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1. Introduction

In this chapter, we discuss some advanced results on flat modules and flat mor-
phisms of schemes and applications. Most of the results on flatness can be found
in the paper [GRT71] by Raynaud and Gruson.

Before reading this chapter we advise the reader to take a look at the following
results (this list also serves as a pointer to previous results):

(1) General discussion on flat modules in Algebra, Section

(2) The relationship between Tor-groups and flatness, see Algebra, Section

(3) Criteria for flatness, see Algebra, Section 99| (Noetherian case), Algebra,
Section (Artinian case), Algebra, Section [128] (non-Noetherian case),
and finally More on Morphisms, Section [I6}

(4) Generic flatness, see Algebra, Section and Morphisms, Section

(5) Openness of the flat locus, see Algebra, Section and More on Mor-
phisms, Section

(6) Flattening, see More on Algebra, Sections and

(7) Additional results in More on Algebra, Sections 25, and
As applications of the material on flatness we discuss the following topics: a non-
Noetherian version of Grothendieck’s existence theorem, blowing up and flatness,
Nagata’s theorem on compactifications, the h topology, blow up squares and de-

scent, weak normalization, descent of vector bundles in positive characteristic, and
the local structure of perfect complexes in the h topology.

2. Lemmas on étale localization

In this section we list some lemmas on étale localization which will be useful later
in this chapter. Please skip this section on a first reading.

Lemmal 2.1. Leti: Z — X be a closed immersion of affine schemes. Let Z' — Z
be an étale morphism with Z' affine. Then there exists an étale morphism X' — X
with X' affine such that Z' = Z x x X' as schemes over Z.

Proof. See Algebra, Lemma [143.10) O
Lemma 2.2. Let
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be a commutative diagram of schemes with X' — X and S’ — S étale. Let s’ € S’
be a point. Then

X' xg SpeC(Oslysf) — X Xg Spec((’)sgy)
is étale.

Proof. This is true because X’ — Xg is étale as a morphism of schemes étale
over X, see Morphisms, Lemma [36.18 and the base change of an étale morphism is
étale, see Morphisms, Lemma O

Lemma 2.3. Let X — T — S be morphisms of schemes with T — S étale. Let
F be a quasi-coherent Ox-module. Let x € X be a point. Then

F flat over S at x < F flat over T at x
In particular F is flat over S if and only if F is flat over T.

Proof. As an étale morphism is a flat morphism (see Morphisms, Lemma [36.12)
the implication “<” follows from Algebra, Lemma For the converse assume
that F is flat at & over S. Denote & € X xg T the point lying over x in X and
over the image of x in T in 7. Then (X xg T — X)*F is flat at T over T via
pry : X xgT — T, see Morphisms, Lemma[25.7} The diagonal Ar/g: T — T xgT
is an open immersion; combine Morphisms, Lemmas and So X is
identified with open subscheme of X x g T, the restriction of pr, to this open is the
given morphism X — T, the point & corresponds to the point x in this open, and
(X xg T — X)*F restricted to this open is F. Whence we see that F is flat at «
over T'. O

Lemmal 2.4. Let T — S be an étale morphism. Let t € T with image s € S. Let
M be a Ort-module. Then

M flat over Og s & M flat over Or ;.

Proof. We may replace S by an affine neighbourhood of s and after that 7" by an
affine neighbourhood of ¢. Set F = (Spec(Or;+) — T).M. This is a quasi-coherent
sheaf (see Schemes, Lemma or argue directly) on T whose stalk at t is M
(details omitted). Apply Lemma O

Lemma 2.5. Let S be a scheme and s € S a point. Denote O% . (resp. ngbs) the

henselization (resp. strict henselization), see Algebra, Definition . Let M*" be
a Ogﬁg—module. The following are equivalent

(1) M*" is flat over Og.,
(2) Ms" is flat over OQS, and
(3) M is flat over O%,.

If Msh = M* ®Og (’)gffs this is also equivalent to
(4) M" is flat over Ogs, and
(5) M" is flat over Og,s'

IfM"=M ®0s., (’)275 this is also equivalent to
(6) M is flat over Ogs.
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Proof. By More on Algebra, Lemma the local ring maps Og .« — 0% , — O,
are faithfully flat. Hence (3) = (2) = (1) and (5) = (4) follow from Algebra,
Lemma [39.4] By faithful flatness the equivalences (6) < (5) and (5) < (3) follow
from Algebra, Lemma [39.8 Thus it suffices to show that (1) = (2) = (3) and (4)
= (5). To prove these we may assume .S is an affine scheme.

Assume (1). By Lemma we see that M*" is flat over O, for any étale neigh-
bourhood (T,t) — (S, s). Since O , and OF, are directed colimits of local rings
of the form Or; (see Algebra, Lemmas |155.ﬂ and |155.11[) we conclude that M*" is
flat over (9278 and Og{‘s by Algebra, LemmaM Thus (1) implies (2) and (3). Of
course this implies also (2) = (3) by replacing Og, s by O% . The same argument
applies to prove (4) = (5). O

Lemma 2.6. Let S be a scheme and s € S a point. Denote OQS (resp. Og{ls) the
henselization (resp. strict henselization), see Algebra, Definition|155.5. Let M*" be
an object of D(Og’fs). Let a,b € Z. The following are equivalent

(1) M*" has tor amplitude in [a,b] over Og s,

(2) M has tor amplitude in [a,b] over O% , and

(3) M*" has tor amplitude in [a,b] over OF,.
If Ms" = M ®5,§ . O, for M" € D(O% ) this is also equivalent to

(4) M"™ has tor amplitude in [a,b] over Og s, and
(5) M" has tor amplitude in [a,b] over O% .

If M" = M ®IC55,S Og’s for M € D(Og,s) this is also equivalent to
(6) M has tor amplitude in [a,b] over Og .

Proof. By More on Algebra, Lemma the local ring maps Og s — (’)g’s — Og’ffs
are faithfully flat. Hence (3) = (2) = (1) and (5) = (4) follow from More on
Algebra, Lemma [66.11] By faithful flatness the equivalences (6) < (5) and (5) <
(3) follow from More on Algebra, Lemma Thus it suffices to show that (1)
= (3), (2) = (3), and (4) = (5).

Assume (1). In particular M*" has vanishing cohomology in degrees < a and > b.
Hence we can represent M*" by a complex P* of free O -modules with P* = 0 for
i > b (see for example the very general Derived Categories, Lemma. Note that
P" is flat over Og 4 for all n. Consider Coker(d% *). By More on Algebra, Lemma
this is a flat Og s-module. Hence by Lemma this is a flat O,-module.
Thus 7>, P° is a complex of flat ng”s—modules representing M*" in D(O%, and we
find that M*" has tor amplitude in [a, b], see More on Algebra, Lemma Thus
(1) implies (3). Of course this implies also (2) = (3) by replacing Og s by Ofis.
The same argument applies to prove (4) = (5). O

Lemma 2.7. Let g : T — S be a finite flat morphism of schemes. Let G be a
quasi-coherent Og-module. Let t € T be a point with image s € S. Then

t € WeakAss(g*G) < s € WeakAss(G)
Proof. The implication “<” follows immediately from Divisors, Lemma As-

sume t € WeakAss(¢g*G). Let Spec(A) C S be an affine open neighbourhood of s.
Let G be the quasi-coherent sheaf associated to the A-module M. Let p C A be the
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prime ideal corresponding to s. As g is finite flat we have g=!(Spec(4)) = Spec(B)
for some finite flat A-algebra B. Note that g*G is the quasi-coherent Ogpec(p)-
module associated to the B-module M ®4 B and ¢,9*G is the quasi-coherent
Ogpec(a)-module associated to the A-module M ®4 B. By Algebra, Lemma
we have B, = A;B" for some integer n > 0. Note that n > 1 as we assumed there
exists at least one point of T lying over s. Hence we see by looking at stalks that

s € WeakAss(G) & s € WeakAss(g.9*G)

Now the assumption that ¢ € WeakAss(¢g*G) implies that s € WeakAss(g.g*G) by
Divisors, Lemma and hence by the above s € WeakAss(G). O

Lemma 2.8. Let h : U — S be an étale morphism of schemes. Let G be a
quasi-coherent Og-module. Let u € U be a point with image s € S. Then

u € WeakAss(h*G) & s € WeakAss(G)

Proof. After replacing S and U by affine neighbourhoods of s and u we may assume
that ¢ is a standard étale morphism of affines, see Morphisms, Lemma [36.14] Thus
we may assume S = Spec(A) and X = Spec(A[x,1/g]/(f)), where f is monic
and f’ is invertible in Afx,1/g]. Note that A[z,1/g]/(f) = (A[z]/(f)), is also the
localization of the finite free A-algebra A[z]/(f). Hence we may think of U as an
open subscheme of the scheme T' = Spec(A[z]/(f)) which is finite locally free over
S. This reduces us to Lemma above. (]

Lemma 2.9. Let S be a scheme and s € S a point. Denote O% . (resp. ngbs) the
henselization (resp. strict henselization), see Algebra, Definition|155.9 Let F be a
quasi-coherent Og-module. The following are equivalent

(1) s is a weakly associated point of F,

(2) my is a weakly associated prime of Fs,
(3) ml is a weakly associated prime of F, R0s.. OZY,s, and
(4) ms" is a weakly associated prime of Fs oy, O

Proof. The equivalence of (1) and (2) is the definition, see Divisors, Definition 5.1]
The implications (2) = (3) = (4) follows from Divisors, Lemma [6.4] applied to the
flat (More on Algebra, Lemma [45.1)) morphisms

Spec(Og}fs) — Spec(Ogs) — Spec(Os.s)

and the closed points. To prove (4) = (2) we may replace S by an affine neigh-
bourhood. Suppose that z € Fs ®os, O is an element whose annihilator has
radical equal to m$". (See Algebra, Lemma ) Since ng‘s is equal to the limit
of Oy, over étale neighbourhoods f : (U,u) — (S, s) by Algebra, Lemma
we may assume that 2 is the image of some 2’ € Fs ®0 , Ov,. The local ring map
Ovu — ngls is faithfully flat (as it is the strict henselization), hence universally
injective (Algebra, Lemma[82.11)). It follows that the annihilator of 2’ is the inverse
image of the annihilator of z. Hence the radical of this annihilator is equal to m,,.
Thus u is a weakly associated point of f*F. By Lemma [2.8] we see that s is a
weakly associated point of F. g
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3. The local structure of a finite type module

The key technical lemma that makes a lot of the arguments in this chapter work is
the geometric Lemma

Lemma 3.1. Let f: X — S be a finite type morphism of affine schemes. Let
F be a finite type quasi-coherent Ox-module. Let © € X with image s = f(x)
in S. Set Fs = F|x.. Then there exist a closed immersion i : Z — X of finite
presentation, and a quasi-coherent finite type Oz-module G such that .G = F and
Zs = Supp(Fs).

Proof. Say the morphism f : X — S is given by the ring map A — B and
that F is the quasi-coherent sheaf associated to the B-module M. By Morphisms,
Lemma [15.2] we know that A — B is a finite type ring map, and by Properties,
Lemma [16.1] we know that M is a finite B-module. In particular the support of
F is the closed subscheme of Spec(B) cut out by the annihilator I = {x € B |
am =0Vm € M} of M, see Algebra, Lemma Let g C B be the prime ideal
corresponding to x and let p C A be the prime ideal corresponding to s. Note that
Xs = Spec(B ®4 k(p)) and that F; is the quasi-coherent sheaf associated to the
B ®4 k(p) module M ®4 k(p). By Morphisms, Lemma the support of Fy is
equal to V(I(B ®4 x(p))). Since B ®4 k(p) is of finite type over x(p) there exist
finitely many elements f1,..., fn € I such that

I(B®a k(p)) = (f1, - fu)(B®a K(p)).
Denote i : Z — X the closed subscheme cut out by (f1,...,fm), in a formula
7Z = Spec(B/(f1,---sfm)). Since M is annihilated by I we can think of M as
an B/(f1,..., fm)-module. In other words, F is the pushforward of a finite type
module on Z. As Z; = Supp(Fs) by construction, this proves the lemma. O

Lemma 3.2. Let f: X — S be morphism of schemes which is locally of finite

type. Let F be a finite type quasi-coherent Ox-module. Let x € X with image

s=f(z) in S. Set Fs = F|x. and n = dim, (Supp(Fs)). Then we can construct
(1) elementary étale neighbourhoods g : (X', 2') = (X, z), e: (5,5") — (S, s),
(2) a commutative diagram

X<~—X'~—7

g 7
iﬂ

f Y’

|
S<- 8 ==
(3) apoint 2’ € Z' with i(z") =a', y =n('), h(y') = ¢,
(4) a finite type quasi-coherent Oz -module G,
such that the following properties hold

) X', 7', Y, S are affine schemes,

) @ is a closed immersion of finite presentation,
) ix(9) = g"F,

) 7w is finite and 7= ({y'}) = {7},

)

(1
(2
(3
(4
(5) the extension k(y')/k(s") is purely transcendental,
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(6) h is smooth of relative dimension n with geometrically integral fibres.

Proof. Let V C S be an affine neighbourhood of s. Let U C f~1(V) be an affine
neighbourhood of z. Then it suffices to prove the lemma for f|y : U — V and Fly.
Hence in the rest of the proof we assume that X and S are affine.

First, suppose that X; = Supp(Fs), in particular n = dim,(X,). Apply More on
Morphisms, Lemmas and This gives us a commutative diagram

X?XI

lﬂ
Y/
|
——
and point ' € X'. We set Z/ = X', i = id, and G = ¢g*F to obtain a solution in
this case.
In general choose a closed immersion Z — X and a sheaf G on Z as in Lemma
B3] Applying the result of the previous paragraph to Z — S and G we obtain a
diagram

X~—Z<~—7

|-
|

§=——95<°% g
and point 2z’ € Z’ satisfying all the required properties. We will use Lemma to
embed Z’ into a scheme étale over X. We cannot apply the lemma directly as we
want X’ to be a scheme over S’. Instead we consider the morphisms

Z’HZXSS/H—XXSS/

The first morphism is étale by Morphisms, Lemma The second is a closed
immersion as a base change of a closed immersion. Finally, as X, S, §’, Z, Z'
are all affine we may apply Lemma to get an étale morphism of affine schemes
X' — X xg 8’ such that

7' = (Z Xs SI) X(Xx58") X' =7 X x X'

As Z — X is a closed immersion of finite presentation, so is Z’ — X’. Let 2’ € X'
be the point corresponding to 2’ € Z’. Then the completed diagram

X<~—X'~—7

-

Y/

|

Y
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is a solution of the original problem. a

Lemma 3.3. Assumptions and notation as in Lemma . If f is locally of finite
presentation then m is of finite presentation. In this case the following are equivalent

(1) F is an Ox-module of finite presentation in a neighbourhood of x,
(2) G is an Oz -module of finite presentation in a neighbourhood of z', and
(3) mG is an Oy:-module of finite presentation in a neighbourhood of y'.

Still assuming f locally of finite presentation the following are equivalent to each
other

(a) Fy is an Ox z-module of finite presentation,
(b) G, is an Oz -module of finite presentation, and
(¢) (mG)y is an Oy -module of finite presentation.

Proof. Assume f locally of finite presentation. Then Z' — S is locally of finite
presentation as a composition of such, see Morphisms, Lemma Note that
Y’ — S is also locally of finite presentation as a composition of a smooth and
an étale morphism. Hence Morphisms, Lemma [21.17] implies 7 is locally of finite
presentation. Since 7 is finite we conclude that it is also separated and quasi-
compact, hence 7 is actually of finite presentation.

To prove the equivalence of (1), (2), and (3) we also consider: (4) ¢*F is a Ox/-
module of finite presentation in a neighbourhood of z’. The pullback of a module
of finite presentation is of finite presentation, see Modules, Lemma Hence (1)
= (4). The étale morphism g is open, see Morphisms, Lemma Hence for
any open neighbourhood U’ C X’ of #’, the image g(U’) is an open neighbourhood
of z and the map {U" — ¢g(U’)} is an étale covering. Thus (4) = (1) by Descent,
Lemma Using Descent, Lemma and some easy topological arguments (see
More on Morphisms, Lemma [47.4) we see that (4) < (2) < (3).

To prove the equivalence of (a), (b), (¢) consider the ring maps
OX@ — OX/J/ — Ozl,zl — Oyl7y/

The first ring map is faithfully flat. Hence F, is of finite presentation over Ox ,
if and only if g* F,- is of finite presentation over Ox ,/, see Algebra, Lemma
The second ring map is surjective (hence finite) and finitely presented by assump-
tion, hence g*F, is of finite presentation over Ox , if and only if G,/ is of finite
presentation over Oz ./, see Algebra, Lemma Because 7 is finite, of finite
presentation, and 7~1({y'}) = {2’} the ring homomorphism Oy, + Oz . is
finite and of finite presentation, see More on Morphisms, Lemma Hence G
is of finite presentation over Oy .. if and only if 7,G, is of finite presentation over
Oy 4, see Algebra, Lemma ]

Lemma 3.4. Assumptions and notation as in Lemma . The following are
equivalent

(1) F is flat over S in a neighbourhood of x,

(2) G is flat over S" in a neighbourhood of z', and

(3) G is flat over S’ in a neighbourhood of y'.
The following are equivalent also

(a) Fy is flat over Og s,
(b) G.: is flat over Og/ &, and
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(C) (ﬂ-*g)y’ 18 ﬂat over 05/73/ .

Proof. To prove the equivalence of (1), (2), and (3) we also consider: (4) g*F is
flat over S in a neighbourhood of z/. We will use Lemma to equate flatness
over S and S’ without further mention. The étale morphism ¢ is flat and open, see
Morphisms, Lemma Hence for any open neighbourhood U’ € X’ of 2/, the
image g(U’) is an open neighbourhood of 2 and the map U’ — ¢(U’) is surjective
and flat. Thus (4) < (1) by Morphisms, Lemma [25.13] Note that

NX',g"F)=T(Z',G) =T(Y', 7.G)

Hence the flatness of g*F, G and .G over S’ are all equivalent (this uses that X',
Z',Y' and S’ are all afﬁne) Some omitted topological arguments (compare More
on Morphlsms Lemma [47.4) regarding affine neighbourhoods now show that (4)
< (2) & (3).

To prove the equivalence of (a), (b), (c) consider the commutative diagram of local
ring maps

OX/7];/ LH OZ’,z' ? OY/,y/ T OS’,S'

| i
OX,fc ‘ OS,S

We will use Lemma to equate flatness over Og s and Ogr o without further
mention. The map ~ is faithfully flat. Hence F, is flat over Og; if and only if

g*Fur is flat over Ogr o, see Algebra, Lemma[39.9} As Og: »-modules the modules
9*Fu, Go, and .G, are all isomorphic, see More on Morphisms, Lemma [@
This finishes the proof.

4. One step dévissage

In this section we explain what is a one step dévissage of a module. A one step
dévissage exist étale locally on base and target. We discuss base change, Zariski
shrinking and étale localization of a one step dévissage.

Definition 4.1. Let S be a scheme. Let X be locally of finite type over S. Let
F be a quasi-coherent Ox-module of finite type. Let s € .S be a point. A one step
dévissage of F/X/S over s is given by morphisms of schemes over S

X<‘—7- "5y
and a quasi-coherent Oz-module G of finite type such that
) X, S, Z and Y are affine,
) iis a closed immersion of finite presentation,
) F=i.G,
) 7 is finite, and
)

the structure morphism Y — S is smooth with geometrically irreducible
fibres of dimension dim(Supp(Fs)).

(1
(2
(3
(4
(5

In this case we say (Z,Y,i,7,G) is a one step dévissage of F/X/S over s.

Note that such a one step dévissage can only exist if X and S are affine. In the
definition above we only require X to be (locally) of finite type over S and we
continue working in this setting below. In [GR7I] the authors use consistently the
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setup where X — S is locally of finite presentation and F quasi-coherent Ox-
module of finite type. The advantage of this choice is that it “makes sense” to ask
for F to be of finite presentation as an Ox-module, whereas in our setting it “does
not make sense”. Please see More on Morphisms, Section for a discussion; the
observations made there show that in our setup we may consider the condition of F
being “locally of finite presentation relative to S”, and we could work consistently
with this notion. Instead however, we will rely on the results of Lemma [3.3 and the
observations in Remark to deal with this issue in an ad hoc fashion whenever
it comes up.

Definition 4.2. Let S be a scheme. Let X be locally of finite type over S. Let
F be a quasi-coherent O x-module of finite type. Let x € X be a point with image
sin S. A one step dévissage of F/X/S at x is a system (Z,Y,i,7,G, z,y), where
(Z,Y,i,7,G) is a one step dévissage of F/X/S over s and

(1) dimg(Supp(Fs)) = dim(Supp(Fs)),
(2) z € Z is a point with i(z) = z and 7(z) =y,
(3) we have 7 ({y}) = {=},
(4) the extension k(y)/k(s) is purely transcendental.

A one step dévissage of F/X/S at x can only exist if X and S are affine. Condition
(1) assures us that Y — S has relative dimension equal to dim,(Supp(Fs)) via
condition (5) of Definition

Lemmal 4.3. Let f : X — S be morphism of schemes which is locally of finite
type. Let F be a finite type quasi-coherent Ox-module. Let x € X with image
s= f(x) in S. Then there exists a commutative diagram of pointed schemes

(Xv .’E) <T (X/a x/)

]

(Sa 5) <~ (S/’ s/)

such that (S’,8') — (S,s) and (X',2") — (X,z) are elementary étale neighbour-
hoods, and such that g*F/X'/S" has a one step dévissage at x’.

Proof. This is immediate from Definition [£.2] and Lemma [3.2 O

Lemmal 4.4. Let S, X, F, s be as in Definition . Let (Z,Y,i,7m,G) be a one
step dévissage of F/X/S over s. Let (S',s") — (S,s) be any morphism of pointed
schemes. Given this data let X', Z') Y’ i', 7’ be the base changes of X, Z,Y, i, via
S"— S. Let F' be the pullback of F to X' and let G' be the pullback of G to Z'. If
S’ is affine, then (Z')Y',i',7',G") is a one step dévissage of F'/X'/S" over s'.

Proof. Fibre products of affines are affine, see Schemes, Lemma [I7.2] Base change
preserves closed immersions, morphisms of finite presentation, finite morphisms,
smooth morphisms, morphisms with geometrically irreducible fibres, and mor-
phisms of relative dimension n, see Morphisms, Lemmas
and More on Morphisms, Lemma We have i,G’ = F’ because push-
forward along the finite morphism ¢ commutes with base change, see Cohomology
of Schemes, Lemma5.1 We have dim(Supp(F;)) = dim(Supp(F.,)) by Morphisms,
Lemma [28.3] because
Supp(Fs) X 8" = Supp(FL).
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This proves the lemma. O

Lemma 4.5. Let S, X, F, x, s be as in Definition . Let (Z,Y,i,7,G,z,y) be
a one step dévissage of F/X/S at x. Let (S',s") — (S, s) be a morphism of pointed
schemes which induces an isomorphism k(s) = k(s'). Let (Z',Y',i',7',G") be as
constructed in Lemma and let ' € X' (resp. 2/ € Z', y € Y') be the unique
point mapping to bothx € X (resp. z€ Z, ye Y ) and s’ € S'. If S’ is affine, then
(ZY', i\ 7', G, 2 y') is a one step dévissage of F'/X'/S" at x’.

Proof. By Lemma [4.4] (Z',Y’,i',7',G’) is a one step dévissage of .7:’/X /S" over
s’. Properties (1) — ( ) of Deﬁmtlon [4.2 hold for (Z',Y",i,7,G',2',y’) as the
assumption that x(s) = k(s’) insures that the fibres X/,, Z,, and Y’ are isomorphic
to Xs, Zs, and Y. O

Definition 4.6. Let S, X, F, z, s be as in Deﬁnition Let (Z,Y,i,7,G, z,y)
be a one step dévissage of F/X/S at x. Let us define a standard shrinking of this
situation to be given by standard opens 8’ C S, X' C X, Z' C Z,and Y’ C Y such
that s€ S’, v € X', z € Z’, and y € Y’ and such that

(Z".Y' ilz 72,6z, 2,y)
is a one step dévissage of F|x//X'/S" at .

Lemma 4.7. With assumption and notation as in Deﬁnitz’on we have:

(1) If 8" C S is a standard open neighbourhood of s, then setting X' = Xgr,
7' =Zs andY' =Yg we obtain a standard shrinking.

(2) Let W C Y be a standard open neighbourhood of y. Then there exists a
standard shrinking with Y =W xg S’.

(3) Let U C X be an open neighbourhood of x. Then there exists a standard
shrinking with X' C U.

Proof. Part (1) is immediate from Lemma [4.5and the fact that the inverse image
of a standard open under a morphism of affine schemes is a standard open, see

Algebra, Lemma

Let W C Y asin (2). Because Y — S is smooth it is open, see Morphisms, Lemma
Hence we can find a standard open neighbourhood S’ of s contained in
the image of W. Then the fibres of Ws» — S’ are nonempty open subschemes
of the fibres of Y — S over S’ and hence geometrically irreducible too. Setting
Y’ = Ws and Z’ = 771 (Y”) we see that Z' C Z is a standard open neighbourhood
of 2. Let h € T'(Z,0z) be a function such that Z’ = D(h). Asi: Z — X is a
closed immersion, we can find a function h € T'(X, Ox) such that i*(h) = h. Take
X" = D(h) C X. In this way we obtain a standard shrinking as in (2).

Let U C X be as in (3). We may after shrinking U assume that U is a standard
open. By More on Morphisms, Lemma [47.4] there exists a standard open W C Y
neighbourhood of y such that #=1(W) C i~}(U). Apply (2) to get a standard
shrinking X'/, 5", 2", Y’ with Y/ = Wg.. Since 72/ C 7= 1(W) C i~ *(U) we may
replace X’ by X' NU (still a standard open as U is also standard open) without
violating any of the conditions defining a standard shrinking. Hence we win. O
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05HE Lemma 4.8. Let S, X, F, x, s be as in Definition . Let (Z,Y,i,7,G,2,y) be
a one step dévissage of F/X/S at x. Let

Y,y) =— (Y',)

L

(Sa 5) <~ (Sla 5/)

be a commutative diagram of pointed schemes such that the horizontal arrows are
elementary étale neighbourhoods. Then there exists a commutative diagram

X// I Z// I/
/% Y// //

/K/

of pointed schemes with the following properties:

(1) (8",8") = (5',5') is an elementary étale neighbourhood and the morphism
S" — S is the composition S"” — S' — S,

(2) Y" is an open subscheme of Y’ x g/ S”,

(3) 2" = Z xy Y",

(4) (X", 2") = (X, z) is an elementary étale neighbourhood, and

(5) (2", Y",i" 7", G", 2", y") is a one step dévissage at x" of the sheaf F"'.

Here F" (resp. g”) is the pullback of F (resp. G) via the morphism X" — X (resp.
7" = Z)andi" : Z" — X" and 7" : Z" = Y" are as in the diagram.

Proof. Let (5”,s") — (5,s') be any elementary étale neighbourhood with S”
affine. Let Y C Y’ x5/ S” be any affine open neighbourhood containing the point
y" = (v, ¢"). Then we obtain an affine (Z”,2") by (3). Moreover Zg» — Xgn
is a closed immersion and Z” — Zg~ is an étale morphism. Hence Lemma
applies and we can find an étale morphism X" — Xg/ of affines such that Z” =
X" xx, Zs. Denote i : Z" — X" the corresponding closed immersion. Setting
x” = i"(2") we obtain a commutative diagram as in the lemma. Properties (1),
(2), (3), and (4) hold by construction. Thus it suffices to show that (5) holds for a
suitable choice of (S”,s") — (5',s") and Y.

We first list those properties which hold for any choice of (5", s”) — (5, s") and Y
as in the first paragraph. As we have Z” = X" X x Z by construction we see that
i/G" = F” (with notation as in the statement of the lemma), see Cohomology of
Schemes, Lemma Set n = dim(Supp(Fs)) = dim, (Supp(Fs)). The morphism
Y — S” is smooth of relative dimension n (because Y’ — S’ is smooth of relative
dimension n as the composition Y’ — Yg — S’ of an étale and smooth morphism
of relative dimension n and because base change preserves smooth morphisms of
relative dimension n). We have x(y”) = k(y) and s(s) = k(s”) hence (y”) is a
purely transcendental extension of £(s”). The morphism of fibres X7, — X is an
étale morphism of affine schemes over £(s) = x(s”) mapping the point z” to the
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point z and pulling back F; to F2,. Hence
dim(Supp(F.)) = dim(Supp(Fs)) = n = dim, (Supp(Fs)) = dim,~ (Supp(F))

because dimension is invariant under étale localization, see Descent, Lemma [21.2

As 7" 1 Z" — Y" is the base change of  we see that 7"/ is finite and as k(y) = k(y")
we see that 7=1({y"}) = {2}

At this point we have verified all the conditions of Definition except we have
not verified that Y — S” has geometrically irreducible fibres. Of course in general
this is not going to be true, and it is at this point that we will use that x(s) C k(y)
is purely transcendental. Namely, let T' C Y], be the irreducible component of Y},
containing ¢y’ = (y, s’). Note that T is an open subscheme of Y/, as this is a smooth
scheme over k(s’). By Varieties, Lemma we see that T is geometrically con-
nected because k(s') = k(s) is algebraically closed in k(y') = x(y). As T is smooth
we see that T is geometrically irreducible. Hence More on Morphisms, Lemma [46.4
applies and we can find an elementary étale morphism (S”,s"”) — (5’,s’) and an
affine open Y C Y{,, such that all fibres of Y — S” are geometrically irreducible
and such that T = Y/,. After shrinking (first Y and then S”) we may assume
that both Y and S” are affine. This finishes the proof of the lemma. O

Lemma 4.9. Let S, X, F, s be as in Definition . Let (Z,Y,i,m,G) be a one
step dévissage of F/X/S over s. Let £ € Yy be the (unique) generic point. Then
there exists an integer r > 0 and an Oy -module map

(673 O;‘;T — ﬂ-*g
such that
[0 H}(é.)@r — (W*g)f ®Oy,5 K’(f)

is an isomorphism. Moreover, in this case we have
dim (Supp(Coker(a)s)) < dim(Supp(Fs)).

Proof. By assumption the schemes S and Y are affine. Write S = Spec(A) and
Y = Spec(B). As 7 is finite the Oy-module .G is a finite type quasi-coherent Oy -
module. Hence m,G = N for some finite B-module N. Let p C B be the prime ideal
corresponding to . To obtain a set r = dim,,,) N ®p £(p) and pick z1,..., 2, € N
which form a basis of N ®p r(p). Take a : B®" — N to be the map given by
the formula a(by,...,b.) = > byz;. It is clear that a : k(p)®" — N ®p k(p) is an
isomorphism as desired. Finally, suppose « is any map with this property. Then
N’ = Coker(«) is a finite B-module such that N’®&k(p) = 0. By Nakayama’s lemma
(Algebra, Lemma we see that Nj = 0. Since the fibre Y; is geometrically
irreducible of dimension n with generic point £ and since we have just seen that &
is not in the support of Coker(«) the last assertion of the lemma holds. O

5. Complete dévissage

In this section we explain what is a complete dévissage of a module and prove that
such exist. The material in this section is mainly bookkeeping.

Definition 5.1. Let S be a scheme. Let X be locally of finite type over S. Let
F be a quasi-coherent O x-module of finite type. Let s € S be a point. A complete
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dévissage of F/X/S over s is given by a diagram

X%Zl

21
J/Trl

Yi<— 2

12
J(Wz

Yo<—- 23

|

|

Y,
of schemes over S, finite type quasi-coherent Oz, -modules G, and Oy, -module
maps
ak:Og?:’”‘—)wk,*gk, k:].,...,n
satisfying the following properties:

(1) (Z1,Y1,41,m1,G1) is a one step dévissage of F/X/S over s,
(2) the map «y, induces an isomorphism

K(E)P™ — (TG ey, R0y, o, K(ER)

where &, € (Y%)s is the unique generic point,
(3) for k = 2,...,n the system (Zg, Yy, ir, 7k, Gx) is a one step dévissage of
Coker(ag—1)/Yr—1/S over s,
(4) Coker(ay,) = 0.
In this case we say that (Zy, Y%, ik, Tk, Gk, 0% )k=1,...n is & complete dévissage of
F/X/S over s.

Definition 5.2. Let S be a scheme. Let X be locally of finite type over S. Let
F be a quasi-coherent O x-module of finite type. Let x € X be a point with image
s € S. A complete dévissage of F/X/S at x is given by a system

(Zk, Yis ity Ty Gher Qs 20, Yk ) k=1,....m

such that (Zg, Yy, ik, 7k, Gk, %) is a complete dévissage of F/X/S over s, and such
that

(1) (Z1,Y1,41,71,G1,21,y1) is a one step dévissage of F/X/S at z,

(2) for k=2,...,n the system (Zy, Y, ix, 7k, Gk, 2k, Yx) is a one step dévissage
of Coker(ag—1)/Yr-1/S at yr_1.

Again we remark that a complete dévissage can only exist if X and S are affine.

Lemmal 5.3. Let S, X, F, s be as in Definition . Let (5,8") — (S,s) be
any morphism of pointed schemes. Let (Zx, Yy, ik, Tk, Gk, Ok)k=1,....n be a complete
dévissage of F /X /S over s. Given this data let X', Z}., Y[, i}, 7. be the base changes
of X, Zy, Yy, ik, via 8" — S. Let F' be the pullback of F to X' and let G, be
the pullback of Gy, to Z;,. Let v, be the pullback of au to Y). If S’ is affine, then
(Z,, Y, 0, Ty Gy @ Jk=1,...n 1S a complete dévissage of F'/X'/S" over s'.
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Proof. By Lemmal4.4|we know that the base change of a one step dévissage is a one
step dévissage. Hence it suffices to prove that formation of Coker(cy) commutes
with base change and that condition (2) of Definition is preserved by base
change. The first is true as m, G is the pullback of 7 .Gy (by Cohomology of
Schemes, Lemma and because ® is right exact. The second because by the
same token we have

(Trky*gk)fk ®0ka§k /{(gk) ®H(£;€) H(f;c) = (ﬂllﬁ,*gllﬁ)fé ®OYI£’5;¢ K(gllﬁt)
with obvious notation. O

Lemmal 5.4. Let S, X, F, x, s be as in Definition . Let (S',s") — (S,s)
be a morphism of pointed schemes which induces an isomorphism k(s) = k(s').
Let (Zy, Yk, ik, T, Ok, Qs Zky Yk ) k=1,....n. De @ complete dévissage of F/X/S at x.
Let (Z;,,Y], 4, 7}, Gry Q) )k=1,... n De as constructed in Lemma and let ' € X'
(resp. zj, € Z', y). € Y') be the unique point mapping to both x € X (resp. zi, € Zy,
yr € Yi) and s' € S'. If S' is affine, then (Z),,Y), 1}, 7)., Gir Qs 23y Ui ) k=1,....n 05 @
complete dévissage of F'/X'/S" at x'.

Proof. Combine Lemma [5.3] and Lemma [4.5 O

Definition 5.5. Let S, X, F, x, s be as in Definition Consider a complete
dévissage (Z, Y, ik, Tk, Gk, Ok, 2k, Yk )k=1,....n Of F/X/S at . Let us define a stan-
dard shrinking of this situation to be given by standard opens S’ C S, X’ C X,
Z;, C Zy, and Y] C Yy, such that s € S,z € X/, 2, € Z’, and y, € Y’ and such
that

(Zl/cv Yk/v ii’w ﬂ-;w gllcv O‘;m Zk; yk)k=1,.<.,n
is a one step dévissage of F'/X'/S" at x where G = Gk|z; and F' = F|x-.

Lemmal 5.6. With assumption and notation as in Definition we have:

(1) If 8" € S is a standard open neighbourhood of s, then setting X' = Xgr,
Z, =Zg and Y] =Yg we obtain a standard shrinking.

(2) Let W C Y, be a standard open neighbourhood of y. Then there exists a
standard shrinking with Y, =W xg S’.

(3) Let U C X be an open neighbourhood of x. Then there exists a standard
shrinking with X' C U.

Proof. Part (1) is immediate from Lemmas and

Proof of (2). For convenience denote X = Yy. We apply Lemma to find a
standard shrinking S”,Y,! _;, Z! )Y, of the one step dévissage of Coker(a,—1)/Y,—1/S
at y,—1 with Y, = W xg S’. We may repeat this procedure and find a standard
shrinking S”, Y, ,,Z!'_,,Y,” ; of the one step dévissage of Coker(a,—2)/Y,—2/S
at yp—o with Y, | =Y, _; xgS”. We may continue in this manner until we obtain
s YO("), Z{"), Yl(”). At this point it is clear that we obtain our desired standard
shrinking by taking S, X () Z,(cn_k) xS and Yk(n_k) x g9 with the desired
property.

Proof of (3). We use induction on the length of the complete dévissage. First
we apply Lemma to find a standard shrinking S’, X', Z1,Y{ of the one
step dévissage of F/X/S at  with X’ C U. If n = 1, then we are done. If
n > 1, then by induction we can find a standard shrinking S”, Y{’, Z}/, and Y} of
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the complete dévissage (Zk, Y, ik, Tk, Gk, Ok, 2k, Yk ) k=2,....n Of Coker(a1)/Y1/S at
z such that Y{" C Y{. Using Lemma [£.7] (2) we can find S C S, X" C X', Z{"
and Y{" =Y/ xg 8" which is a standard shrinking. The solution to our problem
is to take

1" " 11 " 1 111 1" 1" 1 ua 1" 111
S ,X 7Z17 1 ,Z2 sz ,Y2 Xss 7...,Zn Xss ,Yn sz
This ends the proof of the lemma. O

Proposition 5.7. Let S be a scheme. Let X be locally of finite type over S. Let
x € X be a point with image s € S. There exists a commutative diagram

(X7 x) <T (X/a ‘rl)

L

(S,5) <——(5",5)

of pointed schemes such that the horizontal arrows are elementary étale neighbour-
hoods and such that g*F/X'/S" has a complete dévissage at x.

Proof. We prove this by induction on the integer d = dim,, (Supp(Fs)). By Lemma
[4:3] there exists a diagram

(X,2) < (X,2)

L

(5,8) =——(5",)

of pointed schemes such that the horizontal arrows are elementary étale neigh-
bourhoods and such that ¢g*F/X’/S" has a one step dévissage at a’. The local
nature of the problem implies that we may replace (X,z) — (5,s) by (X', 2’) —
(8’,s"). Thus after doing so we may assume that there exists a one step dévissage
(Zl,Yl,il,ﬂ'l,g1) Off/X/S at x.

We apply Lemma [£.9] to find a map

a7 - O;‘%ﬁ — 7717*91

which induces an isomorphism of vector spaces over x(£;) where & € Yj is the
unique generic point of the fibre of Y7 over s. Moreover dim,;, (Supp(Coker(ay),)) <
d. Tt may happen that the stalk of Coker(ay)s at y; is zero. In this case we may

shrink Y7 by Lemma and assume that Coker(a;) = 0 so we obtain a complete
dévissage of length zero.

Assume now that the stalk of Coker(a)s at y; is not zero. In this case, by induction,
there exists a commutative diagram

(Y1,11) i (Y{,y1)
(5.7.1) i l
(S,8) =—— (5", ¢")

of pointed schemes such that the horizontal arrows are elementary étale neighbour-
hoods and such that h* Coker(ay)/Y{/S’ has a complete dévissage

(Zk‘a Yk7 ika Tk, gk; Ay 2Ly yk)k:Z,...,n
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at y;. (In particular is : Zo — Y] is a closed immersion into Y;.) At this point we
apply Lemmato S, X, F,x,s, the system (Z7, Y7,141,m1,G1) and diagram (5.7.1)).
We obtain a diagram

(X", a") <— (2{,24)

e

(X, 2) <— (21, 21) (57, 8") =<—— (1", 9)

| A

(S’ S) -~ (Yi’yl)

with all the properties as listed in the referenced lemma. In particular Y]’ C
Y] x5 S8”. Set X; =Y{ xg S” and let F; denote the pullback of Coker(a;). By
Lemma [5.4] the system
(572) (Zk X Sllvyk Xgr Sllvi;clv’frgvgg7agvzl/c,vy;cl)k:2 ..... n
is a complete dévissage of F; to X;. Again, the nature of the problem allows us to
replace (X, x) — (S, s) by (X", 2") — (5", s"). In this we see that we may assume:
(a) There exists a one step dévissage (Z1,Y1,i1,m1,G1) of F/X/S at x,
(b) there exists an «; : (9;‘21” — m1..G1 such that @ ® x(&1) is an isomorphism,
(¢) Y1 C X, is open, y; = x1, and Fil|y, = Coker(ay), and
(d) there exists a complete dévissage (Zi, Yk, ik, Tk, Gk, Ok, 2k, Yk ) k=2
]:1/X1/S at xI1.
To finish the proof all we have to do is shrink the one step dévissage and the
complete dévissage such that they fit together to a complete dévissage. (We suggest
the reader do this on their own using Lemmas [£.7] and [5.6] instead of reading the
proof that follows.) Since Y; C X is an open neighbourhood of z; we may apply
Lemma, to find a standard shrinking S, X7, Z5,Yy, ..., Y, of the datum (d)
so that X| C Y;. Note that X7 is also a standard open of the affine scheme Y;.
Next, we shrink the datum (a) as follows: first we shrink the base S to S, see
Lemma [4.7] (1)) and then we shrink the result to S”, X", Z{', Y/’ using Lemma
such that eventually Y{" = X| xg 5" and S” C S’. Then we see that

Zi/,Yll/,Zé X g1 SH,Yg X g SH, e ,Y/L X g S”

gives the complete dévissage we were looking for. O

,,,,,

Some more bookkeeping gives the following consequence.

Lemmal 5.8. Let X — S be a finite type morphism of schemes. Let F be a finite
type quasi-coherent Ox-module. Let s € S be a point. There exists an elementary
étale neighbourhood (S’,s") — (S,s) and étale morphisms h; : Y; = Xg, i =
1,...,n such that for each i there exists a complete dévissage of F;/Y;/S' over s,
where F; is the pullback of F to Y; and such that X5 = (Xg)s C |Jhi(Y3).

Proof. For every point x € X, we can find a diagram

(X.2) <5 (X'.2)

L

(S, 8) -~ (Slv SI)
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of pointed schemes such that the horizontal arrows are elementary étale neighbour-
hoods and such that ¢*F/X'/S’ has a complete dévissage at /. As X — S is of
finite type the fibre X, is quasi-compact, and since each g : X’ — X as above is
open we can cover X, by a finite union of g(X7,). Thus we can find a finite family
of such diagrams

(X, 1) <5 (X[, )

i 17 2

l | i

(S’ S) <~ (Sév S;)
such that Xy = |Jgi(Xj;). Set S’ = 5] xg ... xg 5], and let V; = X; x5 S’ be the
base change of X! to S’. By Lemma we see that the pullback of F to Y; has a
complete dévissage over s and we win. O

6. Translation into algebra

It may be useful to spell out algebraically what it means to have a complete dévis-
sage. We introduce the following notion (which is not that useful so we give it an
impossibly long name).

Definition 6.1. Let R — S be a ring map. Let q be a prime of S lying over the
prime p of R. A elementary étale localization of the ring map R — S at q is given
by a commutative diagram of rings and accompanying primes

T;)ST/ q7q/
R—>R  p—y

such that R — R’ and S — S’ are étale ring maps and x(p) = s(p’) and k(q) =
w(d).

Definition 6.2. Let R — S be a finite type ring map. Let t be a prime of R.
Let N be a finite S-module. A complete dévissage of N/S/R over t is given by
R-algebra maps

VAWV VAN

finite A;-modules M; and B;-module maps «; : BZ-@” — M; such that

n

) B; — A;41 is surjective and of finite presentation,

) B, — Az is ﬁnite,

) R — B; is smooth with geometrically irreducible fibres,

) N = M; as S-modules,

) Coker(a;) = M;11 as B;-modules,

) a;: k(pi)®T — M; ®p, k(p;) is an isomorphism where p; = tB;, and

) Coker(ay,) = 0.

In this situation we say that (A;, B;, M;, ®;)i=1,.., is a complete dévissage of
N/S/R over t.
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Remark]| 6.3. Note that the R-algebras B; for all i and A; for ¢ > 2 are of finite
presentation over R. If S is of finite presentation over R, then it is also the case that
Ay is of finite presentation over R. In this case all the ring maps in the complete
dévissage are of finite presentation. See Algebra, Lemma Still assuming S of
finite presentation over R the following are equivalent

(1) M is of finite presentation over S,

(2) M is of finite presentation over Aq,

(3) M, is of finite presentation over By,

(4) each M; is of finite presentation both as an A;-module and as a B;-module.

The equivalences (1) < (2) and (2) < (3) follow from Algebra, Lemma [36.23] If
M is finitely presented, so is Coker(ay) (see Algebra, Lemma and hence My,
etc.

Definition 6.4. Let R — S be a finite type ring map. Let q be a prime of S lying
over the prime t of R. Let N be a finite S-module. A complete dévissage of N/S/R
at q is given by a complete dévissage (A4;, B;, M;, «;)i=1....n of N/S/R over v and
prime ideals q; C B; lying over t such that

(1) s(r) C k(g;) is purely transcendental,

(2) there is a unique prime q; C A; lying over q, C B;,

(3) a=4q1 NS and q; = q;,, N A,
(4) R — B; has relative dimension dimg, (Supp(M; ®g £(t))).

.....

Remark/6.5. Let A — B be a finite type ring map and let N be a finite B-module.
Let q be a prime of B lying over the prime t of A. Set X = Spec(B), S = Spec(A4)
and F = N on X. Let z be the point corresponding to q and let s € .S be the point
corresponding to p. Then

(1) if there exists a complete dévissage of F/X/S over s then there exists a
complete dévissage of N/B/A over p, and
(2) there exists a complete dévissage of F/X/S at x if and only if there exists
a complete dévissage of N/B/A at q.
There is just a small twist in that we omitted the condition on the relative dimension
in the formulation of “a complete dévissage of N/B/A over p” which is why the
implication in (1) only goes in one direction. The notion of a complete dévissage

at q does have this condition built in. In any case we will only use that existence
for /X /S implies the existence for N/B/A.

Lemmal 6.6. Let R — S be a finite type ring map. Let M be a finite S-module.
Let q be a prime ideal of S. There exists an elementary étale localization R’ —
S’'.q',p" of the ring map R — S at q such that there exists a complete dévissage of
(M ®sS")/S"/R atq'.

Proof. This is a reformulation of Proposition [5.7] via Remark [6.5] O

7. Localization and universally injective maps

Lemma 7.1. Let R — S be a ring map. Let N be a S-module. Assume
(1) R is a local ring with maximal ideal m,
(2) S=S/mS is Noetherian, and
(3) N = N/mgN is a finite S-module.
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Let Y C S be the multiplicative subset of elements which are not a zerodivisor on N.
Then ©71S is a semi-local Ting whose spectrum consists of primes q C S contained
in an element of Asss(N). Moreover, any mazimal ideal of X~1S corresponds to
an associated prime of N over S.

Proof. Note that Assg(IN) = Assg(NV), see Algebra, Lemma This is a finite
set by Algebra, Lemma Say {q1,...,q,} = Assg(N). We have ¥ = S\ (Jq;)
by Algebra, Lemma By the description of Spec(¥71S) in Algebra, Lemma
and by Algebra, Lemma[15.2] we see that the primes of ¥ 'S correspond to the
primes of S contained in one of the q;. Hence the maximal ideals of ¥ =15 correspond
one-to-one with the maximal (w.r.t. inclusion) elements of the set {q1, ..., q,}. This

proves the lemma. (I

Lemma) 7.2. Assumption and notation as in Lemma . Assume moreover that

(1) S is local and R — S is a local homomorphism,
(2) S is essentially of finite presentation over R,
(3) N is finitely presented over S, and

(4) N is flat over R.

Then each s € ¥ defines a universally injective R-module map s : N — N, and the
map N — X7IN is R-universally injective.

Proof. By Algebra, Lemmathe sequence 0 » N — N — N/sN — 0 is exact
and N/sN is flat over R. This implies that s : N — N is universally injective, see
Algebra, Lemma The map N — Y~ !N is universally injective as the directed
colimit of the maps s : N — N. O

Lemmal 7.3. Let R — S be a ring map. Let N be an S-module. Let S — S’ be a
ring map. Assume

(
(2) S is essentially of finite presentation over R,
(3) N is of finite presentation over S,
(4) N is flat over R,
(5) S — S’ is flat, and
(6) the image of Spec(S’) — Spec(S) contains all primes q of S lying over mg
such that q is an associated prime of N/mgpN.
Then N — N ®g S’ is R-universally injective.

Proof. Set N' = N ®@g S’. Consider the commutative diagram

N—>N'

L

SIN— s 3INY

where ¥ C S is the set of elements which are not a zerodivisor on N/mpN. If we
can show that the map N — X ~'N’ is universally injective, then N — N’ is too

(see Algebra, Lemma [82.10)).

By Lemma the ring ¥715 is a semi-local ring whose maximal ideals correspond
to associated primes of N/mzN. Hence the image of Spec(X715") — Spec(X715)
contains all these maximal ideals by assumption. By Algebra, Lemma [39.16] the
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ring map X715 — Y718 is faithfully flat. Hence X~!N — X ~1N’  which is the
map

NesX 'S — Negan 1y

is universally injective, see Algebra, Lemmas and Finally, we apply
Lemma to see that N — ¥ 7!N is universally injective. As the composition
of universally injective module maps is universally injective (see Algebra, Lemma
we conclude that N — X 71N is universally injective and we win. O

Lemmal 7.4. Let R — S be a ring map. Let N be an S-module. Let S — S’ be a
ring map. Assume

1) R — S is of finite presentation and N is of finite presentation over S,

2) N is flat over R,

3) S — 5 is flat, and

4) the image of Spec(S’) — Spec(S) contains all primes q such that q is an
associated prime of N ®g k(p) where p is the inverse image of q in R.

(
(
(
(

Then N — N ®g S’ is R-universally injective.

Proof. By Algebra, Lemma |82.12] it suffices to show that N — (N ®r S')q is a
Rp-universally injective for any prime q of S' lying over p in R. Thus we may apply
Lemma to the ring maps R, — Sq — Sﬁl and the module N,. (]

The reader may want to compare the following lemma to Algebra, Lemmas [99.]
and [128.4and the results of Section [25] In each case the conclusion is that the map
u: M — N is universally injective with flat cokernel.

Lemma 7.5. Let (R,m) be a local ring. Let u: M — N be an R-module map.
If M is a projective R-module, N is a flat R-module, and @ : M /mM — N/mN is
injective then u is universally injective.

Proof. By Algebra, Theorem the module M is free. If we show the result
holds for every finitely generated direct summand of M, then the lemma follows.
Hence we may assume that M is finite free. Write N = colim; N, as a directed
colimit of finite free modules, see Algebra, Theorem Note that v : M — N
factors through N; for some ¢ (as M is finite free). Denote u; : M — N; the
corresponding R-module map. As @ is injective we see that w; : M/mM — N;/mN;
is injective and remains injective on composing with the maps N;/mN; — N,/ /mN;
for all #/ > 4. As M and Nj are finite free over the local ring R this implies that
M — Ny is a split injection for all ' > 7. Hence for any R-module Q we see that
M ®rQ — Ny Qg Q is injective for all ¢/ > i. As — ®r Q commutes with colimits
we conclude that M ® p Q — Ny ®pg @ is injective as desired. O

Lemma 7.6. Assumption and notation as in Lemma . Assume moreover that
N is projective as an R-module. Then each s € X defines a universally injective
R-module map s : N — N, and the map N — L' N s R-universally injective.

Proof. Pick s € ¥. By Lemma the map s : N — N is universally injective.
The map N — Y ~!N is universally injective as the directed colimit of the maps
s: N — N. [
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8. Completion and Mittag-Leffler modules

Lemmal 8.1. Let R be a ring. Let I C R be an ideal. Let A be a set. Assume R
is Noetherian and complete with respect to I. The completion (6D R)" is flat
and Mittag-Leffler.

Proof. By More on Algebra, Lemma the map (P, c4 R)" = [loca R is
universally injective. Thus, by Algebra, Lemmas and it suffices to show
that ][], . 4 R is flat and Mittag-Leffler. By Algebra, Proposition (and Algebra,
Lemma we see that [] ., R is flat. Thus we conclude because a product of
copies of R is Mittag-Leffler, see Algebra, Lemma [91.3 ([l

acA

Lemma 8.2. Let R be a ring. Let I C R be an ideal. Let M be an R-module.
Assume

(1) R is Noetherian and I-adically complete,

(2) M is flat over R, and

(3) M/IM is a projective R/I-module.
Then the I-adic completion M” is a flat Mittag-Leffler R-module.

Proof. Choose a surjection ' — M where F' is a free R-module. By Algebra,
Lemma [97.9] the module M” is a direct summand of the module F*. Hence it
suffices to prove the lemma for F'. In this case the lemma follows from Lemma

Bl O

In Lemmas and the assumption that S be Noetherian holds if R — S is of
finite type, see Algebra, Lemma [31.1

Lemma 8.3. Let R be a ring. Let I C R be an ideal. Let R — S be a ring map,
and N an S-module. Assume

(1) R is a Noetherian ring,

(2) S is a Noetherian ring,

(3) N is a finite S-module, and

(4) for any finite R-module Q, any q € Asss(Q ®r N) satisfies IS +q # S.

Then the map N — N’ of N into the I-adic completion of N is universally injective
as a map of R-modules.

Proof. We have to show that for any finite R-module ) the map @Q ®r N —
Q ®r N is injective, see Algebra, Theorem As there is a canonical map
Q ®r N — (Q ®r N)" it suffices to prove that the canonical map Q ®g N —
(Q®g N)" is injective. Hence we may replace N by Q®g N and it suffices to prove
the injectivity for the map N — N”.

Let K = Ker(N — N”). It suffices to show that K; = 0 for q € Ass(N) as N is
a submodule of J];caq(n) Vg, see Algebra, Lemma [63.19] Pick q € Ass(N). By
the last assumption we see that there exists a prime q" D IS + q. Since K, is a

localization of Ky it suffices to prove the vanishing of K. Note that K = (I"N,
hence Ko C (\I" Ny . Hence Kq = 0 by Algebra, Lemma d

Lemma 8.4. Let R be a ring. Let I C R be an ideal. Let R — S be a ring map,
and N an S-module. Assume

(1) R is a Noetherian ring,
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) S is a Noetherian ring,

) N is a finite S-module,

) N is flat over R, and

) for any prime q C S which is an associated prime of N ®p k(p) where
p=RNq we have IS+ q # S.

Then the map N — N of N into the I-adic completion of N is universally injective

as a map of R-modules.

Proof. This follows from Lemma [8.3] because Algebra, Lemma and Remark
guarantee that the set of associated primes of tensor products N ®pr @ are
contained in the set of associated primes of the modules N ® g k(p). ]

(2
(3
(4
(5

9. Projective modules

The following lemma can be used to prove projectivity by Noetherian induction on
the base, see Lemma [9.2}

Lemma 9.1. Let R be a ring. Let I C R be an ideal. Let R — S be a ring map,
and N an S-module. Assume

(1) R is Noetherian and I-adically complete,

(2) R— S is of finite type,

(3) N is a finite S-module,

(4) N is flat over R,

(5) N/IN is projective as a R/I-module, and

(6) for any prime q C S which is an associated prime of N Qg k(p) where
p=RNq we have IS+q# S.

Then N 1is projective as an R-module.

Proof. By Lemma the map N — N’ is universally injective. By Lemma
the module N is Mittag-Lefler. By Algebra, Lemma we conclude that N
is Mittag-Leffler. Hence N is countably generated, flat and Mittag-Leffler as an
R-module, whence projective by Algebra, Lemma [93.1 (I

Lemma 9.2. Let R be a ring. Let R — S be a ring map. Assume

(1) R is Noetherian,
(2) R— S is of finite type and flat, and
(3) every fibre ring S Qg k(p) is geometrically integral over k(p).

Then S is projective as an R-module.

Proof. Consider the set
{I C R| S/IS not projective as R/I-module}

We have to show this set is empty. To get a contradiction assume it is nonempty.
Then it contains a maximal element I. Let J = /I be its radical. If I % J,
then S/JS is projective as a R/J-module, and S/IS is flat over R/I and J/I is
a nilpotent ideal in R/I. Applying Algebra, Lemma we see that S/IS is a
projective R/I-module, which is a contradiction. Hence we may assume that I is
a radical ideal. In other words we are reduced to proving the lemma in case R is a
reduced ring and S/IS is a projective R/I-module for every nonzero ideal I of R.

Assume R is a reduced ring and S/IS is a projective R/I-module for every nonzero
ideal I of R. By generic flatness, Algebra, Lemma [118.1| (applied to a localization
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R, which is a domain) or the more general Algebra, Lemma [118.7| there exists a
nonzero f € R such that Sy is free as an Ry-module. Denote R = lim R/(f™) the
(f)-adic completion of R. Note that the ring map

R — Ry x R"

is a faithfully flat ring map, see Algebra, Lemma [97.2l Hence by faithfully flat
descent of projectivity, see Algebra, Theorem it suffices to prove that S @z R"
is a projective R"-module. To see this we will use the criterion of Lemma [9.1
First of all, note that S/fS = (S®gr R")/f(S®r R") is a projective R/(f)-module
and that S @z R" is flat and of finite type over R" as a base change of such.
Next, suppose that p” is a prime ideal of R*. Let p C R be the corresponding
prime of R. As R — S has geometrically integral fibre rings, the same is true
for the fibre rings of any base change. Hence q" = p*(S ®r R"), is a prime
ideals lying over p” and it is the unique associated prime of S ®pg x(p”). Thus
we win if f(S ®g R") + q" # S ®g R". This is true because p” + fR" # R"
as f lies in the Jacobson radical of the f-adically complete ring R” and because
R — S®pr R is surjective on spectra as its fibres are nonempty (irreducible spaces
are nonempty). O

Lemmal 9.3. Let R be a ring. Let R — S be a ring map. Assume

(1) R — S is of finite presentation and flat, and
(2) every fibre ring S @g k(p) is geometrically integral over k(p).

Then S is projective as an R-module.
Proof. We can find a cocartesian diagram of rings

SOHS

|

R04>R

such that Ry is of finite type over Z, the map Ry — Sy is of finite type and flat with
geometrically integral fibres, see More on Morphisms, Lemmas and
By Lemma[9.2] we see that Sy is a projective Rg-module. Hence S = Sy®g, R
is a projective R-module, see Algebra, Lemma [94.1 (I

Remark|9.4. Lemma is a key step in the development of results in this chapter.
The analogue of this lemma in |[GR71] is [GRT7I] I Proposition 3.3.1]: If R — S
is smooth with geometrically integral fibres, then S is projective as an R-module.
This is a special case of Lemma [0.3] but as we will later improve on this lemma
anyway, we do not gain much from having a stronger result at this point. We briefly
sketch the proof of this as it is given in [GRT1].

(1) First reduce to the case where R is Noetherian as above.

(2) Since projectivity descends through faithfully flat ring maps, see Algebra,
Theorem we may work locally in the fppf topology on R, hence we
may assume that R — S has a section o : § — R. (Just by the usual trick
of base changing to S.) Set I = Ker(S — R).

(3) Localizing a bit more on R we may assume that I/I? is a free R-module and
that the completion S of S with respect to I is isomorphic to R[[t1, ..., t,]],
see Morphisms, Lemma Here we are using that R — S is smooth.
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(4) To prove that S is projective as an R-module, it suffices to prove that S is
flat, countably generated and Mittag-Leffler as an R-module, see Algebra,
Lemma [93.1] The first two properties are evident. Thus it suffices to
prove that S is Mittag-Leffler as an R-module. By Algebra, Lemma [91.4
the module R[[t1,...,t,]] is Mittag-Leffler over R. Hence Algebra, Lemma
shows that it suffices to show that the S — S is universally injective
as a map of R-modules.

(5) Apply Lemma to see that S — S” is R-universally injective. Namely,
as R — S has geometrically integral fibres, any associated point of any
fibre ring is just the generic point of the fibre ring which is in the image of
Spec(S”) — Spec(S).

There is an analogy between the proof as sketched just now, and the development
of the arguments leading to the proof of Lemma[9.3] In both a completion plays an
essential role, and both times the assumption of having geometrically integral fibres
assures one that the map from S to the completion of S is R-universally injective.

10. Flat finite type modules, Part 1

In some cases given a ring map R — S of finite presentation and a finite S-module
N the flatness of N over R implies that IV is of finite presentation. In this section
we prove this is true “pointwise”. We remark that the first proof of Proposition
10.3] uses the geometric results of Section [3] but not the existence of a complete
dévissage.

Lemma 10.1. Let (R,m) be a local ring. Let R — S be a finitely presented flat
ring map with geometrically integral fibres. Write p = mS. Let q C S be a prime
ideal lying over m. Let N be a finite S-module. There exist r > 0 and an S-module
map
a:8% — N

such that a : k(p)®" — N ®g k(p) is an isomorphism. For any such a the following
are equivalent:

(1) Ny is R-flat,

(2) a is R-universally injective and Coker(c)q is R-flat,

(3) « is injective and Coker(a)q s R-flat,

(4) oy is an isomorphism and Coker(a)q is R-flat, and

(5) aq is injective and Coker(a)q is R-flat.

Proof. To obtain « set r = dim,) N ®s £(p) and pick z1,..., 2, € N which form
a basis of N ®g k(p). Define a(sy,...,8,) =Y. s;x;. This proves the existence.

Fix an a. The most interesting implication is (1) = (2) which we prove first.
Assume (1). Because S/mS is a domain with fraction field x(p) we see that
(S/mS)®" — N, /mN, = N ®g k(p) is injective. Hence by Lemmasand the
map S — N, is R-universally injective. It follows that S®” — N is R-universally
injective, see Algebra, Lemma Then also the localization aq is R-universally
injective, see Algebra, Lemma We conclude that Coker(a), is R-flat by
Algebra, Lemma [82.

The implication (2) = (3) is immediate. If (3) holds, then «, is injective as a
localization of an injective module map. By Nakayama’s lemma (Algebra, Lemma
20.1)) o is surjective too. Hence (3) = (4). If (4) holds, then «, is an isomorphism,
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so a is injective as Sq — Sy is injective. Namely, elements of S\p are nonzerodivisors
on S by a combination of Lemmas and Hence (4) = (5). Finally, if (5)
holds, then N, is R-flat as an extension of flat modules, see Algebra, Lemma
Hence (5) = (1) and the proof is finished. O

Lemma 10.2. Let (R,m) be a local ring. Let R — S be a ring map of finite
presentation. Let N be a finite S-module. Let q be a prime of S lying over m.
Assume that Ng is flat over R, and assume there exists a complete dévissage of
N/S/R at q. Then N is a finitely presented S-module, free as an R-module, and
there exists an isomorphism

N=B g...¢BY™

as R-modules where each B; is a smooth R-algebra with geometrically irreducible
fibres.

,,,,, n be the given complete dévissage. We prove
the lemma by induction on n. Note that N is finitely presented as an S-module if
and only if M; is finitely presented as an Bj-module, see Remark Note that
Nq = (My)g, as R-modules because (a) Nq = (M1),, where qj is the unique prime in
A; lying over g; and (b) (Al)q’l = (A1)q, by Algebra, Lemma so (c) (Ml)lﬂ ~
(M1)q,. Hence (My)g, is a flat R-module. Thus we may replace (S, N) by (B1, M)
in order to prove the lemma. By Lemma the map «; : B?” — M, is R-
universally injective and Coker(ay )y is R-flat. Note that (A;, B;, M;, &, q:)i=2,...n
is a complete dévissage of Coker(ay)/B1/R at q;. Hence the induction hypothesis
implies that Coker(c;) is finitely presented as a Bj-module, free as an R-module,
and has a decomposition as in the lemma. This implies that M; is finitely presented
as a Bi-module, see Algebra, Lemma It further implies that M; & B?” @
Coker(ay) as R-modules, hence a decomposition as in the lemma. Finally, B is
projective as an R-module by Lemma hence free as an R-module by Algebra,
Theorem This finishes the proof. O

Proposition 10.3. Let f : X — S be a morphism of schemes. Let F be a
quasi-coherent sheaf on X. Let x € X with image s € S. Assume that

(1) f is locally of finite presentation,

(2) F is of finite type, and

(3) F is flat at x over S.
Then there exists an elementary étale neighbourhood (S',s") — (S, s) and an open
subscheme

V CX xg SpeC(OS/,S/)

which contains the unique point of X xg Spec(Og s) mapping to x such that the
pullback of F to V is an Oy -module of finite presentation and flat over Ogr 4.

First proof. This proof is longer but does not use the existence of a complete
dévissage. The problem is local around z and s, hence we may assume that X
and S are affine. During the proof we will finitely many times replace S by an
elementary étale neighbourhood of (5,s). The goal is then to find (after such a
replacement) an open V' C X Xg Spec(Qg,) containing x such that F|y is flat
over S and finitely presented. Of course we may also replace S by Spec(Og ;) at
any point of the proof, i.e., we may assume S is a local scheme. We will prove the
proposition by induction on the integer n = dim, (Supp(Fs)).


https://stacks.math.columbia.edu/tag/05I4
https://stacks.math.columbia.edu/tag/05I5

MORE ON FLATNESS 27

We can choose
(1) elementary étale neighbourhoods g : (X', 2') — (X, z), e: (5',') = (S, ),
(2) a commutative diagram

Xe—X'~—7

]
f Y’
|
S8 =—=9
(3) a point 2’ € Z' with i(z') =2/, v = w(2), h(y') = ¢,
(4) a finite type quasi-coherent Oz/-module G,

as in Lemma We are going to replace S by Spec(QOg s ), see remarks in first
paragraph of the proof. Consider the diagram

/ !
XOS’,s’ g XOS’,s’ i ZOS/,S/
iw
/
f YOS’,s’
i
Spec(Ogr o)

Here we have base changed the schemes X', Z’, Y’ over S’ via Spec(Ogr ) — 5’
and the scheme X over S via Spec(Ogr ) — S. It is still the case that g is étale,
see Lemma After replacing X by Xog, ,, X’ by Xé?s/_s” 7' by st/»s,, and
Y’ by Yés/ _, We may assume we have a diagram as Lemma where in addition
S = S is a local scheme with closed point s. By Lemmas and the result for
Y’ — S, the sheaf 7,G, and the point ¢’ implies the result for X — S, F and z.
Hence we may assume that S is local and X — S is a smooth morphism of affines
with geometrically irreducible fibres of dimension n.

The base case of the induction: n = 0. As X — S is smooth with geometrically
irreducible fibres of dimension 0 we see that X — S is an open immersion, see
Descent, Lemma [25.2] As S is local and the closed point is in the image of X — S
we conclude that X = S. Thus we see that F corresponds to a finite flat Og 4
module. In this case the result follows from Algebra, Lemma [78.5] which tells us
that F is in fact finite free.

The induction step. Assume the result holds whenever the dimension of the support
in the closed fibre is < n. Write S = Spec(A), X = Spec(B) and F = N for some
B-module N. Note that A is a local ring; denote its maximal ideal m. Then p = mB
is the unique minimal prime lying over m as X — S has geometrically irreducible
fibres. Finally, let ¢ C B be the prime corresponding to z. By Lemma [10.1] we can
choose a map
a:B% 5 N

such that x(p)®” — N ®p k(p) is an isomorphism. Moreover, as N, is A-flat
the lemma also shows that « is injective and that Coker(a)q is A-flat. Set @ =
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Coker(a). Note that the support of @Q/m@ does not contain p. Hence it is certainly
the case that dimq(Supp(Q/m@)) < n. Combining everything we know about @Q
we see that the induction hypothesis applies to (). It follows that there exists
an elementary étale morphism (S’,s) — (S, s) such that the conclusion holds for
Q®4A over By A’ where A’ = Og/ 4. After replacing A by A’ we have an exact
sequence

0—BY = N—-Q—0

(here we use that « is injective as mentioned above) of finite B-modules and we
also get an element g € B, g € q such that @ is finitely presented over B, and flat
over A. Since localization is exact we see that

0— B = Ny — Qg —0

is still exact. As B, and @), are flat over A we conclude that N, is flat over A, see
Algebra, Lemma [39.13] and as By and @), are finitely presented over B, the same
holds for N, see Algebra, Lemma O

Second proof. We apply Proposition to find a commutative diagram

(X.2) <5 (X'.2)

L

(5,8) =——(5",5)

of pointed schemes such that the horizontal arrows are elementary étale neighbour-
hoods and such that ¢*F/X’/S" has a complete dévissage at z. (In particular S’
and X’ are affine.) By Morphisms, Lemma we see that g*F is flat at 2’ over
S and by Lemma we see that it is flat at 2’ over S’. Via Remark we deduce
that

F(X’,g*]—“)/F(X’, OX/)/F(S/, OS/)

has a complete dévissage at the prime of I'(X', Ox) corresponding to ’. We may
base change this complete dévissage to the local ring Ogs o of T'(S’,Og) at the
prime corresponding to s’. Thus Lemma [10.2| implies that

D(X', F') @r(sr,04) Os,s

is flat over Og o and of finite presentation over I'(X',Ox/) ®r(s/,0,) Os/,s- In
other words, the restriction of F to X’ x g Spec(Og: ¢ ) is of finite presentation and
flat over Og 4. Since the morphism X’ xg Spec(Ogr ) = X xg Spec(Og/ ¢) is
étale (Lemma its image V' C X x g Spec(Og ) is an open subscheme, and by
étale descent the restriction of F to V is of finite presentation and flat over Og/ 4.
(Results used: Morphisms, Lemma Descent, Lemma and Morphisms,

Lemma [25.13]) O

Lemma 10.4. Let f: X — S be a morphism of schemes which is locally of finite
type. Let F be a quasi-coherent Ox-module of finite type. Let s € S. Then the set

{z € X5 | F flat over S at x}

is open in the fibre X;.
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Proof. Suppose x € U. Choose an elementary étale neighbourhood (5’;s') —
(S,s) and open V C X xgSpec(Og ) as in Proposition Note that Xy = X,
as k(s) = k(s'). If 2/ € V N Xy, then the pullback of F to X xg S’ is flat over S’
at ’. Hence F is flat at 2’ over S, see Morphisms, Lemma In other words
X,NV C U is an open neighbourhood of x in U. O

Lemmal 10.5. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let x € X with image s € S. Assume that

(1) f is locally of finite type,

(2) F is of finite type, and

(3) F is flat at x over S.

Then there exists an elementary étale neighbourhood (S',s") — (S, s) and an open
subscheme

V C X xg Spec(Og )

which contains the unique point of X xg Spec(Ogr o) mapping to x such that the
pullback of F to V is flat over Og/ 4.

Proof. (The only difference between this and Proposition is that we do not
assume f is of finite presentation.) The question is local on X and S, hence we
may assume X and S are affine. Write X = Spec(B), S = Spec(A) and write
B = Alzy,...,z,]/I. In other words we obtain a closed immersion i : X — A%.
Denote t = i(x) € A%. We may apply Proposition to A% — S, the sheaf i, F
and the point t. We obtain an elementary étale neighbourhood (S’,s") — (5, s)
and an open subscheme

W C A’,(I?SI,S/

such that the pullback of i.F to W is flat over Ogs os. This means that V :=
W N (X xg Spec(Og ) is the desired open subscheme. O

Lemma 10.6. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let s € S. Assume that

(1) f is of finite presentation,

(2) F is of finite type, and

(3) F is flat over S at every point of the fibre Xj.
Then there exists an elementary étale neighbourhood (S, s") — (S, s) and an open
subscheme

VcX Xs Spec((’)S/,s/)

which contains the fibre Xy = X xg 8’ such that the pullback of F to V is an
Oy -module of finite presentation and flat over Og/ 4.

Proof. For every point € X, we can use Proposition to find an elementary
étale neighbourhood (S;, s;) — (S, s) and an open V,, C X xg Spec(Og, s, ) such
that © € Xy = X Xg s, is contained in V, and such that the pullback of F to V,
is an Oy, -module of finite presentation and flat over Og, s . In particular we may
view the fibre (V.)s, as an open neighbourhood of = in X. Because X is quasi-
compact we can find a finite number of points x1,...,x, € X, such that X; is the
union of the (V;,)s,,. Choose an elementary étale neighbourhood (5, s") — (S, s)

which dominates each of the neighbourhoods (S,,, s.,), see More on Morphisms,
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Lemma Set V = JV; where V; is the inverse images of the open V,, via the
morphism

X x5 Spec(Ogr,s) — X x5 Spec(Os, s,.)
By construction V' contains X and by construction the pullback of F to V is an
Oy-module of finite presentation and flat over Qg 4. (I

Lemmal 10.7. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let s € S. Assume that

(1) f is of finite type,

(2) F is of finite type, and

(3) F is flat over S at every point of the fibre X.

Then there exists an elementary étale neighbourhood (S’,s") — (S, s) and an open
subscheme

V CX xg Spec(Os/,s/)
which contains the fibre X, = X x g s’ such that the pullback of F to V is flat over
Og s -

Proof. (The only difference between this and Lemmais that we do not assume
f is of finite presentation.) For every point € X we can use Lemma to find
an elementary étale neighbourhood (S;,s.) — (S,s) and an open V, C X Xg
Spec(Os, s, ) such that © € Xy = X xg s, is contained in V, and such that the
pullback of F to V;, is flat over Og, . In particular we may view the fibre (V;)s, as
an open neighbourhood of x in X,;. Because X is quasi-compact we can find a finite
number of points x1,...,x, € X, such that X, is the union of the (Vx)sz Choose
an elementary étale neighbourhood (S’,s") — (S, s) which dominates each of the
neighbourhoods (Sy,, $z,), see More on Morphisms, Lemma m Set V.= UWV;
where V; is the inverse images of the open V,, via the morphism

X Xg SpeC(Osl,s/) — X Xg SpeC(Osm“szi)

By construction V contains X and by construction the pullback of F to V is flat
over Og/ s O

Lemmal 10.8. Let S be a scheme. Let X be locally of finite type over S. Let
x € X with image s € S. If X is flat at x over S, then there exists an elementary
étale neighbourhood (S',s') — (S, s) and an open subscheme

VcX Xs SpeC(OS/’s/)

which contains the unique point of X x g Spec(Os: ) mapping to x such that V —
Spec(Ogr o) is flat and of finite presentation.

Proof. The question is local on X and S, hence we may assume X and S are affine.
Write X = Spec(B), S = Spec(A) and write B = A[z1,...,z,]/I. In other words
we obtain a closed immersion ¢ : X — A%. Denote t = i(z) € A%. We may apply

Proposition to A% — S, the sheaf 7 = 7,Ox and the point {. We obtain an
elementary étale neighbourhood (57, ) — (5, s) and an open subscheme

WCAp,

such that the pullback of i.Ox is flat and of finite presentation. This means that
V :=W N (X xgSpec(Og ) is the desired open subscheme. O
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Lemma 10.9. Let f : X — S be a morphism which is locally of finite presentation.
Let F be a quasi-coherent Ox -module of finite type. If x € X and F is flat at x
over S, then F, is an Ox z-module of finite presentation.

Proof. Let s = f(x). By Proposition there exists an elementary étale neigh-
bourhood (57, s") — (S, s) such that the pullback of F to X xg Spec(Og/ ) is of
finite presentation in a neighbourhood of the point 2’ € Xy = X, corresponding
to x. The ring map

OX,a: — OXXSSpeC(OS/YS/),z/ = OXXsS',I'

is flat and local as a localization of an étale ring map. Hence J; is of finite presen-
tation over Ox , by descent, see Algebra, Lemma [83.2 (and also that a flat local
ring map is faithfully flat, see Algebra, Lemma [39.17]). (]

Lemmal 10.10. Let f: X — S be a morphism which is locally of finite type. Let
x € X with image s € S. If f is flat at © over S, then Ox , is essentially of finite
presentation over Og ;.

Proof. We may assume X and S affine. Write X = Spec(B), S = Spec(4)
and write B = Alxy,...,2,]/I. In other words we obtain a closed immersion
i: X — A% Denote t = i(xz) € A%. We may apply Lemma to A% — S5, the
sheaf 7 = i,Ox and the point t. We conclude that Ox , is of finite presentation
over O At which implies what we want. O

11. Extending properties from an open

In this section we collect a number of results of the form: If f: X — S is a flat
morphism of schemes and f satisfies some property over a dense open of S, then f
satisfies the same property over all of S.

Lemma 11.1. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox -module. Let U C S be open. Assume

(1) f is locally of finite presentation,

(2) F is of finite type and flat over S,

(3) U C S is retrocompact and scheme theoretically dense,
(4) Fly-1v s of finite presentation.

Then F is of finite presentation.

Proof. The problem is local on X and S, hence we may assume X and S affine.
Write S = Spec(A4) and X = Spec(B). Let N be a finite B-module such that F
is the quasi-coherent sheaf associated to N. We have U = D(f1) U...U D(f,)
for some f; € A, see Algebra, Lemma As U is schematically dense the
map A — Ay x ... x Ay, is injective. Pick a prime q C B lying over p C A
corresponding to z € X mapping to s € S. By Lemma |'1®__.75| the module Ng is
of finite presentation over B,. Choose a surjection ¢ : B®™ — N of B-modules.
Choose k1,...,k € Ker(p) and set N’ = B®™/>" Bk;. There is a canonical
surjection N’ — N and N is the filtered colimit of the B-modules N’ constructed
in this manner. Thus we see that we can choose k1, ...,k such that (a) Nj = Ny,
i=1,...,n and (b) Ny = N,. This in particular implies that Ny is flat over A.
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By openness of flatness, see Algebra, Theorem [129.4] we conclude that there exists
a g € B, g ¢ qsuch that N, is flat over A. Consider the commutative diagram

Ny —— N,
H N5/7f7 H Ngfi
The bottom arrow is an isomorphism by choice of k1, ..., k;. The left vertical arrow
is an injective map as A — [[ Ay, is injective and N is flat over A. Hence the

top horizontal arrow is injective, hence an isomorphism. This proves that IV is of
finite presentation over B,. We conclude by applying Algebra, Lemma O

081P Lemma 11.2. Let f: X — S be a morphism of schemes. Let U C S be open.
Assume
(1) f is locally of finite type and flat,
(2) U C S is retrocompact and scheme theoretically dense,
(3) flp—1p : [TIU = U is locally of finite presentation.
Then f is of locally of finite presentation.

Proof. The question is local on X and S, hence we may assume X and S affine.
Choose a closed immersion i : X — A% and apply Lemma [T1.1] to i,Ox. Some
details omitted. (]

081L Lemma 11.3. Let f: X — S be a morphism of schemes which is flat and locally
of finite type. Let U C S be a dense open such that Xy — U has relative dimension
< e, see Morphisms, Definition[29.1} If also either
(1) f is locally of finite presentation, or
(2) U C S is retrocompact,

then f has relative dimension < e.

Proof. Proof in case (1). Let W C X be the open subscheme constructed and
studied in More on Morphisms, Lemmas and Note that every generic
point of every fibre is contained in W, hence it suffices to prove the result for W.
Since W = (U~ Ua, it suffices to prove that Uy = () for d > e. Since f is flat and
locally of finite presentation it is open hence f (Uy) is open (Morphisms, Lemma
[25.10). Thus if Uy is not empty, then f(Uq) NU # 0 as desired.

Proof in case (2). We may replace S by its reduction. Then U is scheme theoretically
dense. Hence f is locally of finite presentation by Lemma [I1.2] In this way we
reduce to case (1). O

0B48 Lemma 11.4. Let f: X — S be a morphism of schemes which is flat and proper.
Let U C S be a dense open such that Xy — U is finite. If also either f is locally
of finite presentation or U C S is retrocompact, then f is finite.

Proof. By Lemma [I1.3|the fibres of f have dimension zero. Hence f is quasi-finite

(Morphisms, Lemma [29.5)) whence has finite fibres (Morphisms, Lemma [20.10]).

Hence f is finite by More on Morphisms, Lemma, [44.1 [l

081M Lemmal 11.5. Let f: X — S be a morphism of schemes and U C S an open. If
(1) f is separated, locally of finite type, and flat,


https://stacks.math.columbia.edu/tag/081P
https://stacks.math.columbia.edu/tag/081L
https://stacks.math.columbia.edu/tag/0B48
https://stacks.math.columbia.edu/tag/081M

0519

05IA

MORE ON FLATNESS 33

(2) f~Y(U) — U is an isomorphism, and
(3) U C S is retrocompact and scheme theoretically dense,

then f is an open immersion.

Proof. By LemmalI1.2)the morphism f is locally of finite presentation. The image
f(X) C S is open (Morphisms, Lemma hence we may replace S by f(X).
Thus we have to prove that f is an isomorphism. We may assume S is affine. We
can reduce to the case that X is quasi-compact because it suffices to show that any
quasi-compact open X’ C X whose image is S maps isomorphically to S. Thus we
may assume f is quasi-compact. All the fibers of f have dimension 0, see Lemma
Hence f is quasi-finite, see Morphisms, Lemma Let s € S. Choose an
elementary étale neighbourhood ¢ : (T,t) — (S,s) such that X x¢T = VI W
with V' — T finite and W; = (), see More on Morphisms, Lemma [41.6] Denote
m: VW — T the given morphism. Since 7 is flat and locally of finite presentation,
we see that w(V) is open in T' (Morphisms, Lemma . After shrinking T we
may assume that T = 7(V). Since f is an isomorphism over U we see that 7 is an
isomorphism over g=!U. Since (V) = T this implies that 7= 1g~1U is contained
in V. By Morphisms, Lemma we see that 7= 1¢g7'U C V II W is scheme
theoretically dense. Hence we deduce that W = ). Thus X xg7T =V is finite over
T. This implies that f is finite (after replacing S by an open neighbourhood of s),
for example by Descent, Lemma Then f is finite locally free (Morphisms,
Lemma and after shrinking S to a smaller open neighbourhood of s we see
that f is finite locally free of some degree d (Morphisms, Lemma . Butd=1
as is clear from the fact that the degree is 1 over the dense open U. Hence f is an
isomorphism. ([

12. Flat finitely presented modules

In some cases given a ring map R — S of finite presentation and a finitely presented
S-module N the flatness of N over R implies that N is projective as an R-module,
at least after replacing S by an étale extension. In this section we collect a some
results of this nature.

Lemmal 12.1. Let R be a ring. Let R — S be a finitely presented flat ring map
with geometrically integral fibres. Let q C S be a prime ideal lying over the prime
vt C R. Setp=1S. Let N be a finitely presented S-module. There exists r > 0 and
an S-module map
a:8%" — N

such that o : k(p)®" — N ®g k(p) is an isomorphism. For any such o the following
are equivalent:

(1) Ny is R-flat,

(2) there exists an f € R, f & ¢ such that ay : S;‘?T — Ny is Ry-universally

injective and a g € S, g € q such that Coker(a)y is R-flat,

) o is Re-universally injective and Coker(a)q is R-flat
) v is injective and Coker(a)q is R-flat,
) oy is an isomorphism and Coker(a)q is R-flat, and
) g is injective and Coker(a)q is R-flat.

Proof. To obtain a set r = dim,,) N ®s x(p) and pick z1,...,2, € N which form
a basis of N ®g k(p). Define a(sy,...,s,) = > s;x;. This proves the existence.
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Fix a choice of a. We may apply Lemma to the map o, : SP" — N,. Hence
we see that (1), (3), (4), (5), and (6) are all equivalent. Since it is also clear that
(2) implies (3) we see that all we have to do is show that (1) implies (2).

Assume (1). By openness of flatness, see Algebra, Theorem [129.4} the set
Ui ={q C S| Ny is flat over R}

is open in Spec(S). It contains q by assumption and hence p. Because S®” and N
are finitely presented S-modules the set

Us ={q' C S| ay is an isomorphism}

is open in Spec(S), see Algebra, Lemma It contains p by (5). As R — S is
finitely presented and flat the map ® : Spec(S) — Spec(R) is open, see Algebra,
Proposition For any prime v/ € ®(U; N Us;) we see that there exists a prime
q’ lying over v/ such that Ny is flat and such that o is an isomorphism, which
implies that a«® x(p’) is an isomorphism where p’ = ¢/S. Thus ay is Ry -universally
injective by the implication (1) = (3). Hence if we pick f € R, f & t such that
D(f) C ®(UiNUs) then we conclude that as is Ry-universally injective, see Algebra,
Lemma|[82.12} The same reasoning also shows that for any q' € U;N®~1((U1N>))
the module Coker(a)y is R-flat. Note that ¢ € Uy N ®~1(®(U; N Uz)). Hence we
can find a g € S, g & q such that D(g) C Uy N @~ 1(®(U; N Uy)) and we win. O

Lemma 12.2. Let R — S be a ring map of finite presentation. Let N be a finitely
presented S-module flat over R. Let v C R be a prime ideal. Assume there exists a
complete dévissage of N/S/R over . Then there exists an f € R, f & ¢ such that

Ny~ B @...0 B®™

as R-modules where each B; is a smooth Ry-algebra with geometrically irreducible
fibres. Moreover, Ny is projective as an Ry-module.

Proof. Let (A;, B;, M;, &;)i=1,...n be the given complete dévissage. We prove the
lemma by induction on n. Note that the assertions of the lemma are entirely about
the structure of N as an R-module. Hence we may replace N by M;, and we may
think of M; as a Bi-module. See Remark @ in order to see why M is of finite
presentation as a Bj-module. By Lemma we may, after replacing R by Ry for
some f € R, f & v, assume the map a; : B — M; is R-universally injective.
Since M; and B?” are R-flat and finitely presented as Bi-modules we see that
Coker(aq) is R-flat (Algebra, Lemma and finitely presented as a Bj-module.
Note that (A;, B;, M;, &;)i=2,...n is a complete dévissage of Coker(a;). Hence the
induction hypothesis implies that, after replacing R by Ry for some f € R, f & t, we
may assume that Coker(ay) has a decomposition as in the lemma and is projective.
In particular M; = BP"™* @ Coker(a;). This proves the statement regarding the
decomposition. The statement on projectivity follows as By is projective as an
R-module by Lemma [9.3 (]

Remark| 12.3. There is a variant of Lemma where we weaken the flatness
condition by assuming only that N is flat at some given prime q lying over t
but where we strengthen the dévissage condition by assuming the existence of a
complete dévissage at q. Compare with Lemma [10.2}

The following is the main result of this section.
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Proposition| 12.4. Let f : X — S be a morphism of schemes. Let F be a
quasi-coherent sheaf on X. Let x € X with image s € S. Assume that

(1) f is locally of finite presentation,
(2) F is of finite presentation, and
(3) F is flat at x over S.

Then there exists a commutative diagram of pointed schemes

(X,2) <5 (X'.a')

(5,8) =——(5",")

whose horizontal arrows are elementary étale neighbourhoods such that X', S’ are
affine and such that T(X’, g*F) is a projective T'(S’, Og/)-module.

Proof. By openness of flatness, see More on Morphisms, Theorem we may
replace X by an open neighbourhood of x and assume that F is flat over S. Next,
we apply Proposition [5.7] to find a diagram as in the statement of the proposition
such that g*F/X’/S’ has a complete dévissage over s’. (In particular S’ and X’
are affine.) By Morphisms, Lemma we see that g*F is flat over S and by
Lemma [2.3] we see that it is flat over S’. Via Remark [6.5] we deduce that

DX, g"F)/T(X', Ox/)/T(5, Os)
has a complete dévissage over the prime of I'(S’, Og/) corresponding to s’. Thus

Lemma implies that the result of the proposition holds after replacing S’ by a
standard open neighbourhood of s’. O

In the rest of this section we prove a number of variants on this result. The first is
a “global” version.

Lemma 12.5. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let s € S. Assume that

(1) f is of finite presentation,

(2) F is of finite presentation, and

(3) F is flat over S at every point of the fibre Xs.

Then there exists an elementary étale neighbourhood (S’,s") — (S,s) and a com-
mutative diagram of schemes

X ? X/

S<—9

such that g is étale, Xs C g(X'), the schemes X', S' are affine, and such that
(X', g*F) is a projective T'(S", Og)-module.

Proof. For every point x € X, we can use Proposition to find a commutative
diagram
(Xa LL') I (Y:L’a yx)

9z

L

(S, 8) D (va Sér)
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whose horizontal arrows are elementary étale neighbourhoods such that Y, S, are
affine and such that I'(Y,, gt F) is a projective I'(S;, Og,)-module. In particular
9:(Y;) N X is an open neighbourhood of z in X,. Because X is quasi-compact we
can find a finite number of points z1,...,z, € X, such that X, is the union of the
9z, (Yz,) N X, Choose an elementary étale neighbourhood (S’,s") — (S, s) which
dominates each of the neighbourhoods (Sy,, sz, ), see More on Morphisms, Lemma
We may also assume that S’ is affine. Set X' =[[Y;, xs, S’ and endow it

with the obvious morphism g : X’ — X. By construction g(X’) contains X and
I(X',g"F) = PrYa,.05,F) ®r(s.,,0s,,) T(S", Os1).
This is a projective I'(S’, Og/)-module, see Algebra, Lemma O

The following two lemmas are reformulations of the results above in case F = Ox.

Lemma 12.6. Let f : X — S be locally of finite presentation. Let x € X with
image s € S. If f is flat at © over S, then there exists a commutative diagram of
pointed schemes

(Xv .’E) <T (X/a (E/)

L

(8,8) <—— (5", ¢")
whose horizontal arrows are elementary étale neighbourhoods such that X', S’ are
affine and such that T(X', Ox/) is a projective T'(S’, Og/)-module.
Proof. This is a special case of Proposition O

Lemma 12.7. Let f : X — S be of finite presentation. Let s € S. If X is
flat over S at all points of Xs, then there exists an elementary étale neighbourhood
(5',8") = (S, s) and a commutative diagram of schemes

X<~—X
|
S<~—9

with g étale, X5 C g(X'), such that X', S’ are affine, and such that T'(X',Ox/) is
a projective T'(S’, Og:)-module.

Proof. This is a special case of Lemma [12.5 U

The following lemmas explain consequences of Proposition [I2.4] in case we only
assume the morphism and the sheaf are of finite type (and not necessarily of finite
presentation).

Lemma 12.8. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let x € X with image s € S. Assume that

(1) f is locally of finite presentation,
(2) F is of finite type, and
(3) F is flat at x over S.
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Then there exists an elementary étale neighbourhood (S’,s") — (S,s) and a com-
mutative diagram of pointed schemes

(X, ) (X', 2")

| |

(S,8) =— (Spec(Og/ s), s')

such that X" — X xg Spec(Og ¢) is étale, k(x) = k(z’), the scheme X' is affine
of finite presentation over Og 4, the sheaf g*F is of finite presentation over Ox,
and such that T'(X', g*F) is a free Ogs ¢ -module.

Proof. To prove the lemma we may replace (9, s) by any elementary étale neigh-
bourhood, and we may also replace S by Spec(Og ). Hence by Proposition m
we may assume that F is finitely presented and flat over S in a neighbourhood of
x. In this case the result follows from Proposition because Algebra, Theorem
85.4] assures us that projective = free over a local ring. (]

Lemmal 12.9. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let x € X with image s € S. Assume that

(1) f is locally of finite type,

(2) F is of finite type, and

(3) F is flat at x over S.
Then there exists an elementary étale neighbourhood (S’,s") — (S,s) and a com-
mutative diagram of pointed schemes

(X,2) =5 (X'.a')

| |

(S,8) <—— (Spec(Og s), s")

such that X' — X x g Spec(Og &) is étale, k(x) = k(z'), the scheme X' is affine,
and such that T'(X', g*F) is a free Ogs ¢ -module.

Proof. (The only difference with Lemma is that we do not assume f is of
finite presentation.) The problem is local on X and S. Hence we may assume X
and S are affine, say X = Spec(B) and S = Spec(A4). Since B is a finite type A-
algebra we can find a surjection Alzy,...,z,] — B. In other words, we can choose
a closed immersion i : X — A%. Set t =i(x) and G = i, F. Note that G, = F, are
Os,s-modules. Hence G is flat over S at t. We apply Lemma [I2.8] to the morphism
A% — S, the point ¢, and the sheaf G. Thus we can find an elementary étale
neighbourhood (5, s") — (9, s) and a commutative diagram of pointed schemes

(A% 1) = (V1)
i i

(S,s) =<—— (Spec(Ogr ), s")

such that Y — A, is étale, £(t) = £(y), the scheme Y is affine, and such that

I'(Y, h*G) is a projective Og/ »-module. Then a solution to the original problem is
given by the closed subscheme X' =Y x an X of Y. O

st
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Lemma 12.10. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let s € S. Assume that

(1) f is of finite presentation,
(2) F is of finite type, and
(3) F is flat over S at all points of X.

Then there exists an elementary étale neighbourhood (S’,s') — (S,s) and a com-
mutative diagram of schemes

X # X/
S <~ Spec(@sgs/)
such that X' — X x g Spec(Og o) is étale, Xs = g((X')s), the scheme X' is affine

of finite presentation over Og 4, the sheaf g*F is of finite presentation over Ox,
and such that T'(X', g*F) is a free Ogs ¢ -module.

Proof. For every point z € X we can use Lemma to find an elementary étale
neighbourhood (S, s;) — (S, s) and a commutative diagram

(Xv .23) <g— (Yza yw)

x

l i

(5,8) <—— (Spec(Os, s,.); 52)

such that Y, — X xg Spec(QOg, s,) is étale, k(z) = £(yz), the scheme Y, is affine
of finite presentation over Og, s_, the sheaf ¢g>F is of finite presentation over Oy, ,
and such that I'(Y,, g5 F) is a free Og, s,-module. In particular g,((Y)s,) is an
open neighbourhood of = in X,. Because X, is quasi-compact we can find a finite
number of points x1,...,z, € X, such that X, is the union of the gxl((Y%)sz)
Choose an elementary étale neighbourhood (S’ s’) — (S, s) which dominates each
of the neighbourhoods (S, s, ), see More on Morphisms, Lemma Set

= HY11 Xspec(oswiv%i) SpeC(OS/7sl)

and endow it with the obvious morphism g : X’ — X. By construction X, = g(X/,)
and

7g ]: @F M.gwl ®Oszi,szi OS/’SI'

This is a free Og/ s-module as a direct sum of base changes of free modules. Some
minor details omitted. (|

Lemma 12.11. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent sheaf on X. Let s € S. Assume that

(1) f is of finite type,
(2) F is of finite type, and
(3) F is flat over S at all points of Xs.
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Then there exists an elementary étale neighbourhood (S’,s") — (S,s) and a com-
mutative diagram of schemes

X X'
|
S <——Spec(Og',5)

such that X' — X x gSpec(Og/ ¢) is étale, X5 = g((X')s ), the scheme X' is affine,
and such that T'(X', g*F) is a free Ogs ¢ -module.

Proof. (The only difference with Lemma [12.10| is that we do not assume f is of
finite presentation.) For every point x € X, we can use Lemma to find an
elementary étale neighbourhood (S, s.) — (S, s) and a commutative diagram

(S, s) <—— (Spec(Os, s.), Sx)

such that Y, — X xg Spec(Os, s, ) is étale, k(x) = k(y,), the scheme Y, is affine,
and such that I'(Y,, g5 F) is a free Og, ,,-module. In particular g,((Y3)s,) is an
open neighbourhood of z in X;. Because X, is quasi-compact we can find a finite
number of points z1,...,z, € X such that X; is the union of the g, ((Yz,)s,,)-
Choose an elementary étale neighbourhood (S’,s") — (S, s) which dominates each
of the neighbourhoods (S;;, sz, ), see More on Morphisms, Lemma Set

X' = HYI’ XSPCC(OSW,S%) Spec((’)sl}s,)

and endow it with the obvious morphism g : X’ — X. By construction X, = ¢g(X/,)
and

N(X',g"F) = PT(Ya, 5, F) ®0s,. .., Osr,o-
This is a free Og/ -module as a direct sum of base changes of free modules. ([

13. Flat finite type modules, Part II

We will need the following lemma.

Lemma 13.1. Let R — S be a ring map of finite presentation. Let N be a
finitely presented S-module. Let ¢ C S be a prime ideal lying over p C R. Set
S=S®grk(p), 7=qS, and N = N @r x(p). Then we can find a g € S with g & q
such that g € v for all v € Assg(N) such that v ¢ .

Proof. Namely, if Ass§(ﬁ) = {r1,...,t,} (finiteness by Algebra, Lemma ,
then after renumbering we may assume that

t1Ca7"'7t7'Ca) t7'+1¢a7"')tn¢a

Since q is a prime ideal we see that the product t,4 ... t, is not contained in q and

hence we can pick an element a of S contained in t,1,...,t, but not in q. If there
exists ¢ € S mapping to a, then g works. In general we can find a nonzero element
A € k(p) such that Aa is the image of a g € S. O

The following lemma has a slightly stronger variant Lemma [I3.4] below.
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Lemma 13.2. Let R — S be a ring map of finite presentation. Let N be a finitely
presented S-module which is flat as an R-module. Let M be an R-module. Let q be
a prime of S lying over p C R. Then

q € WeakAssg(M @r N) < (p € WeakAssp(M) and q € Assﬂﬁ))
Here S = S ®gr k(p), §=qS, and N = N ®g x(p).

Proof. Pick g € S as in Lemma Apply Proposition to the morphism of
schemes Spec(S,) — Spec(R), the quasi-coherent module associated to N, and the
points corresponding to the primes qS,; and p. Translating into algebra we obtain
a commutative diagram of rings

S—— 5, —— 5 qg——qS; ——¢’
R——R \Pp/

endowed with primes as shown, the horizontal arrows are étale, and N ®g S’ is
projective as an R'-module. Set N/ = N®g S, M'= M@z R', S = S' @n k(q),
7 =q5, and
NI =N’ KRR’ I{(p/) = N@gg/
By Lemma [2.8] we have
WeakAsss (M’ @ N') = (Spec(S’) — Spec(S)) ™ WeakAsss(M @ N)
WeakAssg/ (M’) = (Spec(R') — Spec(R)) ™' WeakAssg (M)

Assg/(N') = (Spec(S') — Spec(S)) ™" Assg(N)

Use Algebra, Lemma for N and N'. In particular we have
qe WeakAsss(M RR N) = q/ IS WeakAssS/(M' Qr N’)
p € WeakAssg(M) < p' € WeakAssg (M)
4 € Assg(N) & q € WeakAssg (W’)
Our careful choice of g and the formula for Assg (N/) above shows that
(13.2.1) if ' € Assg (N') lies over t C S then t C §

This will be a key observation later in the proof. We will use the characterization of
weakly associated primes given in Algebra, Lemma without further mention.

Suppose that § ¢ Assg(N). Then §’ ¢ Assg (W/) By Algebra, Lemmas m
and there exists an element @ € § which is not a zerodivisor on N . After
replacing @ by Aa’ for some nonzero A € k(p) we can find o’ € ¢’ mapping to @.
By Lemma the map @’ : Ny, — N, is Rj,-universally injective. In particular
we see that ¢’ : M/ @ g N' — M’ ®p N’ is injective after localizing at p’ and hence
after localizing at q'. Clearly this implies that q' ¢ WeakAssg (M’ @ N'). We
conclude that q € WeakAssg(M ®r N) implies q € Assg(N).

Assume q € WeakAsss(M ®r N). We want to show p € WeakAssg(M). Let

z € M ®gr N be an element such that q is minimal over J = Anng(z). Let f; € p,
i € I be a set of generators of the ideal p. Since q lies over p, for every i we
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can choose an n; > 1 and g; € S, ¢g; ¢ q with g;f/"" € J, i.e, gif{"z = 0. Let
2zl € (M' ®r N')p be the image of z. Observe that 2’ is nonzero because z has
nonzero image in (M ®g N)q and because Sq — S, is faithfully flat. We claim
that f"'2z' = 0.

Proof of the claim: Let g} € S’ be the image of g;. By the key observation
we find that the image g} € S is not contained in ¢ for any v € Assz (N). Hence
by Lemma 7.6/ we see that g; : N, — N, is Ry, -universally injective. In particular
we see that g : M’ @ N’ — M’ ®@p N’ is injective after localizating at p’. The
claim follows because g; f"'z' = 0.

Our claim shows that the annihilator of 2’ in R), contains the elements fi". As
R — R’ is étale we have p'R;, = pR), by Algebra, Lemma Hence the
annihilator of 2z’ in R}, has radical equal to p’R, (here we use 2’ is not zero). On
the other hand

7 e (M @p Ny = My &g/, Ny,
The module Ny, is projective over the local ring Rj,, and hence free (Algebra, The-
orem . Thus we can find a finite free direct summand F’ C Ny, such that 2’ €

My, ®p/, F'. If F' has rank n, then we deduce that p'R), € WeakAssp/ (M;,@”).
p

This implies p'R,,, € WeakAss(M,,) for example by Algebra, Lemma [66.4 Then
p’ € WeakAssp/ (M') which in turn gives p € WeakAssg(M). This finishes the
proof of the implication “=" of the equivalence of the lemma.

Assume that p € WeakAssp(M) and § € Assg(N). We want to show that q is
weakly associated to M ®r N. Note that ' is a maximal element of Assg (W')
This is a consequence of and the fact that there are no inclusions among
the primes of s lying over q (as fibres of étale morphisms are discrete Morphisms,
Lemma [36.7)). Thus, after replacing R, S,p,q,M,N by R',S",p’,q', M', N’ we may
assume, in addition to the assumptions of the lemma, that

(1) p € WeakAssg(M),

(2) qe ASS?(N)7

(3) N is projective as an R-module, and

(4) q is maximal in Assg(N).
There is one more reduction, namely, we may replace R, S, M, N by their localiza-
tions at p. This leads to one more condition, namely,

(5) R is a local ring with maximal ideal p.
We will finish by showing that (1) — (5) imply q € WeakAss(M ®g N).

Since R is local and p € WeakAssg(M) we can pick a y € M whose annihilator
I has radical equal to p. Write § = (gy,...,9,) for some g; € S. Choose g; € S
mapping to g,. Then q =pS+ g15+ ...+ g, 5. Consider the map

U: N/IN — (N/JIN)®",  z+— (g12,...,9n2).

This is a homomorphism of projective R/I-modules. The local ring R/I is auto-
associated (More on Algebra, Deﬁnition as p/I is locally nilpotent. The map
W ® k(p) is not injective, because § € Assg(N). Hence More on Algebra, Lemma
implies U is not injective. Pick z € N/IN nonzero in the kernel of ¥. The
annihilator J = Anng(z) contains IS and g; by construction. Thus vJ C S

contains q. Let § C S be a prime minimal over J. Then q C s, s lies over p, and
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s € WeakAssg(N/IN). The last fact by definition of weakly associated primes.
Apply the “=” part of the lemma (which we’ve already proven) to the ring map
R — S and the modules R/I and N to conclude that § € Assg(N). Since § C §
the maximality of §, see condition (4) above, implies that § = . This shows that
q = s and we conlude what we want. g

Lemmal 13.3. Let S be a scheme. Let f : X — S be locally of finite type. Let
x € X with image s € S. Let F be a finite type quasi-coherent sheaf on X. Let G
be a quasi-coherent sheaf on S. If F is flat at x over S, then

x € WeakAssx (F ®@oy [*G) & s € WeakAsss(G) and x € Assx, (Fs).

Proof. In this paragraph we reduce to f being of finite presentation. The question
is local on X and S, hence we may assume X and S are affine. Write X = Spec(B),
S = Spec(A) and write B = Alzy,...,2,]/I. In other words we obtain a closed
immersion i : X — A% over S. Denote t = i(x) € A%. Note that i, F is a finite
type quasi-coherent sheaf on A's which is flat at ¢ over S and note that

i.(F ®0y 'G) = i.F Gop, '

where p : A% — S is the projection. Note that ¢ is a weakly associated point of
i«(F ®oy f*G) if and only if x is a weakly associated point of F ®o, f*G, see
Divisors, Lemma Similarly = € Assx, (Fs) if and only if t € Assan((ixF)s)
(see Algebra, Lemma. Hence it suffices to prove the lemma in case X = A%.
Thus we may assume that X — S is of finite presentation.

In this paragraph we reduce to F being of finite presentation and flat over S.
Choose an elementary étale neighbourhood e : (5’,s") — (5, s) and an open V' C
X xg Spec(Og ¢) as in Proposition Let ' € X' = X xg S be the unique
point mapping to x and s’. Then it suffices to prove the statement for X’ — 5,
2, s, (X' — X)*F, and e*G, see Lemma Let v € V the unique point
mapping to z’ and let s’ € Spec(Og/ +) be the closed point. Then Oy, = Ox/ 4
and OSpec(Os/,S/),s’ = Og s and similarly for the stalks of pullbacks of F and
G. Also Vi C X/, is an open subscheme. Since the condition of being a weakly
associated point depend only on the stalk of the sheaf, we may replace X’ — 5’,
', s, (X' — X)*F, and €*G by V. — Spec(Osr s), v, ', (V — X)*F, and
(Spec(Osr s) — S)*G. Thus we may assume that f is of finite presentation and F
of finite presentation and flat over S.

Assume f is of finite presentation and F of finite presentation and flat over S.
After shrinking X and S to affine neighbourhoods of = and s, this case is handled
by Lemma [l

Lemma 13.4. Let R — S be a ring map which is essentially of finite type. Let N
be a localization of a finite S-module flat over R. Let M be an R-module. Then

WeakAsss(M @r N) = U A8558 pr(p) (N @R K(p))

p€ WeakAssg (M)
Proof. This lemma is a translation of Lemma into algebra. Details of trans-
lation omitted. g

Lemmal 13.5. Let f : X — S be a morphism which is locally of finite type.
Let F be a finite type quasi-coherent sheaf on X which is flat over S. Let G be a


https://stacks.math.columbia.edu/tag/05IH
https://stacks.math.columbia.edu/tag/05II
https://stacks.math.columbia.edu/tag/05IJ

05IK

05IL

05IM

MORE ON FLATNESS 43

quasi-coherent sheaf on S. Then we have

WeakAssx (F @o, [*G) = U Assx, (Fs)

s€ WeakAsss (G)

Proof. Immediate consequence of Lemma [13.3 O

Theorem 13.6. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox-module. Assume

(1) X — S is locally of finite presentation,
(2) F is an Ox-module of finite type, and
(3) the set of weakly associated points of S is locally finite in S.

Then U ={z € X | F flat at x over S} is open in X and Fly is an Oy-module of
finite presentation and flat over S.

Proof. Let x € X be such that F is flat at = over S. We have to find an open
neighbourhood of = such that F restricts to a S-flat finitely presented module on
this neighbourhood. The problem is local on X and S, hence we may assume that
X and S are affine. As F, is a finitely presented Ox ;-module by Lemma @ we
conclude from Algebra, Lemma there exists a finitely presented Ox-module
F' and a map ¢ : F' — F which induces an isomorphism ¢, : F. — F,. In
particular we see that F’ is flat over S at x, hence by openness of flatness More
on Morphisms, Theorem we see that after shrinking X we may assume that
F' is flat over S. As F is of finite type after shrinking X we may assume that
@ is surjective, see Modules, Lemma [9.4] or alternatively use Nakayama’s lemma
(Algebra, Lemma [20.1). By Lemma we have

WeakAssy (F') C U Assx, (Fg)

s€WeakAss(S)

As WeakAss(.S) is finite by assumption and since Assx_(F,) is finite by Divisors,
Lemma we conclude that WeakAssx (F’) is finite. Using Algebra, Lemma m
we may, after shrinking X once more, assume that WeakAssx (F’) is contained in
the generalization of z. Now consider K = Ker(p). We have WeakAssx (K) C
WeakAssx (F') (by Divisors, Lemma but on the other hand, ¢, is an isomor-
phism, also ¢, is an isomorphism for all ' ~» x. We conclude that WeakAssx (K) =

() whence K = 0 by Divisors, Lemma O

Lemmal 13.7. Let R — S be a ring map of finite presentation. Let M be a finite
S-module. Assume WeakAsss(S) is finite. Then

U={qCS| M, flat over R}

is open in Spec(S) and for every g € S such that D(g) C U the localization My is
a finitely presented Sy-module flat over R.

Proof. Follows immediately from Theorem [13.6} O

Lemma 13.8. Let f: X — S be a morphism of schemes which is locally of finite
type. Assume the set of weakly associated points of S is locally finite in S. Then
the set of points x € X where f is flat is an open subscheme U C X and U — S is
flat and locally of finite presentation.

Proof. The problem is local on X and S, hence we may assume that X and S
are affine. Then X — S corresponds to a finite type ring map A — B. Choose
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a surjection Alzy,...,z,] — B and consider B as an A[zy,...,z,]-module. An
application of Lemma [T3.7] finishes the proof. O

Lemma 13.9. Let f: X — S be a morphism of schemes which is locally of finite
type and flat. If S is integral, then f is locally of finite presentation.

Proof. Special case of Lemma [13.8 (]

Proposition| 13.10. Let R be a domain. Let R — S be a ring map of finite type.
Let M be a finite S-module.

(1) If S is flat over R, then S is a finitely presented R-algebra.
(2) If M is flat as an R-module, then M is finitely presented as an S-module.

Proof. Part (1) is a special case of Lemma [13.9 For Part (2) choose a surjection
R[zq,...,z,] — S. By Lemma we find that M is finitely presented as an
R[z1,...,z,])-module. We conclude by Algebra, Lemma a

Lemma 13.11 (Finite type version of Theorem [13.6)). Let f : X — S be a
morphism of schemes. Let F be a quasi-coherent Ox-module. Assume

(1) X — S is locally of finite type,
(2) F is an Ox-module of finite type, and
(3) the set of weakly associated points of S is locally finite in S.

Then U = {x € X | F flat at x over S} is open in X and F|y is flat over S and
locally finitely presented relative to S (see More on Morphisms, Definition .

Proof. The question is local on X and S. Thus we may assume X and S are affine.
Then we may choose a closed immersion i : X — A%. We apply Theorem [I3.6] to
X' = Ay — S and the quasi-coherent module ' = i, F of finite type and we find
that

U'={z' € X' | F' flat at 2’ over S}

is open in X’ and that F'|y is of finite presentation. Since F’ restricts to zero on
X"\ i(X) and since ]-'Z-’(I) =~ F, for all x € X we see that

U’ =i(U) I (X \ i(X))

Hence U = i1 (U’) is open. Moreover, it is clear that F'|yr = (i|¢)«(F|v). Hence
we conclude that F|y is finitely presented relative to S by More on Morphisms,

Lemmas [58.3] and [58.4] O

Lemmal 13.12. Let R — S be a ring map of finite type. Let M be a finite
S-module. Assume WeakAssg(R) is finite. Then

U={qCS| Mg flat over R}

is open in Spec(S) and for every g € S such that D(g) C U the localization My is
flat over R and an Sqy-module finitely presented relative to R (see More on Algebra,

Definition .

Proof. This is Lemma [13.11| translated into algebra. g
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14. Examples of relatively pure modules

In the short section we discuss some examples of results that will serve as motivation
for the notion of a relatively pure module and the concept of an impurity which we
will introduce later. Each of the examples is stated as a lemma. Note the similarity
with the condition on associated primes to the conditions appearing in Lemmas

[7-4 B3] B4} and 0.1} See also Algebra, Lemma for a discussion.

Lemma 14.1. Let R be a local ring with mazimal ideal m. Let R — S be a ring
map. Let N be an S-module. Assume

(1) N is projective as an R-module, and
(2) S/mS is Noetherian and N/mN is a finite S/mS-module.

Then for any prime q C S which is an associated prime of NQgrr(p) where p = RNq
we have ¢ +mS # S.

Proof. Note that the hypotheses of Lemmas and [7.0] are satisfied. We will
use the conclusions of these lemmas without further mention. Let ¥ C S be the
multiplicative set of elements which are not zerodivisors on N/mN. The map
N — X7!N is R-universally injective. Hence we see that any q C S which is
an associated prime of N ®p k(p) is also an associated prime of X~!N ®p (p).
Clearly this implies that q corresponds to a prime of ¥~'S. Thus q C q’ where ¢’
corresponds to an associated prime of N/mN and we win. ([

The following lemma gives another (slightly silly) example of this phenomenon.

Lemmal 14.2. Let R be a ring. Let I C R be an ideal. Let R — S be a ring map.
Let N be an S-module. If N is I-adically complete, then for any R-module M and
for any prime q C S which is an associated prime of N @ p M we have q+ 1S # S.

Proof. Let S" denote the I-adic completion of S. Note that N is an S”-module,
hence also N ®r M is an S”-module. Let 2 € N ® g M be an element such that
q = Anng(z). Since z # 0 we see that Anngn(z) # S”. Hence qS" # S*. Hence
there exists a maximal ideal m C S” with qS” C m. Since IS C m by Algebra,
Lemma, [96.6] we win. O

Note that the following lemma gives an alternative proof of Lemma [I4.1] as a pro-
jective module over a local ring is free, see Algebra, Theorem

Lemma 14.3. Let R be a local ring with mazimal ideal m. Let R — S be a ring
map. Let N be an S-module. Assume N is isomorphic as an R-module to a direct
sum of finite R-modules. Then for any R-module M and for any prime q C S
which is an associated prime of N @ g M we have q +mS # S.

Proof. Write N = @iel M; with each M, a finite R-module. Let M be an R-
module and let ¢ C S be an associated prime of N ® g M such that ¢ + mS = S.
Let z € N ®g M be an element with q = Anng(z). After modifying the direct
sum decomposition a little bit we may assume that z € M; ® g M for some element
1el Writel= f+) z,g; for some f € q, z; € m, and g; € S. For any g € S
denote ¢’ the R-linear map

M, - NZL N M

where the first arrow is the inclusion map, the second arrow is multiplication by
g and the third arrow is the projection map. Because each z; € R we obtain the
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equality
f+) g = idMl € Endg(M;)

By Nakayama’s lemma (Algebra, Lemma we see that f’ is surjective, hence
by Algebra, Lemma we see that f’ is an 1somorphlsm. In particular the map
Mi@p M= Norg ML NorM— M oy M
is an isomorphism. This contradicts the assumption that fz = 0. O
Lemma 14.4. Let R be a henselian local ring with mazximal ideal m. Let R — S be
a ring map. Let N be an S-module. Assume N is countably generated and Mittag-

Leffler as an R-module. Then for any R-module M and for any prime q C S which
is an associated prime of N @ g M we have q+mS # S.

Proof. This lemma reduces to Lemma by Algebra, Lemma [153.193 O

Suppose f: X — S is a morphism of schemes and F is a quasi-coherent module on
X. Let £ € Assx/s(F) and let Z = {£}. Picture

¢ 7— X
RN/
(&) S

Note that f(Z) c {f(€)} and that f(Z) is closed if and only if equality holds, i.e.,
f(2) ={f(&)}. It follows from Lemmathat if S, X are affine, the fibres X, are
Noetherian, F is of finite type, and I'(X, F) is a projective I'(S, Og)-module, then
f(Z2) ={f(&)} is a closed subset. Slightly different analogous statements holds for
the cases described in Lemmas [14.2} [14.3] and [14.4]

15. Impurities

We want to formalize the phenomenon of which we gave examples in Section
in terms of specializations of points of Assx,g(F). We also want to work locally
around a point s € S. In order to do so we make the following definitions.

Situation/ 15.1. Here S, X are schemes and f : X — S is a finite type morphism.
Also, F is a finite type quasi-coherent Ox-module. Finally s is a point of S.

In this situation consider a morphism g : T — S, a point ¢t € T with g(t) = s, a
specialization ¢’ ~ t, and a point £ € X7 in the base change of X lying over .
Picture

§ T*>X
(15.1.1) I l
t ~~>th——>3s *>S

Moreover, denote JFr the pullback of F to Xr.

Definition 15.2. In Situation we say a diagram (15.1.1)) defines an impurity

of F above s if § € Assx,./r(Fr) and {€} N X, = 0. We will indicate this by saying
“let (g : T — S,t’ ~t,€) be an impurity of F above s”.
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05FX Lemma 15.3. In Situation . If there exists an impurity of F above s, then

051Z

there exists an impurity (g : T — S,t’ ~ t,£) of F above s such that g is locally of
finite presentation and t a closed point of the fibre of g above s.

Proof. Let (g:7 — S,t' ~ t,§) be any impurity of F above s. We apply Limits,

Lemma Mto t € T and Z = {£} to obtain an open neighbourhood V C T of ¢, a
commutative diagram

v

T

and a closed subscheme Z’ C X7 such that

<

— T

ib

(1) the morphism b: 7" — S is locally of finite presentation,
(2) we have Z' N X4y = 0, and
(3) ZN Xy maps into Z’' via the morphism Xy — Xp.

a
g
E—

As t’ specializes to t we may replace T by the open neighbourhood V' of t. Thus
we have a commutative diagram

XT*>XT/ — X

L

T— 7 g
where boa = g. Let £ € Xy denote the image of £. By Divisors, Lemma
we see that ¢’ € Assx_, /7 (Fr/). Moreover, by construction the closure of {¢'} is

contained in the closed subset Z’ which avoids the fibre Xat)- In this way we see
that (T" — S, a(t') ~ a(t),&’) is an impurity of F above s.

Thus we may assume that g : T — S is locally of finite presentation. Let Z = @
By assumption Z; = (). By More on Morphisms, Lemma this means that
Zyr = ) for ¢ in an open subset of {t}. Since the fibre of T — S over s is a
Jacobson scheme, see Morphisms, Lemma we find that there exist a closed
point t € {t} such that Z, = (. Then (g : T — S,t' ~ t",€) is the desired
impurity. (]

Lemmal 15.4. In Situation , Let (g : T — S,t' ~ t,£) be an impurity of F
above s. Assume T = lim;e; T; is a directed limit of affine schemes over S. Then
for some i the triple (T; — S, t; ~ t;,&;) is an impurity of F above s.

Proof. The notation in the statement means this: Let p; : T' — T; be the projection
morphisms, let t; = p;(t) and ¢, = p;(t'). Finally & € Xg, is the image of {. By
Divisors, Lemma it is true that &; is a point of the relative assassin of Fr, over
T;. Thus the only point is to show that {£;} N X;, = 0 for some .

First proof. Let Z; = {&} C X7, and Z = {€} C X endowed with the reduced
induced scheme structure. Then Z = lim Z; by Limits, Lemma Choose a field
k and a morphism Spec(k) — T whose image is . Then

0 = Z xr Spec(k) = (lim Z;) X (1im 1) Spec(k) = lim Z; x1, Spec(k)

because limits commute with fibred products (limits commute with limits). Each
Z; X7, Spec(k) is quasi-compact because X1, — T; is of finite type and hence
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Z; — T; is of finite type. Hence Z; xr1, Spec(k) is empty for some i by Limits,
Lemma Since the image of the composition Spec(k) — T — T; is t; we obtain
what we want.

Second proof. Set Z = @ Apply Limits, Lemma m to this situation to obtain
an open neighbourhood V' C T of ¢, a commutative diagram

V?T/

L,k

T*g>5,

and a closed subscheme Z’ C X7 such that

(1) the morphism b:T" — S is locally of finite presentation,
(2) we have Z' N Xy = 0, and
(3) ZN Xy maps into Z’ via the morphism Xy — X7.

We may assume V is an affine open of 7', hence by Limits, Lemmas .11 and [£.13| we
can find an 4 and an affine open V; C T; with V = f{l(Vi). By Limits, Proposition
after possibly increasing ¢ a bit we can find a morphism a; : V; — T such that
a = ajo fily. The induced morphism Xy, — X7+ maps & into Z'. As Z'N X, =0
we conclude that (T; — S, ¢, ~» t;,&;) is an impurity of F above s. O

Lemmal 15.5. In Situation . If there exists an impurity (g: T — S, t' ~ t,§)
of F above s with g quasi-finite at t, then there exists an impurity (g : T — S, t’ ~~
t,&) such that (T,t) — (S, s) is an elementary étale neighbourhood.

Proof. Let (g9 : T — S,t' ~ t,£) be an impurity of F above s such that g is
quasi-finite at t. After shrinking 7" we may assume that ¢ is locally of finite type.
Apply More on Morphisms, Lemma toT — S and t — s. This gives us a
diagram

T<—TxgU~<~—V

L7

S<~—U

where (U,u) — (59, s) is an elementary étale neighbourhood and V C T xg U is
an open neighbourhood of v = (¢,u) such that V' — U is finite and such that v
is the unique point of V' lying over u. Since the morphism V — T is étale hence
flat we see that there exists a specialization v’ ~» v such that v’ — t’. Note that
k(t") C k(') is finite separable. Pick any point ¢ € X, mapping to £ € Xp. By
Divisors, Lemmawe see that ¢ € Assx,, /v (Fv). Moreover, the closure {(} does
not meet the fibre X, as by assumption the closure @ does not meet X;. In other
words (V' — S,v" ~ v, () is an impurity of F above S.

Next, let ' € U’ be the image of v’ and let § € Xy be the image of (. Then 6 — v/
and v’ ~» u. By Divisors, Lemma we see that 0 € Assy, ,y(F). Moreover, as

m: Xy — Xy is finite we see that 71'(@) = {m(¢)}. Since v is the unique point of

V lying over u we see that X, N {n(¢)} = 0 because X, N {C} = 0. In this way we
conclude that (U — S,u’ ~ u, ) is an impurity of F above s and we win. O
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05J1 Lemmal 15.6. In Situation . Assume that S is locally Noetherian. If there
exists an impurity of F above s, then there exists an impurity (g : T — S,t' ~ t,£)
of F above s such that g is quasi-finite at t.

Proof. We may replace S by an affine neighbourhood of s. By Lemma we
may assume that we have an impurity (¢ : T — S,t' ~ t, ) of such that g is locally
of finite type and ¢ a closed point of the fibre of g above s. We may replace T' by
the reduced induced scheme structure on {t'}. Let Z = {€} C X7. By assumption
Z; = () and the image of Z — T contains t’. By More on Morphisms, Lemma m
there exists a nonempty open V' C Z such that for any w € f(V') any generic point
§ of Vi, is in Assx, r(Fr). By More on Morphisms, Lemma there exists a
nonempty open W C T with W C f(V). By More on Morphisms, Lemma m
there exists a closed subscheme 1" C T such that t € 77, T" — S is quasi-finite at
t, and there exists a point z € 7" N W, 2z ~ t which does not map to s. Choose
any generic point £ of the nonempty scheme V,. Then (T" — S,z ~ t,£') is the
desired impurity. (I

In the following we will use the henselization S* = Spec(Og ;) of S at s, see Etale
Cohomology, Definition Since S" — S maps to closed point of S to s and
induces an isomorphism of residue fields, we will indicate s € S™ this closed point
also. Thus (S”,s) — (S, s) is a morphism of pointed schemes.

05J2 Lemma 15.7. In Situation|15.1 If there exists an impurity (S" — S, 5" ~ s,€)
of F above s then there exists an impurity (T — S,t' ~ t,£) of F above s where
(T,t) — (S, s) is an elementary étale neighbourhood.

Proof. We may replace S by an affine neighbourhood of s. Say S = Spec(A)
and s corresponds to the prime p C A. Then (’)g)s = colimp ) ['(T, Or) where
the limit is over the opposite of the cofiltered category of affine elementary étale
neighbourhoods (T, ¢) of (S, s), see More on Morphisms, Lemma [35.5 and its proof.
Hence S = lim; T, and we win by Lemma O

05J3 Lemma 15.8. In Situationm the following are equivalent

(1) there exists an impurity (S™ — S,s' ~ 5,€) of F above s where S" is the
henselization of S at s,

(2) there exists an impurity (T — S,t' ~ t,£) of F above s such that (T,t) —
(S, s) is an elementary étale neighbourhood, and

(3) there exists an impurity (T — S, t' ~ t,£) of F above s such that T — S
s quasi-finite at t.

Proof. As an étale morphism is locally quasi-finite it is clear that (2) implies (3).
We have seen that (3) implies (2) in Lemma We have seen that (1) implies
(2) in Lemma m Finally, if (T — S,t ~ t,£) is an impurity of F above s
such that (T,t) — (S, s) is an elementary étale neighbourhood, then we can choose
a factorization S* — T — S of the structure morphism S* — S. Choose any
point s’ € S" mapping to ¢’ and choose any ¢ € X, mapping to £ € Xp. Then
(S" — 8,5" ~ 5,£') is an impurity of F above s. We omit the details. |

16. Relatively pure modules

05BB  The notion of a module pure relative to a base was introduced in [GRZ1].
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Definition 16.1. Let f : X — S be a morphism of schemes which is of finite
type. Let F be a finite type quasi-coherent O x-module.

(1) Let s € S. Wesay F is pure along X if there is no impurity (g : T — S, ¢’ ~
t,€) of F above s with (T,t) — (5, s) an elementary étale neighbourhood.

(2) We say F is universally pure along X if there does not exist any impurity
of F above s.

(3) We say that X is pure along X if Ox is pure along X.

(4) We say F is universally S-pure, or universally pure relative to S if F is
universally pure along X, for every s € S.

(5) We say F is S-pure, or pure relative to S if F is pure along X, for every
seS.

(6) We say that X is S-pure or pure relative to S if Ox is pure relative to S.

We intentionally restrict ourselves here to morphisms which are of finite type and
not just morphisms which are locally of finite type, see Remark [I6.2] for a discus-
sion. In the situation of the definition Lemma [T5.§] tells us that the following are
equivalent

(1) F is pure along X,

(2) there is no impurity (¢ : T'— S,t' ~ t,&) with g quasi-finite at ¢,

(3) there does not exist any impurity of the form (S" — S, s ~ s,&), where

S" is the henselization of S at s.

If we denote X" = X x g S"* and F”* the pullback of F to X", then we can formulate
the last condition in the following more positive way:

(4) All points of Assxngn(F") specialize to points of X.
In particular, it is clear that F is pure along X if and only if the pullback of F to
X xg Spec(Og,s) is pure along Xs.

Remark| 16.2. Let f : X — S be a morphism which is locally of finite type
and F a quasi-coherent finite type Ox-module. In this case it is still true that (1)
and (2) above are equivalent because the proof of Lemma does not use that
f is quasi-compact. It is also clear that (3) and (4) are equivalent. However, we
don’t know if (1) and (3) are equivalent. In this case it may sometimes be more
convenient to define purity using the equivalent conditions (3) and (4) as is done in
[GRT71]. On the other hand, for many applications it seems that the correct notion
is really that of being universally pure.

A natural question to ask is if the property of being pure relative to the base is
preserved by base change, i.e., if being pure is the same thing as being universally
pure. It turns out that this is true over Noetherian base schemes (see Lemma [16.5)),
or if the sheaf is flat (see Lemmas and [18.4)). It is not true in general, even if
the morphism and the sheaf are of finite presentation, see Examples, Section [40] for
a counter example. First we match our usage of “universally” to the usual notion.

Lemma 16.3. Let f: X — S be a morphism of schemes which is of finite type.
Let F be a finite type quasi-coherent Ox-module. Let s € S. The following are
equivalent

(1) F is universally pure along X, and
(2) for every morphism of pointed schemes (S’,s") — (S, s) the pullback Fg is
pure along X .
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In particular, F is universally pure relative to S if and only if every base change
Fsr of F is pure relative to S'.

Proof. This is formal. O

Lemma 16.4. Let f : X — S be a morphism of schemes which is of finite type.
Let F be a finite type quasi-coherent Ox-module. Let s € S. Let (5,s") — (S, s)
be a morphism of pointed schemes. If S — S is quasi-finite at s’ and F is pure
along Xs, then Fgr is pure along Xg.

Proof. It (T — S',t' ~~ t, &) is an impurity of Fg above s’ with T — S’ quasi-finite
at t, then (T — S,t’ — t,&) is an impurity of F above s with T' — S quasi-finite at
t, see Morphisms, Lemma Hence the lemma follows immediately from the
characterization (2) of purity given following Definition m O

Lemmal 16.5. Let f: X — S be a morphism of schemes which is of finite type.
Let F be a finite type quasi-coherent Ox-module. Let s € S. If Og s is Noetherian
then F is pure along X5 if and only if F is universally pure along Xs.

Proof. First we may replace S by Spec(Og ), i.e., we may assume that S is Noe-
therian. Next, use Lemma and characterization (2) of purity given in discussion
following Definition to conclude. (Il

Purity satisfies flat descent.

Lemma 16.6. Let f: X — S be a morphism of schemes which is of finite type.
Let F be a finite type quasi-coherent Ox-module. Let s € S. Let (S',s") — (S, s)
be a morphism of pointed schemes. Assume S’ — S is flat at s'.

(1) If Fsr is pure along X, then F is pure along X,.

(2) If Fsr is universally pure along X, then F is universally pure along X.

Proof. Let (T — S,t' ~~ t,£) be an impurity of F above s. Set T =T x g S5’, and
let ¢; be the unique point of 77 mapping to ¢ and s’. Since 77 — T is flat at ¢,
see Morphisms, Lemma [25.8] there exists a specialization ] ~ ¢1 lying over ¢’ ~ ¢,
see Algebra, Section Choose a point §; € Xy, which corresponds to a generic
point of Spec(k(t)) @) K(£)), see Schemes, Lemma By Divisors, Lemma
we see that &1 € Assx,. 7, (Fr,). As the Zariski closure of {1} in X7, maps into
the Zariski closure of {£} in X7 we conclude that this closure is disjoint from X, .
Hence (17 — S',t} ~ t1,&1) is an impurity of Fg above s'. In other words we have
proved the contrapositive to part (2) of the lemma. Finally, if (T,t) — (S,s) is
an elementary étale neighbourhood, then (T7,t1) — (S, s’) is an elementary étale
neighbourhood too, and in this way we see that (1) holds. O

Lemma 16.7. Leti: Z — X be a closed immersion of schemes of finite type over
a scheme S. Let s € S. Let F be a finite type, quasi-coherent sheaf on Z. Then F
is (universally) pure along Zs if and only if i, F is (universally) pure along X.

Proof. This follows from Divisors, Lemma (8.3 ([l
17. Examples of relatively pure sheaves

Here are some example cases where it is possible to see what purity means.

Lemmal 17.1. Let f : X — S be a morphism of schemes which is of finite type.
Let F be a finite type quasi-coherent Ox-module.
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(1) If the support of F is proper over S, then F is universally pure relative to
S.

(2) If f is proper, then F is universally pure relative to S.

(3) If f is proper, then X is universally pure relative to S.

Proof. First we reduce (1) to (2). Namely, let Z C X be the scheme theoretic
support of F. Let ¢ : Z — X be the corresponding closed immersion and write
F =1i,G for some finite type quasi-coherent Oz-module G, see Morphisms, Section
In case (1) Z — S is proper by assumption. Thus by Lemma case (1)
reduces to case (2).

Assume f is proper. Let (g : T — S,t' ~ t,£) be an impurity of F above s € S.
Since f is proper, it is universally closed. Hence fr : X7 — T is closed. Since
fr(&) =’ this implies that ¢t € f({¢}) which is a contradiction. O

Lemma 17.2. Let f: X — S be a separated, finite type morphism of schemes.
Let F be a finite type, quasi-coherent Ox-module. Assume that Supp(Fs) is finite
for every s € S. Then the following are equivalent

(1) F is pure relative to S,
(2) the scheme theoretic support of F is finite over S, and
(3) F is universally pure relative to S.

In particular, given a quasi-finite separated morphism X — S we see that X is pure
relative to S if and only if X — S is finite.

Proof. Let Z C X be the scheme theoretic support of F, see Morphisms, Definition
Then Z — S is a separated, finite type morphism of schemes with finite fibres.
Hence it is separated and quasi-finite, see Morphisms, Lemma By Lemma
[16.7 it suffices to prove the lemma for Z — S and the sheaf F viewed as a finite
type quasi-coherent module on Z. Hence we may assume that X — S is separated
and quasi-finite and that Supp(F) = X.

It follows from Lemma and Morphisms, Lemma that (2) implies (3).
Trivially (3) implies (1). Assume (1) holds. We will prove that (2) holds. It is clear
that we may assume S is affine. By More on Morphisms, Lemma we can find
a diagram

S

with 7 finite and j a quasi-compact open immersion. If we show that j is closed,
then j is a closed immersion and we conclude that f = woj is finite. To show that
j is closed it suffices to show that specializations lift along j, see Schemes, Lemma
Let z € X, set t' = j(z) and let ¢/ ~ ¢ be a specialization. We have to
show t € j(X). Set s’ = f(x) and s = 7(t) so s’ ~» s. By More on Morphisms,
Lemma we can find an elementary étale neighbourhood (U,u) — (S, s) and a
decomposition
Ty =TxsgU=VIW

into open and closed subschemes, such that V' — U is finite and there exists a
unique point v of V mapping to u, and such that v maps totin T. As V — T is
étale, we can lift generalizations, see Morphisms, Lemmas and Hence
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there exists a specialization v’ ~ v such that v’ maps to t' € T. In particular we
see that v' € Xy C Ty. Denote u' € U the image of ¢’. Note that v" € Assx,, ;i (F)
because X, is a finite discrete set and X,» = Supp(F,/). As F is pure relative to
S we see that v/ must specialize to a point in X,,. Since v is the only point of V/
lying over u (and since no point of W can be a specialization of v') we see that
v € X,. Hence t € X. O

Lemma 17.3. Let f : X — S be a finite type, flat morphism of schemes with
geometrically integral fibres. Then X is universally pure over S.

Proof. Let £ € X with &' = f(§) and s’ ~ s a specialization of S. If ¢ is
an associated point of X/, then £ is the unique generic point because X, is an
integral scheme. Let & be the unique generic point of X;. As X — § is flat we
can lift s’ ~ s to a specialization & ~ & in X, see Morphisms, Lemma [25.9
The £ ~ £ because & is the generic point of X hence £ ~» &. This means that
(idg, s’ — s,€) is not an impurity of Ox above s. Since the assumption that f is
finite type, flat with geometrically integral fibres is preserved under base change,
we see that there doesn’t exist an impurity after any base change. In this way we
see that X is universally S-pure. O

Lemma 17.4. Let f : X — S be a finite type, affine morphism of schemes. Let
F be a finite type quasi-coherent Ox -module such that f.JF is locally projective on
S, see Properties, Definition[21.1] Then F is universally pure over S.

Proof. After reducing to the case where S is the spectrum of a henselian local ring
this follows from Lemma [[4.11 (]

18. A criterion for purity

We first prove that given a flat family of finite type quasi-coherent sheaves the
points in the relative assassin specialize to points in the relative assassins of nearby
fibres (if they specialize at all).

Lemma 18.1. Let f : X — S be a morphism of schemes of finite type. Let
F be a quasi-coherent Ox-module of finite type. Let s € S. Assume that F is
flat over S at all points of X,. Let 2’ € Assx;s(F) with f(x') = s" such that
s’ ~ s is a specialization in S. If x’' specializes to a point of X, then x’ ~ x with
x € Assx (Fs).

Proof. Say z’ ~ t with t € Xs. Then we can find specializations 2’ ~» x ~» t with
x corresponding to a generic point of an irreducible component of {z'} N f~1({s}).
By assumption F is flat over S at x. By More on Morphisms, Lemma [18.3| we see
that = € Assx/g(F) as desired. O

Lemmal 18.2. Let f: X — S be a morphism of schemes of finite type. Let F be
a quasi-coherent Ox-module of finite type. Let s € S. Let (S',s") — (S,s) be an
elementary étale neighbourhood and let

XﬁX’
S<~—9

be a commutative diagram of morphisms of schemes. Assume


https://stacks.math.columbia.edu/tag/05K5
https://stacks.math.columbia.edu/tag/05K6
https://stacks.math.columbia.edu/tag/05L3
https://stacks.math.columbia.edu/tag/05L4

05L5

MORE ON FLATNESS 54

(1) F is flat over S at all points of X,
(2) X' — 8 is of finite type,
(3) g*F is pure along X1,

(4) g: X' — X is étale, and

(5) g(X') contains Assx, (Fs).
In this situation F is pure along X, if and only if the image of X' — X xg 5’
contains the points of Assxy ;s1/s/(F xsS") lying over points in S" which specialize
to s'.

Proof. Since the morphism S’ — S is étale, we see that if F is pure along X,
then F xg S’ is pure along X, see Lemma Since purity satisfies flat descent,
see Lemma we see that if F xg S’ is pure along X/, then F is pure along Xj.
Hence we may replace S by S’ and assume that S = S’ so that g : X’ — X is an
étale morphism between schemes of finite type over S. Moreover, we may replace
S by Spec(Os,s) and assume that S is local.

First, assume that F is pure along X,. In this case every point of Assx,g(F)
specializes to a point of X, by purity. Hence by Lemma[l8.1] we see that every point
of Assx/s(F) specializes to a point of Assx, (Fs). Thus every point of Assy,g(F)
is in the image of g (as the image is open and contains Assx_(Fs)).

Conversely, assume that g(X’) contains Assy,s(F). Let S" = Spec(Ogs) be the
henselization of S at s. Denote g" : (X')* — X" the base change of g by S" — S,
and denote F" the pullback of F to X". By Divisors, Lemma and Remark
the relative assassin Assxn gn(F") is the inverse image of Assx,/s(F) via the
projection X" — X. As we have assumed that g(X’) contains Assy/s(F) we
conclude that the base change ¢"((X')") = g(X') xS contains Assxn  gn(F").
In this way we reduce to the case where S is the spectrum of a henselian local
ring. Let x € Assx/g(F). To finish the proof of the lemma we have to show that
x specializes to a point of X, see criterion (4) for purity in discussion following
Definition [16.1] By assumption there exists a 2/ € X’ such that g(z') = z. As
g : X" = X is étale, we see that 2’ € Assx//s(9*F), see Lemma (applied to
the morphism of fibres X! — X, where w € S is the image of 2’). Since g*F is
pure along X! we see that 2/ ~» y for some y € X/. Hence 2 = g(a’) ~ g(y) and
g(y) € X, as desired. O

Lemma 18.3. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox-module. Let s € S. Assume

(1) f is of finite type,

(2) F is of finite type,

(3) F is flat over S at all points of X, and

(4) F is pure along Xs.

Then F is universally pure along X;.

Proof. We first make a preliminary remark. Suppose that (S5’,s") — (9, s) is an
elementary étale neighbourhood. Denote F’ the pullback of F to X' = X xg5’. By
the discussion following Definition we see that F’ is pure along X/,. Moreover,
F' is flat over S’ along X7,. Then it suffices to prove that F’ is universally pure
along X!,. Namely, given any morphism (7,t) — (S,s) of pointed schemes the
fibre product (T7,t") = (T xg S, (t,s")) is flat over (T, t) and hence if Fp is pure


https://stacks.math.columbia.edu/tag/05L5

05L6

05MA

MORE ON FLATNESS 55

along Xy then Fr is pure along X; by Lemma[I6.6] Thus during the proof we may
always replace (s,.S) by an elementary étale neighbourhood. We may also replace
S by Spec(Ogs,s) due to the local nature of the problem.

Choose an elementary étale neighbourhood (S’,s') — (5,s) and a commutative
diagram

X X’

l g i

S <—— Spec(Og/ )
such that X’ — X Xxg Spec(Og s ) is étale, Xy = g((X’)s), the scheme X' is
affine, and such that I'(X’,g*F) is a free Ogs y-module, see Lemma [12.11] Note
that X’ — Spec(Og ) is of finite type (as a quasi-compact morphism which is the
composition of an étale morphism and the base change of a finite type morphism).

By our preliminary remarks in the first paragraph of the proof we may replace S
by Spec(Og' s). Hence we may assume there exists a commutative diagram

X=———X'
\ g /
S
of schemes of finite type over S, where g is étale, X, C ¢g(X'), with S local with

closed point s, with X’ affine, and with I'(X’, g*F) a free I'(S, Og)-module. Note
that in this case g*F is universally pure over S, see Lemma [17.4]

In this situation we apply Lemma|18.2|to deduce that Assx,s(F) C g(X’) from our
assumption that F is pure along X, and flat over S along X,. By Divisors, Lemma
and Remark|[7.4] we see that for any morphism of pointed schemes (T',t) — (S, s)
we have

Assx,r(Fr) C (X1 — X)_l(AssX/s(f)) Cg(X") xsT = gr(X7).

Hence by Lemma applied to the base change of our displayed diagram to (7', t)
we conclude that Fr is pure along X; as desired. O

Lemmal 18.4. Let f: X — S be a finite type morphism of schemes. Let F be a
finite type quasi-coherent Ox-module. Assume F is flat over S. In this case F is
pure relative to S if and only if F is universally pure relative to S.

Proof. Immediate consequence of Lemma and the definitions. O

Lemma 18.5. Let I be a directed set. Let (S;, giir) be an inverse system of affine
schemes over I. Set S = lim; S; and s € S. Denote g; : S — S; the projections
and set s; = g;(8). Suppose that f : X — S is a morphism of finite presentation,
F a quasi-coherent Ox-module of finite presentation which is pure along Xs and
flat over S at all points of Xs. Then there exists an i € I, a morphism of finite
presentation X; — S;, a quasi-coherent Ox,-module F; of finite presentation which
is pure along (X;)s, and flat over S; at all points of (X;)s, such that X = X; xg, S
and such that the pullback of F; to X is isomorphic to F.

Proof. Let U C X be the set of points where F is flat over S. By More on
Morphisms, Theorem this is an open subscheme of X. By assumption X, C U.
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As X, is quasi-compact, we can find a quasi-compact open U’ C U with X, C U’.
By Limits, Lemma we can find an ¢ € I and a morphism of finite presentation
fi : Xi = S; whose base change to S is isomorphic to f;. Fix such a choice and set
Xy = X; xg, Sir. Then X = lim; X;» with affine transition morphisms. By Limits,
Lemma [10.2| we can, after possible increasing i assume there exists a quasi-coherent
Ox,;-module F; of finite presentation whose base change to S is isomorphic to F.
By Limits, Lemma after possibly increasing i we may assume there exists an
open U! C X; whose inverse image in X is U’. Note that in particular (X;)s, C U/.
By Limits, Lemma m (after increasing ¢ once more) we may assume that F; is
flat on U]. In particular we see that F; is flat along (X;)s,.

Next, we use Lemma to choose an elementary étale neighbourhood (5}, s;) —
(S;, si) and a commutative diagram of schemes

X, <—X!
gi ?

|

51%52

such that g; is étale, (X;)s, C g:(X]), the schemes X/, S; are affine, and such that
I'(X/, gf F;) is a projective I'(S}, OS;)—module. Note that g/ F; is universally pure
over S!, see Lemma We may base change the diagram above to a diagram
with morphisms (S}, si,) = (Si, si) and gi : X/, — X over Sy for any ¢’ > ¢ and

we may base change the diagram to a diagram with morphisms (5’,s") — (5, s)
and g : X’ — X over S.

At this point we can use our criterion for purity. Set W/ C X; xg, S! equal to the
image of the étale morphism X; — X; xg, S.. For every i’ > i we have similarly
the image W/, C Xy xg, S, and we have the image W' C X x g S’. Taking images
commutes with base change, hence W}, = W/ xS}, and W' = W, x g/ 5. Because
F is pure along X, the Lemma [I8:2] implies that '

(1851) fﬁl(speC(OSgs/)) N ASSXXSS’/S/(-F Xs S,) cw’
By More on Morphisms, Lemma we see that
E={te S |Assx,(F;) CW'} and E;y ={t€S] | Assx,(Fi+) C W/}

are locally constructible subsets of S” and S/,. By More on Morphisms, Lemma
we see that Ej is the inverse image of E; under the morphism S, — S/ and
that E is the inverse image of E; under the morphism S’ — S;. Thus Equation
is equivalent to the assertion that Spec(Og ) maps into E;. As Ogr o =
colimy>; Ogr, o+, we see that Spec(Og, o, ) maps into E; for some i’ > i, see Limits,
Lemma rfhen, applying Lemma to the situation over S;/, we conclude
that Fy is pure along (Xy/)s,, - |

Lemma 18.6. Let f: X — S be a morphism of finite presentation. Let F be a
quasi-coherent Ox -module of finite presentation flat over S. Then the set

U={seS|F ispure along X,}

is open in S.
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Proof. Let s € U. Using Lemma we can find an elementary étale neighbour-
hood (57,s") — (S, s) and a commutative diagram

X ﬁ X/

S<~——9
such that g is étale, X, C g(X’), the schemes X’, S’ are affine, and such that
(X', g*F) is a projective I'(S’, Og/)-module. Note that g*F is universally pure

over S’, see Lemma Set W’ C X xg S’ equal to the image of the étale
morphism X’ — X xg 5’. Note that W is open and quasi-compact over S’. Set

E = {t cs’ | ASSXt (}_t) C W’}

By More on Morphisms, Lemma [25.5] E is a constructible subset of S’. By Lemma
we see that Spec(Og ) C E. By Morphisms, Lemma we see that E
contains an open neighbourhood V' of s’. Applying Lemma once more we see
that for any point s; in the image of V' in S the sheaf F is pure along X, . Since
S" — S is étale the image of V' in S is open and we win. O

19. How purity is used

Here are some examples of how purity can be used. The first lemma actually uses
a slightly weaker form of purity.

Lemma 19.1. Let f: X — S be a morphism of finite type. Let F be a quasi-
coherent sheaf of finite type on X. Assume S is local with closed point s. Assume
F is pure along Xs and that F is flat over S. Let ¢ : F — G of quasi-coherent
Ox -modules. Then the following are equivalent

(1) the map on stalks @, is injective for all x € Assx, (Fs), and
(2) ¢ is injective.

Proof. Let £ = Ker(¢). Our goal is to prove that K = 0. In order to do this
it suffices to prove that WeakAssx (K) = 0, see Divisors, Lemma We have
WeakAssx (K) C WeakAssx (F), see Divisors, Lemma As F is flat we see
from Lemma that WeakAssx (F) C Assy,g(F). By purity any point 2’ of
Assx;5(F) is a generalization of a point of X, and hence is the specialization of
a point © € Assx,(Fs), by Lemma m Hence the injectivity of ¢, implies the
injectivity of ./, whence IC,» = 0. (]

Proposition 19.2. Let f : X — S be an affine, finitely presented morphism of
schemes. Let F be a quasi-coherent Ox-module of finite presentation, flat over S.
Then the following are equivalent

(1) fuF is locally projective on S, and

(2) F is pure relative to S.
In particular, given a ring map A — B of finite presentation and a finitely presented
B-module N flat over A we have: N is projective as an A-module if and only sz'
on Spec(B) is pure relative to Spec(A).

Proof. The implication (1) = (2) is Lemma Assume F is pure relative to
S. Note that by Lemma [I8:3] this implies F remains pure after any base change.
By Descent, Lemma it suffices to prove f.F is fpqc locally projective on S.
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Pick s € S. We will prove that the restriction of f.JF to an étale neighbourhood
of s is locally projective. Namely, by Lemma [I2.5] after replacing S by an affine
elementary étale neighbourhood of s, we may assume there exists a diagram

X=—X
\\ g /
S
of schemes affine and of finite presentation over S, where g is étale, X C g(X’),
and with T'(X’, g*F) a projective T'(S, Og)-module. Note that in this case g*F is

universally pure over S, see Lemma Hence by Lemma [18.2] we see that the
open g(X') contains the points of Assx/g(F) lying over Spec(Os,s). Set

E={teS|Assx, (F) Cg(X")}

By More on Morphisms, Lemma E is a constructible subset of S. We have
seen that Spec(Og ) C E. By Morphisms, Lemma we see that E contains an
open neighbourhood of s. Hence after replacing S by an affine neighbourhood of s
we may assume that Assx,g(F) C g(X’). By Lemma [7.4] this means that

(X, F) —T(X',g"F)

is T'(S, Og)-universally injective. By Algebra, Lemma we conclude that T'(X, F)
is Mittag-Leffler as an I'(S, Og)-module. Since I'(X, F) is countably generated and
flat as a I'(S, Og)-module, we conclude it is projective by Algebra, Lemma O

We can use the proposition to improve some of our earlier results. The following
lemma is an improvement of Proposition [12.4

Lemma 19.3. Let f : X — S be a morphism which is locally of finite presentation.
Let F be a quasi-coherent Ox-module which is of finite presentation. Let x € X
with s = f(x) € S. If F is flat at x over S there exists an affine elementary étale
neighbourhood (S',s') — (S,s) and an affine open U' C X xg 8" which contains
x' = (x,s") such that T(U’, Flu) is a projective T'(S’, Og)-module.

Proof. During the proof we may replace X by an open neighbourhood of x and
we may replace S by an elementary étale neighbourhood of s. Hence, by openness
of flatness (see More on Morphisms, Theorem we may assume that F is flat
over S. We may assume S and X are affine. After shrinking X some more we
may assume that any point of Assx, (Fs) is a generalization of x. This property
is preserved on replacing (S, s) by an elementary étale neighbourhood. Hence we
may apply Lemma [I2.5] to arrive at the situation where there exists a diagram

X~——— X
\\ g /
S
of schemes affine and of finite presentation over S, where g is étale, X C g(X’),

and with T'(X’, g*F) a projective T'(S, Og)-module. Note that in this case g*F is
universally pure over S, see Lemma

Let U C g(X’) be an affine open neighbourhood of z. We claim that F|y is pure
along Us. If we prove this, then the lemma follows because F|y will be pure relative
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to S after shrinking S, see Lemma [I8.6] whereupon the projectivity follows from
Proposition m To prove the claim we have to show, after replacing (S, s) by an
arbitrary elementary étale neighbourhood, that any point £ of Assy/s(F|v) lying
over some s’ € S, s’ ~» s specializes to a point of U,. Since U C g(X') we can find a
¢ € X’ with g(¢') = €. Because g* F is pure over S, using Lemma[I8.1] we see there
exists a specialization ¢’ ~~ 2’ with 2’ € Assx/(9*F;). Then g(z') € Assy, (Fs)
(see for example Lemma applied to the étale morphism X! — X of Noetherian
schemes) and hence g(z’) ~ = by our choice of X above! Since x € U we conclude
that g(z’) € U. Thus £ = g(£') ~ g(2') € Uy as desired. O

The following lemma is an improvement of Lemma [12.9

Lemma 19.4. Let f : X — S be a morphism which is locally of finite type.
Let F be a quasi-coherent Ox-module which is of finite type. Let x € X with
s = f(x) € S. If F is flat at x over S there exists an affine elementary étale
neighbourhood (S',s") — (S,s) and an affine open U' C X xg Spec(Og o) which
contains &' = (x,s") such that T(U’', Fly) is a free Og/ o -module.

Proof. The question is Zariski local on X and S. Hence we may assume that X
and S are affine. Then we can find a closed immersion i : X — A% over S. It is
clear that it suffices to prove the lemma for the sheaf i,/ on A% and the point
i(z). In this way we reduce to the case where X — S is of finite presentation.
After replacing S by Spec(Og ) and X by an open of X xg Spec(Og ) we may
assume that F is of finite presentation, see Proposition [10.3] In this case we may
appeal to Lemma and Algebra, Theorem to conclude. ([l

Lemmal 19.5. Let A — B be a local ring map of local rings which is essentially
of finite type. Let N be a finite B-module which is flat as an A-module. If A is
henselian, then N is a filtered colimit

N = COlimi Fz

of free A-modules F; such that all transition maps u; : F; — Fy of the system induce
injective maps u; : F;/maF; — Fy/maFy. Also, N is a Mittag-Leffler A-module.

Proof. We can find a morphism of finite type X — S = Spec(A4) and a point z € X
lying over the closed point s of S and a finite type quasi-coherent Ox-module F
such that F, =2 N as an A-module. After shrinking X we may assume that each
point of Assx_(Fs) specializes to z. By Lemma we see that there exists a
fundamental system of affine open neighbourhoods U; C X of x such that T'(U;, F)
is a free A-module F;. Note that if U;; C U;, then

FijmaF; =T(U; 5, Fs) — T (Ui s, Fs) = Fy JmaFy

is injective because a section of the kernel would be supported at a closed subset of
X not meeting = which is a contradiction to our choice of X above. Since the maps
F; — F; are A-universally injective (Lemma it follows that N is Mittag-Lefller
by Algebra, Lemma [89.9 (]

The following lemma should be skipped if reading through for the first time.

Lemma 19.6. Let A — B be a local ring map of local rings which is essentially
of finite type. Let N be a finite B-module which is flat as an A-module. If A is a
valuation ring, then any element of N has a content ideal I C A (More on Algebra,

Definition . Also, I is a principal ideal.
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Proof. The final statement follows from the fact that I is a finitely generated ideal
by More on Algebra, Lemma and Algebra, Lemma [50.15

Proof of existence of I. Let A C A" be the henselization. Let B’ be the localization
of B®4 A" at the maximal ideal mgp ® A" + B @ msn. Then B — B’ is flat,
hence faithfully flat. Let N’ = N ®p B’. Let x € N and let 2’ € N’ be the
image. We claim that for an ideal I C A we have z € IN < 2/ € IN’. Namely,
N/IN — N'/IN' is the tensor product of B — B’ with N/IN and B — B’
is universally injective by Algebra, Lemma By More on Algebra, Lemma
and Algebra, Lemma the map A — A" defines an inclusion preserving
bijection I — IA" on sets of ideals. We conclude that = has a content ideal in A

if and only if 2’ has a content ideal in A". The assertion for 2’ € N’ follows from
Lemma [19.5 and Algebra, Lemma [89.6 a

An application is the following.

Lemma 19.7. Let X — Spec(R) be a proper flat morphism where R is a valuation
ring. If the special fibre is reduced, then X and every fibre of X — Spec(R) is
reduced.

Proof. Assume the special fibre X, is reduced. Let x € X be any point, and let
us show that Ox , is reduced; this will prove that X is reduced. Let x ~~ 2’ be a
specialization with z’ in the special fibre; such a specialization exists as a proper
morphism is closed. Consider the local ring A = Ox ,/. Then Ox , is a localization
of A, so it suffices to show that A is reduced. Let a € A and let I = (7) C R be its
content ideal, see Lemma, Then a = ma’ and a’ maps to a nonzero element of
A/mA where m C R is the maximal ideal. If a is nilpotent, so is a’, because 7 is
a nonzerodivisor by flatness of A over R. But o/ maps to a nonzero element of the
reduced ring A/mA = Ox, ,v. This is a contradiction unless A is reduced, which is
what we wanted to show.

Of course, if X is reduced, so is the generic fibre of X over R. If p C R is a prime
ideal, then R/p is a valuation ring by Algebra, Lemma m Hence redoing the
argument with the base change of X to R/p proves the fibre over p is reduced. O

20. Flattening functors

Let S be a scheme. Recall that a functor F' : (Sch/S)°PP — Sets is called limit
preserving if for every directed inverse system {7;};cs of affine schemes with limit
T we have F(T) = colim; F(T;).

Situation| 20.1. Let f: X — S be a morphism of schemes. Let u : F — G be a
homomorphism of quasi-coherent O x-modules. For any scheme T over S we will
denote ur : Fr — G the base change of u to T, in other words, ur is the pullback
of u via the projection morphism X = X xg T — X. In this situation we can
consider the functor

{*x} if  wr is an isomorphism,

. opp
(20.1.1) Figo : (Sch/S)PP — Sets, T—>{ 0 else.

There are variants Fi,;, Fourj, Frero Where we ask that ug is injective, surjective,
or zero.

Lemma 20.2. In Situation ,
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(1) Each of the functors Fiso, Finj, Fsurj, Fzero Satisfies the sheaf property for
the fpgc topology.

(2) If f is quasi-compact and G is of finite type, then Fsyr; is limit preserving.

(3) If f is quasi-compact and F of finite type, then F.epo is limit preserving.

(4) If f is quasi-compact, F is of finite type, and G is of finite presentation,

then Fg, is limit preserving.

Proof. Let {T; — T}ier be an fpqc covering of schemes over S. Set X; = Xp, =
X xg T; and u; = ur,. Note that {X; — Xr}ier is an fpqe covering of Xr, see
Topologies, Lemma, In particular, for every x € Xp there exists an ¢ € I and
an z; € X; mapping to z. Since Ox, , — Ox, o, is flat, hence faithfully flat (see
Algebra, Lemma we conclude that (u;),., is injective, surjective, bijective, or
zero if and only if (ur), is injective, surjective, bijective, or zero. Whence part (1)
of the lemma.

Proof of (2). Assume f quasi-compact and G of finite type. Let T = lim;c; T; be a
directed limit of affine S-schemes and assume that uy is surjective. Set X; = X, =
X xgT; and w; = up, : F; = Fr, = G; = Gr,. To prove part (2) we have to show
that u; is surjective for some i. Pick ig € I and replace I by {i | i > ig}. Since f is
quasi-compact the scheme X, is quasi-compact. Hence we may choose affine opens
Wi,...,Wp C X and an affine open covering X;, = Uy i, U...UUp,;, such that
Uj i, maps into W; under the projection morphism X;, — X. For any ¢ € I let U},
be the inverse image of Uj ;,. Setting U; = lim; U ; we see that X7 = U1 U...UUp,
is an affine open covering of X. Now it suffices to show, for a given j € {1,...,m}
that wu;|y, , is surjective for some i = i(j) € I. Using Properties, Lemma this
translates into the following algebra problem: Let A be a ring and let uw: M — N
be an A-module map. Suppose that R = colim;c; R; is a directed colimit of A-
algebras. If N is a finite A-module and if u® 1: M ®4 R — N ®4 R is surjective,
then for some i the map u®1: M ®4 R; — N ®4 R; is surjective. This is Algebra,

Lemma [127.5| part (2).

Proof of (3). Exactly the same arguments as given in the proof of (2) reduces this to
the following algebra problem: Let A be a ring and let u : M — N be an A-module
map. Suppose that R = colim;c; R; is a directed colimit of A-algebras. If M is a
finite A-module and if u®1: M ®4 R — N ®4 R is zero, then for some i the map
u®1: MRy R =& N ®4 R; is zero. This is Algebra, Lemmapart (1).

Proof of (4). Assume f quasi-compact and F,G of finite presentation. Arguing
in exactly the same manner as in the previous paragraph (using in addition also
Properties, Lemma part (3) translates into the following algebra statement:
Let A be a ring and let w : M — N be an A-module map. Suppose that R =
colim;e; R; is a directed colimit of A-algebras. Assume M is a finite A-module, N
is a finitely presented A-module, and u®1: M ®4 R — N ®4 R is an isomorphism.
Then for some i the map u® 1: M ®4 R; — N ® 4 R; is an isomorphism. This is
Algebra, Lemma part (3). O

Situation| 20.3. Let (A, m4) be a local ring. Denote C the category whose objects
are A-algebras A’ which are local rings such that the algebra structure A — A’ is
a local homomorphism of local rings. A morphism between objects A’, A” of C is
a local homomorphism A’ — A” of A-algebras. Let A — B be a local ring map of
local rings and let M be a B-module. If A" is an object of C we set B’ = B4 A’ and
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we set M' = M ®4 A’ as a B’-module. Given A’ € Ob(C), consider the condition
(20.3.1) Vg € V(ma B'+mpB') C Spec(B') : My is flat over A'.
Note the similarity with More on Algebra, Equation (19.1.1)). In particular, if
A’ — A” is a morphism of C and (20.3.1) holds for A’, then it holds for A”, see
More on Algebra, Lemma Hence we obtain a functor
(20.3.2) Fif:C—> Sets, A —s {x} if (20.3.1) holds,
0 else.

Lemma 20.4. In Situation .

(1) If A — A” is a flat morphism in C then Fiy(A’") = Fip(A”).

(2) If A — B is essentially of finite presentation and M is a B-module of finite

presentation, then Fiy is limit preserving: If {A;}ier is a directed system
of objects of C, then Fy(colim; A;) = colim; Fjf(A;).

Proof. Part (1) is a special case of More on Algebra, Lemma Part (2) is a
special case of More on Algebra, Lemma [19.4 |

Lemma 20.5. In Situation. Let B — C'is a local map of local A-algebras and
N a C-module. Denote Fl'f : C — Sets the functor associated to the pair (C,N). If
M = N as B-modules and B — C' is finite, then Fiy = Fl'f.

Proof. Let A’ be an object of C. Set ¢/ = C ®4 A" and N' = N @ 4 A’ similarly
to the definitions of B/, M’ in Situation Note that M’ = N’ as B’-modules.
The assumption that B — C' is finite has two consequences: (a) m¢ = v/mpC and
(b) B" — (" is finite. Consequence (a) implies that
V(maC' +meC’) = (Spec(C’) = Spec(B')) ' V(ma B’ + mpB').

Suppose q C V(ma B’ +mpB’). Then M, is flat over A’ if and only if the Cf-
module Ny is flat over A’ (because these are isomorphic as A’-modules) if and only
if for every maximal ideal v of Cy the module Ny is flat over A’ (see Algebra, Lemma
39.18). As B} — C{ is finite by (b), the maximal ideals of C correspond exactly to
the primes of C’ lying over q (see Algebra, Lemma and these primes are all

contained in V(m4 C" + mgC’) by the displayed equation above. Thus the result
of the lemma holds. (]

Lemma 20.6. In Sz’tuation suppose that B — C'is a flat local homomorphism
of local rings. Set N = M ®@p C. Denote Fl'f : C — Sets the functor associated to
the pair (C,N). Then Fiy = Fl’f.

Proof. Let A’ be an object of C. Set O/ = C® A’ and N' = N4 A' = M'®p C’
similarly to the definitions of B, M’ in Situation Note that
V(ma B +mpB’) = Spec(k(mp) ®4 r(ma))
and similarly for V(m4 C' +meC’). The ring map
k(mp) ®a k(ma) — k(me) ®4 k(mar)

is faithfully flat, hence V(m 4/ C'+meC’) — V(ma B'+mpB’) is surjective. Finally,
if v € V(maC' +meC’) maps to q € V(ma B + mpB’), then M is flat over A’
if and only if N{ is flat over A’ because B’ — C’ is flat, see Algebra, Lemma m
The lemma follows formally from these remarks. O
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Situation| 20.7. Let f : X — S be a smooth morphism with geometrically
irreducible fibres. Let F be a quasi-coherent Ox-module of finite type. For any
scheme T over S we will denote F7 the base change of F to T, in other words, Frp
is the pullback of F via the projection morphism X; = X xgT — X. Note that
X7 — T is smooth with geometrically irreducible fibres, see Morphisms, Lemma
and More on Morphisms, Lemma Let p > 0 be an integer. Given a point
t € T consider the condition

(20.7.1) Fr is free of rank p in a neighbourhood of &,

where &; is the generic point of the fibre X;. This condition for all ¢ € T is stable
under base change, and hence we obtain a functor

(20.7.2) H,: (Sch/S)"" — Sets, T — {{6} if Fr satisfies (20.7.1) vt € T,

else.

Lemma 20.8. In Situation .

(1) The functor H, satisfies the sheaf property for the fpgc topology.
(2) If F is of finite presentation, then functor H, is limit preserving.

Proof. Let {T; — T};cr be an qu(ﬂ covering of schemes over S. Set X; = X, =
X xg T; and denote F; the pullback of F to X;. Assume that F; satisfies
for all 7. Pick t € T and let & € Xp denote the generic point of X;. We have
to show that F is free in a neighbourhood of &. For some i € [ we can find a
t; € T; mapping to t. Let & € X, denote the generic point of X;,, so that & maps
to &. The fact that F; is free of rank p in a neighbourhood of &; implies that
(Fi)w; = (’)iip’zi which implies that Fr¢, = (’)?@’;,& as Ox,.¢, = Ox, o, is flat, see
for example Algebra, Lemma Thus there exists an affine neighbourhood U
of & in X7 and a surjection ng — Fu = Frlu, see Modules, Lemma After
shrinking T" we may assume that U — T is surjective. Hence U — T is a smooth
morphism of affines with geometrically irreducible fibres. Moreover, for every t' € T
we see that the induced map

. A®p
a: OU,EU — Fue,

is an isomorphism (since by the same argument as before the module on the right
is free of rank p). It follows from Lemma that

LU, 057) ®r(r,05) O — DU, Fu) @r(r.05) Oryt/

is injective for every t' € T. Hence we see the surjection « is an isomorphism. This
finishes the proof of (1).

Assume that F is of finite presentation. Let T = lim;c; T; be a directed limit of
affine S-schemes and assume that Fr satisfies . Set X; = Xp, = X x5 T;
and denote F; the pullback of F to X;. Let U C Xt denote the open subscheme
of points where Fr is flat over T, see More on Morphisms, Theorem [I5.1] By
assumption every generic point of every fibre is a point of U, ie., U — T is a
smooth surjective morphism with geometrically irreducible fibres. We may shrink
U a bit and assume that U is quasi-compact. Using Limits, Lemma we can
find an ¢ € I and a quasi-compact open U; C X; whose inverse image in Xp is

It is quite easy to show that Hj is a sheaf for the fppf topology using that flat morphisms
of finite presentation are open. This is all we really need later on. But it is kind of fun to prove
directly that it also satisfies the sheaf condition for the fpgc topology.
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U. After increasing ¢ we may assume that F;|y, is flat over T}, see Limits, Lemma
In particular, F;|y, is finite locally free hence defines a locally constant rank
function p : U; — {0,1,2,...}. Let (U;), C U; denote the open and closed subset
where p has value p. Let V; C T; be the image of (U;),; note that V; is open and
quasi-compact. By assumption the image of T'— T; is contained in V;. Hence there
exists an i’ > i such that Ty — T factors through V; by Limits, Lemma[4.11] Then
Fi satisfies as desired. Some details omitted. O

Lemmal 20.9. Let f: X — S be a morphism of schemes which is locally of finite
type. Let F be a quasi-coherent Ox-module of finite type. Let n > 0. The following
are equivalent

(1) for s € S the closed subset Z C X, of points where F is not flat over S

(see Lemma satisfies dim(Z) < n, and
(2) forz € X such that F is not flat at x over S we have trdeg, ;) (k(z)) < n.

If this is true, then it remains true after any base change.

Proof. Let z € X be a point over s € S. Then the dimension of the closure of {z}
in X, is trdeg,.,) (k(x)) by Varieties, Lemma[20.3 Conversely, if Z C X, is a closed
subset of dimension d, then there exists a point x € Z with trdeg,,(x(z)) = d
(same reference). Therefore the equivalence of (1) and (2) holds (even fibre by
fibre). The statement on base change follows from Morphisms, Lemmas and
283 O

Definition 20.10. Let f: X — S be a morphism of schemes which is locally of
finite type. Let F be a quasi-coherent Ox-module of finite type. Let n > 0. We
say F is flat over S in dimensions > n if the equivalent conditions of Lemma [20.9
are satisfied.

Situation| 20.11. Let f: X — S be a morphism of schemes which is locally of
finite type. Let F be a quasi-coherent Ox-module of finite type. For any scheme
T over S we will denote Fr the base change of F to T, in other words, Fr is the
pullback of F via the projection morphism X7 = X x¢T — X. Note that X — T
is of finite type and that Fr is an Ox -module of finite type (Morphisms, Lemma
m and Modules, Lemma, . Let n > 0. By Definition and Lemma
we obtain a functor
(20.11.1)

F, : (Sch/S)"" —» Sets, T —» {{g} if Fr is flat OZT;GT in dim > n,

Lemma 20.12. In Situation|20.11)

(1) The functor F, satisfies the sheaf property for the fpgc topology.
(2) If f is quasi-compact and locally of finite presentation and F is of finite
presentation, then the functor F,, is limit preserving.

Proof. Let {T; — T}ier be an fpqc covering of schemes over S. Set X; = Xp, =
X X g T; and denote F; the pullback of F to X;. Assume that F; is flat over T; in
dimensions > n for all i. Let ¢ € T. Choose an index i and a point ¢; € T; mapping
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to t. Consider the cartesian diagram

XSpec((’)T,t) < XSpec((’)Ti,ti)

| l

Spec(Or,) <— Spec(Or; +,)

As the lower horizontal morphism is flat we see from More on Morphisms, Lemma
that the set Z; C X, where F; is not flat over T; and the set Z C X; where
Fr is not flat over T are related by the rule Z; = Z,(,). Hence we see that Fr is
flat over T" in dimensions > n by Morphisms, Lemma [28.3

Assume that f is quasi-compact and locally of finite presentation and that F is of
finite presentation. In this paragraph we first reduce the proof of (2) to the case
where f is of finite presentation. Let T = lim;c; T; be a directed limit of affine S-
schemes and assume that Fr is flat in dimensions > n. Set X; = X7, = X xgT; and
denote F; the pullback of F to X;. We have to show that F; is flat in dimensions
> n for some 4. Pick ig € I and replace I by {i | ¢ > 4p}. Since T;, is affine (hence
quasi-compact) there exist finitely many affine opens W; C S, j =1,...,m and an
affine open overing Tj, = U;—; _,, Vi, such that T;, — S maps Vj;, into W;. For
i > 19 denote Vj; the inverse image of Vj;, in T;. If we can show, for each j, that
there exists an ¢ such that Fy, , is flat in dimensions > n, then we win. In this way
we reduce to the case that S is affine. In this case X is quasi-compact and we can
choose a finite affine open covering X = W7 U...U W,,. In this case the result for
(X — S5, F) is equivalent to the result for (][] W}, [ F|w,). Hence we may assume
that f is of finite presentation.

Assume f is of finite presentation and F is of finite presentation. Let U C Xy
denote the open subscheme of points where Fr is flat over T', see More on Mor-
phisms, Theorem m By assumption the dimension of every fibre of Z = X7\ U
over T has dimension < n. By Limits, Lemma [I8.5 we can find a closed subscheme
Z C Z' C Xp such that dim(Z]) < n for all ¢t € T and such that Z' — X is of
finite presentation. By Limits, Lemmas and there exists an i € I and a
closed subscheme Z! C X; of finite presentation whose base change to T is Z’. By
Limits, Lemma [18.1f we may assume all fibres of Z! — T; have dimension < n. By
Limits, Lemma |10.4| we may assume that ;]| x\17 18 flat over T;. This implies that
F; is flat in dimensions > n; here we use that Z’ — X7 is of finite presentation,
and hence the complement X1\ Z’ is quasi-compact! Thus part (2) is proved and
the proof of the lemma is complete. O

Situation 20.13. Let f: X — S be a morphism of schemes. Let F be a quasi-
coherent O x-module. For any scheme T over S we will denote Fr the base change
of F to T, in other words, Fr is the pullback of F via the projection morphism
X7 =X xgT — X. Since the base change of a flat module is flat we obtain a
functor

if Fr is flat over T,

, *
(20.13.1) Ffiqr « (Sch/S)PP — Sets, T — {{(Z)} else.

Lemma 20.14. In Situation .

(1) The functor Fyiq; satisfies the sheaf property for the fpgc topology.
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(2) If f is quasi-compact and locally of finite presentation and F is of finite
presentation, then the functor Fyq, is limit preserving.

Proof. Part (1) follows from the following statement: If 7/ — T is a surjective flat
morphism of schemes over S, then Fp is flat over T” if and only if Fr is flat over
T, see More on Morphisms, Lemma m Part (2) follows from Limits, Lemma
after reducing to the case where X and S are affine (compare with the proof

of Lemma [20.12]). ([l

21. Flattening stratifications

Just the definitions. The reader looking for a “generic flatness stratification”, should
consult More on Morphisms, Section

Definition 21.1. Let X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. We say that the universal flattening of F exists if the functor Fyq.
defined in Situation is representable by a scheme S” over S. We say that the
universal flattening of X exists if the universal flattening of Ox exists.

Note that if the universal flattening SEI of F exists, then the morphism S’ — S is
a surjective monomorphism of schemes such that Fg is flat over S’ and such that
a morphism 7' — S factors through S’ if and only if Fr is flat over T.

Example 21.2. Let X =S = Spec(k[z,y]) where k is a field. Let F = M where
M = k[z,z~ 1, y]/(y). For a klz,y|-algebra A set Ffiqt(A) = Fiat(Spec(A4)). Then
Friar(klz,y)/(x,y)") = {*} for all n, while Ffq(k[[z,y]]) = 0. This means that
F'iq¢ isn’t representable (even by an algebraic space, see Formal Spaces, Lemma
. Thus the universal flattening does not exist in this case.

We define (compare with Topology, Remark a (locally finite, scheme theoretic)
stratification of a scheme S to be given by closed subschemes Z; C S indexed by a
partially ordered set I such that S = Z; (set theoretically), such that every point
of S has a neighbourhood meeting only a finite number of Z;, and such that

7in 2=, 2

Setting S; = Z; \ U, ; Z; the actual stratification is the decomposition S = [[.S;
into locally closed subschemes. We often only indicate the strata S; and leave the
construction of the closed subschemes Z; to the reader. Given a stratification we
obtain a monomorphism

=11 s — 5.
el

We will call this the monomorphism associated to the stratification. With this
terminology we can define what it means to have a flattening stratification.

Definition 21.3. Let X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. We say that F has a flattening stratification if the functor F'y;q; defined
in Situation [20.13] is representable by a monomorphism S’ — S associated to a
stratification of S by locally closed subschemes. We say that X has a flattening
stratification if Ox has a flattening stratification.

2The scheme S’ is sometimes called the universal flatificator. In [GRZ1] it is called the plat-
ificateur universel. Existence of the universal flattening should not be confused with the type of
results discussed in More on Algebra, Section
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When a flattening stratification exists, it is often important to understand the index
set labeling the strata and its partial ordering. This often has to do with ranks of
modules. For example if X =5 and F is a finitely presented Og-module, then the
flattening stratification exists and is given by the Fitting ideals of F, see Divisors,
Lemma [9.71

22. Flattening stratification over an Artinian ring

A flatting stratification exists when the base scheme is the spectrum of an Artinian
ring.

Lemmal 22.1. Let S be the spectrum of an Artinian ring. For any scheme X
over S, and any quasi-coherent Ox-module there exists a universal flattening. In
fact the universal flattening is given by a closed immersion S’ — S, and hence is a
flattening stratification for F as well.

Proof. Choose an affine open covering X = |JU;. Then F;,; is the product of the
functors associated to each of the pairs (U;, Fly,). Hence it suffices to prove the
result for each (U;, Fly,). In the affine case the lemma follows immediately from
More on Algebra, Lemma [17.2 (I

23. Flattening a map
Theorem [23:3]is the key to further flattening statements.

Lemmal 23.1. Let S be a scheme. Let g : X' — X be a flat morphism of schemes
over S with X locally of finite type over S. Let F be a finite type quasi-coherent
Ox-module which is flat over S. If Assx;s(F) C g(X') then the canonical map

F — 9.9 F
is injective, and remains injective after any base change.

Proof. The final assertion means that Fpr — (gr).g5Fr is injective for any mor-
phism T' — S. The assumption Assx,s(F) C g(X') is preserved by base change,
see Divisors, Lemma [7.3| and Remark The same holds for the assumption of
flatness and finite type. Hence it suffices to prove the injectivity of the displayed
arrow. Let K = Ker(F — ¢.g*F). Our goal is to prove that K = 0. In order to
do this it suffices to prove that WeakAssx (K) = (), see Divisors, Lemma We
have WeakAssx () € WeakAssx (F), see Divisors, Lemma As F is flat we
see from Lemma El that WeakAssx (F) C Assx/g(F). By assumption any point
x of Assy,g(F) is the image of some 2’ € X’. Since g is flat the local ring map
Ox 4 — Ox/ p is faithfully flat, hence the map

fm — g*fx’ = ]:1 ®(9X.m OX’,m'
is injective (see Algebra, Lemma [82.11)). This implies that IC; = 0 as desired. O

Lemma 23.2. Let A be a ring. Letu: M — N be a surjective map of A-modules.
If M is projective as an A-module, then there exists an ideal I C A such that for
any ring map ¢ : A — B the following are equivalent

(1) u®1: M®4 B— N®a B is an isomorphism, and

(2) ¢(I) =0.
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Proof. As M is projective we can find a projective A-module C such that F' =
M @ C is a free A-module. By replacing u by u@®1: F =M & C - N & C we
see that we may assume M is free. In this case let I be the ideal of A generated
by coefficients of all the elements of Ker(u) with respect to some (fixed) basis of
M. The reason this works is that, since u is surjective and ® 4B is right exact,
Ker(u ® 1) is the image of Ker(u) ®4 B in M ®4 B. O

Theorem 23.3. In Situatz'on assume

(1) f is of finite presentation,

(2) F is of finite presentation, flat over S, and pure relative to S, and

(3) w is surjective.
Then Fis, is representable by a closed immersion Z — S. Moreover Z — S is of
finite presentation if G is of finite presentation.

Proof. We will use without further mention that F is universally pure over S, see
Lemma [I8:3] By Lemma [20.2] and Descent, Lemmas and the question is
local for the étale topology on S. Hence it suffices to prove, given s € S, that there
exists an étale neighbourhood of (5, s) so that the theorem holds.

Using Lemma [T2.5] and after replacing S by an elementary étale neighbourhood of
s we may assume there exists a commutative diagram

X~——— X
\\ g /
S
of schemes of finite presentation over S, where g is étale, X; C g(X'), the schemes
X' and S are affine, I'(X’, g*F) a projective I'(S, Og)-module. Note that g*F is

universally pure over S, see Lemma Hence by Lemma [18.2] we see that the
open g(X') contains the points of Assx/g(F) lying over Spec(Os,s). Set

E={teS|Assx, (F) Cg(X")}

By More on Morphisms, Lemma[25.5| E is a constructible subset of S. We have seen
that Spec(Og,s) C E. By Morphisms, Lemma [22.4] we see that E contains an open
neighbourhood of s. Hence after replacing S by a smaller affine neighbourhood of
s we may assume that Assx/g(F) C g(X').

Since we have assumed that v is surjective we have Fjs, = Fj,;. From Lemma
it follows that v : F — G is injective if and only if g*u : g*F — ¢*G is injective,
and the same remains true after any base change. Hence we have reduced to the
case where, in addition to the assumptions in the theorem, X — S is a morphism
of affine schemes and I'(X, F) is a projective I'(S, Og)-module. This case follows
immediately from Lemma [23.2

To see that Z is of finite presentation if G is of finite presentation, combine Lemma
20.2| part (4) with Limits, Remark |

Lemma 23.4. Let f : X — S be a morphism of schemes which is of finite
presentation, flat, and pure. Let'Y be a closed subscheme of X. Let F' = f,Y be
the Weil restriction functor of Y along f, defined by

F i (Sch/S)PP — Sets, T {x} i Yr — Xr is an isomorphism,
’ ’ 0 else.
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Then F is representable by a closed immersion Z — S. Moreover Z — S is of
finite presentation if Y — S is.

Proof. Let Z be the ideal sheaf defining ¥ in X and let v : Ox — Ox/Z be
the surjection. Then for an S-scheme T, the closed immersion Y — X7 is an

isomorphism if and only if ur is an isomorphism. Hence the result follows from
Theorem 23.3 O

24. Flattening in the local case

In this section we start applying the earlier material to obtain a shadow of the
flattening stratification.

Theorem 24.1. In Sz’tuation@ assume A is henselian, B is essentially of finite
type over A, and M is a finite B-module. Then there exists an ideal I C A such that
A/I corepresents the functor Fiy on the category C. In other words given a local
homomorphism of local rings ¢ : A — A" with B = B4 A" and M/ = M @4 A’
the following are equivalent:

(1) Yq € V(ma B +mpB’) C Spec(B’) : My is flat over A, and

(2) (1) = 0.
If B is essentially of finite presentation over A and M of finite presentation over
B, then I is a finitely generated ideal.

Proof. Choose a finite type ring map A — C and a finite C-module N and a prime
q of C' such that B = Cq and M = N,. In the following, when we say “the theorem
holds for (N/C/A,q) we mean that it holds for (A — B, M) where B = Cy and
M = Ng. By Lemma 20.6] the functor Fi; is unchanged if we replace B by a local
ring flat over B. Hence, since A is henselian, we may apply Lemma [6.6]and assume
that there exists a complete dévissage of N/C/A at q.

Let (A;, Bi, M;, 2, 0;)i=1,...n be such a complete dévissage of N/C/A at q. Let
q; C A; be the unique prime lying over ¢; C B; as in Definition Since C' — A3
is surjective and N = M; as C-modules, we see by Lemma [20.5] it suffices to prove
the theorem holds for (M7 /A1/A,q}). Since By — A; is finite and q; is the only
prime of By over q7 we see that (A1)y — (B1)g, is finite (see Algebra, Lemma
or More on Morphisms, Lemma [47.4). Hence by Lemma it suffices to
prove the theorem holds for (M;/B;1/A, q1).

At this point we may assume, by induction on the length n of the dévissage, that
the theorem holds for (Ms/Ba/A,q2). (If n = 1, then My = 0 which is flat over
A.) Reversing the last couple of steps of the previous paragraph, using that My =
Coker(ag) as By-modules, we see that the theorem holds for (Coker(ay)/B1/A, q1).

Let A’ be an object of C. At this point we use Lemma to see that if (M1 ®aA")y
is flat over A’ for a prime ¢’ of By ®4 A’ lying over mu/, then (Coker(ai) ®a4 A')y
is flat over A’. Hence we conclude that Fj; is a subfunctor of the functor F} I

associated to the module Coker(a;)q, over (Bi)g,. By the previous paragraph we
know F} + is corepresented by A/ J for some ideal J C A. Hence we may replace A
by A/J and assume that Coker(ay)q, is flat over A.

Since Coker(ay) is a Bj-module for which there exist a complete dévissage of
N1/B1/A at q; and since Coker(a)q, is flat over A by Lemma we see that
Coker(a) is free as an A-module, in particular flat as an A-module. Hence
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Lemma implies F;7(A’) is nonempty if and only if o ® 14/ is injective. Let
N; =Im(a;) C M; so that we have exact sequences

0 — Ny — M; — Coker(a;) =0 and BY™ — N; —0

The flatness of Coker(« ) implies the first sequence is universally exact (see Algebra,
Lemma. Hence a®1 4/ is injective if and only if B?” QaA - Ny A is an
isomorphism. Finally, Theorem [23-3] applies to show this functor is corepresentable
by A/I for some ideal I and we conclude Fjy is corepresentable by A/I also.

To prove the final statement, suppose that A — B is essentially of finite presentation
and M of finite presentation over B. Let I C A be the ideal such that Fjs is
corepresented by A/I. Write I = |J I, where I ranges over the finitely generated
ideals contained in . Then, since Fy¢(A/I) = {*} we see that Fjz(A/I)) = {*} for
some A, see Lemma [20.4] part (2). Clearly this implies that I = I,. O

Remark| 24.2. Here is a scheme theoretic reformulation of Theorem Let
(X,x) — (5, s) be a morphism of pointed schemes which is locally of finite type.
Let F be a finite type quasi-coherent Ox-module. Assume S henselian local with
closed point s. There exists a closed subscheme Z C S with the following property:
for any morphism of pointed schemes (7', ¢) — (5, s) the following are equivalent

(1) Fr is flat over T at all points of the fibre X; which map to z € X, and
(2) Spec(Ort) — S factors through Z.

Moreover, if X — S is of finite presentation at x and F, of finite presentation over
Ox z, then Z — § is of finite presentation.

At this point we can obtain some very general results completely for free from the
result above. Note that perhaps the most interesting case is when £ = X!

Lemma 24.3. Let S be the spectrum of a henselian local ring with closed point
s. Let X — S be a morphism of schemes which is locally of finite type. Let F be
a finite type quasi-coherent Ox-module. Let EE C X, be a subset. There ezists a
closed subscheme Z C S with the following property: for any morphism of pointed
schemes (T,t) — (S, s) the following are equivalent

(1) Fr is flat over T at all points of the fibre X; which map to a point of

FE C Xs, and

(2) Spec(Ory) — S factors through Z.
Moreover, if X — S is locally of finite presentation, F is of finite presentation, and
E C X, is closed and quasi-compact, then Z — S is of finite presentation.

Proof. For z € X, denote Z, C S the closed subscheme we found in Remark [24.2]
Then it is clear that Z =, Z, works!

To prove the final statement assume X locally of finite presentation, F of finite
presentation and Z closed and quasi-compact. First, choose finitely many affine
opens W; C X such that E C |JW;. It clearly suffices to prove the result for each
morphism W; — S with sheaf F|x, and closed subset £'N W;. Hence we may
assume X is affine. In this case, More on Algebra, Lemma [19.4] shows that the
functor defined by (1) is “limit preserving”. Hence we can show that Z — S is of
finite presentation exactly as in the last part of the proof of Theorem 241} O

Remark| 24.4. Tracing the proof of Lemma m to its origins we find a long and
winding road. But if we assume that
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(1) f is of finite type,

(2) F is a finite type Ox-module,

(3) E=X;, and

(4) S is the spectrum of a Noetherian complete local ring.
then there is a proof relying completely on more elementary algebra as follows:
first we reduce to the case where X is affine by taking a finite affine open cover.
In this case Z exists by More on Algebra, Lemma The key step in this
proof is constructing the closed subscheme Z step by step inside the truncations
Spec(Og,s/m?). This relies on the fact that flattening stratifications always exist
when the base is Artinian, and the fact that Og ; = lim Og ,/m7.

25. Variants of a lemma

In this section we discuss variants of Algebra, Lemmas and The most
general version is Proposition this was stated as [GRT1, Lemma 4.2.2] but
the proof in loc.cit. only gives the weaker result as stated in Lemma [25.5] The
intricate proof of Proposition [25.13]is due to Ofer Gabber. As we currently have no
application for the proposition we encourage the reader to skip to the next section
after reading the proof of Lemma this lemma will be used in the next section
to prove Theorem [26.1

Situation| 25.1. Let ¢ : A — B be a local ring homomorphism of local rings
which is essentially of finite type. Let M be a flat A-module, N a finite B-module
and v : N — M an A-module map such that @: N/maN — M/m4M is injective.

In this situation it is our goal to show that u is A-universally injective, IV is of finite
presentation over B, and N is flat as an A-module. If this is true, we will say the
lemma holds in the given situation.

Lemmal 25.2. If in Situation the ring A is Noetherian then the lemma holds.

Proof. Applying Algebra, Lemmawe see that u is injective and that N/u(M)
is flat over A. Then u is A-universally injective (Algebra, Lemma and N is
A-flat (Algebra, Lemma [39.13). Since B is Noetherian in this case we see that N
is of finite presentation. O

Lemmal 25.3. Let Ag be a local ring. If the lemma holds for every Situation
with A = Ag, with B a localization of a polynomial algebra over A, and N of finite
presentation over B, then the lemma holds for every Situation [25.1) with A = Ay.

Proof. Let A — B, u: N — M be as in Situation Write B = C/I where
C is the localization of a polynomial algebra over A at a prime. If we can show
that N is finitely presented as a C-module, then a fortiori this shows that N is
finitely presented as a B-module (see Algebra, Lemma . Hence we may assume
that B is the localization of a polynomial algebra. Next, write N = B®" /K for
some submodule K C B®". Since B/msB is Noetherian (as it is essentially of
finite type over a field), there exist finitely many elements k1, ..., ks € K such that
for K’ = " Bk; and N’ = B®"/K’ the canonical surjection N’ — N induces an
isomorphism N'/maN’ = N/m4N. Now, if the lemma holds for the composition
v : N’ — M, then v is injective, hence N’ = N and v’ = u. Thus the lemma
holds for the original situation. O

Lemmal 25.4. If in Situation the ring A is henselian then the lemma holds.
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Proof. It suffices to prove this when B is essentially of finite presentation over
A and N is of finite presentation over B, see Lemma [25.3] Let us temporarily
make the additional assumption that N is flat over A. Then N is a filtered colimit
N = colim; F; of free A-modules F; such that the transition maps u;; : F; — Fy
are injective modulo m4, see Lemma [19.5| Each of the compositions u; : F; — M
is A-universally injective by Lemma wherefore v = colimu; is A-universally
injective as desired.

Assume A is a henselian local ring, B is essentially of finite presentation over A,
N of finite presentation over B. By Theorem there exists a finitely generated
ideal I C A such that N/IN is flat over A/I and such that N/I?N is not flat over
A/I? unless I = 0. The result of the previous paragraph shows that the lemma
holds for w mod I : N/IN — M/IM over A/I. Consider the commutative diagram

0—>M®uI/I>—> M/I>)M —> M/IM —>0

N@aI/I?—— N/I>’N —> N/IN —>0

whose rows are exact by right exactness of ® and the fact that M is flat over A.
Note that the left vertical arrow is the map N/IN @7 I/I? — M/IM ® 4,1 1/1?,
hence is injective. A diagram chase shows that the lower left arrow is injective,
L.e., Torl 72 (I/1?,M/I?) = 0 see Algebra, Remark |75.9, Hence N/I?N is flat over
A/I? by Algebra, Lemma a contradiction unless I = 0. a

The following lemma discusses the special case of Situation where M has a
B-module structure and u is B-linear. This is the case most often used in practice
and it is significantly easier to prove than the general case.

Lemmal 25.5. Let A — B be a local ring homomorphism of local rings which is
essentially of finite type. Let uw : N — M be a B-module map. If N is a finite
B-module, M is flat over A, and @ : N/maN — M/maM is injective, then u is
A-universally injective, N is of finite presentation over B, and N is flat over A.

Proof. Let A — A" be the henselization of A. Let B’ be the localization of
B ®4 A" at the maximal ideal mp ® A" + B ® m4n. Since B — B’ is flat (hence
faithfully flat, see Algebra, Lemma , we may replace A — B with A" — B/,
the module M by M ®p B’, the module N by N ®g B’, and u by u ® idg, see
Algebra, Lemmas and Thus we may assume that A is a henselian local
ring. In this case our lemma follows from the more general Lemma O

Lemmal 25.6. If in Situation the ring A is a valuation ring then the lemma
holds.

Proof. Recall that an A-module is flat if and only if it is torsion free, see More
on Algebra, Lemma Let T'C N be the A-torsion. Then u(T) = 0 and N/T
is A-flat. Hence N/T is finitely presented over B, see More on Algebra, Lemma
Thus T is a finite B-module, see Algebra, Lemma Since N/T is A-flat
we see that T/maT C N/maN, see Algebra, Lemma As W is injective but
u(T) = 0, we conclude that T/m4T = 0. Hence T = 0 by Nakayama’s lemma, see
Algebra, Lemma [20.I] At this point we have proved two out of the three assertions
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(N is A-flat and of finite presentation over B) and what is left is to show that u is
universally injective.

By Algebra, Theorem it suffices to show that N ®4 Q — M ®4 Q is injective
for every finitely presented A-module Q. By More on Algebra, Lemma we
may assume Q = A/(a) with @ € my nonzero. Thus it suffices to show that
N/aN — M/aM is injective. Let x € N with u(z) € aM. By Lemma we
know that x has a content ideal I C A. Since [ is finitely generated (More on
Algebra, Lemma @ and A is a valuation ring, we have I = (b) for some b (by
Algebra, Lemma [50.15]). By More on Algebra, Lemma the element u(x) has
content ideal I as well. Since u(x) € aM we see that (b) C (a) by More on Algebra,
Definition Since x € bN we conclude x € aN as desired. O

Consider the following situation

A — B of finite presentation, S C B a multiplicative subset, and

(25.6.1) N a finitely presented S~!B-module

In this situation a pure spreadout is an affine open U C Spec(B) with Spec(S™1B) C
U and a finitely presented O(U)-module N’ extending N such that N’ is A-
projective and N’ — N = S~!N’ is A-universally injective.

In (25.6.1)) if A — A; is a ring map, then we can base change: take By = B® 4 A1,
let S C Bj be the image of S, and let Ny = N ®4 A;. This works because
ST !By =SB4 A;. We will use this without further mention in the following.

Lemma 25.7. In (25.6.1)) if there exists a pure spreadout, then

(1) elements of N have content ideals in A, and

(2) ifu: N — M is a morphism to a flat A-module M such that N/mN —
M/mM is injective for all maximal ideals m of A, then u is A-universally
injective.

Proof. Choose U, N’ as in the definition of a pure spreadout. Any element z’ € N’
has a content ideal in A because N’ is A-projective (this can easily be seen directly,
but it also follows from More on Algebra, Lemma [24.4) and Algebra, Example [91.1]).
Since N’ — N is A-universally injective, we see that the image x € N of any ' € N’
has a content ideal in A (it is the same as the content ideal of z’). For a general
x € N we choose s € S such that sz is in the image of N’ — N and we use that x
and sz have the same content ideal.

Let u : N — M be as in (2). To show that u is A-universally injective, we may
replace A by a localization at a maximal ideal (small detail omitted). Assume A is
local with maximal ideal m. Pick s € S and consider the composition

N NSNS M

Each of these maps is injective modulo m, hence the composition is A-universally
injective by Lemma Since N = colimgseg(1/s)N' we conclude that u is A-
inversally injective as a colimit of universally injective maps. ]

Lemma 25.8. In (25.6.1) for every p € Spec(A) there is a finitely generated ideal
I C pA, such that over A, /I we have a pure spreadout.
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Proof. We may replace A by A,. Thus we may assume A is local and p is the
maximal ideal m of A. We may write N = S~!N’ for some finitely presented
B-module N’ by clearing denominators in a presentation of N over S™!B. Since
B/mB is Noetherian, the kernel K of N'/mN’ — N/mN is finitely generated. Thus
we can pick s € S such that K is annihilated by s. After replacing B by B which is
allowed as it just means passing to an affine open subscheme of Spec(B), we find that
the elements of S are injective on N’/mN’. At this point we choose a local subring
Ap C A essentially of finite type over Z, a finite type ring map Ag — By such that
B = A®4, By, and a finite Bp-module N such that N' = B®p, Nj = A®4, N}.
We claim that I = m4, A works. Namely, we have

N'JIN' = N jmag Ny @,y A1

which is free over A/I. Multiplication by the elements of S is injective after divid-
ing out by the maximal ideal, hence N'/IN’ — N/IN is universally injective for
example by Lemma [7.0] O

Lemmal 25.9. In (25.6.1) assume N is A-flat, M is a flat A-module, and u :
N — M is an A-module map such that u ® id, ) is injective for all p € Spec(A).
Then u is A-universally injective.

Proof. By Algebra, Lemma [82.14] it suffices to check that N/IN — M/IM is
injective for every ideal I C A. After replacing A by A/I we see that it suffices to
prove that u is injective.

Proof that u is injective. Let © € N be a nonzero element of the kernel of wu.
Then there exists a weakly associated prime p of the module Az, see Algebra,
Lemma Replacing A by A, we may assume A is local and we find a nonzero
element y € Ax whose annihilator has radical equal to my, see Algebra, Lemma
Thus Supp(y) C Spec(S~!B) is nonempty and contained in the closed fibre
of Spec(S™'B) — Spec(A). Let I C my be a finitely generated ideal so that
we have a pure spreadout over A/I, see Lemma Then I"y = 0 for some
n. Now y € Anny(I") = Anng(I™) ®g N by flatness. Thus, to get the desired
contradiction, it suffices to show that

Anns(I") @p N — Anna(I™) @ g M

is injective. Since N and M are flat and since Ann,(I™) is annihilated by I,
it suffices to show that Q ® 4 N — @Q ®4 M is injective for every A-module @
annihilated by I. This holds by our choice of I and Lemma part (2). |

Lemmal 25.10. Let A be a local domain which is not a field. Let S be a set of
finitely generated ideals of A. Assume that S is closed under products and such that
Ures V) is the complement of the generic point of Spec(A). Then ((;cg 1 = (0).

Proof. Since my C A is not the generic point of Spec(A) we see that I C my for
at least one I € S. Hence ();cg1 C ma. Let f € my be nonzero. Then V(f) C
Ures V(I). Since the constructible topology on V(f) is quasi-compact (Topology,
Lemma and Algebra, Lemma we find that V(f) C V(L) U...UV(l,)
for some I; € S. Because I ... I, € S we see that V(f) C V(I) for some I. As I
is finitely generated this implies that I"™ C (f) for some m and since S is closed
under products we see that I C (f2) for some I € S. Then it is not possible to
have f € I. a
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Lemmal 25.11. Let A be a local ring. Let I,J C A be ideals. If J is finitely
generated and I C J" for all n > 1, then V(I) contains the closed points of
Spec(A4) \ V(J).

Proof. Let p C A be a closed point of Spec(A4) \ V(J). We want to show that
I C p. If not, then some f € I maps to a nonzero element of A/p. Note that
V(J) N Spec(A/p) is the set of non-generic points. Hence by Lemma applied
to the collection of ideals J™A/p we conclude that the image of f is zeroin A/p. O

Lemma 25.12. Let A be a local ring. Let I C A be an ideal. Let U C Spec(A) be
quasi-compact open. Let M be an A-module. Assume that

(1) M/IM is flat over A/I,

(2) M is flat over U,
Then M/IsM s flat over A/Is where Iy = Ker(I — T'(U,1/1?)).

Proof. It suffices to show that M ®4 I/Io — IM/I2M is injective, see Algebra,
Lemma This is true over U by assumption (2). Thus it suffices to show that
M ®4 I/I; injects into its sections over U. We have M @4 I /1o = M/IM ®4 I/I5
and M/IM is a filtered colimit of finite free A/I-modules (Algebra, Theorem [81.4)).
Hence it suffices to show that I/I5 injects into its sections over U, which follows
from the construction of I. O

Proposition| 25.13. Let A — B be a local ring homomorphism of local rings
which is essentially of finite type. Let M be a flat A-module, N a finite B-module
and u: N = M an A-module map such that w: N/myN — M/maM is injective.
Then u is A-universally injective, N is of finite presentation over B, and N is flat
over A.

Proof. We may assume that B is the localization of a finitely presented A-algebra
By and that N is the localization of a finitely presented Bp-module My, see Lemma
[25.3] By More on Morphisms, Lemma[b4.I|there exists a “generic flatness stratifica-
tion” for My on Spec(By) over Spec(A). Translating back to N we find a sequence
of closed subschemes

S =Spec(A) DSy D51 D...08. =0

with S; C S cut out by a finitely generated ideal of A such that the pullback of N
to Spec(B) x5 (S; \ Sit1) is flat over S; \ S;+1. We will prove the proposition by
induction on ¢ (the base case t = 1 will be proved in parallel with the other steps).
Let Spec(A/J;) be the scheme theoretic closure of S; \ Siy1.

Claim 1. N/J;N is flat over A/J;. This is immediate for ¢ = t — 1 and follows
from the induction hypothesis for 7 > 0. Thus we may assume ¢ > 1, S;_1 # (), and
Jo = 0 and we have to prove that IV is flat. Let J C A be the ideal defining S;.
By induction on t again, we also have flatness modulo powers of J. Let A" be the
henselization of A and let B’ be the localization of B ® 4 A" at the maximal ideal
mp ® A" + B@myn. Then B — B’ is faithfully flat. Set N’ = N ®p B’. Note
that N’ is A"-flat if and only if N is A-flat. By Theorem there is a smallest
ideal I C A" such that N'/IN’ is flat over A"/I, and I is finitely generated. By
the above I C J"A" for all n > 1. Let S! C Spec(A") be the inverse image of
S; C Spec(A). By Lemma we see that V(I) contains the closed points of
U = Spec(A") — S. By construction N’ is A"-flat over U. By Lemmawe see
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that N'/I;N' is flat over A/, where Iy = Ker(I — I'(U, I/I?)). Hence I = I3 by
minimality of I. This implies that I = I? locally on U, i.e., we have IOy, = (0) or
10y, = (1) for all w € U. Since V(I) contains the closed points of U we see that
I'=0onU. Since U C Spec(A") is scheme theoretically dense (because replaced A
by A/Jy in the beginning of this paragraph), we see that I = 0. Thus N’ is A"-flat
and hence Claim 1 holds.

We return to the situation as laid out before Claim 1. With A" the henselization of
A, with B’ the localization of B ®4 A" at the maximal ideal mp ® A" + B @ m 4,
and with N’ = N ®p B’ we now see that the flattening ideal I C A" of Theorem
is nilpotent. If nil(A") denotes the ideal of nilpotent elements, then nil(A") =
nil(A)A" (More on Algebra, Lemma . Hence there exists a finitely generated
nilpotent ideal Iy C A such that N/IyN is flat over A/I.

Claim 2. For every prime ideal p C A the map k(p) ®4 N — k(p) ®a4 M is
injective. We say p is bad it this is false. Suppose that C is a nonempty chain
of bad primes and set p* = Upec p. By Lemma @l there is a finitely generated
ideal @ C p*A,+ such that there is a pure spreadout over V(a). If p* were good,
then it would follow from Lemma that the points of V(a) are good. However,
since a is finitely generated and since p* Ay« = (J,cc Ap+ we see that V(a) contains
a p € C, contradiction. Hence p* is bad. By Zorn’s lemma, if there exists a bad
prime, there exists a maximal one, say p. In other words, we may assume every
p’ D p, p’ # pis good. In this case we see that for every f € A, f & p the map
u®id g/ (p4r) 1s universally injective, see Lemma Thus it suffices to show that
N/pN is separated for the topology defined by the submodules f(N/pN). Since
B — B’ is faithfully flat, it is enough to prove the same for the module N'/pN’. By
Lemma and More on Algebra, Lemma elements of N'/pN’ have content
ideals in A" /pA". Thus it suffices to show that MNea.rep f(A"/pAR) = 0. Then it

suffices to show the same for A" /qA" for every prime q C A" minimal over pA”".
Because A — A" is the henselization, every q contracts to p and every q' D q,
q' # q contracts to a prime p’ which strictly contains p. Thus we get the vanishing
of the intersections from Lemma R5.10l

At this point we can put everything together. Namely, using Claim 1 and Claim 2
we see that N/IgN — M/IoM is A/Iy-universally injective by Lemma [25.9] Then
the diagrams

N@a (I§/15™) ——= M @a (I§/15)
IPN/ITHAN —— [P M/ IV M

show that the left vertical arrows are injective. Hence by Algebra, Lemma we
see that N is flat. In a similar way the universal injectivity of v can be reduced
(even without proving flatness of N first) to the one modulo Iy. This finishes the
proof. O

26. Flat finite type modules, Part III

05U8 The following result is one of the main results of this chapter.
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Theorem 26.1. Let f: X — S be locally of finite type. Let F be a quasi-coherent
Ox -module of finite type. Let x € X with image s € S. The following are equivalent
(1) F is flat at x over S, and
(2) for every ' € Assx_ (Fs) which specializes to x we have that F is flat at x’
over S.

Proof. It is clear that (1) implies (2) as F, is a localization of F,, for every point
which specializes to . Set A = Og,, B = Ox, and N = F,. Let ¥ C B be the
multiplicative subset of B of elements which act as nonzerodivisors on N/m4N.
Assumption (2) implies that 371N is A-flat by the description of Spec(X~'N) in
Lemma On the other hand, the map N — Y~!N is injective modulo my4 by
construction. Hence applying Lemma [25.5| we win. (]

Now we apply this directly to obtain the following useful results.

Lemma 26.2. Let S be a local scheme with closed point s. Let f : X — S be
locally of finite type. Let F be a finite type quasi-coherent Ox-module. Assume that
(1) every point of Assx,g(F) specializes to a point of the closed fibre XSEL

(2) F is flat over S at every point of Xs.
Then F is flat over S.

Proof. This is immediate from the fact that it suffices to check for flatness at
points of the relative assassin of F over S by Theorem [26.1] a

27. Universal flattening

If f: X — S is a proper, finitely presented morphism of schemes then one can find
a universal flattening of f. In this section we discuss this and some of its variants.

Lemma 27.1. In Situation . For each p > 0 the functor H, 18
representable by a locally closed immersion S, — S. If F is of finite presentation,
then S, — S is of finite presentation.

Proof. For each S we will prove the statement for all p > 0 concurrently. The
functor H), is a sheaf for the fppf topology by Lemma @ Hence combining
Descent, Lemma More on Morphisms, Lemma , and Descent, Lemma
we see that the question is local for the étale topology on S. In particular, the
question is Zariski local on S.

For s € S denote & the unique generic point of the fibre X;. Note that for
every s € S the restriction Fy of F is locally free of some rank p(s) > 0 in some
neighbourhood of &. (As X is irreducible and smooth this follows from generic
flatness for Fy over X, see Algebra, Lemma although this is overkill.) For
future reference we note that

p(s) = dimy(e,) (Fe, @ox ¢, K(8s))-
In particular Hy,(,)(s) is nonempty and H,(s) is empty if ¢ # p(s).

Let U C X be an open subscheme. As f : X — S is smooth, it is open. It is
immediate from that the functor H) for the pair (f|v : U — f(U), Flv)
and the functor H), for the pair (f|s-1(swy), Fls-1(fw))) are the same. Hence to
prove the existence of S, over f(U) we may always replace X by U.

3For example this holds if f is finite type and F is pure along X, or if f is proper.
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Pick s € S. There exists an affine open neighbourhood U of &, such that F|y can
be generated by at most p(s) elements. By the arguments above we see that in
order to prove the statement for Hp in an neighbourhood of s we may assume
that F is generated by p(s) elements, i.e., that there exists a surjection

w: 0P — F

In this case it is clear that Hp,) is equal to Fis, (20.1.1)) for the map w (this follows
immediately from Lemma[I9.1]but also from Lemma after shrinking a bit more
so that both S and X are affine.) Thus we may apply Theorem to see that
H, ) is representable by a closed immersion in a neighbourhood of s.

The result follows formally from the above. Namely, the arguments above show
that locally on S the function s — p(s) is bounded. Hence we may use induction
on p = maxses p(s). The functor H, is representable by a closed immersion S, — S
by the above. Replace S by S\ S, which drops the maximum by at least one and
we win by induction hypothesis.

Assume F is of finite presentation. Then S, — S is locally of finite presentation
by Lemma [20.§] part (2) combined with Limits, Remark Then we redo the
induction argument in the paragraph to see that each S, is quasi-compact when
S is affine: first if p = max,cgp(s), then S, C S is closed (see above) hence
quasi-compact. Then U = S\ S, is quasi-compact open in S because S, — S is
a closed immersion of finite presentation (see discussion in Morphisms, Section
for example). Then S,_1 — U is a closed immersion of finite presentation, and so
Sp—1 is quasi-compact and U’ = S\ (S, U Sp—1) is quasi-compact. And so on. O

Lemmal 27.2. In Situation [20.11. Let h : X' — X be an étale morphism. Set
F' = h*F and f' = foh. Let F) be (20.11.1) associated to (f' : X' — S, F').
Then F,, is a subfunctor of F), and if h(X') D Assx/s(F), then F,, = F,.

Proof. Let T — S be any morphism. Then hy : X}, — Xp is étale as a base
change of the étale morphism ¢. For ¢ € T denote Z C X, the set of points where
Fr is not flat over T, and similarly denote Z' C X] the set of points where F. is
not flat over T. As Fh. = hiFr we see that Z' = h; '(Z), see Morphisms, Lemma
Hence Z' — Z is an étale morphism, so dim(Z’) < dim(Z) (for example
by Descent, Lemma [21.2] or just because an étale morphism is smooth of relative
dimension 0). This implies that F,, C F,.

Finally, suppose that h(X') D Assx,s(F) and that 7" — S is a morphism such
that F) (T) is nonempty, i.e., such that F/ is flat in dimensions > n over T. Pick
apoint ¢t € T and let Z C X; and Z’ C X be as above. To get a contradiction
assume that dim(Z) > n. Pick a generic point £ € Z corresponding to a component
of dimension > n. Let x € Assx, (F:) be a generalization of £. Then z maps to a
point of Assx,g(F) by Divisors, Lemma and Remark Thus we see that z
is in the image of hr, say x = hr(a’) for some z’ € X;.. But ' ¢ Z' as x ~~ € and
dim(Z’) < n. Hence F}. is flat over T' at x’ which implies that Fr is flat at x over
T (by Morphisms, Lemma [25.13). Since this holds for every such z we conclude
that Fr is flat over T at & by Theorem [26.1] which is the desired contradiction. O
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Lemmal 27.3. Assume that X — S is a smooth morphism of affine schemes with
geometrically irreducible fibres of dimension d and that F is a quasi-coherent Ox -
module of finite presentation. Then Fy =] . Hy for some ¢ > 0 with Fy as

in (20.11.1) and H, as in (20.7.9).

Proof. As X is affine and F is quasi-coherent of finite presentation we know that
F can be generated by ¢ > 0 elements. Then dim,,)(F, ® #(x)) in any point
x € X never exceeds c. In particular H,, = () for p > ¢. Moreover, note that there
certainly is an inclusion [[ H, — Fy. Having said this the content of the lemma is
that, if a base change Fr is flat in dimensions > d over T and if ¢t € T', then Fr is
free of some rank r in an open neighbourhood U C X7 of the unique generic point
¢ of X;. Namely, then H, contains the image of U which is an open neighbourhood
of t. The existence of U follows from More on Morphisms, Lemma [16.7] O

p=0,...,

Lemma 27.4. In Situation|20.11l Let s € S let d > 0. Assume

(1) there exists a complete dévissage of F/X/S over some point s € S,
(2) X is of finite presentation over S,

(3) F is an Ox-module of finite presentation, and

(4) F is flat in dimensions > d+ 1 over S.

Then after possibly replacing S by an open neighbourhood of s the functor Fy
120.11.1)) is representable by a monomorphism Zg — S of finite presentation.

Proof. A preliminary remark is that X, S are affine schemes and that it suffices
to prove Fy is representable by a monomorphism of finite presentation Z; — S on
the category of affine schemes over S. (Of course we do not require Zy to be affine.)
Hence throughout the proof of the lemma we work in the category of affine schemes
over S.

Let (Zk, Yk, ik, Tk, Gk, 0k )k=1,....n be a complete dévissage of F/X/S over s, see
Definition We will use induction on the length n of the dévissage. Recall that
Y), — S is smooth with geometrically irreducible fibres, see Definition [f.1} Let dj be
the relative dimension of Yy, over S. Recall that iy .G, = Coker(ay,) and that i is a
closed immersion. By the definitions referenced above we have d; = dim(Supp(Fs))
and

dy, = dim(Supp(Coker(ay_1)s)) = dim(Supp(Gr.s))

for k = 2,...,n. It follows that dy > dy > ... > d, > 0 because «j, is an
isomorphism in the generic point of (Y%)s.

Note that ¢; is a closed immersion and F = ¢; ,G;. Hence for any morphism of
schemes 7" — S with T affine, we have Fr = i1 7.G1 v and i; ¢ is still a closed
immersion of schemes over T'. Thus Fr is flat in dimensions > d over T if and only
if Gy ¢ is flat in dimensions > d over T. Because w1 : Z; — Y is finite we see in
the same manner that G, p is flat in dimensions > d over T if and only if m 7,.G1 1
is flat in dimensions > d over T'. The same arguments work for “flat in dimensions
> d + 17 and we conclude in particular that m; .G, is flat over S in dimensions
> d+ 1 by our assumption on F.

Suppose that d; > d. It follows from the discussion above that in particular m .Gy
is flat over S at the generic point of (Y1),. By Lemma we may replace S by an
affine neighbourhood of s and assume that «; is S-universally injective. Because
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a1 is S-universally injective, for any morphism 7' — S with T affine, we have a
short exact sequence

0— O;'%TIT — m1,7,+G1,7 — Coker(ay)r — 0

and still the first arrow is T-universally injective. Hence the set of points of (Y7)r
where my 7..G1,r is flat over T is the same as the set of points of (Y1)r where
Coker(ay)r is flat over S. In this way the question reduces to the sheaf Coker(a;y)
which has a complete dévissage of length n — 1 and we win by induction.

If dy < d then Fj is represented by S and we win.

The last case is the case d; = d. This case follows from a combination of Lemma

BT7.3 and Lemma 2711 O

Theorem 27.5. In Situation |[20.11, Assume moreover that f is of finite presen-
tation, that F is an Ox-module of finite presentation, and that F is pure relative
to S. Then F, is representable by a monomorphism Z, — S of finite presentation.

Proof. The functor F,, is a sheaf for the fppf topology by Lemma Ob-
serve that a monomorphism of finite presentation is separated and quasi-finite
(Morphisms, Lemma . Hence combining Descent, Lemma More on
Morphisms, Lemma [57.1] , and Descent, Lemmas and we see that the
question is local for the étale topology on S.

In particular the situation is local for the Zariski topology on S and we may assume
that S is affine. In this case the dimension of the fibres of f is bounded above, hence
we see that F,, is representable for n large enough. Thus we may use descending
induction on n. Suppose that we know F,,; is representable by a monomorphism
Zpn+1 — S of finite presentation. Consider the base change X, 11 = Z, 11 Xxg X and
the pullback F,,+1 of F to X,,41. The morphism Z,, 11 — S is quasi-finite as it is a
monomorphism of finite presentation, hence Lemma [16.4] implies that F, ;1 is pure
relative to Z,41. Since F,, is a subfunctor of F, 11 we conclude that in order to
prove the result for F;, it suffices to prove the result for the corresponding functor
for the situation Fy41/Xn+1/Zn+1- In this way we reduce to proving the result for
F,, in case S,11 = 5, i.e., we may assume that F is flat in dimensions > n+ 1 over

S.

Fix n and assume F is flat in dimensions > n+1 over S. To finish the proof we have
to show that F,, is representable by a monomorphism Z,, — S of finite presentation.
Since the question is local in the étale topology on S it suffices to show that for
every s € S there exists an elementary étale neighbourhood (S’,s) — (.9, s) such
that the result holds after base change to S’. Thus by Lemma [5.8] we may assume
there exist étale morphisms h; : ¥Y; — X, j = 1,...,m such that for each j there
exists a complete dévissage of F;/Y;/S over s, where Fj is the pullback of F to Y}
and such that X C |Jh;(Y;). Note that by Lemma the sheaves F; are still
flat over in dimensions > n+1 over S. Set W = (J h;(Y;), which is a quasi-compact
open of X. As F is pure along X we see that

E={teS|Assx,(F) C W}

contains all generalizations of s. By More on Morphisms, Lemma [25.5] E is a
constructible subset of S. We have seen that Spec(Og) C E. By Morphisms,
Lemma we see that E contains an open neighbourhood of s. Hence after
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shrinking S we may assume that £ = S. It follows from Lemma [27.2] that it suffices
to prove the lemma for the functor F,, associated to X = [[Y; and F =][[F;. If
F; denotes the functor for Y; — S and the sheaf F; we see that F,, = [[ F}».
Hence it suffices to prove each Fj , is representable by some monomorphism Z;,, —
S of finite presentation, since then

Zn = Zl,n Xg...Xg Zm,n
Thus we have reduced the theorem to the special case handled in Lemma O

We make explicit what the theorem means in terms of universal flattenings in the
following lemma.

Lemma 27.6. Let f : X — S be a morphism of schemes. Let F be a quasi-
coherent Ox -module.

(1) If f is of finite presentation, F is an Ox-module of finite presentation, and
F is pure relative to S, then there exists a universal flattening S’ — S of
F. Moreover S — S is a monomorphism of finite presentation.

(2) If f is of finite presentation and X is pure relative to S, then there exists
a universal flattening S — S of X. Moreover S’ — S is a monomorphism
of finite presentation.

(3) If f is proper and of finite presentation and F is an Ox-module of finite
presentation, then there exists a universal flattening S — S of F. Moreover
S' — S is a monomorphism of finite presentation.

(4) If f is proper and of finite presentation then there exists a universal flat-
tening 8" — S of X.

Proof. These statements follow immediately from Theorem [27.5| applied to Fy =
Fiiq¢ and the fact that if f is proper then F is automatically pure over the base,
see Lemma [I7.11 O

28. Grothendieck’s Existence Theorem, IV

This section continues the discussion in Cohomology of Schemes, Sections
and [27] We will work in the following situation.

Situation| 28.1. Here we have an inverse system of rings (A,,) with surjective
transition maps whose kernels are locally nilpotent. Set A = lim A,,. We have a
scheme X separated and of finite presentation over A. We set X,, = X Xgpec(a)
Spec(A,,) and we view it as a closed subscheme of X. We assume further given a
system (F,, ¢n) where F, is a finitely presented Ox, -module, flat over A,,, with
support proper over A,, and

(2 Fn ®Oxn OXn,l — Fn-1
is an isomorphism (notation using the equivalence of Morphisms, Lemma [4.1]).
Our goal is to see if we can find a quasi-coherent sheaf F on X such that F, =
F ®oy Ox,, for all n.

Lemma 28.2. In Situation consider
K = RhmDQcoh(Ox)(‘Fn) = DQ)((RHIHD(OX) .Fn)

Then K is in DbQCoh(OX) and in fact K has nonzero cohomology sheaves only in
degrees > 0.


https://stacks.math.columbia.edu/tag/05UH
https://stacks.math.columbia.edu/tag/0CTC
https://stacks.math.columbia.edu/tag/0CTD

0CTE

0CTF

0CTG

0CTH

MORE ON FLATNESS 82

Proof. Special case of Derived Categories of Schemes, Example O

Lemma 28.3. In Situation let K be as in Lemma . For any perfect
object E of D(Ox) we have
(1) M = RT(X, K ®" E) is a perfect object of D(A) and there is a canonical
isomorphism RU(X,, F, @Y E|x,) = M ®% A, in D(A,),
(2) N = RHomx (E, K) is a perfect object of D(A) and there is a canonical
isomorphism RHomy, (E|x,,Fn) = N ®% A, in D(A,).
In both statements E|x, denotes the derived pullback of E to X,,.

Proof. Proof of (2). Write E,, = E|x, and N,, = RHomyx, (E,,F,). Recall that
RHomy, (—,—) is equal to RI'(X,,, RHom(—,—)), see Cohomology, Section
Hence by Derived Categories of Schemes, Lemma we see that N, is a perfect
object of D(A,) whose formation commutes with base change. Thus the maps
N, ®%n A,_1 — N,_1 coming from ¢,, are isomorphisms. By More on Algebra,
Lemma we find that Rlim NV, is perfect and that its base change back to A,
recovers IN,,. On the other hand, the exact functor RHomx (E,—) : Dgcon(Ox) —
D(A) of triangulated categories commutes with products and hence with derived
limits, whence

RHomx (F, K) = Rlim RHomy (F, F,) = Rlim RHomx (E,,F,) = Rlim N,

This proves (2). To see that (1) holds, translate it into (2) using Cohomology,
Lemma (0.5 O

Lemma 28.4. [n Situation let K be as in Lemma . Then K is pseudo-

coherent relative to A.

Proof. Combinging Lemma and Derived Categories of Schemes, Lemma [34.3
we see that R['(X, K @ E) is pseudo-coherent in D(A) for all pseudo-coherent E
in D(Ox). Thus the lemma follows from More on Morphisms, Lemma [69.4] O

Lemma 28.5. In Situation let K be as in Lemma . For any quasi-
compact open U C X we have

RT(U,K) ®% A,, = RT(U,,, Fp)
in D(A,) where U, =UNX,.

Proof. Fixn. By Derived Categories of Schemes, Lemma[33.4] there exists a system
of perfect complexes E,,, on X such that RT'(U, K) = hocolimRI'(X, K @™ E,,). In
fact, this formula holds not just for K but for every object of Dgcon(Ox). Applying
this to F,, we obtain

RU(U,, F,) = RT(U, F,,)
= hocolim,, RT'(X, F,, @ E,,)
= hocolim,, RT(X,,, F, @ Eplx.,)

Using Lemma and the fact that — ®% A,, commutes with homotopy colimits
we obtain the result. O

Lemma 28.6. In Situation let K be as in Lemma . Denote Xy C

X the closed subset consisting of points lying over the closed subset Spec(A4;) =
Spec(Asz) = ... of Spec(A). There exists an open W C X containing Xy such that
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(1) HY(K)|w is zero unless i = 0,
(2) F = HK)|w is of finite presentation, and
(3) Fn=F ®oy Ox,,-

Proof. Fixn > 1. By construction there is a canonical map K — F, in Dgcon(Ox)
and hence a canonical map H°(K) — F,, of quasi-coherent sheaves. This explains
the meaning of part (3).

Let x € Xy be a point. We will find an open neighbourhood W of x such that
(1), (2), and (3) are true. Since Xy is quasi-compact this will prove the lemma.
Let U C X be an affine open neighbourhood of z. Say U = Spec(B). Choose a
surjection P — B with P smooth over A. By Lemma 284 and the definition of
relative pseudo-coherence there exists a bounded above complex F'® of finite free
P-modules representing Ri.K where ¢ : U — Spec(P) is the closed immersion
induced by the presentation. Let M,, be the B-module corresponding to F,|v. By

Lemma 8.5
0 if i#0
M, if i=0
Let i be the maximal index such that F* is nonzero. If i <0, then (1), (2), and (3)
are true. If not, then i > 0 and we see that the rank of the map

Fi—l & o

i 00 A = |

in the point z is maximal. Hence in an open neighbourhood of z inside Spec(P)
the rank is maximal. Thus after replacing P by a principal localization we may
assume that the displayed map is surjective. Since F” is finite free we may choose
a splitting Fi~! = F’ @ F*. Then we may replace F'* by the complex

T2 S50

and we win by induction on 4. ([

Lemma 28.7. In Situation let K be as in Lemma . Let W C X be as in
Lemma . Set F = HY(K)|w. Then, after possibly shrinking the open W, the
support of F is proper over A.

Proof. Fix n > 1. Let I,, = Ker(A — A,). By More on Algebra, Lemma m
the pair (A, I,) is henselian. Let Z C W be the support of F. This is a closed
subset as F is of finite presentation. By part (3) of Lemma we see that
Z X spec(a)Spec(Ap) is equal to the support of F,, and hence proper over Spec(A/I).
By More on Morphisms, Lemma, we can write Z = Z; I1 Zy with Z1, Z3 open
and closed in Z, with Z; proper over A, and with Z1 Xgpec(a) Spec(4/I,) equal to
the support of F,. In other words, Z> does not meet Xy. Hence after replacing W
by W'\ Z3 we obtain the lemma. O

Lemma 28.8. Let A = lim A, be a limit of a system of rings whose transition
maps are surjective and with locally nilpotent kernels. Let S = Spec(A). LetT — S
be a monomorphism which is locally of finite type. If Spec(A,) — S factors through
T for alln, thenT = S.

Proof. Set S,, = Spec(A4,). Let Ty C T be the common image of the factorizations
S, — T. Then Ty is quasi-compact. Let T" C T be a quasi-compact open containing
Ty. Then S,, — T factors through T7”. If we can show that 7/ = S, then T' =T = S.
Hence we may assume T is quasi-compact.
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Assume T is quasi-compact. In this case T' — S is separated and quasi-finite
(Morphisms, Lemma [20.15]). Using Zariski’s Main Theorem (in the form of More on
Morphisms, Lemma[@) we choose a factorization T — W — S with W — S finite
and T — W an open immersion. Write W = Spec(B). The (unique) factorizations
S» — T may be viewed as morphisms into W and we obtain

A— B —limA,=A4

Consider the morphism h : S = Spec(A) — Spec(B) = W coming from the arrow
on the right. Then

T XW’hS

is an open subscheme of S containing the image of S, — S for all n. To finish the
proof it suffices to show that any open U C S containing the image of S,, — S for
some n > 1 is equal to S. This is true because (A,Ker(A — A,)) is a henselian
pair (More on Algebra, Lemma and hence every closed point of S is contained
in the image of S,, — S. d

Theorem 28.9 (Grothendieck Existence Theorem). In Situation there exists
a finitely presented Ox-module F, flat over A, with support proper over A, such
that Fp, = F Qo Ox,, for all n compatibly with the maps @y, .

Proof. Apply Lemmas [28.2] 8.3] 258.4] P8.5] [28.6], and 28.7] to get an open sub-
scheme W C X containing all points lying over Spec(A,,) and a finitely presented
Ow-module F whose support is proper over A with F,, = F ®o,, Ox, for all
n > 1. (This makes sense as X,, C W.) By Lemma we see that F is univer-
sally pure relative to Spec(A4). By Theoremm (for explanation, see Lemma
there exists a universal flattening S’ — Spec(A) of F and moreover the morphism
S’ — Spec(A) is a monomorphism of finite presentation. Since the base change of
F to Spec(A,) is F,, we find that Spec(A,,) — Spec(A) factors (uniquely) through
S’ for each n. By Lemma [28.8 we see that S’ = Spec(A). This means that F is flat
over A. Finally, since the scheme theoretic support Z of F is proper over Spec(A),
the morphism Z — X is closed. Hence the pushforward (W — X),.F is supported
on W and has all the desired properties. ([

29. Grothendieck’s Existence Theorem, V

In this section we prove an analogue for Grothendieck’s existence theorem in the
derived category, following the method used in Section 2§ for quasi-coherent mod-
ules. The classical case is discussed in Cohomology of Schemes, Sections
and We will work in the following situation.

Situation 29.1. Here we have an inverse system of rings (A,) with surjective
transition maps whose kernels are locally nilpotent. Set A = lim A,,. We have a
scheme X proper, flat, and of finite presentation over A. We set X,, = X Xgpec(a)
Spec(4,,) and we view it as a closed subscheme of X. We assume further given a
system (K, ¢,) where K, is a pseudo-coherent object of D(Ox, ) and

©On - Kn — Kn—l

is a map in D(Ox, ) which induces an isomorphism K, ®%Xn Ox, , = Kyp_1in

D(Ox, ).

n—1
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More precisely, we should write ¢, : K, = Rip_1+K,—1 where i,,_1 : X1 = X,
is the inclusion morphism and in this notation the condition is that the adjoint
map Li¥ K, — K,_1 is an isomorphism. Our goal is to find a pseudo-coherent
K € D(Ox) such that K,, = K& O, for all n (with the same abuse of notation).

Lemma 29.2. In Situation consider
K = Rlimp,,,,(0x)(Kn) = DQx (Rlimpo) Kn)
Then K is in Dge,,(Ox).

Proof. The functor DQ x exists because X is quasi-compact and quasi-separated,
see Derived Categories of Schemes, Lemma Since DQx is a right adjoint it
commutes with products and therefore with derived limits. Hence the equality in
the statement of the lemma.

By Derived Categories of Schemes, Lemma the functor DQx has bounded
cohomological dimension. Hence it suffices to show that Rlim K,, € D~ (Ox). To
see this, let U C X be an affine open. Then there is a canonical exact sequence

0 — R'lim H™ Y (U, K,)) — H™(U, Rlim K,,) — lim H™ (U, K,,) — 0

by Cohomology, Lemma Since U is affine and K, is pseudo-coherent (and
hence has quasi-coherent cohomology sheaves by Derived Categories of Schemes,
Lemma we see that H™(U,K,) = H™(K,)(U) by Derived Categories of
Schemes, Lemma 3.5 Thus we conclude that it suffices to show that K, is bounded
above independent of n.

Since K, is pseudo-coherent we have K,, € D~ (Ox, ). Suppose that a,, is maximal
such that H% (K,,) is nonzero. Of course a1 < az < ag < .... Note that H(K,)
is an Ox,-module of finite presentation (Cohomology, Lemma [47.9). We have
H(K,—1) = H*(K,) ®oy, Ox,_,. Since X,,_1 — X, is a thickening, it follows
from Nakayama’s lemma (Algebra, Lemma [20.1) that if H"(K,) ®o,, Ox,_, is

zero, then H(K,,) is zero too. Thus a,, = a,—1 for all n and we conclude. O

Lemmal 29.3. In Situation let K be as in Lemma . For any perfect
object E of D(Ox) the cohomology
M = RI'(X,K @ E)

is a pseudo-coherent object of D(A) and there is a canonical isomorphism

RT(X,, K, ®" E|x,) = M @4 A,
in D(A,). Here E|x, denotes the derived pullback of E to X,,.
Proof. Write E,, = E|x, and M,, = R['(X,, K,, ®" E|x, ). By Derived Categories
of Schemes, Lemma we see that M, is a pseudo-coherent object of D(A,,) whose
formation commutes with base change. Thus the maps M, ®kn A, 1 — M,
coming from ¢,, are isomorphisms. By More on Algebra, Lemma we find that
Rlim M, is pseudo-coherent and that its base change back to A, recovers M,,. On
the other hand, the exact functor RI'(X, —) : Dgcon(Ox) — D(A) of triangulated
categories commutes with products and hence with derived limits, whence
RT(X,E®" K) = Rlim RI'(X, E ®" K,,) = Rlim RT(X,,, E,, ®" K,,) = Rlim M,,
as desired. g
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Lemma 29.4. [n Situation let K be as in Lemma . Then K is pseudo-
coherent on X.

Proof. Combinging Lemma and Derived Categories of Schemes, Lemma [34.3
we see that RT(X, K ®¥ E) is pseudo-coherent in D(A) for all pseudo-coherent
E in D(Ox). Thus it follows from More on Morphisms, Lemma that K is
pseudo-coherent relative to A. Since X is of flat and of finite presentation over A,
this is the same as being pseudo-coherent on X, see More on Morphisms, Lemma
59.18 O

Lemma 29.5. In Situation let K be as in Lemma . For any quasi-
compact open U C X we have
in D(A,) where U, =UNX,.

Proof. Fixn. By Derived Categories of Schemes, Lemma there exists a system
of perfect complexes E,, on X such that R['(U, K) = hocolimRI'(X, K @* E,,,). In
fact, this formula holds not just for K but for every object of Dgcon(Ox). Applying
this to K,, we obtain
RT'(U,, K,) = RTI'(U, K,,)
= hocolim,,, RT'(X, K,, ®" E,,)
= hocolim,, RT'(X,,, K,, @ E,|x,)

Using Lemma and the fact that — ®% A,, commutes with homotopy colimits
we obtain the result. g

Theorem 29.6 (Derived Grothendieck Existence Theorem). In Situation
there exists a pseudo-coherent K in D(Ox) such that K, = K % Ox, for alln
compatibly with the maps .

Proof. Apply Lemmas [29.2] [29.3] [29.4 to get a pseudo-coherent object K of
D(Ox). Choosing affine opens in Lemma it follows immediately that K re-
stricts to K,, over X,,. O

Remark|29.7. The result in this section can be generalized. It is probably correct
if we only assume X — Spec(A) to be separated, of finite presentation, and K,
pseudo-coherent relative to A, supported on a closed subset of X,, proper over
A,,. The outcome will be a K which is pseudo-coherent relative to A supported
on a closed subset proper over A. If we ever need this, we will formulate a precise
statement and prove it here.

30. Blowing up and flatness

In this section we continue our discussion of results of the form: “After a blowup
the strict transform becomes flat”, see More on Algebra, Section [26] and Divisors,
Section We will use the following (more or less standard) notation in this
section. If X — S is a morphism of schemes, F is a quasi-coherent module on X,
and T"— S is a morphism of schemes, then we denote Fr the pullback of F to the
base change X7 = X xgT.
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Remark| 30.1. Let S be a quasi-compact and quasi-separated scheme. Let f :
X — S be a morphism of schemes. Let F be a quasi-coherent module on X. Let
U C S be a quasi-compact open subscheme. Given a U-admissible blowup S’ — S
we denote X’ the strict transform of X and F’ the strict transform of F which
we think of as a quasi-coherent module on X’ (via Divisors, Lemma . Let P
be a property of F/X/S which is stable under strict transform (as above) for U-
admissible blowups. The general problem in this section is: Show (under auxiliary
conditions on F/X/S) there exists a U-admissible blowup S’ — S such that the
strict transform F'/X’/S" has P.

The general strategy will be to use that a composition of U-admissible blowups is
a U-admissible blowup, see Divisors, Lemma In fact, we will make use of the
more precise Divisors, Lemma and combine it with Divisors, Lemma [33.6
The result is that it suffices to find a sequence of U-admissible blowups

S=8« S+ ...« 85,

such that, setting Fo = F and Xy = X and setting F;/X; equal to the strict
transform of F;_1/X;_1, we arrive at F,,/X,, /S, with property P.

In particular, choose a finite type quasi-coherent sheaf of ideals Z C Og such that
V(Z) = S\ U, see Properties, Lemma Let S — S be the blowup in 7
and let £ C S’ be the exceptional divisor (Divisors, Lemma . Then we see
that we’ve reduced the problem to the case where there exists an effective Cartier
divisor D C S whose support is X \ U. In particular we may assume U is scheme
theoretically dense in S (Divisors, Lemma .

Suppose that P is local on S: If S = [ S; is a finite open covering by quasi-compact
opens and P holds for Fg, /X, /S; then P holds for 7/X/S. In this case the general
problem above is local on S as well, i.e., if given s € S we can find a quasi-compact
open neighbourhood W of s such that the problem for Fy /Xy /W is solvable, then
the problem is solvable for F/X/S. This follows from Divisors, Lemmas and
B44

Lemmal 30.2. Let R be a ring and let f € R. Let r > 0 be an integer. Let R — S
be a ring map and let M be an S-module. Assume

(1) R— S is of finite presentation and flat,

(2) every fibre ring S ®g k(p) is geometrically integral over R,

(3) M is a finite S-module,

(4) My is a finitely presented Sy-module,

(5) forallpe R, f &p with q=pS the module My is free of rank r over Sy.
Then there exists a finitely generated ideal I C R with V(f) = V(I) such that for
all a € I with R' = R[] the quotient

M' = (M ®g R')/a-power torsion
over 8" = S ®r R’ satisfies the following: for every prime p’ C R’ there exists a
g€S’, ggp'S" such that My is a free S;-module of rank r.

Proof. This lemma is a generalization of More on Algebra, Lemma [26.5} we urge
the reader to read that proof first. Choose a surjection S®* — M, which is possible
by (1). Choose a finite submodule K C Ker(S®" — M) such that S /K — M be-
comes an isomorphism after inverting f. This is possible by (4). Set My = S¥"/K
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and suppose we can prove the lemma for M;. Say I C R is the corresponding ideal.
Then for a € I the map

Mj = (M, ®g R')/a-power torsion — M’ = (M ®pr R’)/a-power torsion

is surjective. It is also an isomorphism after inverting a in R’ as R], = Ry, see
Algebra, Lemma But a is a nonzerodivisor on M7, whence the displayed map
is an isomorphism. Thus it suffices to prove the lemma in case M is a finitely
presented S-module.

Assume M is a finitely presented S-module satisfying (3). Then J = Fit,.(M) C S
is a finitely generated ideal. By Lemma we can write S as a direct summand of
a free R-module: @, R = 5@ C. For any element h € S writing h = ) a, in
the decomposition above, we say that the a, are the coefficients of h. Let I’ C R be
the ideal of coefficients of elements of J. Multiplication by an element of S defines
an R-linear map S — S, hence I’ is generated by the coefficients of the generators
of J, i.e., I' is a finitely generated ideal. We claim that I = fI’ works.

We first check that V(f) = V(I). The inclusion V(f) C V(I) is clear. Conversely,
if f & p, then ¢ = pS is not an element of V(J) by property (5) and More on
Algebra, Lemma [8.7] Hence there is an element of J which does not map to zero
in S ®g k(p). Thus there exists an element of I’ which is not contained in p, so

pEVIT) =V{).

Let a € I and set R’ = R[é] We may write a = fa' for some o’ € I'. By Algebra,
Lemmas [70.2] and [70.8] we see that I’'R’ = a’R’ and o’ is a nonzerodivisor in R'.
Set 8" = S ®gs R'. Every element g of JS' = Fit,.(M ®g S’) can be written as
g=>,¢Ca for some c, € I'R'. Since I'R' = a' R’ we can write ¢, = da’c], for some
¢, € R and g = (. c,)a’ = ¢g’a’ in S'. Moreover, there is an gy € J such that
a’ = ¢, for some «. For this element we have go = gya’ in S’ where g¢{, is a unit
in §’. Let p’ C R be a prime ideal and ¢’ = p’S’. By the above we see that J.S,
is the principal ideal generated by the nonzerodivisor a’. It follows from More on
Algebra, Lemma that Mc/|/ can be generated by r elements. Since M’ is finite,
there exist mq,...,m, € M’ and g € S’, g € q' such that the corresponding map
(S")®" — M’ becomes surjective after inverting g.

Finally, consider the ideal J' = Fit,_;(M’). Note that J'Sy is generated by the
coefficients of relations between my, ..., m, (compatibility of Fitting ideal with base
change). Thus it suffices to show that J' = 0, see More on Algebra, Lemma
Since R}, = Ry (Algebra, Lemma[70.7) and M, = My we see from (5) that J; maps
to zero in Sy for any prime ¢ C S’ of the form q” = p”S" where p” C R;,. Since
Sa C g as above Sq (s (Sg)p C S by Lemma we see that J'R/ = 0. Since
a is a nonzerodivisor in R’ we conclude that J' = 0 and we win. O

Lemma 30.3. Let S be a quasi-compact and quasi-separated scheme. Let X — S
be a morphism of schemes. Let F be a quasi-coherent module on X. Let U C S be
a quasi-compact open. Assume

(1) X — S is affine, of finite presentation, flat, geometrically integral fibres,
(2) F is a module of finite type,

(3) Fu is of finite presentation,

(4) F is flat over S at all generic points of fibres lying over points of U.
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Then there exists a U-admissible blowup S’ — S and an open subscheme V C Xg
such that (a) the strict transform F' of F restricts to a finitely locally free Oy -
module and (b) V — S’ is surjective.

Proof. Given F/X/S and U C S with hypotheses as in the lemma, denote P
the property “F is flat over S at all generic points of fibres”. It is clear that P is
preserved under strict transform, see Divisors, Lemma/[33.3|and Morphisms, Lemma
It is also clear that P is local on S. Hence any and all observations of Remark
apply to the problem posed by the lemma.

Consider the function r : U — Z>( which assigns to v € U the integer

r(u) = dimye,) (Fe, © £(8u))

where &, is the generic point of the fibre X,,. By More on Morphisms, Lemma [16.7
and the fact that the image of an open in Xg in S is open, we see that r(u) is locally
constant. Accordingly U = UgIIU; IT... 11 U, is a finite disjoint union of open and
closed subschemes where r is constant with value ¢ on U;. By Divisors, Lemma |34.5
we can find a U-admissible blowup to decompose S into the disjoint union of two
schemes, the first containing Uy and the second Uy U...UU,. Repeating this ¢ — 1
more times we may assume that S is a disjoint union S = SoII 57 II...II S, with
U; C S;. Thus we may assume the function r defined above is constant, say with
value r.

By Remark[30.1] we see that we may assume that we have an effective Cartier divisor
D c S whose support is S\ U. Another application of Remark combined
with Divisors, Lemma tells us we may assume that S = Spec(R) and D =
Spec(R/(f)) for some nonzerodivisor f € R. This case is handled by Lemma
30.2] O

Lemmal 30.4. Let A — C be a finite locally free ring map of rank d. Let h € C be
an element such that Cy, is étale over A. Let J C C be an ideal. Set I = Fito(C/J)
where we think of C/J as a finite A-module. Then IC, = JJ' for some ideal
J' C Cy. If J is finitely generated so are I and J'.

Proof. We will use basic properties of Fitting ideals, see More on Algebra, Lemma
Then IC is the Fitting ideal of C/J ®4 C. Note that C - C®4C, c— 1®c¢
has a section (the multiplication map). By assumption C' — C ®4 C' is étale at
every prime in the image of Spec(C},) under this section. Hence the multiplication
map C ® 4 Cy, — C}, is étale in particular flat, see Algebra, Lemma Hence
there exists a C,-algebra such that C®4 C, = C), @ C” as Cp-algebras, see Algebra,
Lemma[143.9] Thus (C/J)®4 Cp, = (Ch/Jn) & C’/1' as Cj-modules for some ideal
I' ¢ C'. Hence IC),, = JJ' with J' = Fito(C'/I') where we view C'/J" as a
Ch-module. O

Lemmal 30.5. Let A — B be an étale ring map. Let a € A be a nonzerodivisor.
Let J C B be a finite type ideal with V(J) C V(aB). For every q C B there exists
a finite type ideal I C A with V(I) C V(a) and g € B, g & q such that IB, = JJ'
for some finite type ideal J' C By.

Proof. We may replace B by a principal localization at an element g € B, g € q.
Thus we may assume that B is standard étale, see Algebra, Proposition
Thus we may assume B is a localization of C' = A[z]/(f) for some monic f € Alx]
of some degree d. Say B = C}, for some h € C. Choose elements hy,..., h, €
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C which generate J over B. The condition V(J) C V(aB) signifies that ™ =
> bh; in B for some large m. Set h,y1 = a™. As in Lemma we take
I = Fito(C/(h1,...,hry1)). Since the module C/(hq,...,hy41) is annihilated by
a™ we see that a®™ € I which implies that V (I) C V(a). O

Lemma 30.6. Let S be a quasi-compact and quasi-separated scheme. Let X — S
be a morphism of schemes. Let F be a quasi-coherent module on X. Let U C S be
a quasi-compact open. Assume there exist finitely many commutative diagrams

Xi*.)X
-
Sf—s 8, —=8

where
(1) €; : S; — S are quasi-compact étale morphisms and S =] e;(S;),
(2) ji: Xi = X are étale morphisms and X = ji(X;),
(3) S — S; is an e; '(U)-admissible blowup such that the strict transform F}
of j*F is flat over S}.
Then there exists a U-admissible blowup S’ — S such that the strict transform of
F is flat over S’.

Proof. We claim that the hypotheses of the lemma are preserved under U-admissible
blowups. Namely, suppose b : S’ — S is a U-admissible blowup in the quasi-

coherent sheaf of ideals Z. Moreover, let S — S; be the blowup in the quasi-

coherent sheaf of ideals 7;. Then the collection of morphisms e} : S; = S; x5S — S’

and jl : X! = X; xg 8" = X xg S satisfy conditions (1), (2), (3) for the strict

transform F' of F relative to the blowup S’ — S. First, observe that S/ is the

blowup of S; in the pullback of Z, see Divisors, Lemma Second, consider the

blowup S{* — 5! of S! in the pullback of the ideal J;. By Divisors, Lemma
we get a commutative diagram

S — 8

L\

51*4>Sz

and all the morphisms in the diagram above are blowups. Hence by Divisors,
Lemmas B3.3] and [33.6] we see

the strict transform of (j;)*F" under S;* — S
= the strict transform of j7F under S* — S;
= the strict transform of F, under S;* — S;
= the pullback of F; via X; xg, SI* — X;

2

which is therefore flat over S* (Morphisms, Lemma . Having said this, we
see that all observations of Remark apply to the problem of finding a U-
admissible blowup such that the strict transform of F becomes flat over the base
under assumptions as in the lemma. In particular, we may assume that S\ U is
the support of an effective Cartier divisor D C S. Another application of Remark
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combined with Divisors, Lemma shows we may assume that S = Spec(A)
and D = Spec(A/(a)) for some nonzerodivisor a € A.

Pick an i and s € S;. Lemma [30.5[ implies we can find an open neighbourhood s €
W; C S; and a finite type quasi-coherent ideal Z C Og such that Z-Ow, = J;J/ for
some finite type quasi-coherent ideal 7/ C Oy, and such that V(Z) C V(a) = S\U.
Since S; is quasi-compact we can replace S; by a finite collection Wy,..., W, of
these opens and assume that for each i there exists a quasi-coherent sheaf of ideals
Z; C Og such that Z; - Og, = J;J/ for some finite type quasi-coherent ideal J/ C
Og,. As in the discussion of the first paragraph of the proof, consider the blowup
S’ of S in the product Z ...Z, (this blowup is U-admissible by construction). The
base change of S" — S to S; is the blowup in

Ji-TTy ... T;... T,

which factors through the given blowup S} — S; (Divisors, Lemma . In the
notation of the diagram above this means that S/* = S;. Hence after replacing S
by S’ we arrive in the situation that j;F is flat over S;. Hence jF is flat over S,
see Lemma By Morphisms, Lemma we see that F is flat over S. (Il

Theorem 30.7. Let S be a quasi-compact and quasi-separated scheme. Let X
be a scheme over S. Let F be a quasi-coherent module on X. Let U C S be a
quasi-compact open. Assume

(1) X is quasi-compact,

(2) X is locally of finite presentation over S,

(3) F is a module of finite type,

(4) Fu is of finite presentation, and

(5) Fu is flat over U.
Then there exists a U-admissible blowup S’ — S such that the strict transform F'
of F is an Oxx 45 -module of finite presentation and flat over S’.

Proof. We first prove that we can find a U-admissible blowup such that the strict
transform is flat. The question is étale local on the source and the target, see Lemma
for a precise statement. In particular, we may assume that S = Spec(R) and
X = Spec(A) are affine. For s € S write Fy = F|x, (pullback of F to the fibre).
As X — S is of finite type d = maxeg dim(Supp(Fs)) is an integer. We will do
induction on d.

Let x € X be a point of X lying over s € S with dim,(Supp(F,)) = d. Apply
Lemma [3.2to get g : X' = X, e: 5 — 5,i: 2" — X', and 7 : Z/ — Y’. Observe
that Y/ — S’ is a smooth morphism of affines with geometrically irreducible fibres
of dimension d. Because the problem is étale local it suffices to prove the theorem
for g* F/X'/S". Because i : Z' — X’ is a closed immersion of finite presentation
(and since strict transform commutes with affine pushforward, see Divisors, Lemma
33.4)) it suffices to prove the flattening result for G. Since 7 is finite (hence also
affine) it suffices to prove the flattening result for 7,.G/Y’/S’. Thus we may assume
that X — S is a smooth morphism of affines with geometrically irreducible fibres
of dimension d.

Next, we apply a blowup as in Lemma [30.3] Doing so we reach the situation where
there exists an open V' C X surjecting onto S such that F|y is finite locally free.
Let £ € X be the generic point of X;. Let r = dim,) Fe ® £(§). Choose a
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map « : OF" — F which induces an isomorphism x(£)®" — F¢ ® x(€). Because
F is locally free over V we find an open neighbourhood W of ¢ where « is an
isomorphism. Shrink S to an affine open neighbourhood of s such that W — S
is surjective. Say F is the quasi-coherent module associated to the A-module N.
Since F is flat over S at all generic points of fibres (in fact at all points of W), we
see that
ay Agar — N,

is universally injective for all primes p of R, see Lemma[10.1} Hence « is universally
injective, see Algebra, Lemma [82.12] Set # = Coker(c). By Divisors, Lemma [33.7]
we see that, given a U-admissible blowup S’ — S the strict transforms of ' and
H' fit into an exact sequence

0= 0 g > F =H =0

Hence Lemma also shows that F’ is flat at a point 2’ if and only if H' is
flat at that point. In particular Hy is flat over U and Hy is a module of finite
presentation. We may apply the induction hypothesis to H to see that there exists
a U-admissible blowup such that the strict transform H’ is flat as desired.

To finish the proof of the theorem we still have to show that F’ is a module of
finite presentation (after possibly another U-admissible blowup). This follows from
Lemma as we can assume U C S is scheme theoretically dense (see third
paragraph of Remark . This finishes the proof of the theorem. O

31. Applications
In this section we apply some of the results above.

Lemma 31.1. Let S be a quasi-compact and quasi-separated scheme. Let X be a
scheme over S. Let U C S be a quasi-compact open. Assume

(1) X — S is of finite type and quasi-separated, and
(2) Xy — U is flat and locally of finite presentation.

Then there exists a U-admissible blowup S’ — S such that the strict transform of
X is flat and of finite presentation over S’.

Proof. Since X — S is quasi-compact and quasi-separated by assumption, the
strict transform of X with respect to a blowing up S’ — S is also quasi-compact
and quasi-separated. Hence to prove the lemma it suffices to find a U-admissible
blowup such that the strict transform is flat and locally of finite presentation. Let
X =WiU...UW, be a finite affine open covering. If we can find a U-admissible
blowup S; — S such that the strict transform of W; is flat and locally of finite
presentation, then there exists a U-admissible blowing up S’ — S dominating all
S; — S which does the job (see Divisors, Lemma see also Remark .
Hence we may assume X is affine.

Assume X is affine. By Morphisms, Lemma we can choose an immersion
j: X — A% over S. Let V C A% be a quasi-compact open subscheme such that j
induces a closed immersion ¢ : X — V over S. Apply Theorem toV — S and
the quasi-coherent module 7,Ox to obtain a U-admissible blowup S’ — S such that
the strict transform of i.Ox is flat over S” and of finite presentation over Oy 5.
Let X’ be the strict transform of X with respect to S” — S. Let ¢/ : X’ — Vx5S’ be
the induced morphism. Since taking strict transform commutes with pushforward
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along affine morphisms (Divisors, Lemma [33.4]), we see that i, Ox/ is flat over S
and of finite presentation as a Oy x ,s/-module. This implies the lemma. (]

Lemma 31.2. Let S be a quasi-compact and quasi-separated scheme. Let X be a
scheme over S. Let U C S be a quasi-compact open. Assume

(1) X — S is proper, and

(2) Xy — U is finite locally free.
Then there exists a U-admissible blowup S’ — S such that the strict transform of
X is finite locally free over S’.

Proof. By Lemma we may assume that X — S is flat and of finite presenta-
tion. After replacing S by a U-admissible blowup if necessary, we may assume that
U C S is scheme theoretically dense. Then f is finite by Lemma Hence f is
finite locally free by Morphisms, Lemma [48.2) ]

Lemma 31.3. Let ¢ : X — S be a separated morphism of finite type with S
quasi-compact and quasi-separated. Let U C S be a quasi-compact open such that
© U — U is an isomorphism. Then there exists a U-admissible blowup S’ — S
such that the strict transform X' of X is isomorphic to an open subscheme of S’.

Proof. The discussion in Remark[30.1]applies. Thus we may do a first U-admissible
blowup and assume the complement S \ U is the support of an effective Cartier
divisor D. In particular U is scheme theoretically dense in S. Next, we do another
U-admissible blowup to get to the situation where X — S is flat and of finite
presentation, see Lemma[31.1] In this case the result follows from Lemma[IT.5] O

The following lemma says that a proper modification can be dominated by a blowup.

Lemmal 31.4. Let ¢ : X — S be a proper morphism with S quasi-compact and
quasi-separated. Let U C S be a quasi-compact open such that ¢~ 'U — U is an
isomorphism. Then there exists a U-admissible blowup S — S which dominates
X, i.e., such that there exists a factorization 8" — X — S of the blowup morphism.

Proof. The discussion in Remark[30.1]applies. Thus we may do a first U-admissible
blowup and assume the complement S \ U is the support of an effective Cartier
divisor D. In particular U is scheme theoretically dense in S. Choose another
U-admissible blowup S’ — S such that the strict transform X’ of X is an open
subscheme of S’, see Lemma [31.3] Since X’ — S’ is proper, and U C S’ is dense,
we see that X’ = S’. Some details omitted. O

Lemma 31.5. Let S be a scheme. Let U C W C S be open subschemes. Let
f: X — W be a morphism and let s : U — X be a morphism such that fos = idy.
Assume

(1) f is proper,

(2) S is quasi-compact and quasi-separated, and

(3) U and W are quasi-compact.
Then there exists a U-admissible blowup b : S’ — S and a morphism s’ : b=1(W) —
X estending s with f o s' = bly—1(w.

Proof. We may and do replace X by the scheme theoretic image of s. Then
X — W is an isomorphism over U, see Morphisms, Lemma By Lemma [31.4]
there exists a U-admissible blowup W’ — W and an extension W/ — X of s.
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We finish the proof by applying Divisors, Lemma to extend W' — W to a
U-admissible blowup of S. (]

32. Compactifications

Let S be a quasi-compact and quasi-separated scheme. We will say a scheme X
over S has a compactification over S or is compactifyable over S if there exists a
quasi-compact open immersion X — X into a scheme X proper over S. If X has
a compactification over S, then X — S is separated and of finite type. It is a
theorem of Nagata, see [Liit93], [Con07], [Nag56], [Nagh7], [Nag62], and [Nag63],
that the converse is true as well. We will prove this theorem in the next section,
see Theorem

Let S be a quasi-compact and quasi-separated scheme. Let X — S be a separated
finite type morphism of schemes. The category of compactifications of X over S is
the category defined as follows:
(1) Objects are open immersions j : X — X over S with X — S proper.
(2) Morphisms (5’ : X — Y/) — (4 : X — X) are morphisms f : X = X of
schemes over S such that foj = j.
If j : X — X is a compactification, then j is a quasi-compact open immersion, see

Schemes, Remark 21.1§

Warning. We do not assume compactifications j : X — X to have dense image.

Consequently, if f : X 5 Xisa morphism of compactifications, it may not be the
case that f~1(j(X)) = j/(X).

Lemmal 32.1. Let S be a quasi-compact and quasi-separated scheme. Let X be a
compactifyable scheme over S.

(a) The category of compactifications of X over S is cofiltered.

(b) The full subcategory consisting of compactifications j : X — X such that
§(X) is dense and scheme theoretically dense in X is initial (Categories,
Definition .

(c) If f: X' — X is a morphism of compactifications of X such that j'(X) is
dense in X, then f~1(j(X)) = j/(X).

Proof. To prove part (a) we have to check conditions (1), (2), (3) of Categories,
Definition[20.1} Condition (1) holds exactly because we assumed that X is compact-
ifyable. Let j; : X — X, i = 1,2 be two compactifications. Then we can consider
the scheme theoretic image X of (j1,j2) : X — X1 xg X2. This determines a third
compactification j : X — X which dominates both j;:

(X,Yl) -~ (X,Y) —_— (X,Yg)

Thus (2) holds. Let fi, fo : X1 — X2 be two morphisms between compactifications
ji+ X = X,;, i =1,2. Let X C X be the equalizer of f; and fo. As Xo — S
is separated, we see that X is a closed subscheme of X1 and hence proper over S.
Moreover, we obtain an open immersion X — X because fi|x = f2|x = idx. The
morphism (X — X) — (j1 : X — X;) given by the closed immersion X — X
equalizes fi and fo which proves condition (3).

Proof of (b). Let j : X — X be a compactification. If X' denotes the scheme
theoretic closure of X in X, then X is dense and scheme theoretically dense in b'e
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by Morphisms, Lemma This proves the first condition of Categories, Defini-
tion Since we have already shown the category of compactifications of X is
cofiltered, the second condition of Categories, Definition follows from the first
(we omit the solution to this categorical exercise).

Proof of (c). After replacing X' with the scheme theoretic closure of 5’ (X) (which
doesn’t change the underlying topological space) this follows from Morphisms,
Lemma [6.8 O

We can also consider the category of all compactifications (for varying X). It
turns out that this category, localized at the set of morphisms which induce an
isomorphism on the interior is equivalent to the category of compactifyable schemes
over S.

Lemma 32.2. Let S be a quasi-compact and quasi-separated scheme. Let f : X —
Y be a morphism of schemes over S with Y separated and of finite type over S and
X compactifyable over S. Then X has a compactification overY .

Proof. Let j : X — X be a compactification of X over S. Then we let X' be
the scheme theoretic image of (j, f) : X — X xg Y. The morphism X - Yis
proper because X xgY — Y is proper as a base change of X — 5. On the other
hand, since Y is separated over S, the morphism (1, f) : X — X Xg Y is a closed
immersion (Schemes, Lemma and hence X — X is an open immersion by
Morphisms, Lemma applied to the “partial section” s = (j, f) to the projection
X XgY — X. [l

Let S be a quasi-compact and quasi-separated scheme. We define the category of
compactifications to be the category whose objects are pairs (X, X) where X is a
scheme proper over S and X C X is a quasi-compact open and whose morphisms
are commutative diagrams

| <——
l‘\s %l
<~

of morphisms of schemes over S.

Lemma 32.3. Let S be a quasi-compact and quasi-separated scheme. The collec-
tion of morphisms (u, @) : (X’,y/) — (X, X) such that u is an isomorphism forms
a right multiplicative system (Categories, Definition of arrows in the category
of compactifications.

Proof. Axiom RMSI is trivial to verify. Let us check RMS2 holds. Suppose given
a diagram
/!

(X', %)
(u,u)l
v, 7) L (x, X

with v : X/ — X an isomorphism. Then we let Y/ =Y X x X’ with the projection
map v : Y’ — Y (an isomorphism). We also set Y =Y X5 X' with the projection
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map v : Y — Y It is clear that Y’ — Y is an open immersion. The diagram

/! -~/

YY)— (X', X)

(9,9)

v, 7) L (x.3%)
shows that axiom RMS2 holds.

Let us check RMS3 holds. Suppose given a pair of morphisms (f, f),(g,9) :
(X,X) — (Y,Y) of compactifications and a morphism (v,9) : (Y, Y) - (Y’,?l)

such that v is an isomorphism and such that (v,7) o (f, f) = (v,7) o (¢,9). Then
f = g. Hence if we let X' ¢ X be the equalizer of f and g, then (u,7) :
(X ,Y/) — (X, X) will be a morphism of the category of compactifications such
that (f, f) o (u, @) = (g,9) o (u,w) as desired. O
Lemma 32.4. Let S be a quasi-compact and quasi-separated scheme. The functor
(X, X) — X defines an equivalence from the category of compactifications localized
(Categories, Lemma at the right multiplicative system of Lemma to the
category of compactifyable schemes over S.

Proof. Denote C the category of compactifications and denote Q : C — C’ the
localization functor of Categories, Lemma Denote D the category of com-
pactifyable schemes over S. It is clear from the lemma just cited and our choice
of multiplicative system that we obtain a functor ¢’ — D. This functor is clearly
essentially surjective. If f: X — Y is a morphism of compactifyable schemes, then
we choose an open immersion Y — Y into a scheme proper over S, and then we
choose an embedding X — X into a scheme X proper over Y (possible by Lemma
applied to X — Y). This gives a morphism (X, X) — (Y,Y) of compactifica-
tions which produces our given morphism X — Y. Finally, suppose given a pair of
morphisms in the localized category with the same source and target: say

a=((f,F): (X', X) = (¥.Y),(wa): (X', X) = (X, X))

and
b=((9.9): (X" X") = (V.Y), (v,9) : (X", X") = (X, X))
which produce the same morphism X — Y over S, in other words f o u™! =
11

gov~!l. By Categories, Lemma [27.13| we may assume that (X’,Yl) = (X", X")

and (u, %) = (v,7). In this case we can consider the equalizer X" c X of f and
-1

g. The morphism (w,w) : (X', X ) — (X’,YI) is in the multiplicative subset and
we see that @ = b in the localized category by precomposing with (w,w). [

33. Nagata compactification

In this section we prove the theorem announced in Section

Lemma 33.1. Let X — S be a morphism of schemes. If X = U UV is an open
cover such that U — S and V — S are separated and U NV — U xg V is closed,
then X — S is separated.

Proof. Omitted. Hint: check that A : X — X xg X is closed by using the open
covering of X xg X given by U xg U, U xgV, V xgU, and V xg V. (]
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Lemma 33.2. Let X be a quasi-compact and quasi-separated scheme. Let U C X
be a quasi-compact open.

(1) If Z1,Z5 C X are closed subschemes of finite presentation such that Z1 N
ZoNU =0, then there exists a U-admissible blowing up X' — X such that
the strict transforms of Zy and Zs are disjoint.

(2) If Th,To C U are disjoint constructible closed subsets, then there is a U-
admissible blowing up X' — X such that the closures of Ty and Ty are
disjoint.

Proof. Proof of (1). The assumption that Z; — X is of finite presentation signifies
that the quasi-coherent ideal sheaf 7; of Z; is of finite type, see Morphisms, Lemma
Denote Z C X the closed subscheme cut out by the product Z,Z,. Observe
that Z N U is the disjoint union of Z; N U and Zy N U. By Divisors, Lemma [34.5
there is a U N Z-admissible blowup Z’ — Z such that the strict transforms of Z;
and Z, are disjoint. Denote Y C Z the center of this blowing up. Then ¥ — X
is a closed immersion of finite presentation as the composition of ¥ — Z and
Z — X (Divisors, Deﬁnitionand Morphisms, Lemma. Thus the blowing
up X’ — X of Y is a U-admissible blowing up. By general properties of strict
transforms, the strict transform of Z;, Zs with respect to X’ — X is the same as
the strict transform of Z;, Zs with respect to Z' — Z, see Divisors, Lemma [33.2}
Thus (1) is proved.

Proof of (2). By Properties, Lemma there exists a finite type quasi-coherent
sheaf of ideals J; C Oy such that T; = V(J;) (set theoretically). By Properties,
Lemma there exists a finite type quasi-coherent sheaf of ideals 7, C Ox whose
restriction to U is J;. Apply the result of part (1) to the closed subschemes Z; =
V(Z;) to conclude. O

Lemma 33.3. Let f: X — Y be a proper morphism of quasi-compact and quasi-
separated schemes. Let V. C Y be a quasi-compact open and U = f~1(V). Let
T CV be a closed subset such that f|y : U — V is an isomorphism over an open
neighbourhood of T in V. Then there exists a V-admissible blowing up Y/ — Y
such that the strict transform f' : X' — Y’ of f is an isomorphism over an open
neighbourhood of the closure of T in' Y.

Proof. Let T/ C V be the complement of the maximal open over which f|y is an
isomorphism. Then T',T are closed in V and T NT’" = (). Since V is a spectral
topological space, we can find constructible closed subsets T., 7! with T" C T,
T' C T! such that T, NT. = @ (choose a quasi-compact open W of V containing
T’ not meeting T and set T, = V' \ W, then choose a quasi-compact open W’ of V/
containing T, not meeting 7" and set 7/ = V' \ W’). By Lemma we may, after
replacing Y by a V-admissible blowing up, assume that T, and T’ have disjoint
closures in Y. Set Yy = Y\T/C, Vo=V\T.,, Uy=U xy Vy, and Xg = X Xy Y.
Since Uy — Vj is an isomorphism, we can find a Vp-admissible blowing up Yj — Yp
such that the strict transform X of Xy maps isomorphically to Y, see Lemma
31.3] By Divisors, Lemma there exists a V-admissible blow up Y’ — Y whose
restriction to Yy is Yy — Yo. If f: X’ — Y denotes the strict transform of f, then
we see what we want is true because f’ restricts to an isomorphism over Y{. O

Lemma 33.4. Let S be a quasi-compact and quasi-separated scheme. Let U — X3
and U — X3 be open immersions of schemes over S and assume U, X1, Xa of finite
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type and separated over S. Then there exists a commutative diagram

X —X<—X]

NS

X1<;U4>X2

of schemes over S where X! — X, is a U-admissible blowup, X — X is an open
immersion, and X is separated and finite type over S.

Proof. Throughout the proof all schemes will be separated of finite type over S.
This in particular implies these schemes are quasi-compact and quasi-separated
and the morphisms between them are quasi-compact and separated. See Schemes,
Sections [[9 and 211 We will use that if U — W is an immersion of such schemes
over S, then the scheme theoretic image Z of U in W is a closed subscheme of W
and U — Z is an open immersion, U C Z is scheme theoretically dense, and U C Z
is dense topologically. See Morphisms, Lemma

Let X152 C X7 Xg X5 be the scheme theoretic image of U — X7 X g X5. The projec-
tions p; : X12 — X; induce isomorphisms pjl(U ) — U by Morphisms, Lemma
Choose a U-admissible blowup X! — X; such that the strict transform X%, of X2
is isomorphic to an open subscheme of X!, see Lemma Let Z; C Ox, be the
corresponding finite type quasi-coherent sheaf of ideals. Recall that X{, — X5 is
the blowup in pi_lIiOXm see Divisors, Lemma Let X1, be the blowup of X9
in p; 'Z1p; ' 7,Ox,,, see Divisors, Lemma for what this entails. We obtain in
particular a commutative diagram

5 2
12 X12

L

1
Xig — X2

where all the morphisms are U-admissible blowing ups. Since X}, C X! is an open
we may choose a U-admissible blowup X! — X! restricting to X{, — Xi,, see
Divisors, Lemma Then X{, C X/ is an open subscheme and the diagram

/ !
12 Xi

L

i 5 i
X12 Xz

is commutative with vertical arrows blowing ups and horizontal arrows open immer-
sions. Note that X{, — X7 X ¢ X} is an immersion and proper (use that X1, — X2
is proper and X175 — X7 xg X» is closed and X/ xg X} — X1 xg X5 is separated
and apply Morphisms, Lemma . Thus X|, — X| xg X} is a closed immer-
sion. It follows that if we define X by glueing X| and X} along the common open
subscheme X7,, then X — S is of finite type and separated (Lemma . As
compositions of U-admissible blowups are U-admissible blowups (Divisors, Lemma

34.2)) the lemma is proved. O

Lemmal 33.5. Let X — S and Y — S be morphisms of schemes. Let U C X
be an open subscheme. Let V. — X XgY be a quasi-compact morphism whose
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composition with the first projection maps into U. Let Z C X xgY be the scheme
theoretic image of V. — X Xg Y. Let X' — X be a U-admissible blowup. Then the
scheme theoretic image of V. — X' xg Y is the strict transform of Z with respect
to the blowing up.

Proof. Denote Z' — Z the strict transform. The morphism Z’ — X’ induces a
morphism Z’ — X’ x gY which is a closed immersion (as Z’ is a closed subscheme of
X' x x Z by definition). Thus to finish the proof it suffices to show that the scheme
theoretic image Z” of V. — Z’ is Z'. Observe that Z” C Z' is a closed subscheme
such that V' — Z’ factors through Z”. Since both V — X xgY and V — X' xgY
are quasi-compact (for the latter this follows from Schemes, Lemma and the
fact that X' xgY — X xgV is separated as a base change of a proper morphism),
by Morphisms, Lemma we see that ZN (U xgY) = Z" N (U xgY). Thus
the inclusion morphism Z” — Z’ is an isomorphism away from the exceptional
divisor F of Z’ — Z. However, the structure sheaf of Z’ does not have any nonzero
sections supported on E (by definition of strict transforms) and we conclude that
the surjection Oz — Oz~ must be an isomorphism. O

Lemma 33.6. Let S be a quasi-compact and quasi-separated scheme. Let U be a
scheme of finite type and separated over S. Let V C U be a quasi-compact open. If
V' has a compactification V. C'Y over S, then there exists a V-admissible blowing
up Y — Y and an open V.C V' C Y’ such that V. — U extends to a proper
morphism V' — U.

Proof. Consider the scheme theoretic image Z C Y xg U of the “diagonal” mor-
phism V — Y xg U. If we replace Y by a V-admissible blowing up, then Z is
replaced by the strict transform with respect to this blowing up, see Lemma [33.5
Hence by Lemma we may assume Z — Y is an open immersion. If V/ C Y
denotes the image, then we see that the induced morphism V' — U is proper be-
cause the projection Y xg U — U is proper and V' = Z is a closed subscheme of
Y Xs U. O

The following lemma is formulated in the Noetherian case only. The version for
quasi-compact and quasi-separated schemes is true as well, but will be trivially
implied by the main theorem in this section.

Lemma 33.7. Let S be a Noetherian scheme. Let U be a scheme of finite type and
separated over S. Let U = Uy U Uy be opens such that Uy and Uy have compactifi-
cations over S and such that Uy NUs is dense in U. Then U has a compactification
over S.

Proof. Choose a compactification U; C X; for ¢ = 1,2. We may assume Uj; is
scheme theoretically dense in X;. We may assume there is an open V; C X; and a
proper morphism v; : V; — U extending id : U; — U;, see Lemma [33.6] Picture

Ui — Vi —= X;

e

U

If {Z,]} = {1,2} denote Zl = U\UJ = UZ\(UlmUQ) and Zj = U\Ul = Uj\(UlﬂUg).
Thus we have

U=U12,=2Z11U; =Z, T (U1 NU2) 11 Z
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Denote Z; ; C V; the inverse image of Z; under ;. Observe that 1); is an isomor-
phism over an open neighbourhood of Z;. Denote Z; ; C V; the inverse image of Z;
under ;. Observe that v; : Z; ; = Z; is a proper morphism. Since Z; and Z; are
disjoint closed subsets of U, we see that Z;; and Z; ; are disjoint closed subsets of
V.

Denote 7i,i and 71-7]- the closures of Z;; and Z; ; in X;. After replacing X; by a
V;-admissible blowup we may assume that Z;; and 72-7]- are disjoint, see Lemma

33.2l We assume this holds for both X; and Xs. Observe that this property is
preserved if we replace X; by a further V;-admissible blowup.

Set Vio = Vi xy Vo. We have an immersion Vio — X7 Xg X5 which is the com-
position of the closed immersion Vio = Vi xy Vo — Vi xg Vo (Schemes, Lemma
and the open immersion V; xg Vo — X1 xXg Xo. Let X192 C X7 X g X5 be the
scheme theoretic image of Vi35 — X7 xg Xo. The projection morphisms

p12X12—>X1 and p2 X12—>X2

are proper as X; and Xs are proper over S. If we replace X; by a Vi-admissible
blowing up, then X5 is replaced by the strict transform with respect to this blowing
up, see Lemma [33.5

Denote 1) : Vi3 — U the compositions 1) = 11 o p1]v,, = ¥2 0 pa|v;,. Consider the
closed subscheme

Z122 = (P1lvis) " (Z1.2) = (P2lviy) "1 (Z22) =071 (Z2) C Vio

The morphism p|v,, : Vi — V3 is an isomorphism over an open neighbourhood of
Z1 2 because 15 : Vo — U is an isomorphism over an open neighbourhood of Z5 and
Vis = Vi xy V. By Lemma m 3| there exists a Vj-admissible blowing up X| — X,
such that the strict transform p : X7, — X of p; is an isomorphism over an open
neighbourhood of the closure of Z; o in X{. After replacing X; by X{ and Xi2 by
X, we may assume that p; is an isomorphism over an open neighbourhood of Z1 5.

The reduction of the previous paragraph tells us that
X19N(Z12 x5 Z21) =0

where the intersection taken in X; xg X5. Namely, the inverse image pl_l(Zl,g)
in Xy2 maps isomorphically to Z; . In particular, we see that Z;5, is dense in
pfl(fl,g). Thus ps maps p;l(il’g) into Za . Since Z 5N Za1 = () we conclude.

Consider the schemes
Wi=U[], (Xi\Zij), i=12

obtained by glueing. Let us apply Lemma - to see that W; — S is separated.
First, U — S and X; — S are separated. The immersion U; — U xg (X; \Zi’j) is
closed because any specialization u; ~ u with u; € U; and u € U \ U; can be lifted
uniquely to a specialization u; ~» v; in V; along the proper morphism ; : V; — U
and then v; must be in Z; ;. Thus the image of the immersion is closed, whence
the immersion is a closed immersion.

On the other hand, for any valuation ring A over S with fraction field K and any
morphism 7 : Spec(K) — (U NUs) over S, there is an ¢ and an extension of v to
a morphism h; : Spec(4) — W;. Namely, for both i = 1,2 there is a morphism
gi : Spec(A) — X, extending 7 by the valuative criterion of properness for X;
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over S, see Morphisms, Lemma Thus we only are in trouble if g;(ma) € Z, ;
for 4 = 1,2. This is impossible by the emptyness of the intersection of X5 and
Z12 Xg Zo1 we proved above.

Consider a diagram

NS

Wl%UHWQ

as in Lemma By the previous paragraph for every solid diagram
Spec(K) =W

Spec(A) —— S

where Im(y) C Uy N Us there is an ¢ and an extension h; : Spec(A) — W; of ~.
Using the valuative criterion of properness for W/ — W;, we can then lift h; to
B} : Spec(A) — W/. Hence the dotted arrow in the diagram exists. Since W is
separated over S, we see that the arrow is unique as well. This implies that W — S
is universally closed by Morphisms, Lemma As W — S is already of finite
type and separated, we win. O

Theorem 33.8. Let S be a quasi-compact and quasi-separated scheme. Let X — S
be a separated, finite type morphism. Then X has a compactification over S.

Proof. We first reduce to the Noetherian case. We strongly urge the reader to
skip this paragraph. There exists a closed immersion X — X’ with X’ — §
of finite presentation and separated. See Limits, Proposition If we find a
compactification of X’ over S, then taking the scheme theoretic image of X in this
will give a compactification of X over S. Thus we may assume X — S is separated
and of finite presentation. We may write S = lim S; as a directed limit of a system
of Noetherian schemes with affine transition morphisms. See Limits, Proposition
We can choose an i and a morphism X; — S; of finite presentation whose base
change to S is X — S, see Limits, Lemma [10.1] After increasing ¢ we may assume
X; — S; is separated, see Limits, Lemma If we can find a compactification of
X; over S;, then the base change of this to S will be a compactification of X over
S. This reduces us to the case discussed in the next paragraph.

Assume S is Noetherian. We can choose a finite affine open covering X = J,_;, , U;
such that U; N...N U, is dense in X. This follows from Properties, Lemma
and the fact that X is quasi-compact with finitely many irreducible components.
For each i we can choose an n; > 0 and an immersion U; — Ag’ by Morphisms,
Lemma [39.2] Hence U; has a compactification over S for i = 1,...,n by taking the
scheme theoretic image in P¢’. Applying Lemma W (n — 1) times we conclude
that the theorem is true. (]

34. The h topology

For us, loosely speaking, an h sheaf is a sheaf for the Zariski topology which satisfies
the sheaf property for surjective proper morphisms of finite presentation, see Lemma

See [Liit93],
[Con07], [Nag56],
[NaghT7], [Nag62],
and |[Nag63]
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[34.17] However, it may be worth pointing out that the definition of the h topology
on the category of schemes depends on the reference.

Voevodsky initially defined an h covering to be a finite collection of finite type
morphisms which are jointly universally submersive (Morphisms, Definition .
See [Voe96], Definition 3.1.2]. This definition works best if the underlying category
of schemes is restricted to all schemes of finite type over a fixed Noetherian base
scheme. In this setting, Voevodsky relates h coverings to ph coverings. The ph
topology is generated by Zariski coverings and proper surjective morphisms. See
Topologies, Section [ for more information.

In Topologies, Section we study the V topology. A quasi-compact morphism
X — Y defines a V covering, if any specialization of points of Y is the image of a
specialization of points in X and the same is true after any base change (Topologies,
Lemma . In this case X — Y is universally submersive (Topologies, Lemma
[10.14). It turns out the notion of a V covering is a good replacement for “families
of morphisms with fixed target which are jointly universally submersive” when
working with non-Noetherian schemes.

Our approach will be to first prove the equivalence between ph covers and V cover-
ings for (possibly infinite) families of morphisms which are locally of finite presen-
tation. We will then use these families as our notion of h coverings in the Stacks
project. For Noetherian schemes and finite families these coverings match those in
Voevodsky’s definition, see Lemma [34:3] On the category of schemes of finite pre-
sentation over a fixed quasi-compact and quasi-separated scheme S these coverings
determine the same topology as the one in [BST7, Definition 2.7].

Lemma 34.1. Let {f; : X; = X}icr be a family of morphisms of schemes with
fized target with f; locally of finite presentation for all i. The following are equiva-
lent

(1) {X; = X} is a ph covering, and

(2) {X; — X} is a V covering.

Proof. Let U C X be affine open. Looking at Topologies, Definitions [8.4] and
it suffices to show that the base change {X; xx U — U} can be refined by
a standard ph covering if and only if it can be refined by a standard V covering.
Thus we may assume X is affine and we have to show {X; — X} can be refined by
a standard ph covering if and only if it can be refined by a standard V covering.
Since a standard ph covering is a standard V covering, see Topologies, Lemma [10.3
it suffices to prove the other implication.

Assume X is affine and assume {f; : X; — X};er can be refined by a standard
V covering {g; : ¥; — X};=1,._m. For each j choose an i; and a morphism
hj :Y; — X, such that g; = f;; o h;. Since Y; is affine hence quasi-compact, for
each j we can find finitely many affine opens Uj , C X;, such that Im(h;) C (JUj .
Then {U; — X}, refines {X; — X} and is a standard V covering (as it is a
finite family of morphisms of affines and it inherits the lifting property for valuation
rings from the corresponding property of {Y; — X}). Thus we reduce to the case
discussed in the next paragraph.

Assume {f; : X; = X }i=1,.» isastandard V covering with f; of finite presentation.
We have to show that {X; — X} can be refined by a standard ph covering. Choose
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a generic flatness stratification
X=8252$8>...08 =10
as in More on Morphisms, Lemma for the finitely presented morphism

Hi:l,...,n fl : Hi:l,...,n XZ — X

of affines. We are going to use all the properties of the stratification without
further mention. By construction the base change of each f; to Uy = Sk \ Sk+1
is flat. Denote Y} the scheme theoretic closure of Uy in Si. Since Uy — Si is a
quasi-compact open immersion (see Properties, Lemma7 we see that U, C Yy
is a quasi-compact dense (and scheme theoretically dense) open immersion, see
Morphisms, Lemma The morphism Hk:()"__,t_l Y, — X is finite surjective,
hence {Y;, — X} is a standard ph covering and hence a standard V covering (see
above). By the transitivity property of standard V coverings (Topologies, Lemma
it suffices to show that the pullback of the covering {X; — X} to each Y} can
be refined by a standard V covering. This reduces us to the case described in the
next paragraph.

Assume {f; : X; — X };=1,...n is a standard V covering with f; of finite presentation
and there is a dense quasi-compact open U C X such that X; xx U — U is flat.
By Theorem there is a U-admissible blowup X’ — X such that the strict
transform f] : X! — X’ of f; is flat. Observe that the projective (hence closed)
morphism X’ — X is surjective as U C X is dense and as U is identified with an
open of X'. After replacing X’ by a further U-admissible blowup if necessary, we
may also assume U C X’ is scheme theoretically dense (see Remark [30.1). Hence for
every point z € X’ there is a valuation ring V' and a morphism g : Spec(V) — X’
such that the generic point of Spec(V') maps into U and the closed point of Spec(V)
maps to z, see Morphisms, Lemma Since {X; — X} is a standard V covering,
we can choose an extension of valuation rings V' C W, an index ¢, and a morphism
Spec(W) — X; such that the diagram

Spec(W) X

| |

Spec(V) —= X' ——= X

is commutative. Since X! C X’ xx X; is a closed subscheme containing the open
U xx X;, since Spec(W) is an integral scheme, and since the induced morphism
h : Spec(W) — X' x x X; maps the generic point of Spec(W) into U x x X;, we
conclude that h factors through the closed subscheme X! C X' x x X;. We conclude
that {f! : X! — X'} is a V covering. In particular, [] f/ is surjective. In particular
{X! — X'} is an fppf covering. Since an fppf covering is a ph covering (More on
Morphisms, Lemma, , we can find a standard ph covering {Y; — X'} refining
{X! — X}. Say this covering is given by a proper surjective morphism ¥ — X’
and a finite affine open covering Y = (JY;. Then the composition Y — X is proper
surjective and we conclude that {Y; — X} is a standard ph covering. This finishes
the proof. O

Here is our definition.
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Definition 34.2. Let T be a scheme. A h covering of T is a family of morphisms
{fi : T; = T}ier such that each f; is locally of finite presentation and one of the
equivalent conditions of Lemma [34.1] is satisfied.

For Noetherian schemes this is the same thing as a ph covering (we record this in
Lemma below) and we recover Voevodsky’s notion.

Lemma 34.3. Let X be a Noetherian scheme. Let {X; — X };cr be a finite family
of finite type morphisms. The following are equivalent
(1) T1,e; Xi — X is universally submersive (Morphisms, Definition|24.1)), and
(2) {Xi — X}ier is an h covering.

Proof. The implication (2) = (1) follows from the more general Topologies, Lemma
and our definition of h covers. Assume [[X; — X is universally submersive.
We will show that {X; — X} can be refined by a ph covering; this will suffice by
Topologies, Lemma [8.7]and our definition of h coverings. The argument will be the
same as the one used in the proof of Lemma [34.1

Choose a generic flatness stratification
X=825D>28>2...08 =90
as in More on Morphisms, Lemma for the finitely presented morphism

Hi:l,...,n fi : Hi:l,...,n Xl — X

We are going to use all the properties of the stratification without further mention.
By construction the base change of each f; to Uy = Sj \ Sk41 is flat. Denote Y
the scheme theoretic closure of Uy in Si. Since Uy — Sk is a quasi-compact open
immersion (all schemes in this paragraph are Noetherian), we see that Uy C Yj
is a quasi-compact dense (and scheme theoretically dense) open immersion, see
Morphisms, Lemma The morphism Hk:o,...,t—l Y, — X is finite surjective,
hence {Y; — X} is a ph covering. By the transitivity property of ph coverings
(Topologies, Lemma it suffices to show that the pullback of the covering {X; —
X} to each Y, can be refined by a ph covering. This reduces us to the case described
in the next paragraph.

Assume [ X; — X is universally submersive and there is a dense open U C X
such that X; x x U — U is flat for all ;. By Theorem there is a U-admissible
blowup X’ — X such that the strict transform f/ : X] — X' of f; is flat for all
i. Observe that the projective (hence closed) morphism X’ — X is surjective as
U C X is dense and as U is identified with an open of X’. After replacing X’ by
a further U-admissible blowup if necessary, we may also assume U C X’ is dense
(see Remark . Hence for every point € X’ there is a discrete valuation ring
A and a morphism g : Spec(A) — X’ such that the generic point of Spec(A) maps
into U and the closed point of Spec(A) maps to x, see Limits, Lemma Set

W = Spec(A) xx [[ Xi = [ Spec(4) xx X;

Since [ X; — X is universally submersive, there is a specialization w’ ~» w in W
such that w’ maps to the generic point of Spec(A) and w maps to the closed point
of Spec(A). (If not, then the closed fibre of W — Spec(A) is stable under general-
izations, hence open, which contradicts the fact that W — Spec(A) is submersive.)
Say w’ € Spec(A4) xx X; so of course w € Spec(A) xx X; as well. Let z} ~ z;
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be the image of w’ ~» w in X’ xx X;. Since z} € X/ and since X] C X' xx X;
is a closed subscheme we see that z; € X/. Since x; maps to z € X’ we conclude
that [[ X! — X’ is surjective! In particular {X] — X'} is an fppf covering. But an
fppf covering is a ph covering (More on Morphisms, Lemma . Since X' — X
is proper surjective, we conclude that {X/ — X} is a ph covering and the proof is
complete. O

Lemma 34.4. Let X be a locally Noetherian scheme. A family of morphisms
{fi : X; = X }iesr with target X is an h covering if and only if it is a ph covering.

Proof. By Definition a h covering is a ph covering. Conversely, if {f; : X; —
X} is a ph covering, then the morphisms f; are locally of finite type (Topologies,
Deﬁnition. Since X is locally Noetherian, each f; is locally of finite presentation
and we see that we have a h covering by definition. O

The following lemma and [Ryd07, Theorem 8.4] shows our definition agrees with
(or at least is closely related to) the definition in the paper [Ryd07] by David Rydh.
We restrict to affine base for simplicity.

Lemma 34.5. Let X be an affine scheme. Let {X; — X}ier be an h covering.
Then there exists a surjective proper morphism

Y — X

of finite presentation (!) and a finite affine open covering Y = Uj:1 Y such
that {}/j — X}j:l,.“,'m reﬁnes {Xz — X}iEI'

Proof. By assumption there exists a proper surjective morphism ¥ — X and a
finite affine open covering Y = Uj:l,m,myj such that {Y; — X};=1 ., refines
{Xi; — X}ier. This means that for each j there is an index i; € I and a morphism
hj : Y; — X, over X. See Definition [34.2] and Topologies, Definition The
problem is that we don’t know that ¥ — X is of finite presentation. By Limits,
Lemma [13.2] we can write
Y =1limY,

as a directed limit of schemes Y), proper and of finite presentation over X such that
the morphisms Y — Y, and the the transition morphisms are closed immersions.
Observe that each Yy, — X is surjective. By Limits, Lemma we can find a A
and quasi-compact opens Yy ; C Yy, j = 1,...,m covering Y and restricting to Y;
in Y. Then Y; = limY) ;. After increasing A we may assume Y} ; is affine for all
7, see Limits, Lemma Finally, since X; — X is locally of finite presentation
we can use the functorial characterization of morphisms which are locally of finite
presentation (Limits, Proposition to find a A such that for each j there is a
morphism hy; : Yy ; — X;, whose restriction to Y; is the morphism %; chosen
above. Thus {Y) ; — X} refines {X; — X} and the proof is complete. O

We return to the development of the general theory of h coverings.

Lemma 34.6. An fppf covering is a h covering. Hence syntomic, smooth, étale,
and Zariski coverings are h coverings as well.

Proof. This is true because in an fppf covering the morphisms are required to
be locally of finite presentation and because fppf coverings are ph covering, see
More on Morphisms, Lemma The second statement follows from the first and
Topologies, Lemma, O
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Lemma 34.7. Let f:Y — X be a surjective proper morphism of schemes which
is of finite presentation. Then {Y — X} is an h covering.

Proof. Combine Topologies, Lemmas [10.10] and O

Lemma 34.8. Let T be a scheme. Let {f; : T, — T}icr be a family of morphisms
such that f; is locally of finite presentation for all i. The following are equivalent

(1) {T; — T}icr is an h covering,
(2) there is an h covering which refines {T; — T}icr, and
(3) {ILic; Ti — T} is an h covering.

Proof. This follows from the analogous statement for ph coverings (Topologies,
Lemma or from the analogous statement for V coverings (Topologies, Lemma
10.8)). O

Next, we show that our notion of an h covering satisfies the conditions of Sites,
Definition [6.21

Lemma 34.9. Let T be a scheme.
(1) If T" = T is an isomorphism then {T' — T} is an h covering of T.
(2) If {T; — Tl}ier is an h covering and for each i we have an h covering
{Tij = T;}jct., then {T;j — T}icr jes, is an h covering.
(3) If {T; — T}icr is an h covering and T' — T is a morphism of schemes
then {T' x7 T; = T'}icr is an h covering.

Proof. Follows immediately from the corresponding statement for either ph or V
coverings (Topologies, Lemma or|10.9) and the fact that the class of morphisms
which are locally of finite presentation is preserved under base change and compo-
sition. 0

Next, we define the big h sites we will work with in the Stacks project. It makes
sense to read the general discussion in Topologies, Section [2] before proceeding.

Definition 34.10. A big h site is any site Schy, as in Sites, Definition con-
structed as follows:

(1) Choose any set of schemes Sy, and any set of h coverings Covg among these
schemes.

(2) As underlying category take any category Sch, constructed as in Sets,
Lemma [9.2] starting with the set Sp.

(3) Choose any set of coverings as in Sets, Lemma starting with the cate-
gory Sche, and the class of h coverings, and the set Covy chosen above.

See the remarks following Topologies, Definition [3.5] for motivation and explanation
regarding the definition of big sites.

Definition 34.11. Let T be an affine scheme. A standard h covering of T is
a family {f; : T, — T}i=1,....n with each T; affine, with f; of finite presentation
satisfying either of the following equivalent conditions: (1) {T; — T’} can be refined
by a standard ph covering or (2) {T; — T} is a V covering.

The equivalence of the conditions follows from Lemma [34.1] Topologies, Definition

and Lemma
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Before we continue with the introduction of the big h site of a scheme S, let us
point out that the topology on a big h site Schy, is in some sense induced from the
h topology on the category of all schemes.

Lemma 34.12. Let Schy, be a big h site as in Definition|34.10, Let T € Ob(Schy,).
Let {T; — T}ier be an arbitrary h covering of T.

(1) There exists a covering {U; — T}jes of T in the site Schy, which refines
{Ti — T}ieI~

(2) If {T; — T}icr is a standard h covering, then it is tautologically equivalent
to a covering of Schy,.

(3) If {T; — T}ier is a Zariski covering, then it is tautologically equivalent to
a covering of Schy,.

Proof. Omitted. Hint: this is exactly the same as the proof of Topologies, Lemma
8.10] O

Definition 34.13. Let S be a scheme. Let Schy be a big h site containing S.

(1) The big h site of S, denoted (Sch/S)p, is the site Schy/S introduced in
Sites, Section

(2) The big affine h site of S, denoted (Aff/S)n, is the full subcategory of
(Sch/S), whose objects are affine U/S. A covering of (Aff/S) is any
covering {U; — U} of (Sch/S)p, which is a standard h covering.

We explicitly state that the big affine h site is a site.

Lemmal 34.14. Let S be a scheme. Let Schy, be a big h site containing S. Then
(Aff/S)n is a site.

Proof. Reasoning as in the proof of Topologies, Lemma it suffices to show
that the collection of standard h coverings satisfies properties (1), (2) and (3) of
Sites, Definition [6.2] This is clear since for example, given a standard h covering
{T; — T}icr and for each ¢ a standard h covering {T;; — T;};c,, then {T;; —
T}ier,jes, is a h covering (Lemma , U,es Ji is finite and each Tj; is affine.
Thus {T;; — T}icr jes, is a standard h covering. ]

Lemma 34.15. Let S be a scheme. Let Schy, be a big h site containing S. The
underlying categories of the sites Schy, (Sch/S)p, and (Aff/S)n have fibre products.
In each case the obvious functor into the category Sch of all schemes commutes with
taking fibre products. The category (Sch/S)y has a final object, namely S/S.

Proof. For Schy, it is true by construction, see Sets, Lemma[9.9] Suppose we have
U— S,V = U, W — U morphisms of schemes with U, V,;W € Ob(Schy). The
fibre product V xy W in Schy, is a fibre product in Sch and is the fibre product
of V/S with W/S over U/S in the category of all schemes over S, and hence also
a fibre product in (Sch/S)p. This proves the result for (Sch/S),. If U, V,W are
affine, so is V' xy W and hence the result for (Aff/S). O

Next, we check that the big affine site defines the same topos as the big site.

Lemmal 34.16. Let S be a scheme. Let Schy be a big h site containing S. The
functor (Aff/S)n — (Sch/S)p is cocontinuous and induces an equivalence of topoi

from Sh((Aff/S)n) to Sh((Sch/S)r).
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Proof. The notion of a special cocontinuous functor is introduced in Sites, Defi-
nition [29.2 Thus we have to verify assumptions (1) — (5) of Sites, Lemma [29.1]
Denote the inclusion functor w : (Aff/S)n — (Sch/S)s. Being cocontinuous follows
because any h covering of T/S, T affine, can be refined by a standard h covering
for example by Lemma [34.5] Hence (1) holds. We see u is continuous simply be-
cause a standard h covering is a h covering. Hence (2) holds. Parts (3) and (4)
follow immediately from the fact that w is fully faithful. And finally condition (5)
follows from the fact that every scheme has an affine open covering (which is a h

covering). O
Lemma 34.17. Let F be a presheaf on (Sch/S)n. Then F is a sheaf if and only
if

(1) F satisfies the sheaf condition for Zariski coverings, and
(2) if f: V. = U is proper, surjective, and of finite presentation, then F(U)
maps bijectively to the equalizer of the two maps F(V) — F(V xy V).
Moreover, in the presence of (1) property (2) is equivalent to property
(2°) the sheaf property for {V — U} as in (2) with U affine.

Proof. We will show that if (1) and (2) hold, then F is sheaf. Let {T; — T}
be a covering in (Sch/S),. We will verify the sheaf condition for this covering.
Let s; € F(T;) be sections which restrict to the same section over T; xp T;. We
will show that there exists a unique section s € F(T') restricting to s; over T;.
Let T = |JU; be an affine open covering. By property (1) it suffices to produce
sections s; € F(U;) which agree on U; N Uy in order to produce s. Consider
the coverings {T; xr U; — U;}. Then sj; = s;|1,x,v; are sections agreeing over
(T; x7 Uj) xy,; (T x7 Uy). Choose a proper surjective morphism V; — Uj of finite
presentation and a finite affine open covering V; = |JVj such that {Vj, — U;}
refines {T; x7 U; — U,}. See Lemma If s € F(Vji) denotes the pullback
of sj; to Vji by the implied morphisms, then we find that s;; glue to a section
s € F(V;). Using the agreement on overlaps once more, we find that s’ is in
the equalizer of the two maps F(V;) — F(V; xy, V;). Hence by (2) we find that
s, comes from a unique section s; € F(U;). We omit the verification that these
sections s; have all the desired properties.

Proof of the equivalence of (2) and (2’) in the presence of (1). Suppose V. — U
is a morphism of (Sch/S), which is proper, surjective, and of finite presentation.
Choose an affine open covering U = |JU; and set V; =V xy U;. Then we see that
F(U) — F(V) is injective because we know F(U;) — F(V;) is injective by (2’) and
we know F(U) — [[ F(U;) is injective by (1). Finally, suppose that we are given
an t € F(V) in the equalizer of the two maps F(V) — F(V xy V). Then t|y, is in
the equalizer of the two maps F(V;) — F(V; xy, V;) for all i. Hence we obtain a
unique section s; € F(U;) mapping to t|y, for all ¢ by (2’). We omit the verification
that si|u,nu; = sjlu,nu; for all i, j; this uses the uniqueness property just shown.
By the sheaf property for the covering U = |J U; we obtain a section s € F(U). We
omit the proof that s maps to ¢t in F(V). O

Next, we establish some relationships between the topoi associated to these sites.

Lemma 34.18. Let Schy, be a big h site. Let f:T — S be a morphism in Schy,.
The functor
w: (Sch/T)y, — (Sch/S)n, V/T+—V/S
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is cocontinuous, and has a continuous right adjoint
v:(Sch/S)y, — (Sch/T)p, (U = S)— (U xgT —=1T).
They induce the same morphism of topoi
foig : Sh((Sch/T)n) — Sh((Sch/S)n)
We have f;2(G)(U/T) = G(U/S). We have fuig.(F)(U/S) = F(U xsT/T). Also,

fb;.; has a left adjoint fuigr which commutes with fibre products and equalizers.

Proof. The functor u is cocontinuous, continuous, and commutes with fibre prod-
ucts and equalizers. Hence Sites, Lemmas and apply and we deduce the
formula for f,; gl and the existence of fy;q1. Moreover, the functor v is a right adjoint
because given U/T and V/S we have Morg(u(U), V) = Morp (U, V xgT) as desired.
Thus we may apply Sites, Lemmas and to get the formula for fy;g .. O

Lemma 34.19. Given schemes X, Y, Y in (Sch/S); and morphisms f : X =Y,
g:Y — Z we have gyig © frig = (9 © f)big-

Proof. This follows from the simple description of pushforward and pullback for
the functors on the big sites from Lemma a

35. More on the h topology

In this section we prove a few more results on the h topology. First, some non-
examples.

Examplel 35.1. The “structure sheaf” O is not a sheaf in the h topology. For
example, consider a surjective closed immersion of finite presentation X — Y.
Then {X — Y} is an h covering for example by Lemma Moreover, note that
X xy X = X. Thus if O where a sheaf in the h topology, then Oy (Y) — Ox(X)
would be bijective. This is not the case as soon as X, Y are affine and the morphism
X — Y is not an isomorphism.

Example 35.2. On any of the sites (Sch/S), the topology is not subcanonical, in
other words, representable sheaves are not sheaves. Namely, the “structure sheaf” O
is representable because O(X) = Morg(X, AL) in (Sch/S);, and we saw in Example
B5 ] that O is not a sheaf.

Lemma) 35.3. Let T be an affine scheme which is written as a limit T = lim;c; T;
of a directed inverse system of affine schemes.

(1) Let V = {V; = T}j=1....m be a standard h covering of T, see Definition
34.11. Then there exists an index ¢ and a standard h covering V; = {V; ; —
Ti}jzlym’m whose base change T X1, V; to T is isomorphic to V.

(2) LetV;, Vi be a pair of standard h coverings of T;. If f : Txqp,V; — T X1, V]
is a morphism of coverings of T, then there exists an index i > i and a
morphism fi : Ty X1, V — Ty X, VI whose base change to T is f.

(3) If f,g : V — V! are morphisms of standard h coverings of T; whose base
changes fr,gr to T are equal then there exists an index ©' > i such that
fTi/ =97, -

In other words, the category of standard h coverings of T is the colimit over I of
the categories of standard h coverings of T;.
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Proof. By Limits, Lemma the category of schemes of finite presentation over
T is the colimit over I of the categories of finite presentation over T;. By Limits,
Lemma the same is true for category of schemes which are affine and of finite
presentation over T. To finish the proof of the lemma it suffices to show that
if {V;i = Ti}j=1,..,m is a finite family of finitely presented morphisms with Vj ;
affine, and the base change family {T' X, V;; — T} is an h covering, then for
some ¢’ > ¢ the family {T;» xp, V;; — T;»} is an h covering. To see this we use
Lemma [34.5] to choose a finitely presented, proper, surjective morphism ¥ — 7T and
{T xr,V;; — T}. Using the arguments above and Limits, Lemmas and
[4.11] we can find an i’ > i and a finitely presented, surjective, proper morphism

Y, — T, and an affine open covering Y;; = Uk:1 Yy such that moreover
{Yi' x — Yy} refines {Ty x1, V;; — Ty }. It follows that this last mentioned family
is a h covering and the proof is complete. [

Lemma 35.4. Let S be a scheme contained in a big site Schy,. Let F : (Sch/S)7"" —
Sets be an h sheaf satisfying property (b) of Topologies, Lemma with C =
(Sch/S)p. Then the extension F' of F to the category of all schemes over S satis-
fies the sheaf condition for all h coverings and is limit preserving (Limits, Remark

Proof. This is proven by the arguments given in the proofs of Topologies, Lemmas

and using Lemmas and Details omitted. (]

36. Blow up squares and the ph topology

Let X be a scheme. Let Z C X be a closed subscheme such that the inclusion mor-
phism is of finite presentation, i.e., the quasi-coherent sheaf of ideals corresponding
to Z is of finite type. Let b: X’ — X be the blowup of X in Z and let E = b~%(Z)
be the exceptional divisor. See Divisors, Section In this situation and in this
section, let us say

-~

— = X

(36.0.1) b

N<=—1&

. X
is a blow up square.

Lemma 36.1. Let F be a sheaf on a site (Sch/S)pn, see Topologies, Definition
8.11. Then for any blow up square (36.0.1) in the category (Sch/S)ph the diagram

F(E)<=— F(X')
F(Z)<~—F(X)
is cartesian in the category of sets.

Proof. Since ZII X’ — X is a surjective proper morphism we see that {Z 11 X' —
X} is a ph covering (Topologies, Lemma [8.6]). We have

(ZUX)xx (ZIIX)=ZUENETX xx X’
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Since F is a Zariski sheaf we see that F sends disjoint unions to products. Thus the
sheaf condition for the covering {Z IT X' — X} says that F(X) — F(Z) x F(X')
is injective with image the set of pairs (¢,s") such that (a) ¢{|g = §'|g and (b) &’ is
in the equalizer of the two maps F(X’) — F(X’ xx X’). Next, observe that the
obvious morphism
Exz EIX — X' xx X'

is a surjective proper morphism as b induces an isomorphism X'\ F — X \ Z. We
conclude that F(X' x x X') = F(F xz E) x F(X') is injective. It follows that (a)
= (b) which means that the lemma is true. O

Lemma 36.2. Let F be a sheaf on a site (Sch/S)pn as in Topologies, Definition

8.11. Let X — X' be a morphism of (Sch/S),n which is a thickening. Then

F(X'") — F(X) is bijective.

Proof. Observe that X — X' is a proper surjective morphism of and X x x/ X = X.
By the sheaf property for the ph covering {X — X'} (Topologies, Lemma we
conclude. 0

37. Almost blow up squares and the h topology

Consider a blow up square . Although the morphism b : X’ — X is projec-
tive (Divisors, Lemma in general there is no simple way to guarantee that
b is of finite presentation. Since h coverings are constructed using morphisms of
finite presentation, we need a variant. Namely, we will say a commutative diagram

E—X'

(37.0.1 l lb

7 ——X
of schemes is an almost blow up square if the following conditions are satisfied

1) Z— X is a closed immersion of finite presentation,

(2) E=0b"1(2) is a locally principal closed subscheme of X,

(3) b is proper and of finite presentation,

(4) the closed subscheme X" C X’ cut out by the qua51 coherent ideal of
sections of Oy supported on E (Properties, Lemma [24.5) is the blow up
of X in Z.

It follows that the morphism b induces an isomorphism X'\ E — X \ Z. For some
very simple examples of almost blow up squares, see Examples [37.10] and [37.11

The base change of a blow up usually isn’t a blow up, but almost blow ups are
compatible with base change.

Lemma 37.1. Consider an almost blow up square (37.0.1). Let Y — X be any
morphism. Then the base change

YXXEHYXXX/
YXxZ——Y

is an almost blow up square too.


https://stacks.math.columbia.edu/tag/0EW2
https://stacks.math.columbia.edu/tag/0EV7

0EVS8

0EV9

0EVA

MORE ON FLATNESS 112

Proof. The morphism Y x x X’ — Y is proper and of finite presentation by Mor-
phisms, Lemmas and The morphism Y x x Z — Y is a closed immersion
(Morphisms, Lemma of finite presentation. The inverse image of Y X x Z in
Y x x X’ is equal to the inverse image of E in Y X x X’ and hence is locally principal
(Divisors, Lemma [13.11)). Let X” C X', resp. Y C Y xx X’ be the closed sub-
scheme corresponding to the quasi-coherent ideal of sections of Ox/, resp. Oy« x7
supported on E, resp. Y xx E. Clearly, Y/ C Y xx X" is the closed subscheme
corresponding to the quasi-coherent ideal of sections of Oy, x» supported on
Y xx (ENX"). Thus Y is the strict transform of Y relative to the blowing up
X" — X, see Divisors, Definition Thus by Divisors, Lemma [33.2] we see that
Y" is the blow upof Y Xxx Z on Y. O

One can shrink almost blow up squares.

Lemmal 37.2. Consider an almost blow up square (37.0.1). Let W — X' be a
closed immersion of finite presentation. The following are equivalent
(1) X'\ E is scheme theoretically contained in W,
(2) the blowup X" of X in Z is scheme theoretically contained in W,
(3) the diagram
EnW —Ww

|

Z——X

s an almost blow up square. Here E N'W is the scheme theoretic intersec-
tion.

Proof. Assume (1). Then the surjection Oxs — Oy is an isomorphism over the
open X' C E. Since the ideal sheaf of X" C X’ is the sections of Ox supported
on E (by our definition of almost blow up squares) we conclude (2) is true. If (2) is
true, then (3) holds. If (3) holds, then (1) holds because X”’N(X’\ E) is isomorphic
to X \ Z which in turn is isomorphic to X’ \ E. O

The actual blowup is the limit of shrinkings of any given almost blowup.

Lemma 37.3. Consider an almost blow up square (37.0.1|) with X quasi-compact
and quasi-separated. Then the blowup X" of X in Z can be written as

X" = lim X
where the limit is over the directed system of closed subschemes X, C X' of finite

presentation satisfying the equivalent conditions of Lemma[57.3

Proof. Let Z C Ox: be the quasi-coherent sheaf of ideals corresponding to X”.
By Properties, Lemma we can write Z as the filtered colimit Z = colim Z; of its
quasi-coherent submodules of finite type. Since these modules correspond 1-to-1 to
the closed subschemes X! the proof is complete. O

Almost blow up squares exist.

Lemma 37.4. Let X be a quasi-compact and quasi-separated scheme. Let Z C X
be a closed subscheme cut out by a finite type quasi-coherent sheaf of ideals. Then

there exists an almost blow up square as in (37.0.1]).
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Proof. We may write X = lim X; as a directed limit of an inverse system of
Noetherian schemes with affine transition morphisms, see Limits, Proposition
We can find an index 7 and a closed immersion Z; — X; whose base change to X is

the closed immersion Z — X. See Limits, Lemmas and Let b; : X] — X;
be the blowing up with center Z;. This produces a blow up square

)

where all the morphisms are finite type morphisms of Noetherian schemes and hence

of finite presentation. Thus this is an almost blow up square. By Lemma the
base change of this diagram to X produces the desired almost blow up square. [

Almost blow up squares are unique up to shrinking as in Lemma [37.2

Lemma 37.5. Let X be a quasi-compact and quasi-separated scheme and let Z C
X be a closed subscheme cut out by a finite type quasi-coherent sheaf of ideals.

Suppose given almost blow up squares (37.0.1

|

Z——X

for k =1,2, then there exists an almost blow up square

l\

N<—1&

S

and closed immersions iy, : X' — X}, over X with E = i '(Ey).

Proof. Denote X” — X the blowing up of Z in X. We view X” as a closed
subscheme of both X} and X3. Write X" = lim X7 ; as in Lemma By Limits,
Proposition there exists an ¢ and a morphism A : X{,i — X/ agreeing with the
inclusions X" C X7 ; and X" C X5. By Limits, Lemma the restriction of h to
X{’i, is a closed immersion for some ¢’ > 7. This finishes the proof. O

Our flattening techniques for blowing up are inherited by almost blowups in favor-
able situations.

Lemma 37.6. Let Y be a quasi-compact and quasi-separated scheme. Let X be
a scheme of finite presentation over Y. Let V. C Y be a quasi-compact open such
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that Xvv — V' is flat. Then there exist a commutative diagram

E D
N,
Y —X'
]
Y<~—X
Z T

whose right and left hand squares are almost blow up squares, whose lower and top
squares are cartesian, such that ZNV =0, and such that X' — Y’ is flat (and of
finite presentation).

Proof. If Y is a Noetherian scheme, then this lemma follows immediately from
Lemma because in this case blow up squares are almost blow up squares (we
also use that strict transforms are blow ups). The general case is reduced to the
Noetherian case by absolute Noetherian approximation.

We may write Y = limY; as a directed limit of an inverse system of Noetherian
schemes with affine transition morphisms, see Limits, Proposition We can find
an index ¢ and a morphism X; — Y; of finite presentation whose base change to Y
is X — Y. See Limits, Lemmas After increasing ¢ we may assume V' is the
inverse image of an open subscheme V; C Y;, see Limits, Lemma[4.T1} Finally, after
increasing ¢ we may assume that X, y, — V; is flat, see Limits, Lemma By the
Noetherian case, we may construct a diagram as in the lemma for X; — Y; D V.
The base change of this diagram by Y — Y; provides the solution. Use that base
change preserves properties of morphisms, see Morphisms, Lemmas
and and that base change of an almost blow up square is an almost blow up
square, see Lemma [37.1 (]

Lemma 37.7. Let F be a sheaf on one of the sites (Sch/S)y constructed in

Definition (34.15.  Then for any almost blow up square (37.0.1) in the category
(Sch/S)y, the diagram

F(E)<— F(X")

]

is cartesian in the category of sets.

Proof. Since Z II X’ — X is a surjective proper morphism of finite presentation
we see that {Z I X’ — X} is an h covering (Lemma [34.7). We have

(ZUX)xx (ZIIX)=ZUENETX xx X’

Since F is a Zariski sheaf we see that F sends disjoint unions to products. Thus the
sheaf condition for the covering {Z IT X' — X} says that F(X) — F(Z) x F(X')
is injective with image the set of pairs (¢, s") such that (a) ¢{|g = §'|g and (b) ' is
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in the equalizer of the two maps F(X') — F(X’ xx X'). Next, observe that the
obvious morphism

ExzEFIIX — X' xx X'
is a surjective proper morphism of finite presentation as b induces an isomorphism
X'\E — X\ Z. We conclude that F(X' x x X') — F(E xz E)x F(X') is injective.
It follows that (a) = (b) which means that the lemma is true. O

Lemma 37.8. Let F be a sheaf on one of the sites (Sch/S)n constructed in
Definition [34.13. Let X — X' be a morphism of (Sch/S)n which is a thickening
and of finite presentation. Then F(X') — F(X) is bijective.

Proof. First proof. Observe that X — X’ is a proper surjective morphism of
finite presentation and X xx» X = X. By the sheaf property for the h covering
{X — X'} (Lemma [34.7)) we conclude.

Second proof (silly). The blow up of X’ in X is the empty scheme. The reason is
that the affine blowup algebra A[£] (Algebra, Section is zero if a is a nilpotent
element of A. Details omitted. Hence we get an almost blow up square of the form

) ——=10

)

X —X

Since F is a sheaf we have that F(() is a singleton. Applying Lemma we get
the conclusion. 0

Proposition| 37.9. Let F be a presheaf on one of the sites (Sch/S)y constructed
in Definition [34.153 Then F is a sheaf if and only if the following conditions are
satisfied
(1) F is a sheaf for the Zariski topology,
(2) given a morphism f: X —Y of (Sch/S), withY affine and f surjective,
flat, proper, and of finite presentation, then F(Y') is the equalizer of the
two maps F(X) — F(X xy X),
(3) given an almost blow up square with X affine in the category
(Sch/S)y, the diagram

F(E)<=— F(X')

]

F(Z)~—F(X)
1s cartesian in the category of sets.

Proof. Assume F is a sheaf. Condition (1) holds because a Zariski covering is a h
covering, see Lemma Condition (2) holds because for f as in (2) we have that
{X — Y} is an fppf covering (this is clear) and hence an h covering, see Lemma

Condition (3) holds by Lemma [37.7]

Conversely, assume F satisfies (1), (2), and (3). We will prove F is a sheaf by
applying Lemma Consider a surjective, finitely presented, proper morphism
f:X =Y in (Sch/S); with Y affine. It suffices to show that F(Y") is the equalizer
of the two maps F(X) — F(X xy X).
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First, assume that f : X — Y is in addition a closed immersion (in other words, f
is a thickening). Then the blow up of Y in X is the empty scheme and this produces
an almost blow up square consisting with (), 9, X, Y at the vertices (compare with
the second proof of Lemma . Hence we see that condition (3) tells us that

is cartesian in the category of sets. Since F is a sheaf for the Zariski topology, we
see that F () is a singleton. Hence we see that F(X) = F(Y).

Interlude A: let T — T’ be a morphism of (Sch/S), which is a thickening and
of finite presentation. Then F(T") — F(T) is bijective. Namely, choose an affine
open covering 7" = |J T} and let T; = T x T} be the corresponding affine opens of
T. Then we have F(T}) — F(T;) is bijective for all ¢ by the result of the previous
paragraph. Using the Zariski sheaf property we see that F(T") — F(T) is injective.
Repeating the argument we find that it is bijective. Minor details omitted.

Interlude B: consider an almost blow up square (37.0.1)) in the category (Sch/S),.
Then we claim the diagram

F(E)<~— F(X')

]

is cartesian in the category of sets. This is a consequence of condition (3) as follows
by choosing an affine open covering of X and arguing as in Interlude A. We omit
the details.

Next, let f : X — Y be a surjective, finitely presented, proper morphism in
(Sch/S), with Y affine. Choose a generic flatness stratification

YOYyDYiD...0oY, =0

as in More on Morphisms, Lemma for f: X — Y. We are going to use all
the properties of the stratification without further mention. Set Xg = X xy Yj.
By the Interlude B we have F(Yp) = F(Y), F(Xo) = F(X), and F(Xo Xy, Xo) =
.F(X Xy X)

We are going to prove the result by induction on ¢. If ¢ = 1 then Xy — Yj is
surjective, proper, flat, and of finite presentation and we see that the result holds
by property (2). For ¢ > 1 we may replace Y by Yy and X by X; (see above) and
assume Y =Y.
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Consider the quasi-compact open subscheme V = Y \ Y] = Y5\ Y;. Choose a
diagram

E D

N
||
N

as in Lemma [37.6/for f : X — Y D V. Then f’ : X’ — Y’ is flat and of finite
presentation. Also f’ is proper (use Morphisms, Lemmasandto see this).
Thus the image W = f/(X’) C Y’ is an open (Morphisms, Lemma and
closed subscheme of Y’. Observe that Y’ \ E is contained in W. By Lemma [37.2]
this means we may replace Y’/ by W in the above diagram. In other words, we may
and do assume [’ is surjective. At this point we know that

F(B) ~— F(Y') F(D) ~—— F(X')
R I I
F(Z)~—F(Y) F(T) ~— F(X)

are cartesian by Interlude B. Note that ZNY; — Z is a thickening of finite presen-
tation (as Z is set theoretically contained in Y; as a closed subscheme of Y disjoint
from V). Thus we obtain a filtration

Zo5ZNY1D5ZNYeC...CZNY, =0

as above for the restriction T = Z xy X — Z of f to T. Thus by induction
hypothesis we find that F(Z) — F(T) is an injective map of sets whose image is
the equalizer of the two maps F(T') = F(T xz T).

Let s € F(X) be in the equalizer of the two maps F(X) — F(X xy X). By the
above we see that the restriction s|y comes from a unique element ¢t € F(Z) and
similarly that the restriction s|x comes from a unique element ¢’ € F(Y"). Chasing
sections using the restriction maps for F corresponding to the arrows in the huge
commutative diagram above the reader finds that ¢ and ¢’ restrict to the same
element of F(E) because they restrict to the same element of (D) and we have
(2); here we use that D — F is surjective, flat, proper, and of finite presentation as
the restriction of X’ — Y. Thus by the first of the two cartesian squares displayed
above we get a unique section u € F(Y') restricting to ¢t and ¢’ on Z and Y. To see
that u restrict to s on X use the second diagram. O
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Example| 37.10. Let A be a ring. Let f € A be an element. Let J C A be a
finitely generated ideal annihilated by a power of f. Then

E =Spec(A/fA+ J) ——> Spec(4A/J) =X’
Z = Spec(A/fA) —— Spec(A) = X
is an almost blowup square.

Example 37.11. Let A be a ring. Let f1, fo € A be elements.
E = Proj(A/(f1, f2)[To, T1]) — Proj(A[To, T1]/(foTo — fT1) = X'

| l

Z = Spec(A/(f1, ) Spec(A) = X

is an almost blowup square.

Lemma 37.12. Let F be a presheaf on one of the sites (Sch/S)n constructed
in Definition [34.15 Then F is a sheaf if and only if the following conditions are
satisfied
(1) F is a sheaf for the Zariski topology,
(2) given a morphism f: X —Y of (Sch/S), withY affine and f surjective,
flat, proper, and of finite presentation, then F(Y') is the equalizer of the
two maps F(X) = F(X xy X),
(3) F turns an almost blow up square as in Example in the category
(Sch/S)y, into a cartesian diagram of sets, and
(4) F turns an almost blow up square as in Ezample in the category
(Sch/S)y, into a cartesian diagram of sets.

Proof. By Proposition [37.9]it suffices to show that given an almost blow up square
(37.0.1) with X affine in the category (Sch/S); the diagram

F(E) —— F(X')

]

is cartesian in the category of sets. The rough idea of the proof is to dominate the
morphism by other almost blowup squares to which we can apply assumptions (3)
and (4) locally.

Suppose we have an almost blow up square (37.0.1) in the category (Sch/S)n, an
open covering X = JU;, and open coverings U; N U; = (JU;;, such that the
diagrams

FEN Y U)) =— FOb () FENb Y (Uij)) <—— F(~ " (Uijr))

| | T

f(ZﬁUz)%f(Ul) .F(ZﬂUUk) %J—'V(U”k)
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are cartesian, then the same is true for

F(E)<=— F(X')

]

F(Z)<—F(X)
This follows as F is a sheaf in the Zariski topology.

In particular, if we have a blow up square (37.0.1) such that b : X’ — X is a
closed immersion and Z is a locally principal closed subscheme, then we see that
F(X) = F(X') xr) F(Z). Namely, affine locally on X we obtain an almost blow
up square as in (3).
Let ZC X, E, C X}, > X,EC X' — X,and it : X’ — X, be as in the statement
of Lemma B7.5l Then

E——X

|

E, — X;,
is an almost blow up square of the kind discussed in the previous paragraph. Thus
F(Xy) = F(X') x7(m) F(Ex)
for k = 1,2 by the result of the previous paragraph. It follows that
F(X) — F(X}) x 5w, F(Z)

is bijective for £k = 1 if and only if it is bijective for £ = 2. Thus given a closed
immersion Z — X of finite presentation with X quasi-compact and quasi-separated,
whether or not F(X) = F(X') X r(g)F(Z) is independent of the choice of the almost
blow up square one chooses. (Moreover, by Lemma there does indeed
exist an almost blow up square for Z C X.)

Finally, consider an affine object X of (Sch/S);, and a closed immersion Z — X
of finite presentation. We will prove the desired property for the pair (X, Z) by
induction on the number of generators r for the ideal defining Z in X. If the number
of generators is < 2, then we can choose our almost blow up square as in Example
and we conclude by assumption (4).

Induction step. Suppose X = Spec(A) and Z = Spec(A/(f1,..., fr)) with r > 2.

Choose a blow up square (37.0.1) for the pair (X, Z). Set Z; = Spec(A/(f1, f2))
and let
E1 —Y

|

7 1> X
be the almost blow up square constructed in Example [37.11] By Lemma [37.1] the
base changes

YXXEHYX)(X/ EH21XXX/

o 1T ]

Yxx2Z——Y Z ——7
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are almost blow up squares. The ideal of Z in Z; is generated by r — 2 elements.
The ideal of Y X x Z is generated by the pullbacks of fi,..., f to Y. Locally on
Y the ideal generated by f1, fo can be generated by one element, thus Y X x Z is
affine locally on Y cut out by at most r — 1 elements. By induction hypotheses and
the discussion above

]:(Y) :]:(Y Xx X/) X]—'(YXXE) ]:(Y Xx Z)
and
F(Z1) = F(Z1 xx X') Xz F(Z)
By assumption (4) we have
F(X) = F(Y) xF@) F(21)

Now suppose we have a pair (¢',t) with s € F(X') and t € F(Z) with same
restriction in F(E). Then (s'|Z; xx X’,t) are the image of a unique element t; €
F(Zy). Similarly, (s'|y x xx7, t|y x x z) are the image of a unique element sy € F(Y).
We claim that sy and t; restrict to the same element of F(E;). This is true because
the almost blow up square

E1 XxEHEl XxX/

| |

E1 xXZ4>E1

is the base change of almost blow up square (I) via E; — Y and the base change of
almost blow up square (II) via E; — Z; and because the pairs of sections used to
construct sy and t; match. Thus by the third fibre product equality we see that
there is a unique s € F(X) mapping to sy in F(Y) and to ¢; in F(Z). We omit
the verification that s maps to s’ in F(X’) and to ¢ in F(Z); hint: use uniqueness
of s just constructed and work affine locally. O

Lemma 37.13. Let p: S — (Sch/S)y be a category fibred in groupoids. Then S
is a stack in groupoids if and only if the following conditions are satisfied

(1) S is a stack in groupoids for the Zariski topology,
(2) given a morphism f: X —'Y of (Sch/S)y with Y affine and f surjective,
flat, proper, and of finite presentation, then
Sy — SX XSXXyX SX

s an equivalence of categories,

(3) for an almost blow up square as in Example or|37.11) in the category
(Sch/S)y, the functor

SX — SZ XSk SX’
s an equivalence of categories.

Proof. This lemma is a formal consequence of Lemma [37.12| and our definition of
stacks in groupoids. For example, assume (1), (2), (3). To show that S is a stack,
we have to prove descent for morphisms and objects, see Stacks, Definition

If 2,y are objects of S over an object U of (Sch/S)y, then our assumptions imply
Isom(z,y) is a presheaf on (Sch/U);, which satisfies (1), (2), (3), and (4) of Lemma
B7.12] and therefore is a sheaf. Some details omitted.
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Let {U; — U};er be a covering of (Sch/S)y. Let (x;, pi;) be a descent datum in S
relative to the family {U; — U};cr, see Stacks, Definition Consider the rule F
which to V/U in (Sch/U)}, associates the set of pairs (y,1;) where y is an object
of Sy and ¥; : Y|y, x, v — %ilu;x, v is @ morphism of S over U; xy V such that

CijlUixpU;x v 0 YiluixpU; xuv = V5
up to isomorphism. Since we already have descent for morphisms, it is clear that
F(V/U) is either empty or a singleton set. On the other hand, we have F(U,,/U)
is nonempty because it contains (z;,, @i,i). Since our goal is to prove that F'(U/U)
is nonempty, it suffices to show that F is a sheaf on (Sch/U)p. To do this we may
use the criterion of Lemma [37.12] However, our assumptions (1), (2), (3) imply (by
drawing some commutative diagrams which we omit), that properties (1), (2), (3),

and (4) of Lemma [37.12| hold for F.

We omit the verification that if S is a stack in groupoids, then (1), (2), and (3) are
satisfied. 0

quXUU]‘XUV

38. Absolute weak normalization and h coverings

In this section we use the criteria found in Section [37 to exhibit some h sheaves and
we relate h sheafification of the structure sheaf to absolute weak normalization. We
will need the following elementary lemma to do this.

Lemmal 38.1. Let Z, X, X' E be an almost blow up square as in Example|37.11|
Then HP(X',Ox/) =0 forp >0 and T'(X,0x) = T'(X',Ox/) is a surjective map
of rings whose kernel is an ideal of square zero.

Proof. First assume that A = Z[fi, f2] is the polynomial ring. In this case our
almost blow up square is the blowing up of X = Spec(A4) in the closed subscheme
Z and in fact X’ C P is an effective Cartier divisor cut out by the global section
foTo — f1Ty of OPﬁ( (1). Thus we have a resolution

04)01:%((*1)4)01)& - 0x —0

Using the description of the cohomology given in Cohomology of Schemes, Sec-
tion 8 it follows that in this case I'(X,Ox) — T'(X’,Ox-) is an isomorphism and
HY(X',Ox:) =0.

Next, we observe that any diagram as in Example [37.11] is the base change of the
diagram in the previous paragraph by the ring map Z[f, fo] — A. Hence by More

on Morphisms, Lemmas [72.1] [72.2] and [72.4] we conclude that H' (X', Ox) is zero
in general and the surjectivity of the map H%(X,Ox) — H°(X’,Ox) in general.

Next, in the general case, let us study the kernel. If ¢ € A maps to zero, then
looking on affine charts we see that

a=(fix— fo)lap+ a1z + ...+ arz") in Alx]

for some r > 0 and ag, ..., a, € A and similarly
a=(fi — foy)(bo + b1y + ...+ bsy®) in Aly]
for some s > 0 and by, ...,bs € A. This means we have

a = faag, frag = foa1, ..., fia, =0, a= fiby, fabg = fib1, ..., fabs =0
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If (a', 7', a},s',b}) is a second such system, then we have

ad' = fifaa0by = f1faarby = fifaagby=...=0
as desired. O

For an F,-algebra A we set colimpr A equal to the colimit of the system
AL a5 a5
where F': A — A, a — aP is the Frobenius endomorphism.

OEVK |Lemma 38.2. Letp be a prime number. Let S be a scheme over Fp,. Let (Sch/S)y,
be a site as in Definition|34.15. There is a unique sheaf F on (Sch/S)y such that

F(X) = colimp I'(X, Ox)
for any quasi-compact and quasi-separated object X of (Sch/S)p,.

Proof. Denote F the Zariski sheafification of the functor
X — colimp T'(X, Ox)

For quasi-compact and quasi-separated schemes X we have F(X) = colimp I'(X, Ox).
by Sheaves, Lemma and the fact that O is a sheaf for the Zariski topology.
Thus it suffices to show that F is a h sheaf. To prove this we check conditions (1),
(2), (3), and (4) of Lemma Condition (1) holds because we performed an
(almost unnecessary) Zariski sheafification. Condition (2) holds because O is an
fppf sheaf (Descent, Lemma and if A is the equalizer of two maps B — C' of
F-algebras, then colimp A is the equalizer of the two maps colimp B — colimp C.
We check condition (3). Let A, f, J be as in Example We have to show that
colimp A = colimp A/J Xcolimp a/fa4 colimp A/ fA

This reduces to the following algebra question: suppose a’,a” € A are such that
F*(a —a") e fA+J. Find a € A and m > 0 such that a — F™(a’) € J and
a— F™(a") € fA and show that the pair (a,m) is uniquely determined up to a
replacement of the form (a, m) — (F(a), m+1). To do this just write F™(a’—a") =
fh+gwithh € Aand g € J and set a = F"(a’) —g = F"(a")+ fh and set m = n.
To see uniqueness, suppose (a1, m1) is a second solution. By a replacement of the
form given above we may assume m = m;. Then we see that a — a; € J and
a—a; € fA. Since J is annihilated by a power of f we see that a — ay is a
nilpotent element. Hence F*(a — a;) is zero for some large k. Thus after doing
more replacements we get a = a;.

We check condition (4). Let X, X', Z, F be as in Example [37.11] By Lemma m
we see that

F(X) = colimp'(X,0x) — colimp I'(X',Ox/) = F(X')
is bijective. Since F = P} in this case we also see that F(Z) — F(FE) is bijective.

Thus the conclusion holds in this case as well. O

Let p be a prime number. For an F,-algebra A we set limp A equal to the limit of
the inverse system
L habhaba

where F': A — A, a — aP is the Frobenius endomorphism.
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Lemma 38.3. Letp be a prime number. Let S be a scheme over F,,. Let (Sch/S)y,
be a site as in Definition[34.13. The rule

]:(X) = limF F(X, Ox)
defines a sheaf on (Sch/S)y.
Proof. To prove F is a sheaf, let’s check conditions (1), (2), (3), and (4) of Lemma
37.12] Condition (1) holds because limits of sheaves are sheaves and O is a Zariski
sheaf. Condition (2) holds because O is an fppf sheaf (Descent, Lemma and if

A is the equalizer of two maps B — C of F-algebras, then limg A is the equalizer
of the two maps limg B — limg C.

We check condition (3). Let A, f, J be as in Example We have to show that
limp A = limp A/J Xiimp a/paqs limp A/ fA
=lmp(A/J Xa/pa4+5 A/ fA)
=limp A/(fANJ)
is bijective. Since J is annihilated by a power of f we see that a = fAN J is a

nilpotent ideal, i.e., there exists an n such that a™ = 0. It is straightforward to
verify that in this case limp A — limp A/a is bijective.

We check condition (4). Let X,X’,Z, E be as in Example [37.11] By Lemma [38.1]
and the same argument as above we see that

]:(X) = limp F(X7 Ox) — limFI‘(X’7OX/) = ]:(XI)
is bijective. Since F = P} in this case we also see that F(Z) — F(E) is bijective.
Thus the conclusion holds in this case as well. O

In the following lemma we use the absolute weak normalization X **" of a scheme
X, see Morphisms, Section [A7]

Lemma 38.4. Let (Sch/S)pn be a site as in Topologies, Definition . The rule
X > D(X™™, Oxaun)

is a sheaf on (Sch/S)ph,.

Proof. To prove F is a sheaf, let’s check conditions (1) and (2) of Topologies,

Lemma Condition (1) holds because formation of X**"™ commutes with open
coverings, see Morphisms, Lemma and its proof.

Let # : ¥ — X be a surjective proper morphism. We have to show that the
equalizer of the two maps

F(Yaum’ Oyawn) — F((Y X x }/)awn7 O(YXXY)GU)TL)

is equal to (X" Oxauwn). Let f be an element of this equalizer. Then we
consider the morphism

foyowen 5 AL
Since Y™ — X is universally closed, the scheme theoretic image Z of f is a closed

subscheme of Al proper over X and f : Y%¥" — Z is surjective. See Morphisms,
Lemma [41.10] Thus Z — X is finite (Morphisms, Lemma [44.11]) and surjective.

Let k be a field and let 21, 25 : Spec(k) — Z be two morphisms equalized by Z — X.
We claim that z; = zo. It suffices to show the images \; = 2} f € k agree (as the
structure sheaf of Z is generated by f over the structure sheaf of X). To see this
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we choose a field extension K /k and morphisms y, yo : Spec(K) — Y " such that
z; o (Spec(K) — Spec(k)) = f oy;. This is possible by the surjectivity of the map
Yewn — Z. Choose an algebraically closed extension 2/k of very large cardinality.
For any k-algebra maps o; : K — € we obtain

Spec(Q) T2 Spec(K @y K) L2225 youn i o yawr

Since the canonical morphism (Y x x Y)*¥" — Yo" x x V%™ ig a universal home-
omorphism and since € is algebraically closed, we can lift the composition above
uniquely to a morphism Spec(2) — (Y x x Y)**™. Since f is in the equalizer above,
this proves that o1(A\1) = 02(A2). An easy lemma about field extensions shows that
this implies A1 = Ag; details omitted.

We conclude that Z — X is universally injective, i.e., Z — X is injective on points
and induces purely inseparated residue field extensions (Morphisms, Lemma [10.2)).
All in all we conclude that Z — X is a universal homeomorphism, see Morphisms,

Lemma

Let g : X" — Z be the map obtained from the universal property of X*™.
Then Y¥" — X" — Z and f: Y%" — Z are two morphisms over X. By the
universal property of Y — Y the two corresponding morphisms YY" — Y x x Z
over Y have to be equal. This implies that g o 7" = f as morphisms into Ak
and we conclude that g € T(X**"™ Oxawn) is the element we were looking for. O

Lemma 38.5. Let S be a scheme. Choose a site (Sch/S)y, as in Definition|34.15
The rule

X — F(xawn’ OXawn)
is the sheafification of the “structure sheaf” O on (Sch/S)y. Similarly for the ph
topology.

Proof. In Lemma B84 we have seen that the rule F of the lemma defines a sheaf
in the ph topology and hence a fortiori a sheaf for the h topology. Clearly, there is
a canonical map of presheaves of rings O — F. To finish the proof, it suffices to
show

(1) if f € O(X) maps to zero in F(X), then there is a h covering {X; — X}

such that f|x, =0, and

(2) given f € F(X) there is a h covering {X; — X} such that f|x, is the image
Let f be asin (1). Then f|xawn = 0. This means that f is locally nilpotent. Thus
if X’ C X is the closed subscheme cut out by f, then X’ — X is a surjective closed
immersion of finite presentation. Hence {X’ — X} is the desired h covering. Let
f be as in (2). After replacing X by the members of an affine open covering we
may assume X = Spec(A) is affine. Then f € A**™ see Morphisms, Lemma
By Morphisms, Lemma we can find a ring map A — B of finite presentation
such that Spec(B) — Spec(A) is a universal homeomorphism and such that f
is the image of an element b € B under the canonical map B — A%**"™. Then
{Spec(B) — Spec(A)} is an h covering and we conclude. The statement about the
ph topology follows in the same manner (or it can be deduced from the statement
for the h topology). d

Let p be a prime number. An F,-algebra A is called perfect if the map F': A — A,
x +— 2P is an automorphism of A.
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Lemma 38.6. Let p be a prime number. An F,-algebra A is absolutely weakly
normal if and only if it is perfect.

Proof. It is immediate from condition (2)(b) in Morphisms, Definition that
if A is absolutely weakly normal, then it is perfect.

Assume A is perfect. Suppose z,y € A with 2 = y2. If p > 3 then we can write
p = 2n + 3m for some n,m > 0. Choose a,b € A with a? = x and bP? = y. Setting
c=a"b"™ we have

2n_ 2m — m2n+3m p

P = gy =z

and hence ¢ = z. Similarly ¢3 = y. If p = 2, then write 2 = a? to get a® = y?
which implies a® = y. If p = 3, then write y = a® to get 23 = a® which implies

x = a’.

Suppose x,y € A with ¢‘z = y* for some prime number ¢. If £ # p, then a = y/¢
satisfies a’ = x and fa = y. If £ = p, then y = 0 and x = a? for some a. O

Lemma 38.7. Let p be a prime number.
(1) If A is an Fp-algebra, then colimp A = A**".
(2) If S is a scheme over F, then the h sheafification of O sends a quasi-
compact and quasi-separated X to colimp I'(X,Ox).

Proof. Proof of (1). Observe that A — colimp A induces a universal homeo-
morphism on spectra by Algebra, Lemma Thus it suffices to show that
B = colimp A is absolutely weakly normal, see Morphisms, Lemma Note
that the ring map F : B — B is an automorphism, in other words, B is a perfect
ring. Hence Lemma [38.6[ applies.

Proof of (2). This follows from (1) and Lemmas and by looking affine
locally. ([

39. Descent vector bundles in positive characteristic
A reference for this section is [BS17].

For a scheme S let us denote Vect(S) the category of finite locally free Og-modules.
Let p be a prime number. Let S be a quasi-compact and quasi-separated scheme
over F,. In this section we will work with the category

colimp Vect(S) = colim (Vect(S) LA Vect(S) LN Vect(S) LA )

where F' : § — S is the absolute Frobenius morphism. In down to earth terms an
object of this category is a pair (£,n) where £ is a finite locally free Og-module
and n > 0 is an integer. For morphisms we take

Homcolimp Vect(S)((g7 TL), (g7 m)) = colimy HomS(FN7n7*57 Fme,*g)

where F': S — S is the absolute Frobenius morphism of S. Thus the object (£, n)
is isomorphic to the object (F*&,n + 1).

Lemmal 39.1. Let p be a prime number. Let S be a quasi-compact and quasi-
separated scheme over F,,. The category colimp Vect(S) is equivalent to the category
of finite locally free modules over the sheaf of rings colimp Og on S.

Proof. Omitted. O
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0EXC |Lemma 39.2. Let p be a prime number. Consider an almost blowup square
X, X', Z, E in characteristic p as in Example|37.10. Then the functor

colimp Vect(X) — colimp Vect(Z) X colimp veet(E) colimp Vect(X')
is an equivalence.

Proof. Let A, f,J be as in Example [37.10] Since all our schemes are affine and
since we have internal Hom in the category of vector bundles, the fully faithfulness
of the functor follows if we can show that

colimP®y pv A= colim P ®4 pv A/J Xcolim P® , pn A/ fA+g cOIm P @4 gy A/fA

for a finite projective A-module P. After writing P as a summand of a finite free
module, this follows from the case where P is finite free. This case immediately
reduces to the case P = A. The case P = A follows from Lemma [38.2] (in fact we
proved this case directly in the proof of this lemma).

Essential surjectivity. Here we obtain the following algebra problem. Suppose P;
is a finite projective A/J-module, P, is a finite projective A/fA-module, and

0:PL@asg AIfA+T — Pa@aspa AJfFA+T

is an isomorphism. Goal: show that there exists an N, a finite projective A-
module P, an isomorphism @1 : P@a A/J — Pi®4,5,p~ A/J, and an isomorphism
2 : PR A/fA— Py®y/pa,pnv A/fA compatible with ¢ in an obvious manner.
This can be seen as follows. First, observe that
A/(JﬂfA) = A/J XA/fAJ,-J A/fA
Hence by More on Algebra, Lemma there is a finite projective module P’ over
A/(J N fA) which comes with isomorphisms ¢} : P’ @4 A/J — P; and ¢y :
P @4 A/fA — P, compatible with . Since J is a finitely generated ideal and
f-power torsion we see that J N fA is a nilpotent ideal. Hence for some N there is
a factorization
ASA/TnfA) S A
of FN. Setting P = P’ ®4/(snf4),3 A we conclude. O

OEXD Lemma 39.3. Let p be a prime number. Consider an almost blowup square
X, X', Z FE in characteristic p as in Example|37.11 Then the functor

G : colimp Vect(X) — colimp Vect(Z) X cotimp veet(r) colimp Vect(X')
is an equivalence.

Proof. Fully faithfulness. Suppose that (€, n) and (F, m) are objects of colimp Vect(X).
Let (a,b) : G(€,n) — G(F,m) be a morphism in the RHS. We may choose

N > 0 and think of @ as a map a : FN""*&|; — FN-™*F|; and b as a map

b: FN=n*€ v — FN=m* T+, agreeing over E. Choose a finite affine open cov-
ering X = X U...UX, such that £|x, and F|x, are finite free Ox,-modules. For
each i the base change

]

Z; — X;
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is another almost blow up square as in Example [37.11] For these squares we know
that

COliInF HO(Xi,OXi) = COlimF HO(ZZ', OZ,) X colim g HO(EuoEi) colimF HO(XZ(, Oxz)

by Lemma (see proof of the lemma). Hence after increasing N we may assume
the maps alz, and b|x; come from maps ¢; : FN=nxg| v — FN-m*F| .. After
possibly increasing N we may assume c; and c; agree on X; NX;. Thus these maps
glue to give the desired morphism (£,n) — (F,m) in the LHS.

Essential surjectivity. Let (F, G, ) be a triple consisting of a finite locally free Oz-
module F, a finite locally free Ox/-module G, and an isomorphism ¢ : F|g — G|g.
We have to show that after replacing this triple by a Frobenius power pullback, it
comes from a finite locally free Ox-module.

Noetherian reduction; we urge the reader to skip this paragraph. Recall that X =
Spec(A) and Z = Spec(4/(f1, f2)), X' = Proj(A[To, T1]/(f2To — f1T1)), and E =
P.. By Limits, Lemma we can find a finitely generated F,-subalgebra Ay C A
containing f1 and f, such that the triple (F, G, ¢) descends to Xy = Spec(4y) and
ZO = Spec(AO/(fl, fg)), X(/) = PI‘Oj(A()[To, Tl]/(fQTO _flTl))7 and Eo = PIZO' Thus

we may assume our schemes are Noetherian.

Assume X is Noetherian. We may choose a finite affine open covering X = X; U
...UX,, such that F|znx, is free. Since we can glue objects of colimp Vect(X) in the
Zariski topology (Lemma , and since we already know fully faithfulness over
X; and X; N X (see first paragraph of the proof), it suffices to prove the existence
over each X;. This reduces us to the case discussed in the next paragraph.

Assume X is Noetherian and F = (9?’“. Using ¢ we get an isomorphism O%T —
Glg. Let I = (f1,f2) C A. Let T C Ox/ be the ideal sheaf of F; it is globally
generated by f; and fs. For any n there is a surjection

(In/In+1)eBr — Zn/Zn+1 ®0E glE — Ing/l-n+1g

Hence the first cohomology group of this module is zero. Here we use that E = P,
and hence its structure sheaf and in fact any globally generated quasi-coherent
module has vanishing H'. Compare with More on Morphisms, Lemma Then
using the short exact sequences

0—I"G/T""'G - G/T""'G - G/I"G =0
and induction, we see that
lim H°(X',G/I"G) — H*(E,G|p) = HY(E,05") = A/I®"
is surjective. By the theorem on formal functions (Cohomology of Schemes, Theo-
rem [20.5) this implies that
HY(X',G) — HY(E,G|g) = H (E,08") = A/I®"

is surjective. Thus we can choose a map « : O??’,“ — G which is compatible with the
given trivialization of G|g. Thus « is an isomorphism over an open neighbourhood
of E in X’. Thus every point of Z has an affine open neighbourhood where we can

solve the problem. Since X'\ E — X \ Z is an isomorphism, the same holds for
points of X not in Z. Thus another Zariski glueing argument finishes the proof. [
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Proposition| 39.4. Let p be a prime number. Let S be a scheme in characteristic
p. Then the category fibred in groupoids

p:S — (Sch/S)n

whose fibre category over U is the category of finite locally free colimp Oy -modules
over U is a stack in groupoids. Moreover, if U is quasi-compact and quasi-separated,
then Sy is colimp Vect(U).

Proof. The final assertion is the content of Lemma|39.1} To prove the proposition
we will check conditions (1), (2), and (3) of Lemma [37.13

Condition (1) holds because by definition we have glueing for the Zariski topology.

To see condition (2), suppose that f : X — Y is a surjective, flat, proper morphism
of finite presentation over S with Y affine. Since Y, X, X Xy X are quasi-compact
and quasi-separated, we can use the description of fibre categories given in the
statement of the proposition. Then it is clearly enough to show that

Vect(Y) — Vect(X) X Vect(X xy X) Vect(X)

is an equivalence (as this will imply the same for the colimits). This follows im-
mediately from fppf descent of finite locally free modules, see Descent, Proposition

(.2l and Lemma [7.6
Condition (3) is the content of Lemmas and O

Lemma 39.5. Let f: X — S be a proper morphism with geometrically connected
fibres where S is the spectrum of a discrete valuation ring. Denote n € S the
generic point and denote X,, C X the closed subscheme cutout by the nth power of
a uniformizer on S. Then there exists an integer n such that the following is true:
any finite locally free Ox-module £ such that £|x, and &|x,, are free, is free.

Proof. We first reduce to the case where X — S has a section. Say S = Spec(A4).
Choose a closed point £ of X,. Choose an extension of discrete valuation rings
A C B such that the fraction field of B is x(§). This is possible by Krull-Akizuki
(Algebra, Lemma[120.18)) and the fact that x(£) is a finite extension of the fraction
field of A. By the valuative criterion of properness (Morphisms, Lemma [42.1)) we
get a B-valued point 7 : Spec(B) — X which induces a section ¢ : Spec(B) —
Xp. For a finite locally free Ox-module & let £g be the pullback to the base
change X . By flat base change (Cohomology of Schemes, Lemma[5.2) we see that
H°(Xp,Ep) = H°(X,€) ®4 B. Thus if £p is free of rank 7, then the sections in
H(X, &) generate the free B-module 7*€ = ¢*€p. In particular, we can find r
global sections sy, ...,s, of £ which generate 7*€. Then

S1yeeey 8t O — €

is a map of finite locally free O x-modules of rank r and the pullback to X p is a map
of free Ox ,-modules which restricts to an isomorphism in one point of each fibre.
Taking the determinant we get a function g € I'(X,,, Ox,) which is invertible in
one point of each fibre. As the fibres are proper and connected, we see that g must
be invertible (details omitted; hint: use Varieties, Lemma . Thus it suffices to
prove the lemma for the base change Xp — Spec(B).
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Assume we have a section o : S — X. Let £ be a finite locally free Ox-module
which is assumed free on the generic fibre and on X,, (we will choose n later).
Choose an isomorphism ¢*& = (9%9". Consider the map

K = RT(X,€) —> RI(S,0%€) = A®"

in D(A). Arguing as above, we see £ is free if (and only if) the induced map
HY(K) = H°(X, &) — A®" is surjective.

Set L = RI'(X,0%") and observe that the corresponding map L — A®" has the
desired property. Observe that K ® 4 Q(A) = L ®4 Q(A) by flat base change and
the assumption that £ is free on the generic fibre. Let 7 € A be a uniformizer.
Observe that

K®% A/mmA=RI(X,§E =€)

and similarly for L. Denote &5 C € the coherent subsheaf of sections supported
on the special fibre and similarly for other Ox-modules. Choose k > 0 such that

(Ox)tors — Ox /7*Ox is injective (Cohomology of Schemes, Lemma|10.3). Since £
is locally free, we see that s C €/7%E. Then for n > m+k we have isomorphisms

(€ =5 &) = (g/nbe T & fnbtme)

(OF x0F T OF 7+ 0F)

12

in D(Ox). This determines an isomorphism
KoY A/mmA= Lok A/xmA

in D(A) (holds when n > m+ k). Observe that these isomorphisms are compatible
with pulling back by ¢ hence in particular we conclude that K ®IA A/rmA —
(A/m™A)®" defines an surjection on degree 0 cohomology modules (as this is true
for L). Since A is a discrete valuation ring, we have

K= PH(K)[-i] and L=EDH(L)-i]

in D(A). See More on Algebra, Example The cohomology groups H'(K) =
HY(X,€) and HY(L) = H(X,0Ox)®" are finite A-modules by Cohomology of
Schemes, Lemma By More on Algebra, Lemma these modules are
direct sums of cyclic modules. We have seen above that the rank g; of the free part
of HY(K) and H'(L) are the same. Next, observe that

HY(L®% A/n™A) = HY(L)/=™H (L) ® H™ (L)[x™]

and similarly for K. Let e be the largest integer such that A/m¢A occurs as a
summand of H* (X, Ox), or equivalently H*(L), for some i. Then taking m = e+ 1
we see that H'(L ®% A/7™A) is a direct sum of 3; copies of A/7m™A and some
other cyclic modules each annihilated by 7¢. By the same reasoning for K and
the isomorphism K ®4 A/7™mA = L ®Y A/7™A it follows that H'(K) cannot have
any cyclic summands of the form A/7'A with [ > e. (It also follows that K is
isomorphic to L as an object of D(A), but we won’t need this.) Then the only way
the map

HYK @Y A/n°t14) = HY(K) /7P HO(K) @ HY (K) [t — (A/7°T14)%"
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is surjective, is if it is surjective on the first summand. This is what we wanted
to show. (To be precise, the integer n in the statement of the lemma, if there is a
section o, should be equal to k+ e+ 1 where k and e are as above and depend only
on X.) O

Lemma 39.6. Let f: X — S be a morphism of schemes. Let £ be a finite locally
free Ox-module. Assume
(1) f is flat and proper and Og = f.Ox,
(2) S is a normal Noetherian scheme,
(3) the pullback of € to X xg Spec(Qg,s) is free for every codimension 1 point
seS.
Then & is isomorphic to the pullback of a finite locally free Og-module.

Proof. We will prove the canonical map
O fFf.E—E&

is an isomorphism. By flat base change (Cohomology of Schemes, Lemma and
assumptions (1) and (3) we see that the pullback of this to X xg Spec(Ogs) is
an isomorphism for every codimension 1 point s € S. By Divisors, Lemma [2.1T
it suffices to prove that depth((f*f«€).) > 2 for any point z € X mapping to a
point s € S of codimension > 2. Since f is flat and (f*f.&), = (f«€)s ®0s., Ox a»
it suffices to prove that depth((f«&)s) > 2, see Algebra, Lemma Since S
is a normal Noetherian scheme and dim(Og ) > 2 we have depth(Og ) > 2, see
Properties, Lemma[I12.5] Thus we get what we want from Divisors, Lemma[6.60] O

We can use the results above to prove the following miraculous statement.

Theorem 39.7. Let p be a prime number. LetY be a quasi-compact and quasi-
separated scheme over Fp. Let f : X — Y be a proper, surjective morphism of
finite presentation with geometrically connected fibres. Then the functor

colimp Vect(Y') — colimp Vect(X)

is fully faithful with essential image described as follows. Let € be a finite locally
Jree Ox-module. Assume for ally € Y there exists integers ny,r, > 0 such that

Ty % ~ Oy
Fmv ng _OX

y,red
Then for some n > 0 the nth Frobenius power pullback F™*E is the pullback of a
finite locally free Oy -module.

y,red

Proof. Proof of fully faithfulness. Since vectorbundles on Y are locally trivial, this
reduces to the statement that

colimp I'(Y, Oy ) — colimp I'(X, Ox)
is bijective. Since {X — Y} is an h covering, this will follow from Lemma if
we can show that the two maps
colimp I'(X, Ox) — colimp I'(X Xy X,O0xx, x)

are equal. Let g € T'(X,0x) and denote g; and g the two pullbacks of g to
X xy X. Since X, req is geometrically connected, we see that H%(Xy red, Ox, vea)
is a purely inseparable extension of k(y), see Varieties, Lemma Thus ¢7|x, .4
comes from an element of x(y) for some p-power ¢ (which may depend on y). It
follows that g7 and g4 map to the same element of the residue field at any point of
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(X xy X), = X, xy X,. Hence g1 — g restricts to zero on (X Xy X),eq. Hence
(g1 — g2)™ = 0 for some n which we may take to be a p-power as desired.

Description of essential image. Let £ be as in the statement of the proposition. We
first reduce to the Noetherian case.

Let y € Y be a point and view it as a morphism y — Y from the spectrum of the
residue field into Y. We can write y — Y as a filtered limit of morphisms Y; — Y
of finite presentation with Y; affine. (It is best to prove this yourself, but it also
follows formally from Limits, Lemma and ) For each i set Z; = Y; xy X.
Then X, = limZ; and X yeq = im Z; ;4. By Limits, Lemma we can find
an 4 such that F™v*&|y o O?:ied. Fix i. We have Z;,.q = lim Z; ; where
Z;; — Z;i is a thickening of finite i)resentation (Limits, Lemma . Using the
same lemma as before we can find a j such that F"v*&|z, = = O?:Jy We conclude
that for each y € Y there exists a morphism Y, — Y of finite presentation whose
image contains y and a thickening Z, — Y, xy X such that F"v*&|z = Oezajny.
Observe that the image of ¥, — Y is constructible (Morphisms, Lemm.
Since Y is quasi-compact in the constructible topology (Topology, Lemma and
Properties, Lemma we conclude that there are a finite number of morphisms

Yi-Y Yo=Y ..., Yy >V

i,red

of finite presentation such that Y = [JIm(Y, — Y) set theoretically and such that
for each a € {1,..., N} there exist integers n,,r, > 0 and there is a thickening
Za C Y, Xy X of finite presentation such that Fme*&|, = 0%9:“.

Formulated in this way, the condition descends to an absolute Noetherian ap-
proximation. We strongly urge the reader to skip this paragraph. First write
Y = lim;er Y; as a cofiltered limit of schemes of finite type over F, with affine
transition morphisms (Limits, Lemma . Next, we can assume we have proper
morphisms f; : X; — Y; whose base change to Y recovers f : X — Y, see Limits,
Lemma After increasing ¢ we may assume there exists a finite locally free
Ox,-module &; whose pullback to X is isomorphic to £, see Limits, Lemma [10.3
Pick 0 € I and denote E C Y; the constructible subset where the geometric fibres
of fy are connected, see More on Morphisms, Lemma[28.6] Then Y — Y; maps into
E, see More on Morphisms, Lemma Thus Y; — Yy maps into E for i > 0,
see Limits, Lemma [£.10] Hence we see that the fibres of f; are geometrically con-
nected for ¢ > 0. By Limits, Lemma [I0.] for large enough 7 we can find morphisms
Y; o — Y; of finite type whose base change to Y recovers Y, - Y, a € {1,...,N}.
After possibly increasing ¢ we can find thickenings Z; , C Y; o Xy, X; whose base
change to Y, xy X recovers Z, (same reference as before combined with Limits,
Lemmas and . Since Z, = lim Z; , we find that after increasing i we may
assume Fe* &g = (9%9:3, see Limits, Lemma Finally, after increasing ¢
one more time we may assume 11Y:.« — Y; is surjective by Limits, Lemma At
this point all the assumptions hold for X; — Y; and &; and we see that it suffices
to prove result for X; — Y; and &;.

Assume Y is of finite type over F;,. To prove the result we will use induction on
dim(Y). We are trying to find an object of colimg Vect(Y) which pulls back to the
object of colimp Vect(X) determined by €. By the fully faithfulness already proven
and because of Proposition [39.4]it suffices to construct a descent of £ after replacing
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Y by the members of a h covering and X by the corresponding base change. This
means that we may replace Y by a scheme proper and surjective over Y provided
this does not increase the dimension of Y. If T C T” is a thickening of schemes
of finite type over F, then colimp Vect(T) = colimp Vect(T') as {T — T'} is a
h covering such that T xp T = T. If T’ — T is a universal homeomorphism of
schemes of finite type over F,, then colimp Vect(T') = colimp Vect(T') as {T — T"}
is a h covering such that the diagonal 7" C T' x7 T is a thickening.

Using the general remarks made above, we may and do replace X by its reduction
and we may assume X is reduced. Consider the Stein factorization X — Y’ — Y,
see More on Morphisms, Theorem Then Y/ — Y is a universal homeomor-
phism of schemes of finite type over F,. By the above we may replace Y by Y.
Thus we may assume f,Ox = Oy and that Y is reduced. This reduces us to the
case discussed in the next paragraph.

Assume Y is reduced and f,Ox = Oy over a dense open subscheme of Y. Then
X — Y is flat over a dense open subscheme V' C Y, see Morphisms, Proposition
By Lemma there is a V-admissible blowing up Y/ — Y such that the
strict transform X’ of X is flat over Y. Observe that dim(Y’) = dim(Y) as YV
and Y’ have a common dense open subscheme. By More on Morphisms, Lemma
and the fact that V' C Y’ is dense all fibres of f' : X’ — Y’ are geometrically
connected. We still have (f.Ox/)|v = Oy. Write

Y/XyX:XIUEXyX

where F C Y is the exceptional divisor of the blowing up. By the general remarks
above, it suffices to prove existence for Y’ xy X — Y’ and the restriction of £ to
Y’ xy X. Suppose that we find some object ¢’ in colimp Vect(Y”) pulling back to the
restriction of £ to X’ (viewed as an object of the colimit category). By induction on
dim(Y) we can find an object £” in colimp Vect(E) pulling back to the restriction
of £ to E xy X. Then the fully faithfullness determines a unique isomorphism
&g — & compatible with the given identifications with the restriction of &€ to
E xy+ X', Since
{E Xy X — Y’ Xy X7X/ Y XyX}
is a h covering given by a pair of closed immersions with
(E Xy X) X(Y'xy X) X' =F Xy X'

we conclude that £ pulls back to the restriction of £ to Y/ xy X. Thus it suffices
to find ¢ and we reduce to the case discussed in the next paragraph.

Assume Y is reduced, f is flat, and f,Ox = Oy over a dense open subscheme of
Y. In this case we consider the normalization Y — Y (Morphisms, Section .
This is a finite surjective morphism (Morphisms, Lemma and which is
an isomorphism over a dense open. Hence by our general remarks we may replace
Y by Y¥ and X by Y xy X. After this replacement we see that Oy = f.Ox
(because the Stein factorization has to be an isomorphism in this case; small detail
omitted).

Assume Y is a normal Noetherian scheme, that f is flat, and that f.Ox = Oy.
After replacing £ by a suitable Frobenius power pullback, we may assume & is
trivial on the scheme theoretic fibres of f at the generic points of the irreducible
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components of Y (because colimp Vect(—) is an equivalence on universal homeo-
morphisms, see above). Similarly to the arguments above (in the reduction to the
Noetherian case) we conclude there is a dense open subscheme V' C Y such that
Elp-1(vy is free. Let Z C Y be a closed subscheme such that Y = VIIZ set theoret-
ically. Let z1,...,2: € Z be the generic points of the irreducible components of Z of
codimension 1. Then A; = Oy, is a discrete valuation ring. Let n; be the integer
found in Lemma [39.5] for the scheme X4, over A;. After replacing € by a suitable
Frobenius power pullback, we may assume & is free over X ;. /ml (again because the
colimit category is invariant under universal homeomorphisms, see above). Then
Lemma [39.5] tells us that £ is free on X 4,. Thus finally we conclude by applying
Lemma [39.6 0

40. Blowing up complexes

This section finds normal forms for perfect objects of the derived category after
blowups.

Lemma 40.1. Let X be a scheme. Let E € D(Ox) be pseudo-coherent. For every
D,k € Z there is an finite type quasi-coherent sheaf of ideals Fit, ,(E) C Ox with
the following property: for U C X open such that E|y is isomorphic to

diy_ dy_
...HO?”*’” o2 08””‘1 A |
the restriction Fit, ,(E)|u is generated by the minors of the matriz of d, of size
—k+npp1 —Npyo+ ...+ (fl)bprrlnb

Convention: the ideal generated by r X r-minors is Oy if r < 0 and the ideal
generated by r X r-minors where r > min(n,, n,41) is zero.

Proof. Observe that F locally on X has the shape as stated in the lemma, see
More on Algebra, Section Cohomology, Section and Derived Categories of
Schemes, Section[I0] Thus it suffices to prove that the ideal of minors is independent
of the chosen representative. To do this, it suffices to check in local rings. Over a
local ring (R, m, ) consider a bounded above complex

F* ... — RO P22 poney Bt pony gy

Denote Fity ,(F'®) C R the ideal generated by the minors of size k —nyq1 +nppo —

..+ (=1)""Pn; in the matrix of d,. Suppose some matrix coefficient of some dif-
ferential of F'® is invertible. Then we pick a largest integer ¢ such that d; has
an invertible matrix coefficient. By Algebra, Lemma the complex F'® is iso-
morphic to a direct sum of a trivial complex ... - 0 - R - R — 0 — ...
with nonzero terms in degrees 7 and ¢ + 1 and a complex (F')*. We leave it to
the reader to see that Fit, (F*) = Fity x((F)®); this is where the formula for
the size of the minors is used. If (F’)® has another differential with an invertible
matrix coefficient, we do it again, etc. Continuing in this manner, we eventually
reach a complex (F°°)* all of whose differentials have matrices with coefficients in
m. Here you may have to do an infinite number of steps, but for any cutoff only
a finite number of these steps affect the complex in degrees > the cutoff. Thus
the “limit” (F'*°)* is a well defined bounded above complex of finite free modules,
comes equipped with a quasi-isomorphism (F°°)* — F'® into the complex we started
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with, and Fit, x(F*) = Fit,, ,((F>°)*). Since the complex (F°°)* is unique up to
isomorphism by More on Algebra, Lemma, the proof is complete. O

Lemma 40.2. Let X be a scheme. Let E € D(Ox) be perfect. Let U C X be a
scheme theoretically dense open subscheme such that H'(E|y) is finite locally free of
constant rank r; for alli € Z. Then there exists a U-admissible blowup b: X' — X
such that H'(Lb*E) is a perfect Ox/-module of tor dimension < 1 for alli € Z.

Proof. We will construct and study the blowup affine locally. Namely, suppose
that V' C X is an affine open subscheme such that E|y can be represented by the
complex

®ng da do—1 Dnp
oyt = ... — Oy

Set ki =741 —rite + ...+ (=17l A computation which we omit show that
over U NV the rank of d; is

pi=—ki+niy1 —nipo+ ...+ (—1)”_“‘1”6

in the sense that the cokernel of d; is finite locally free of rank mn;41 — p;. Let
Z; C Oy be the ideal generated by the minors of size p; X p; in the matrix of d;.

On the one hand, comparing with Lemma we see the ideal Z; corresponds to
the global ideal Fit; ;, (E) which was shown to be independent of the choice of the
complex representing E|y. On the other hand, Z; is the (n;41 — p;)th Fitting ideal
of Coker(d;). Please keep this in mind.

We let b : X' — X be the blowing up in the product of the ideals Fit; j, (E); this
makes sense as locally on X almost all of these ideals are equal to the unit ideal (see
above). This blowup dominates the blowups b; : X/ — X in the ideals Fit; , (E),
see Divisors, Lemma [32.12] By Divisors, Lemma [35.3| each b; is a U-admissible
blowup. It follows that b is a U-admissible blowup (tiny detail omitted; compare
with the proof of Divisors, Lemma . Finally, U is still a scheme theoretically
dense open subscheme of X’. Thus after replacing X by X’ we end up in the
situation discussed in the next paragraph.

Assume Fit; i, (E) is an invertible ideal for all 7. Choose an affine open V and a
complex of finite free modules representing E|y as above. It follows from Divisors,
Lemma that Coker(d;) has tor dimension < 1. Thus Im(d;) is finite locally
free as the kernel of a map from a finite locally free module to a finitely presented
module of tor dimension < 1. Hence Ker(d;) is finite locally free as well (same
argument). Thus the short exact sequence

0 — Im(d;_1) — Ker(d;) — H'(E)|y — 0
shows what we want and the proof is complete. ([l

Lemma 40.3. Let X be an integral scheme. Let E € D(Ox) be perfect. Then
there exists a nonempty open U C X such that H'(E|y) is finite locally free of

constant rank r; for all © € Z and there exists a U-admissible blowup b : X =X
such that H*(Lb*E) is a perfect Ox,-module of tor dimension <1 for all i € Z.

Proof. We strongly urge the reader to find their own proof of the existence of U.
Let n € X be the generic point. The restriction of E to n is isomorphic in D(x(n))
to a finite complex V'*® of finite dimensional vector spaces with zero differentials.

Set r; = dimy(, V’. Then the perfect object E’ in D(Ox) represented by the
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complex with terms OY"* and zero differentials becomes isomorphic to E after
pulling back to 1. Hence by Derived Categories of Schemes, Lemma there
is an open neighbourhood U of 7 such that E|y and E’|y are isomorphic. This
proves the first assertion. The second follows from the first and Lemma [40.2] as any
nonempty open is scheme theoretically dense in the integral scheme X. O

Remark 40.4. Let X be a scheme. Let E € D(Ox) be a perfect object such that
H'(E) is a perfect Ox-module of tor dimension < 1 for all i € Z. This property
sometimes allows one to reduce questions about F to questions about H*(E). For
example, suppose
godty L g1 O g

is a bounded complex of finite locally free Ox-modules representing E. Then
Im(d") and Ker(d') are finite locally free Ox-modules for all i. Namely, suppose
by induction we know this for all indices bigger than i. Then we can first use the
short exact sequence

0 — Im(d") — Ker(d"*') — HY(E) =0

and the assumption that H**1(E) is perfect of tor dimension < 1 to conclude that
Im(d?) is finite locally free. The same argument used again for the short exact
sequence

0 — Ker(d') — £ — Im(d") = 0
then gives that Ker(d?) is finite locally free. It follows that the distinguished trian-
gles

Tgk—lE — Tng — Hk(E)[fk] — (Tgk_lE)[l]

are represented by the following short exact sequences of bounded complexes of
finite locally free modules

0

g — ... = &2 & Ker(db )
1 | \
g = .. o= &2 gkl —  Ker(d¥)
!
Im(d*~1) — Ker(d")
1
0

Here the complexes are the rows and the “obvious” zeros are omitted from the
display.

41. Blowing up perfect modules

This section tries to find normal forms for perfect modules of tor dimension < 1
after blowups. We are only partially successful.

Lemmal41.1. Let X be a scheme. Let F be a perfect Ox-module of tor dimension
< 1. For any blowup b : X' — X we have Lb*F = b*F and b*F is a perfect Ox-
module of tor dimension < 1.
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Proof. We may assume X = Spec(A) is affine and we may assume the A-module
M corresponding to F has a presentation

0— A®™ 5 A" 5 M -0

Suppose I C A is an ideal and a € I. Recall that the affine blowup algebra A[é]
is a subring of A,. Since localization is exact we see that AZ™ — AP™ is injective.
Hence A[£]®™ — A[L]9" is injective too. This proves the lemma. O

a
Lemma 41.2. Let X be a scheme. Let F be a perfect Ox-module of tor dimension
< 1. Let U C X be a scheme theoretically dense open such that F|y is finite locally
free of constant rank r. Then there exists a U-admissible blowup b : X' — X such
that there is a canonical short exact sequence

0-K—=bF—-9—0

where Q is finite locally free of rank r and IC is a perfect Ox -module of tor dimension
< 1 whose restriction to U is zero.

Proof. Combine Divisors, Lemma and Lemma [41.1 O

Lemma 41.3. Let X be a scheme. Let F be a perfect Ox-module of tor dimension
< 1. LetU C X be an open such that F|y = 0. Then there is a U-admissible blowup
b: X' = X

such that F' = b*F is equipped with two canonical locally finite filtrations

0=F'cF'cF?c...cF and F=F,>DF,>F;>...00
such that for each n > 1 there is an effective Cartier divisor D, C X' with the
property that o

FY/F~' and F;/F;4,
are finite locally free of rank i on D;.
Proof. Choose an affine open V' C X such that there exists a presentation
O—>O$”i>(’)§3"—>]-'—>0

for some n and some matrix A. The ideal we are going to blowup in is the product
of the Fitting ideals Fity(F) for & > 0. This makes sense because in the affine
situation above we see that Fity(F)|y = Oy for k > n. It is clear that this is a

U-admissible blowing up. By Divisors, Lemma |32.12| we see that on X’ the ideals
Fity(F) are invertible. Thus we reduce to the case discussed in the next paragraph.

Assume Fity(F) is an invertible ideal for k > 0. If E), C X is the effective Cartier
divisor defined by Fity(F) for k > 0, then the effective Cartier divisors Dy, in the
statement of the lemma will satisfy

Ey = Dgy1+2Dgy2 +3Dg 3+ ...

This makes sense as the collection Dy, will be locally finite. Moreover, it uniquely
determines the effective Cartier divisors Dy, hence it suffices to construct Dy, locally.

Choose an affine open V' C X and presentation of F|y as above. We will construct
the divisors and filtrations by induction on the integer n in the presentation. We
set Dgly = 0 for kK > n and we set D, |V = E,_1]y. After shrinking V' we may
assume that Fit,_1(F)|y is generated by a single nonzerodivisor f € I'(V, Oy).
Since Fit,_1(F)|y is the ideal generated by the entries of A, we see that there is
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a matrix A’ in T'(V, Oy) such that A = fA’. Define 7’ on V by the short exact
sequence
0— 08" 25 08" 5 F' 0

Since the entries of A’ generate the unit ideal in I'(V, Oy-) we see that F’ locally on V'
has a presentation with n decreased by 1, see Algebra, Lemma Further note
that f" *Fitg(F’) = Fity(F)|y for k = 0,...,n. Hence Fity(F’) is an invertible
ideal for all k. We conclude by induction that there exist effective Cartier divisors
D;, C V such that F’ has two canonical filtrations as in the statement of the lemma.
Then we set Dy|y = Dj, for k =1,...,n — 1. Observe that the equalities between
effective Cartier divisors displayed above hold with these choices. Finally, we come
to the construction of the filtrations. Namely, we have short exact sequences

0= 03"y »F—=F =0 and 0—F —F—= 0", =0

coming from the two factorizations A = A’f = fA’ of A. These sequences are
canonical because in the first one the submodule is Ker(f : F — F) and in the
second one the quotient module is Coker(f : F — F). O

Lemma 41.4. Let X be a scheme. Let ¢ : F — G be a homorphism of perfect
Ox -modules of tor dimension < 1. Let U C X be a scheme theoretically dense open
such that F|ly =0 and G|y = 0. Then there is a U-admissible blowup b: X' — X
such that the kernel, image, and cokernel of b*yp are perfect Ox/-modules of tor
dimension < 1.

Proof. The assumptions tell us that the object (F — G) of D(Ox) is perfect. Thus
we get a U-admissible blowup that works for the cokernel and kernel by Lemmas
and (to see what the complex looks like after pullback). The image is
the kernel of the cokernel and hence is going to be perfect of tor dimension < 1 as
well. O

42. An operator introduced by Berthelot and Ogus

Please read Cohomology, Section [55] first.

Let X be a scheme. Let D C X be an effective Cartier divisor. Let Z=Zp C Ox
be the ideal sheaf of D, see Divisors, Section[14] Clearly we can apply the discussion
in Cohomology, Section [65|to X and Z.

Lemma 42.1. Let X be a scheme. Let D C X be an effective Cartier divisor
with ideal sheaf T C Ox. Let F* be a complex of quasi-coherent Ox-modules such
that F* is I-torsion free for all i. Then nzF*® is a complex of quasi-coherent Ox -
modules. Moreover, if U = Spec(A) C X is affine open and D NU = V(f), then
ng(F*(U)) is canonically isomorphic to (nzF*)(U).

Proof. Omitted. |

Lemma 42.2. Let X be a scheme. Let D C X be an effective Cartier divisor
with ideal sheaf T C Ox. The functor Lnz : D(Ox) — D(Ox) of Cohomology,
Lemma[55.7 sends D gcon(Ox) into itself. Moreover, if X = Spec(A) is affine and
D = V(f), then the functor Lny on D(A) defined in More on Algebra, Lemma
and the functor Lnz on Dgcon(Ox) correspond via the equivalence of Derived
Categories of Schemes, Lemma[3.5

Proof. Omitted. O
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43. Blowing up complexes, II

The material in this section will be used to construct a version of Macpherson’s
graph construction in Section

Situation 43.1. Here X is a scheme, D C X is an effective Cartier divisor with
ideal sheaf Z C Ox, and M is a perfect object of D(Ox).

Let (X,D,M) be a triple as in Situation Consider an affine open U =
Spec(A) C X such that

(1) DNU = V(f) for some nonzerodivisor f € A, and
(2) there exists a bounded complex M*® of finite free A-modules representing
M|y (via the equivalence of Derived Categories of Schemes, Lemma .
We will say that (U, A, f, M*®) is an affine chart for (X, D, M). Consider the ideals
I;(M*, f) C A defined in More on Algebra, Section Let us say (X,S, M) is a
good triple if for every x € D there exists an affine chart (U, 4, f, M*®) with x € U
and I;(M®, f) principal ideals for all i € Z.

Lemmal 43.2. In Situation let h: Y — X be a morphism of schemes such
that the pullback E = h™'D of D is defined (Divisors, Definition . Let
(U, A, f, M*) is an affine chart for (X, D, M). Let V = Spec(B) C Y is an affine
open with h(V) C U. Denote g € B the image of f € A. Then

(1) (V,B,g,M*® ®a B) is an affine chart for (Y,E, Lh*M),

(2) Li(M*, f)B=IL(M*® B,g) in B, and

(3) if (X, D, M) is a good triple, then (Y, E,Lh*M) is a good triple.

Proof. The first statement follows from the following observations: ¢ is a nonze-
rodivisor in B which defines ENV C V and M*® ® 4 B represents M* ®h B and
hence represents the pullback of M to V' by Derived Categories of Schemes, Lemma
Part (2) follows from part (1) and More on Algebra, Lemma Combined
with More on Algebra, Lemma we conclude that the second statement of the
lemma holds. O

Lemma 43.3. Let X,D,Z,M be as in Situation [43.1, If (X,D, M) is a good
triple, then Lnz M is a perfect object of D(Ox).

Proof. Translation of More on Algebra, Lemma To do the translation use
Lemma [42.2 O

Lemma 43.4. Let X,D,7, M be as in Situation . Assume (X,D,M) is a
good triple. If there exists a locally bounded complex M® of finite locally free Ox -
modules representing M, then there exists a locally bounded complex Q° of finite
locally free Ox/-modules representing Lnz M.

Proof. By Cohomology, Lemma the complex Q°® = nzM?® represents Lnz M.
To check that this complex is locally bounded and consists of finite locally free,
we may work affine locally. Then the boundedness is clear. Choose an affine chart
(U, A, f,M*) for (X, D, M) such that the ideals I;(M?®, f) are principal and such
that M?|y is finite free for each i. By our assumption that (X, D, M) is a good
triple we can do this. Writing N = I'(U, M?|y;) we get a bounded complex N*®
of finite free A-modules representing the same object in D(A) as the complex M*®
(by Derived Categories of Schemes, Lemma . Then I;(N°®, f) is a principal
ideal for all ¢ by More on Algebra, Lemma Hence the complex nyN*® is a
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bounded complex of finite locally free A-modules. Since Q°| is the quasi-coherent
Op-module corresponding to nyN* by Lemma we conclude. O

Lemmal 43.5. In Situation let h:' Y — X be a morphism of schemes such
that the pullback E = h™'D is defined. If (X, D, M) is a good triple, then

LW (LnzM) = Lz (Lh* M)
in D(Oy) where J is the ideal sheaf of E.

Proof. Translation of More on Algebra, Lemma Use Lemmas and
to do the translation. ([l

Lemma 43.6. In Situatz’on there is a unique morphism b: X' — X such that
(1) the pullback D' = b~'D is defined and (X', D', M") is a good triple where
M’ = Lb*M, and
(2) for any morphism of schemes h : Y — X such that the pullback E = h=D
is defined and (Y, E, Lh*M) is a good triple, there is a unique factorization
of h through b.

Moreover, for any affine chart (U, A, f, M®) the restriction b=1(U) — U is the
blowing up in the product of the ideals I;(M®, f) and for any quasi-compact open
W C X the restriction bly—1(wy : b= (W) — W is a W\ D-admissible blowing up.

Proof. The proof is just that we will locally blow up X in the product ideals
I;(M*, f) for any affine chart (U, A, f, M*). The first few lemmas in More on
Algebra, Section [96 show that this is well defined. The universal property (2) then
follows from the universal property of blowing up. The details can be found below.

Let U, A, f, M*® be an affine chart for (X, D, M). All but a finite number of the
ideals I;(M?*, f) are equal to A hence it makes sense to look at

I= Hi L(M®, f)
and this is a finitely generated ideal of A. Denote
by : U —-U

the blowing up of U in I. Then b&l(U N D) is defined by Divisors, Lemma
Recall that f™ € I;(M®,f) and hence by is a (U \ D)-admissible blowing up.
By Divisors, Lemma for each i the morphism by factors as U’ — U/ — U
where U/ — U is the blowing up in I;(M?*, f) and U’ — U] is another blowing up.
It follows that the pullback I;(M®, f)Oy: of I;(M?®, f) to U’ is an invertible ideal
sheaf, see Divisors, Lemmas|[32.11]and [32.4] Tt follows that (U’,b='D, Lb* M|y) is a
good triple, see Lemma [43.2| for the behaviour of the ideals I;(—, —) under pullback.
Finally, we claim that by : U’ — U has the universal property mentioned in part
(2) of the statement of the lemma. Namely, suppose h : Y — U is a morphism of
schemes such that the pullback E = h=Y(D N U) is defined and (Y, E, Lh*M) is a
good triple. Then Y is covered by affine charts (V, B, g, N*®) such that I;(N®,g)
is an invertible ideal for each i. Then g and the image of f in B differ by a
unit as they both cut out the effective Cartier divisor £ N V. Hence we may
assume ¢ is the image of f by More on Algebra, Lemma Then I;(N*®,g) is
isomorphic to I;(M® ®4 B,g) as a B-module by More on Algebra, Lemma [96.1]
Thus I;(M®*®4 B, g) = I;(M*, f)B (Lemma[3.2) is an invertible B-module. Hence
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the ideal IB is invertible. It follows that IOy is invertible. Hence we obtain a
unique factorization of h through by by Divisors, Lemma

Let B be the set of affine opens U C X such that there exists an affine chart
(U, A, f,M*) for (X,D,M). Then B is a basis for the topology on X; details
omitted. For U € B we have the morphism by : U’ — U constructed above which
satisfies the universal property over U. If U3y C U, C X are both in B, then
by, : Uy — U is canonically isomorphic to

bU2|b521(U1) $by, (U) — Uh

by the universal property. In other words, we get an isomorphism U; — bl}zl(Ul)
over U;. These isomorphisms satisfy the cocycle condition (again by the universal
property) and hence by Constructions, Lemma we get a morphism b: X' — X
whose restriction to each U in B is isomorphic to U’ — U. Then the morphism
b: X’ — X satisfies properties (1) and (2) of the statement of the lemma as these
properties may be checked locally (details omitted).

We still have to prove the final assertion of the lemma. Let W C X be a quasi-
compact open. Choose a finite covering W = U; U ... U Ur such that for each
1 <t < T there exists an affine chart (Uy, A, ft, M?). We will use below that for
any affine open V' = Spec(B) C Uy N Uy we have (a) the images of f; and fy in B
differ by a unit, and (b) the complexes M ® 4 B and My ®4 B define isomorphic
objects of D(B). For i € Z, set

N; = maxy—1, .1 (ZjZi(_l)j—irk:(Mtj))
Then Ny — ZjZi(—l)j’irk(Mtj) > 0 and we can consider the ideals

Ni=Y7 (S0P ikM])
It,i = ft 2]21 Ii(Mt 7ft) C At

It follows from More on Algebra, Lemmas and that the ideals I; ; glue to

a quasi-coherent, finite type ideal Z; C Oy . Moreover, all but a finite number of

these ideals are equal to Oy . Clearly, the morphism X’ — X constructed above

restricts to the blowing up of W in the product of the ideals Z;. This finishes the

proof. O

Lemmal 43.7. [In Situation letb: X' — X be the morphism of Lemma .
Consider the effective Cartier divisor D' = b='D with ideal sheaf ' C Ox:. Then
Q = Lnz Lb*M s a perfect object of D(Ox).

Proof. Follows from Lemmas [43.6] and [43.3] O

Lemmal 43.8. In Situation let h:' Y — X be a morphism of schemes such
that the pullback E = h™'D is defined. Letb: X' — X, resp. c: Y' = Y be as
constructed in Lemma [{3.6 for D C X and M, resp. E C'Y and Lh*M. Then
Y’ is the strict transform of Y with respect to b : X' — X (see proof for a precise
formulation of this) and

Ly L(hoce) M = L(Y' — X')*Q
where Q@ = Lnp Lb*M as in Lemma [{3.7]1 In particular, if (Y,E,Lh*M) is a

good triple and k :' Y — X' is the unique morphism such that h = bo k, then
LnsLh*M = Lk*Q.
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Proof. Denote E' = ¢ 'E. Then (Y',E’, L(hoc)*M) is a good triple. Hence by
the universal property of Lemma [I3.0] there is a unique morphism

Y — X’
such that boh’ = hoc. In particular, there is a morphism (h',¢) : Y’ — X' xx Y.
We claim that given W C X quasi-compact open, such that b=1(W) — W is a
blowing up, this morphism identifies Y|y with the strict transform of Yy, with
respect to b~1(W) — W. In turn, to see this is true is a local question on W, and

we may therefore prove the statement over an affine chart. We do this in the next
paragraph.

Let (U, A, f, M*) be an affine chart for (X, D, M). Recall from the proof of Lemma
that the restriction of b : X’ — X to U is the blowing up of U = Spec(A) in the
product of the ideals I;(M?®, f). Now if V' = Spec(B) C Y is any affine open with
h(V) C U, then (V,B,g, M* ®4 B) is an affine chart for (Y, E, Lh* M) where g € B
is the image of f, see Lemma [43.2] Hence the restriction of ¢ : Y/ — Y to V is the
blowing up in the product of the ideals I;(M®, f)B, i.e., the morphism ¢: Y’ — Y
over h=!(U) is the blowing up of h~*(U) in the ideal [T I;(M?®, f)Op-1 (). Since
this is also true for the strict transform, we see that our claim on strict transforms
is true.

Having said this the equality Lng:L(hoc)*M = L(Y' — X')*@ follows from Lemma
43.5l The final statement is a special case of this (namely, the case where ¢ = idy
and k = h'). O

Lemma 43.9. In Situation let W C X be the maximal open subscheme over
which the cohomology sheaves of M are locally free. Then the morphismb: X' — X
of Lemma[}3.6) is an isomorphism over W.

Proof. This is true because for any affine chart (U, A, f, M®) with U C W we
have that I;(M?®, f) are locally generated by a power of f by More on Algebra,
Lemma Since f is a nonzerodivisor, the blowing up b=*(U) — U is an
isomorphism. O

Lemmal 43.10. Let X, D,Z, M be as in Situation . If (X,D,M) is a good
triple, then there exists a closed immersion
i: T — D
of finite presentation with the following properties
(1) T scheme theoretically contains D NW where W C X is the mazimal open
over which the cohomology sheaves of M are locally free,
(2) the cohomology sheaves of Li*LnrM are locally free, and
(3) for any point t € T with image x = i(t) € W the rank of H'(M), over
Ox, and the rank of H*(Li*Lnz M), over Or, agree.

Proof. Let (U, A, f, M*) be an affine chart for (X, D, M) such that I,(M?®, f) is a
principal ideal for all ¢ € Z. Then we define TNU C DNU as the closed subscheme
defined by the ideal

J(M®, f)=>_Ji(M*,f)C A/fA

studied in More on Algebra, Lemmas and in terms of the second lemma
we see that TNU — DNU is given by the ring map A/fA — C studied there. Since
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(X, D, M) is a good triple we can cover X by affine charts of this form and by the
first of the two lemmas, this construction glues. Hence we obtain a closed subscheme
T C D which on good affine charts as above is given by the ideal J(M?®, f). Then
properties (1) and (2) follow from the second lemma. Details omitted. Small
observation to help the reader: since nyM*® is a complex of locally free modules
by More on Algebra, Lemma we see that Li*LnzM|pny is represented by
the complex nyM*® ®4 C of C-modules. The statement (3) on ranks follows from
Cohomology, Lemma [55.10] (]

Lemmal 43.11. In Situation . Let b : X' — X and D' be as in Lemma
[/5:6. Let Q@ = Lz Lb*M be as in Lemma[{3.7 Let W C X be the mazimal open
where M has locally free cohomology modules. Then there exists a closed immersion
1: T — D’ of finite presentation such that

(1) D'Nb=Y (W) C T scheme theoretically,

(2) Li*Q has locally free cohomology sheaves, and

(3) fort € T mapping to w € W the rank of H'(Li*Q); over Or, is equal to
the rank of H'(M), over Ox ,.

Proof. Lemma[43.9tells us that b is an isomorphism over W. Hence b~ (W) C X’
is contained in the maximal open W/ C X’ where Lb* M has locally free cohomology
sheaves. Then the actual statements in the lemma are an immediate consequence
of Lemma applied to (X', D', Lb* M) and the other lemmas mentioned in the
statement. (]

Lemmal 43.12. In Situation . Letb: X' — X, D' C X', and Q be as in
Lemma [{3.7 Let p = (p;)icz be integers. Let W(p) C X be the mazimal open
subscheme where H'(M) is locally free of rank p; for all i. Leti : T — D’ be
as in Lemma [43.11, Then there exists an open and closed subscheme T(p) C T
containing D' N b~ (W (p)) scheme theoretically such that H'(Li*Q|7(,)) is locally
free of rank p; for alli.

Proof. Let T(p) C T be the open and closed subscheme where H*(Li*Q) has rank
pi for all i. Then the statement is immediate from the assertion in Lemma [43.11
on ranks of the cohomology modules. [

Lemmal 43.13. In Situation . Letb: X' — X, D' C X/, and Q be as in
Lemmalf37 If there exists a locally bounded complex M*® of finite locally free Ox -
modules representing M, then there exists a locally bounded complex Q° of finite
locally free Ox/-modules representing Q).

Proof. Recall that Q = Lng Lb*M where 7' is the ideal sheaf of the effective
Cartier divisor D’. The locally bounded complex (M’)® = b* M* of finite locally
free Ox-modules represents Lb* M. Thus the lemma follows from Lemma O

Lemma 43.14. Let X be a scheme and let D C X be an effective Cartier divisor.
Let M € D(Ox) be a perfect object. Let W C X be the maximal open over which
the cohomology sheaves H'(M) are locally free. There exists a proper morphism
b: X' — X and an object Q in D(Ox:) with the following properties

(1) b: X' = X is an isomorphism over X \ D,

(2) b: X' — X is an isomorphism over W,

(3) D' =b"'D is an effective Cartier divisor,

(4) Q = Ly Lb*M where I’ is the ideal sheaf of D',
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(5) Q is a perfect object of D(Ox),
(6) there exists a closed immersion i : T — D’ of finite presentation such that
(a) D' Nb~Y (W) C T scheme theoretically,
(b) Li*Q has finite locally free cohomology sheaves,
(c) fort € T with image w € W the rank of H'(Li*Q); over O is equal
to the rank of H' (M), over Ox .,
(7) for any affine chart (U, A, f, M®) for (X, D, M) the restriction of b to U is
the blowing up of U = Spec(A) in the ideal I =[] I;(M®, f), and
(8) for any affine chart (V,B,g,N*®) for (X', D', Lb*N) such that I;(N®,g) is
principal, we have
(a) Qlv corresponds to ngN®,
(b) T CVND corresponds to the ideal J(N®, g) =5 J;(N°®,g) C B/¢B
studied in More on Algebra, Lemma[96.9
(9) If M can be represented by a locally bounded complex of finite locally free
Ox-modules, then @ can be represented by a bounded complex of finite
locally free Ox/-modules.

Proof. This statement collects the information obtained in Lemmas [3.2] @

[43.5] [43.6] [43.7] [43.8] [43.9] [43.10} [43.11] and [43.13]

44. Blowing up complexes, 111

In this section we give an “algebra version” of the version of Macpherson’s graph
construction given in [Ful98, Section 18.1].

Let X be a scheme. Let E be a perfect object of D(Ox). Let U C X be the
maximal open subscheme such that E|y has locally free cohomology sheaves.

Consider the commutative diagram

Ay —=Px <~— (Py)x
NP4

Here we recall that A' = D, (Ty) is the first standard affine open of P' and that
oo = V. (Tp) is the complementary effective Cartier divisor and the diagram above
is the pullback of these schemes to X. Observe that co : X — (PL)s is an
isomorphism. Then

(PX. (Px)oo, Lp*E)
is a triple as in Situation in Section Let
b:W —PL and Wo =b ' ((PY)s)
be the blowing up and effective Cartier divisor constructed starting with this triple
in Lemma [43.6] We also denote
Q = LnzLb*M = LnzL(pob)*E
the perfect object of D(Ow ) considered in Lemma Here Z C Oy is the ideal
sheaf of W,.
Lemma 44.1. The construction above has the following properties:

(1) b is an isomorphism over P, U AL,
(2) the restriction of Q to Ak is equal to the pullback of E,


https://stacks.math.columbia.edu/tag/0F90
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(3) there exists a closed immersion i : T — W, of finite presentation such that
(W — X)7U C T scheme theoretically and such that Li*Q has locally
free cohomology sheaves,

(4) for t € T with image u € U we have that the rank H'(Li*Q); over O is
equal to the rank of H' (M), over Oy,

(5) if E can be represented by a locally bounded complex of finite locally free
Ox-modules, then @Q can be represented by a locally bounded complex of
finite locally free Oy -modules.

Proof. This follows immediately from the results in Section for a statement
collecting everything needed, see Lemma [3.14] O
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