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1. Introduction

This chapter studies relative duality for morphisms of schemes and the dualizing
complex on a scheme. A reference is [Har66).

Dualizing complexes for Noetherian rings were defined and studied in Dualizing
Complexes, Section ff. In this chapter we continue this by studying dualizing
complexes on schemes, see Section

The bulk of this chapter is devoted to studying the right adjoint of pushforward in
the setting of derived categories of sheaves of modules with quasi-coherent coho-

mology sheaves. See Sections [3] [} [5} [6] [7} [8] O} and Here we follow
the papers [Nee96], [LNO7], [Lip09], and [Neel4].

We discuss the important and useful upper shriek functors f' for separated mor-
phisms of finite type between Noetherian schemes in Sections and [1§] culmi-
nating in the overview Section [I9]

In Section 20| we explain alternative theory of duality and dualizing complexes when
working over a fixed locally Noetherian base endowed with a dualizing complex (this
section corresponds to a remark in Hartshorne’s book).

In the remaining sections we give a few applications.

This chapter is continued by the chapter on duality on algebraic spaces, see Duality
for Spaces, Section

2. Dualizing complexes on schemes

We define a dualizing complex on a locally Noetherian scheme to be a complex
which affine locally comes from a dualizing complex on the corresponding ring.
This is not completely standard but agrees with all definitions in the literature on
Noetherian schemes of finite dimension.

Lemma 2.1. Let X be a locally Noetherian scheme. Let K be an object of D(Ox).
The following are equivalent

(1) For every affine open U = Spec(A) C X there exists a dualizing complex
w$ for A such that K|y is isomorphic to the image of w® by the functor
~: D(A) —» D(Op).

(2) There is an affine open covering X = |JU;, U; = Spec(4;) such that for
each i there exists a dualizing complex w? for A; such that K|y, is isomor-
phic to the image of w? by the functor™: D(A;) — D(Oy,).

Proof. Assume (2) and let U = Spec(A) be an affine open of X. Since condition
(2) implies that K is in Dgcon(Ox) we find an object w$ in D(A) whose associated
complex of quasi-coherent sheaves is isomorphic to K|, see Derived Categories of
Schemes, Lemma We will show that w$ is a dualizing complex for A which
will finish the proof.

Since X = |JU; is an open covering, we can find a standard open covering U =
D(f1)U...UD(fm) such that each D(f;) is a standard open in one of the affine
opens U;, see Schemes, Lemma Say D(f;) = D(g;) for g; € A;;. Then
Ag; = (Ay;)g; and we have

(Wa)g; = (@),
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in the derived category by Derived Categories of Schemes, Lemma|3.5] By Dualizing
Complexes, Lemma we find that the complex (w? )y, is a dualizing complex over
Ay, for j = 1,...,m. This implies that w% is dualizing by Dualizing Complexes,
Lemma [15.7 O

Definition 2.2. Let X be a locally Noetherian scheme. An object K of D(Ox)
is called a dualizing complex if K satisfies the equivalent conditions of Lemma [2.1

Please see remarks made at the beginning of this section.

Lemma 2.3. Let A be a Noetherian ring and let X = Spec(A). Let K, L be objects
of D(A). If K € Dgop(A) and L has finite injective dimension, then

RHomo, (K,L) = RHom (K, L)
Proof. We may assume that L is given by a finite complex I® of injective A-
modules. By induction on the length of I® and compatibility of the constructions
with distinguished triangles, we reduce to the case that L = I[0] where I is an
injective A-module. In this case, Derived Categories of Schemes, Lemma tells
us that the nth cohomology sheaf of R Home (K, L) is the sheaf associated to the
presheaf
D(f) — Ext}} (K ®a Ay, I ®a Af)
Since A is Noetherian, the Az-module I ® 4 Ay is injective (Dualizing Complexes,
Lemma . Hence we see that
EXtﬁf,(K ®a Af,] XA Af) = HomAf (H_n(K ®A Af),] XA Af)

= HomAf(an(K) ®a Af,]@A Af)

= HomA(Hin(K),I) XA Af
The last equality because H~"(K) is a finite A-module, see Algebra, Lemmam
This proves that the canonical map

RHom (K, L) — RHomo, (K,L)
is a quasi-isomorphism in this case and the proof is done. [l

Lemma 2.4. Let X be a Noetherian scheme. Let K,L,M € Dgcon(Ox). Then
the map
RHom(L, M) @5, K — RHom(RHom(K, L), M)
of Cohomology, Lemma[42.9 is an isomorphism in the following two cases
(1) K € Dg,,(Ox), L € DE,,(Ox), and M affine locally has finite injective
dimension (see proof), or
(2) K and L are in Dcop(Ox), the object R Hom(L, M) has finite tor dimen-

sion, and L and M affine locally have finite injective dimension (in partic-
ular L and M are bounded).

Proof. Proof of (1). We say M has affine locally finite injective dimension if X has
an open covering by affines U = Spec(A) such that the object of D(A) corresponding

to M|y (Derived Categories of Schemes, Lemma|3.5)) has finite injective dimensionﬂ

IThis condition is independent of the choice of the affine open cover of the Noetherian scheme
X. Details omitted.
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To prove the lemma we may replace X by U, i.e., we may assume X = Spec(A) for
some Noetherian ring A. Observe that R Hom(K, L) is in D, ,(Ox) by Derived
Categories of Schemes, Lemma Moreover, the formation of the left and right
hand side of the arrow commutes with the functor D(A) — Dgcon(Ox) by Lemma
and Derived Categories of Schemes, Lemma m (to be sure this uses the
assumptions on K, L, M and what we just proved about RHom(K,L)). Then
finally the arrow is an isomorphism by More on Algebra, Lemmas part (2).

Proof of (2). We argue as above. A small change is that here we get R Hom(K, L)
in Deon(Ox) because affine locally (which is allowable by Lemma we may
appeal to Dualizing Complexes, Lemma Then we finally conclude by More
on Algebra, Lemma [98.2 O

Lemma 2.5. Let K be a dualizing complex on a locally Noetherian scheme X.
Then K is an object of Doon(Ox) and D = RHomo, (—, K) induces an anti-
equivalence

D : Deon(Ox) — Deon(Ox)

which comes equipped with a canonical isomorphism id — D o D. If X is quasi-
compact, then D exchanges D, (Ox) and D¢, (Ox) and induces an equivalence
DbCoh(OX) - DbCoh(OX)'

Proof. Let U C X be an affine open. Say U = Spec(A) and let w be a dualizing
complex for A corresponding to K|y as in Lemma By Lemma [2.3| the diagram

D gon(A) — Dcon(Ov)
RHomA(,wL)l iRHomoX(,Kh;)
Deon(A) — D(Oyp)

commutes. We conclude that D sends Dcon(Ox) into Deop(Ox). Moreover, the
canonical map

L — RHomo, (K,K) ®6, L — RHomo, (RHomo, (L, K), K)

(using Cohomology, Lemma for the second arrow) is an isomorphism for all L
because this is true on affines by Dualizing Complexes, Lemma and we have
already seen on affines that we recover what happens in algebra. The statement
on boundedness properties of the functor D in the quasi-compact case also follows
from the corresponding statements of Dualizing Complexes, Lemma [15.3 O

Let X be a locally ringed space. Recall that an object L of D(Ox) is invertible if
it is an invertible object for the symmetric monoidal structure on D(Ox) given by
derived tensor product. In Cohomology, Lemma we have seen this means L
is perfect and there is an open covering X = |JU; such that L|y, = Oy,[—n;] for
some integers n;. In this case, the function

X+ ng,, where n, is the unique integer such that H"*(L,) # 0
is locally constant on X. In particular, we have L = @ H™(L)[—n] which gives a

well defined complex of O x-modules (with zero differentials) representing L.

2An alternative is to first show that RHomo, (K, K) = Ox by working affine locally and then
use Lemma part (2) to see the map is an isomorphism.
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Lemmal 2.6. Let X be a locally Noetherian scheme. If K and K' are dualizing
complexes on X, then K' is isomorphic to K ®5X L for some invertible object L
Of D(Ox) .

Proof. Set

L = RHomo, (K,K')

This is an invertible object of D(Ox), because affine locally this is true, see Dual-
izing Complexes, Lemma and its proof. The evaluation map L ®](5X K — K’
is an isomorphism for the same reason. ([l

Lemma 2.7. Let X be a locally Noetherian scheme. Letw% be a dualizing complex
on X. Then X is universally catenary and the function X — Z defined by

x> 6(x) such that wk ,[—0(x)] is a normalized dualizing complex over Ox ,

is a dimension function.

Proof. Immediate from the affine case Dualizing Complexes, Lemma and the
definitions. O

Lemma|2.8. Let X be a locally Noetherian scheme. Let wg be a dualizing complex
on X with associated dimension function 6. Let F be a coherent Ox-module. Set
&= Erty’ (F,wk). Then &' is a coherent Ox-module and for x € X we have

(1) &% is nonzero only for §(z) < i < &(x) + dim(Supp(F.)),

(2) dim(Supp(£57)) < i,

(3) depth(Fy) is the smallest integer i > 0 such that girot #0, and
(4) we have x € Supp(ED,, &’ ') & depthy, (Fr)+0(x) <i

Proof. Lemma ﬁ 2.5/ tells us that £ is coherent. Choosing an affine neighbourhood
of x and using Derived Categories of Schemes, Lemma and More on Algebra,

Lemma part (3) we have
3 —1 ° —1 ° o(x
£l = &atg (Fwk)e = Bxtg! (Fpowk,) = Exty?) ' (Fp w ,[~0(2)])

By construction of § in Lemma[2.7] this reduces parts (1), (2), and (3) to Dualizing
Complexes, Lemma Part (4) is a formal consequence of (3) and (1). O

3. Right adjoint of pushforward

References for this section and the following are [Nee96], [LNO07], [Lip09], and
[Neeld].

Let f : X — Y be a morphism of schemes. In this section we consider the right
adjoint to the functor Rfs : Dgcon(Ox) = Dgcon(Oy). In the literature, if this
functor exists, then it is sometimes denoted f*. This notation is not universally
accepted and we refrain from using it. We will not use the notation f' for such a
functor, as this would clash (for general morphisms f) with the notation in [Har66).

Lemma 3.1. Let f: X — Y be a morphism between quasi-separated and quasi-
compact schemes. The functor Rf. : Dgcon(X) = Docon(Y) has a right adjoint.

Proof. We will prove a right adjoint exists by verifying the hypotheses of Derived
Categories, Proposition First off, the category Dgcon(Ox) has direct sums,
see Derived Categories of Schemes, Lemma The category Dgcon(Ox) is com-
pactly generated by Derived Categories of Schemes, Theorem Since X and

This is almost the
same as |[Nee96|
Example 4.2].
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Y are quasi-compact and quasi-separated, so is f, see Schemes, Lemmas [21.13|and
21.14] Hence the functor Rf, commutes with direct sums, see Derived Categories
of Schemes, Lemma This finishes the proof. O

Example 3.2. Let A — B be a ring map. Let Y = Spec(A) and X = Spec(B)
and f : X — Y the morphism corresponding to A — B. Then Rf. : Dgcon(Ox) —
D gcon(Oy) corresponds to restriction D(B) — D(A) via the equivalences D(B) —
Dgcon(Ox) and D(A) — Dgcon(Oy). Hence the right adjoint corresponds to the
functor K — RHom(B, K) of Dualizing Complexes, Section

Example| 3.3. If f: X — Y is a separated finite type morphism of Noetherian
schemes, then the right adjoint of Rf. : Dgcon(Ox) — Dgcon(Oy) does not map
Deon(Oy) into Deon(Ox). Namely, let k& be a field and consider the morphism
[+ A} — Spec(k). By Example this corresponds to the question of whether
RHom(B, —) maps Degon(A) into Deop(B) where A = k and B = k[z]. This is not
true because

RHom(k[z], k) = (ano k) [0]

which is not a finite k[x]-module. Hence a(Oy) does not have coherent cohomology
sheaves.

Example 3.4. If f: X — Y is a proper or even finite morphism of Noetherian
schemes, then the right adjoint of Rf. : Dgcon(Ox) — Dgcon(Oy) does not map
D 5con(Oy) into D0, (Ox ). Namely, let k be a field, let k[e] be the dual numbers
over k, let X = Spec(k), and let Y = Spec(k[e]). Then Extj(k,k) is nonzero for
all i > 0. Hence a(Oy) is not bounded above by Example

Lemma 3.5. Let f: X — Y be a morphism of quasi-compact and quasi-separated
schemes. Let a : Dgcon(Oy) = Dgcon(Ox) be the right adjoint to Rf. of Lemma
. Then a maps DZ)Cuh(OY) into Dgcqh((’)x). In fact, there exists an integer N
such that H*(K) = 0 for i < ¢ implies H*(a(K)) =0 fori <c¢— N.

Proof. By Derived Categories of Schemes, Lemma the functor Rf, has fi-
nite cohomological dimension. In other words, there exist an integer N such that
H%(Rf*L) =0fori>N+cif H(L) =0fori > c. Say K € DZ)Coh(OY) has
H'(K) =0 for i <e¢. Then

HomD(OX)(ch—Na(K)a CL(K)) = HOmD(Oy)(Rf*TEC_Na(K),K) =0
by what we said above. Clearly, this implies that H(a(K)) =0fori <c¢—N. O

Let f : X — Y be a morphism of quasi-separated and quasi-compact schemes.
Let a denote the right adjoint to Rfs : Dgcon(Ox) — Dgcon(Oy). For every
K € Dgcoon(Oy) and L € Dgeon(Ox ) we obtain a canonical map

(3.5.1) Rf.RHomo, (L,a(K)) — RHomo, (Rf.L,K)
Namely, this map is constructed as the composition
Rf.RHomo, (L,a(K)) = RHomo, (Rf«L, Rf.a(K)) = RHomo, (Rf.L, K)

where the first arrow is Cohomology, Remark and the second arrow is the
counit Rf,a(K) — K of the adjunction.


https://stacks.math.columbia.edu/tag/0A9F
https://stacks.math.columbia.edu/tag/0A9G
https://stacks.math.columbia.edu/tag/0A9H
https://stacks.math.columbia.edu/tag/0A9I

0A9Q

0GEU

0GEV

0GEW

DUALITY FOR SCHEMES 7

Lemma 3.6. Let f: X — Y be a morphism of quasi-compact and quasi-separated
schemes. Let a be the right adjoint to Rfs : Docon(Ox) — Docon(Oy). Let
L € Docon(Ox) and K € Dgcoon(Oy). Then the map

Rf.RHomo, (L,a(K)) — RHomo, (Rf.L,K)
becomes an isomorphism after applying the functor DQy : D(Oy) = Dgcon(Oy)
discussed in Derived Categories of Schemes, Section |21

Proof. The statement makes sense as DQy exists by Derived Categories of Schemes,
Lemma Since DQy is the right adjoint to the inclusion functor D gcon(Oy) —
D(Oy) to prove the lemma we have to show that for any M € Dgcoon(Oy) the

map induces an bijection
Homy (M, Rf.RHomo, (L,a(K))) — Homy (M, R Homo, (Rf.L, K))
To see this we use the following string of equalities
Homy (M, Rf.RHomo, (L,a(K))) = Homx (Lf*M, R Homo (L,a(K)))
=Homx (Lf*M % L,a(K))
=Homy (Rf.(Lf*M @&, L), K)
= Homy (M ®%, Rf.L,K)
= Homy (M, R Homo, (Rf.L,K))
The first equality holds by Cohomology, Lemma The second equality by
Cohomology, Lemma The third equality by construction of a. The fourth

equality by Derived Categories of Schemes, Lemma (this is the important
step). The fifth by Cohomology, Lemma m (]

Examplel 3.7. The statement of Lemma is not true without applying the
“coherator” DQy . Indeed, suppose Y = Spec(R) and X = AL. Take L = Ox and
K = Oy. The left hand side of the arrow is in Dgcon(Oy ) but the right hand side
of the arrow is isomorphic to Hn>0 Oy which is not quasi-coherent.

Remark| 3.8. In the situation of Lemma we have
DQy (RfsRHomo, (L,a(K))) = Rf.DQx(RHomo, (L,a(K)))

by Derived Categories of Schemes, Lemma Thus if RHomo, (L,a(K)) €
Dgcon(Ox), then we can “erase” the DQy on the left hand side of the arrow. On
the other hand, if we know that R Homo, (Rf<L,K) € Dgcon(Oy), then we can
“erase” the DQy from the right hand side of the arrow. If both are true then
we see that @ is an isomorphism. Combining this with Derived Categories of
Schemes, Lemma [10.8| we sce that Rf.R Homo, (L,a(K)) — RHomo, (Rf.L,K)
is an isomorphism if

(1) L and Rf.L are perfect, or

(2) K is bounded below and L and Rf.L are pseudo-coherent.
For (2) we use that a(K) is bounded below if K is bounded below, see Lemma

Example| 3.9. Let f : X — Y be a proper morphism of Noetherian schemes,
L € Dg,,(X) and K € DJct)Coh(OY)' Then the map Rf.RHomo,(L,a(K)) —
RHome, (RfL,K) is an isomorphism. Namely, the complexes L and Rf,L are
pseudo-coherent by Derived Categories of Schemes, Lemmas and and the
discussion in Remark [3.8 applies.
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Lemma 3.10. Let f : X — Y be a morphism of quasi-separated and quasi-
compact schemes. For all L € Dgcon(Ox) and K € Dgcon(Oy) induces
an isomorphism RHomx (L,a(K)) - RHomy (Rf.L, K) of global derived homs.

Proof. By the construction in Cohomology, Section [44] we have
RHomx (L,a(K)) = RT'(X, RHomo, (L,a(K))) = RT(Y, Rf.RHomo (L,a(K)))
and

RHomy (Rf.L,K) = RI(Y, R Homo, (Rf.L,K))

Thus the lemma is a consequence of Lemma Namely, a map £ — E’ in
D(Oy) which induces an isomorphism DQy (E) — DQy(E’) induces a quasi-
isomorphism RI'(Y, E) — RT(Y, E'). Indeed we have H' (Y, E) = Ext} (Oy, E) =
Hom(Oy[—i], E) = Hom(Oy[—i], DQy (E)) because Oy [—i] is in Dgcon(Oy) and
DQy is the right adjoint to the inclusion functor Dgcon(Oy) — D(Oy). O

4. Right adjoint of pushforward and restriction to opens

In this section we study the question to what extend the right adjoint of pushforward
commutes with restriction to open subschemes. This is a base change question, so
let’s first discuss this more generally.

We often want to know whether the right adjoints to pushforward commutes with
base change. Thus we consider a cartesian square

X' —X
(4.0.1) f’l ’ l f

v 2y
of quasi-compact and quasi-separated schemes. Denote

a:Docon(Oy) = Dgcon(Ox) and  a' : Doceon(Oyr) = Docon(Ox)
the right adjoints to Rf. and Rf, (Lemma [3.1)). Consider the base change map of
Cohomology, Remark It induces a transformation of functors
Lg* o Rf. — Rf.oL(g')"

on derived categories of sheaves with quasi-coherent cohomology. Hence a trans-
formation between the right adjoints in the opposite direction

ao Rg, +— Rg,od

Lemma 4.1. In diagram assume that g is flat or more generally that f
and g are Tor independent. Then a o Rg, < Rg., oa’ is an isomorphism.

Proof. In this case the base change map Lg* o Rf.K — Rf. o L(¢")*K is an iso-
morphism for every K in Dgcon(Ox) by Derived Categories of Schemes, Lemma
Thus the corresponding transformation between adjoint functors is an iso-
morphism as well. (I

Let f: X — Y be a morphism of quasi-compact and quasi-separated schemes. Let
V C Y be a quasi-compact open subscheme and set U = f~}(V). This gives a
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cartesian square
J
flu \L f
N
as in (4.0.1). By Lemma[4.1|the map £ : ao Rj. < Rj.oa’ is an isomorphism where

a and o' are the right adjoints to Rf. and R(f|y).. We obtain a transformation of
functors DQCOh(Oy) — DQCoh(OU)

-1
(4.1.1) (Y 0a— (j)* oao Rj,oj* LI (4) oRj.oad oj* = a oj*
where the first arrow comes from id — Rj, o j* and the final arrow from the

isomorphism (j')* o Rj, — id. In particular, we see that (4.1.1) is an isomorphism
when evaluated on K if and only if a(K)|y = a(Rj.«(K|v))|v is an isomorphism.

Example 4.2. There is a finite morphism f : X — Y of Noetherian schemes
such that is not an isomorphism when evaluated on some K € D oon(Oy).
Namely, let X = Spec(B) — Y = Spec(A) with A = k[z, €] where k is a field and
€2 =0and B = k[z] = A/(¢). For n € N set M,, = A/(e,z™). Observe that

Ext'y(B,M,) = M,, i>0

because B has the free periodic resolution ... - A — A — A with maps given
by multiplication by e. Consider the object K = @ M,[n] = [[ M, [n] of Deon(A)

(equality in D(A) by Derived Categories, Lemmas and [34.2). Then we see
that a(K) corresponds to R Hom(B, K) by Example and

H°(RHom(B, K)) = Ext} (B, K) = Hn21 Ext (B.M,,) = Hn21 M,
by the above. But this module has elements which are not annihilated by any power
of x, whereas the complex K does have every element of its cohomology annihilated
by a power of z. In other words, for the map with V' = D(z) and U = D(z)
and the complex K cannot be an isomorphism because (j')*(a(XK)) is nonzero and
a'(j7*K) is zero.

Lemma 4.3. Let f: X — Y be a morphism of quasi-compact and quasi-separated
schemes. Let a be the right adjoint to Rf. : Dgcon(Ox) — Dgcon(Oy). Let
V CY be quasi-compact open with inverse image U C X.
(1) For every Q € D—QSCoh(OY) supported on Y \'V the image a(Q) is supported
on X \U if and only if ‘4.1.1) is an isomorphism on all K in D—CSCoh(OY)'
(2) For every Q € Dgcon(Oy) supported on Y \'V the image a(Q) is supported
on X \U if and only if is an isomorphism on all K in Dgcon(Oy).
(3) If a commutes with direct sums, then the equivalent conditions of (1) imply
the equivalent conditions of (2).

Proof. Proof of (1). Let K € D, (Oy). Choose a distinguished triangle
K — Rj. K|y — Q — K]1]

Observe that @ is in DgCOh(Oy) (Derived Categories of Schemes, Lemma and
is supported on Y\ V (Derived Categories of Schemes, Definition [6.1)). Applying a
we obtain a distinguished triangle

a(K) = a(Rj.K|v) = a(Q) = a(K)[1]
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on X. If a(Q) is supported on X \ U, then restricting to U the map a(K)|y —
a(Rj.K|v)|v is an isomorphism, i.e., (4.1.1)) is an isomorphism on K. The converse
is immediate.

The proof of (2) is exactly the same as the proof of (1).

Proof of (3). Assume the equivalent conditions of (1) hold. Set =Y \ V. We will
use the notation Dqcon,7(Oy) and Dgeon, r-1(1)(Ox) to denote complexes whose
cohomology sheaves are supported on T'and f~!(T'). Since a commutes with direct
sums, the strictly full, saturated, triangulated subcategory D with objects

{Q € Dgcon,r(Oy) | a(Q) € Dgcon, 11y (Ox)}

is preserved by direct sums and hence derived colimits. On the other hand, the
category D gcon,1(Oy) is generated by a perfect object E (see Derived Categories of
Schemes, Lemma. By assumption we see that £ € D. By Derived Categories,
Lemma [37.3] every object Q of Dgcon,r(Oy) is a derived colimit of a system Q1 —
Q2 — Q3 — ... such that the cones of the transition maps are direct sums of shifts
of E. Arguing by induction we see that @Q,, € D for all n and finally that @ is in
D. Thus the equivalent conditions of (2) hold. (]

Lemma 4.4. LetY be a quasi-compact and quasi-separated scheme. Let f : X —
Y be a proper morphism. Iﬂ

(1) f is flat and of finite presentation, or
(2) Y is Noetherian

then the equivalent conditions of Lemma part (1) hold for all quasi-compact
opens V of Y.

Proof. Let Q € Dgcoh(Oy) be supported on Y\ V. To get a contradiction, assume
that a(Q) is not supported on X \ U. Then we can find a perfect complex Py on
U and a nonzero map Py — a(Q)|y (follows from Derived Categories of Schemes,
Theorem [15.3)). Then using Derived Categories of Schemes, Lemma we may
assume there is a perfect complex P on X and a map P — a(Q) whose restriction
to U is nonzero. By definition of a this map is adjoint to a map Rf.P — Q.

The complex Rf,P is pseudo-coherent. In case (1) this follows from Derived Cat-
egories of Schemes, Lemma In case (2) this follows from Derived Categories
of Schemes, Lemmas and Thus we may apply Derived Categories of
Schemes, Lemma [17.5| and get a map I — Oy of perfect complexes whose restric-
tion to V is an isomorphism such that the composition I @%Y Rf,P — Rf.P — Q
is zero. By Derived Categories of Schemes, Lemma we have [ ®gy Rf.P =
Rf.(Lf*I ®%X P). We conclude that the composition

Lf*I®4, P— P —a(Q)

is zero. However, the restriction to U is the map P|y — a(Q)|y which we assumed
to be nonzero. This contradiction finishes the proof. O

3This proof works for those morphisms of quasi-compact and quasi-separated schemes such
that Rf«P is pseudo-coherent for all P perfect on X. It follows easily from a theorem of Kiehl
[Kie72| that this holds if f is proper and pseudo-coherent. This is the correct generality for this
lemma and some of the other results in this chapter.
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5. Right adjoint of pushforward and base change, 1

The map (4.1.1) is a special case of a base change map. Namely, suppose that we
have a cartesian diagram

X/ H] X
g
I ’l lf
;9
Y —=Y
of quasi-compact and quasi-separated schemes, i.e., a diagram as in (4.0.1). Assume
f and g are Tor independent. Then we can consider the morphism of functors
Docon(Oy) = Dgeon(Ox-) given by the composition
(5.0.1) L(¢)*oa— L(¢)*caoRg.oLg* + L(¢)* o Rg.oa o Lg* — a' o Lg*
The first arrow comes from the adjunction map id — Rg.Lg* and the last arrow
from the adjunction map L(¢')*Rg, — id. We need the assumption on Tor inde-

pendence to invert the arrow in the middle, see Lemma [£.I} Alternatively, we can
think of (5.0.1) by adjointness of L(¢’)* and R(g¢’). as a natural transformation

a— aoRg,oLg* < Rg.oa oLg*
were again the second arrow is invertible. If M € Dgcon(Ox) and K € D gcon(Oy)
then on Yoneda functors this map is given by
Homx (M, a(K)) = Homy (Rf. M, K)
— Homy (Rf.M, Rg.Lg*K)
= Homy (Lg*Rf.M,Lg*K)
« Homy(Rf/L(¢')" M, Lg"K)
= Homx(L(g')"M,d'(Lg"K))
= Homy (M, Rg.a' (Lg*K))
(were the arrow pointing left is invertible by the base change theorem given in

Derived Categories of Schemes, Lemma [22.5) which makes things a little bit more
explicit.

In this section we first prove that the base change map satisfies some natural com-
patibilities with regards to stacking squares as in Cohomology, Remarks and
for the usual base change map. We suggest the reader skip the rest of this
section on a first reading.

Lemma 5.1. Consider a commutative diagram

X —=X

A

y Loy

g’l lg
A4

of quasi-compact and quasi-separated schemes where both diagrams are cartesian
and where f and [ as well as g and m are Tor independent. Then the maps
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for the two squares compose to give the base change map for the outer rectangle
(see proof for a precise statement).

Proof. It follows from the assumptions that g o f and m are Tor independent
(details omitted), hence the statement makes sense. In this proof we write k* in
place of Lk* and f, instead of Rf.. Let a, b, and ¢ be the right adjoints of Lemma
[Bd)for f, g, and gof and similarly for the primed versions. The arrow corresponding
to the top square is the composition

Viop : kK 0oa = k¥oaol, ol" = Stop &2k okyoad ol —a ol

where &40p ¢ ki 0a’ — aol, is an isomorphism (hence can be inverted) and is the
arrow “dual” to the base change map [* o f, — f/ok*. The outer arrows come from
the canonical maps 1 — [, ol* and k* o k, — 1. Similarly for the second square we
have

oot I

Yoot :1*0ob— 1" obom, om* *ol,oblom*™ = b om*

For the outer rectangle we get

Erect / /
Yreet : k¥ 0oc— k*ocomyom® == k¥ ok,ocd om®™ = om”

We have (g o f)x = g« o fx and hence ¢ = a o b and similarly ¢/ = a’ o¥’. The
statement of the lemma is that 7, is equal to the composition

k*oc=k*oaob % ad ol*ob 2 ¢ ob om* = om*
To see this we contemplate the following diagram:

k*oaob

k*oaol,ol*ob

/ Etop

k*oaobom,om* ——=Fk*oaol,ol*obom,om?* *ok,oa' ol*ob
e
Erect k*ok,oa ol*obom,om* a’ol*ob
Tgbot \
k*ok,oa obl om*<~——Fk*ok,oa' ol*ol,0ob om* a'ol*obom, om*

\ §Imt

a' ol*ol,ob om*

a/oblom*

Going down the right hand side we have the composition and going down the left
hand side we have v,...;. All the quadrilaterals on the right hand side of this dia-
gram commute by Categories, Lemma [28.2] or more simply the discussion preceding
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Categories, Definition [28.1] Hence we see that it suffices to show the diagram

agol,ol*obomy, <——aobom,

e

kyoa ol*obom, Erect
Tgbot
k.oa ol*ol,ob ——=k,o0ad ob/

becomes commutative if we invert the arrows &;op, {pot, and &peer (note that this is
different from asking the diagram to be commutative). However, the diagram

aol,ol*obom,

%X

aol,ol*ol, ol k.oa ol*obom,

k.oad ol*ol,ob

commutes by Categories, Lemma Since the diagrams

aol,ol*obom,<——aobom aol,ol*ol, ol ——=aol,ob
T [ |
aol,ol*ol,ob <——aqaol,ob k.oa ol*ol,ob ——=k,o0a' ol

commute (see references cited) and since the composition of I, — [, ol*ol, — I, is
the identity, we find that it suffices to prove that

o Sto
koa’ob’&’—%aol*obi)aobom*

is equal to &qcer (via the identifications a o b = ¢ and a’ o b’ = ¢). This is the
statement dual to Cohomology, Remark and the proof is complete. (]

Lemma 5.2. Consider a commutative diagram

X”HX/HX

q g
f ”\L f’l lf
v L> N LN v
of quasi-compact and quasi-separated schemes where both diagrams are cartesian
and where f and h as well as f' and h' are Tor independent. Then the maps
for the two squares compose to give the base change map for the outer rectangle (see

proof for a precise statement).

Proof. It follows from the assumptions that f and h o A’ are Tor independent
(details omitted), hence the statement makes sense. In this proof we write ¢g* in
place of Lg* and f, instead of Rf.. Let a, a/, and a” be the right adjoints of
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Lemma [3.1] for f, f’, and f”. The arrow corresponding to the right square is the
composition

Erih
Yright 1 g 0a — g*oaoh,oh* <= g*og,0a oh* — a' oh*

where &ignt : g« 0@’ — ao h, is an isomorphism (hence can be inverted) and is the
arrow “dual” to the base change map h* o f, — f. o g*. The outer arrows come
from the canonical maps 1 — hy o h* and ¢g* o g, — 1. Similarly for the left square
we have

* * * & e * * *
Yege  (9') 0’ = (¢)" 0 o (W)eo (W) £ (¢) o (g')c 00" o (W) = "o (K)
For the outer rectangle we get

Erect " "
Vreet 1k 0a = k*oaom,om* =L k*ok,0a” om* — a” om*

where k = gog’ and m = hoh’. We have k* = (¢')* o g* and m* = (h')* o h*. The
statement of the lemma is that 7, is equal to the composition

kK oq= (gl)* Og* oa Yright (gl)* Oaloh* Vieft a// ° (h/)* o h* = al/ om*
To see this we contemplate the following diagram

(¢) og oa

(¢')*og*oaoh,oh*

/ Eright

(¢)*og*oaoh,o(h)o(h) oh* (¢')*og*ogioa oh*

Tgright /

(g/)* Og* o g* o a/ o (h/)* o (h/)* o h* (g/)* o a/ o h*

oo

(9)7eg"ogeo(g)woao (W) oh” (¢') 0 a"o (h)wo (W) oh”

\ Elett

(gl)* o (g/)* o a// o (hl)* o h*

al/ o (hl)* o h*

Going down the right hand side we have the composition and going down the left
hand side we have v,.¢.:. All the quadrilaterals on the right hand side of this dia-
gram commute by Categories, Lemma [28.2] or more simply the discussion preceding
Categories, Definition 28.1] Hence we see that it suffices to show that

g* ° (g/)* Oa// &left g* Oa/ o (hl)* g'right aoh* o (hl)*

is equal to &pecee. This is the statement dual to Cohomology, Remark and the
proof is complete. O
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Remark| 5.3. Consider a commutative diagram

X”HX/HX

K’ k
f”l f’l lf
Y”$Y/HY

A
Z”L/>Z’L>Z

of quasi-compact and quasi-separated schemes where all squares are cartesian and
where (f,1), (g,m), (f',1'), (¢’,m') are Tor independent pairs of maps. Let a, @/,
a”, b, b, b be the right adjoints of Lemma [3.1]for f, f', f”, g, ¢', ¢". Let us label
the squares of the diagram A, B, C, D as follows

A B
Cc D

Then the maps ([5.0.1)) for the squares are (where we use k* = Lk*, etc)
Ya:(K)*od = a"o(l')* Ap:k*oca—d ol*
Yo : () ol =5V o(m')* ~Ap:l*ob—b om*
For the 2 x 1 and 1 x 2 rectangles we have four further base change maps
Yarp: (kok Y oa—a"o(lol)*
Yoip : (lol)*ob— V"o (mom/)*

7A+C : (k/)* o (a/ o b/) - (a// o b//) o (m/)*
YB+p 1 k¥ o (aob) = (a' o) om*

By Lemma we have

YA+B = VYA ©CYB;, 7YC+D = 7YC°7D

and by Lemma [5.1] we have

YA+C =7YC °7YA, VB+D =7TYD°VB

Here it would be more correct to write Y415 = (ya*id=)o(id s+ *yp) with notation
as in Categories, Section [28 and similarly for the others. However, we continue the
abuse of notation used in the proofs of Lemmas [5.1] and [5.2] of dropping * products
with identities as one can figure out which ones to add as long as the source and
target of the transformation is known. Having said all of this we find (a priori) two
transformations

(k/)* Ok* OaOb—> a//obllo (ml)* Om*
namely

YC OYACTYD ©VB = YA+C ©VB+D

and

YC ©YD ©YAOCYB = YC+D ©YA+B
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The point of this remark is to point out that these transformations are equal.
Namely, to see this it suffices to show that
(k')*od' ol*ob——=(k')*oa’ ob' om*
YD
a' o (l')* ol*o bi> a o (l/)* ob om*
commutes. This is true by Categories, Lemma [28.2] or more simply the discussion
preceding Categories, Definition [28.1]
6. Right adjoint of pushforward and base change, II

In this section we prove that the base change map of Section [p] is an isomorphism
in some cases. We first observe that it suffices to check over affine opens, provided
formation of the right adjoint of pushforward commutes with restriction to opens.

Remark| 6.1. Consider a cartesian diagram
X —X
f /l ’ lf
v sy

of quasi-compact and quasi-separated schemes with (g, f) Tor independent. Let
V CY and V' C Y’ be affine opens with (V') C V. Form the cartesian diagrams

U——X U ——=X'
N
V—Y Vi —=Y'

Assume (4.1.1]) with respect to K and the first diagram and (4.1.1]) with respect to
Lg*K and the second diagram are isomorphisms. Then the restriction of the base

change map
L(g")*a(K) — a/(Lg"K)
to U’ is isomorphic to the base change map for K|y and the cartesian
diagram
U——=U

L

Vi—sV
This follows from the fact that (4.1.1)) is a special case of the base change map (5.0.1))
and that the base change maps compose correctly if we stack squares horizontally,
see Lemma [5.2] Thus in order to check the base change map restricted to U’ is an
isomorphism it suffices to work with the last diagram.

Lemma 6.2. In diagram assume
(1) g:Y' =Y is a morphism of affine schemes,
(2) f:X =Y is proper, and
(3) f and g are Tor independent.
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Then the base change map induces an isomorphism
L(g)"a(K) — a/(Lg"K)
in the following cases
(1) for all K € Dgcon(Ox) if f is flat of finite presentation,

(2) for all K € Docoon(Ox) if f is perfect and Y Noetherian,
(3) for K € Dgcoh(ox) if g has finite Tor dimension and Y Noetherian.

Proof. Write Y = Spec(A) and Y’ = Spec(A4’). As a base change of an affine
morphism, the morphism ¢’ is affine. Let M be a perfect generator for D gcon(Ox),
see Derived Categories of Schemes, Theorem Then L(g')*M is a generator for
Dgcon(Ox1), see Derived Categories of Schemes, Remark Hence it suffices to
show that induces an isomorphism

(6.2.1)  RHomx/(L(¢")*M,L(¢")*a(K)) — RHomx (L(¢g")*M,a’ (Lg*K))

of global hom complexes, see Cohomology, Section as this will imply the cone
of L(¢")*a(K) — o' (Lg*K) is zero. The structure of the proof is as follows: we
will first show that these Hom complexes are isomorphic and in the last part of the
proof we will show that the isomorphism is induced by .

The left hand side. Because M is perfect, the canonical map
RHomyx (M, a(K)) ®% A — RHomx (L(g')*M, L(g')*a(K))

is an isomorphism by Derived Categories of Schemes, Lemma We can combine
this with the isomorphism RHomy (Rf.M,K) = RHomx(M,a(K)) of Lemma
to get that the left hand side equals R Homy (Rf. M, K) @4 A’.

The right hand side. Here we first use the isomorphism
RHomy (L(¢')*M,a' (Lg*K)) = RHomy (Rf.L(¢')*M, Lg*K)

of Lemma Then we use the base change map Lg*Rf.M — Rf.L(¢')*M is
an isomorphism by Derived Categories of Schemes, Lemma Hence we may
rewrite this as RHomy (Lg*Rf.M, Lg*K). Since Y, Y’ are affine and K, Rf.M
are in D gcon(Oy ) (Derived Categories of Schemes, Lemma we have a canonical
map
B: RHomy (Rf.M,K)®% A" — RHomy/(Lg*Rf.M, Lg*K)

in D(A’). This is the arrow More on Algebra, Equation (99.1.1) where we have
used Derived Categories of Schemes, Lemmas and [10.§] to translate back and
forth into algebra.

(1) If f is flat and of finite presentation, the complex Rf.M is perfect on Y by
Derived Categories of Schemes, Lemma and 3 is an isomorphism by
More on Algebra, Lemma m part (1).

(2) If f is perfect and Y Noetherian, the complex Rf.M is perfect on Y by
More on Morphisms, Lemma [61.13| and 3 is an isomorphism as before.

(3) If g has finite tor dimension and Y is Noetherian, the complex Rf.M is
pseudo-coherent on Y (Derived Categories of Schemes, Lemmas and
10.3]) and $ is an isomorphism by More on Algebra, Lemma m part (4).

We conclude that we obtain the same answer as in the previous paragraph.

In the rest of the proof we show that the identifications of the left and right hand
side of (6.2.1]) given in the second and third paragraph are in fact given by (6.2.1]).
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To make our formulas manageable we will use (—, —) x = RHomx (—, —), use —®A’
in stead of — ®% A’, and we will abbreviate g* = Lg* and f, = Rf.. Consider the
following commutative diagram

((¢')" M, (¢")"a(K))x/

(M, a(K))x ® A' =——— (f,M,K)y ® A’

|

((g)* M, (g') alg+g" K))x ~a (M,a(g:9"K))x ® A' == (fsM, g.g* K)y @ A’

((¢")*M,(¢")gud (" K))x <— (M, gid' (¢*K))x @ A" w| (fuM,K)® A’

—— 5

((¢")*M,d' (9" K))x == (fi(¢')" M, 9" K)yr ——— (9" f+ M, 9" K)y"

The arrows labeled « are the maps from Derived Categories of Schemes, Lemma
for the diagram with corners X', X, Y’ Y. The upper part of the diagram
is commutative as the horizontal arrows are functorial in the entries. The middle
vertical arrows come from the invertible transformation g, o a’ — a o g, of Lemma
and therefore the middle square is commutative. Going down the left hand
side is . The upper horizontal arrows provide the identifications used in the
second paragraph of the proof. The lower horizontal arrows including 8 provide
the identifications used in the third paragraph of the proof. Given E € D(A),
FE' € D(A),and ¢: E — E' in D(A) we will denote pu. : E® A’ — E’ the map
induced by ¢ and the adjointness of restriction and base change; if ¢ is clear we
write @ = i, i.e., we drop ¢ from the notation. The map p in the diagram is of this
form with ¢ given by the identification (M, gla(¢*K))x = ((¢')*M,d'(¢*K))x ;
the triangle involving p is commutative by Derived Categories of Schemes, Remark

22.7

Observe that

(M, a(g+9"K))x === (fsM, 9.9 K)y =——= (9" f M, g* K)y"
(M, g, (9*K))x == ((¢')*M,d'(¢"K))x» == (fi(¢')*M, 9" K)y

is commutative by the very definition of the transformation g, oa’ — aog,. Letting
1 be as above corresponding to the identification (f« M, g.g*K)x = (¢ f M, g*K)y~,
then the hexagon commutes as well. Thus it suffices to show that g is equal to the
composition of (fu M, K)y @ A’ = (feM,g.9"K)x ® A" and p'. To do this, it suf-
fices to prove the two induced maps (f. M, K)y — (¢*f«M, g*K)y  are the same.
In other words, it suffices to show the diagram

RHom(E, K) R RHomu (E®Y A, K @4 A)

\/

RHom(E, K @Y% A")
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commutes for all £, K € D(A). Since this is how f is constructed in More on
Algebra, Section [99] the proof is complete. ([

7. Right adjoint of pushforward and trace maps

Let f : X — Y be a morphism of quasi-compact and quasi-separated schemes.
Let a : Dgcon(Oy) — Dgcon(Ox) be the right adjoint as in Lemma By
Categories, Section [24] we obtain a transformation of functors

Try: Rf.oa —id

The corresponding map Try x : Rfva(K) — K for K € Dgcon(Oy) is sometimes
called the trace map. This is the map which has the property that the bijection

Homx (L, a(K)) — Homy (Rf.L, K)
for L € Dgcon(Ox) which characterizes the right adjoint is given by
@ +— Try g o Rfvp

The map (3.5.1)
Rf.RHomeo, (L,a(K)) — RHome, (Rf.L, K)

comes about by composition with Try . Every trace map we are going to consider
in this section will be a special case of this trace map. Before we discuss some
special cases we show that formation of the trace map commutes with base change.

Lemma 7.1 (Trace map and base change). Suppose we have a diagram
where f and g are tor independent. Then the maps 1% Try : Lg* o Rf, 0oa — Lg*
and Trprx1: Rf,oa’ o Lg* — Lg* agree via the base change maps B : Lg* o Rf, —
Rfl o L(¢")* (Cohomology, Remark [28.9) and o : L(g')* o a — o’ o Lg* (5.0.1)).
More precisely, the diagram

Lg* o Rf,oa ——— Lg*

1*TTf
ﬁ*]l TTTf/*l
Rf.oL(g')* oa—"*>Rfloa o Lg*

of transformations of functors commutes.

Proof. In this proof we write f. for Rf, and ¢* for Lg* and we drop * products
with identities as one can figure out which ones to add as long as the source and
target of the transformation is known. Recall that 8 : g* o f, — fL o (¢')* is an
isomorphism and that « is defined using the isomorphism 8 : g, oa’ — ao g,
which is the adjoint of 3, see Lemma [£.1] and its proof. First we note that the top
horizontal arrow of the diagram in the lemma is equal to the composition

g'ofioca—gtoficaog.ogt —gogiogt g

where the first arrow is the unit for (¢*, g.), the second arrow is Try, and the third
arrow is the counit for (¢g*, g.). This is a simple consequence of the fact that the
composition g* — ¢g* o g, 0 ¢g* — g* of unit and counit is the identity. Consider the
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diagram

g of*oa

fio(gl)*oa g Of*oaog*og <79 ofiogioa og*

Vv
flo(g) oaog.ogt<t— flo(g) oglod og*

In this diagram the two squares commute Categories, Lemma [28.2] or more simply
the discussion preceding Categories, Definition The triangle commutes by the
discussion above. By Categories, Lemma the square

g0 feogiod —=flo(g) ogiod

o i

gtofioaog, —id

commutes which implies the pentagon in the big diagram commutes. Since S and
BV are isomorphisms, and since going on the outside of the big diagram equals
Try o awo § by definition this proves the lemma. O

Let f: X — Y be a morphism of quasi-compact and quasi-separated schemes. Let
a : Docon(Oy) = Dgeoon(Ox) be the right adjoint of Rf, as in Lemma By
Categories, Section [24] we obtain a transformation of functors

¢iid = aoRf,
which is called the unit of the adjunction.

Lemmal 7.2. Suppose we have a diagram where f and g are tor indepen-
dent. Then the maps 1 xny : L(g")* — L(¢')* cao Rf. and np x1 : L(g")* —
a' o Rf. o L(¢")* agree via the base change maps 8 : Lg* o Rf., — Rf. o L(¢')*
(Cohomology, Remark and a: L(g')* oa — a’ o Lg* , More precisely,
the diagram

L(g)* T)L( g)*oaoRf,

’r]f/*ll ia

a' o Rfl o L(g")* L o Lg* o Rf,
of transformations of functors commutes.

Proof. This proof is dual to the proof of Lemma In this proof we write f, for
Rf, and ¢g* for Lg* and we drop x products with identities as one can figure out
which ones to add as long as the source and target of the transformation is known.
Recall that 8 : g* o f. — fl o (g’)* is an isomorphism and that « is defined using
the isomorphism Y : g, oa’ — a o g, which is the adjoint of 3, see Lemma and
its proof. First we note that the left vertical arrow of the diagram in the lemma is
equal to the composition

*

(9) = (g) 0gio(g) = (g) ogiod oflo(g) —ad ofio(g)

aoyg
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where the first arrow is the unit for ((g’ )*,g.), the second arrow is n, and the
third arrow is the counit for ((¢’)*, g.). Th1s is a simple consequence of the fact
that the composition (¢')* — (¢')* o (¢')« o (¢')* — (¢’)* of unit and counit is the
identity. Consider the diagram

)*oao f ——> *oagog,og*of,

/ / ¥

)*oaog.o flo *ogload og*of,

! (¢)"ogiod ofio(g)" a'og®o f.

/ ﬂ
a'o fio(g)"
In this diagram the two squares commute Categories, Lemma [28.2| or more simply

the discussion preceding Categories, Definition The triangle commutes by the
discussion above. By the dual of Categories, Lemma the square

id————>glod og'of

b

giod' og*o fe——=aog.oflo(g)"

commutes which implies the pentagon in the big diagram commutes. Since 5 and
BV are isomorphisms, and since going on the outside of the big diagram equals
B oaons by definition this proves the lemma. (|

Example 7.3. Let A — B be a ring map. Let Y = Spec(A) and X = Spec(B)
and f : X — Y the morphism corresponding to A — B. As seen in Example
the right adjoint of Rf. : Dgcon(Ox) — Dgcon(Oy) sends an object K of
D(A) = Dgcon(Oy) to RHom(B, K) in D(B) = Dgcon(Ox). The trace map is
the map

Trs g : RHom(B,K) — RHom(A,K) =K
induced by the A-module map A — B.

8. Right adjoint of pushforward and pullback

Let f: X — Y be a morphism of quasi-compact and quasi-separated schemes. Let
a be the right adjoint of pushforward as in Lemma For K,L € Dgcon(Oy)
there is a canonical map

LK @ a(L) — a(K @4, L)
Namely, this map is adjoint to a map
Rf(Lf'K ®, a(L)) = K 5, Rf.(a(L)) — K @¢, L

(equality by Derived Categories of Schemes, Lemma [22.1)) for which we use the
trace map Rf.a(L) — L. When L = Oy we obtain a map

(8.0.1) Lf*K @4, a(Oy) — a(K)
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functorial in K and compatible with distinguished triangles.

Lemma 8.1. Let f: X — Y be a morphism of quasi-compact and quasi-separated
schemes. The map Lf*K ®éx a(L) — a(K ®%Y L) defined above for K,L €
D gcon(Oy) is an isomorphism if K is perfect. In particular, s an isomor-
phism if K is perfect.

Proof. Let KV be the “dual” to K, see Cohomology, Lemma For M €
DQCoh(OX) we have

Homp o, )(Rf M, K @%y L) = Homp o) (Rf.M ®%Y K", L)
= HOIIlD(oX)(M @%X Lf*KVa a(L))
= Homp(ox) (M, Lf*K ®%, a(L))

Second equality by the definition of a and the projection formula (Cohomology,
Lemma [54.3) or the more general Derived Categories of Schemes, Lemma [22.1]
Hence the result by the Yoneda lemma. ([

Lemmal 8.2. Suppose we have a diagram where f and g are tor indepen-
dent. Let K € Dgcon(Oy). The diagram

L(g')* (LK @5, a(Oy)) — L(g')"a(K)
L(f')*Lg"K @5, d'(Oy') —d'(Lg"K)

commutes where the horizontal arrows are the maps (8.0.1) for K and Lg*K and
the vertical maps are constructed using Cohomology, Remark |28.5 and (5.0.1)).

Proof. In this proof we will write f,. for Rf, and f* for Lf*, etc, and we will write
® for @, ete. Let us write (8.0.1) as the composition
JTKE ®a(Oy) = a(fu(f"K ® a(Oy)))

+— a(K ® f.a(Ok))

— a(K ® Oy)

— a(K)
Here the first arrow is the unit 7y, the second arrow is a applied to Cohomol-
ogy, Equation (54.2.1]) which is an isomorphism by Derived Categories of Schemes,
Lemma the third arrow is a applied to idx ® Try, and the fourth arrow is
a applied to the isomorphism K ® Oy = K. The proof of the lemma consists
in showing that each of these maps gives rise to a commutative square as in the

statement of the lemma. For iy and Try this is Lemmas [7.2] and For the arrow

using Cohomology, Equation (54.2.1) this is Cohomology, Remark For the
multiplication map it is clear. This finishes the proof. O

Lemma 8.3. Let f : X — Y be a proper morphism of Noetherian schemes.
Let V. C Y be an open such that f=1(V) — V is an isomorphism. Then for
Ke Dgcoh(Oy) the map restricts to an isomorphism over f~1(V).

Proof. By Lemmathe map 1) is an isomorphism for objects of DECOh(Oy).
Hence Lemmal8.2tells us the restriction of (8.0.1) for K to f~*(V) is the map (8.0.1)


https://stacks.math.columbia.edu/tag/0A9T
https://stacks.math.columbia.edu/tag/0B6P
https://stacks.math.columbia.edu/tag/0B6Q

0B6R

0A74

DUALITY FOR SCHEMES 23

for K|y and f=*(V) — V. Thus it suffices to show that the map is an isomorphism
when f is the identity morphism. This is clear. ([

Lemma 8.4. Let f: X =Y and g:Y — Z be composable morphisms of quasi-
compact and quasi-separated schemes and set h = go f. Let a,b,c be the adjoints
of Lemmafor f.g9,h. For any K € Dgcon(Oz) the diagram

Lh*K ®%X Lf*b(0z) ®%X a(Oy) — Lh*K ®éx c(Oz)

Lf*(Lg"K ®p, b(0z)) ®6, a(Oy) —=a(Lg"K ®p, b(Oz)) — a(b(K))
c(K)

is commutative where the arrows are and we have used Lh* = Lf* o Lg*
and c =aob.

Proof. In this proof we will write f, for Rf, and f* for Lf*, etc, and we will write
® for ®%X, etc. The composition of the top arrows is adjoint to a map

g« [ ([ (9" K ®b(Oz)) ® a(Oy)) = K

The left hand side is equal to K ® g, f+(f*b(Oz) ® a(Oy)) by Derived Categories of
Schemes, Lemma [22.1| and inspection of the definitions shows the map comes from
the map

9oL (f*0(02) ® a(Oy)) &< g.(6(02) ® f.a(Oy)) L2 ¢.((02)) L 0

tensored with idg. Here € is the isomorphism from Derived Categories of Schemes,
Lemma and B comes from the counit map ¢.b — id. Similarly, the composition
of the lower horizontal arrows is adjoint to idx tensored with the composition

9L (F0(02) @ a(Oy)) L2 g, £.(ab(02)) 22 ¢.(b(02)) S 0,

where « comes from the counit map f.a — id and § is the map whose adjoint is
the composition

[ (f*0(02) ® a(Oy)) < b(Oz) @ f.a(Oy) = b(Oz)

By general properties of adjoint functors, adjoint maps, and counits (see Categories,
Section we have v o f,.0 = aoe ! as desired. O

9. Right adjoint of pushforward for closed immersions

Let i : (Z,0z) — (X,0Ox) be a morphism of ringed spaces such that 7 is a home-
omorphism onto a closed subset and such that if : Ox — 1,0z is surjective. (For
example a closed immersion of schemes.) Let Z = Ker(i*). For a sheaf of Ox-
modules F the sheaf

%mox (’i*OZ,f)

a sheaf of Ox-modules annihilated by Z. Hence by Modules, Lemma there is
a sheaf of Oz-modules, which we will denote Hom(Oz, F), such that

i Hom(O 7, F) = Homo (1.0, F)

as Ox-modules. We spell out what this means.
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Lemma 9.1. With notation as above. The functor Hom(Oz,—) is a right adjoint
to the functor i, : Mod(Oz) — Mod(Ox). For V. C Z open we have
I'(V,Hom(Oz,F)) ={s e T(U,F) | Zs = 0}
where U C X is an open whose intersection with Z is V.
Proof. Let G be a sheaf of Oz-modules. Then
Home, (i+G, F) = Hom; 0, (i+G, Homo (i+Oz, F)) = Home , (G, Hom(Oz, F))

The first equality by Modules, Lemma and the second by the fully faithfulness
of i,, see Modules, Lemma The description of sections is left to the reader. [

The functor
MOd(OX) — MOd(Oz), F— ”Hom((’)z,}')

is left exact and has a derived extension
R’Hom(@z, —) : D(Ox) — D(Oz)

Lemma 9.2. With notation as above. The functor RHom(Ogz,—) is the right
adjoint of the functor Ri, : D(Oz) — D(Ox).

Proof. This is a consequence of the fact that i, and Hom(Oz,—) are adjoint
functors by Lemma [0.1] See Derived Categories, Lemma [30.3 g

Lemmal 9.3. With notation as above. We have
Ri.RHom(Oz,K) = RHomp, (i.0z, K)
in D(Ox) for all K in D(Ox).
Proof. This is immediate from the construction of the functor R Hom(Oz,—). O
Lemma 9.4. With notation as above. For M € D(Oz) we have
RHomoy (Ri.M,K) = Ri,RHome, (M, RHom(Oz, K))
in D(Ogz) for all K in D(Ox).

Proof. This is immediate from the construction of the functor R Hom(Oz, —) and
the fact that if K® is a K-injective complex of Ox-modules, then Hom(Oz,K*®) is
a K-injective complex of Oz-modules, see Derived Categories, Lemma [31.9 O

Lemma 9.5. Leti: Z — X be a pseudo-coherent closed immersion of schemes
(any closed immersion if X is locally Noetherian). Then

(1) RHom(Oz,—) maps DJ@SCoh(OX) into DJéCOh((’)Z), and
(2) if X = Spec(A) and Z = Spec(B), then the diagram

DT (B) —— DECOh(Oz)
RHom(B,—)T TRHom(Oz,—)
D*(A) —= D{eon(0x)

s commutative.
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Proof. To explain the parenthetical remark, if X is locally Noetherian, then 7 is
pseudo-coherent by More on Morphisms, Lemma

Let K be an object of DECOh(oX). To prove (1), by Morphisms, Lemma it
suffices to show that i, applied to H"(RHom(Oz, K)) produces a quasi-coherent
module on X. By Lemma [0.3] this means we have to show that R Homo, (i.0z, K)
is in Dgeon(Ox). Since i is pseudo-coherent the sheaf Oy is a pseudo-coherent
Ox-module. Hence the result follows from Derived Categories of Schemes, Lemma
10.8

Assume X = Spec(A) and Z = Spec(B) as in (2). Let I* be a bounded below
complex of injective A-modules representing an object K of Dt (A). Then we know
that RHom(B, K) = Homy (B, I*®) viewed as a complex of B-modules. Choose a
quasi-isomorphism

I —1°

where Z* is a bounded below complex of injective O x-modules. It follows from the
description of the functor Hom(Oz, —) in Lemma that there is a map

Hom (B, I*) — I(Z, Hom(O 4, T*))

Observe that Hom(Oz,Z*) represents R Hom(Oz, K). Applying the universal prop-
erty of the ™ functor we obtain a map

Hom (B, I*) — RHom(Oz, K)

in D(Ogz). We may check that this map is an isomorphism in D(Oy) after applying
i.. However, once we apply i, we obtain the isomorphism of Derived Categories of
Schemes, Lemma [10.8| via the identification of Lemma. (9.3 O

Lemma 9.6. Leti: Z — X be a closed immersion of schemes. Assume X is a
locally Noetherian. Then RHom(Oz,—) maps D, (Ox) into DE, ,(Oz).

Proof. The question is local on X, hence we may assume that X is affine. Say X =
Spec(A) and Z = Spec(B) with A Noetherian and A — B surjective. In this case,
we can apply Lemma [9.5] to translate the question into algebra. The corresponding
algebra result is a consequence of Dualizing Complexes, Lemma (]

Lemma 9.7. Let X be a quasi-compact and quasi-separated scheme. Let i : Z —
X be a pseudo-coherent closed immersion (if X is Noetherian, then any closed
immersion is pseudo-coherent). Let a : Dgcon(Ox) = Dgcon(Oz) be the right
adjoint to Ri,.. Then there is a functorial isomorphism

a(K) = RHom(Oz, K)
for K € D00, (0Ox).

Proof. (The parenthetical statement follows from More on Morphisms, Lemma
[60.9]) By Lemmal[9.2]the functor R Hom(Oz, —) is a right adjoint to Ri, : D(Oz) —
D(Ox). Moreover, by Lemma [9.5] and Lemma [3.5 both R Hom(Oz, —) and a map
Dgcoh(ox) into Dgcoh(OZ). Hence we obtain the isomorphism by uniqueness of
adjoint functors. O
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Example 9.8. If¢: Z — X is closed immersion of Noetherian schemes, then the
diagram

TriyK

iva(K)

K
’L*RHOm(Oz,K) _— RHOTTLOX (Z*Oz,K) —K

is commutative for K € DECOh(OX)- Here the horizontal equality sign is Lemma
and the lower horizontal arrow is induced by the map Ox — ,0z. The
commutativity of the diagram is a consequence of Lemma

10. Right adjoint of pushforward for closed immersions and base
change

Consider a cartesian diagram of schemes
7' ——= X'
|l
Z—'sX

where ¢ is a closed immersion. If Z and X’ are tor independent over X, then there
is a canonical base change map

(10.0.1) Lg*RHom(Ogz, K) — RHom(Oz,Lf*K)
in D(Oy) functorial for K in D(Ox). Namely, by adjointness of Lemma [9.2 such
an arrow is the same thing as a map
Ri,.Lg*RHom(Oz, K) — Lf*'K
in D(Ox/). By tor independence we have Ri, o Lg* = Lf* o Ri, (see Derived
Categories of Schemes, Lemma [22.9)). Thus this is the same thing as a map
Lf*Ri,RHom(Oz,K) — Lf*K
For this we can use Lf*(can) where can : Ri,RHom(Oz, K) — K is the counit of

the adjunction.

Lemma 10.1. In the situation above, the map (10.0.1)) is an isomorphism if and
only if the base change map

Lf*RHomoy (07, K) — RHome,, (Oz, Lf*K)
of Cohomology, Remark[{2.13 is an isomorphism.

Proof. The statement makes sense because Oz = Lf*Oz by the assumed tor
independence. Since i), is exact and faithful we see that it suffices to show the map
is an isomorphism after applying Ri),. Since Ri/, o Lg* = Lf* o Ri, by the
assumed tor indepence and Derived Categories of Schemes, Lemma we obtain
a map

whose source and target are as in the statement of the lemma by Lemma[0.3 We
omit the verification that this is the same map as the one constructed in Cohomol-

ogy, Remark [
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Lemma 10.2. In the situation above, assume [ is flat and i pseudo-coherent.
Then (10.0.1)) is an isomorphism for K in Dgcoh(ox).

Proof. First proof. To prove this map is an isomorphism, we may work locally.
Hence we may assume X, X', Z, Z’ are affine, say corresponding to the rings A,
A’, B, B'. Then B and A’ are tor independent over A. By Lemma [10.1] it suffices
to check that

RHom (B, K) ®% A’ = RHom (B, K @5 A')

in D(A’) for all K € D" (A). Here we use Derived Categories of Schemes, Lemma
and the fact that B, resp. B’ is pseudo-coherent as an A-module, resp. A’-
module to compare derived hom on the level of rings and schemes. The displayed
equality follows from More on Algebra, Lemma[98.3|part (3). See also the discussion
in Dualizing Complexes, Section

Second prooiﬁ Let 2’ € Z' with image z € Z. First show that on stalks at
2" induces the map

RHOHl(OZ7Z,KZ) ®é211 02/72/ — RHom(OZ’,Z’7Kz ®%X,z OX’,Z’)

from Dualizing Complexes, Equation (14.0.1)). Namely, the constructions of these
maps are identical. Then apply Dualizing Complexes, Lemma [14.2 O

Lemma 10.3. Leti: Z — X be a pseudo-coherent closed immersion of schemes.
Let M € Dgcon(Ox) locally have tor-amplitude in [a,00). Let K € DZ)Coh(OX)'
Then there is a canonical isomorphism

RHom(0z,K) ®%, Li*M = RHom(0z, K @5, M)
in D(Ogz).
Proof. A map from LHS to RHS is the same thing as a map
Ri,RHom(0z,K) @p, M — K @g, M

by Lemmas and For this map we take the counit Ri,RHom(Oz,K) — K
tensored with idp;. To see this map is an isomorphism under the hypotheses given,
translate into algebra using Lemma [9.5] and then for example use More on Algebra,
Lemma [98.3| part (3). Instead of using Lemma [9.5| you can look at stalks as in the
second proof of Lemma [10.2] O

11. Right adjoint of pushforward for finite morphisms

If i : Z — X is a closed immersion of schemes, then there is a right adjoint
Hom(Oz,—) to the functor iy, : Mod(Oz) — Mod(Ox) whose derived extension
RHom(Oz,—) is the right adjoint to Ri. : D(Oz) — D(Ox). See Section [J] In
the case of a finite morphism f : Y — X this strategy cannot work, as the functor
fx : Mod(Oy) — Mod(Ox) is not exact in general and hence does not have a right
adjoint. A replacement is to consider the exact functor Mod(f.Oy) — Mod(Ox)
and consider the corresponding right adjoint and its derived extension.

Let f:Y — X be an affine morphism of schemes. For a sheaf of Ox-modules F
the sheaf
Homox (f*OYa -F)

4This proof shows it suffices to assume K is in D+ (Ox).
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is a sheaf of f.Oy-modules. We obtain a functor Mod(Ox) — Mod(f.Oy) which
we will denote Hom(f.Oy, —).

0BUZ |Lemma 11.1. With notation as above. The functor Hom(f.Oy,—) is a right
adjoint to the restriction functor Mod(f.Oy) — Mod(Ox). For an affine open
U C X we have

F(U, Hom(f*(’)y,]:)) = HOIHA(B,]:(U))
where A= Ox(U) and B = Oy (f~*(U)).

Proof. Adjointness follows from Modules, Lemma As f is affine we see that
f+Oy is the quasi-coherent sheaf corresponding to B viewed as an A-module. Hence
the description of sections over U follows from Schemes, Lemma [7.1 O

The functor Hom(f.Oy, —) is left exact. Let
RHom(f*(’)y, —) : D(O)(> — D(f*0y>
be its derived extension.

0BVO0 |Lemma 11.2. With notation as above. The functor R Hom(f.Oy,—) is the right
adjoint of the functor D(f+Oy) — D(Ox).

Proof. Follows from Lemma and Derived Categories, Lemma [30.3 (I

0BV1 |Lemmal 11.3. With notation as above. The composition

D(Ox) R Hom(f«Oy,—)

D(f.0y) = D(Ox)
is the functor K — RHomo, (f.Oy, K).

Proof. This is immediate from the construction. U

0AX2 Lemma 11.4. Let f:Y — X be a finite pseudo-coherent morphism of schemes (a
finite morphism of Noetherian schemes is pseudo-coherent). The functor R Hom(f.Oy, —)
maps DECOh(OX> into DJéCOh(f*Oy). If X is quasi-compact and quasi-separated,
then the diagram

D con(Ox) a DEon(Oy)
Rmmm /
D—CSCoh(f*OY)

is commutative, where a is the right adjoint of Lemma for f and ® is the
equivalence of Derived Categories of Schemes, Lemma[5.4)

Proof. (The parenthetical remark follows from More on Morphisms, Lemma )
Since f is pseudo-coherent, the O x-module f,Oy is pseudo-coherent, see More on
Morphisms, Lemmam Thus R Hom( Oy, —) maps Dacoh((’)x) into Dacoh(f*(’)y),
see Derived Categories of Schemes, Lemma m Then ® o a and R Hom(f«Oy,—)
agree on Dgooh((?x) because these functors are both right adjoint to the restriction

functor D¢, (f-Oy) = D§ e, (Ox). To see this use Lemmas [3.5) and O
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Remark| 11.5. If f: Y — X is a finite morphism of Noetherian schemes, then
the diagram

R’HOmOX (f*Oy, K) — K

is commutative for K € DECoh(OX)' This follows from Lemma The lower
horizontal arrow is induced by the map Ox — f.Oy and the upper horizontal
arrow is the trace map discussed in Section [7]

12. Right adjoint of pushforward for proper flat morphisms

For proper, flat, and finitely presented morphisms of quasi-compact and quasi-
separated schemes the right adjoint of pushforward enjoys some remarkable prop-
erties.

Lemma 12.1. LetY be a quasi-compact and quasi-separated scheme. Let f : X —
Y be a morphism of schemes which is proper, flat, and of finite presentation. Let
a be the right adjoint for Rf. : Dgcon(Ox) — Dgcon(Oy) of Lemma . Then a
commutes with direct sums.

Proof. Let P be a perfect object of D(Ox). By Derived Categories of Schemes,
Lemma the complex Rf,P is perfect on Y. Let K; be a family of objects of
DQCOh(Oy). Then

Homp o) (P, a(@ Ki)) = Homp (o, (Rf.P, P K;)
= @ Homp(o,)(Rf.P, K;)
= @HomD(ox)(R a(K5))

because a perfect object is compact (Derived Categories of Schemes, Proposition
. Since Dgcon(Ox) has a perfect generator (Derived Categories of Schemes,
Theorem we conclude that the map @ a(K;) — a(@ K;) is an isomorphism,
i.e., a commutes with direct sums. (I

Lemma 12.2. LetY be a quasi-compact and quasi-separated scheme. Let f: X —
Y be a morphism of schemes which is proper, flat, and of finite presentation. Let
a be the right adjoint for Rf. : Docon(Ox) = Dgcon(Oy) of Lemma . Then

(1) for every closed T CY if Q € Dgcon(Y) is supported on T, then a(Q) is
supported on f~1(T),

(2) for every open V. C Y and any K € Dgcon(Oy) the map is an
isomorphism, and

Proof. This follows from Lemmas and O

Lemma 12.3. LetY be a quasi-compact and quasi-separated scheme. Let f: X —
Y be a morphism of schemes which is proper, flat, and of finite presentation. The

map is an isomorphism for every object K of Dgcon(Oy).

Proof. By Lemma we know that a commutes with direct sums. Hence the
collection of objects of Dgcon(Oy) for which (8.0.1) is an isomorphism is a strictly
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full, saturated, triangulated subcategory of Dgcon(Oy) which is moreover pre-
served under taking direct sums. Since Dgcon(Oy) is a module category (Derived
Categories of Schemes, Theorem [18.3)) generated by a single perfect object (Derived
Categories of Schemes, Theorem [15.3|) we can argue as in More on Algebra, Remark
to see that it suffices to prove is an isomorphism for a single perfect
object. However, the result holds for perfect objects, see Lemma [8:1] ([l

The following lemma shows that the base change map is an isomorphism for
proper, flat morphisms of finite presentation. We will see in Example[I5.2] that this
does not remain true for perfect proper morphisms; in that case one has to make a
tor independence condition.

Lemmal12.4. Letg:Y' — Y be a morphism of quasi-compact and quasi-separated
schemes. Let f : X — Y be a proper, flat morphism of finite presentation. Then
the base change map is an isomorphism for all K € Dgcon(Oy).

Proof. By Lemma formation of the functors a and a’ commutes with restric-
tion to opens of Y and Y’. Hence we may assume Y’ — Y is a morphism of affine
schemes, see Remark In this case the statement follows from Lemma[6.2] O

Remark| 12.5. Let Y be a quasi-compact and quasi-separated scheme. Let
f : X — Y be a proper, flat morphism of finite presentation. Let a be the ad-
joint of Lemma for f. In this situation, w$ Yy = a(Oy) is sometimes called
the relative dualizing complex. By Lemma [12.3] there is a functorial isomorphism
a(K)=Lf*K @ w/y for K € Dqcon(Oy). Moreover, the trace map

Trfﬁoy : Rf*w}/y — Oy

of Section [7| induces the trace map for all K in Dgcon(Oy). More precisely the
diagram

Rf.a(K) K

Try i

* ° ° idK@Trf’o
Rf(LI*K @, Wk y) == K ®p, Rfwk )y —K

where the equality on the lower right is Derived Categories of Schemes, Lemma
If g: Y’ — Y is a morphism of quasi-compact and quasi-separated schemes
and X’ =Y’ xy X, then by Lemma we have w%, . = L(¢g')*w%y where
g : X' — X is the projection and by Lemma the trace map

’I‘I‘f/’(jy, . Rfiw;(//yl — OY’
for f': X’ — Y’ is the base change of Tr; ¢, via the base change isomorphism.
Remark| 12.6. Let f: X — Y, w;(/y, and Try o, be as in Remark 12.5} Let K

and M be in Dgcon(Ox) with M pseudo-coherent (for example perfect). Suppose
given a map K ®I(5X M — w% /Y which corresponds to an isomorphism K —

RHomo, (M, w;(/y) via Cohomology, Equation (42.0.1). Then the relative cup
product (Cohomology, Remark [28.7)

Tf,0y

REK @5, REM = RE(K %, M) = Rf.wy)y —% Oy
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determines an isomorphism Rf, K — R Homo, (Rf.M,Oy). Namely, since w$ Y =

a(Oy) the canonical map (3.5.1)
Rf.RHomoy (M,wk,y) = RHomo, (Rf.M,Oy)

is an isomorphism by Lemma [3.6] and Remark [3.8 and the fact that M and Rf,M
are pseudo-coherent, see Derived Categories of Schemes, Lemma To see that
the relative cup product induces this isomorphism use the commutativity of the
diagram in Cohomology, Remark

Lemma 12.7. LetY be a quasi-compact and quasi-separated scheme. Let f : X —
Y be a morphism of schemes which is proper, flat, and of finite presentation with
relative dualizing complex W (Remark . Then

(1) w% y is a Y -perfect object of D(0x),
(2) Rf*w;(/y has vanishing cohomology sheaves in positive degrees,
(3) Ox — RHomo,, (w;(/y,w;(/y) is an isomorphism.

Proof. In view of the fact that formation of w$ /y commutes with base change (see

Remark , we may and do assume that Y is affine. For a perfect object E of
D(Ox) we have

Rf.(E %, wk/y) = Rf+RHomo (EY,w%/y)
= RHomo, (Rf.EY,Oy)
= (Rf.EY)Y

For the first equality, see Cohomology, Lemma For the second equality, see
Lemma [3.6 Remark [3:8] and Derived Categories of Schemes, Lemma The
third equality is the definition of the dual. In particular these references also show
that the outcome is a perfect object of D(Oy ). We conclude that w$ Iy is Y-perfect

by More on Morphisms, Lemma This proves (1).
Let M be an object of Dgcon(Oy). Then

Homy (M, Rf.w%,y) = Homx (Lf*M,w%,y)
= Homy (Rf.Lf*M,Oy)
= Homy (M ®%Y Rf.Ox,Oy)

The first equality holds by Cohomology, Lemma The second equality by
construction of a. The third equality by Derived Categories of Schemes, Lemma
Recall Rf.Ox is perfect of tor amplitude in [0, N] for some N, see Derived
Categories of Schemes, Lemma Thus we can represent Rf.Ox by a complex
of finite projective modules sitting in degrees [0, N] (using More on Algebra, Lemma
and the fact that Y is affine). Hence if M = Oy [—i] for some i > 0, then the
last group is zero. Since Y is affine we conclude that Hi(Rf*w;(/Y) =0 for ¢ > 0.
This proves (2).
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Let E be a perfect object of Dgcon(Ox). Then we have
Homx (E, R Homo, (w}/y,wk/y) = Homy (F ®éx w;(/y,w;(/y)
= Homy (Rf.(E @6, w%/y ), Oy)
= Homy (R f.(R Homo (Ev,w;(/y)), Oy)
= Homy (R Homo, (Rf.EY,Oy), Oy)
= RU(Y,Rf.EY)
= Homx (F,Ox)

The first equality holds by Cohomology, Lemma The second equality is the
definition of w$ v The third equality comes from the construction of the dual
perfect complex EV, see Cohomology, Lemma The fourth equality follows
from the equality Rf.RHomo, (EY, wk/y) = RHomo, (Rf«EY,Oy) shown in the
first paragraph of the proof. The fifth equality holds by double duality for perfect
complexes (Cohomology, Lemma and the fact that Rf,F is perfect by Derived
Categories of Schemes, Lemma The last equality is Leray for f. This string
of equalities essentially shows (3) holds by the Yoneda lemma. Namely, the object
RHom(w )y, wk,y) 18 in Dgcon(Ox) by Derived Categories of Schemes, Lemma
10.8 Taking £ = Ox in the above we get amap o : Ox — RHomo (wk /vy, W%y )
corresponding to ido, € Homx(Ox,Ox). Since all the isomorphisms above are
functorial in E we see that the cone on « is an object C' of Dgcon(Ox) such
that Hom(F, C') = 0 for all perfect E. Since the perfect objects generate (Derived
Categories of Schemes, Theorem we conclude that « is an isomorphism. [

Lemma 12.8 (Rigidity). Let Y be a quasi-compact and quasi-separated scheme.
Let f : X — Y be a proper, flat morphism of finite presentation with relative
dualizing complex w;(/y (Remark . There is a canonical isomorphism

(12.8.1) Ox = c(Lpriwk,y) = c(Lpriwky)

and a canonical isomorphism

(12.8.2) w}/y =c (Lpﬁw;(/y ®5XXYX Lpréw;(/y)

where ¢ is the right adjoint of Lemma[3.1] for the diagonal A : X — X xy X.

Proof. Let a be the right adjoint to Rf, as in Lemma [3.1} Consider the cartesian
square
X xy X - X

|,

X———Y

Let b be the right adjoint for p as in Lemma Then
wk/y = cbwk/y))
oIy ly &5, H(OX)

= C *w;(/y ®5X><Yx Lq*a(Oy))

Lp
Lp
= c(Lp*wk )y ®%wa Lg*wk/y)

as in ((12.8.2). Explanation as follows:
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(1) The first equality holds as id = c o b because idx = po A.

(2) The second equality holds by Lemma

(3) The third holds by Lemma and the fact that Ox = Lf*Oy.
(4) The fourth holds because wg/y = a(Oy).

Equation ((12.8.1)) is proved in exactly the same way. O

Remark| 12.9. Lemma means our relative dualizing complex is rigid in a
sense analogous to the notion introduced in [vdB97]. Namely, since the functor on

the right of (12.8.2) is “quadratic” in w;{/y and the functor on the left of (12.8.2) is
P

“linear” this “pins down” the complex w$ /y tosome extent. There is an approach to

duality theory using “rigid” (relative) dualizing complexes, see for example [Neeld],
[Yek10], and [YZ09]. We will return to this in Section

13. Right adjoint of pushforward for perfect proper morphisms

The correct generality for this section would be to consider perfect proper mor-
phisms of quasi-compact and quasi-separated schemes, see [LNOT].

Lemma 13.1. Let f : X — Y be a perfect proper morphism of Noetherian
schemes. Let a be the right adjoint for Rf. : Dgcon(Ox) — Dgcon(Oy) of Lemma
[21 Then a commutes with direct sums.

Proof. Let P be a perfect object of D(Ox). By More on Morphisms, Lemma[61.13
the complex Rf,P is perfect on Y. Let K; be a family of objects of Dgcon(Oy).
Then

HomD(Ox)(Pza(@ KZ)) = HomD(Oy)(Rf*P7®Ki)
= @ Homp(o,)(Rf.P, K;)

= @ Homp (o) (P, a(K))
because a perfect object is compact (Derived Categories of Schemes, Proposition
17.1)). Since Dgcon(Ox) has a perfect generator (Derived Categories of Schemes,

Theorem [15.3]) we conclude that the map @ a(K;) — a(€ K;) is an isomorphism,
i.e., a commutes with direct sums. O

Lemma 13.2. Let f : X — Y be a perfect proper morphism of Noetherian
schemes. Let a be the right adjoint for Rf. : Dgcon(Ox) = Dgcon(Oy) of Lemma
[31 Then
(1) for every closed T CY if Q € Dgcon(Y) is supported on T, then a(Q) is
supported on f~(T),

(2) for every open V. C Y and any K € Dgcon(Oy) the map is an
isomorphism, and

Proof. This follows from Lemmas and O

Lemma 13.3. Let f : X — Y be a perfect proper morphism of Noetherian
schemes. The map is an isomorphism for every object K of Dgcon(Oy).

Proof. By Lemma we know that a commutes with direct sums. Hence the
collection of objects of D gcon(Oy) for which is an isomorphism is a strictly
full, saturated, triangulated subcategory of Dgcon(Oy) which is moreover pre-
served under taking direct sums. Since D gcon(Oy) is a module category (Derived
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Categories of Schemes, Theorem [18.3)) generated by a single perfect object (Derived
Categories of Schemes, Theorem [15.3)) we can argue as in More on Algebra, Remark
to see that it suffices to prove (8.0.1) is an isomorphism for a single perfect
object. However, the result holds for perfect objects, see Lemma [8.1 [

0BZG Lemmal 13.4. Let f : X — Y be a perfect proper morphism of Noetherian
schemes. Let g : Y' — Y be a morphism with Y’ Noetherian. If X and Y’ are
tor independent over Y, then the base change map is an isomorphism for
all K € DQcoh(Oy),

Proof. By Lemma formation of the functors ¢ and a’ commutes with restric-
tion to opens of Y and Y’. Hence we may assume Y’ — Y is a morphism of affine
schemes, see Remark In this case the statement follows from Lemma [l

14. Right adjoint of pushforward for effective Cartier divisors

0B4A Let X be a scheme and let ¢ : D — X be the inclusion of an effective Cartier
divisor. Denote N' = i*Ox (D) the normal sheaf of i, see Morphisms, Section
and Divisors, Section Recall that R Hom(Op, —) denotes the right adjoint to i, :
D(Op) — D(Ox) and has the property i.RHom(Op,—) = RHomo, (i.Op, —),
see Section [0

0B4B Lemmal 14.1. As above, let X be a scheme and let D C X be an effective Cartier
divisor. There is a canonical isomorphism R Hom(Op,Ox) = N|[-1] in D(Op).

Proof. Equivalently, we are saying that RHom(Op,Ox) has a unique nonzero
cohomology sheaf in degree 1 and that this sheaf is isomorphic to A/. Since i, is
exact and fully faithful, it suffices to prove that i, R Hom(Op, Ox) is isomorphic to
i.N[—-1]. We have i.RHom(Op,Ox) = RHomo, (i+Op, Ox) by Lemma[9.3] We
have a resolution

0—-7Z—->0x —>i,.0p—0

where 7 is the ideal sheaf of D which we can use to compute. Since R Homep, (Ox,Ox) =
Ox and RHome, (Z,0x) = Ox(D) by a local computation, we see that

R?—lomox (i*OD,Ox) = (OX — Ox(D))

where on the right hand side we have Ox in degree 0 and Ox (D) in degree 1. The
result follows from the short exact sequence

0—O0x = Ox(D) = i.N—=0

coming from the fact that D is the zero scheme of the canonical section of Ox (D)
and from the fact that N = i*Ox (D). O

For every object K of D(Ox) there is a canonical map
0B4C  (14.1.1) Li*K ®@¢, RHom(Op,O0x) — RHom(Op, K)

in D(Op) functorial in K and compatible with distinguished triangles. Namely,
this map is adjoint to a map

i.(Li*K ®%  RHom(Op,Ox)) = K @6, RHomo, (i.0p,0x) — K

where the equality is Cohomology, Lemma and the arrow comes from the
canonical map RHomo, (i.Op,Ox) — Ox induced by Ox — i.Op.
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If K € Dgcon(Ox), then (14.1.1)) is equal to (8.0.1) via the identification a(K) =
RHom(Op, K) of Lemma If K € Dgcon(Ox) and X is Noetherian, then the
following lemma is a special case of Lemma [T3.3]

Lemma 14.2. As above, let X be a scheme and let D C X be an effective Cartier
divisor. Then (14.1.1]) combined with Lemma defines an isomorphism
Li*K ®¢, N[—1] — RHom(Op, K)
functorial in K in D(Ox).
Proof. Since i, is exact and fully faithful on modules, to prove the map is an
isomorphism, it suffices to show that it is an isomorphism after applying .. We
will use the short exact sequences 0 - 7 — Ox — i,Op — 0 and 0 - Ox —
Ox (D) — ixN' = 0 used in the proof of Lemma without further mention. By
Cohomology, Lemma which was used to define the map (14.1.1)) the left hand
side becomes
K ®p, ixN[-1] = K @5, (Ox — Ox(D))

The right hand side becomes

RHOmOX(i*OD,K) = RHOmoX((I — Ox),K)

= RHomo, (T — Ox),0x) @4 K

the final equality by Cohomology, Lemma Since the map comes from the
isomorphism

RHOmoX((I—) Ox),OX) = (OX — Ox(D))
the lemma is clear. O

15. Right adjoint of pushforward in examples

In this section we compute the right adjoint to pushforward in some examples.
The isomorphisms are canonical but only in the weakest possible sense, i.e., we do
not prove or claim that these isomorphisms are compatible with various operations
such as base change and compositions of morphisms. There is a huge literature
on these types of issues; the reader can start with the material in [Har66], [Con00]
(these citations use a different starting point for duality but address the issue of
constructing canonical representatives for relative dualizing complexes) and then
continue looking at works by Joseph Lipman and collaborators.

Lemma 15.1. Let Y be a Noetherian scheme. Let £ be a finite locally free Oy -
module of rank n + 1 with determinant £L = A\"T1(E). Let f: X = P() = Y be
the projection. Let a be the right adjoint for Rf. : Dgcon(Ox) = Dgcon(Oy) of
Lemma[3dl Then there is an isomorphism

c: f*L(—n—1)[n] — a(Oy)
In particular, if € = OF" !, then X = P} and we obtain a(Oy) = Ox(—n—1)[n].
Proof. In (the proof of) Cohomology of Schemes, Lemma we constructed a
canonical isomorphism

R f(f*L(—n —1)) — Oy
Moreover, Rf.(f*L(—n—1))[n] = R" f.(f*L(—n — 1)), i.e., the other higher direct
images are zero. Thus we find an isomorphism

Rf(f*L(=n—1)[n]) — Oy
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This isomorphism determines ¢ as in the statement of the lemma because a is
the right adjoint of Rf.. By Lemma H.4] construction of the a is local on the
base. In particular, to check that ¢ is an isomorphism, we may work locally on
Y. In other words, we may assume Y is affine and £ = O?”H. In this case the
sheaves Ox,Ox(—1),...,0x(—n) generate Dgcon(X), see Derived Categories of
Schemes, Lemma [16.3] Hence it suffices to show that ¢ : Ox(—n — 1)[n] — a(Oy)
is transformed into an isomorphism under the functors

Fip(—) = Homp(o)(Ox (i), ()[p])

for i € {—n,...,0} and p € Z. For Fy, this holds by construction of the arrow c!
For i € {—n,...,—1} we have

Homp o) (Ox (i), Ox(—n —1)[n+p]) = H*(X,0x(—n —1—1)) =0

by the computation of cohomology of projective space (Cohomology of Schemes,
Lemma [8.1)) and we have

Homp(o)(Ox (i), a(Oy)[p]) = Homp (o, ) (Rf.Ox (i), Oy[p]) = 0

because Rf.Ox (i) = 0 by the same lemma. Hence the source and the target of
F; p(c) vanish and F; ,(c) is necessarily an isomorphism. This finishes the proof. 0O

Example 15.2. The base change map 1] is not an isomorphism if f is perfect
proper and g is perfect. Let k be a field. Let Y = A? and let f : X — Y be the
blowup of Y in the origin. Denote F C X the exceptional divisor. Then we can
factor f as
X5LPL Ly
This gives a factorization a = cob where a, b, and c¢ are the right adjoints of Lemma
of Rf., Rp., and Ri,. Denote O(n) the Serre twist of the structure sheaf on P}
and denote Ox (n) its restriction to X. Note that X C P}, is cut out by a degree
one equation, hence O(X) = O(1). By Lemma we have b(Oy) = O(—-2)[1].
By Lemma [0.7] we have
a(Oy) = ¢(b(Oy)) = ¢(O(=2)[1]) = RHom(Ox, O(=2)[1]) = Ox(-1)

Last equality by Lemma Let Y’ = Spec(k) be the origin in Y. The restriction
of a(Oy) to X’ = E = Pj is an invertible sheaf of degree —1 placed in cohomological
degree 0. But on the other hand, a'(Ogpec(r)) = Op(—2)[1] which is an invertible
sheaf of degree —2 placed in cohomological degree —1, so different. In this example
the hypothesis of Tor indepence in Lemma [6.2] is violated.

Lemma 15.3. Let Y be a ringed space. Let T C Oy be a sheaf of ideals. Set
Ox = Oy/T and N = Homoe, (Z/I?,Ox). There is a canonical isomorphism
c: N — 5xt%9y((’)x, Ox).

Proof. Consider the canonical short exact sequence
(15.3.1) 0—Z/I* = Oy/I* = Ox =0

Let U C X be open and let s € N(U). Then we can pushout via s to
get an extension E; of Ox|y by Ox|y. This in turn defines a section c(s) of
Extéy(OX,OX) over U. See Cohomology, Lemma and Derived Categories,
Lemma [27.6] Conversely, given an extension

0—)0)(|U*>5—>Ox|[j*>0
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of Opy-modules, we can find an open covering U = |JU; and sections ¢; € £(U;)
mapping to 1 € Ox(U;). Then e; defines a map Oyl|y, — €|y, whose kernel
contains Z?. In this way we see that £|y, comes from a pushout as above. This
shows that c is surjective. We omit the proof of injectivity. O

Lemmal 15.4. Let Y be a ringed space. Let T C Oy be a sheaf of ideals. Set
Ox = Oy /Z. If T is Koszul-regular (Divisors, Definition then composition
on RHomo, (Ox,Ox) defines isomorphisms

Ni(&xty, (Ox,0x)) — Eaty, (Ox, Ox)
for all i.

Proof. By composition we mean the map
RHomo, (Ox,Ox) @, RHomo, (Ox,0x) — RHomo, (Ox,Ox)
of Cohomology, Lemma [42.5] This induces multiplication maps
Enty, (Ox,Ox) ®o, Euty, (Ox,0x) — Eaty P (Ox, Ox)

Please compare with More on Algebra, Equation (63.0.1). The statement of the
lemma means that the induced map

&ty (Ox,0x) ®...® Exty, (Ox,0x) — &ty (Ox, Ox)

factors through the wedge product and then induces an isomorphism. To see this
is true we may work locally on Y. Hence we may assume that we have global sec-
tions fi,..., f, of Oy which generate Z and which form a Koszul regular sequence.
Denote

A= OY<€1?"')€T‘>

the sheaf of strictly commutative differential graded Oy-algebras which is a (divided
power) polynomial algebra on &1,...,&, in degree —1 over Oy with differential d
given by the rule d§; = f;. Let us denote A°® the underlying complex of Oy -modules
which is the Koszul complex mentioned above. Thus the canonical map A®* — Ox
is a quasi-isomorphism. We obtain quasi-isomorphisms

RHomo, (Ox,O0x) — Hom®(A®, A®) — Hom®(A®*, Ox)
by Cohomology, Lemma The differentials of the latter complex are zero, and
hence

&rtp, (Ox,0x) = Home, (A", Ox)

For j € {1,...,7r} let §; : A — A be the derivation of degree 1 with 6;(&;) = &;;
(Kronecker delta). A computation shows that §; od = —d o6; which shows that we
get a morphism of complexes.

9; : A* — A*[1].
Whence 6; defines a section of the corresponding &xt-sheaf. Another computation
shows that di,...,d, map to a basis for Homo, (A7, Ox) over Ox. Since it is
clear that §; 0d; = 0 and §; 0 d;» = —6;# o J; as endomorphisms of A and hence in

the &xt-sheaves we obtain the statement that our map above factors through the
exterior power. To see we get the desired isomorphism the reader checks that the
elements

0j,0...00;,

for j; < ... < j; map to a basis of the sheaf Home, (A%, Ox) over Ox. a
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Lemma 15.5. LetY be a ringed space. Let T C Oy be a sheaf of ideals. Set Ox =
Oy /T and N = Homoe, (Z/I?,Ox). If T is Koszul-reqular (Divisors, Definition
then

RHomo, (Ox,Oy) = N"Nr]
wherer : Y — {1,2,3,...} sends y to the minimal number of generators of I needed
in a neighbourhood of y.

Proof. We can use Lemmasandto see that we have isomorphisms A’N —
Extéy (Ox,0x) for i > 0. Thus it suffices to show that the map Oy — Ox induces
an isomorphism

Sxtroy (Ox,0y) — Sxtroy (Ox,0x)

and that &zt (Ox,Oy) is zero for i # r. These statements are local on Y. Thus
we may assume that we have global sections f1, ..., f. of Oy which generate Z and
which form a Koszul regular sequence. Let A* be the Koszul complex on fi,..., f.
as introduced in the proof of Lemma Then

R’Hﬂmoy (Ox, Oy) = ’Hom'(A', Oy)

by Cohomology, Lemma Denote 1 € HY(Hom®(A®, Oy)) the identity map of
A% = Oy — Oy. With §; as in the proof of Lemma we get an isomorphism of
graded Oy-modules

Oy<51, ceey (5T> — Hom'(A'7 Oy)

by mapping d;, ...d;, to 1 0d; o...04d;, in degree 7. Via this isomorphism the
differential on the right hand side induces a differential d on the left hand side. By
our sign rules we have d(1) = — )" f;J;. Since §; : A* — A*[1] is a morphism of
complexes, it follows that

d(8j, -+ 05,) = (= Y 136,085, -6,
Observe that we have d = ) f;0; on the differential graded algebra A. Therefore
the map defined by the rule
1odj, ...05 — (0j,0...00;,)(&1...&)
will define an isomorphism of complexes
Hom®(A®, Oy ) — A°[—7]
if r is odd and commuting with differentials up to sign if r is even. In any case

these complexes have isomorphic cohomology, which shows the desired vanishing.
The isomorphism on cohomology in degree r under the map

Hom® (A*, Oy) —s Hom® (A®, Ox)

also follows in a straightforward manner from this. (We observe that our choice
of conventions regarding Koszul complexes does intervene in the definition of the
isomorphism R Homo, (Ox,Oy) = A"Nr].) O

Lemma 15.6. Let Y be a quasi-compact and quasi-separated scheme. Let i :
X — Y be a Koszul-regular closed immersion. Let a be the right adjoint of Ri, :
Docon(Ox) = Dgcon(Oy) of Lemma . Then there is an isomorphism

N N[=r] — a(Oy)

where N = Homo (Cx/y,Ox) is the normal sheaf of i (Morphisms, Sectz’on
and r is its rank viewed as a locally constant function on X.
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Proof. Recall, from Lemmas [9.7] and that a(Qy) is an object of Dgcon(Ox)
whose pushforward to Y is RHomo, (1.Ox,Oy). Thus the result follows from
Lemma [15.5)] ]

Lemma 15.7. Let S be a Noetherian scheme. Let f : X — S be a smooth proper
morphism of relative dimension d. Let a be the right adjoint of Rf. : Dgcon(Ox) —
Dgcon(Og) as in Lemma . Then there is an isomorphism
ANQx/sld] — a(Os)
Proof. Set w;(/s = a(Og) as in Remark 12.5} Let ¢ be the right adjoint of Lemma
for A: X — X xg X. Because A is the diagonal of a smooth morphism it is a
Koszul-regular immersion, see Divisors, Lemma [22.11] In particular, A is a perfect
proper morphism (More on Morphisms, Lemma [61.7]) and we obtain
Ox = c(Lpriwg,s)

= LA™ (Lpriw,s) 6, c(Oxxsx)

= wk/s ®0x (Oxxsx)

= wy/s @6, N (Na)[—d]
The first equality is (12.8.1f) because w;(/s = a(Og). The second equality by Lemma
13.3] The third equality because pr; o A = idx. The fourth equality by Lemma
15.6, Observe that A%(NA) is an invertible Ox-module. Hence AY(Na)[—d] is
an invertible object of D(Ox) and we conclude that a(Og) = w%,s = A%(Ca)d].

627

Since the conormal sheaf Ca of A is Qx5 by Morphisms, Lemma
complete.

the proof is
O

16. Upper shriek functors

In this section, we construct the functors f' for morphisms between schemes which
are of finite type and separated over a fixed Noetherian base using compactifications.
As is customary in coherent duality, there are a number of diagrams that have to be
shown to be commutative. We suggest the reader, after reading the construction,
skips the verification of the lemmas and continues to the next section where we
discuss properties of the upper shriek functors.

Situation 16.1. Here S is a Noetherian scheme and F7TSg is the category whose

(1) objects are schemes X over S such that the structure morphism X — S is
both separated and of finite type, and
(2) morphisms f: X — Y between objects are morphisms of schemes over S.

In Situation given a morphism f : X — Y in FTSg, we will define an exact
functor

fl : DZSCoh(OY) - DESCoh(OX)

of triangulated categories. Namely, we choose a compactification X — X over Y
which is possible by More on Flatness, Theorem and Lemma Denote
[+ X = Y the structure morphism. Let @ : Dgcon(Oy) = Dgcon(Ox) be the

right adjoint of Rf, constructed in Lemma Then we set
fK =a(K)|x
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for K € D{,¢,,(Oy). The result is an object of D, (Ox) by Lemma

Lemma 16.2. In Situation let f: X — Y be a morphism of FTSs. The
functor f' is, up to canonical isomorphism, independent of the choice of the com-
pactification.

Proof. The category of compactifications of X over Y is defined in More on
Flatness, Section By More on Flatness, Theorem [33.8] and Lemma [32.2] it
is nonempty. To every choice of a compactification

j: X=X, f: XY
the construction above associatei the functor j* o @ : Dgcoh((’)y) — D'Cscoh((’)x)
where @ is the right adjoint of Rf, constructed in Lemma

Suppose given a morphism g : X; — X, between compactifications j; : X — X;
over Y such that g1 (j2(X)) = j1 (X)ﬂ Let € be the right adjoint of Lemma [3.1|for
g. Then ¢oas = a; because these functors are adjoint to RTZ* oRg. = R(f509)s.
By we have a canonical transformation

jioe—j;
of functors Dacoh(()fz) — Dgcoh(O x ) which is an isomorphism by Lemma
The composition

Jio@ — jj ocoay — j; 0
is an isomorphism of functors which we will denote by ay.

Consider two compactifications j; : X — X;, i = 1,2 of X over Y. By More on
Flatness, Lemma part (b) we can find a compactification j : X — X with dense

image and morphisms ¢; : X — X; of compactifications. By More on Flatness,
Lemma part (c) we have g; ' (j;(X)) = 5(X). Hence we get isomorpisms
Qg 1 jfoa — jioa;

by the previous paragraph. We obtain an isomorphism

O, oozg_l1 1jioa1 = j5 0as
To finish the proof we have to show that these isomorphisms are well defined.
We claim it suffices to show the composition of isomorphisms constructed in the
previous paragraph is another (for a precise statement see the next paragraph).
We suggest the reader check this is true on a napkin, but we will also completely
spell it out in the rest of this paragraph. Namely, consider a second choice of a
compactification 5/ : X — X' with dense image and morphisms of compactifications

LAV

g; + X — X,. By More on Flatness, Lemma we can find a compactification
i’ X — X" with dense image and morphisms of compactifications h : X' 5X
and b/ : X — X . We may even assume g1 oh = gj oh’ and gooh = gh o h'. The
result of the next paragraph gives

Qg, O Op = Qlg,0h = O‘g;oh’ = Ozgg O Qupy

i

for ¢ = 1,2. Since these are all isomorphisms of functors we conclude that oy, o

ot =aq, o ag_,l as desired.
1

g1 92

5This may fail with our definition of compactification. See More on Flatness, Section
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Suppose given compactifications j; : X — X, for i = 1,2,3. Suppose given
morphisms ¢ : X; — Xs and h : X9 — X3 of compactifications such that
9 (j2(X)) = j1(X) and h™1(j2(X)) = j3(X). Let @; be as above. The claim
above means that

Lok — x —
OlgOO[h:Oégoh.jl o aq %]3 o as

Let ¢, resp. d be the right adjoint of Lemma for g, resp. h. Then coay = @y
and d o a3 = as and there are canonical transformations

jioe—js and jsod— j;
of functors Dgcoh(OYQ) — DJ(SCoh(OX) and Dgcm(oyg) — DJ(,SCoh(OX) for the

same reasons as above. Denote € the right adjoint of Lemma for hog. There is
a canonical transformation

cx — -
Ji1oe —>]3

of functors Dgcoh(ofs) — Dgcoh((’)x) given by 1i Spelling things out we
have to show that the composition

apoag:ji o — jocody = j; 0@y — js odoaz — j5 0 a3
is the same as the composition
ko — k= = Sk —
Qpog * J1 ©Q1 — Jp 0€oasz — jJ3oas
We split this into two parts. The first is to show that the diagram
ap ——>Coa»
€eoas
commutes where the lower horizontal arrow comes from the identification € = ¢od.
This is true because the corresponding diagram of total direct image functors

—>Ccodaoas

Rf,,————>Rg.oRf,,

| |

R(h’ © g)* © Rf?),* - Rg* © Rh* o R??),*

is commutative (insert future reference here). The second part is to show that the
composition

Ji oEoE—)jS oa—>j§,k
is equal to the map
jioe i
via the identification € = ¢ o d. This was proven in Lemma (note that in the
current case the morphisms f’, ¢’ of that lemma are equal to idx). O

Lemmal 16.3. In Situation let f: X =Y and g:Y — Z be composable
morphisms of FTSs. Then there is a canonical isomorphism (go f)' — f'og'.
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Proof. Choose a compactification i : Y — Y of Y over Z. Choose a compactifica-
tion X — X of X over Y. This uses More on Flatness, Theorem and Lemma
twice. Let @ be the right adjoint of Lemma for X — Y and let b be the
right adjoint of Lemma for Y — Z. Then @o b is the right adjoint of Lemma
for the composition X — Z. Hence ¢' =i*ob and (go f)' = (X — X)*oaob.
Let U be the inverse image of Y in X so that we get the commutative diagram

77
/

Let @ be the right adjoint of Lemma for U — Y. Then f' = j* oa’. We obtain

li
|

v:(j)oa—a oi
by (4.1.1) and we can use it to define
(gof)! = (j/oj)*oﬁogzj*o(j/)*oEoB—)j*oE'oi*oB:f!og!

which is an isomorphism on objects of DECoh(OZ) by Lemma (4.4, To finish the
proof we show that this isomorphism is independent of choices made.

Suppose we have two diagrams

777
A

We can first choose a compactification i : Y — Y with dense image of Y over
Z which dominates both Y; and Y, see More on Flatness, Lemma By
More on Flatness, Lemma and Categories, Lemmas and we can
choose a compactification X — X with dense image of X over Y with morphisms
X — X; and X — X, and such that the composition X — Y — Y is equal to the
composition X — X; — Y and such that the composition X — Y — Y is equal
to the composition X — X5 — Y. Thus we see that it suffices to compare the
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maps determined by our diagrams when we have a commutative diagram as follows

J1 l j1
-/

1

o P —

]

Nt M e ———
“;\\

and moreover the compactifications X — X; and Y — Y, hale dens& image. We
use @;, @;, ¢, and ¢ for the right adjoint of Lemma for X; - Y;,U; =Y,
X1 — X9, and U; — Us,. Each of the squares

X*>U1 UQHYQ U1*>Y1 Y*>?1 X*>X1

e bl

is cartesian (see More on Flatness, Lemma part (c) for A, D, E and recall that
U, is the inverse image of Y by X; — Y; for B, C) and hence gives rise to a base
change map (4.1.1)) as follows

Yaijiod —js  yp:i(fy) et > ayoiy  yo:(f))Tem — @ od]

o ijod =iy g (ji0j1)* o€ — (jh o )"
Denote fi = jioa}, f3 = j3oth, g = ijobi, g5 = i50ba, (g0 f); = (j{oj1)* o@ioby,
and (go f), = (j4 0 j2)* 0 @s 0 by. The construction given in the first paragraph of
the proof and in Lemma [16.2] uses

(1) v for the map (go f)y — fiogi,

(2) g for the map (go f)y — f3 095,

(3) va for the map f| — f3,

(4) vp for the map g} — g5, and

(5) 7y for the map (go f); = (90 f)
We have to show that the diagram

(go f)y —>=(g0f)

I'YA YD
f10 9 f2

is commutative. We will use Lemmas|5.1]and [5.2)and with (abuse of) notation as in
Remark (in particular dropping * products with identity transformations from
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the notation). We can write yg = v4 o yr where

U1 H—Yl

U2 I YQ
Thus we see that
YBOYE = TBOYACTYF =7YACYBOVF
the last equality because the two squares A and B only intersect in one point (similar

to the last argument in Remark([5.3)). Thus it suffices to prove that ypoyc = ygovye.
Since both of these are equal to the map (4.1.1)) for the square

U1 Hyl

|

Yy ——=Y,
we conclude. O

Lemma 16.4. [In Situation the constructions of Lemmas and define
a pseudo functor from the category FTSs into the 2-category of categories (see

Categories, Definition .
Proof. To show this we have to prove given morphisms f: X =Y, g:Y — Z,
h:Z — T that

(hogo ) ——= f*o(hog)

'YB+C\L i'YC

(gof)oh'—=fogoh

is commutative (for the meaning of the 7’s, see below). To do this we choose a
compactification Z of Z over T, then a compactification Y of Y over Z, and then
a compactification X of X over Y. This uses More on Flatness, Theorem m
and Lemma Let W C Y be the inverse image of Z under Y — Z and let
U C V C X be the inverse images of Y C W under X — Y. This produces the
following diagram

X U Vv X
! A B

Y Y w Y
g c

Z Z VA 4
h

T T T T

Without introducing tons of notation but arguing exactly as in the proof of Lemma
we see that the maps in the first displayed diagram use the maps (4.1.1]) for
the rectangles A+ B, B+ C, A, and C as indicated. Since by Lemmas [5.1] and [5.2]
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we have va4+p = va0ovp and vp1+c = Yo oyp we conclude that the desired equality
holds provided 4 o v¢ = ¢ © ya. This is true because the two squares A and C
only intersect in one point (similar to the last argument in Remark . (]

Lemma 16.5. In Situatz’on let f: X — Y be a morphism of FTSg. There
are canonical maps

prx: LIFK @% f'Oy — f'K

functorial in K in DJQrCoh(Oy). If g : Y — Z is another morphism of FTSg, then
the diagram

Lf*(Lg*K ®p, ¢'0z) @6, ['Oy —— f{(Lg"K @, ¢'Oz) —— f'g'K

fiug

Hgof

Lf*Lg'K @5 Lfg'0z @k f'Oy —'> Lf*Lg"K @Y% f'g'07 ~> f'g'K
commutes for all K € DJQFCO}L((’)Z).

Proof. If f is proper, then f' = a and we can use (8.0.1)) and if g is also proper,
then Lemma proves the commutativity of the diagram (in greater generality).

Let us define the map 7 . Choose a compactification j : X — X of X over Y.
Since f' is defined as j* o @ we obtain jis x as the restriction of the map (8.0.1)

LK ®_a(Oy) — a(K)

to X. To see this is independent of the choice of the compactification we argue as
in the proof of Lemma [I6.2] We urge the reader to read the proof of that lemma
first.

Assume given a morphism ¢ : X; — X2 between compactifications j; : X — X;
over Y such that g7 1(j2(X)) = j1(X). Denote ¢ the right adjoint for pushforward
of Lemma for the morphism g. The maps

Lf K @%y @(Oy) — @ (K) and Lf,K @%Y a>(Oy) — a2(K)
fit into the commutative diagram

Lg*(Lf,K @ a3(0y)) ®L ¢(O5,) —= e(Lf, K @ ay(Oy)) —= &(a@z(K))

LT, K &% Lg*as(Oy) @ ¢(Ox,) — =

LI K @Y (Oy) a1 (K)

by Lemma [8:4] By Lemma [8:3] the maps o and 7 restrict to an isomorphism over
X. In fact, we can say more. Recall that in the proof of Lemma we used the
map (4.1.1) v : j{ o€ — j3 to construct our isomorphism g : ji o @ — j3 o Gs.
Pulling back to map o by j; we obtain the identity map on j3 (L?;K L 62((’);/))
if we identify jic(Ox,) with Ox via ji o€ — jj, see Lemma Similarly, the
map 7 : Lg*as(Oy) @v ¢(0%,) = @1(Oy) = ¢(a2(Oy)) pulls back to the identity
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map on jias(Oy). We conclude that pulling back by j; and applying v wherever
we can we obtain a commutative diagram

js (LK & @(0y)) j32(K)

| N

. =k e 1®oy % —k _ cy—
JILf1K @Y j3ay(Oy) <—— ji (L1 K @%@, (0y)) — jia1(K)

The commutativity of this diagram exactly tells us that the map u¢ x constructed
using the compactification X is the same as the map pu ¢,k constructed using the
compactification X5 via the identification , used in the proof of Lemma @
Some categorical arguments exactly as in the proof of Lemma [16.2| now show that
wr i is well defined (small detail omitted).

Having said this, the commutativity of the diagram in the statement of our lemma
follows from the construction of the isomorphism (g o f)' — f'og¢' (first part of
the proof of Lemma using X — Y — Z) and the result of Lemma for
X—=Y = Z. O

17. Properties of upper shriek functors

Here are some properties of the upper shriek functors.

Lemmal 17.1. In Situation let Y be an object of FTSs and letj: X — Y be
an open immersion. Then there is a canonical isomorphism j' = j* of functors.

For an étale morphism f : X — Y of FTSg we also have f* = f', see Lemmam

Proof. In this case we may choose X =Y as our compactification. Then the right
adjoint of Lemma for id : Y — Y is the identity functor and hence j' = j* by

definition. O
Lemmal 17.2. In Situation let

U — X

gJ/ lf

vy

be a commutative diagram of FTSs where j and j' are open immersions. Then
j*o f' =g'o(4')* as functors D'CSCOh(Oy) — DT (Op).

Proof. Let h = foj=j 0g. By Lemma we have h' = j'o f' = ¢g' o (/). B
Lemma [17.1] we have j' = j* and (5')' = (5')*.

Lemmal 17.3. In Situation let Y be an object of FTSs and let f : X
Al —'Y be the projection. Then there is a (noncanonical) isomorphism f'(—)
Lf*(=)[1] of functors.

Proof. Since X = Al C P} and since Op1 (=2)|x = Ox this follows from
Lemmas [[5.1] and [[3.3] O

Lemmal17.4. In Situation letY be an object of FTSs and leti: X —Y be a
closed immersion. Then there is a canonical isomorphism i'(—) = RHom(Ox, —)
of functors.

O<

Ira
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Proof. This is a restatement of Lemma [0.7] O

Remark 17.5 (Local description upper shriek). In Situation m let f: X =Y
be a morphism of FTSg. Using the lemmas above we can compute f' locally as
follows. Suppose that we are given affine opens

|

V—sy
Since j' o f' = ¢' 04" (Lemma [16.3) and since j' and 4' are given by restriction
(Lemma [17.1]) we see that

(f'B)lv = g'(Elv)
for any F € DZSCOh(OX). Write U = Spec(A) and V = Spec(R) and let ¢ : R — A
be the finite type ring map corresponding to g. Choose a presentation A = P/I
where P = R[z1,...,x,] is a polynomial algebra in n variables over R. Choose an
object K € DT(R) corresponding to E|y (Derived Categories of Schemes, Lemma
3.5)). Then we claim that f'E|y corresponds to
¢ (K) = RHom(A, K @% P)[n]
where RHom(A, —) : D(P) — D(A) is the functor of Dualizing Complexes, Section
and where ¢' : D(R) — D(A) is the functor of Dualizing Complexes, Section
Namely, the choice of presentation gives a factorization
U—Ap AV AL =V

Applying Lemma exactly n times we see that (A% — V)!(E|y) corresponds
to K ®% P[n]. By Lemmas and the last step corresponds to applying
RHom(A, —).

Lemma 17.6. In Situation let f : X =Y be a morphism of FTSs. Then f'
maps D, (Oy) into D, (Ox).

Proof. The question is local on X hence we may assume that X and Y are affine
schemes. In this case we can factor f: X — Y as

X LA AL 5 S5 ALY

where i is a closed immersion. The lemma follows from By Lemmas and [9.6]
and Dualizing Complexes, Lemma [15.10| and induction. O

Lemma 17.7. In Situation|16.1|let f: X — Y be a morphism of FTSs. If K is
a dualizing complex for Y, then K is a dualizing complex for X.

Proof. The question is local on X hence we may assume that X and Y are affine
schemes. In this case we can factor f: X — Y as

XS5AY AV 5 ALY
where 7 is a closed immersion. By Lemma [I7.3] and Dualizing Complexes, Lemma
and induction we see that the p'K is a dualizing complex on A% where
p: A} — Y is the projection. Similarly, by Dualizing Complexes, Lemma [15.9]and

Lemmas and we see that ' transforms dualizing complexes into dualizing
complexes. [
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Lemma 17.8. In Situation let f: X —Y be a morphism of FTSg. Let K
be a dualizing complex on' Y. Set Dy (M) = RHomo, (M, K) for M € Dcon(Oy)
and Dx(E) = RHomo (E, f'K) for E € Dcon(Ox). Then there is a canonical
isomorphism

f'M — Dx(Lf*Dy(M))
for M € D‘goh(oy).

Proof. Choose compactification j : X C X of X over Y (More on Flatness, Theo-
rem and Lemma [32.2)). Let a be the right adjoint of Lemma for X — Y.
Set Dx(E) = RHomo_(E,a(K)) for E € Dcon(Ox). Since formation of RHom
commutes with restriction to opens and since f' = j* o a we see that it suffices to
prove that there is a canonical isomorphism
a(M) — Dx(LJ Dy (M))
for M € Dcon(Oy). For F' € Dgeon(Ox) we have
Hom(F, Dx(Lf Dy (M))) = Homs(F @5, Lf Dy (M), a(K))

= Homy (Rf,(F @6, Lf Dy(M)),K)

= Homy (Rf,(F) ®@Y Dy (M), K)

= Homy (Rf,(F), Dy (Dy (M)))

= Homy (Rf,(F), M)

= Hom+(F, a(M))
The first equality by Cohomology, Lemma The second by definition of a. The
third by Derived Categories of Schemes, Lemma The fourth equality by Co-
homology, Lemma and the definition of Dy. The fifth equality by Lemma[2.5]

The final equality by definition of a. Hence we see that a(M) = DY(LF*DY (M))
by Yoneda’s lemma. O

*

Lemma 17.9. In Situatz'on let f: X =Y be a morphism of FTSs. Assume
f is perfect (e.g., flat). Then
(a) f' maps D¢, (Oy) into Dcoh(OX)
(b) the map psr : Lf*K ®(9 'Oy — f'K of Lemma- is an isomorphism
for all K € DQCoh(OY)

Proof. (A flat morphism of finite presentation is perfect, see More on Morphisms,
Lemma ) We begin with a series of preliminary remarks.

(1) We already know that f' sends D, (Oy) into D, (Ox), see Lemma

(2) If f is an open immersion, then ( ) and (b) are true because we can take
X =Y in the construction of f' and y. See also Lemma

(3) If f is a perfect proper morphism, then (b) is true by Lemma

(4) If there exists an open covering X = JU; and (a) is true for U; — Y, then
(a) is true for X — Y. Same for (b). This holds because the construction
of f' and ¢ commutes with passing to open subschemes.

(5) If g : Y — Z is a second perfect morphism in FTSg and (b) holds for f
and g, then f'¢'Oz = Lf*¢'Oy ®%X f'Oy and (b) holds for g o f by the
commutative diagram of Lemma [16.5]
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(6) If (a) and (b) hold for both f and g, then (a) and (b) hold for go f. Namely,
then f'¢'Oz is bounded above (by the previous point) and L(g o f)* has
finite cohomological dimension and (a) follows from (b) which we saw above.

From these points we see it suffices to prove the result in case X is affine. Choose
an immersion X — A} (Morphisms, Lemma [39.2)) which we factor as X — U —
AY — Y where X — U is a closed immersion and U C AY. is open. Note that
X — U is a perfect closed immersion by More on Morphisms, Lemma Thus
it suffices to prove the lemma for a perfect closed immersion and for the projection
A} =Y.

Let f : X — Y be a perfect closed immersion. We already know (b) holds.
Let K € D%, (Oy). Then f'K = RHom(Ox,K) (Lemma and f,f'K =
RHomo, (f+Ox, K). Since f is perfect, the complex f,Ox is perfect and hence
RHomo, (f«Ox, K) is bounded above. This proves that (a) holds. Some details
omitted.

Let f : A} — Y be the projection. Then (a) holds by repeated application of
Lemma [I7.3] Finally, (b) is true because it holds for P} — Y (flat and proper)
and because A} C PY is an open. O

Lemma 17.10. [In Situation let f: X =Y be a morphism of FTSs. If f is
flat, then f'Oy is a Y -perfect object of D(Ox) and Ox — RHomo, (f'Oy, f'Oy)
is an isomorphism.

Proof. Both assertions are local on X. Thus we may assume X and Y are affine.
Then Remark [I7.5] turns the lemma into an algebra lemma, namely Dualizing Com-
plexes, Lemma (Use Derived Categories of Schemes, Lemma to match
the languages.) O

Lemma 17.11. In Situation let f: X — Y beamorphism of FTSg. Assume
f: X =Y is a local complete intersection morphism. Then

(1) f'Oy is an invertible object of D(Ox), and
(2) f' maps perfect complexes to perfect complexes.

Proof. Recall that a local complete intersection morphism is perfect, see More
on Morphisms, Lemma By Lemma it suffices to show that f'Oy is
an invertible object in D(Ox). This question is local on X and Y. Hence we
may assume that X — Y factors as X — A} — Y where the first arrow is
a Koszul regular immersion. See More on Morphisms, Section The result
holds for A} — Y by Lemma m Thus it suffices to prove the lemma when
f is a Koszul regular immersion. Working locally once again we reduce to the
case X = Spec(A4) and Y = Spec(B), where A = B/(f1,..., fr) for some regular
sequence f1,..., fr € B (use that for Noetherian local rings the notion of Koszul
regular and regular are the same, see More on Algebra, Lemma. Thus X —» Y
is a composition

X=X,—-X,_1—-.. 20X —>Xg=Y

where each arrow is the inclusion of an effective Cartier divisor. In this way we
reduce to the case of an inclusion of an effective Cartier divisor ¢ : D — X. In this
case i'Ox = N1] by Lemma and the proof is complete. O
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18. Base change for upper shriek

In Situation [I6.1] let
X/ ﬁ X

g
1
vy vy

be a cartesian diagram in FTSg such that X and Y’ are Tor independent over Y.
Our setup is currently not sufficient to construct a base change map L(g')* o f' —
(f))' o Lg* in this generality. The reason is that in general it will not be possible
to choose a compactification 5 : X — X over Y such that X and Y’ are tor
independent over Y and hence our construction of the base change map in Section
does not applyﬂ

A partial remedy will be found in Section Namely, if the morphism f is flat,
then there is a good notion of a relative dualizing complex and using Lemmas 289
[28.6] and [I7.9] we may construct a canonical base change isomorphism. If we ever
need to use this, we will add precise statements and proofs later in this chapter.

Lemma 18.1. In Situation let
X' —X
f’l ' lf
R v

be a cartesian diagram of FTSs with g flat. Then there is an isomorphism L(g')* o
' = (f)' oLg* on DZ)Cah(OY)'

Proof. Namely, because g is flat, for every choice of compactification j : X — X
of X over Y the scheme X is Tor independent of Y’. Denote j' : X’ — X' the base
change of j and g’ : X — X the projection. We define the base change map as the
composition

L(g'Y o f' = Llg)" o " oa= (') o L(g)" oa — () od' o Lg" = (f)' o Lg®
where the middle arrow is the base change map (5.0.1) and a and o’ are the right
adjoints to pushforward of Lemma for X — Y and X — Y’. This construction
is independent of the choice of compactification (we will formulate a precise lemma
and prove it, if we ever need this result).

To finish the proof it suffices to show that the base change map L(g’)*oa — a’o Lg*
is an isomorphism on D'écoh(Oy). By Lemma {.4|formation of ¢ and ¢’ commutes
with restriction to affine opens of Y and Y’. Thus by Remark we 1may assume
that Y and Y’ are affine. Thus the result by Lemma [6.2 (]

Lemmal 18.2. In Situation let f: X =Y be an étale morphism of FTSs.
Then f' = f* as functors on D5 oon(Oy).

6The reader who is well versed with derived algebraic geometry will realize this is not a “real”
problem. Namely, taking X' to be the derived fibre product of X and Y’ over Y, one can argue
exactly as in the proof of Lemma to define this map. After all, the Tor independence of X
and Y’ guarantees that X’ will be an open subscheme of the derived scheme X'
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Proof. We are going to use that an étale morphism is flat, syntomic, and a local
complete intersection morphism (Morphisms, Lemmaand and More on
Morphisms, Lemma . By Lemma it suffices to show f'Oy = Ox. By
Lemma we know that f'Oy is an invertible module. Consider the commuta-
tive diagram

Xxy X —>X
P2

177

X

and the diagonal A : X — X xy X. Since A is an open immersion (by Morphisms,
Lemmas|35.13 andm, by Lemmamwe have A' = A*. By Lemmawe have
Aloplof = f'. By Lemmal&l applied to the diagram we have p}Ox = p5f'Oy.
Hence we conclude

'Oy = A'pi f'Oy = A*(pi f'Oy @ piOx) = A* (P f' Oy @ pi f'Oy) = (f'Oy)®?

where in the second step we have used Lemma once more. Thus f'Oy = Ox
as desired. O

In the rest of this section, we formulate some easy to prove results which would be
consequences of a good theory of the base change map.

Lemma 18.3 (Makeshift base change). In Situation let

X/H/X

g
f’l lf
vy 2oy

be a cartesian diagram of FTSs. Let E € D'Cscoh((’)y) be an object such that Lg*E
is in DY(Oy). If f is flat, then L(g")*f'E and (f')'Lg*E restrict to isomorphic
objects of D(Oy) for U C X' affine open mapping into affine opens of Y, Y', and
X.

Proof. By our assumptions we immediately reduce to the case where X, Y, Y’, and
X' are affine. Say Y = Spec(R), Y’ = Spec(R’), X = Spec(A), and X' = Spec(A’).
Then A’ = A®g R'. Let E correspond to K € D*(R). Denoting ¢ : R — A
and ¢’ : R — A’ the given maps we see from Remark that L(¢")*f'E and
(f")'Lg* E correspond to ¢'(K)®% A" and (¢')' (K@% R') where ¢' and (¢')" are the
functors from Dualizing Complexes, Section The result follows from Dualizing
Complexes, Lemma [24.6 O

Lemma 18.4. In Situation let f: X =Y be a morphism of FTSs. Assume
f is flat. Set w;(/y = 'Oy in D¢op(X). Lety € Y and h : X, — X the projection.
Then Lh*w;(/y is a dualizing complex on X,.

Proof. The complex w$ /Y is in DbC'oh by Lemma Being a dualizing complex

is a local property. Hence by Lemma it suffices to show that (X, — 3)'0, is
a dualizing complex on X,. This follows from Lemma [T7.7} O
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19. A duality theory

In this section we spell out what kind of a duality theory our very general results
above give for finite type separated schemes over a fixed Noetherian base scheme.

Recall that a dualizing complex on a Noetherian scheme X, is an object of D(Ox)
which affine locally gives a dualizing complex for the corresponding rings, see Def-
inition

Given a Noetherian scheme S denote FTSs the category of schemes which are of
finite type and separated over S. Then:

(1) the functors f' turn DJcScoh into a pseudo functor on FTSg,

(2) if f: X — Y is a proper morphism in FTSg, then f' is the restriction of
the right adjoint of Rfs : Dgcon(Ox) = Dgcon(Oy) to Dgcoh((’)y) and
there is a canonical isomorphism

Rf.RHomo, (K, f' M) — RHome, (Rf. K, M)

for all K € D,,,(Ox) and M € Dgcoh((’)y),

(3) if an object X of FTSs has a dualizing complex w%, then the functor Dx =
RHomo, (—,w%) defines an involution of Dcon(Ox) switching D§,,(Ox)
and Dg,,(Ox) and fixing D%, (Ox),

(4) if f: X =Y is a morphism of FTSg and wy is a dualizing complex on Y,
then

(a) w% = flwy is a dualizing complex for X,
(b) f'M = Dx(Lf*Dy(M)) canonically for M € DE ,(Oy), and
(c) if in addition f is proper then

Rf.RHomo, (K,w%) = RHomo, (Rf.K,wy)

for K in D, ,(Ox),
(5) if f: X — Y is a closed immersion in FTSg, then f'(—) = RHom(Ox, ),
(6) if f : Y — X is a finite morphism in FTSs, then f, f'(—) = R Homo, (f«Oy,
(7) if f: X — Y is the inclusion of an effective Cartier divisor into an object
of FTSs, then f'(—=) = Lf*(—) ®oy Oy (—X)[-1],
(8) if f: X — Y is a Koszul regular immersion of codimension ¢ into an object
of FTSs, then f'(=) = Lf*(—) ®0y A°N[—c], and
(9) if f: X — Y is a smooth proper morphism of relative dimension d in FTSg,
then f'(—) = Lf*(—) ®oy 0%y [d.
This follows from Lemmas [2.5] [3-6] [0.7] [[1.4] 142} [15.6} [15.7 [16.3] [16.4] [17.4} I7.7]
and and Example We have obtained our functors by a very abstract
procedure which finally rests on invoking an existence theorem (Derived Categories,
Proposition . This means we have, in general, no explicit description of the
functors f'. This can sometimes be a problem. But in fact, it is often enough to
know the existence of a dualizing complex and the duality isomorphism to pin down

.

20. Glueing dualizing complexes

We will now use glueing of dualizing complexes to get a theory which works for all
finite type schemes over S given a pair (S,wg) as in Situation This is similar
to [Har66, Remark on page 310].
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In Situation let X be a scheme of finite type over S. Let U : X = Ui:l,...,n U;
be a finite open covering of X by objects of FTSs, see Situation[I6.1] All this means
is that the morphisms U; — S are separated (as they are already of finite type).
Every affine scheme of finite type over S is an object of F'T'Sg by Schemes, Lemma
hence such open coverings certainly exist. Then for each 4,7,k € {1,...,n}
the morphisms p; : Uy — 5, pi; : U;NU; = S, and pyi : Uy NU; NU, — S are
separated and each of these schemes is an object of FT'Sg. From such an open
covering we obtain

(1) wr = piwg a dualizing complex on U;, see Section
(2) for each 4, a canonical isomorphism ¢;; : w?|v,nv; = wW}|v.nu;, and

(3) for each 1, j, k we have

Soik Uq‘,ﬂUjﬁUk = sajk‘ UiﬂU_jﬁUk o SO’LJ Uq‘,mUijk

in D(OUiﬁUjﬂUk)'
Here, in (2) we use that (U; N U; — U;)" is given by restriction (Lemma [17.1)) and
that we have canonical isomorphisms
U:NU; = U;) op; =pi; = (Ui NU; = Uj) o p;
by Lemma and to get (3) we use that the upper shriek functors form a pseudo
functor by Lemma

In the situation just described a dualizing complexr normalized relative to wg and
U is a pair (K, ;) where K € D(Ox) and «; : K|y, — w? are isomorphisms such
that ¢;; is given by «j|u,nu; © a;l UnU; - Since being a dualizing complex on a
scheme is a local property we see that dualizing complexes normalized relative to
wg and U are indeed dualizing complexes.

Lemma 20.2. In Sz'tuatz'on let X be a scheme of finite type over S and let
U be a finite open covering of X by schemes separated over S. If there exists a
dualizing complex normalized relative to wg and U, then it is unique up to unique
isomorphism.

Proof. If (K,«;) and (K’,a}) are two, then we consider L = RHomop, (K, K').

By Lemma and its proof, this is an invertible object of D(Ox). Using «; and
o, we obtain an isomorphism

al®@al: Ly, — RHome, (w!,w?) = O, [0]

This already implies that L = H°(L)[0] in D(Ox). Moreover, H°(L) is an invertible
sheaf with given trivializations on the opens U; of X. Finally, the condition that
ajlunu; © a;l v.nu,; and a;- UinU; © ()™t v.nu; both give ¢;; implies that the
transition maps are 1 and we get an isomorphism H°(L) = Ox. O

Lemma 20.3. In Situation let X be a scheme of finite type over S and let
U,V be two finite open coverings of X by schemes separated over S. If there exists
a dualizing complex normalized relative to wg and U, then there exists a dualiz-
ing complex normalized relative to wg and V and these complexes are canonically
isomorphic.
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Proof. It suffices to prove this when U is given by the opens Ui,...,U, and V
by the opens Uy,...,U,tm,. In fact, we may and do even assume m = 1. To go
from a dualizing complex (K, ;) normalized relative to wg and V to a dualizing
complex normalized relative to wg and U is achieved by forgetting about «; for
i = n+ 1. Conversely, let (K, a;) be a dualizing complex normalized relative to
wg and Y. To finish the proof we need to construct a map a,41: K|y, ., — wp g
satisfying the desired conditions. To do this we observe that U,+1 = JU; N Up41
is an open covering. It is clear that (K|u, ., ,|v,nvu, ) is a dualizing complex
normalized relative to wg and the covering U,y1 = UJU; N Upt1. On the other
hand, by condition the pair (wp,1|v,.1»@n+1i) is another dualizing complex
normalized relative to wg and the covering U,4+1 = |JU; N U,41. By Lemma
we obtain a unique isomorphism

. °
Op41 ot K‘Un_H — wn—i—l

compatible with the given local isomorphisms. It is a pleasant exercise to show that
this means it satisfies the required property. O

Lemmal 20.4. In Situation let X be a scheme of finite type over S and let
U be a finite open covering of X by schemes separated over S. Then there exists a
dualizing complex normalized relative to wg and U.

Proof. Say U : X = Ui:l,“.,n U;. We prove the lemma by induction on n. The
base case n = 1 is immediate. Assume n > 1. Set X' = U; U...UU,_; and
let (K',{c}}i=1,...n—1) be a dualizing complex normalized relative to wg and U’ :
X' = Ui:l,.,,.n—l U;. Tt is clear that (K'|xnu,,, o4 u,nv, ) is a dualizing complex
normalized relative to wg and the covering X' NU,, = UZ-:L_”’ni1 U; NU,,. On the
other hand, by condition (3] the pair (w3 |x/nv,,¥ni) is another dualizing complex
normalized relative to wg and the covering X' NU, = UJ,_; ,_,U;NU,. By
Lemma, we obtain a unique isomorphism o

€: K'|xnu, — wilxnu,

compatible with the given local isomorphisms. By Cohomology, Lemma [45.1| we
obtain K € D(Ox) together with isomorphisms § : K|x» — K’ and v : K|y, — wy,
such that € = ’Y|X’HU,L ] ﬁ|)_(}ﬂUn' Then we define

, .
a;=a,0fly,i=1,...,n—1, and a,, =

We still need to verify that ¢;; is given by aj|u,nu; © 04;1|UmUj- Fori,j <n-—1
this follows from the corresponding condition for . For i = j = n it is clear as
well. If i < j = n, then we get

vinu, 0 () ™ vinu, o () ™t
This is equal to «;, exactly because € is the unique map compatible with the maps
o and ;. O

vsnu, 0B

-1
uU,NU, Oai

(67 uU;NnU,, — Y u,NU,, — € U,NU,

Let (S,w%) be as in Situation 20.1} The upshot of the lemmas above is that given
any scheme X of finite type over S, there is a pair (K,ay) given up to unique
isomorphism, consisting of an object K € D(Ox) and isomorphisms oy : K|y —
wy; for every open subscheme U C X which is separated over S. Here wf; = (U —
S)!w:q is a dualizing complex on U, see Section Moreover, if U : X = JU;
is a finite open covering by opens which are separated over S, then (K,ay,) is
a dualizing complex normalized relative to wg and Y. Namely, uniqueness up to
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unique isomorphism by Lemma [20.2] existence for one open covering by Lemma
[20.4] and the fact that K then works for all open coverings is Lemma [20.3]

Definition 20.5. Let S be a Noetherian scheme and let wg be a dualizing complex
on S. Let X be a scheme of finite type over S. The complex K constructed above
is called the dualizing complex normalized relative to wg and is denoted w¥ .

As the terminology suggest, a dualizing complex normalized relative to wg is not
just an object of the derived category of X but comes equipped with the local
isomorphisms described above. This does not conflict with setting w$ = p!w;v
where p : X — S is the structure morphism if X is separated over S. More
generally we have the following sanity check.

Lemma 20.6. Let (S,wg) be as in Situation . Let f: X =Y be a morphism
of finite type schemes over S. Let w% and wy be dualizing complexes normalized
relative to wg. Then w% is a dualizing complex normalized relative to wy,.

Proof. This is just a matter of bookkeeping. Choose a finite affine open covering
V:Y = JV;. For each j choose a finite affine open covering f~1(V;) = Uj;. Set
Uu:X = UUji. The schemes V; and Uj; are separated over S, hence we have
the upper shriek functors for ¢; : V; — S, pj; : Uj; — S and f;; : Uj; — V; and

7 Uji = Y. Let (L, B;) be a dualizing complex normalized relative to w§ and
V. Let (K,~;i) be a dualizing complex normalized relative to wg and Y. (In other
words, L = w} and K = w%.) We can define

Vi !

° ° f!"'ﬂ'il
aji : Kly,, — P;‘iws = fJiq;Ws s f;i(L|‘/}') = (f}i)!(L)

To finish the proof we have to show that Oéji|U,-mUj/i/ ooz;,%, |Uijj/,3f is the canonical
. . 7! ’ ! o .
isomorphism (f};)" (L)|v;;nv,, — (fjri) (D)]ujinu,,, - This is formal and we omit

the details. O

Lemma 20.7. Let (S,wg) be as in Situation . Let j : X — Y be an open
immersion of schemes of finite type over S. Let w% and w3y be dualizing complexes
normalized relative to wg. Then there is a canonical isomorphism w = wy |x.

Proof. Immediate from the construction of normalized dualizing complexes given
just above Definition [20.5 O

Lemma 20.8. Let (S,wg) be as in Sttuation . Let f: X =Y be a proper
morphism of schemes of finite type over S. Let w% and wy- be dualizing complexes
normalized relative to wg. Let a be the right adjoint of Lemma for f. Then
there is a canonical isomorphism a(w}) = w.

Proof. Let p: X — S and ¢ : Y — S be the structure morphisms. If X and Y
are separated over S, then this follows from the fact that w§ = p!wg, wy = qws,
f'=a,and f'oq' = p' (Lemma . In the general case we first use Lemma m
to reduce to the case Y = S. In this case X and Y are separated over S and we’ve
just seen the result. O

Let (S,w$) be as in Situation 20.1] For a scheme X of finite type over S de-
note w% the dualizing complex for X normalized relative to wg. Define Dx(—) =
RHomo, (—,w%) as in Lemma Let f : X — Y be a morphism of finite type
schemes over S. Define

frew =Dx o Lf*o Dy : D} ,(Oy) — DE,, (Ox)
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Iff:X—Yandg:Y — Z are composable morphisms between schemes of finite
type over S, define

(90 fnew =Dx o L(go f)* o Dy
=DxoLf*oLg*oDy
—+DxoLf*oDyoDyoLg* oDy
! 1
= fﬁew © Gnew
where the arrow is defined in Lemma [2.5] We collect the results together in the
following lemma.

Lemma 20.9. Let (S,wg) be as in Situation W With f} .., and w$ defined for

’I:LE'LU
all (morphisms of) schemes of finite type over S as above:

a pseudo functor from the category of schemes of finite type over S into the
2-category of categories,
(2) Wy = (X = S)heul,
(3) the functor Dx defines an involution of Dcon(Ox) switching D, (Ox)
and D, (Ox) and fizing Dbcoh(OX>7
(4) w% = f;leww;, for f: X =Y a morphism of finite type schemes over S,
(5) fhewM = Dx(Lf*Dy(M)) for M € DE_,(Oy), and
(6) if in addition f is proper, then T!Lew is isomorphic to the restriction of the
right adjoint of Rfs : Docon(Ox) — Dgcon(Oy) to D'goh(Oy) and there
s a canonical isomorphism

Rf.RHomo (Kv fgzewM) — RHomo, (Rf*K7 M)
for K € Dg,,(Ox) and M € D, ,(Oy), and
Rf.RHomp, (K,w%) = RHomo, (Rf.K,wy)
for K € D¢, (Ox) and

If X is separated over S, then w% is canonically isomorphic to (X — S)!wg and
if f is a morphism between schemes separated over S, then there is a canonical
isomorphisnﬂ frewK = f'K for K in D,

Proof. Let f: X - Y,g:Y — Z, h: Z — T be morphisms of schemes of finite
type over .S. We have to show that

(hOg © f)gnew - f’r!ww © (h’ Og).new

| |

(gof)! Oh’!ne — f Og'!newoh

new w new

!

new

is commutative. Let 7y : id — D% and 7z : id — D% be the canonical isomorphisms
of Lemma[2.5] Then, using Categories, Lemmal[28.2] a computation (omitted) shows

that both arrows (h o go f)! . = fhow © Ghew © Mo aTe given by

1xny *x1xnz*1: DxoLf*oLg*oLh*o Dy — Dx OLf*OD§/OLg*ODQZOLh*ODT

7We haven’t checked that these are compatible with the isomorphisms (g o f)' — f' o g' and
(90 Hhew = Fhow © Ihew: We will do this here if we need this later.
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This proves (1). Part (2) is immediate from the definition of (X — S)!., and

the fact that Dg(wg) = Og. Part (3) is Lemma Part (4) follows by the same
argument as part (2). Part (5) is the definition of f;

new"*

Proof of (6). Let a be the right adjoint of Lemma for the proper morphism
f X = Y of schemes of finite type over S. The issue is that we do not know
X or Y is separated over S (and in general this won’t be true) hence we cannot
immediately apply Lemmal[I7.8|to f over S. To get around this we use the canonical
identification w% = a(w}) of Lemma Hence f'.,, is the restriction of a to
DE ,(Oy) by Lemma applied to f : X — Y over the base scheme Y! The

displayed equalities hold by Example [3.9]

The final assertions follow from the construction of normalized dualizing complexes
and the already used Lemma [T7.8 O

Remark| 20.10. Let S be a Noetherian scheme which has a dualizing complex.
Let f: X — Y be a morphism of schemes of finite type over S. Then the functor

fv.zew : Dgoh(OY) - Dgoh(ox)

is independent of the choice of the dualizing complex wg up to canonical isomor-
phism. We sketch the proof. Any second dualizing complex is of the form wg ®%S L
where £ is an invertible object of D(Og), see Lemma For any separated mor-
phism p : U — S of finite type we have p'(w ®%S L) = p'(w?) ®%U Lp*L by
Lemma [8.1] Hence, if w and wy are the dualizing complexes normalized relative
to w we see that wg ®G  La*L and w§ @ Lb*L are the dualizing complexes
normalized relative to wg ®%s L (where a: X — Sand b:Y — S are the structure
morphisms). Then the result follows as

RHomo, (Lf*RHomo, (K,wy ©8, Lb*L),wk ©%, La*L)
= RHomo (Lf*R(Homo, (K,wy) @, Lb*L),wk @8 La*L)
= RHomo, (Lf*RHomo, (K,w}) ®%, La*L,wk @4, La*L)
= RHomo, (Lf*RHomo, (K, wy),wk)
for K € D, (Oy). The last equality because La*L is invertible in D(Ox).

Example 20.11. Let S be a Noetherian scheme and let wg be a dualizing complex.
Let f: X — Y be a proper morphism of finite type schemes over S. Let w% and
wy- be dualizing complexes normalized relative to wg. In this situation we have
a(wy) = wk (Lemma and hence the trace map (Section [7) is a canonical
arrow

Try : Rfiwg — wy
which produces the isomorphisms (Lemma
Homy (L, w%) = Homy (Rf. L, wy )
and
Rf.RHomo, (L,w%) = RHomo, (Rf.L,ws)
for L in Dgcon(Ox).
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Remark 20.12. Let S be a Noetherian scheme and let wg be a dualizing complex.
Let f: X — Y be a finite morphism between schemes of finite type over S. Let
w% and wy- be dualizing complexes normalized relative to wg. Then we have

fewk = RHom(f.Ox,wy)

in Dgcoh(f* Ox) by Lemmas and and the trace map of Example |20.11|is

the map
Try: Rfwk = fuiwk = RHom(f.Ox,wy) — wy

which often goes under the name “evaluation at 1”.

Remark| 20.13. Let f: X — Y be a flat proper morphism of finite type schemes
over a pair (S,w$) as in Situation The relative dualizing complex (Remark

12.5) is w3 = a(Oy). By Lemma [20.8| we have the first canonical isomorphism
n

wk = a(wy) = Lf'wy ®6, wi/y
in D(Ox). The second canonical isomorphism follows from the discussion in Re-
mark [12.5]

21. Dimension functions

We need a bit more information about how the dimension functions change when
passing to a scheme of finite type over another.

Lemma 21.1. Let S be a Noetherian scheme and let wg be a dualizing complex. Let
X be a scheme of finite type over S and let w% be the dualizing complex normalized
relative to wg. If © € X is a closed point lying over a closed point s of S, then
w¥ ;i a normalized dualizing complex over Ox , provided that w§ , is a normalized
dualizing complex over Og s.

Proof. We may replace X by an affine neighbourhood of x, hence we may and
do assume that f : X — S is separated. Then w% = f'wg. We have to show
that RHomo, ,(rk(7),wY ) is sitting in degree 0. Let i, : ¥ — X denote the
inclusion morphism which is a closed immersion as = is a closed point. Hence
RHomoe, , (k(z),w% ) represents it wg by Lemma Consider the commutative

diagram
x
i i
S

By Morphisms, Lemma the extension x(x)/k(s) is finite and hence = is a finite
morphism. We conclude that

e

—
g
is

—_—

n<—
—~

-1 -1 ! 1.

Wk = iy fwy = Tiws
Thus if wg, is a normalized dualizing complex over Og,,, then iiwg = #(s)[0] by
the same reasoning as above. We have

Rrr. (7' (1(5)[0])) = R Homo, (R (1(x)[0]), 5(s)[0]) = Hom,(s) (k(2), £(s))

The first equality by Example applied with L = k(2)[0]. The second equality
holds because T, is exact. Thus 7 (x(s)[0]) is supported in degree 0 and we win. [
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Lemma 21.2. Let S be a Noetherian scheme and let wg be a dualizing complex.
Let f: X — S be of finite type and let wg be the dualizing complex normalized
relative to wg. For all v € X we have

ox(z) — ds(f(x)) = trdeg, p(zy) (K(x))

where 0g, resp. dx is the dimension function of wg, resp. wk, see Lemma[2.7

Proof. We may replace X by an affine neighbourhood of x. Hence we may and
do assume there is a compactification X C X over S. Then we may replace X by
X and assume that X is proper over S. We may also assume X is connected by
replacing X by the connected component of X containing x. Next, recall that both
6x and the function = — ds(f(z)) + trdeg, s, (k(z)) are dimension functions
on X, see Morphisms, Lemma (and the fact that S is universally catenary
by Lemma [2.7). By Topology, Lemma we see that the difference is locally
constant, hence constant as X is connected. Thus it suffices to prove equality in
any point of X. By Properties, Lemma the scheme X has a closed point z.
Since X — S is proper the image s of x is closed in S. Thus we may apply Lemma
211l to conclude. O

Lemmal 21.3. In Situation let f: X —Y be a morphism of FTSs. Let
x € X with image y € Y. Then

H'(f'Oy)s # 0 = —dim,(X,) <.

Proof. Since the statement is local on X we may assume X and Y are affine

schemes. Write X = Spec(A) and Y = Spec(R). Then f'Oy corresponds to the

relative dualizing complex w$ /R of Dualizing Complexes, Sectioby Remark
25.

[I75] Thus the lemma follows from Dualizing Complexes, Lemma O

Lemmal 21.4. [n Situation let f: X — Y be a morphism of FTSs. Let
x € X with image y € Y. If f is flat, then

H(f'Oy)y # 0= —dim,(X,) <i<0.

In fact, if all fibres of f have dimension < d, then f'Oy has tor-amplitude in [—d, 0]
as an object of D(X, f~10y).

Proof. Arguing exactly as in the proof of Lemma this follows from Dualizing
Complexes, Lemma [25.8 O

Lemma 21.5. [In Situation let f: X — Y be a morphism of FTSs. Let
x € X with image y € Y. Assume

(1) Oy,y is Cohen-Macaulay, and
(2) trdeg, ey (k(§)) < for any generic point & of an irreducible component
of X containing x.
Then
H (f'Oy)y # 0= —r <i
and the stalk H="(f'Oy), is (S2) as an Ox o-module.
Proof. After replacing X by an open neighbourhood of x, we may assume every

irreducible component of X passes through z. Then arguing exactly as in the proof
of Lemma [21.3] this follows from Dualizing Complexes, Lemma [25.9 O
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0BV7 |Lemma 21.6. In Situation let f: X —Y be a morphism of FTSs. If f is

0BVS

0BV9

0AWH

flat and quasi-finite, then
'Oy = wx,y|0]

Jor some coherent O x-module wx,y flat over Y.

Proof. Consequence of Lemma and the fact that the cohomology sheaves of
f'Oy are coherent by Lemma O

Lemma 21.7. In Situation let f: X —Y be a morphism of FTSs. If f is
Cohen-Macaulay (More on Morphisms, Definition , then

10y = wx,y[d]

Jor some coherent Ox-module wx,y flat over Y where d is the locally constant
function on X which gives the relative dimension of X over Y .

Proof. The relative dimension d is well defined and locally constant by Morphisms,
Lemma The cohomology sheaves of f'Oy are coherent by Lemma We
will get flatness of wx/y from Lemma 21.4] if we can show the other cohomology
sheaves of f'Oy are zero.

The question is local on X, hence we may assume X and Y are affine and the
morphism has relative dimension d. If d = 0, then the result follows directly from
Lemma If d > 0, then we may assume there is a factorization

XL AL By

with ¢ quasi-finite and flat, see More on Morphisms, Lemma Then f' = g'op'.
By Lemma we see that p'Oy = Oaz [—d]. We conclude by the case d =0. O

Remark| 21.8. Let S be a Noetherian scheme endowed with a dualizing complex

wg. In this case Lemmas P1.3] PT.4] 21.6] and 21.7] are true for any morphism
f: X — Y of finite type schemes over S but with f' replaced by f! This is

’I:LC'LU'
clear because in each case the proof reduces immediately to the affine case and then

f! = fflze'w by Lemmam

22. Dualizing modules
This section is a continuation of Dualizing Complexes, Section

Let X be a Noetherian scheme and let w% be a dualizing complex. Let n € Z be the
smallest integer such that H™(w%) is nonzero. In other words, —n is the maximal
value of the dimension function associated to w% (Lemmal[2.7). Sometimes H™ (w%)
is called a dualizing module or dualizing sheaf for X and then it is often denoted by
wx. We will say “let wx be a dualizing module” to indicate the above.

Care has to be taken when using dualizing modules wx on Noetherian schemes X:

(1) the integer m may change when passing from X to an open U of X and
then it won’t be true that wx|y = wy,

(2) the dualizing complex isn’t unique; the dualizing module is only unique up
to tensoring by an invertible module.
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The second problem will often be irrelevant because we will work with X of finite
type over a base change S which is endowed with a fixed dualizing complex wg
and w% will be the dualizing complex normalized relative to wg. The first problem
will not occur if X is equidimensional, more precisely, if the dimension function
associated to w% (Lemma maps every generic point of X to the same integer.

Example 22.1. Say S = Spec(A) with (A, m, ) a local Noetherian ring, and w$
corresponds to a normalized dualizing complex w%. Then if f : X — S is proper
over S and w = f'w$ the coherent sheaf

wx =H™ dim(X)((AJ;()

is a dualizing module and is often called the dualizing module of X (with S and
wg being understood). We will see that this has good properties.

Example| 22.2. Say X is an equidimensional scheme of finite type over a field k.
Then it is customary to take w% the dualizing complex normalized relative to k[0]
and to refer to

wy = H™ dim(X)(w;()
as the dualizing module of X. If X is separated over k, then w§ = f !OSpec(k) where
f: X — Spec(k) is the structure morphism by Lemma If X is proper over k,
then this is a special case of Example

Lemma 22.3. Let X be a connected Noetherian scheme and let wx be a dualizing
module on X. The support of wx is the union of the irreducible components of
mazimal dimension with respect to any dimension function and wx s a coherent
Ox -module having property (Sa).

Proof. By our conventions discussed above there exists a dualizing complex w%
such that wy is the leftmost nonvanishing cohomology sheaf. Since X is connected,
any two dimension functions differ by a constant (Topology, Lemma [20.3). Hence
we may use the dimension function associated to w% (Lemma . With these
remarks in place, the lemma now follows from Dualizing Complexes, Lemma [17.5
and the definitions (in particular Cohomology of Schemes, Definition . O

Lemma 22.4. Let X/A with w% and wx be as in Example . Then
(1) HY(w%) #0=i € {—dim(X),...,0},
(2) the dimension of the support of H'(w%) is at most —i,
(3) Supp(wx) is the union of the components of dimension dim(X), and
(4) wx has property (S2).

Proof. Let 6x and ds be the dimension functions associated to w% and wg as in
Lemma As X is proper over A, every closed subscheme of X contains a closed
point 2 which maps to the closed point s € S and dx(x) = dg(s) = 0. Hence
5x (€) = dim({€}) for any point £ € X. Hence we can check each of the statements
of the lemma by looking at what happens over Spec(Ox ;) in which case the result
follows from Dualizing Complexes, Lemmas and Some details omitted.
The last two statements can also be deduced from Lemma 2231 (]

Lemma 22.5. Let X/A with dualizing module wx be as in Frample . Let
d = dim(Xy) be the dimension of the closed fibre. If dim(X) = d + dim(A), then
the dualizing module wx represents the functor

F +— Homy (HY(X, F),wa)
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on the category of coherent Ox-modules.
Proof. We have

Homy (F,wx) = Exthlm )(]:,w;()
= Hom x (F[dim(X)],w%)

]
= Hom x (F[dim (X )]7f'(w )
_HomS(Rf* [dlm(X)}’w )
= Homa(HY (X, F),wa)

The first equality because H*(w%) = 0 for i < —dim(X), see Lemma and
Derived Categories, Lemma The second equality is follows from the definition
of Ext groups. The third equality is our choice of w%. The fourth equality holds
because f' is the right adjoint of Lemmafor f, see Section The final equality
holds because R'f,F is zero for i > d (Cohomology of Schemes, Lemma and
H(wY) is zero for j < —dim(A). O

23. Cohen-Macaulay schemes

This section is the continuation of Dualizing Complexes, Section [20] Duality takes
a particularly simple form for Cohen-Macaulay schemes.

Lemmal 23.1. Let X be a locally Noetherian scheme with dualizing complex w% .

(1) X is Cohen-Macaulay < w% locally has a unique nonzero cohomology sheaf,
(2) Ox 4 is Cohen-Macaulay < w¥ x has a unique nonzero cohomology,
(3) U ={zx € X | Oxy is Cohen-Macaulay} is open and Cohen-Macaulay.

If X is connected and Cohen-Macaulay, then there is an integer n and a coherent
Cohen-Macaulay Ox-module wy such that wy% = wx[—n].

Proof. By definition and Dualizing Complexes, Lemma for every x € X the
complex w¥ , is a dualizing complex over Ox ;. By Dualizing Complexes, Lemma
we see that (2) holds.

To see (3) assume that Ox , is Cohen-Macaulay. Let n, be the unique integer such
that H"*(w% ,) is nonzero. For an affine neighbourhood V' C X of z we have wk|v
is in D%, (Ov) hence there are finitely many nonzero coherent modules H(w%)|v .
Thus after shrinking V' we may assume only H™= is nonzero, see Modules, Lemma
In this way we see that Ox , is Cohen-Macaulay for every v € V. This proves
that U is open as well as a Cohen-Macaulay scheme.

Proof of (1). The implication < follows from (2). The implication = follows from
the discussion in the previous paragraph, where we showed that if Ox , is Cohen-
Macaulay, then in a neighbourhood of x the complex w$ has only one nonzero
cohomology sheaf.

Assume X is connected and Cohen-Macaulay. The above shows that the map
T — ngy is locally constant. Since X is connected it is constant, say equal to n.
Setting wy = H™(w%) we see that the lemma holds because wx is Cohen-Macaulay
by Dualizing Complexes, Lemma (and Cohomology of Schemes, Definition
11.4)). O
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Lemma 23.2. Let X be a locally Noetherian scheme. If there exists a coherent
sheaf wx such that wx[0] is a dualizing complex on X, then X is a Cohen-Macaulay
scheme.

Proof. This follows immediately from Dualizing Complexes, Lemma [20.3| and our
definitions. 0

Lemma 23.3. In Situation let f: X — Y be a morphism of FTSs. Let
x e X. If f is flat, then the following are equivalent

(1) f is Cohen-Macaulay at z,

(2) f'Oy has a unique nonzero cohomology sheaf in a neighbourhood of x.

Proof. One direction of the lemma follows from Lemma [21.7] To prove the con-
verse, we may assume f'Oy has a unique nonzero cohomology sheaf. Let y = f(z).
Let &,...,&n € Xy be the generic points of the fibre X, specializing to =. Let
dy,...,d, be the dimensions of the corresponding irreducible components of X,,.
The morphism f : X — Y is Cohen-Macaulay at n; by More on Morphisms, Lemma
Hence by Lemma [21.7] we see that d; = ... = d,,. If d denotes the common
value, then d = dim,(X,). After shrinking X we may assume all fibres have di-
mension at most d (Morphisms, Lemma . Then the only nonzero cohomology
sheaf w = H~4(f'Oy) is flat over Y by Lemma Hence, if h : X, — X de-
notes the canonical morphism, then Lh*(f'Oy) = Lh*(w|[d]) = (h*w)[d] by Derived
Categories of Schemes, Lemma Thus h*w[d] is the dualizing complex of X,
by Lemma Hence X, is Cohen-Macaulay by Lemma This proves f is
Cohen-Macaulay at x as desired. ]

Remark| 23.4. In Situation let f: X — Y be a morphism of F'TSg. Assume
f is a Cohen-Macaulay morphism of relative dimension d. Let wy,y = H~¢(f'Oy)
be the unique nonzero cohomology sheaf of f'Oy, see Lemma Then there is
a canonical isomorphism

fIK =Lf*K®% wx/yld
for K € Dgcoh(Oy), see Lemma m In particular, if S has a dualizing complex
we, wy = (Y = 5)'ws, and wg = (X — S)'w? then we have

wk = Lf*w} @8, wx,y[d]

Thus if further X and Y are connected and Cohen-Macaulay and if wy and wx
denote the unique nonzero cohomology sheaves of wy. and w%, then we have

wx = ffwy ®ox wx/y-
Similar results hold for X and Y arbitrary finite type schemes over S (i.e., not
necessarily separated over S) with dualizing complexes normalized with respect to
wg as in Section 20}
24. Gorenstein schemes

This section is the continuation of Dualizing Complexes, Section

Definition 24.1. Let X be a scheme. We say X is Gorenstein if X is locally
Noetherian and Ox , is Gorenstein for all z € X.
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This definition makes sense because a Noetherian ring is said to be Gorenstein if
and only if all of its local rings are Gorenstein, see Dualizing Complexes, Definition

2L1
Lemmal 24.2. A Gorenstein scheme is Cohen-Macaulay.

Proof. Looking affine locally this follows from the corresponding result in algebra,
namely Dualizing Complexes, Lemma [21.2 (]

Lemmal 24.3. A regular scheme is Gorenstein.

Proof. Looking affine locally this follows from the corresponding result in algebra,
namely Dualizing Complexes, Lemma [21.3 t

Lemma 24.4. Let X be a locally Noetherian scheme.

(1) If X has a dualizing complex w%, then
(a) X is Gorenstein < w% is an invertible object of D(Ox),
(b) Ox is Gorenstein < w¥ , s an invertible object of D(Ox ),
(c) U={ze€ X |Ox,is Gorenstein} is an open Gorenstein subscheme.
(2) If X is Gorenstein, then X has a dualizing complez if and only if Ox|[0] is
a dualizing complex.

Proof. Looking affine locally this follows from the corresponding result in algebra,
namely Dualizing Complexes, Lemma, [21.4] (I

Lemmal 24.5. If f:Y — X is a local complete intersection morphism with X a
Gorenstein scheme, then Y is Gorenstein.

Proof. By More on Morphisms, Lemma it suffices to prove the corresponding
statement about ring maps. This is Dualizing Complexes, Lemma [21. d

Lemma 24.6. The property P(S) =S is Gorenstein” is local in the syntomic
topology.

Proof. Let {S; — S} be a syntomic covering. The scheme S is locally Noetherian
if and only if each S; is Noetherian, see Descent, Lemma Thus we may
now assume S and S; are locally Noetherian. If S is Gorenstein, then each S; is
Gorenstein by Lemma[24.5] Conversely, if each S; is Gorenstein, then for each point
s € S we can pick ¢ and t € S; mapping to s. Then Og, — Og,  is a flat local
ring homomorphism with Og, ; Gorenstein. Hence Og s is Gorenstein by Dualizing
Complexes, Lemma [21.8 O

25. Gorenstein morphisms

This section is one in a series. The corresponding sections for normal morphisms,
regular morphisms, and Cohen-Macaulay morphisms can be found in More on Mor-

phisms, Sections and

The following lemma says that it does not make sense to define geometrically Goren-
stein schemes, since these would be the same as Gorenstein schemes.

Lemma 25.1. Let X be a locally Noetherian scheme over the field k. Let k' [k
be a finitely generated field extension. Let x € X be a point, and let ¥’ € Xy be a
point lying over x. Then we have

Ox . is Gorenstein < Ox,, o is Gorenstein
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If X s locally of finite type over k, the same holds for any field extension k' /k.

Proof. In both cases the ring map Ox ; — Ox,, o is a faithfully flat local homo-
morphism of Noetherian local rings. Thus if Ox,, .+ is Gorenstein, then so is Ox
by Dualizing Complexes, Lemma [21.8] To go up, we use Dualizing Complexes,
Lemma 21.8 as well. Thus we have to show that

OXk/,x’/macoXk/,w’ = I{(.I) k'
is Gorenstein. Note that in the first case & — &’ is finitely generated and in the

second case k — k(z) is finitely generated. Hence this follows as property (A) holds
for Gorenstein, see Dualizing Complexes, Lemma [23.1 O

The lemma above guarantees that the following is the correct definition of Goren-
stein morphisms.

Definition 25.2. Let f: X — Y be a morphism of schemes. Assume that all the
fibres X, are locally Noetherian schemes.
(1) Let x € X, and y = f(x). We say that f is Gorenstein at x if f is flat at
x, and the local ring of the scheme X, at z is Gorenstein.
(2) We say f is a Gorenstein morphism if f is Gorenstein at every point of X.

Here is a translation.

Lemma 25.3. Let f: X — Y be a morphism of schemes. Assume all fibres of f
are locally Noetherian. The following are equivalent

(1) f is Gorenstein, and

(2) f is flat and its fibres are Gorenstein schemes.

Proof. This follows directly from the definitions. O

Lemma) 25.4. A Gorenstein morphism is Cohen-Macaulay.
Proof. Follows from Lemma 4.2 and the definitions. O

Lemma 25.5. A syntomic morphism is Gorenstein. Equivalently a flat local
complete intersection morphism is Gorenstein.

Proof. Recall that a syntomic morphism is flat and its fibres are local complete
intersections over fields, see Morphisms, Lemma[30.11] Since a local complete inter-
section over a field is a Gorenstein scheme by Lemma[24.5 we conclude. The proper-
ties “syntomic” and “flat and local complete intersection morphism” are equivalent
by More on Morphisms, Lemma [62.8 (]

Lemma 25.6. Let f: X — Y and g : Y — Z be morphisms. Assume that the
fibres X,,, Y, and X, of f, g, and go f are locally Noetherian.

(1) If f is Gorenstein at x and g is Gorenstein at f(x), then go f is Gorenstein
at x.

(2) If f and g are Gorenstein, then go f is Gorenstein.

(3) If go f is Gorenstein at x and f is flat at x, then [ is Gorenstein at x and
g is Gorenstein at f(x).

(4) Ifgof is Gorenstein and f is flat, then f is Gorenstein and g is Gorenstein
at every point in the image of f.

Proof. After translating into algebra this follows from Dualizing Complexes, Lemma

218 O
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Lemma 25.7. Let f: X — Y be a flat morphism of locally Noetherian schemes.
If X is Gorenstein, then f is Gorenstein and Oy, f(y) is Gorenstein for all v € X.

Proof. After translating into algebra this follows from Dualizing Complexes, Lemma
21.8 O

Lemmal 25.8. Let f : X — Y be a morphism of schemes. Assume that all the
fibres X, are locally Noetherian schemes. Let Y' —'Y be locally of finite type. Let
f X" =Y’ be the base change of f. Let ' € X' be a point with image v € X.

(1) If f is Gorenstein at x, then ' : X' =Y’ is Gorenstein at z'.

(2) If f is flat at x and [’ is Gorenstein at x’, then f is Gorenstein at x.

(3) If Y = Y is flat at f'(2') and [’ is Gorenstein at a’, then f is Gorenstein
at x.

Proof. Note that the assumption on Y/ — Y implies that for ' € Y’ mapping
to y € Y the field extension k(y’)/k(y) is finitely generated. Hence also all the
fibres X 7;, = (Xy)x(y) are locally Noetherian, see Varieties, Lemma Thus the
lemma makes sense. Set ¢y = f'(2’) and y = f(x). Hence we get the following
commutative diagram of local rings

OX’,I’ e OX,:E

]

Oy y =< Oyy

where the upper left corner is a localization of the tensor product of the upper right
and lower left corners over the lower right corner.

Assume f is Gorenstein at x. The flatness of Oy, = Ox , implies the flatness
of Oy — Oxr ., see Algebra, Lemma The fact that Ox ,/m,Ox . is
Gorenstein implies that Ox/ 5 /m,Ox/ 5 is Gorenstein, see Lemma m Hence
we see that f’ is Gorenstein at 2.

Assume f is flat at « and f’ is Gorenstein at /. The fact that Ox/ 5 /myOx/ 4
is Gorenstein implies that Ox ,/m,Ox , is Gorenstein, see Lemma Hence we
see that f is Gorenstein at x.

Assume Y’ — Y is flat at ¢’ and f’ is Gorenstein at z’. The flatness of Oy, —
Ox' 4 and Oy, — Oy implies the flatness of Oy y — Ox ., see Algebra, Lemma
The fact that Ox 5 /m, Ox: 5 is Gorenstein implies that Ox 5 /m,Ox , is
Gorenstein, see Lemma Hence we see that f is Gorenstein at z. O

Lemma 25.9. Let f: X — Y be a morphism of schemes which is flat and locally
of finite type. Then formation of the set {x € X | [ is Gorenstein at x} commutes
with arbitrary base change.

Proof. The assumption implies any fibre of f is locally of finite type over a field
and hence locally Noetherian and the same is true for any base change. Thus the
statement makes sense. Looking at fibres we reduce to the following problem: let
X be a scheme locally of finite type over a field &, let K/k be a field extension,
and let zx € Xg be a point with image x € X. Problem: show that Ox, ., is
Gorenstein if and only if Ox , is Gorenstein.
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The problem can be solved using a bit of algebra as follows. Choose an affine open
Spec(A4) C X containing x. Say x corresponds to p C A. With Ax = A®; K we
see that Spec(Ax) C Xk contains xx. Say xx corresponds to px C Ax. Let w
be a dualizing complex for A. By Dualizing Complexes, Lemma wh ®a Ax
is a dualizing complex for Ax. Now we are done because Ay, — (Ax)p, is a flat
local homomorphism of Noetherian rings and hence (w$), is an invertible object
of D(Ay) if and only if (w%), ®4, (Ak)py is an invertible object of D((Axk)p, ).
Some details omitted; hint: look at cohomology modules. ([

Lemma 25.10. In Situation let f: X — Y be a morphism of FTSs. Let
x € X. If f is flat, then the following are equivalent

(1) f is Gorenstein at x,
(2) f'Oy is isomorphic to an invertible object in a neighbourhood of x.

In particular, the set of points where f is Gorenstein is open in X.

Proof. Set w® = f'Oy. By Lemma this is a bounded complex with coherent
cohomology sheaves whose derived restriction Lh*w® to the fibre X, is a dualizing
complex on X,. Denote i : z — X, the inclusion of a point. Then the following
are equivalent

(1) f is Gorenstein at z,

(2) Ox, o is Gorenstein,

(3) Lh*w* is invertible in a neighbourhood of z,

(4) Li*Lh*w*® has exactly one nonzero cohomology of dimension 1 over k(z),
(5) L(hoi)*w® has exactly one nonzero cohomology of dimension 1 over x(z),
(6) w* is invertible in a neighbourhood of x.

The equivalence of (1) and (2) is by definition (as f is flat). The equivalence
of (2) and (3) follows from Lemma The equivalence of (3) and (4) follows
from More on Algebra, Lemma The equivalence of (4) and (5) holds because
Li*Lh* = L(h o 4)*. The equivalence of (5) and (6) holds by More on Algebra,
Lemma [(7.1l Thus the lemma is clear. O

Lemma 25.11. Let f : X — S be a morphism of schemes which is flat and locally
of finite presentation. Let x € X with image s € S. Set d = dim,(X,). The
following are equivalent

(1) f is Gorenstein at x,

(2) there exists an open neighbourhood U C X of x and a locally quasi-finite
morphism U — Ag over S which is Gorenstein at x,

(3) there exists an open neighbourhood U C X of x and a locally quasi-finite
Gorenstein morphism U — AdS over S,

(4) for any S-morphism g : U — A% of an open neighbourhood U C X of x we
have: g is quasi-finite at x = g is Gorenstein at x.

In particular, the set of points where f is Gorenstein is open in X.

Proof. Choose affine open U = Spec(4) C X with z € U and V = Spec(R) C S
with f(U) C V. Then R — A is a flat ring map of finite presentation. Let p C A be
the prime ideal corresponding to x. After replacing A by a principal localization we
may assume there exists a quasi-finite map R[z1,...,xz4) — A, see Algebra, Lemma
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125.2] Thus there exists at least one pair (U, g) consisting of an open neighbourhood
UcCX of zand a locallyﬁ quasi-finite morphism g : U — A4

Having said this, the lemma translates into the following algebra problem (trans-
lation omitted). Given R — A flat and of finite presentation, a prime p C A and
¢ : R[xy,...,24] = A quasi-finite at p the following are equivalent

(a) Spec(yp) is Gorenstein at p, and

(b) Spec(A) — Spec(R) is Gorenstein at p.

(¢) Spec(A) — Spec(R) is Gorenstein in an open neighbourhood of p.
In each case R[z1,...,x,] — A is flat at p hence by openness of flatness (Algebra,
Theorem [129.4)), we may assume R[z1,...,z,] — A is flat (replace A by a suit-
able principal localization). By Algebra, Lemma there exists Ry C R and
Ro[z1, ..., 2] = Ag such that Ry is of finite type over Z and Ry — Ay is of finite
type and Roglz1,...,2,] — Ao is flat. Note that the set of points where a flat finite
type morphism is Gorenstein commutes with base change by Lemma [25.8 In this
way we reduce to the case where R is Noetherian.

Thus we may assume X and S affine and that we have a factorization of f of the
form

xLaAarts
with g flat and quasi-finite and S Noetherian. Then X and A’ are separated over
S and we have

f'0s = ¢'p'Os = g'Oaxn]
by know properties of upper shriek functors (Lemmas and [17.3). Hence the
equivalence of (a), (b), and (c¢) by Lemma [25.10 O

Lemma 25.12. The property P(f) =“the fibres of f are locally Noetherian and f
is Gorenstein” is local in the fppf topology on the target and local in the syntomic
topology on the source.

Proof. We have P(f) = P1(f) AP2(f) where P1(f) =“f is flat”, and Pa(f) =“the
fibres of f are locally Noetherian and Gorenstein”. We know that P; is local in the
fppf topology on the source and the target, see Descent, Lemmas and
Thus we have to deal with Ps.

Let f : X — Y be a morphism of schemes. Let {p; : Y; — Y},c; be an fppf
covering of Y. Denote f; : X; — Y; the base change of f by ;. Let i € I and let
y; € Y; be a point. Set y = v;(y;). Note that

Xi,yi = Spec(f{(yl)) XSpec(n(y)) Xy

and that x(y;)/k(y) is a finitely generated field extension. Hence if X, is locally
Noetherian, then X; ,, is locally Noetherian, see Varieties, Lemma And if in
addition X, is Gorenstein, then X, ,. is Gorenstein, see Lemma Thus P, is
fppf local on the target.

Let {X; — X} be a syntomic covering of X. Let y € Y. In this case {X, , — X, } is
a syntomic covering of the fibre. Hence the locality of Py for the syntomic topology
on the source follows from Lemma 24.6] O

81f S is quasi-separated, then g will be quasi-finite.
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26. More on dualizing complexes
Some lemmas which don’t fit anywhere else very well.

Lemma 26.1. Let f : X — Y be a morphism of locally Noetherian schemes.
Assume

(1) f is syntomic and surjective, or

(2) f is a surjective flat local complete intersection morphism, or

(3) f is a surjective Gorenstein morphism of finite type.
Then K € Dgcon(Oy) is a dualizing complex on Y if and only if Lf*K is a
dualizing complex on X.

Proof. Taking affine opens and using Derived Categories of Schemes, Lemma
this translates into Dualizing Complexes, Lemma [26.2 (]

27. Duality for proper schemes over fields

In this section we work out the consequences of the very general material above on
dualizing complexes and duality for proper schemes over fields.

Lemmal 27.1. Let X be a proper scheme over a field k. There exists a dualizing
complex wg with the following properties
(1) Hi(w%) is nonzero only for i € [—dim(X), 0],
(2) wx = H=9mX)(w%) is a coherent (Sz)-module whose support is the irre-
ducible components of dimension dim(X),
(3) the dimension of the support of_Hi(w;() is at most —1i,
(4) for x € X closed the module H'(w% ) ® ... ® H°(w% ) is nonzero if and
only if depth(Ox o) < —i,
(5) for K € Dgcon(Ox) there are functorial isomorphismsﬂ
Ext’y (K,w%) = Homy (H (X, K), k)
compatible with shifts and distinguished triangles,
(6) there are functorial isomorphisms Hom(F, wx ) = Homy, (H™X) (X, F), k)
for F quasi-coherent on X, and
(7) if X — Spec(k) is smooth of relative dimension d, then w% = A*Qx/;[d]
and wx = /\dQX/k.
Proof. Denote f : X — Spec(k) the structure morphism. Let a be the right
adjoint of pushforward of this morphism, see Lemma Consider the relative
dualizing complex
w;( = a(OSpec(k))
Compare with Remark [12.5] Since f is proper we have f!(OSpec(k)) = a(Ospec(k))
by definition, see Section[I6] Applying Lemma [T7.7) we find that w¥ is a dualizing
complex. Moreover, we see that w§ and wyx are as in Example and as in

Example
Parts (1), (2), and (3) follow from Lemma [22.4]

9This property characterizes w$ in Dgcon(Ox) up to unique isomorphism by the Yoneda
lemma. Since w% is in DY, , (Ox) in fact it suffices to consider K € DY, , (Ox).
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For a closed point z € X we see that w% , is a normalized dualizing complex over
Ox .o, see Lemma 1.1} Part (4) then follows from Dualizing Complexes, Lemma
20. 1]

Part (5) holds by construction as a is the right adjoint to Rf. : Dgcon(Ox) —
D(Ospec(ky) = D(k) which we can identify with K — RI'(X,K). We also use
that the derived category D(k) of k-modules is the same as the category of graded
k-vector spaces.

Part (6) follows from Lemma for coherent F and in general by unwinding (5)
for K = F[0] and ¢ = — dim(X).

Part (7) follows from Lemma [15.7] O

Remark| 27.2. Let k, X, and w% be as in Lemma The identity on the
complex w% corresponds, via the functorial isomorphism in part (5), to a map

t: HY (X, w%) — k
For an arbitrary K in Dgcon(Ox) the identification Hom (K, w%) with H°(X, K)Y
in part (5) corresponds to the pairing
Homx (K,w%) x H'(X,K) — k, (a, ) — t(a(B))

This follows from the functoriality of the isomorphisms in (5). Similarly for any
1 € Z we get the pairing

Ext’ (K,w%) x H (X, K) — k, (o, ) — t(a(B))

Here we think of a as a morphism K[—i] — w% and 3 as an element of H%(X, K[—1])
in order to define «(B). Observe that if K is general, then we only know that
this pairing is nondegenerate on one side: the pairing induces an isomorphism
of Homy (K,w%), resp. Ext’ (K, w%) with the k-linear dual of H°(X, K), resp.
H~%(X, K) but in general not vice versa. If K is in D%, (Ox), then Hom y (K, w%),
Extx (K,w%), H*(X,K), and H'(X, K) are finite dimensional k-vector spaces (by
Derived Categories of Schemes, Lemmas and and the pairings are perfect
in the usual sense.

Remark| 27.3. We continue the discussion in Remark and we use the same
notation k, X, w%, and ¢. If F is a coherent O x-module we obtain perfect pairings

(=, =) : Bxty (F,w%) x H (X, F) — k, (a, ) — t(a(B))

of finite dimensional k-vector spaces. These pairings satisfy the following (obvious)
functoriality: if ¢ : F — G is a homomorphism of coherent Ox-modules, then we
have
(o, ) = (a,¢(B))

for a € Ext(G,w%) and 8 € H*(X,F). In other words, the k-linear map
Ext (G, w%) — Exty (F,w$%) induced by ¢ is, via the pairings, the k-linear dual
of the k-linear map H~(X,F) — H~%(X,G) induced by ¢. Formulated in this
manner, this still works if ¢ is a homomorphism of quasi-coherent O x-modules.

Lemma 27.4. Let k, X, and w% be as in Lemma (271, Lett : HY(X,w%) — k
be as in Remark . Let E € D(Ox) be perfect. Then the pairings

H'(X,wk @6, BY) x H'(X,E) — k, (&) — t((lug, @ €)(€Un))
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are perfect for alli. Here U denotes the cupproduct of Cohomology, Section[31] and
e: BV @%X E — Ox is as in Cohomology, Example .

Proof. By replacing E with E[—i] this reduces to the case ¢ = 0. By Cohomology,
Lemma [51.2] we see that the pairing is the same as the one discussed in Remark
[27.2) whence the result by the discussion in that remark. O

Lemma 27.5. Let X be a proper scheme over a field k which is Cohen-Macaulay
and equidimensional of dimension d. The module wx of Lemma has the fol-
lowing properties

(1) wx is a dualizing module on X (Section[23),

(2) wx is a coherent Cohen-Macaulay module whose support is X,

(3) there are functorial isomorphisms Ext’ (K, wx[d]) = Homy(H (X, K), k)
compatible with shifts and distinguished triangles for K € Dgcon(X),

(4) there are functorial isomorphisms Ext®™*(F,wx) = Homy (H (X, F), k) for
F quasi-coherent on X.

Proof. It is clear from Lemma that wx is a dualizing module (as it is the left
most nonvanishing cohomology sheaf of a dualizing complex). We have w$ = wx|[d]
and wy is Cohen-Macaulay as X is Cohen-Macualay, see Lemma [23.1] The other
statements follow from this combined with the corresponding statements of Lemma
2711 ([l

Remark|27.6. Let X be a proper Cohen-Macaulay scheme over a field k which is
equidimensional of dimension d. Let w% and wx be as in Lemma By Lemma
we have w = wx|[d]. Let t : HY(X,wx) — k be the map of Remark Let
£ be a finite locally free Ox-module with dual £Y. Then we have perfect pairings

Hi(XaWX Rox g\/) X Hd_i(X7g) — k) (57"7) — t(l ®€)(5U77))

where U is the cup-product and € : £¥ ®0, € — Ox is the evaluation map. This is
a special case of Lemma

Here is a sanity check for the dualizing complex.

Lemma 27.7. Let X be a proper scheme over a field k. Let wg and wx be as in

Lemma [271)
(1) If X — Spec(k) factors as X — Spec(k’) — Spec(k) for some field k', then
wk% and wx are as in Lemma for the morphism X — Spec(k').
(2) If K/k is a field extension, then the pullback of w% and wx to the base
change X§ are as in Lemma for the morphism X — Spec(K).

Proof. Denote f : X — Spec(k) the structure morphism and denote f’ : X —
Spec(k’) the given factorization. In the proof of Lemma we took wg =
a(Ospec(ky) Where a be is the right adjoint of Lemma for f. Thus we have
to show a(Ospec(r)) = @' (Ospec(r)) where a’ be is the right adjoint of Lemma
for f’. Since k' C H°(X,Ox) we see that k’/k is a finite extension (Cohomology
of Schemes, Lemma . By uniqueness of adjoints we have a = a’ o b where b
is the right adjoint of Lemma for g : Spec(k’) — Spec(k). Another way to say
this: we have f' = (f')' o ¢'. Thus it suffices to show that Homy(k', k) = k" as
k’-modules, see Example This holds because these are k’-vector spaces of the
same dimension (namely dimension 1).
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Proof of (2). This holds because we have base change for a by Lemma See
discussion in Remark [12.5) O

28. Relative dualizing complexes

For a proper, flat morphism of finite presentation we have a rigid relative dualizing
complex, see Remark and Lemma [I12:8] For a separated and finite type mor-
phism f : X — Y of Noetherian schemes, we can consider f'Oy. In this section
we define relative dualizing complexes for morphisms which are flat and locally
of finite presentation (but not necessarily quasi-separated or quasi-compact) be-
tween schemes (not necessarily locally Noetherian). We show such complexes exist,
are unique up to unique isomorphism, and agree with the cases mentioned above.
Before reading this section, please read Dualizing Complexes, Section

Definition 28.1. Let X — S be a morphism of schemes which is flat and locally
of finite presentation. Let W C X xg X be any open such that the diagonal
Ax/s: X — X xg X factors through a closed immersion A : X — W. A relative
dualizing complez is a pair (K, &) consisting of an object K € D(Ox) and a map

&:AOx — LpriKl|w
in D(Ow) such that

(1) K is S-perfect (Derived Categories of Schemes, Definition [35.1)), and
(2) & defines an isomorphism of A,Ox with R Homey, (A.Ox, Lpri K|w).

By Lemma condition (2) is equivalent to the existence of an isomorphism
Ox — RHOm(Ox, LpI‘TKlw)

in D(Ox) whose pushforward via A is equal to £. Since RHom(Ox, LpriK|w)
is independent of the choice of the open W, so is the category of pairs (K,§). If
X — S is separated, then we can choose W = X xg X. We will reduce many of
the arguments to the case of rings using the following lemma.

Lemma 28.2. Let X — S be a morphism of schemes which is flat and locally
of finite presentation. Let (K,&) be a relative dualizing complex. Then for any
commutative diagram

Spec(4) —= X

Spec(R) —— S
whose horizontal arrows are open immersions, the restriction of K to Spec(A)

corresponds via Derived Categories of Schemes, Lemma to a relative dualizing
complex for R — A in the sense of Dualizing Complexes, Definition [27.1].

Proof. Since formation of R Hom commutes with restrictions to opens we may as
well assume X = Spec(A) and S = Spec(R). Observe that relatively perfect objects
of D(Ox) are pseudo-coherent and hence are in D gcon(Ox) (Derived Categories of
Schemes, Lemma . Thus the statement makes sense. Observe that taking A,
Lprj, and R Hom is compatible with what happens on the algebraic side by Derived
Categories of Schemes, Lemmas For the last one we observe that
LpriK is S-perfect (hence bounded below) and that A,Ox is a pseudo-coherent
object of D(Ow ); translated into algebra this means that A is pseudo-coherent as
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an A ®g A-module which follows from More on Algebra, Lemma applied to
R — A®r A — A. Thus we recover exactly the conditions in Dualizing Complexes,
Definition P71 O

Lemma 28.3. Let X — S be a morphism of schemes which is flat and locally
of finite presentation. Let (K,£) be a relative dualizing complex. Then Ox —
RHomo, (K, K) is an isomorphism.

Proof. Looking affine locally this reduces using Lemma to the algebraic case
which is Dualizing Complexes, Lemma [27.5] O

Lemmal 28.4. Let X — S be a morphism of schemes which is flat and locally
of finite presentation. If (K,£) and (L,n) are two relative dualizing complexes on
X/S, then there is a unique isomorphism K — L sending & to 7.

Proof. Let U C X be an affine open mapping into an affine open of S. Then there
is an isomorphism K|y — L|y by Lemma and Dualizing Complexes, Lemma
The reader can reuse the argument of that lemma in the schemes case to
obtain a proof in this case. We will instead use a glueing argument.

Suppose we have an isomorphism « : K — L. Then «(§) = un for some invertible
section u € HO(W,A,Ox) = H°(X,Ox). (Because both 7 and a() are generators
of an invertible A,Ox-module by assumption.) Hence after replacing o by u o
we see that () = 7. Since the automorphism group of K is H°(X, O%) by Lemma
there is at most one such «.

Let B be the collection of affine opens of X which map into an affine open of S. For
each U € B we have a unique isomorphism oy : K|y — L|y mapping & to n by the
discussion in the previous two paragraphs. Observe that Ext’(K|y, K|y) = 0 for
i < 0 and any open U of X by Lemma [28:3] By Cohomology, Lemma applied
to id : X — X we get a unique morphism « : K — L agreeing with ay for all
U € B. Then «a sends £ to 7 as this is true locally. ([

Lemma 28.5. Let X — S be a morphism of schemes which is flat and locally of
finite presentation. There exists a relative dualizing complex (K, §).

Proof. Let B be the collection of affine opens of X which map into an affine open
of S. For each U we have a relative dualizing complex (Ky,&y) for U over S.
Namely, choose an affine open V' C S such that U — X — S factors through
V. Write U = Spec(A4) and V = Spec(R). By Dualizing Complexes, Lemma
there exists a relative dualizing complex K4 € D(A) for R — A. Arguing
backwards through the proof of Lemma [28:2] this determines an V-perfect object
Ky € D(Oy) and a map
¢ A Oy — Lpr*{KU

in D(Opyx,u). Since being V-perfect is the same as being S-perfect and since
Uxy U=U xgU we find that (Ky,&y) is as desired.

If U' cU c X with U',U € B, then we have a unique isomorphism pg, Kyl —
Ky in D(Oy) sending &ulurxsur to v by Lemma [28.4] (note that trivially the
restriction of a relative dualizing complex to an open is a relative dualizing com-
plex). The uniqueness guarantees that pf,, = p¥, o p&, |y~ for U C U’ C U in
B. Observe that Ext’(Ky, Ky) = 0 for i < 0 for U € B by Lemma applied
to U/S and Ky. Thus the BBD glueing lemma (Cohomology, Theorem tells
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us there is a unique solution, namely, an object K € D(Ox) and isomorphisms
pu : K|y — Ky such that we have pY, o py|pr = pyr for all U’ Cc U, U, U’ € B.

To finish the proof we have to construct the map
5 : A*OX — LpI‘ikK|W

in D(Ow) inducing an isomorphism from A,Ox to RHomo,, (A.Ox, Lpri K|w).
Since we may change W, we choose W = [J,cgU x5 U. We can use py to get
isomorphisms

RHomo,, (A.Ox, Lpri K|w)luxsu = RHomoy,, ., (A.Ou, LpriKy)
As W is covered by the opens U xg U we conclude that the cohomology sheaves

of RHomoy, (A.Ox, Lpri K|w) are zero except in degree 0. Moreover, we obtain
isomorphisms

HO (U x5 U, R Homo,, (A.Ox, Lpri K|w)) 2% HO ((R’HomoUXSU(A*OU,LprTKU)>

Let 7y in the LHS be an element mapping to £y under this map. The compati-
bilities between pY,, &, €uvy pu, and pyr for U € U C X open U',U € B imply
that 7y |y/xsvr = Tvr. Thus we get a global section 7 of the Oth cohomology
sheaf HO(RHomoy, (A.Ox, LpriK|w)). Since the other cohomology sheaves of
RHomo,, (A.Ox, Lpri K|w) are zero, this global section 7 determines a morphism
¢ as desired. Since the restriction of £ to U xg U gives £y, we see that it satisfies
the final condition of Definition |

0E2Y Lemma 28.6. Consider a cartesian square

X/H/X

g
f’l lf
s 2.9

of schemes. Assume X — S is flat and locally of finite presentation. Let (K,&) be
a relative dualizing complex for f. Set K' = L(¢')*K. Let & be the derived base
change of € (see proof). Then (K',&') is a relative dualizing complex for f’.

Proof. Consider the cartesian square
X' X

AX//S/\L iax/s
’ ’

X' xg X' 29 x xg X

Choose W C X xg X open such that Ay,g factors through a closed immersion
A: X — W. Choose W' C X’ xg» X' open such that Ax/,g factors through a
closed immersion A’ : X — W’ and such that (¢’ x ¢')(W') € W. Let us still
denote ¢’ x g’ : W/ — W the induced morphism. We have

L(g x ¢)V*AOx = A Ox: and L(¢ x ¢)*LpriK|w = Lpri K'|w~
The first equality holds because X and X’ x g X’ are tor independent over X x g X
(see for example More on Morphisms, Lemma [69.1)). The second holds by transi-
tivity of derived pullback (Cohomology, Lemma [27.2)). Thus &' = L(g’ x ¢')*§ can

be viewed as a map
fl : A;OX/ — LpI‘TKllwx
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Having said this the proof of the lemma is straightforward. First, K’ is S’-perfect
by Derived Categories of Schemes, Lemmam To check that & induces an isomor-
phism of A,Ox: to RHomo,,, (A,Ox/, Lpri K'|w) we may work affine locally. By
Lemma [28.2] we reduce to the corresponding statement in algebra which is proven
in Dualizing Complexes, Lemma [27.4 (I

0E2Z Lemma 28.7. Let S be a quasi-compact and quasi-separated scheme. Let f : X —
S be a proper, flat morphism of finite presentation. The relative dualizing complex

WB(/S of Remark together with (12.8.1) is a relative dualizing complex in the

sense of Definition|28.1].

Proof. In Lemmawe proved that w% ¢ is S-perfect. Let c be the right adjoint

of Lemmafor the diagonal A : X — X x¢X. Then we can apply A, to (12.8.1])
to get an isomorphism

A Ox — Au(e(Lpriwk,g)) = RHomoy , _« (A:Ox, Lpriwgg)
The equality holds by Lemmas [0.7] and [9.3] This finishes the proof. O

0E4P |Remark 28.8. Let X — S be a morphism of schemes which is flat, proper, and
of finite presentation. By Lemma there exists a relative dualizing complex
(W /s £) in the sense of Definition Consider any morphism g : S — S where

S’ is quasi-compact and quasi-separated (for example an affine open of S). By
Lemma W we see that (L(g’)*w;(/s, L(g")*¢) is a relative dualizing complex for

the base change f’ : X’ — S’ in the sense of Definition Let w%, g be the

relative dualizing complex for X’ — S’ in the sense of Remark Combining
Lemmas 287 and [28:4] we see that there is a unique isomorphism

w;(//sl — L(g/)*w;(/s

compatible with and L(g')*¢. These isomorphisms are compatible with
morphisms between quasi-compact and quasi-separated schemes over S and the
base change isomorphisms of Lemma (if we ever need this compatibility we
will carefully state and prove it here).

0E9W |Lemma 28.9. In Situation let f: X —Y be a morphism of FTSs. If f is

flat, then f'Oy is (the first component of) a relative dualizing complex for X over
Y in the sense of Definition[28.1]

Proof. By Lemma|17.10| we have that f'Oy is Y-perfect. As f is separated the di-
agonal A : X — X xy X is a closed immersion and A, A'(—) = RHomoy,, «(Ox,—),

see Lemmas[9.7and[9.3] Hence to finish the proof it suffices to show A'(Lpri f'(Oy)) =
Ox where pry : X xy X — X is the first projection. We have

Ox = A'prjOx = A'pri Lpr;Oy = A'(Lpr} f'Oy)
where pry : X Xy X — X is the second projection and where we have used the

base change isomorphism pr} o Lprj = Lpr} o f' of Lemma m O

0E30 Lemma 28.10. Let f:Y — X and X — S be morphisms of schemes which are
flat and of finite presentation. Let (K,&) and (M,n) be a relative dualizing complex
for X - SandY — X. Set E = M®gy Lf*K. Then (E,() is a relative dualizing
complex for' Y — S for a suitable C.
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Proof. Using Lemma|28.2) - and the algebraic version of this lemma (Dualizing Com-
plexes, Lemma we see that F is affine locally the first component of a relative
dualizing complex. In particular we see that E is S-perfect since this may be
checked affine locally, see Derived Categories of Schemes, Lemma [35.3

Let us first prove the existence of ¢ in case the morphisms X — S and ¥ — X
are separated so that Ax /s, Ay, x, and Ay/g are closed immersions. Consider the

following diagram

Y —Y xxY — Y xgY
Ay, x
| if*f/
Ax/s
X — X xg X
where p, ¢, r are the first projections. By Lemma [9.4 we have
RHomOYXsY (Ay/s’*Oy, Lp*E) = Rd* (R ’HomoYXXy (Ay/X,*Oy, R?‘ﬂom(nyxy, Lp*E)))
By Lemma [10.3] we have
RHom(Oyx vy, Lp*E) = RHom(Oy v, L(f x f)*Lr*K) ®5”5Y Lqg*M
By Lemma |10.2] we have
RHom(Oy x v, L(f x f)*Lr*K) = Lm*RHom(Ox, Lr*K)

The last expression is isomorphic (via £) to Lm*Ox = Oy« ,y. Hence the expres-
sion preceding is isomorphic to Lg* M. Hence

RHomoy . .y (Ay/s.Oy, Lp*E) = RS, (RmmOYXXY(AY/X,*oy,Lq*M))

The material inside the parentheses is isomorphic to Ay,x , * Ox via n. This
finishes the proof in the separated case.

In the general case we choose an open W C X x g X such that Ay /g factors through
a closed immersion A : X — W and we choose an open V' C Y xx Y such that
Ay/x factors through a closed immersion A’ : Y — V. Finally, choose an open
W' CY xsY whose intersection with Y x x Y gives V and which maps into W.
Then we consider the diagram

A
N

and we use exactly the same argument as before. [
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29. The fundamental class of an lci morphism

In this section we will use the computations made in Section [I5] Thus our result
will suffer from the same kind of non-uniqueness as we have in that section.

Lemma 29.1. Let X be a locally ringed space. Let
& i) 50 —F =0

be a short exact sequence of Ox-modules. Assume &1 and &y are locally free of
ranks r1,79. Then there is a canonical map

AT — ATHEY) @ A&

which is an isomorphism on the stalk at x € X if and only if F is locally free of
rank ro — r1 in an open neighbourhood of x.

Proof. If r;y > rg then A"~ " F = 0 by convention and the unique map cannot be
an isomorphism. Thus we may assume r = rg — 71 > 0. Define the map by the
formula

SIA A= ALLAE, @alt) A Aalty) NS AL NS,

where t1,...,1,, is a local basis for &, correspondingly ¢y, ... ,t)’l is the dual basis
for £, and s} is a local lift of s; to a section of &. We omit the proof that this is
well defined.

If F is locally free of rank 7, then it is straightforward to verify that the map is
an isomorphism. Conversely, assume the map is an isomorphism on stalks at x.
Then A" F, is invertible. This implies that F, is generated by at most r elements.
This can only happen if « has rank r modulo m,, i.e., @ has maximal rank modulo
m,. This implies that a has maximal rank in a neighbourhood of  and hence F is
locally free of rank r in a neighbourhood as desired. O

Lemma 29.2. LetY be a Noetherian scheme. Let f : X — Y be a local complete
intersection morphism which factors as an immersion X — P followed by a proper
smooth morphism P — Y. Let r be the locally constant function on X such that
wx/y = H="(f'Oy) is the unique nonzero cohomology sheaf of f'Oy, see Lemma

17.11. Then there is a map
/\TQ)(/Y — WX/Y
which is an isomorphism on the stalk at a point x if and only if [ is smooth at x.

Proof. The assumption implies that X is compactifiable over Y hence f' is defined,
see Section [I6] Let j : W — P be an open subscheme such that X — P factors
through a closed immersion i : X — W. Moreover, we have f' = i' o j' o g' where
g : P — Y is the given morphism. We have ¢'Oy = AQp/y[d] by Lemma m
where d is the locally constant function giving the relative dimension of P over
Y. We have j' = j*. We have i'Oy = A°N[—c] where ¢ is the codimension of X
in W (a locally constant function on X) and where N is the normal sheaf of the
Koszul-regular immersion 4, see Lemma [I5.6l Combining the above we find

'Oy = (NN @0y NQpy|x) [d— ]
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where we have also used Lemmal[17.9] Thus r = d| x —c as locally constant functions
on X. The conormal sheaf of X — P is the module Z/Z? where T C Oy is the
ideal sheaf of i, see Morphisms, Section Consider the canonical exact sequence

I/I2 — Qp/y‘x — Qx/y —0
of Morphisms, Lemma [32.15] We obtain our map by an application of Lemma [29.1]

If f is smooth at z, then the map is an isomorphism by an application of Lemma

and the fact that Qx,y is locally free at x of rank r. Conversely, assume
that our map is an isomorphism on stalks at x. Then the lemma shows that
Qx/y is free of rank r after replacing X by an open neighbourhood of z. On
the other hand, we may also assume that X = Spec(A) and Y = Spec(R) where
A = Rlzy,...,x5]/(f1,- .., fm) and where f1,..., fn is a Koszul regular sequence
(this follows from the definition of local complete intersection morphisms). Clearly
this implies r = n—m. We conclude that the rank of the matrix of partials 0f;/0x;
in the residue field at x is m. Thus after reordering the variables we may assume
the determinant of (0f;/0x;)1<i j<m is invertible in an open neighbourhood of .
It follows that R — A is smooth at this point, see for example Algebra, Example
[137.8 O

Lemmal 29.3. Let f: X — Y be a morphism of schemes. Let r > 0. Assume
(1) Y is Cohen-Macaulay (Properties, Definition[8.1),
(2) f factors as X — P — Y where the first morphism is an immersion and

the second is smooth and proper,
(3) if x € X and dim(Ox ) < 1, then f is Koszul at © (More on Morphisms,

Definition , and

(4) if € is a generic point of an irreducible component of X, then we have
trdeg, p(er(§) = .
Then with wx,y = H™"(f'Oy) there is a map

/\TQX/Y — WX/Y
which is an isomorphism on the locus where f is smooth.

Proof. Let U C X be the open subscheme over which f is a local complete in-
tersection morphism. Since f has relative dimension r at all generic points by
assumption (4) we see that the locally constant function of Lemma is constant
with value r and we obtain a map

NQxylv =N Quyy — wyyy =wx)ylu

which is an isomorphism in the smooth points of f (this locus is contained in
U because a smooth morphism is a local complete intersection morphism). By
Lemma and the assumption that Y is Cohen-Macaulay the module wy,y is
(S2). Since U contains all the points of codimension 1 by condition (3) and using
Divisors, Lemma we see that j.wy/y = wx,y. Hence the map over U extends
to X and the proof is complete. ([l

30. Extension by zero for coherent modules

The material in this section and the next few can be found in the appendix by
Deligne of [Har66].
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In this section j : U — X will be an open immersion of Noetherian schemes. We are
going to consider inverse systems (K,,) in D%, , (Ox) constructed as follows. Let F*
be a bounded complex of coherent Ox-modules. Let Z C Ox be a quasi-coherent
sheaf of ideals with V(Z) = X \ U. Then we can set

K,=1"F*
More precisely, K, is the object of DbCoh(OX) represented by the complex whose
term in degree ¢ is the coherent submodule Z"F? of F9. Observe that the maps

...~ K3 — Ky — K7 induce isomorphisms on restriction to U. Let us call such a
system a Deligne system.

0G2H Lemma 30.1. Let j:U — X be an open immersion of Noetherian schemes. Let
(Kn) be a Deligne system and denote K € DY%,,(Oy) the value of the constant
system (Kn|v). Let L be an object of D%, ,(Ox). Then colimHomx (K,, L) =
HOHIU(K,L|U),

Proof. Let L —+ M — N — L[1] be a distinguished triangle in D%, ,(Ox). Then
we obtain a commutative diagram

.. — colim Hom x (K,,, L) —— colim Hom x (K,,, M') —— colim Hom x (K,,, N) —— ...

| l |

..—— Homy (K, L|y) ———— Homy (K, M|y) ——— Homy (K, N|y) —— ...

whose rows are exact by Derived Categories, Lemma [£.2] and Algebra, Lemma [8.8
Hence if the statement of the lemma holds for N[—1], L, N, and L[1] then it holds
for M by the 5-lemma. Thus, using the distinguished triangles for the canonical
truncations of L (see Derived Categories, Remark we reduce to the case that
L has only one nonzero cohomology sheaf.

Choose a bounded complex F* of coherent O x-modules and a quasi-coherent ideal
Z C Ox cutting out X \ U such that K, is represented by Z"F*. Using “stupid”
truncations we obtain compatible termwise split short exact sequences of complexes

0= 05441 I"F* = I"F* = 0<,I"F* =0

which in turn correspond to compatible systems of distinguished triangles in DbCO 2(Ox).
Arguing as above we reduce to the case where F*® has only one nonzero term. This
reduces us to the case discussed in the next paragraph.

Given a coherent O xy-module F and a coherent O x-module G we have to show that
the canonical map

colim Ext (Z"F,G) — Extl; (Flv, G|v)

is an isomorphism for all ¢ > 0. For ¢ = 0 this is Cohomology of Schemes, Lemma

Assume i > 0.

Injectivity. Let & € Exté((I"]-' ,G) be an element whose restriction to U is zero.
We have to show there exists an m > n such that the restriction of £ to Z™F =
I~ F is zero. After replacing F by Z™F we may assume n = 0, i.e., we have
¢ € Ext’ (F,G) whose restriction to U is zero. By Derived Categories of Schemes,
Proposition we have D%, (Ox) = D’(Coh(Ox)). Hence we can compute the
Ext group in the abelian category of coherent Ox-modules. This implies there
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exists an surjection o : F” — F such that £ o « = 0 (this is where we use that
i > 0). Set F' = Ker(«) so that we have a short exact sequence

0>F -F"-F=0

It follows that £ is the image of an element &' € Extix_l(]: "' G) whose restriction
to U is in the image of Ext{; "(F”|v,G|v) — Exty '(F'|y,Glv). By Artin-Rees
the inverse systems (Z"F’) and (Z"F"” N F’) are pro-isomorphic, see Cohomology
of Schemes, Lemma Since we have the compatible system of short exact
sequences

0—-FNI"F'-I"F" -I"F =0

we obtain a commutativew diagram

colim Ex‘cé(_1 (Z*F",G) — colim Extg(_l (F'nI*F",G) — colim Extéf (I"F, Q)

i l |

Exty; (F"|v, Glv) ———— Exty; (F'|v, Glv) ———— Exty; ' (Flu, Glv)

with exact rows. By induction on ¢ and the comment on inverse systems above we
find that the left two vertical arrows are isomorphisms. Now £ gives an element in
the top right group which is the image of £ in the middle top group, which in turn
maps to an element of the bottom middle group coming from some element in the
left bottom group. We conclude that & maps to zero in Ext}(l'”]: ,G) for some n
as desired.

Surjectivity. Let & € Extl (F|y,G|v). Arguing as above using that i > 0 we can
find an surjection X — F|y of coherent Opy-modules such that & maps to zero
in Exti;(H,G|y). Then we can find a map ¢ : F” — F of coherent Ox-modules
whose restriction to U is H — F|y, see Properties, Lemma Observe that the
lemma doesn’t guarantee ¢ is surjective but this won’t matter (it is possible to pick
a surjective ¢ with a little bit of additional work). Denote F' = Ker(¢). The short
exact sequence
0= Flv—=>F'lv = Flu—0

shows that £ is the image of £’ in Ex‘cb_l(]-"h]7 Glv). By induction on ¢ we can find
an n such that & is the image of some &, in Exty *(Z"F',G). By Artin-Rees we
can find an m > n such that 7' NZ™F"” Cc Z"F'. Using the short exact sequence

0= F NI™F" - I"F" = I™Im(p) = 0

the image of ¢, in Ext’c ' (F'NZ™F",G) maps by the boundary map to an element
Em of Ext’ (T Im(y), G) which maps to €. Since Im(p) and F agree over U we see
that F/Z™ Im(y) is supported on X \ U. Hence there exists an [ > m such that
T'F C I™Im(y), see Cohomology of Schemes, Lemma Taking the image of
&m in Ext’ (TVF, G) we win. 0

0G4K Lemma 30.2. The result of Lemma holds even for L € Df, ,(Ox).

Proof. Namely, if (K,) is a Deligne system then there exists a b € Z such that
HY(K,) = 0 for i > b. Then Hom(K,, L) = Hom(K,, 7<;L) and Hom(K,L) =
Hom (K, 7<pL). Hence using the result of the lemma for 7<;,L we win. O

0G4L Lemmal 30.3. Let j:U — X be an open immersion of Noetherian schemes.
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(1) Let (K,) and (L) be Deligne systems. Let K and L be the values of
the constant systems (Kp|v) and (L,|v). Given a morphism o : K — L
of D(Oy) there is a unique morphism of pro-systems (K,) — (L,) of
DY, (Ox) whose restriction to U is a.

(2) Given K € D%, ,(Oy) there exists a Deligne system (K.,) such that (K,|y)
is constant with value K.

(3) The pro-object (K,) of D%, ,(Ox) of (2) is unique up to unique isomor-
phism (as a pro-object).

Proof. Part (1) is an immediate consequence of Lemma and the fact that
morphisms between pro-systems are the same as morphisms between the functors
they corepresent, see Categories, Remark

Let K be as in (2). We can choose K’ € DY%,,(Ox) whose restriction to U is
isomorphic to K, see Derived Categories of Schemes, Lemma By Derived
Categories of Schemes, Proposition [11.2]we can represent K’ by a bounded complex
F* of coherent O x-modules. Choose a quasi-coherent sheaf of ideals Z C Ox whose
vanishing locus is X \ U (for example choose Z to correspond to the reduced induced
subscheme structure on X \U). Then we can set K,, equal to the object represented
by the complex Z"F* as in the introduction to this section.

Part (3) is immediate from parts (1) and (2). O

Lemmal 30.4. Let j:U — X be an open immersion of Noetherian schemes. Let
K—L— M— K[1]

be a distinguished triangle of DbCOh(OU). Then there exists an inverse system of
distinguished triangles

K, — L, = M, — K,[1]
in D%, (Ox) such that (K,), (L), (M) are Deligne systems and such that the
restriction of these distinguished triangles to U is isomorphic to the distinguished
triangle we started out with.

Proof. Let (K,,) be as in Lemmampart (2). Choose an object L' of D%, ,(Ox)
whose restriction to U is L (we can do this as the lemma shows). By Lemma [30.]]
we can find an n and a morphism K,, — L’ on X whose restriction to U is the given
arrow K — L. We conclude there is a morphism K’ — L' of D% ,(Ox) whose
restriction to U is the given arrow K — L.

By Derived Categories of Schemes, Proposition we can find a morphism o® :
F* — G* of bounded complexes of coherent Ox-modules representing K’ — L.
Choose a quasi-coherent sheaf of ideals Z C Ox whose vanishing locus is X \ U.
Then we let K,, = Z"F*® and L, = Z"G®. Observe that a® induces a morphism
of complexes af : Z"F* — Z"G®. From the construction of cones in Derived
Categories, Section [9]it is clear that

Clan)®* =I"C(a®)

and hence we can set M, = C(«ay,)®. Namely, we have a compatible system of

distinguished triangles (see discussion in Derived Categories, Section
K, —» L, — M, — K,[1]

whose restriction to U is isomorphic to the distinguished triangle we started out
with by axiom TR3 and Derived Categories, Lemma O
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0G4AN Remark 30.5. Let j : U — X be an open immersion of Noetherian schemes.
Sending K € DbC’oh(OU) to a Deligne system whose restriction to U is K determines
a functor
Rj! : DbCoh(OU) — PrO'DbCOh(OX)

which is “exact” by Lemma [30.4] and which is “left adjoint” to the functor j* :
Dion(Ox) = D, (Ov) by Lemma

0G4P Remark| 30.6. Let (A,) and (B,) be inverse systems of a category C. Let us
say a linear-pro-morphism from (A,) to (By) is given by a compatible family of
morphisms ¢, : Acprq — By, for all n > 1 for some fixed integers ¢, d > 1. We'll say
(¢on : Aen+d — Br) and (¢, : Agpyrar — By) determine the same morphism if there
exist ¢ > max(c,c¢’) and d’ > max(d,d’) such that the two induced morphisms
Acrntar — By are the same for all n. It seems likely that Deligne systems (K,)
with given value on U are well defined up to linear-pro-isomorphisms. If we ever
need this we will carefully formulate and prove this here.

0G4Q Lemma 30.7. Letj:U — X be an open immersion of Noetherian schemes. Let
K, — L, — M, — K,[1]

be an inverse system of distinguished triangles in D% ,(Ox). If (K,) and (M,)
are pro-isomorphic to Deligne systems, then so is (Ly).

Proof. Observe that the systems (K, |y) and (M,|y) are essentially constant as
they are pro-isomorphic to constant systems. Denote K and M their values. By
Derived Categories, Lemma we see that the inverse system L, |y is essentially
constant as well. Denote L its value. Let N € D%, , (Ox). Consider the commuta-
tive diagram

.. — colim Hom x (M,,, N) —— colim Hom x (L,,, N) —— colim Hom x (K, N) —— . ..

l | |

..— s Homy (M, N|y) —— Homy (L, N|y) —— Homy (K, N|y) —— ...

By Lemma [30.1] and the fact that isomorphic ind-systems have the same colimit,
we see that the vertical arrows two to the right and two to the left of the mid-
dle one are isomorphisms. By the 5-lemma we conclude that the middle verti-
cal arrow is an isomorphism. Now, if (L!) is a Deligne system whose restric-
tion to U has constant value L (which exists by Lemma , then we have
colimHomy (L!,, N) = Homy (L, N|y) as well. Hence the pro-systems (L,) and
(L!) are pro-isomorphic by Categories, Remark O

0G4R Lemma 30.8. Let X be a Noetherian scheme. Let T C Ox be a quasi-coherent
sheaf of ideals. Let F*® be a complex of coherent Ox-modules. Let p € Z. Set
H = HP(F*) and H, = HP(Z"F*). Then there are canonical Ox-module maps

o= Hys > Ho > H1 — H

There exists a ¢ > 0 such that for n > c the image of H, — H is contained
in I""“H and there is a canonical Ox-module map I"H — H,_. such that the
compositions

T"H = Hpyo - I" 2" and H, — I °H — Hpoe
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are the canonical ones. In particular, the inverse systems (H,) and (Z"H) are
isomorphic as pro-objects of Mod(Ox).

Proof. If X is affine, translated into algebra this is More on Algebra, Lemma
101.1] In the general case, argue exactly as in the proof of that lemma replacing
the reference to Artin-Rees in algebra with a reference to Cohomology of Schemes,
Lemma [10.3] Details omitted. O

Lemma 30.9. Let j : U — X be an open immersion of Noetherian schemes.
Let a < b be integers. Let (K,) be an inverse system of DY%,,(Ox) such that
HY(K,) =0 fori¢[a,b]. The following are equivalent

(1) (Kp) is pro-isomorphic to a Deligne system,
(2) for every p € Z there exists a coherent Ox-module F such that the pro-
systems (HP(K,)) and (I™F) are pro-isomorphic.

Proof. Assume (1). To prove (2) holds we may assume (K,,) is a Deligne system.
By definition we may choose a bounded complex F* of coherent Ox-modules and
a quasi-coherent sheaf of ideals cutting out X \ U such that K, is represented by
Z"F*. Thus the result follows from Lemma [30.8

Assume (2). We will prove that (K,,) is as in (1) by induction on b —a. If a = b
then (1) holds essentially by assumption. If a < b then we consider the compatible
system of distinguished triangles

TSaKn — Kn — Tza+1Kn — (TgaKn)[].]

See Derived Categories, Remark By induction on b — a we know that 7<, K,
and T>q41K, are pro-isomorphic to Deligne systems. We conclude by Lemma
150, 7l ([l

Lemmal 30.10. Let j : U — X be an open immersion of Noetherian schemes.
Let (K,) be an inverse system in D%, (Ox). Let X = Wy U...UW, be an open
covering. The following are equivalent

(1) (Kp) is pro-isomorphic to a Deligne system,
(2) for each i the restriction (K,|w,) is pro-isomorphic to a Deligne system
with respect to the open immersion U N W; — W;.

Proof. By induction on r. If r = 1 then the result is clear. Assume r > 1. Set
V =Wy U...UW,_1. By induction we see that (K,|y) is a Deligne system. This
reduces us to the discussion in the next paragraph.

Assume X = VUW is an open covering and (K, |w ) and (K, |y ) are pro-isomorphic
to Deligne systems. We have to show that (K,) is pro-isomorphic to a Deligne
system. Observe that (K,|vaw) is pro-isomorphic to a Deligne system (it fol-
lows immediately from the construction of Deligne systems that restrictions to
opens preserves them). In particular the pro-systems (K,|vnv), (Kn|lvnw), and
(Kn|lunvaw) are essentially constant. It follows from the distinguished triangles
in Cohomology, Lemma and Derived Categories, Lemma that (K,|v) is
essentially constant. Denote K € D%, ,(Op) the value of this system. Let L be an
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object of D%, (Ox). Consider the diagram

colim EXtil(Knh/, L|V) (&) colim EXtil(Kn|W, L|W) . EXtil(K‘Umv, L‘UﬂV) (&) EXtil(K|Uﬂw, L|UﬂW)

colim Ext ™" (K, |veaw, Llvaw) Ext™ (K|vrvaw, Lloavew)

colim Hom (K, L) Hom(K|y, L|y)

colim Hom (K, |v, L|yv) @ colim Hom(K,|w, Llw) — Hom(K|ynv, Lluvav) ® Hom(K|vaw, Lluaw)

colim Hom (K, |vaw, Llvaw) Hom(K|vavaw, Lluvnvaw)

The vertical sequences are exact by Cohomology, Lemma and the fact that
filtered colimits are exact. All horizontal arrows except for the middle one are
isomorphisms by Lemma and the fact that pro-isomorphic systems have the
same colimits. Hence the middle one is an isomorphism too by the 5-lemma. It
follows that (K,) is pro-isomorphic to a Deligne system for K. Namey, if (K})
is a Deligne system whose restriction to U has constant value K (which exists by
Lemma [30.3), then we have colim Homy (K7,, L) = Homy (K, L|yy) as well. Hence
the pro-systems (K,,) and (K,) are pro-isomorphic by Categories, Remark[22.7 O

0G4U |Lemma 30.11. Let j : U — X be an open immersion of Noetherian schemes.
Let T C Ox be a quasi-coherent sheaf of ideals with V(Z) = X \ U. Let K be in
DY ,(Ox). Then

Ky I"
is pro-isomorphic to a Deligne system with constant value K|y over U.

Proof. By Lemma [30.10] the question is local on X. Thus we may assume X is the
spectrum of a Noetherian ring. In this case the statement follows from the algebra
version which is More on Algebra, Lemma [101.6 a

31. Preliminaries to compactly supported cohomology
0G4V In Situation let f: X — Y be a morphism in the category FTSg. Using the
constructions in the previous section, we will construct a functor

Rfl : DbCoh(OX) - PrO_DbCoh(OY)

which reduces to the functor of Remark if f is an open immersion and in
general is constructed using a compactification of f. Before we do this, we need
the following lemmas to prove our construction is well defined.
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0G4W |Lemmal 31.1. Let f: X — Y be a proper morphism of Noetherian schemes. Let
V CY be an open subscheme and set U = f~1(V). Picture

— s X

!

<<

J
j’
——=Y

Then we have a canonical isomorphism RjjoRg. — Rf.oRji of functors D%, (Oy) —
Pro-DY%,,(Oy) where Rji and Rj{ are as in Remark .

First proof. Let K be an object of D% ,(Oy). Let (K,) be a Deligne system
for U — X whose restriction to U is constant with value K. Of course this
means that (K,,) represents RjiK in Pro-D%, ,(Ox). Observe that both Rj{Rg.K
and Rf.RjiK restrict to the constant pro-object with value Rg.K on V. This
is immediate for the first one and for the second one it follows from the fact
that (Rf«Kn)lv = Rg«(Kplv) = Rg.K. By the uniqueness of Deligne systems
in Lemma it suffices to show that (Rf.K,) is pro-isomorphic to a Deligne
system. The lemma referenced will also show that the isomorphism we obtain is
functorial.

Proof that (Rf,K,) is pro-isomorphic to a Deligne system. First, we observe that
the question is independent of the choice of the Deligne system (K,) corresponding
to K (by the aforementioned uniqueness). By Lemmas and if we have a
distinguished triangle

K—L—M-— K[l

in D%, ,(Oy) and the result holds for K and M, then the result holds for L. Using
the distinguished triangles of canonical truncations (Derived Categories, Remark
12.4)) we reduce to the problem studied in the next paragraph.

Let F be a coherent Ox-module. Let J C Oy be a quasi-coherent sheaf of ideals
cutting out Y \ V. Denote J"F the image of f*J" @ F — F. We have to show
that (Rf«(J™F)) is a Deligne system. By Lemma the question is local on
Y. Thus we may assume Y = Spec(A) is affine and J corresponds to an ideal
I C A. By Lemma [30.9] it suffices to show that the inverse system of cohomology
modules (H?(X,I"F)) is pro-isomorphic to the inverse system (I"M) for some
finite A-module M. This is shown in Cohomology of Schemes, Lemma [20.3 O

Second proof. Let K be an object of DY, , (Oy). Let L be an object of DY, , (Oy).
We will construct a bijection

HomPro-Dgoh(oy)(Rj!/Rg*K, L) — Hompro-Dggh(Oy)(Rf*Rj!Kv L)
functorial in K and L. Fixing K this will determine an isomorphism of pro-objects

Rf.RjK — Rj|Rg.K by Categories, Remark and varying K we obtain that
this determines an isomorphism of functors. To actually produce the isomorphism
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we use the sequence of functorial equalities
Hompm_Dtéoh(oy)(Rj,’Rg*K, L) = Homy (Rg. K, L|v)
= Homy (K, ¢'(L|v))
= Homy (K, f'L|v))

= Homp,, pr, (o) (BRI K, f'L)
= HomPI'O-Dlé,Uh(Oy) (Rf*RJ'Kv L)

The first equality is true by Lemma [30.1} The second equality is true because g is
proper (as the base change of f to V') and hence g¢' is the right adjoint of pushforward
by construction, see Section The third equality holds as ¢'(L|yv) = f'L|y by
Lemma Since f'L isin D Gon(Ox) by Lemma the fourth equality follows
from Lemma The fifth equality holds again because f' is the right adjoint to
Rf, as f is proper. O

Lemmal 31.2. Let j: U — X be an open immersion of Noetherian schemes. Let
j U — X' be a compactification of U over X (see proof) and denote f : X' — X
the structure morphism. Then we have a canonical isomorphism Rjy — Rf.oR(j')
of functors D%, (Oy) — Pro-DY%, , (Ox) where Rji and Rj{ are as in Remark|30.5,

Proof. The fact that X’ is a compactification of U over X means precisely that
f : X' — X is proper, that j' is an open immersion, and j = f o /. See More on
Flatness, Section If /(U) = f~1(j(U)), then the lemma follows immediately
from Lemma If j/(U) # f~1(§(U)), then denote X” C X’ the scheme theoretic
closure of 7/ : U — X’ and denote j” : U — X" the corresponding open immersion.
Picture

X//

By More on Flatness, Lemma part (c) and the discussion above we have
isomorphisms Rf! o Rj{" = Rj| and R(f o f'). o Rjj’ = Rji. Since R(f o f'). =
Rf. o Rf. we conclude. O

Remark| 31.3. Let X D U D U’ be open subschemes of a Noetherian scheme X.
Denote j : U — X and j' : U’ — X the inclusion morphisms. We claim there is a
canonical map

Rji|(K|y') — RjK

functorial for K in D%,,(Op). Namely, by Lemma we have for any L in
DY, ,(Ox) the map

HomPro—D?}oh(Ox)(leKa L) = HomU(K7 L|U)
— HomU/(K|U/, L|U’)
= HomPro-Dgoh(OX)(lel (K|U/)7 L)
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functorial in L and K’. The functoriality in L shows by Categories, Remark
that we obtain a canonical map Rj{(K|y/) — RjiK which is functorial in K by the
functoriality of the arrow above in K.

Here is an explicit construction of this arrow. Namely, suppose that F* is a bounded
complex of coherent O x-modules whose restriction to U represents K in the derived
category. We have seen in the proof of Lemma that such a complex always
exists. Let Z, resp. 7’ be a quasi-coherent sheaf of ideals on X with V(Z) = X \ U,
resp. V(Z') = X \ U’. After replacing Z by Z 4+ 7' we may assume Z' C Z. By
construction Rji K, resp. Rj{ (K |y+) is represented by the inverse system (X,), resp.
(K}) of D%, (Ox) with
K,=1I"F* resp. K, =(Z')"F*

Clearly the map constructed above is given by the maps K/ — K, coming from
the inclusions (Z')™ C Z™.

32. Compactly supported cohomology for coherent modules
In Situation given a morphism f : X — Y in FTSg, we will define a functor
Rf! : DbCoh(OX) — PrO_DbCoh(OY)

Namely, we choose a compactification j : X — X over Y which is possible by More
on Flatness, Theorem and Lemma Denote f : X — Y the structure
morphism. Then we set

RHK = Rf RjK
for K € D%,,(Ox) where Rj is as in Remark

Lemma) 32.1. The functor Rf is, up to isomorphism, independent of the choice
of the compactification.

In fact, the functor Rfi will be characterized as a “left adjoint” to f' which will
determine it up to unique isomorphism.

Proof. Consider the category of compactifications of X over Y, which is cofiltered
according to More on Flatness, Theorem and Lemmas and To every
choice of a compactification

j: X=X, f:X=Y
the construction above associates the functor Rf, o Rji. Suppose given a morphism

g : X1 — X, between compactifications j; : X — X; over Y. Then we get an
isomorphism

R?z,* o Rja1 = R?Q,* o Rg.o0j1, = R?l,* o Rj1,1

using Lemma[31.2]in the first equality. In this way we see our functor is independent
of the choice of compactification up to isomorphism. O

Proposition|32.2. In Situation let f: X =Y be amorphism of FTSs. Then
the functors Rf, and f' are adjoint in the following sense: for all K € DY, . (Ox)
and L € D, (Oy) we have

Homy (K, f'L) = Homp,, pt (0, )(RAK, L)

Oy)

bifunctorially in K and L.
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Proof. Choose a compactification j : X — X over Y and denote f : X — Y the
structure morphism. Then we have

Homyx (K, f'L) = Homx (K, j*f'L)
= Homp,, p+ (o) (RiK, f'L)
= HomPrO_Dg{m(oy)(Rf,kRj!K7 L)
= Homp,, p+ (0y) (RAK, L)

The first equality follows immediately from the construction of f 'in Section
By Lemma [17.6| we have f'L in Dgoh(Oy) hence the second equality follows from

Lemma [30.2 Since f is proper the functor f' is the right adjoint of pushforward
by construction. This is why we have the third equality. The fourth equality holds
because Rfi = Rf.Rj. a

Lemma 32.3. In Situation let f: X =Y be a morphism of FTSs. Let
K—L—M— K[1]

be a distinguished triangle of D%, ,(Ox). Then there exists an inverse system of
distinguished triangles

K, — L, — M, — K,[1]
in D%, ,(Oy) such that the pro-systems (K,), (L), and (M,) give RfiK, RfL,
and RfiM.

Proof. Choose a compactification j : X — X over Y and denote f : X — Y the
structure morphism. Choose an inverse system of distinguished triangles

K, — L, = M, = K,[1]
in D%, ,(O) as in Lemma corresponding to the open immersion j and the

given distinguished triangle. Take K, = Rf,K, and similarly for L, and M,.
This works by the very definition of Rf. O

Remark| 32.4. Let C be a category. Suppose given an inverse system
c S (M) =2 (May) =2 (M)

of inverse systems in the category of pro-objects of C. In other words, the arrows
«; are morphisms of pro-objects. By Categories, Example we can represent
each o; by a pair (m;, a;) where m; : N — N is an increasing function and a; , :
M; i (n)y = Mi—1, is a morphism of C making the diagrams

o M m(3) T Mi,mi(Q) - Mi,mi(l)

\Lai,s laig iai,l

o——>M; 13— M;_10——>M;_1,

commute. By replacing m;(n) by max(n,m;(n)) and adjusting the morphisms a;(n)
accordingly (as in the example referenced) we may assume that m;(n) > n. In this
situation consider the inverse system
w7 Mamama(ma@) = Maima(ma(3) = Mama@) = Mg
with general term
My = Mig i (i (o(ma (k)-..))


https://stacks.math.columbia.edu/tag/0G52
https://stacks.math.columbia.edu/tag/0G53

0G54

0G55

0G56

DUALITY FOR SCHEMES 89

For any object N of C we have
colim, colim,, Mor¢ (M; ,,, N) = colimy, Mor¢ (Mj, N)
We omit the details. In other words, we see that the inverse system (M},) has the

property
colim; Morpyo.c((M; ), N) = Morpyoc((My), N)
This property determines the inverse system (Mj) up to pro-isomorphism by the

discussion in Categories, Remark In this way we can turn certain inverse
systems in Pro-C into pro-objects with countable index categories.

Remark| 32.5. In Situation |16.1]1let f : X — Y and g : Y — Z be composable
morphisms of FTSs. Let us deﬁne the composition
Rgio Rfy: DY, (Ox) — Pro-D%,,(0z)

Namely, by the very construction of Rfi for K in D%, ,(Ox) the output RfiK is
the pro-isomorphism class of an inverse system (M,,) in D% ,(Oy). Then, since
Rgy is constructed similarly, we see that

.= Rg!M;J, — R91M2 — Rgng

is an inverse system of Pro-DY%,,(Oy). By the discussion in Remark there is
a unique pro-isomorphism class, which we will denote RgiRfi K, of inverse systems
in DY, (0z) such that

HomPro-Dgnh(Oz) (RgRfIK, L) = colim,, HomPro-Dgoh(Oz) (RgM,,, L)

We omit the discussion necessary to see that this construction is functorial in K as
it will immediately follow from the next lemma.

Lemmal 32.6. In Situation let f: X =Y and g:Y — Z be composable
morphisms of FTSs. With notation as in Remark we have RgioRfi = R(gof).

Proof. By the discussion in Categories, Remark it suffices to show that we
obtain the same answer if we compute Hom into L in D%, ,(Oz). To do this we
compute, using the notation in Remark [32.5] as follows

Homyz(RgRAHK, L) = colim,, Homz(Rg1M,,, L)
= colim,, Homy (M, g!L)
= Homy (RfiK, ¢'L)
= Homx (K, f'¢'L)
(K, (g0 £)'L)
(R(go f)K, L)

The first equality is the definition of RgRfiK. The second equality is Proposition
- 32.2| for g. The third equality is the fact that Rf| K is given by (M,,). The fourth
equality is Proposition 32:2] for f. The fifth equality is Lemma [16.3] The sixth is

Proposition for go f. d

Remark| 32.7. In Situation [16.1flet f : X — Y be a morphism of F'T'Ss and let
U C X be an open. Set g = f|y : U — Y. Then there is a canonical morphism

RgI(K|U) — ngK

functorial in K in D%, (Ox) which can be defined in at least 3 ways.

= Homx

= Homz



https://stacks.math.columbia.edu/tag/0G54
https://stacks.math.columbia.edu/tag/0G55
https://stacks.math.columbia.edu/tag/0G56

0G5H7

0G58

DUALITY FOR SCHEMES 90

(1) Denote i : U — X the inclusion morphism. We have Rgy = Rf o Riy by
Lemma and we can use Rf applied to the map Ri(K|y) — K which
is a special case of Remark BT.3]

(2) Choose a compactification j : X — X of X over Y with structure morphism
J: X =Y. Set j=joi:U— X. We can use that Rfi = Rf, o Rji and
Rgy = Rf,oRj| and we can use Rf, applied to the map Rj/(K|y) — RjiK
of Remark B3l

(3) We can use

HomPro—Dguh(Oy) (Rf' K, L) = Homy (Ka f'L)

— HOHIU(K|U, f'L|U)

= Homy (K |y, ¢'L)

= HomPro—D?}nh(Oy) (Rg' (K|U)a L)
functorial in L and K. Here we have used Proposition [32.2] twice and
the construction of upper shriek functors which shows that ¢' = i* o f'.
The functoriality in L shows by Categories, Remark that we obtain a
canonical map Rgi(K|y) — RAK in Pro-D%, , (Oy) which is functorial in
K by the functoriality of the arrow above in K.

Each of these three constructions gives the same arrow; we omit the details.

Remark| 32.8. Let us generalize the covariance of compactly supported cohomol-
ogy given in Remark [32.7] to étale morphisms. Namely, in Situation [I6.1] suppose

given a commutative diagram
U——X
h
PN
Y

of FTSs with h étale. Then there is a canonical morphism
Rg(h"K) — RHK
functorial in K in D%, ,(Ox). We define this transformation using the sequence of
maps
Houm_Dzéoh(oy)(ngK, L) = HOHlX (K7 f'L)

— Homy (h* K, h*(f'L))

= Homy (h*K,h' f'L)

= Homy (h*K, g'L)

= Homp,, pe (0y) (Rgi(h"K), L)
functorial in L and K. Here we have used Proposition [32.2] twice, we have used
the equality h* = h' of Lemma and we have used the equality h' o f' = ¢'
of Lemma The functoriality in L shows by Categories, Remark that we

obtain a canonical map Rgi(h*K) — RfiK in Pro-D%, , (Oy) which is functorial in
K by the functoriality of the arrow above in K.

Remark 32.9. In Remarks and [32.8] we have seen that the construction
of compactly supported cohomology is covariant with respect to open immersions
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and étale morphisms. In fact, the correct generality is that given a commutative
diagram

U— X
h
PN
Y
of FTSs with h flat and quasi-finite there exists a canonical transformation

Rgioh™ — Rf

As in Remark [32.8 this map can be constructed using a transformation of functors
h* — h' on Df,,(Ox). Recall that 'K = h*K ® wy,x where wy x = h'Ox is
the relative dualizing sheaf of the flat quasi-finite morphism h (see Lemmas
and . Recall that wy,x is the same as the relative dualizing module which
will be constructed in Discriminants, Remark by Discriminants, Lemma, [15.1
Thus we can use the trace element 77, x : Oy — wy,x which will be constructed
in Discriminants, Remark to define our transformation. If we ever need this,
we will precisely formulate and prove the result here.

33. Duality for compactly supported cohomology

Let k be a field. Let U be a separated scheme of finite type over k. Let K be an
object of DbCoh(OU)' Let us define the compactly supported cohomology H:(U, K)
of K as follows. Choose an open immersion j : U — X into a scheme proper over k
and a Deligne system (K,) for j : U — X whose restriction to U is constant with
value K. Then we set
H{(U,K) =1lim H (X, K,)

We view this as a topological k-vector space using the limit topology (see More on
Algebra, Section . There are several points to make here.

First, this definition is independent of the choice of X and (K,,). Namely, if p :
U — Spec(k) denotes the structure morphism, then we already know that Rp K =
(RT'(X, K,)) is well defined up to pro-isomorphism in D(k) hence so is the limit
defining H:(U, K).
Second, it may seem more natural to use the expression

H'(Rlim RT'(X, K,,)) = RT'(X, Rlim K,)

but this would give the same answer: since the k-vector spaces H’ (X, K,,) are finite
dimensional, these inverse systems satisfy Mittag-Leffler and hence R! lim terms of
Cohomology, Lemma |37.1| vanish.

If U’ C U is an open subscheme, then there is a canonical map
Hé(U/, K‘U/) — H;(Uv K)

functorial for K in DY, , (O ). See for example Remark In fact, using Remark
we see that more generally such a map exists for an étale morphism U’ — U
of separated schemes of finite type over k.

If V is a k-vector space then we put a topology on Homyg (V, k) as follows: write V' =
(JV; as the filtered union of its finite dimensional k-subvector spaces and use the
limit topology on Homyg (V, k) = lim Homy (V;, k). If dimy V' < oo then the topology
on Homyg (V) k) is discrete. More generally, if V' = colim,, V,, is written as a directed
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colimit of finite dimensional vector spaces, then Homg (V, k) = lim Homg (V,,, k) as
topological vector spaces.

0G5A Lemma 33.1. Let p: U — Spec(k) be separated of finite type where k is a field.
Let w[']/k = p!OSpeC(k). There are canonical isomorphisms

Homy (H' (U, K), k) = H_ (U, R Homo,, (K, wf;1.))
of topological k-vector spaces functorial for K in D%, ,(Oy).

Proof. Choose a compactification 7 : U — X over k. Let Z C Ox be a quasi-
coherent ideal sheaf with V' (Z) = X \ U. By Derived Categories of Schemes, Propo-
sition we may choose M € DY, ,(Ox) with K = M|y. We have

H (U, K) = Exti;(Oy, M|y) = colim Ext’ (2", M) = colim H' (X, R Homo (I", M))

by Lemma Since Z" is a coherent O x-module, we have Z" in D, ,(Ox), hence
RHomo, (I", M) is in D, (Ox) by Derived Categories of Schemes, Lemmam

Let w;(/k = q!OSpeC(k) where ¢ : X — Spec(k) is the structure morphism, see
Section We find that

Homy (H' (X, R Homoy (I", M)), k)
= Exty' (R Homo, (T, M), w% 3,)
= H™'(X, RHomo, (R Homoy (I", M), w1,))

by Lemma By Lemma part (1) the canonical map
RHomoy (M,w /) @6, I" — RHomo (RHomo (T, M),wk ;)

is an isomorphism. Observe that wy, k= wk / U because p' is constructed as ¢' com-
posed with restriction to U. Hence RHomo, (M,wY ;) is an object of DY, (Ox)

which restricts to R Homo,, (K, w[']/k) on U. Hence by Lemma [30.11 we conclude
that

lim H~*(X, RHomo (M, wk /) @6 L")

is an avatar for the right hand side of the equality of the lemma. Combining all the
isomorphisms obtained in this manner we get the isomorphism of the lemma. O

0G5B Lemma 33.2. With notation as in Lemma suppose U' C U is an open
subscheme. Then the diagram

Homy, (H' (U, K), k) H; (U, R Homo, (K, wp; )

| |

Homy, (HY(U', K|y), k) HZY(U', R Homo,, (K, Wi )

is commutative. Here the horizontal arrows are the isomorphisms of Lemma |33.1
the vertical arrow on the left is the contragredient to the restriction map H*(U, K) —
HY(U',K|y+), and the right vertical arrow is Remark (see discussion before the
lemma).
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Proof. We strongly urge the reader to skip this proof. Choose X and M as in the
proof of Lemma We are going to drop the subscript Ox from R Hom and ®.
We write
H(U,K) = colim H (X, R Hom(Z", M))
and
HY(U',K|y+) = colim H' (X, R Hom((Z')", M))
as in the proof of Lemma [33.1] where we choose Z' C Z as in the discussion in
Remark so that the map H'(U, K) — H'(U’, K|y) is induced by the maps
(Z')™ — I™. We similarly write
HL(U, RHom(K,w} ) = lim H (X, R Hom (M, w$ ;) @ I")
and

HY(U', RHom(K |y, wpy, 1,)) = lim HY (X, R Hom(M,w§ ;) @ (Z')")

so that the arrow HZ(U’,RHom(K|Unw(']//k)) — H(U, R Hom(K, wiryp)) 1s simi-
larly deduced from the maps (Z')™ — Z™. The diagrams

RHom(M,wS ) @ I" RHom(RHom(Z", M),w% ;)

T |

RHom(M,w ) @ (T')" RHom(R Hom((Z')", M),w%y.)

commute because the construction of the horizontal arrows in Cohomology, Lemma
is functorial in all three entries. Hence we finally come down to the assertion
that the diagrams

Homy (H(X, R Hom(Z", M)), k) H~'(X, RHom(RHom(I", M), w% ,))

| T

Homy, (H (X, R Hom((Z")", M)), k) — H~*(X, R Hom(R Hom((Z')", M), w;(/k))

commute. This is true because the duality isomorphism
Homy (H'(X, L), k) = Ext (L, wk /) = H (X, RHom(L,w% 1))
is functorial for L in Dgcon(Ox). O

Lemma 33.3. Let X be a proper scheme over a field k. Let K € D%, ,(Ox) with
HY(K) =0 fori <0. Set F = H°(K). Let Z C X be closed with complement
U=X\U. Then

H)(U,K|y) C H*(X, F)
is given by those global sections of F which vanish in an open neighbourhood of Z.
Proof. Consider the map H)(U,K|y) - H%(X,K) = H*(X,K) = H°(X,F) of

Remark To study this we represent K by a bounded complex F*® with F¢ =0
for ¢ < 0. Then we have by definition

HY(U,K|y) =lim H°(X,Z"F®*) = limKer(H°(X,Z"F°) — H°(X,I"F"))

By Artin-Rees (Cohomology of Schemes, Lemma|10.3)) this is the same as lim H%(X, Z"F).

Thus the arrow H? (U, K|y) — H°(X, F) is injective and the image consists of those
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global sections of F which are contained in the subsheaf Z"F for any n. The char-
acterization of these as the sections which vanish in a neighbourhood of Z comes
from Krull’s intersection theorem (Algebra, Lemma by looking at stalks of F.
See discussion in Algebra, Remark for the case of functions. O

34. Lichtenbaum’s theorem

The theorem below was conjectured by Lichtenbaum and proved by Grothendieck
(see [Har67]). There is a very nice proof of the theorem by Kleiman in [Kle67]. A
generalization of the theorem to the case of cohomology with supports can be found
in [Lyu91]. The most interesting part of the argument is contained in the proof of
the following lemma.

Lemma 34.1. Let U be a variety. Let F be a coherent Oy-module. If HY(U,F)
is nonzero, then dim(U) > d and if equality holds, then U is proper.

Proof. By the Grothendieck’s vanishing result in Cohomology, Proposition
we conclude that dim(U) > d. Assume dim(U) = d. Choose a compactification
U — X such that U is dense in X. (This is possible by More on Flatness, Theorem
33.8| and Lemma ) After replacing X by its reduction we find that X is a
proper variety of dimension d and we see that U is proper if and only if U = X.
Set Z = X \ U. We will show that H%(U, F) is zero if Z is nonempty.

Choose a coherent O x-module G whose restriction to U is F, see Properties, Lemma
Let w% denote the dualizing complex of X as in Section Set wf; = wku-
Then HY(U, F) is dual to

H-YU, R Homo,, (F,wy))

by Lemma, By Lemma we see that the cohomology sheaves of w$ vanish
in degrees < —d and H~%(w$%) = wy is a coherent Ox-module which is (Ss) and
whose support is X. In particular, wx is torsion free, see Divisors, Lemma [11.10
Thus we see that the cohomology sheaf

H™YRHomoy (G,w%)) = Hom(G,wx)

is torsion free, see Divisors, Lemma Consequently this sheaf has no nonzero
sections vanishing on any nonempty open of X (those would be torsion sections).
Thus it follows from Lemma@that H;4(U, R Homo,, (F,wp)) is zero, and hence
H(U, F) is zero as desired. O

Theorem 34.2. Let X be a nonempty separated scheme of finite type over a field
k. Let d = dim(X). The following are equivalent

(1) HY(X,F) =0 for all coherent Ox-modules F on X,
(2) HYX,F) =0 for all quasi-coherent Ox -modules F on X, and
(3) no irreducible component X' C X of dimension d is proper over k.

Proof. Assume there exists an irreducible component X’ C X (which we view as
an integral closed subscheme) which is proper and has dimension d. Let wx be a
dualizing module of X’ over k, see Lemma Then H4(X', wx) is nonzero as it is
dual to H°(X', Ox) by the lemma. Hence we see that H4(X,wx/) = HY (X', wx-)
is nonzero and we conclude that (1) does not hold. In this way we see that (1)
implies (3).
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Let us prove that (3) implies (1). Let F be a coherent Ox-module such that
H(X, F) is nonzero. Choose a filtration

O=FyCFC...CFn=F
as in Cohomology of Schemes, Lemma We obtain exact sequences
HYX,F;) = H (X, Fiy1) = HY(X, Fiy1/ F)

Thus for some i € {1,...,m} we find that H%(X, F; 1 /F;) is nonzero. By our choice
of the filtration this means that there exists an integral closed subscheme Z C X
and a nonzero coherent sheaf of ideals Z C Oy such that H%(Z,Z) is nonzero. By
Lemma we conclude dim(Z) = d and Z is proper over k contradicting (3).
Hence (3) implies (1).

Finally, let us show that (1) and (2) are equivalent for any Noetherian scheme X.
Namely, (2) trivially implies (1). On the other hand, assume (1) and let F be a
quasi-coherent O x-module. Then we can write F = colim F; as the filtered colimit
of its coherent submodules, see Properties, Lemma Then we have H*(X, F) =
colim H¥(X, F;) = 0 by Cohomology, Lemma Thus (2) is true. O
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