Cartier divisor, again after possibly
shrinking X a bit. Applying the same lemma again, but now to Zy = V' (f1, f2) C Z1
we see that Zo C Z; is a relative effective Cartier divisor. And so on until on reaches

Z =27, =V(f1,..., fn). Since being a relative effective Cartier divisor is preserved
under arbitrary base change, see Lemma [I8.1] we also see that the final statement
of the lemma holds. O

Lemmal 22.5. Let X — S be a morphism of schemes. Let Z — X be a relative
Hy -regular immersion. Assume X — S is locally of finite presentation. Then

(1) there exists an open subscheme U C X such that Z C U and such that
U — S is flat, and

(2) Z — X is a regular immersion and the same remains true after any base
change.

Proof. Pick x € Z. To prove (1) suffices to find an open neighbourhood U C X of x
such that U — S'is flat. Hence the lemma reduces to the case that X = Spec(B) and
S = Spec(A) are affine and that Z is given by an H;-regular sequence fi,..., f, €
B. By assumption B is a finitely presented A-algebra and B/(f1,..., f-)B is a flat
A-algebra. We are going to use absolute Noetherian approximation.

Write B = A[z1,...,24)/(g1,- .-, gm). Assume f; is the image of f/ € A[xy,...,x,].
Choose a finite type Z-subalgebra Ay C A such that all the coefficients of the poly-
nomials fi,...,fl, g1,...,9m are in Ag. We set By = Aglx1,...,2n]/(g1,- s 9m)
and we denote f; o the image of f/ in By. Then B = By ® 4, A and

B/(fi,..., fr) = Bo/(fo1,---, for) ®a, A.

By Algebra, Lemma we may, after enlarging A, assume that Bo/(fo.1,-- -, fo.r)
is flat over Ag. It may not be the case at this point that the Koszul cohomology
group H1(Ke(Bo, fo1,.--, for)) is zero. On the other hand, as By is Noetherian,
it is a finitely generated Bp-module. Let &1, ..., &, € H1(Keo(Bo, fo.1,---, for)) be
generators. Let Ag C A; C A be a larger finite type Z-subalgebra of A. Denote
f1,; the image of fy,; in By = By ®4, A1. By More on Algebra, Lemma the
map

Hy(Ko(Bo, fo1,---5 for)) @4, A1 — Hi(Ke(Bu, f11,---5 f1.r))
is surjective. Furthermore, it is clear that the colimit (over all choices of A;
as above) of the complexes Ko(B1, fi,1,.-., fi,r) is the complex Ko(B, fi,..., fr)
which is acyclic in degree 1. Hence

COlimAOCAch Hl(K.(Bl, f171, ey fl,r)) = 0
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by Algebra, Lemma Thus we can find a choice of A; such that &;,...,&, all
map to zero in Hqi(Ko(B1, fi,1,...,fi,r)). In other words, the Koszul cohomology
group Hi(Ke(B1, fi,1,---, f1,r)) is zero.

Consider the morphism of affine schemes X; — S7 equal to Spec of the ring map
Ay — By and Z; = Spec(B1/(f1,1,---,f1,r)). Since B = By ®4, 4, ie., X =
X1 Xg, S, and similarly Z = Z; xSy, it now suffices to prove (1) for X; — S; and
the relative Hq-regular immersion Z; — X1, see Morphisms, Lemma Hence
we have reduced to the case where X — S is a finite type morphism of Noetherian
schemes. In this case we know that X — S is flat at every point of Z by Lemma
Combined with the fact that the flat locus is open in this case, see Algebra,
Theorem we see that (1) holds. Part (2) then follows from an application of
Lemma 22.41 O

If the ambient scheme is flat and locally of finite presentation over the base, then
we can characterize a relative quasi-regular immersion in terms of its fibres.

Lemma 22.6. Let ¢ : X — S be a flat morphism which is locally of finite presen-
tation. Let T C X be a closed subscheme. Let x € T with image s € S.

(1) If Ts C X, is a quasi-regular immersion in a neighbourhood of x, then there
exists an open U C X and a relative quasi-regular immersion Z C U such
that Zs =Ts NUg and TNU C Z.

(2) If Ts C X; is a quasi-regular immersion in a neighbourhood of x, the mor-
phism T — X is of finite presentation, and T — S is flat at x, then we can
choose U and Z as in (1) such that TNU = Z.

(3) If T, C X5 is a quasi-regular immersion in a neighbourhood of x, and T
is cut out by c equations in a neighbourhood of x, where ¢ = dim, (X;) —
dim, (T%s), then we can choose U and Z as in (1) such that TNU = Z.

In each case Z — U is a regular immersion by Lemma [22.7) In particular, if
T — S is locally of finite presentation and flat and all fibres Ty C X, are quasi-
regular immersions, then T — X is a relative quasi-reqular immersion.

Proof. Choose affine open neighbourhoods Spec(A) of s and Spec(B) of x such
that ¢(Spec(B)) C Spec(A). Let p C A be the prime ideal corresponding to s. Let
q C B be the prime ideal corresponding to z. Let I C B be the ideal corresponding
to T. By the initial assumption of the lemma we know that A — B is flat and
of finite presentation. The assumption in (1) means that, after shrinking Spec(B),
we may assume I (B ®4 k(p)) is generated by a quasi-regular sequence of elements.
After possibly localizing B at some g € B, g ¢ q we may assume there exist
fiy-++, fr € I which map to a quasi-regular sequence in B ® 4 k(p) which generates
I(B ®4 k(p)). By Algebra, Lemmas and we may assume after another
localization that fi,..., f. € I form a regular sequence in B ® 4 £(p). By Lemma
it follows that Z; = V(f1) C Spec(B) is a relative effective Cartier divisor,
again after possibly localizing B. Applying the same lemma again, but now to
Zy = V(f1, f2) C Z1 we see that Zy C Z; is a relative effective Cartier divisor.
And so on until one reaches Z = Z, = V(fi,...,fn). Then Z — Spec(B) is a
regular immersion and Z is flat over S, in particular Z — Spec(B) is a relative
quasi-regular immersion over Spec(A). This proves (1).

To see (2) consider the closed immersion Z — D. The surjective ring map w :
Ops — Oz, is a map of flat local Og s-algebras which are essentially of finite
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presentation, and which becomes an isomorphisms after dividing by m,. Hence
it is an isomorphism, see Algebra, Lemma [127.4] It follows that Z — D is an
isomorphism in a neighbourhood of x, see Algebra, Lemma [125.6

To see (3), after possibly shrinking U we may assume that the ideal of Z is generated
by a regular sequence f1,..., f, (see our construction of Z above) and the ideal of
T is generated by ¢1,...,g.. We claim that ¢ = r. Namely,

dim, (X;) = dim(Ox, ») + trdeg,{(s)(/i(x)),
dim, (T5) = dim(Or, ) + trdegn(s)(n(x)),
dim(OXsJ;) = dim(OTs,x) +7r

the first two equalities by Algebra, Lemma|l15.3|and the second by r times applying
Algebra, Lemma As T C Z we see that f; = > b;jg;. But the ideals of Z
and T cut out the same quasi-regular closed subscheme of X, in a neighbourhood
of z. Hence the matrix (b;;) mod m, is invertible (some details omitted). Hence
(bi;) is invertible in an open neighbourhood of z. In other words, T NU = Z after
shrinking U.

The final statements of the lemma follow immediately from part (2), combined with
the fact that Z — S is locally of finite presentation if and only if Z — X is of finite
presentation, see Morphisms, Lemmas and [20.11 O

The following lemma is an enhancement of Morphisms, Lemma [32.20

Lemmal 22.7. Let f: X — S be a smooth morphism of schemes. Let o : S — X
be a section of f. Then o is a regular immersion.

Proof. By Schemes, Lemma the morphism ¢ is an immersion. After re-
placing X by an open neighbourhood of ¢(S) we may assume that o is a closed
immersion. Let T' = o(S) be the corresponding closed subscheme of X. Since
T — S is an isomorphism it is flat and of finite presentation. Also a smooth mor-
phism is flat and locally of finite presentation, see Morphisms, Lemmas and
Thus, according to Lemma [22.6] it suffices to show that T C X is a quasi-
regular closed subscheme. This follows immediately from Morphisms, Lemma [32.20
but we can also see it directly as follows. Let k be a field and let A be a smooth
k-algebra. Let m C A be a maximal ideal whose residue field is k. Then m is
generated by a quasi-regular sequence, possibly after replacing A by A, for some
g€ A, g ¢m. In Algebra, Lemma we proved that Ay, is a regular local ring,
hence mA,, is generated by a regular sequence. This does indeed imply that m is
generated by a regular sequence (after replacing A by A, for some g € A, g ¢ m),
see Algebra, Lemma [67.6 O

The following lemma has a kind of converse, see Lemma [22.11

Lemma 22.8. Let
Y —M =X
S

be a commutative diagram of morphisms of schemes. Assume X — S smooth, and
i, j immersions. If j is a regular (resp. Koszul-reqular, Hy-reqular, quasi-reqular)
immersion, then so is 1.
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Proof. We can write ¢ as the composition
Y >Y xg X > X

By Lemma the first arrow is a regular immersion. The second arrow is a flat
base change of Y — S, hence is a regular (resp. Koszul-regular, H;-regular, quasi-
regular) immersion, see Lemma We conclude by an application of Lemma
21.7] O

S
be a commutative diagram of morphisms of schemes. Assume that Y — S is syn-
tomic, X — S smooth, and © an immersion. Then i is a reqular immersion.

Lemma 22.9. Let

Y X

Proof. After replacing X by an open neighbourhood of i(Y") we may assume that
i is a closed immersion. Let T' = i(Y") be the corresponding closed subscheme of X.
Since T' = Y the morphism T' — S is flat and of finite presentation (Morphisms,
Lemmas and . Also a smooth morphism is flat and locally of finite pre-
sentation (Morphisms, Lemmas and . Thus, according to Lemma it
suffices to show that Ty C X, is a quasi-regular closed subscheme. As X is locally
of finite type over a field, it is Noetherian (Morphisms, Lemma . Thus we
can check that Ty, C X, is a quasi-regular immersion at points, see Lemma [20.8
Take t € T;. By Morphisms, Lemma the local ring Or, ; is a local complete
intersection over k(s). The local ring Ox, ; is regular, see Algebra, Lemma
By Algebra, Lemma we see that the kernel of the surjection Ox,; — Or, ¢
is generated by a regular sequence, which is what we had to show. (|

S
be a commutative diagram of morphisms of schemes. Assume thatY — S is smooth,
X — S smooth, and i an immersion. Then i is a reqular immersion.

Lemma 22.10. Let

Y X

Proof. This is a special case of Lemma [22.9] because a smooth morphism is syn-
tomic, see Morphisms, Lemma [32. O

i
S
be a commutative diagram of morphisms of schemes. Assume X — S smooth, and i,

j itmmersions. If i is a Koszul-reqular (resp. Hi-regular, quasi-reqular) immersion,
then so is j.

Lemma 22.11. Let

Y X



http://stacks.math.columbia.edu/tag/067T
http://stacks.math.columbia.edu/tag/067U
http://stacks.math.columbia.edu/tag/0693

01X1

01X2

DIVISORS 50

Proof. Let y € Y be any point. Set x = i(y) and set s = j(y). It suffices to prove
the result after replacing X, S by open neighbourhoods U,V of z,s and Y by an
open neighbourhood of % in i~1(U) N j~(V). Hence we may assume that Y, X
and S are affine. In this case we can choose a closed immersion i : X — A% over
S for some n. Note that h is a regular immersion by Lemma [22.10} Hence hoi is a
Koszul-regular (resp. Hj-regular, quasi-regular) immersion, see Lemmas and
1.2 In this way we reduce to the case X = A% and S affine.

After replacing S by an affine open V and replacing Y by j71(V) we may assume
that ¢ is a closed immersion and S affine. Write S = Spec(A). Then j: Y — §
defines an isomorphism of Y to the closed subscheme Spec(A/I) for some ideal
I C A Themap i:Y = Spec(A/I) — A% = Spec(Alz1,...,zy]) corresponds to
an A-algebra homomorphism i* : A[z1,...,2,] — A/I. Choose a; € A which map
to i*(x;) in A/I. Observe that the ideal of the closed immersion i is

J=(r1—a1,...,xp —an) + TA[x1,..., 2]
Set K = (x1 — a1, ...,T, — a,). We claim the sequence
0 K/KJ—J/J> = J/(K+J?) =0

is split exact. To see this note that K/K 2 is free with basis x; — a; over the ring
Alzy,...,zn]/K = A. Hence K/KJ is free with the same basis over the ring
Alzy,...,xp]/J =2 A/I. On the other hand, taking derivatives gives a map

dA[arl,...,xn]/A : J/J2 — QA[xl,...,xn]/A ®A[w1,...,xn] A[xlv cee axn]/J

which maps the generators x; — a; to the basis elements dz; of the free module on
the right. The claim follows. Moreover, note that 1 — a1, ..., x, — a, is a regular

sequence in A[zy,...,z,] with quotient ring A[z1,...,z,]/ (21 — a1, ..., Tp — ap) =
A. Thus we have a factorization

Y =5 V(e —ar,...,cn —ap) = A%

of our closed immersion i where the composition is Koszul-regular (resp. H;-regular,
quasi-regular), the second arrow is a regular immersion, and the associated conor-
mal sequence is split. Now the result follows from Lemma [21.8 d

23. Meromorphic functions and sections
See [Kle79] for some possible pitfallﬁﬂ

Let (X, Ox) be a locally ringed space. For any open U C X we have defined the
set S(U) C Ox(U) of regular sections of Ox over U, see Definition [14.6] The
restriction of a regular section to a smaller open is regular. Hence S : U — S(U)
is a subsheaf (of sets) of Ox. We sometimes denote S = Sx if we want to indicate
the dependence on X. Moreover, S(U) is a multiplicative subset of the ring Ox (U)
for each U. Hence we may consider the presheaf of rings

U S(U)'Ox(U),
see Modules, Lemma [24.1

Definition 23.1. Let (X, Ox) be alocally ringed space. The sheaf of meromorphic
functions on X is the sheaf Kx associated to the presheaf displayed above. A
meromorphic function on X is a global section of Kx.

3Danger, Will Robinson!
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Since each element of each S(U) is a nonzerodivisor on Ox (U) we see that the
natural map of sheaves of rings Ox — Kx is injective.

Example 23.2. Let A = Clz,{ya}acc]/((z — )Y, Yays). Any element of A
can be written uniquely as f(z) + > Aayo with f(z) € Clz] and A\, € C. Let
X = Spec(A). In this case Ox = Kx, since on any affine open D(f) the ring Ay
any nonzerodivisor is a unit (proof omitted).

Definition 23.3. Let f : (X,0x) — (Y,0Oy) be a morphism of locally ringed
spaces. We say that pullbacks of meromorphic functions are defined for f if for every
pair of open U C X, V C Y such that f(U) C V, and any section s € T'(V, Sy) the
pullback f*(s) € T'(U, Ox) is an element of I'(U, Sx).

In this case there is an induced map f*: f~'Ky — Kx, in other words we obtain
a commutative diagram of morphisms of ringed spaces

(X,Kx) — (X, 0x)

yoo
(Y,Ky) —— (Y, Ox)

We sometimes denote f*(s) = f%(s) for a section s € T'(Y, Ky).

Lemma 23.4. Let f: X — Y be a morphism of schemes. In each of the following
cases pullbacks of meromorphic sections are defined.

(1) X, Y are integral and f is dominant,

(2) X is integral and the generic point of X maps to a generic point of an
wrreducible component of Y,

(3) X is reduced and every generic point of every irreducible component of X
maps to the generic point of an irreducible component of Y,

(4) X is locally Noetherian, and any associated point of X maps to a generic
point of an irreducible component of Y, and

(5) X is locally Noetherian, has no embedded points and any generic point of
an irreducible component of X maps to the generic point of an irreducible
component of Y.

Proof. Omitted. Hint: Similar to the proof of Lemma [13.13] using the following
fact (on Y): if an element x € R maps to a nonzerodivisor in R, for a minimal
prime p of R, then x ¢ p. See Algebra, Lemma [24.1 ]

Let (X,Ox) be a locally ringed space. Let F be a sheaf of Ox-modules. Consider
the presheaf U +— S(U)"'F(U). Its sheafification is the sheaf F ®0, Kx, see
Modules, Lemma, [24.2

Definition 23.5. Let X be a locally ringed space. Let F be a sheaf of O x-modules.

(1) We denote Kx (F) the sheaf of Kx-modules which is the sheafification of
the presheaf U — S(U)~"1F(U). Equivalently Kx(F) = F ®o, Kx (see
above).

(2) A meromorphic section of F is a global section of Kx (F).

In particular we have

ICX(f)z = ]:z ®(’)me ]CX,m = nglfx
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for any point z € X. However, one has to be careful since it may not be the case
that S, is the set of nonzerodivisors in the local ring Ox .. Namely, there is always
an injective map
ICX,ac — Q(OX,x)

to the total quotient ring. It is also surjective if and only if S, is the set of nonzero-
divisors in Oy .. The sheaves of meromorphic sections aren’t quasi-coherent mod-
ules in general, but they do have some properties in common with quasi-coherent
modules.

Lemma 23.6. Let X be a quasi-compact scheme. Let h € T(X,0x) and f €
D(X,Kx) such that f restricts to zero on Xy. Then h™f =0 for some n > 0.

Proof. We can find a covering of X by affine opens U such that f|ly = s~ 'a

with a € Ox(U) and s € S(U). Since X is quasi-compact we can cover it by
finitely many affine opens of this form. Thus it suffices to prove the lemma when
X = Spec(A) and f = s~ta. Note that s € A is a nonzerodivisor hence it suffices
to prove the result when f = a. The condition f|x, = 0 implies that a maps to
zero in Ay, = Ox(Xn) as Ox C Kx. Thus h"™a = 0 for some n > 0 as desired. O

Lemma 23.7. Let X be a locally Noetherian scheme.

(1) For any x € X we have S; C Ox ., is the set of nonzerodivisors, and hence
Kx o is the total quotient ring of Ox 4.

(2) For any affine open U C X the ring Kx(U) equals the total quotient ring
of Ox (U).

Proof. To prove this lemma we may assume X is the spectrum of a Noetherian
ring A. Say € X corresponds to p C A.

Proof of (1). It is clear that S, is contained in the set of nonzerodivisors of Ox , =
A,. For the converse, let f,g € A, g & p and assume f/g is a nonzerodivisor in A,.
Let I = {a € A | af = 0}. Then we see that I, = 0 by exactness of localization.
Since A is Noetherian we see that I is finitely generated and hence that ¢'I = 0
for some ¢’ € A, ¢’ € p. Hence f is a nonzerodivisor in Ay, i.e., in a Zariski open
neighbourhood of p. Thus f/g is an element of S,.

Proof of (2). Let f € T'(X,Kx) be a meromorphic function. Set I = {a € A|af €
A}. Fix a prime p C A corresponding to the point x € X. By (1) we can write
the image of f in the stalk at p as a/b, a,b € A, with b € A, not a zerodivisor.
Write b = ¢/d with ¢,d € A, d € p. Then ad — cf is a section of Kx which vanishes
in an open neighbourhood of x. Say it vanishes on D(e) with e € A, e € p. Then
e"(ad — ¢f) = 0 for some n > 0 by Lemma Thus e"c € I and e"c¢ maps to
a nonzerodivisor in A,. Let Ass(A) = {q1,...,q:} be the associated primes of A.
By looking at IA,, and using Algebra, Lemma the above says that I ¢ g
for each i. By Algebra, Lemma there exists an element z € I, = € |Jq;. By
Algebra, Lemma [62.9) we see that z is not a zerodivisor on A. Hence f = (zf)/x is
an element of the total ring of fractions of A. This proves (2). O

Lemma 23.8. Let X be a scheme. Assume X is reduced and any quasi-compact
open U C X has a finite number of irreducible components.
(1) The sheaf Kx is a quasi-coherent sheaf of Ox-algebras.
(2) For any © € X we have S; C Ox, is the set of nonzerodivisors. In
particular KCx 5 is the total quotient ring of Ox 4.


http://stacks.math.columbia.edu/tag/08I7
http://stacks.math.columbia.edu/tag/02OV
http://stacks.math.columbia.edu/tag/02OW

035T

01X5

DIVISORS 53

(3) For any affine open Spec(A) = U C X we have that Kx (U) equals the total
quotient ring of A.

Proof. Let X be as in the lemma. Let X(®) C X be the set of generic points of
irreducible components of X. Let

f:Y= Hnex<0> Spec(k(n)) — X

be the inclusion of the generic points into X using the canonical maps of Schemes,
Section (This morphism was used in Morphisms, Definition to define the
normalization of X.) We claim that Lx = f.Oy. First note that Ky = Oy as Y
is a disjoint union of spectra of field. Next, note that pullbacks of meromorphic
functions are defined for f, by Lemma [23.4] This gives a map

Kx — f.Oy.

Let Spec(A) = U C X be an affine open. Then A is a reduced ring with finitely
many minimal primes qi,...,q;. Then we have Q(A) = [[ Aq, = [[~(q:) by Al-
gebra, Lemmas [24.4] and In other words, already the value of the presheaf
U S(U)"tO0x(U) agrees with f.Oy(U) on our affine open U. Hence the dis-
played map is an isomorphism.

Now we are ready to prove (1), (2) and (3). The morphism f is quasi-compact by
our assumption that the set of irreducible components of X is locally finite. Hence
f is quasi-compact and quasi-separated (as Y is separated). By Schemes, Lemma
f«Oy is quasi-coherent. This proves (1). Let z € X. Then

(£.0v). =1 (n)

On the other hand, Ox ;. is reduced and has ﬁnjely minimal primes ¢; correspond-
ing exactly to those € X(©) such that z € {n}x(n). Hence by Algebra, Lemmas

and again we see that Q(Ox ,) = [[ #(q;) is the same as (f.Oy),. This
proves (2). Part (3) we saw during the course of the proof that Lx = f,.Oy. O

K
neX©, ze{n}

Lemma 23.9. Let X be a scheme. Assume X is reduced and any quasi-compact
open U C X has a finite number of irreducible components. Then the normalization
morphism v : X¥ — X is the morphism

/
Spec . (O) — X
where O' C Kx is the integral closure of Ox in the sheaf of meromorphic functions.

Proof. Compare the definition of the normalization morphism v : XV — X (see
Morphisms, Definition [51.1])) with the result Xx = f.Oy obtained in the proof of
Lemma [23.8] above. ]

Lemma 23.10. Let X be an integral scheme with generic point n. We have

(1) the sheaf of meromorphic functions is isomorphic to the constant sheaf with
value the function field (see Morphisms, Definition of X.

(2) for any quasi-coherent sheaf F on X the sheaf Kx (F) is isomorphic to the
constant sheaf with value F,,.

Proof. Omitted. O
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Definition 23.11. Let X be a locally ringed space. Let £ be an invertible Ox-
module. A meromorphic section s of L is said to be regular if the induced map

Kx — Kx(£) is injective. (In other words, this means that s is a regular section
of the invertible K x-module Kx(L). See Definition [14.6])

First we spell out when (regular) meromorphic sections can be pulled back. After
that we discuss the existence of regular meromorphic sections and consequences.

Lemmal 23.12. Let f : X — Y be a morphism of locally ringed spaces. Assume
that pullbacks of meromorphic functions are defined for f (see Definition .

(1) Let F be a sheaf of Oy -modules. There is a canonical pullback map f* :
Y, Ky (F)) = T(X,Kx (f*F)) for meromorphic sections of F.

(2) Let L be an invertible Ox-module. A regular meromorphic section s of L
pulls back to a regular meromorphic section f*s of f*L.

Proof. Omitted. [l
In some cases we can show regular meromorphic sections exist.

Lemma, 23.13. Let X be a scheme. Let L be an invertible Ox-module. In each
of the following cases L has a regular meromorphic section:
(1) X is integral,
(2) X is reduced and any quasi-compact open has a finite number of irreducible
components, and
(3) X is locally Noetherian and has no embedded points.

Proof. In case (1) we have seen in Lemma [23.10| that Cx (L) is a constant sheaf
with value £,,, and hence the result is clear.

Suppose X is a scheme. Let G C X be the set of generic points of irreducible
components of X. For each n € G denote j, : n — X the canonical morphism of
71 = Spec(k(n)) into X (see Schemes, Lemma [13.3]). Consider the sheaf

Gx(£) =11, . dn+(La).

There is a canonical map
©: ’Cx(ﬁ) — gx(ﬁ)
coming from the maps Kx (L), — £, and adjunction (see Sheaves, Lemma [27.3)).

We claim that in cases (2) and (3) the map ¢ is an isomorphism for any invertible
sheaf £. Before proving this let us show that cases (2) and (3) follow from this.
Namely, we can choose s, € £, which generate £,, i.e., such that £, = Ox ,s,.
Since the claim applied to Ox gives Kx = Gx(Ox) it is clear that the global section
5= HneG sy is regular as desired.

To prove that ¢ is an isomorphism we may work locally on X. For example it suffices
to show that sections of Kx(£) and Gx (L) agree over small affine opens U. Say
U = Spec(A) and L|y = Opy. By Lemmas and [23.8) we see that I'(U,Kx) =
Q(A) is the total ring of fractions of A. On the other hand, I'(U,Gx(Ox)) =
Hch minimal Aq- I both cases we see that the set of minimal primes of A is finite,
say q1,-..,q¢, and that the set of zerodivisors of A is equal to q; U... U q; (see
Algebra, Lemma . Hence the result follows from Algebra, Lemmam O
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02P0 Lemma 23.14. Let X be a scheme. Let L be an invertible Ox-module. Let s

02P1

02P2

be a regular meromorphic section of L. Let us denote T C Ox the sheaf of ideals
defined by the rule

I(V)={f € Ox(V) | fs € L(V)}.
The formula makes sense since L(V) C Kx(L)(V). Then T is a quasi-coherent
sheaf of ideals and we have injective maps

1:7—0Ox, s:IT—L

whose cokernels are supported on closed nowhere dense subsets of X.

Proof. The question is local on X. Hence we may assume that X = Spec(A4), and
L = Ox. After shrinking further we may assume that s = z/y with a,b € A both
nonzerodivisors in A. Set I = {z € A | z(a/b) € A}.

To show that Z is quasi-coherent we have to show that Iy = {z € Ay | z(a/b) € Ay}
for every f € A. If ¢/f" € Ay, (¢/f™)(a/b) € Ay, then we see that f™c(a/b) € A
for some m, hence ¢/ f™ € Iy. Conversely it is easy to see that Iy is contained in
{x € Ay | z(a/b) € As}. This proves quasi-coherence.

Let us prove the final statement. It is clear that (b) C I. Hence V(I) C V(b) is a
nowhere dense subset as b is a nonzerodivisor. Thus the cokernel of 1 is supported

in a nowhere dense closed set. The same argument works for the cokernel of s since
s(b) = (a) C sI C A. O

Definition 23.15. Let X be a scheme. Let £ be an invertible O x-module. Let s
be a regular meromorphic section of £. The sheaf of ideals Z constructed in Lemma
[23.14]is called the ideal sheaf of denominators of s.

Here is a lemma which will be used later.

Lemmal 23.16. Suppose given

(1) X a locally Noetherian scheme,

(2) L an invertible Ox-module,

(3) s a regular meromorphic section of L, and

(4) F coherent on X without embedded associated points and Supp(F) = X.

Let T C Ox be the ideal of denominators of s. Let T C X be the union of the
supports of Ox /T and L/s(T) which is a nowhere dense closed subset T C X
according to Lemma[23.1]} Then there are canonical injective maps

1:ZF = F, s:IF = F®o, L
whose cokernels are supported on T.

Proof. Reduce to the affine case with £ = Oy, and s = a/b with a,b € A both
nonzerodivisors. Proof of reduction step omitted. Write 7 = M. Let I = {z €
A | z(a/b) € A} so that T = I (see proof of Lemma . Note that T =
V() UV ((a/b)I). For any A-module M consider the map 1 : IM — M; this is
the map that gives rise to the map 1 of the lemma. Consider on the other hand
the map o : IM — My, xz — ax/b. Since b is not a zerodivisor in A, and since M
has support Spec(A4) and no embedded primes we see that b is a nonzerodivisor on
M also. Hence M C M,. By definition of I we have o(IM) C M as submodules
of M. Hence we get an A-module map s : IM — M (namely the unique map
such that s(z)/1 = o(z) in M, for all z € IM). It is injective because a is a
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nonzerodivisor also (on both A and M). It is clear that M/IM is annihilated by I
and that M/s(IM) is annihilated by (a/b)I. Thus the lemma follows. O

24. Weil divisors

We will introduce Weil divisors and rational equivalence of Weil divisors for locally
Noetherian integral schemes. Since we are not assuming our schemes are quasi-
compact we have to be a little careful when defining Weil divisors. We have to
allow infinite sums of prime divisors because a rational function may have infinitely
many poles for example. For quasi-compact schemes our Weil divisors are finite
sums as usual. Here is a basic lemma we will often use to prove collections of closed
subschemes are locally finite.

Lemma 24.1. Let X be a locally Noetherian scheme. Let Z C X be a closed
subscheme. The collection of irreducible components of Z is locally finite in X.

Proof. Let U C X be a quasi-compact open subscheme. Then U is a Noether-
ian scheme, and hence has a Noetherian underlying topological space (Properties,
Lemma. Hence every subspace is Noetherian and has finitely many irreducible
components (see Topology, Lemma . ([

Recall that if Z is an irreducible closed subset of a scheme X, then the codimension
of Z in X is equal to the dimension of the local ring Ox ¢, where £ € Z is the generic
point. See Properties, Lemma [10.3

Definition 24.2. Let X be a locally Noetherian integral scheme.

(1) A prime divisor is an integral closed subscheme Z C X of codimension 1.

(2) A Weil divisor is a formal sum D = Y nzZ where the sum is over prime
divisors of X and the collection {Z | nz # 0} is locally finite (Topology,
Definition .

The group of all Weil divisors on X is denoted Div(X).

Our next task is to define the Weil divisor associated to a rational function. In
order to do this we use the order of vanishing of a rational function along a prime
divisor which is defined as follows.

Definition 24.3. Let X be a locally Noetherian integral scheme. Let f € R(X)*.
For every prime divisor Z C X we define the order of vanishing of f along Z as
the integer

ordz(f) = ordoy (f)
where the right hand side is the notion of Algebra, Definition [120.2] and £ is the
generic point of Z.

Note that for f,g € R(X)* we have
ordz(fg) = ordz(f) + ordz(g).

Of course it can happen that ordz(f) < 0. In this case we say that f has a pole
along Z and that —ordz(f) > 0 is the order of pole of f along Z. Tt is important
to note that the condition ordz(f) > 0 is not equivalent to the condition f € Ox ¢
unless the local ring Ox ¢ is a discrete valuation ring.
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Lemma 24.4. Let X be a locally Noetherian integral scheme. Let f € R(X)*.
Then the collections
{Z C X | Z a prime divisor with generic point £ and f not in Ox ¢}
and
{Z C X | Z a prime divisor and ordz(f) # 0}
are locally finite in X.

Proof. There exists a nonempty open subscheme U C X such that f corresponds
to a section of I'(U, O%). Hence the prime divisors which can occur in the sets of
the lemma are all irreducible components of X \ U. Hence Lemma gives the
desired result. ]

This lemma allows us to make the following definition.

Definition 24.5. Let X be a locally Noetherian integral scheme. Let f € R(X)*.
The principal Weil divisor associated to f is the Weil divisor

div(f) = divx (f) = Y ordz(f)[Z]
where the sum is over prime divisors and ordz(f) is as in Definition This
makes sense by Lemma,

Lemma 24.6. Let X be a locally Noetherian integral scheme. Let f,g € R(X)*.
Then

divx (fg) = divx (f) + divx(g)
as Weil divisors on X.

Proof. This is clear from the additivity of the ord functions. O

We see from the lemma above that the collection of principal Weil divisors form a
subgroup of the group of all Weil divisors. This leads to the following definition.

Definition 24.7. Let X be a locally Noetherian integral scheme. The Weil divisor
class group of X is the quotient of the group of Weil divisors by the subgroup of
principal Weil divisors. Notation: Cl(X).

By construction we obtain an exact complex
(24.7.1) R(X)* L Div(X) = CI(X) = 0

which we can think of as a presentation of C1(X). Our next task is to relate the
WEeil divisor class group to the Picard group.

25. The Weil divisor class associated to an invertible module

In this section we go through exactly the same progression as in Section [24] to define
a canonical map Pic(X) — CI(X) on a locally Noetherian integral scheme.

Let X be a scheme. Let £ be an invertible Ox-module. Let £ € X be a point. If
s¢, 8¢ € L¢ generate L¢ as Ox¢-module, then there exists a unit u € O% , such
that s¢ = us;. The stalk of the sheaf of meromorphic sections Kx (L) of £ at z
is equal to Kx » ®oy., Lz. Thus the image of any meromorphic section s of £ in
the stalk at x can be written as s = fs¢ with f € Kx . Below we will abbreviate
this by saying f = s/s¢. Also, if X is integral we have Kx , = R(X) is equal to
the function field of X, so s/s¢ € R(X). If s is a regular meromorphic section,
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then actually s/s¢ € R(X)*. On an integral scheme a regular meromorphic section
is the same thing as a nonzero meromorphic section. Finally, we see that s/s¢ is
independent of the choice of s¢ up to multiplication by a unit of the local ring Ox ;.
Putting everything together we see the following definition makes sense.

Definition 25.1. Let X be a locally Noetherian integral scheme. Let £ be an
invertible Ox-module. Let s € T'(X,Kx (L)) be a regular meromorphic section of
L. For every prime divisor Z C X we define the order of vanishing of s along Z as
the integer

ordz (s) = ordoy (s/s¢)
where the right hand side is the notion of Algebra, Definition & € Z is the
generic point, and s¢ € L¢ is a generator.

As in the case of principal divisors we have the following lemma.

Lemma 25.2. Let X be a locally Noetherian integral scheme. Let L be an invertible
Ox-module. Let s € Kx (L) be a regular (i.e., nonzero) meromorphic section of L.
Then the sets

{Z C X | Z a prime divisor with generic point & and s not in L¢}
and
{Z Cc X | Z is a prime divisor and ordz »(s) # 0}
are locally finite in X.
Proof. There exists a nonempty open subscheme U C X such that s corresponds
to a section of I'(U, £) which generates £ over U. Hence the prime divisors which

can occur in the sets of the lemma are all irreducible components of X \ U. Hence
Lemma [24.1] gives the desired result. (]

Lemmal25.3. Let X be a locally Noetherian integral scheme. Let L be an invertible
Ox-module. Let s, € Kx (L) be nonzero meromorphic sections of L. Then f =
s/s" is an element of R(X)* and we have

> ordz o(s)[Z] =) ordzc(s)[Z] + div(f)
as Weil divisors.

Proof. This is clear from the definitions. Note that Lemma guarantees that
the sums are indeed Weil divisors. (Il

Definition 25.4. Let X be a locally Noetherian integral scheme. Let £ be an
invertible O x-module.

(1) For any nonzero meromorphic section s of £ we define the Weil divisor
associated to s as

dive(s) = Y ordz,c(s)[Z] € Div(X)

where the sum is over prime divisors.

(2) We define Weil divisor class associated to L as the image of div.(s) in
Cl(X) where s is any nonzero meromorphic section of £ over X. This is
well defined by Lemma [25.3]

As expected this construction is additive in the invertible module.
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Lemma 25.5. Let X be a locally Noetherian integral scheme. Let L, N be invert-
ible Ox-modules. Let s, resp. t be a nonzero meromorphic section of L, resp. N.
Then st is a nonzero meromorphic section of LR N, and

divegn (st) = dive(s) + divn(t)

in Div(X). In particular, the Weil divisor class of Lo, N is the sum of the Weil
divisor classes of L and N.

Proof. Let s, resp. t be a nonzero meromorphic section of £, resp. N'. Then st
is a nonzero meromorphic section of L @ N. Let Z C X be a prime divisor. Let
€ € Z be its generic point. Choose generators s¢ € L¢, and t¢ € M. Then sete is
a generator for (L ®@N)¢. So st/(sete) = (s/s¢)(t/te). Hence we see that

diVﬁ@j\ﬂZ(St) = diV[;’Z(S) + diVN’Z(t)
by the additivity of the ordz function. ([l

In this way we obtain a homomorphism of abelian groups
(25.5.1) Pic(X) — CI(X)
which assigns to an invertible module its Weil divisor class.

Lemma 25.6. Let X be a locally Noetherian integral scheme. If X is normal,
then the map (25.5.1]) Pic(X) — CU(X) is injective.

Proof. Let £ be an invertible Ox-module whose associated Weil divisor class is
trivial. Let s be a regular meromorphic section of £. The assumption means that
divz(s) = div(f) for some f € R(X)*. Then we see that t = f~1s is a regular
meromorphic section of £ with divg(t) = 0, see Lemma We will show that
t defines a trivialization of £ which finishes the proof of the lemma. In order to
prove this we may work locally on X. Hence we may assume that X = Spec(A)
is affine and that £ is trivial. Then A is a Noetherian normal domain and ¢ is an
element of its fraction field such that ord4, (t) = 0 for all height 1 primes p of A.
Our goal is to show that ¢ is a unit of A. Since A, is a discrete valuation ring for
height one primes of A (Algebra, Lemma, the condition signifies that t € AJ
for all primes p of height 1. This implies t € A and ¢t~ € A by Algebra, Lemma
and the proof is complete. a

Lemmal 25.7. Let X be a locally Noetherian integral scheme. Consider the map
Pic(X) — CI(X). The following are equivalent

(1) the local rings of X are UFDs, and

(2) X is normal and Pic(X) — CU(X) is surjective.
In this case Pic(X) — CI(X) is an isomorphism.

Proof. If (1) holds, then X is normal by Algebra, Lemma Hence the map
is injective by Lemma @ Moreover, every prime divisor D C X is an
effective Cartier divisor by Lemma [I5.7} In this case the canonical section 1p of
Ox (D) (Definition vanishes exactly along D and we see that the class of D
is the image of Ox (D) under the map (25.5.1)). Thus the map is surjective as well.

Assume (2) holds. Pick a prime divisor D C X. Since is surjective there
exists an invertible sheaf £, a regular meromorphic section s, and f € R(X)* such
that divg(s) + div(f) = [D]. In other words, div(fs) = [D]. Let x € X and
let A = Ox,. Thus A is a Noetherian local normal domain with fraction field
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K = R(X). Every height 1 prime of A corresponds to a prime divisor on X and
every invertible Ox-module restricts to the trivial invertible module on Spec(A).
It follows that for every height 1 prime p C A there exists an element f € K such
that ords, (f) = 1 and ords ,(f) = 0 for every other height one prime p’. Then
f € A by Algebra, Lemma Arguing in the same fashion we see that every
element g € p is of the form g = af for some a € A. Thus we see that every height
one prime ideal of A is principal and A is a UFD by Algebra, Lemma [119.6] O

26. More on invertible modules
In this section we discuss some properties of invertible modules.

Lemmal 26.1. Let p: X — Y be a morphism of schemes. Let L be an invertible
Ox -module. Assume that

(1) X is locally Noetherian,

(2) Y is locally Noetherian, integral, and normal,

(3) ¢ is flat with integral (hence nonempty) fibres,

(4) ¢ is either quasi-compact or locally of finite type,
(5) L is trivial when restricted to the generic fibre of .

Then L =2 o*N for some invertible Oy -module N.

Proof. Let £ € Y be the generic point. Let X, be the scheme theoretic fibre of ¢
over £. Denote L¢ the pullback of £ to X,. Assumption (5) means that L¢ is trivial.
Choose a trivializing section s € I'(X¢, L¢). Observe that X is integral by Lemma
11.7] Hence we can think of s as a regular meromorphic section of £. Pullbacks
of meromorphic functions are defined for ¢ by Lemma Let N C Ky be the
Oy-module whose sections over an open V C Y are those meromorphic functions
g € Ky (V) such that ¢*(g)s € L(¢~ V). A priori ¢*(g)s is a section of Kx (L)
over ¢~ 'V. We claim that N is an invertible Oy-module and that the map
ON — L, g+——gs

is an isomorphism.

We first prove the claim in the following situation: X and Y are affine and £ trivial.
Say Y = Spec(R), X = Spec(A) and s given by the element s € A ® g K where K
is the fraction field of R. We can write s = a/r for some nonzero r € R and a € A.
Since s generates £ on the generic fibre we see that there exists an ' € A®g K such

that ss’ = 1. Thus we see that s = r//a’ for some nonzero ' € R and o’ € A. Let
P1,...,pn C R be the minimal primes over /. Each Ry, is a discrete valuation ring

(Algebra, Lemmas and [151.4). By assumption q; = p,A is a prime. Hence
q;Aq, is generated by a single element and we find that A, is a discrete valuation
ring as well (Algebra, Lemma [118.7). Of course R,, — Ag, has ramification index
1. Let e;, €] > 0 be the valuation of a,a’ in Ag,. Then e; + €} is the valuation of 77’
in Rp,. Note that

P 1 et (o)
in R by Algebra, Lemma [I51.6] Set
I=pn...npl™ and I'= pﬁei) n... ﬁpl(.e/")
so that IT" C (rr’). Observe that
1A= N npl)A = (pA) ) nLn (pa)e)
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by Algebra, Lemmas and Similarly for I’A. Hence a € I A and o’ € I'A.
We conclude that TA ®4 I’A — rr’ A is surjective. By faithful flatness of R — A
we find that I @ I’ — (rr’) is surjective as well. It follows that I’ = (rr’) and
I and I’ are finite locally free of rank 1, see Algebra, Lemma Thus Zariski
locally on R we can write I = (g) and I’ = (¢') with g¢’ = rr/. Then a = ug and
a’ = u'g’ for some u,u’ € A. We conclude that u,u’ are units. Thus Zariski locally
on R we have s = ug/r and the claim follows in this case.

Let y € Y be a point. Pick z € X mapping to y. We may apply the result of
the previous paragraph to Spec(Ox ;) — Spec(Oy,). We conclude there exists an
element g € R(Y)* well defined up to multiplication by an element of (9’1’}7y such
that ¢©*(g)s generates £,. Hence ¢*(g)s generates £ in a neighbourhood U of .
Suppose ' is a second point lying over y and ¢’ € R(Y)* is such that ¢*(¢')s
generates £ in an open neighbourhood U’ of 2’. Then we can choose a point z” in
UNU' Ne~1({y}) because the fibre is irreducible. By the uniqueness for the ring
map Oy, — Ox ,» we find that g and ¢’ differ (multiplicatively) by an element in
0y ,,- Hence we see that ¢~ (g9)s is a generator for £ on an open neighbourhood of
¢ Yy). Let Z C X be the set of points z € X such that ¢*(g)s does not generate
L.. The arguments above show that Z is closed and that Z = ¢~1(T) for some
subset T' C Y with y & T'. If we can show that T is closed, then g will be a generator
for N as an Oy-module in the open neighbourhood Y '\ T of y thereby finishing the
proof (some details omitted).

If ¢ is quasi-compact, then T is closed by Morphisms, Lemma [24.11] If ¢ is locally
of finite type, then ¢ is open by Morphisms, Lemma Then Y \ T is open as
the image of the open X \ Z. O

Lemmal 26.2. Let X be a locally Noetherian scheme. Let U C X be an open and
let D C U be an effective Cartier divisor. If Ox , is a UFD for all z € X\ U, then
there exists an effective Cartier divisor D' C X with D =U N D’.

Proof. Let D' C X be the scheme theoretic image of the morphism D — X. Since
X is locally Noetherian the morphism D — X is quasi-compact, see Properties,
Lemma Hence the formation of D’ commutes with passing to opens in X by
Morphisms, Lemma Thus we may assume X = Spec(A) is affine. Let I C A
be the ideal corresponding to D’. Let p C A be a prime ideal corresponding to a
point of X \ U. To finish the proof it is enough to show that I, is generated by one
element, see Lemma m Thus we may replace X by Spec(A;), see Morphisms,
Lemma In other words, we may assume that X is the spectrum of a local
UFD A. Then all local rings of A are UFD’s. It follows that D = Y a;D; with
D, C U an integral effective Cartier divisor, see Lemma The generic points
& of D; correspond to prime ideals p; C A of height 1, see Lemma [15.3] Then
p; = (f;) for some prime element f; € A and we conclude that D’ is cut out by
[T/ as desired. O

Lemma 26.3. Let X be a locally Noetherian scheme. Let U C X be an open and
let £ be an invertible Oy-module. If Ox 4 is a UFD for all x € X \ U, then there
exists an invertible Ox-module L with L= L' |y .

Proof. Choose x € X, x & U. We will show there exists an affine open neighbour-
hood W C X, such that L]~y extends to an invertible sheaf on W. This implies
by glueing of sheaves (Sheaves, Section that we can extend L to the strictly
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bigger open U UW. Let W = Spec(A) be an affine open neighbourhood. Since
U NW is quasi-affine, we see that we can can write L]y ny as O(D1) ® O(D3)®~!
for some effective Cartier divisors Dy, Dy C W N U, see Lemma Then D;
and D, extend to effective Cartier divisors of W by Lemma [26.2] which gives us the
extension of the invertible sheaf.

If X is Noetherian (which is the case most used in practice), the above combined
with Noetherian induction finishes the proof. In the general case we argue as
follows. First, because every local ring of a point outside of U is a domain and
X is locally Noetherian, we see that the closure of U in X is open. Thus we may
assume that U C X is dense and schematically dense. Now we consider the set T
of triples (U’, L',«) where U C U’ C X is an open subscheme, £’ is an invertible
Op-module, and « : L'|y — L is an isomorphism. We endow T with a partial
ordering < defined by the rule (U’, £, ) < (U”,L"”,a/) if and only if U’ C U” and
there exists an isomorphism S : £L”|yr — L' compatible with a and o’. Observe
that 8 is unique (if it exists) because U C X is dense. The first part of the proof
shows that for any element ¢t = (U’, L', a) of T with U’ # X there exists a t' € T
with ¢ > ¢. Hence to finish the proof it suffices to show that Zorn’s lemma applies.
Thus consider a totally ordered subset I C 1. If ¢ € I corresponds to the triple
(U;, L;, a;), then we can construct an invertible module £’ on U’ = |J U; as follows.
For W C U’ open and quasi-compact we see that W C U; for some ¢ and we set

L(W) = L(W)

For the transition maps we use the (’s (which are unique and hence compose
correctly). This defines an invertible O-module £’ on the basis of quasi-compact
opens of U’ which is sufficient to define an invertible module (Sheaves, Section.
We omit the details. O

Lemmal 26.4. Let R be a UFD. The Picard groups of the following are trivial.
(1) Spec(R) and any open subscheme of it.
(2) A% = Spec(R[z1,...,2,]) and any open subscheme of it.

In particular, the Picard group of any open subscheme of affine n-space A} over a
field k is trivial.

Proof. Since R is a UFD so is any localization of it and any polynomial ring over
it (Algebra, Lemma . Thus if U C A%, is open, then the map Pic(A%) —
Pic(U) is surjective by Lemma [26.3] The vanishing of Pic(A%) is equivalent to the
vanishing of the picard group of the UFD Rz, ..., z,] which is proved in More on
Algebra, Lemma [96.3 O

Lemma 26.5. Let R be a UFD. The Picard group of P% is Z. More precisely,
there is an isomorphism

Z — Pic(P%), m v+ Opn(m)
In particular, the Picard group of P} of projective space over a field k is Z.

Proof. Observe that the local rings of X = P% are UFDs because X is covered
by affine pieces isomorphic to A% and R[x1,...,z,] is a UFD (Algebra, Lemma
119.10). Hence X is an integral Noetherian scheme all of whose local rings are
UFDs and we see that Pic(X) = C1(X) by Lemma [25.7]
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The displayed map is a group homomorphism by Constructions, Lemma The
map is injective because HY of Ox and Ox(m) are non-isomorphic R-modules if
m > 0, see Cohomology of Schemes, Lemma Let £ be an invertible module
on X. Consider the open U = D, (Tp) = A%. The complement H = X \ U is
a prime divisor because it is isomorphic to Proj(R[T4,...,T,]) which is integral
by the discussion in the previous paragraph. In fact H is the zero scheme of the
regular global section Ty of Ox (1) hence Ox (1) maps to the class of H in Cl1(X).
By Lemma we see that L]y = Opy. Let s € L(U) be a trivializing section.
Then we can think of s as a regular meromorphic section of £ and we see that
necessarily divz(s) = m[H] for some m € Z as H is the only prime divisor of X not
meeting U. In other words, we see that £ and Ox (m) map to the same element of
Cl(X) and hence £ = Ox(m) as desired. O

27. Relative Proj

Some results on relative Proj. First some very basic results. Recall that a relative
Proj is always separated over the base, see Constructions, Lemma [16.9

Lemmal 27.1. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Let p: X = Proj (A) — S be the relative Proj of A. If one of the following holds

(1) A is of finite type as a sheaf of Ag-algebras,

(2) A is generated by Ay as an Ap-algebra and Ay is a finite type Ag-module,

(3) there exists a finite type quasi-coherent Ag-submodule F C Ay such that
Ay /FA is a locally nilpotent sheaf of ideals of A/F.A,

then p is quasi-compact.

Proof. The question is local on the base, see Schemes, Lemma [19.2, Thus we
may assume S is affine. Say S = Spec(R) and A corresponds to the graded R-
algebra A. Then X = Proj(A), see Constructions, Section In case (1) we may
after possibly localizing more assume that A is generated by homogeneous elements
fi,.-s fn € Ay over Ag. Then Ay = (fi,..., fn) by Algebra, Lemmal[57.1] In case
(3) we see that F = M for some finite type Ag-module M C A;. Say M = > Aof;.
Say f; = >_ fi; is the decomposition into homogeneous pieces. The condition in
(3) signifies that AL C /(fi;)- Thus in both cases we conclude that Proj(A) is
quasi-compact by Constructions, Lemma Finally, (2) follows from (1). O

Lemmal 27.2. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = ProjS(A) — S be the relative Proj of A. If A is of finite type as a sheaf
of Og-algebras, then p is of finite type and Ox(d) is a finite type Ox-module.

Proof. The assumption implies that p is quasi-compact, see Lemma Hence
it suffices to show that p is locally of finite type. Thus the question is local on the
base and target, see Morphisms, Lemma Say S = Spec(R) and A corresponds
to the graded R-algebra A. After further localizing on S we may assume that A is
a finite type R-algebra. The scheme X is constructed out of glueing the spectra of
the rings Ay for f € Ay homogeneous. Each of these is of finite type over R by
Algebra, Lemma [56.9) part (1). Thus Proj(A) is of finite type over R. To see the
statement on Ox (d) use part (2) of Algebra, Lemma [56.9] O
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Lemmal 27.3. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Let p : X = Proj,(A) — S be the relative Proj of A. If Os — Ay is an integral
algebra majﬂ and A is of finite type as an Ag-algebra, then p is universally closed.

Proof. The question is local on the base. Thus we may assume that X = Spec(R) is
affine. Let A be the quasi-coherent O x-algebra associated to the graded R-algebra
A. The assumption is that R — Aq is integral and A is of finite type over Ap.
Write X — Spec(R) as the composition X — Spec(Ag) — Spec(R). Since R — A
is an integral ring map, we see that Spec(Ap) — Spec(R) is universally closed,
see Morphisms, Lemma m The quasi-compact (see Constructions, Lemma
morphism
X = Proj(A) — Spec(4y)

satisfies the existence part of the valuative criterion by Constructions, Lemma [8.11
and hence it is universally closed by Schemes, Proposition Thus X — Spec(R)
is universally closed as a composition of universally closed morphisms. O

Lemmal 27.4. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = ProjS(A) — S be the relative Proj of A. The following conditions are
equivalent

(1) Ao is a finite type Og-module and A is of finite type as an Ag-algebra,
(2) Ay is a finite type Og-module and A is of finite type as an Og-algebra

If these conditions hold, then p is locally projective and in particular proper.

Proof. Assume that A is a finite type Og-module. Choose an affine open U =
Spec(R) C X such that A corresponds to a graded R-algebra A with Ay a finite
R-module. Condition (1) means that (after possibly localizing further on S) that
A is a finite type Ag-algebra and condition (2) means that (after possibly localizing
further on S) that A is a finite type R-algebra. Thus these conditions imply each
other by Algebra, Lemma [6.2

A locally projective morphism is proper, see Morphisms, Lemma[41.5] Thus we may
now assume that S = Spec(R) and X = Proj(A) and that Ay is finite over R and
A of finite type over R. We will show that X = Proj(A) — Spec(R) is projective.
We urge the reader to prove this for themselves, by directly constructing a closed
immersion of X into a projective space over R, instead of reading the argument we
give below.

By Lemma we see that X is of finite type over Spec(R). Constructions, Lemma
10.6 tells us that Ox(d) is ample on X for some d > 1 (see Properties, Section

@D. Hence X — Spec(R) is quasi-projective (by Morphisms, Definition . By
Morphisms, Lemma [41.12| we conclude that X is isomorphic to an open subscheme
of a scheme projective over Spec(R). Therefore, to finish the proof, it suffices to
show that X — Spec(R) is universally closed (use Morphisms, Lemma [39.7)). This
follows from Lemma 27.3 O

Lemmal 27.5. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = ProjS(A) — S be the relative Proj of A. If A is generated by A1 over
Ag and Ay is a finite type Og-module, then p is projective.

4In other words, the integral closure of Og in A, see Morphisms, Definition , equals Ag.
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Proof. Namely, the morphism associated to the graded Og-algebra map
Symg, (A1) — A
is a closed immersion X — P(A;), see Constructions, Lemma m (]

Lemmal 27.6. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = ijs(A) — S be the relative Proj of A. If Ay is a flat Og-module for
d >0, then p is flat and Ox(d) is flat over S.

Proof. Affine locally flatness of X over S reduces to the following statement: Let R
be a ring, let A be a graded R-algebra with A4 flat over R for d > 0, let f € Ay for
some d > 0, then Ay is flat over R. Since Ay = colim A,,4 where the transition
maps are given by multiplication by f, this follows from Algebra, Lemma [38.3
Argue similarly to get flatness of Ox (d) over S. O

Lemmal 27.7. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = PLojS(A) — S be the relative Proj of A. If A is a finitely presented
Og-algebra, then p is of finite presentation and Ox(d) is an Ox-module of finite
presentation.

Proof. Affine locally this reduces to the following statement: Let R be a ring and
let A be a finitely presented graded R-algebra. Then Proj(A) — Spec(R) is of finite
presentation and Op;oj(4)(d) is & Opyoja)-module of finite presentation. The finite
presentation condition implies we can choose a presentation

A=R[Xy,..., X/(Fi,.... F)

where R[X,...,X,] is a polynomial ring graded by giving weights d; to X; and
Fy,..., F,, are homogeneous polynomials of degree e;. Let Ry C R be the sub-
ring generated by the coefficients of the polynomials Fi, ..., F,,. Then we set
Ao = Ro[X1,...,Xn)/(F1,..., Fpn). By construction A = Ay ®p, R. Thus by
Constructions, Lemma it suffices to prove the result for Xy, = Proj(A4p) over
Ry. By Lemma we know X is of finite type over Ry and Ox,(d) is a quasi-
coherent Ox, -module of finite type. Since Ry is Noetherian (as a finitely generated
Z-algebra) we see that X is of finite presentation over Ry (Morphisms, Lemma
and Oy, (d) is of finite presentation by Cohomology of Schemes, Lemma
This finishes the proof. O

28. Closed subschemes of relative proj
Some auxiliary lemmas about closed subschemes of relative proj.

Lemmal 28.1. Let S be a scheme. Let A be a quasi-coherent graded Og-algebra.
Letp: X = ProjS(A) — S be the relative Proj of A. Leti: Z — X be a closed

subscheme. Denote T C A the kernel of the canonical map
A— @, r (.0)d)

If p is quasi-compact, then there is an isomorphism Z = Projs(.A/I).

Proof. The morphism p is separated by Constructions, Lemma As p is
quasi-compact, p, transforms quasi-coherent modules into quasi-coherent modules,
see Schemes, Lemma [24.1] Hence 7 is a quasi-coherent Og-module. In particu-
lar, B = A/Z is a quasi-coherent graded Og-algebra. The functoriality morphism
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Z" = Proj4(B) — Proj(A) is everywhere defined and a closed immersion, see Con-
structions, Lemma Hence it suffices to prove Z = Z' as closed subschemes of
X.

Having said this, the question is local on the base and we may assume that S =
Spec(R) and that X = Proj(A) for some graded R-algebra A. Assume Z = I for
I C A a graded ideal. By Constructions, Lemma there exist fo,...,fn € At
such that Ay C \/(fo,..., fn) in other words X = J D4 (f;). Therefore, it suffices
to check that ZN D (f;) = Z'N D4 (f;) for each i. By renumbering we may assume
i =0. Say ZN D (fo), resp. Z'N D (fo) is cut out by the ideal .J, resp. J' of Ay,).

The inclusion J' C J. Let d be the least common multiple of deg(fy), ..., deg(fn)-

Note that each of the twists Ox (nd) is invertible, trivialized by fI'¥ 98U gyer
D, (f;), and that for any quasi-coherent module F on X the multiplication maps
Ox(nd) ®o, F(m) — F(nd + m) are isomorphisms, see Constructions, Lemma
Observe that J is the ideal generated by the elements g/f§ where g € I
is homogeneous of degree edeg(fy) (see proof of Constructions, Lemma . Of
course, by replacing g by flg for suitable [ we may always assume that d|e. Then,
since g vanishes as a section of Ox (edeg(fy)) restricted to Z we see that g/f is

an element of J. Thus J' C J.

Conversely, suppose that g/ f§ € J. Again we may assume dle. Pick i € {1,...,n}.
Then Z N D (f;) is cut out by some ideal J; C A(y,). Moreover,

I Aigory = Ji- Atgo )

The right hand side is the localization of J; with respect to fgcg(f"')/f;icg(f‘)). It

fOHOWS that
e; e;+e) deg( fi deg(f:
5 g/fi( ) deg(fo)/ deg(f:) e J;

for some e; > 0 sufficiently divisible. This proves that f;" ax(¢4) g is an element of I,

because its restriction to each affine open D (f;) vanishes on the closed subscheme
Z N D4(f;). Hence g € J' and we conclude J C J' as desired. O

Example 28.2. Let A be a graded ring. Let X = Proj(A) and S = Spec(Ayp).
Given a graded ideal I C A we obtain a closed subscheme V, (I) = Proj(A/I) —» X
by Constructions, Lemma Translating the result of Lemma we see that
if X is quasi-compact, then any closed subscheme Z is of the form V, (I(Z)) where
the graded ideal I(Z) C A is given by the rule

[(7) = Ker(A — €D, _ T(2,02(n)))

Then we can ask the following two natural questions:

(1) Which ideals I are of the form I(Z)?
(2) Can we describe the operation I — I(Vy(I))?

We will answer this when A is Noetherian.

First, assume that A is generated by A; over Ag. In this case, for any ideal I C A
the kernel of the map A/I — @T'(Proj(A/I),O) is the set of torsion elements of
A/I, see Cohomology of Schemes, Proposition Hence we conclude that

I(Vi(I))={xz e A| A,x C I for some n > 0}
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The ideal on the right is sometimes called the saturation of I. This answers (2) and
the answer to (1) is that an ideal is of the form I(Z) if and only if it is saturated,
i.e., equal to its own saturation.

If A is a general Noetherian graded ring, then we use Cohomology of Schemes,
Proposition[I4.4l Thus we see that for d equal to the lem of the degrees of generators
of A over Ay we get

I(Vo(D)={z € A| (Az)pq C I for all n>> 0}

This can be different from the saturation of I if d # 1. For example, suppose that
A = Qlz,y] with deg(z) = 2 and deg(y) = 3. Then d = 6. Let I = (y?). Then
we see y € I(V,(I)) because for any homogeneous f € A such that 6|deg(fy) we
have y|f, hence fy € I. Tt follows that I(V,(I)) = (y) but 2™y & I for all n hence
I(V,(I)) is not equal to the saturation.

Lemma 28.3. Let R be a UFD. Let Z C P’ be a closed subscheme which has no
embedded points such that every irreducible component of Z has codimension 1 in
P’. Then the ideal I(Z) C R[Ty, ..., T,] corresponding to Z is principal.

Proof. Observe that the local rings of X = P% are UFDs because X is covered
by affine pieces isomorphic to A% and R[z1,...,z,] is a UFD (Algebra, Lemma
[119.10). Thus Z is an effective Cartier divisor by Lemma Let Z C Ox be
the quasi-coherent sheaf of ideals corresponding to Z. Choose an isomorphism
O(m) — T for some m € Z, see Lemma [26.5] Then the composition

Ox(m) —7 — OX

is nonzero. We conclude that m < 0 and that the corresponding section of
Ox(m)®~! = Ox(—m) is given by some F € R[Tp,...,T,] of degree —m, see
Cohomology of Schemes, Lemma Thus on the ith standard open U; = D4 (T;)
the closed subscheme Z N U; is cut out by the ideal

Thus the homogeneous elements of the graded ideal I(Z) = Ker(R[Ty,...,T,] —
PT(Oz(m))) is the set of homogeneous polynomials G such that

G(To/Ts, ..., Ta)Ts) € (F(To/T;, ..., Tn/T5))

for i = 0,...,n. Clearing denominators, we see there exist e; > 0 such that

TG € (F)
for i =0,...,n. As Ris a UFD, so is R[Ty,...,T,]. Then F|T;°G and F|I7'G
implies F|G as T;;° and 17" have no factor in common. Thus I(Z) = (F'). O

In case the closed subscheme is locally cut out by finitely many equations we can
define it by a finite type ideal sheaf of A.

Lemmal 28.4. Let S be a quasi-compact and quasi-separated scheme. Let A be
a quasi-coherent graded Og-algebra. Let p : X = PLOjS(‘A) — S be the relative
Proj of A. Leti : Z — X be a closed subscheme. If p is quasi-compact and i
of finite presentation, then there exists a d > 0 and a quasi-coherent finite type
Os-submodule F C Aq such that Z = Proj (A/FA).
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Proof. By Lemma[28.T]we know there exists a quasi-coherent graded sheaf of ideals
Z C A such that Z = Proj(A/Z). Since S is quasi-compact we can choose a finite
affine open covering S = Uy U...UU,. Say U; = Spec(R;). Let Ay, correspond
to the graded R;-algebra A; and Z|y, to the graded ideal I; C A;. Note that
p~1(U;) = Proj(A;) as schemes over R;. Since p is quasi-compact we can choose
finitely many homogeneous elements f; ; € A; 1 such that p~(U;) = D4 (fi ;). The
condition on Z — X means that the ideal sheaf of Z in Ox is of finite type, see
Morphisms, Lemma Hence we can find finitely many homogeneous elements
hijix € I; N A; 4 such that the ideal of Z N Dy (f; ;) is generated by the elements
hi,jyk/fz}’j"“. Choose d > 0 to be a common multiple of all the integers deg(f; ;)
and deg(h; ;). By Properties, Lemmathere exists a finite type quasi-coherent
F C I, such that all the local sections

hi,j,kfi()?_deg(hi,jyk))/ deg(fqﬂ,j)

are sections of F. By construction F is a solution. |
The following version of Lemma [28.4] will be used in the proof of Lemma 3.2}

Lemmal 28.5. Let S be a quasi-compact and quasi-separated scheme. Let A be a
quasi-coherent graded Og-algebra. Letp : X = PLO]'S(.A) — S be the relative Proj
of A. Leti:Z — X be a closed subscheme. Let U C X be an open. Assume that

(1) p is quasi-compact,

(2) i of finite presentation,

(3) Unp(i(2)) =0,

(4) U is quasi-compact,

(5) A, is a finite type Og-module for all n.
Then there exists a d > 0 and a quasi-coherent finite type Og-submodule F C Aq4
with (a) Z = Proj (A/FA) and (b) the support of Aq/F is disjoint from U.

Proof. Let Z C A be the sheaf of quasi-coherent graded ideals constructed in
Lemma Let U, Ri, A, I, fij, hijk, and d be as constructed in the proof of
Lemma Since UNp(i(Z)) = @ we see that Zyg|y = Aqg|u (by our construction of
T as a kernel). Since U is quasi-compact we can choose a finite affine open covering
U=WiU...UW,,. Since Ay is of finite type we can find finitely many sections
gt,s € Aq(Wy) which generate Aq|w, = Zqlw, as an Ow,-module. To finish the
proof, note that by Properties, Lemma there exists a finite type F C Z; such
that all the local sections

hi’jﬁkf(dfdeg(hi,j,k))/deg(fi,j)

i, and Gt,s

are sections of F. By construction F is a solution. (]

Lemma 28.6. Let X be a scheme. Let € be a quasi-coherent Ox -module. There
s a bijection
sections o of the surjections € — L where
morphism P(£) - X L is an invertible O x -module
In this case o is a closed immersion and there is a canonical isomorphism
Ker(é' — E) Rox £t — CU(X)/P(S)

Both the bijection and isomorphism are compatible with base change.
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Proof. Recall that 7 : P(£) — X is the relative proj of the symmetric algebra on
&, see Constructions, Definition Hence the descriptions of sections o follows
immediately from the description of the functor of points of P(£) in Constructions,
Lemma Since 7 is separated, any section is a closed immersion (Construc-
tions, Lemma and Schemes, Lemma . Let U C X be an affine open
and k € E(U) and s € £(U) be local sections such that k maps to zero in £ and s
maps to a generator 5 of L. Then f = k/s is a section of Op(g) defined in an open
neighbourhood D (s) of s(U) in 7~ 1(U). Moreover, since k maps to zero in £ we
see that f is a section of the ideal sheaf of s(U) in #~1(U). Thus we can take the
image f of f in Cy(x)/p()(U). We claim (1) that the image f depends only on the
sections k and 3 and not on the choice of s and (2) that we get an isomorphism
over U in this manner (see below). However, once (1) and (2) are established, we
see that the construction is compatible with base change by U’ — U where U’ is
affine, which proves that these local maps glue and are compatible with arbitrary
base change.

To prove (1) and (2) we make explicit what is going on. Namely, say U = Spec(A)
and say £ — L corresponds to the map of A-modules M — N. Then k € K =
Ker(M — N) and s € M maps to a generator 5 of N. Hence M = K & As. Thus

Sym(M) = Sym(K)]s]
Consider the identification Sym(K) — Sym(M)) via the rule g +— g/s" for
g € Sym™(K). This gives an isomorphism D, (s) = Spec(Sym(K)) such that o
corresponds to the ring map Sym(K) — A mapping K to zero. Via this isomor-

phism we see that the quasi-coherent module corresponding to K is identified with
Co(u)/ D4 (s) Proving (2). Finally, suppose that s’ = &’ + s for some k' € K. Then

kfs' = (k/s)(s/s") = (k/s)(s'/s) ™" = (k/s) (1 +K'/s) 7!
in an open neighbourhood of o(U) in D (s). Thus we see that s'/s restricts to 1
on o(U) and we see that k/s" maps to the same element of the conormal sheaf as
does k/s thereby proving (1). O

29. Blowing up
Blowing up is an important tool in algebraic geometry.

Definition 29.1. Let X be a scheme. Let Z C Ox be a quasi-coherent sheaf of
ideals, and let Z C X be the closed subscheme corresponding to Z, see Schemes,
Definition The blowing up of X along Z, or the blowing up of X in the ideal
sheaf T is the morphism

b:Proj, (@nzoz’l) X

The exceptional divisor of the blow up is the inverse image b=1(Z). Sometimes Z
is called the center of the blowup.

We will see later that the exceptional divisor is an effective Cartier divisor. More-
over, the blowing up is characterized as the “smallest” scheme over X such that
the inverse image of Z is an effective Cartier divisor.

If b : X’ — X is the blow up of X in Z, then we often denote Ox-(n) the
twists of the structure sheaf. Note that these are invertible O x/-modules and that
Ox/(n) = Ox/(1)®" because X’ is the relative Proj of a quasi-coherent graded
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Ox-algebra which is generated in degree 1, see Constructions, Lemma [16.11] Note
that Ox/(1) is b-relatively very ample, even though b need not be of finite type

or even quasi-compact, because X’ comes equipped with a closed immersion into
P(Z), see Morphisms, Example

Lemmal 29.2. Let X be a scheme. Let T C Ox be a quasi-coherent sheaf of
ideals. Let U = Spec(A) be an affine open subscheme of X and let I C A be the
ideal corresponding to I|y. If b: X' — X is the blow up of X in I, then there is a
canonical isomorphism

b HU) = ij(@dzo 1%

of b=1(U) with the homogeneous spectrum of the Rees algebra of I in A. Moreover,
b=Y(U) has an affine open covering by spectra of the affine blowup algebras A[g]

Proof. The first statement is clear from the construction of the relative Proj via
glueing, see Constructions, Section For a € I denote a(!) the element a seen as
an element of degree 1 in the Rees algebra @, ., I". Since these elements generate
the Rees algebra over A we see that Proj(@ -, I 4) is covered by the affine opens
D, (a™). The affine scheme D (a!) is the spectrum of the affine blowup algebra
A = A[é], see Algebra, Definition This finishes the proof. O

Lemma 29.3. Let X1 — X5 be a flat morphism of schemes. Let Zo C Xo be a
closed subscheme. Let Zy be the inverse image of Za in X;. Let X| be the blow up
of Z; in X;. Then there exists a cartesian diagram

|

X1 —_— X2
of schemes.

Proof. Let 7, be the ideal sheaf of Z5 in X5. Denote g : X7 — X5 the given
morphism. Then the ideal sheaf 7; of Z; is the image of ¢*Zy — Ox, (by definition
of the inverse image, see Schemes, Deﬁnition. By Constructions, Lemma
we see that X; x x, X3 is the relative Proj of @@,,~, ¢*Z3. Because g is flat the map
g*Ty — Ox, is injective with image Z}. Thus we see that X; xx, X5 = X|. O

Lemma 29.4. Let X be a scheme. Let Z C X be a closed subscheme. The blowing
up b: X' — X of Z in X has the following properties:
(1) bly-r(x\z) : b HX\ Z) = X \ Z is an isomorphism,
(2) the exceptional divisor E = b=(Z) is an effective Cartier divisor on X',
(3) there is a canonical isomorphism Ox:(—1) = Ox/ (E)

Proof. As blowing up commutes with restrictions to open subschemes (Lemma
the first statement just means that X’ = X if Z = (). In this case we are
blowing up in the ideal sheaf 7 = Ox and the result follows from Constructions,
Example [8.14

The second statement is local on X, hence we may assume X affine. Say X =
Spec(A4) and Z = Spec(A/I). By Lemma we see that X’ is covered by the
spectra of the affine blowup algebras A’ = A[é] Then IA’ = aA’ and a maps to a
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nonzerodivisor in A" according to Algebra, Lemma This proves the lemma as
the inverse image of Z in Spec(A’) corresponds to Spec(A’/IA") C Spec(A’).

Consider the canonical map Yynip,1 : b*Z — Ox-(1), see discussion following Con-
structions, Definition We claim that this factors through an isomorphism
Zr — Ox/(1) (which proves the final assertion). Namely, on the affine open corre-
sponding to the blowup algebra A’ = A[é] mentioned above 1,1 corresponds to

the A’-module map
ITos AN — ((@dzo Id)a(1>)1

where a(!) is as in Algebra, Definition We omit the verification that this is
the map I ®4 A’ — TA' = aA’. O

Lemma 29.5 (Universal property blowing up). Let X be a scheme. Let Z C X be
a closed subscheme. Let C be the full subcategory of (Sch/X) consisting of Y — X
such that the inverse image of Z is an effective Cartier divisor on Y. Then the

blowing up b: X' — X of Z in X is a final object of C.

Proof. We see that b : X’ — X is an object of C according to Lemma Let
f:Y — X be an object of C. We have to show there exists a unique morphism
Y — X' over X. Let D = f~1(Z). Let T C Ox be the ideal sheaf of Z and
let Zp be the ideal sheaf of D. Then f*Z — Zp is a surjection to an invertible
Oy-module. This extends to a map ¢ : @ f*Z% — @I of graded Oy-algebras.
(We observe that Z¢, = I%d as D is an effective Cartier divisor.) By the material in
Constructions, Section [16|the triple (1, f : Y — X, ) defines a morphism ¥ — X’
over X. The restriction

Y\D— X'\b}2)=X\Z

is unique. The open Y \ D is scheme theoretically dense in Y according to Lemma
Thus the morphism Y — X' is unique by Morphisms, Lemma (also b is
separated by Constructions, Lemma [16.9)). (I

Lemmal 29.6. Let b: X' — X be the blowing up of the scheme X along a closed
subscheme Z. Let U = Spec(A) be an affine open of X and let I C A be the ideal
corresponding to ZNU. Let a € I and let ' € X' be a point mapping to a point of
U. Then ' is a point of the affine open U’ = Spec(A[é]) if and only if the image
of a in Ox 4 cuts out the exceptional divisor.

Proof. Since the exceptional divisor over U’ is cut out by the image of a in A’ =
A[L] one direction is clear. Conversely, assume that the image of a in Ox . cuts
out E. Since every element of I maps to an element of the ideal defining £ over
b=1(U) we see that elements of I become divisible by a in Ox/ .. Thus for f € I"
we can write f = 1 (f)a™ for some ¢(f) € Oxs . Observe that since a maps to a
nonzerodivisor of Ox/ .+ the element 1(f) is uniquely characterized by this. Then
we define
A — OX/,Q,C/7 f/a" — w(f)

Here we use the description of blowup algebras given following Algebra, Definition
The uniqueness mentioned above shows that this is an A-algebra homomor-
phism. This gives a morphism Spec(Ox- ) — Spec(A’) = U’. By the universal
property of blowing up (Lemma this is a morphism over X', which of course
implies that =’ € U’. O
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Lemma 29.7. Let X be a scheme. Let Z C X be an effective Cartier divisor.
The blowup of X in Z is the identity morphism of X.

Proof. Immediate from the universal property of blowups (Lemma [29.5). |

Lemma 29.8. Let X be a scheme. Let T C Ox be a quasi-coherent sheaf of ideals.
If X is reduced, then the blow up X' of X in T is reduced.

Proof. Combine Lemma with Algebra, Lemma O

Lemma 29.9. Let X be a scheme. Let T C Ox be a nonzero quasi-coherent sheaf
of ideals. If X is integral, then the blow up X' of X in T is integral.

Proof. Combine Lemma [29.2] with Algebra, Lemma O

Lemma 29.10. Let X be a scheme. Let Z C X be a closed subscheme. Let
b: X' — X be the blowing up of X along Z. Then b induces an bijective map from
the set of generic points of irreducible components of X' to the set of generic points
of irreducible components of X which are not in Z.

Proof. The exceptional divisor E C X' is an effective Cartier divisor (Lemma [29.4)
hence is nowhere dense in X’ (Lemma [13.4]). On the other hand, X'\ E — X \ Z
is an isomorphism. The lemma follows. ([l

Lemmal 29.11. Let X be a scheme. Letb: X' — X be a blow up of X in a closed
subscheme. For any effective Cartier divisor D on X the pullback b= D is defined

(see Definition .

Proof. By Lemmas [29.2] and this reduces to the following algebra fact: Let
A be aring, I C A an ideal, a € I, and « € A a nonzerodivisor. Then the image
of z in A[Z] is a nonzerodivisor. Namely, suppose that 2(y/a™) = 0 in A[]. Then
a™zy =0 in A for some m. Hence a™y = 0 as z is a nonzerodivisor. Whence y/a"™
is zero in A[Z] as desired. O

Lemma 29.12. Let X be a scheme. Let T C Ox and J be quasi-coherent sheaves
of ideals. Let b : X' — X be the blowing up of X in I. Let b : X" — X' be the
blowing up of X' in b='JOx/. Then X" — X is canonically isomorphic to the
blowing up of X in Z.J.

Proof. Let E C X' be the exceptional divisor of b which is an effective Cartier
divisor by Lemma [29.4 Then (V')"'E is an effective Cartier divisor on X" by
Lemma Let E' C X" be the exceptional divisor of ¥’ (also an effective
Cartier divisor). Consider the effective Cartier divisor £ = E' + ()/)"'E. By
construction the ideal of E” is (bo b')"1Z(bo b')"*JOx». Hence according to
Lemma there is a canonical morphism from X’ to the blowup ¢ : Y — X of
X in ZJ. Conversely, as Z.J pulls back to an invertible ideal we see that ¢~ 'ZOy
defines an effective Cartier divisor, see Lemma [13.9} Thus a morphism ¢/ : ¥ — X’
over X by Lemma Then ()10 1J0y = ¢ 1JOy which also defines an
effective Cartier divisor. Thus a morphism ¢’ : Y — X" over X’. We omit the
verification that this morphism is inverse to the morphism X" — Y constructed
earlier. O

Lemmal 29.13. Let X be a scheme. Let T C Ox be a quasi-coherent sheaf of
ideals. Let b: X' — X be the blowing up of X in the ideal sheaf Z. If T is of finite
type, then
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(1) b: X' = X is a projective morphism, and
(2) Ox/(1) is a b-relatively ample invertible sheaf.

Proof. The surjection of graded Ox-algebras
N d
Symp , (Z) — @dzo A
defines via Constructions, Lemma [18.5| a closed immersion
I : d
X' = PrOJX(@dZOI ) — P(2).

Hence b is projective, see Morphisms, Definition The second statement fol-
lows for example from the characterization of relatively ample invertible sheaves in
Morphisms, Lemma Some details omitted. (]

Lemma 29.14. Let X be a quasi-compact and quasi-separated scheme. Let Z C X
be a closed subscheme of finite presentation. Let b: X' — X be the blowing up with
center Z. Let Z' C X' be a closed subscheme of finite presentation. Let X" — X'
be the blowing up with center Z'. There exists a closed subscheme Y C X of finite
presentation, such that

(1) Y =ZUb(Z') set theoretically, and
(2) the composition X" — X is isomorphic to the blowing up of X inY.

Proof. The condition that Z — X is of finite presentation means that Z is cut out
by a finite type quasi-coherent sheaf of ideals Z C Ox, see Morphisms, Lemma [20.
Write A = @,,~,Z" so that X’ = Proj(A). Note that X \ Z is a quasi-compact
open of X by Properties, Lemma Since b=1(X'\ Z) — X\ Z is an isomorphism
(Lemma [29.4) the same result shows that b=1(X \ Z)\ Z’ is quasi-compact open in
X'. Hence U = X \ (ZUb(Z")) is quasi-compact open in X. By Lemma[28.5 there
exist a d > 0 and a finite type Ox-submodule F C Z% such that Z’ = Proj(A/F.A)
and such that the support of Z¢/F is contained in X \ U.

Since F C Z¢ is an Ox-submodule we may think of F ¢ Z¢ C Ox as a finite type
quasi-coherent sheaf of ideals on X . Let’s denote this J C Ox to prevent confusion.
Since Z¢/J and O/I? are supported on X \ U we see that V(J) is contained in
X\ U. Conversely, as J C I% we see that Z C V(J). Over X \ Z = X'\ b=1(2)
the sheaf of ideals J cuts out Z’ (see displayed formula below). Hence V() equals
Z Ub(Z'). It follows that also V(ZJ) = Z U b(Z’) set theoretically. Moreover,
Z.J is an ideal of finite type as a product of two such. We claim that X" — X is
isomorphic to the blowing up of X in Z.7 which finishes the proof of the lemma by
setting Y =V (Z.J).

First, recall that the blow up of X in Z.J is the same as the blow up of X’ in
b=1JOx, see Lemma [29.12, Hence it suffices to show that the blow up of X’ in
b1 TOx agrees with the blow up of X’ in Z’. We will show that

bileX/ = I%IZ/

as ideal sheaves on X”. This will prove what we want as Z¢ cuts out the effective
Cartier divisor dE and we can use Lemmas 29.7 and 29.121

To see the displayed equality of the ideals we may work locally. With notation A,
I, a € I as in Lemma we see that F corresponds to an R-submodule M C I¢
mapping isomorphically to an ideal J C R. The condition Z' = Proj(A/F.A)
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means that Z’NSpec(A[£]) is cut out by the ideal generated by the elements m/a?,
m € M. Say the element m € M corresponds to the function f € J. Then in the
affine blowup algebra A’ = A[L] we see that f = (a?m)/a? = a?(m/a?). Thus the

equality holds. [

30. Strict transform

In this section we briefly discuss strict transform under blowing up. Let S be a
scheme and let Z C S be a closed subscheme. Let b: 8" — S be the blowing up of
S in Z and denote E C S’ the exceptional divisor £ = b=1Z. In the following we
will often consider a scheme X over S and form the cartesian diagram

-1
prg, FE —— X XSS’TX>X

!

E S’ S
Since E is an effective Cartier divisor (Lemma we see that prg,lE C X xg&
is locally principal (Lemma . Thus the complement of prg,lE in X xg 9" is
retrocompact (Lemma . Consequently, for a quasi-coherent Ox x,g/-module
G the subsheaf of sections supported on prg,lE is a quasi-coherent submodule,
see Properties, Lemma If G is a quasi-coherent sheaf of algebras, e.g., G =
Ox x4, then this subsheaf is an ideal of G.

Definition 30.1. With Z C S and f: X — S as above.

(1) Given a quasi-coherent Ox-module F the strict transform of F with respect
to the blowup of S in Z is the quotient F’ of pri F by the submodule of
sections supported on prg,lE.

(2) The strict transform of X is the closed subscheme X’ C X xg S’ cut out
by the quasi-coherent ideal of sections of Ox x g supported on prg,lE.

Note that taking the strict transform along a blowup depends on the closed sub-
scheme used for the blowup (and not just on the morphism S’ — S). This notion
is often used for closed subschemes of S. It turns out that the strict transform of
X is a blowup of X.

Lemmal 30.2. In the situation of Definition .
(1) The strict transform X' of X is the blowup of X in the closed subscheme
f1Z of X.
(2) For a quasi-coherent Ox-module F the strict transform F' is canonically
isomorphic to the pushforward along X' — X xS’ of the strict transform
of F relative to the blowing up X' — X.

Proof. Let X” — X be the blowup of X in f~'Z. By the universal property of
blowing up (Lemma [29.5)) there exists a commutative diagram

X//HX
S —— 9

whence a morphism X" — X x g S’. Thus the first assertion is that this morphism
is a closed immersion with image X’. The question is local on X. Thus we may
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assume X and S are affine. Say that S = Spec(A), X = Spec(B), and Z is cut
out by the ideal I C A. Set J = IB. The map B®a @~ 1" = D,,>J" defines
a closed immersion X” — X xg S, see Constructions, Lemmas and
We omit the verification that this morphism is the same as the one constructed
above from the universal property. Pick a € I corresponding to the affine open
Spec(A[£]) € &, see Lemma The inverse image of Spec(A[£]) in the strict
transform X’ of X is the spectrum of

B’ = (B ®4 A[%])/a-power-torsion

see Properties, Lemma On the other hand, letting b € J be the image of
a we see that Spec(B[7]) is the inverse image of Spec(A[L]) in X”. By Alge-
bra, Lemma the open Spec(B[%]) maps isomorphically to the open subscheme

prg/l(Spec(A[ﬂ)) of X’. Thus X" — X' is an isomorphism.

In the notation above, let F correspond to the B-module N. The strict transform
of F corresponds to the B ®4 A[£]-module

N’ = (N ®4 A[%])/a-power-torsion
see Properties, Lemma[24.5] The strict transform of F relative to the blowup of X
in f~1Z corresponds to the B[Z]-module N ®p B[%]/b-power-torsion. In exactly

the same way as above one proves that these two modules are isomorphic. Details
omitted. O

Lemma 30.3. In the situation of Definition .

(1) If X is flat over S at all points lying over Z, then the strict transform of
X is equal to the base change X xg S'.

(2) Let F be a quasi-coherent Ox -module. If F is flat over S at all points lying
over Z, then the strict transform F' of F is equal to the pullback pri F.

Proof. We will prove part (2) as it implies part (1) by the definition of the strict
transform of a scheme over S. The question is local on X. Thus we may assume
that S = Spec(A), X = Spec(B), and that F corresponds to the B-module N.
Then F’ over the open Spec(B ®4 A[£]) of X xg S’ corresponds to the module

N’ = (N @4 A[%])/a-power-torsion
see Properties, Lemma Thus we have to show that the a-power-torsion of
N @4 A[L] is zero. Let y € N @4 A[£] with a”y = 0. If ¢ C Bis a prime and a ¢ q,
then y maps to zero in (N ® 4 A[é])q on the other hand, if a € q, then IV; is a flat
A-module and we see that Nq ®4 A[Z] = (N @4 A[£])4 has no a-power torsion (as

A[£] doesn’t). Hence y maps to zero in this localization as well. We conclude that
y is zero by Algebra, Lemma [23.1 g

Lemma 30.4. Let S be a scheme. Let Z C S be a closed subscheme. Letb: S" — S
be the blowing up of Z in S. Let g : X — Y be an affine morphism of schemes over
S. Let F be a quasi-coherent sheaf on X. Let g : X xg 8" =Y x5 be the base
change of g. Let F' be the strict transform of F relative to b. Then g.F' is the
strict transform of g.JF.

Proof. Observe that ¢,pri F = pr} g.F by Cohomology of Schemes, Lemma
Let K C priF be the subsheaf of sections supported in the inverse image of Z
in X xg S’. By Properties, Lemma the pushforward ¢,k is the subsheaf of
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sections of pr} g.F supported in the inverse image of Z in Y xg S’. As ¢’ is affine
(Morphisms, Lemma [11.8)) we see that g, is exact, hence we conclude. ([

Lemma 30.5. Let S be a scheme. Let Z C S be a closed subscheme. Let D C S
be an effective Cartier divisor. Let Z' C S be the closed subscheme cut out by the
product of the ideal sheaves of Z and D. Let S" — S be the blowup of S in Z.

(1) The blowup of S in Z' is isomorphic to S’ — S.

(2) Let f: X — S be a morphism of schemes and let F be a quasi-coherent
Ox-module. If F has no nonzero local sections supported in f~1D, then
the strict transform of F relative to the blowing up in Z agrees with the
strict transform of F relative to the blowing up of S in Z'.

Proof. The first statement follows on combining Lemmas [29.12] and [29.7] Using
Lemma the second statement translates into the following algebra problem.
Let A be a ring, I C A an ideal, x € A a nonzerodivisor, and a € I. Let M be an
A-module whose x-torsion is zero. To show: the a-power torsion in M ® 4 A[é] is
equal to the xa-power torsion. The reason for this is that the kernel and cokernel of
the map A — A[é] is a-power torsion, so this map becomes an isomorphism after
inverting a. Hence the kernel and cokernel of M — M ® 4 A[é] are a-power torsion
too. This implies the result. [

Lemma 30.6. Let S be a scheme. Let Z C S be a closed subscheme. Letb: S" — S
be the blowing up with center Z. Let Z' C S’ be a closed subscheme. Let S — S’
be the blowing up with center Z'. Let Y C S be a closed subscheme such that
Y = ZUb(Z') set theoretically and the composition S"” — S is isomorphic to
the blowing up of S in Y. In this situation, given any scheme X over S and
F € QCoh(Ox) we have

(1) the strict transform of F with respect to the blowing up of S in'Y is equal to
the strict transform with respect to the blowup S” — 8" in Z' of the strict
transform of F with respect to the blowup S — S of S in Z, and

(2) the strict transform of X with respect to the blowing up of S in'Y is equal
to the strict transform with respect to the blowup S"” — S’ in Z' of the strict
transform of X with respect to the blowup S — S of S in Z.

Proof. Let F’' be the strict transform of F with respect to the blowup S’ — S of
S in Z. Let F” be the strict transform of 7’ with respect to the blowup S” — S’
of " in Z’. Let G be the strict transform of F with respect to the blowup S” — S
of S'in Y. We also label the morphisms

XXSS’/T>X xSS’T>X

if// lf/ lf

S S’ S
By definition there is a surjection p*F — F’ and a surjection ¢*F’ — F” which
combine by right exactness of ¢* to a surjection (po ¢)*F — F". Also we have the

surjection (p o ¢)*F — G. Thus it suffices to prove that these two surjections have
the same kernel.

The kernel of the surjection p*F — F’ is supported on (f o p)~1Z, so this map
is an isomorphism at points in the complement. Hence the kernel of ¢*p*F —
q*F' is supported on (f o poq)~tZ. The kernel of ¢*F' — F” is supported on
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(f' o q)~1Z’. Combined we see that the kernel of (p o ¢)*F — F' is supported
on (fopoq) tZU(f'oq)™'Z = (fopoq)~'Y. By construction of G we see
that we obtain a factorization (p o ¢)*F — F” — G. To finish the proof it suffices
to show that 7" has no nonzero (local) sections supported on (f opoq)~}(Y) =
(fopoq)™tZU(f'oq)~1Z'. This follows from Lemma applied to F/ on X x g5’
over S’, the closed subscheme Z’ and the effective Cartier divisor b~1Z. O

Lemmal 30.7. In the situation of Definition . Suppose that
0—-Fr —=F2—=F3—=0

is an exact sequence of quasi-coherent sheaves on X which remains exact after any
base change T — S. Then the strict transforms of F| relative to any blowup S" — S
form a short exact sequence 0 — F| — Fj — F4 — 0 too.

Proof. We may localize on S and X and assume both are affine. Then we may
push F; to S, see Lemma [30.4. We may assume that our blowup is the morphism
1: S5 — S associated to an effective Cartier divisor D C S. Then the translation
into algebra is the following: Suppose that A is a ring and 0 — My — My — M3 —
0 is a universally exact sequence of A-modules. Let a € A. Then the sequence

0 — M /a-power torsion — Ma /a-power torsion — M3 /a-power torsion — 0

is exact too. Namely, surjectivity of the last map and injectivity of the first map are
immediate. The problem is exactness in the middle. Suppose that x € M, maps
to zero in M3 /a-power torsion. Then y = a™x € M; for some n. Then y maps to
zero in Msy/a™*Ms. Since My — Mo is universally injective we see that y maps to
zero in M;/a™ M. Thus y = o™z for some z € M;. Thus a™(x — y) = 0. Hence y
maps to the class of x in My /a-power torsion as desired. ([

Lemmal 30.8. Let S be a scheme. Let F be a finite type quasi-coherent Og-
module. Let Z), C S be the closed subscheme cut out by Fit,(F), see Section @ Let
S" — 8 be the blowup of S in Zy and let F' be the strict transform of F. Then F'
can locally be generated by < k sections.

Proof. Recall that F’ can locally be generated by < k sections if and only if
Fit,(F') = Og/, see Lemma Hence this lemma is a translation of More on
Algebra, Lemma [24.3 O

Lemma 30.9. Let S be a scheme. Let F be a finite type quasi-coherent Og-
module. Let Zy, C S be the closed subscheme cut out by Fit,(F), see Section @
Assume that F is locally free of rank k on S\ Zy. Let S’ — S be the blowup of S
in Zy and let F' be the strict transform of F. Then F' is locally free of rank k.

Proof. Translation of More on Algebra, Lemma O

31. Admissible blowups

To have a bit more control over our blowups we introduce the following standard
terminology.

Definition 31.1. Let X be a scheme. Let U C X be an open subscheme. A
morphism X’ — X is called a U-admissible blowup if there exists a closed immersion
7 — X of finite presentation with Z disjoint from U such that X’ is isomorphic to
the blow up of X in Z.
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We recall that Z — X is of finite presentation if and only if the ideal sheaf 7, C Ox
is of finite type, see Morphisms, Lemma [20.7] In particular, a U-admissible blowup
is a projective morphism, see Lemma[29.13] Note that there can be multiple centers
which give rise to the same morphism. Hence the requirement is just the existence
of some center disjoint from U which produces X’. Finally, as the morphism b :
X’ — X is an isomorphism over U (see Lemma [29.4) we will often abuse notation
and think of U as an open subscheme of X’ as well.

Lemma 31.2. Let X be a quasi-compact and quasi-separated scheme. Let U C X
be a quasi-compact open subscheme. Let b : X' — X be a U-admissible blowup.
Let X" — X' be a U-admissible blowup. Then the composition X" — X is a
U -admissible blowup.

Proof. Immediate from the more precise Lemma ([l

Lemma 31.3. Let X be a quasi-compact and quasi-separated scheme. Let U,V C
X be quasi-compact open subschemes. Letb: V' — V be a UNV -admissible blowup.
Then there exists a U-admissible blowup X' — X whose restriction to V is V.

Proof. Let Z C Oy be the finite type quasi-coherent sheaf of ideals such that V' (Z)
is disjoint from U NV and such that V' is isomorphic to the blow up of V in Z. Let
I’ C Oyuv be the quasi-coherent sheaf of ideals whose restriction to U is Oy and
whose restriction to V is Z (see Sheaves, Section [33). By Properties, Lemma
there exists a finite type quasi-coherent sheaf of ideals J C Ox whose restriction
to UUV is Z'. The lemma follows. O

Lemma 31.4. Let X be a quasi-compact and quasi-separated scheme. Let U C X
be a quasi-compact open subscheme. Let b; : X; — X, 1=1,...,n be U-admissible
blowups. There exists a U-admissible blowup b : X' — X such that (a) b factors
as X' - X; = X fori=1,...,n and (b) each of the morphisms X' — X, is a
U-admissible blowup.

Proof. Let Z; C Ox be the finite type quasi-coherent sheaf of ideals such that
V(Z;) is disjoint from U and such that X; is isomorphic to the blow up of X in Z;.

Set T =12 -...-Z, and let X’ be the blowup of X in Z. Then X’ — X factors
through b; by Lemma [29.12 (]

Lemma 31.5. Let X be a quasi-compact and quasi-separated scheme. Let U,V be
quasi-compact disjoint open subschemes of X. Then there exist a U UV -admissible
blowup b : X' — X such that X' is a disjoint union of open subschemes X' =
X1 X5 with b=Y(U) € X{ and b=*(V) C X}.

Proof. Choose a finite type quasi-coherent sheaf of ideals Z, resp. J such that
X\U =V(Z), resp. X\V = V(J), see Properties, Lemma[24.1] Then V(ZJ) = X
set theoretically, hence Z.7 is a locally nilpotent sheaf of ideals. Since Z and 7 are
of finite type and X is quasi-compact there exists an n > 0 such that Z" 7" = 0.
We may and do replace Z by Z" and J by J". Whence Z7 =0. Let b: X' — X
be the blowing up in Z + J. This is U U V-admissible as V(Z + J) = X \U U V.
We will show that X’ is a disjoint union of open subschemes X’ = X IT X} such
that b~'Z|x; = 0 and b~'J|x; = 0 which will prove the lemma.

We will use the description of the blowing up in Lemma [29.2] Suppose that U =
Spec(A4) C X is an affine open such that Z|y, resp. J|u corresponds to the finitely


http://stacks.math.columbia.edu/tag/080L
http://stacks.math.columbia.edu/tag/080M
http://stacks.math.columbia.edu/tag/080N
http://stacks.math.columbia.edu/tag/080P

0AYN

0AYP

0C4V

DIVISORS 79

generated ideal I C A, resp. J C A. Then
b HU)=Proj(Ae(I+N)o(I+J)32ad..)

This is covered by the affine open subsets A[Z£/] and A[%] withe € [ andy € J.
Since x € I is a nonzerodivisor in A[*£Z] and IJ = 0 we see that JA[ZEL] = 0.
Since y € J is a nonzerodivisor in A[%] and IJ = 0 we see that IA[%} =0.
Moreover,

Spec(A[F£4]) N Spec(A[F£7]) = Spec(A[FE7]) = 0

T Ty
because xy is both a nonzerodivisor and zero. Thus b~1(U) is the disjoint union of
the open subscheme U defined as the union of the standard opens Spec(A[£tZ])
for x € I and the open subscheme Us which is the union of the affine opens
Spec(A[%]) for y € J. We have seen that b~'1ZOx. restricts to zero on Us
and b~'ZOx/ restricts to zero on U;. We omit the verification that these open
subschemes glue to global open subschemes X and X}. [

32. Modifications

In this section we will collect results of the type: after a modification such and
such are true. We will later see that a modification can be dominated by a blow
up (More on Flatness, Lemma [31.4)).

Lemmal 32.1. Let X be an integral scheme. Let € be a finite locally free Ox-
module. There exists a modification f : X' — X such that f*E has a filtration
whose successive quotients are invertible Ox/-modules.

Proof. We prove this by induction on the rank r of £. If r = 1 or 7 = 0 the lemma
is obvious. Assume r > 1. Let P = P(£) with structure morphism 7 : P — X, see
Constructions, Section Then 7 is proper (Lemma . There is a canonical
surjection

& = Op(1)

whose kernel is finite locally free of rank r — 1. Choose a nonempty open subscheme
U C X such that €|y = OF". Then Py = n~(U) is isomorphic to Pf; ', In
particular, there exists a section s : U — Py of . Let X’ C P be the scheme
theoretic image of the morphism U — Py — P. Then X' is integral (Morphisms,
Lemma [6.7), the morphism f = 7|x, : X’ — X is proper (Morphisms, Lemmas
and [39.4), and f~1(U) — U is an isomorphism. Hence f is a modification
(Morphisms, Definition . By construction the pullback f*£€ has a two step
filtration whose quotient is invertible because it is equal to Op(1)|x: and whose
sub &’ is locally free of rank r — 1. By induction we can find a modification
g : X" — X' such that ¢g*&’ has a filtration as in the statement of the lemma.
Thus fog: X" — X is the required modification. O

Lemma 32.2. Let S be a scheme. Let X, Y be schemes over S. Assume X is
Noetherian and Y is proper over S. Given an S-rational map f:U —Y from X
to Y there exists a morphism p : X' — X and an S-morphism f' : X' — 'Y such
that

(1) p is proper and p~'(U) — U is an isomorphism,
(2) f'lp-r () is equal to f o plyp-1(vy-
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Proof. Denote j : U — X the inclusion morphism. Let X’ C Y xg X be the
scheme theoretic image of (f,j) : U = Y xg X (Morphisms, Definition . The
projection g : Y x¢ X — X is proper (Morphisms, Lemma [39.5). The composition
p: X — X of X Y xg X and g is proper (Morphisms, Lemmas and
39.4). Since g is separated and U C X is retrocompact (as X is Noetherian) we
conclude that p~1(U) — U is an isomorphism by Morphisms, Lemma On the
other hand, the composition f’ : X’ — Y of X’ — Y xg X and the projection
Y x5 X — Y agrees with f on p~1(U). O
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