HOMOLOGICAL ALGEBRA

Contents

L. Introductionl
P Bag s
3. Preadditive and additive categories|
4. Karoubian categories|
5. Abelian categories|
6, Extensions!
7 Addtwe T |
B Tocalzaton
0 Tordan-Holded
|110.  Serre subcategories|
2 O

[12. Cohomological delta-functors|

13. omplexes

|14.  Homotopy and the shitt functor|

|115.  Truncation of complexes|

116.  Graded objects|

|I17. Additive monoidal categories|

[18.  Double complexes and associated total complexes|
T Fi e

[20.  Spectral sequences|

21. Spectral sequences: exact couples|

122. Spectral sequences: differential objects|
[23. _Spectral sequences: filtered differential objects|
24.  Spectral sequences: filtered complexes
125.  Spectral sequences: double complexes|
126.  Double complexes of abelian groups|
128. Projectives|

129.  Injectives and adjoint functors|

130.  Essentially constant systems|

131.  Inverse systems|

132.  Exactness of products|

133.  Other chapters|

[References

This is a chapter of the Stacks Project, version a2a93ede, compiled on Sep 28, 2025.

1

TN NN

15
18
20
21
24
27
28
33
36
38
39
41
46
o1
93
95
57
60
66
68
70
71
72
74
(0]
79
79
80



00ZV

00ZW

09SE
00Z2Y

00ZZ

0100

0101

HOMOLOGICAL ALGEBRA 2

1. Introduction

Basic homological algebra will be explained in this document. We add as needed
in the other parts, since there is clearly an infinite amount of this stuff around. A
reference is [MLG3].

2. Basic notions

The following notions are considered basic and will not be defined, and or proved.
This does not mean they are all necessarily easy or well known.

(1) Nothing yet.

3. Preadditive and additive categories

Here is the definition of a preadditive category.

Definition 3.1. A category A is called preadditive if each morphism set Mor 4(z, y)
is endowed with the structure of an abelian group such that the compositions

Mor(z,y) x Mor(y, z) — Mor(z, z)

are bilinear. A functor F': A — B of preadditive categories is called additive if and
only if F': Mor(z,y) — Mor(F(z), F(y)) is a homomorphism of abelian groups for
all z,y € Ob(A).

In particular for every z,y there exists at least one morphism x — y, namely the
Z€ro map.

Lemmal 3.2. Let A be a preadditive category. Let x be an object of A. The
following are equivalent

(1) z is an initial object,

(2) z is a final object, and

(3) 4d; =0 in Mor4(x, x).
Furthermore, if such an object O exists, then a morphism « : y — z factors through
0 if and only if a« = 0.

Proof. First assume that x is either (1) initial or (2) final. In both cases, it follows
that Mor(z, x) is a trivial abelian group containing id,, thus id, = 0 in Mor(z, =),
which shows that each of (1) and (2) implies (3).

Now assume that id, = 0 in Mor(z,z). Let y be an arbitrary object of A and let
f € Mor(z,y). Denote C : Mor(z,z) x Mor(z,y) — Mor(z,y) the composition
map. Then f = C(0, f) and since C is bilinear we have C'(0, f) = 0. Thus f = 0.
Hence z is initial in A. A similar argument for f € Mor(y, x) can be used to show
that x is also final. Thus (3) implies both (1) and (2). O

Definition 3.3. In a preadditive category A, we call an object that is both final
and initial (as in Lemma a zero object and denote it 0.

Lemma 3.4. Let A be a preadditive category. Let x,y € Ob(A). If the product
x X y exists, then so does the coproduct x11y. If the coproduct x 11y exists, then so
does the product x X y. In this case also x 11y = x x y.
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Proof. Suppose that z = x x y with projections p: z — x and ¢ : 2 — y. Denote
i : x — z the morphism corresponding to (1,0). Denote j : y — 2z the morphism
corresponding to (0,1). Thus we have the commutative diagram

1
rT—z
z
/ X
1
Yy————>Y
where the diagonal compositions are zero. It follows that iop+jog: 2z — zis
the identity since it is a morphism which upon composing with p gives p and upon
composing with g gives g. Suppose given morphisms ¢ : ¢ — w and b : y — w.

Then we can form the map aop+bog: z — w. In this way we get a bijection
Mor(z,w) = Mor(z,w) x Mor(y, w) which shows that z = z Il y.

We leave it to the reader to construct the morphisms p, ¢ given a coproduct Il y
instead of a product. O

Definition 3.5. Given a pair of objects z, y in a preadditive category A, the direct
sum x@y of x and y is the direct product x x y endowed with the morphisms i, j, p, ¢
as in Lemma B4 above.

Remark| 3.6. Note that the proof of Lemma shows that given p and ¢ the
morphisms ¢, j are uniquely determined by the rules poi = id,, goj = idy, poj = 0,
goi = 0. Moreover, we automatically have i o p 4 j o ¢ = idyg,. Similarly, given
1, j the morphisms p and ¢ are uniquely determined. Finally, given objects x,y, z
and morphisms i : ¢ — 2z, j:y — 2, p: 2 — x and ¢ : z — y such that poi = id,,
goj=idy, poj=0,goi=0and iop+ jogq=id,, then z is the direct sum of =
and y with the four morphisms equal to 7, j,p, q.

Lemmal 3.7. Let A, B be preadditive categories. Let F : A — B be an additive
functor. Then F transforms direct sums to direct sums and zero to zero.

Proof. Suppose F'is additive. A direct sum z of = and y is characterized by having
morphisms ¢ : x = 2, j:y = 2, p: 2z — x and q : 2z — y such that poi = id,,
goj=1idy,poj=0,qgoi=0andiop+ jogq=id,, according to Remark
Clearly F(z), F(y), F(z) and the morphisms F(i), F(j), F(p), F(q) satisfy exactly
the same relations (by additivity) and we see that F(z) is a direct sum of F(x) and
F(y). Hence, F transforms direct sums to direct sums.

To see that F transforms zero to zero, use the characterization (3) of the zero object
in Lemma O

Definition 3.8. A category A is called additive if it is preadditive and finite
products exist, in other words it has a zero object and direct sums.

Namely the empty product is a finite product and if it exists, then it is a final
object.

Definition 3.9. Let A be a preadditive category. Let f : 2z — y be a morphism.
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(1) A kernelof fis a morphism i : z — x such that (a) foi = 0 and (b) for any
i’ 1 2/ — x such that f o’ = 0 there exists a unique morphism ¢ : 2/ — z
such that ¢/ =iog.

(2) If the kernel of f exists, then we denote this Ker(f) — x.

(3) A cokernel of f is a morphism p : y — z such that (a) po f = 0 and (b)

for any p’ : y — 2’ such that p’ o f = 0 there exists a unique morphism

g :z— 2 such that p’ = gop.

) If a cokernel of f exists we denote this y — Coker(f).

(5) If a kernel of f exists, then a coimage of f is a cokernel for the morphism

Ker(f) — z.

) If a kernel and coimage exist then we denote this x — Coim(f).

(7) If a cokernel of f exists, then the image of f is a kernel of the morphism
y — Coker(f).

(8) If a cokernel and image of f exist then we denote this Im(f) — y.

In the above definition, we have spoken of “the kernel” and “the cokernel”, tacitly
using their uniqueness up to unique isomorphism. This follows from the Yoneda
lemma (Categories, Section because the kernel of f : * — y represents the
functor sending an object z to the set Ker(Mor 4(z, ) — Mor 4(z,y)). The case of
cokernels is dual.

We first relate the direct sum to kernels as follows.

Lemma 3.10. Let C be a preadditive category. Let x@®y with morphisms i, j,p,q as
in Lemma[3.]] be a direct sum in C. Theni:x — x®y is a kernel of ¢: x®y — y.
Dually, p is a cokernel for j.

Proof. Let f: 2 — 2 @y be a morphism such that ¢ o f = 0. We have to show
that there exists a unique morphism g : 2’ — x such that f =iog. Sinceiop+jogq
is the identity on x @ y we see that

f=(iop+joq)of=iopof

and hence g = po f works. Uniqueness holds because po is the identity on . The
proof of the second statement is dual. (I

Lemma 3.11. Let C be a preadditive category. Let f : x — y be a morphism in C.

(1) If a kernel of f exists, then this kernel is a monomorphism.

(2) If a cokernel of f exists, then this cokernel is an epimorphism.

(3) If a kernel and coimage of f exist, then the coimage is an epimorphism.
(4) If a cokernel and image of f exist, then the image is a monomorphism.

Proof. Part (1) follows easily from the uniqueness required in the definition of a
kernel. The proof of (2) is dual. Part (3) follows from (2), since the coimage is a
cokernel. Similarly, (4) follows from (1). O

Lemma 3.12. Let f : x — y be a morphism in a preadditive category such that
the kernel, cokernel, image and coimage all exist. Then f can be factored uniquely
as x — Coim(f) — Im(f) — .

Proof. There is a canonical morphism Coim(f) — y because Ker(f) — z — y is
zero. The composition Coim(f) — y — Coker(f) is zero, because it is the unique
morphism which gives rise to the morphism « — y — Coker(f) which is zero (the
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uniqueness follows from Lemma (3)). Hence Coim(f) — y factors uniquely
through Im(f) — y, which gives us the desired map. O

Example 3.13. Let k be a field. Consider the category of filtered vector spaces
over k. (See Definition ) Consider the filtered vector spaces (V, F') and (W, F)
with V =W =k and
i, JV if <0 i JW o if <0

FV_{OifizowdFW_{o if >0
The map f : V — W corresponding to idy on the underlying vector spaces has
trivial kernel and cokernel but is not an isomorphism. Note also that Coim(f) =V
and Im(f) = W. This means that the category of filtered vector spaces over k is
not abelian.

4. Karoubian categories
Skip this section on a first reading.

Definition 4.1. Let C be a preadditive category. We say C is Karoubian if every
idempotent endomorphism of an object of C has a kernel.

The dual notion would be that every idempotent endomorphism of an object has a
cokernel. However, in view of the (dual of the) following lemma that would be an
equivalent notion.

Lemma 4.2. Let C be a preadditive category. The following are equivalent
(1) C is Karoubian,
(2) every idempotent endomorphism of an object of C has a cokernel, and
(3) given an idempotent endomorphism p : z — z of C there exists a direct sum
decomposition z = x & y such that p corresponds to the projection onto y.

Proof. Assume (1) and let p : 2z — 2z be as in (3). Let z = Ker(p) and y =
Ker(1 — p). There are maps x — z and y — z. Since (1 — p)p = 0 we see that
p: z — z factors through y, hence we obtain a morphism z — y. Similarly we obtain
a morphism z — x. We omit the verification that these four morphisms induce an
isomorphism = = y @ z as in Remark Thus (1) = (3). The implication (2) =
(3) is dual. Finally, condition (3) implies (1) and (2) by Lemma [3.10] O

Lemma 4.3. Let D be a preadditive category.

(1) If D has countable products and kernels of maps which have a right inverse,
then D is Karoubian.

(2) If D has countable coproducts and cokernels of maps which have a left in-
verse, then D is Karoubian.

Proof. Let X be an object of D and let e : X — X be an idempotent. The functor
W +— Ker(Morp (W, X) < Morp (W, X))

is representable if and only if e has a kernel. Note that for any abelian group A
and idempotent endomorphism e : A — A we have

Ker(e: A — A) = Ker(® : HneN A— HneN A)
where
®(ay,as,as,...) = (ea; + (1 — e)ag, eas + (1 — €)as, . ..)
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Moreover, ® has the right inverse
U(ay,as,as,...) = (a1, (1 —e)ay + eas, (1 — €)as + eas, .. .).

Hence (1) holds. The proof of (2) is dual (using the dual definition of a Karoubian
category, namely condition (2) of Lemma . a

5. Abelian categories

An abelian category is a category satisfying just enough axioms so the snake lemma
holds. An axiom (that is sometimes forgotten) is that the canonical map Coim(f) —

Im(f) of Lemma is always an isomorphism. Example shows that it is
necessary.

Definition 5.1. A category A is abelian if it is additive, if all kernels and cokernels
exist, and if the natural map Coim(f) — Im(f) is an isomorphism for all morphisms

fof A.

Lemmal 5.2. Let A be a preadditive category. The additions on sets of morphisms
make A°PP into a preadditive category. Furthermore, A is additive if and only if
A°PP s additive, and A is abelian if and only if A°PP is abelian.

Proof. The first statement is straightforward. To see that A is additive if and only
if A°PP is additive, recall that additivity can be characterized by the existence of a
zero object and direct sums, which are both preserved when passing to the opposite
category. Finally, to see that A is abelian if and only if A°PP is abelian, observes that
kernels, cokernels, images and coimages in A°PP correspond to cokernels, kernels,
coimages and images in A, respectively. O

Definition 5.3. Let f: 2 — y be a morphism in an abelian category.

(1) We say f is injective if Ker(f) = 0.

(2) We say f is surjective if Coker(f) = 0.
If x — y is injective, then we say that = is a subobject of y and we use the notation
x Cy. If x — y is surjective, then we say that y is a quotient of x.

Lemma 5.4. Let f:x — y be a morphism in an abelian category A. Then
(1) f is injective if and only if f is a monomorphism,
(2) f is surjective if and only if f is an epimorphism, and
(3) f is an isomorphism if and only if f is injective and surjective.

Proof. Proof of (1). Recall that Ker(f) is an object representing the functor
sending z to Ker(Mor4(z,2) — Mor(z,y)), see Definition Thus Ker(f) is
0 if and only if Mor4(z,2) — Mora(z,y) is injective for all z if and only if f is
a monomorphism. The proof of (2) is similar. For the proof of (3) note that an
isomorphism is both a monomorphism and epimorphism, which by (1), (2) proves
f is injective and surjective. If f is both injective and surjective, then & = Coim(f)
and y = Im(f) whence f is an isomorphism. O

In an abelian category, if x C y is a subobject, then we denote
y/x = Coker(x — y).

Lemmal 5.5. Let A be an abelian category. All finite limits and finite colimits
exist in A.
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Proof. To show that finite limits exist it suffices to show that finite products and
equalizers exist, see Categories, Lemma Finite products exist by definition
and the equalizer of a,b : x — y is the kernel of a — b. The argument for finite
colimits is similar but dual to this. (]

Example| 5.6. Let A be an abelian category. Pushouts and fibre products in A
have the following simple descriptions:
(1) Ifa: 2 — y, b: z — y are morphisms in A, then we have the fibre product:
xz xyz=Ker((a,=b) : x® 2z —vy).
(2) fa:y — xz, b:y — 2 are morphisms in A4, then we have the pushout:
x I, z = Coker((a, —b) : y = = & 2).
Definition 5.7. Let A be an additive category. Consider a sequence of morphisms
T DY Z— ... O T —Tg—>...— Iy

in A. We say such a sequence is a complex if the composition of any two consecutive
(drawn) arrows is zero. If A is abelian then we say a complex of the first type above
is exact at y if Im(z — y) = Ker(y — z) and we say a complex of the second kind
is ezact at x; where 1 < i < n if Im(x;—1 — x;) = Ker(x; — x;41). We a sequence
as above is exact or is an ezxact sequence or is an ezxact complex if it is a complex
and exact at every object (in the first case) or exact at x; for all 1 < ¢ < n (in the
second case). There are variants of these notions for sequences of the form

.. X _3—>x_9—>x_17 and T —> X9 > T3 —> ...
A short eract sequence is an exact complex of the form

0—-—A—B—C-—=0.

In the following lemma we assume the reader knows what it means for a sequence
of abelian groups to be exact.

Lemmal 5.8. Let A be an abelian category. Let 0 — My — My — M3z — 0 be a
complex of A.
(1) M1 — My — M3 — 0 is exact if and only if
0— HOIIl_A(Mg,N) — HOmA(MQ,N) — HOIHA(M17N)
is an exact sequence of abelian groups for all objects N of A, and
(2) 0 = My — My — Mj is exact if and only if
0 — Hom4 (N, M) — Hom 4 (N, M2) — Hom 4 (N, M3)
is an exact sequence of abelian groups for all objects N of A.

Proof. Omitted. Hint: See Algebra, Lemma [10.1 (]

Definition 5.9. Let A be an abelian category. Let i : A — B and ¢: B — C be
morphisms of A such that 0 - A — B — C' — 0 is a short exact sequence. We say
the short exact sequence is split if there exist morphisms j: C' — Bandp: B — A
such that (B, 1,7, p,q) is the direct sum of A and C.

Lemmal 5.10. Let A be an abelian category. Let 0 - A — B — C' — 0 be a short
exact sequence.

(1) Given a morphism s : C — B right inverse to B — C, there exists a unique

m: B — A such that (s,m) splits the short exact sequence as in Definition

(29
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(2) Given a morphism 7 : B — A left inverse to A — B, there exists a unique
s : C — B such that (s, ) splits the short exact sequence as in Definition

2.3
Proof. Omitted. O
Lemmal 5.11. Let A be an abelian category. Let
f

W—>=Y
k
r——2z

be a commutative diagram.

(1) The diagram is cartesian if and only if

k,—h
0 — w (9:f) m@y(’ ) 5
is exact.
(2) The diagram is cocartesian if and only if
- kb
w(gw f) z@y(7) 20
s exact.

Proof. Let u=(g9,f) :w—=acdyandv=(k,—h):2®y >z Letp: 2@y >z
and ¢ : * ® y — y be the canonical projections. Let i : Ker(v) — x @ y be the
canonical injection. By Example the diagram is cartesian if and only if there
exists an isomorphism r : Ker(v) — w with for = goi and gor = poi. The
sequence 0 — w — = @ y — z is exact if and only if there exists an isomorphism
r: Ker(v) — w with wor = 4. But given r : Ker(v) — w, we have for =goi and
gor=poiifandonly if gouor = for=qgoiand pouor =gor =poi, hence
if and only if u o 7 = 4. This proves (1), and then (2) follows by duality. O

Lemmal 5.12. Let A be an abelian category. Let
f

—_—

w Y
k
r——=2z

be a commutative diagram.

(1) If the diagram is cartesian, then the morphism Ker(f) — Ker(k) induced
by g is an isomorphism.

(2) If the diagram is cocartesian, then the morphism Coker(f) — Coker(k)
induced by h is an isomorphism.

Proof. Suppose the diagram is cartesian. Let e : Ker(f) — Ker(k) be induced by
g. Let i : Ker(f) — w and j : Ker(k) — z be the canonical injections. There exists
t: Ker(k) — w with fot =0 and got = j. Hence, there exists u : Ker(k) — Ker(f)
with sou = t. It follows goiouoe = gotoe = joe = goi and foiouoce = 0 = foi, hence
iowuoe=1i. Since ¢ is a monomorphism this implies u o e = idke,(y). Furthermore,
we have joeou =gotou = got = j. Since j is a monomorphism this implies
e 0 u = idger(x). This proves (1). Now, (2) follows by duality. O
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Lemmal 5.13. Let A be an abelian category. Let

f

—_—

w Y
k
T z

E——

be a commutative diagram.

(1) If the diagram is cartesian and k is an epimorphism, then the diagram is
cocartesian and f is an epimorphism.

(2) If the diagram is cocartesian and g is a monomorphism, then the diagram
is cartesian and h is a monomorphism.

Proof. Suppose the diagram is cartesian and k is an epimorphism. Let u = (g, f) :
w— x®yand let v = (k,—h) : x &y — z. As k is an epimorphism, v is an
epimorphism, too. Therefore and by Lemma the sequence 0 = w — @y —
z — 0 is exact. Thus, the diagram is cocartesian by Lemma [5.11} Finally, f is an
epimorphism by Lemma and Lemma This proves (1), and (2) follows by
duality. [

Lemmal 5.14. Let A be an abelian category.

(1) If © — y is surjective, then for every z — y the projection x X, z — z is

surjective.
(2) If x — y is injective, then for every x — z the morphism z — z 1, y is
injective.
Proof. Immediately from Lemma and Lemma [5.13 (]

Lemmal 5.15. Let A be an abelian category. Let f : x — y and g : y — z be
morphisms with g o f = 0. Then, the following statements are equivalent:

(1) The sequence x EN vy 2 is exact.
(2) For every h:w — y with goh = 0 there exist an object v, an epimorphism
k:v—w and a morphisml :v — x with hok = fol.

Proof. Let i : Ker(g) — y be the canonical injection. Let p : x — Coim(f) be the
canonical projection. Let j : Im(f) — Ker(g) be the canonical injection.

Suppose (1) holds. Let h: w — y with go h = 0. There exists ¢ : w — Ker(g) with
ioc=h. Let v = Xger(g) w With canonical projections k : v - w and [ : v — =,
so that cok = jopol. Then, hok =iocok =4i0jopol= fol. Asjopis
an epimorphism by hypothesis, £ is an epimorphism by Lemma [5.13] This implies

(2)-

Suppose (2) holds. Then, goi = 0. So, there are an object w, an epimorphism
k:w — Ker(g) and a morphism [ : w — x with fol =4d0k. It followsiojopol =
fol=1iok. Since i is a monomorphism we see that jopol = k is an epimorphism.
So, j is an epimorphisms and thus an isomorphism. This implies (1). O
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08N6 Lemma 5.16. Let A be an abelian category. Let

f g
r——y—>2z
k l
U —19v ——=> W

be a commutative diagram.

(1) If the first row is exact and k is a monomorphism, then the induced sequence
Ker(a) — Ker(8) — Ker(v) is exact.

(2) If the second row is exact and g is an epimorphism, then the induced se-
quence Coker(a) — Coker(8) — Coker(y) is ezact.

Proof. Suppose the first row is exact and k is a monomorphism. Let a : Ker(a) —
Ker(B) and b : Ker(8) — Ker(y) be the induced morphisms. Let h : Ker(a) —
x, i : Ker(8) — y and j : Ker(y) — 2z be the canonical injections. As j is a
monomorphism we have boa = 0. Let ¢ : s — Ker(8) with bo ¢ = 0. Then,
goioc = joboc = 0. By Lemma[5.15] there are an object ¢, an epimorphism d : ¢ — s
and a morphism e : ¢ — & with socod = foe. Then, koaoce = fo foe = Boiocod = 0.
As k is a monomorphism we get a o e = 0. So, there exists m : t — Ker(«) with
hom = e. It follows ioaom = fohom = foe = jocod. Asiis a monomorphism we
get aom = cod. Thus, Lemmaimplies (1), and then (2) follows by duality. O

010H Lemma) 5.17. Let A be an abelian category. Let

T ! Y ANy 0
Pl
0 ey Lo

be a commutative diagram with exact rows.

(1) There exists a unique morphism ¢ : Ker(y) — Coker(a) such that the dia-
gram

/

y=—y x: Ker(y) ——=Ker(y)
ﬁl |
v —;/COker(oz) 11, v < Coker(a)

commutes, where m and ©' are the canonical projections and ¢ and (' are
the canonical coprojections.
(2) The induced sequence

Ker(a) TN Ker(p) 7, Ker(y) LN Coker(c) LN Coker(5) LR Coker(v)
is exact. If f is injective then so is f’, and if | is surjective then so is l'.

Proof. As 7 is an epimorphism and ¢ is a monomorphism by Lemma [5.13] unique-
ness of J is clear. Let p = yx,Ker(y) and ¢ = Coker(a)Il,v. Let h : Ker(8) — y, i :
Ker(y) — z and j : Ker(w) — p be the canonical injections. Let 7" : u — Coker(«)
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be the canonical projection. Keeping in mind Lemma [5.13] we get a commutative
diagram with exact rows

0 Ker(m) B p —> Ker(y) —=0
T ! Y J z 0
0 U k v l w

AslofBon’ =~oiom =0 and as the third row of the diagram above is exact,
there is an a : p — u with koa = B ox’. As the upper right quadrangle of the
diagram above is cartesian, Lemma yields an epimorphism b : © — Ker(7)
with 7/ o job = f. It follows koaojob=fon'ojob=fof=koa. Askis
a monomorphism this implies a0 job = . It follows 7/ caojob=7"0oa = 0.
As b is an epimorphism this implies 7’ o a o j = 0. Therefore, as the top row of the
diagram above is exact, there exists § : Ker(y) — Coker(a) with d om = 7" o a. It
follows todom=1onm” oa=1okoa=10ofon’ as desired.

As the upper right quadrangle in the diagram above is cartesian there is a ¢ :
Ker(8) — p with 7’ oc = h and moc = ¢'. Tt follows todog =1o0domoc =
VoBom’oc=1oBoh=0. As ¢ is a monomorphism this implies d o g’ = 0.

Next, let d : r — Ker(y) with é od = 0. Applying Lemma to the exact
sequence p — Ker(y) — 0 and d yields an object s, an epimorphism m : s — r and
a morphism n: s - p with ron=dom. As ™ oaon =3 odom =0, applying
Lemma to the exact sequence = — u 2 Coker(a) and a o n yields an object
t, an epimorphism € : ¢ = s and a morphism ¢ : ¢t - x with aonoe =ao(. It
holds Bomonoe =koaol =pofol. Letn=n"onoe—fol:t—y.
Then, S on = 0. It follows that there is a ¥ : t — Ker(8) with n = h o ¥. It holds
togoy=gohotd=gonr'onoe—gofo(=iomonoec=4iodomoec. Asi
is a monomorphism we get ¢’ o9 = domoe. Thus, as m o € is an epimorphism,

Lemma implies that Ker(8) <+ Ker(y) LN Coker(w) is exact. Then, the claim
follows by Lemma and duality. O
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08N7 Lemma 5.18. Let A be an abelian category. Let

0 u’ v’ w’

be a commutative diagram with exact rows. Then, the induced diagram

Ker(a) — Ker () — Ker(7) o Coker(a;) —= Coker(3) — Coker ()
T T
Ker(a') — Ker(f’) — Ker(y') — Coker(a’) — Coker (") —= Coker(v’)
commutes.

Proof. Omitted.

05QA |Lemma 5.19. Let A be an abelian category. Let

w T Y z
ool
w/ x/ y/ Z/

be a commutative diagram with exact rows.
(1) If a,v are surjective and & is injective, then [ is surjective.
(2) If 8,0 are injective and « is surjective, then ~y is injective.

Proof. Assume «,v are surjective and J is injective. We may replace w’ by
Im(w’ — 2’), i.e., we may assume that w’ — 2’ is injective. We may replace z
by Im(y — z), i.e., we may assume that y — z is surjective. Then we may apply

Lemma [5.17 to

Ker(y — 2) Yy z 0

]

0——=Ker(y —»2')——=y —— 7

to conclude that Ker(y — 2) — Ker(y’ — 2’) is surjective. Finally, we apply

Lemma [5.17 to

——a——>Ker(y = 2) ——=0

|

Ker(y' — 2)

g

~

€ <——
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to conclude that © — 2’ is surjective. This proves (1). The proof of (2) is dual to
this. O

Lemmal 5.20. Let A be an abelian category. Let

v w T Y z
A
Ul wl x/ y/ Z/

be a commutative diagram with exact rows. If 3,0 are isomorphisms, € is injective,
and o is surjective then 7y is an isomorphism.

Proof. Immediate consequence of Lemma [5.19 ([
6. Extensions

Definition 6.1. Let A be an abelian category. Let A, B € Ob(A). An extension

E of B by A is a short exact sequence

0—+A—F—B—0.

A morphism of extensions between two extensions 0 - A - EF — B — 0 and
0— A— F — B — 0 means a morphism f: E — F in A making the diagram

0 A E B 0
b e
0 A F B 0

commutative. Thus, the extensions of B by A form a category.

By abuse of language we often omit mention of the morphisms A — F and F — B,
although they are definitively part of the structure of an extension.

Definition 6.2. Let A be an abelian category. Let A, B € Ob(A). The set of
isomorphism classes of extensions of B by A is denoted

Exta(B, A).
This is called the Ext-group.

This definition works, because by our conventions Ob(A) is a set, and hence
Ext (B, A) is a set. In any of the cases of “big” abelian categories listed in Cate-
gories, Remark one can check by hand that Ext 4(B, A) is a set as well. Also,
we will see later that this is always the case when A has either enough projectives
or enough injectives. Insert future reference here.

Actually we can turn Ext 4(—, —) into a functor
A x A°PP — Sets, (A, B) — Ext4(B, A)

as follows:

[ES52] Lemma 4.5
page 16]
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(1) Given a morphism B’ — B and an extension F of B by A we define
E' = ExgB’'. By Lemma we have the following commutative diagram
of short exact sequences

0 A E B’ 0
0 A E B 0

The extension E’ is called the pullback of E via B’ — B.

(2) Given a morphism A — A’ and an extension E of B by A we define B/ =
A’ 114 E. By Lemma we have the following commutative diagram of
short exact sequences

0 A E B 0
0 A E' B 0

The extension E’ is called the pushout of E via A — A’.

To see that this defines a functor as indicated above there are several things to verify.
First of all functoriality in the variable B requires that (Fx g B’)x g B"” = ExgB”
which is a general property of fibre products. Dually one deals with functoriality
in the variable A. Finally, given A — A’ and B’ — B we have to show that

A/HA(EXBB/)Q(A/HAE) XBB/

as extensions of B’ by A’. Recall that A’ 114 F is a quotient of A’ ® E. Thus the
right hand side is a quotient of A’ @ E xpg B’, and it is straightforward to see that
the kernel is exactly what you need in order to get the left hand side.

Note that if Fy and E5 are extensions of B by A, then F; & Fs is an extension of
B® B by A® A. We push out by the sum map A ® A — A and we pull back by
the diagonal map B — B @ B to get an extension F; + Es of B by A.

0 Ao A E,®E;—=B®B—=0
s

0 A E' B®B——0
1

0 A Ey+ Es B 0

The extension F; + Fs is called the Baer sum of the given extensions.

Lemma 6.3. The construction (E1, Es) — E1 4+ E5 above defines a commutative
group law on Ext (B, A) which is functorial in both variables.

Proof. Omitted. (]

Lemmal 6.4. Let A be an abelian category. Let 0 — My — My — M3 — 0 be a
short exact sequence in A.
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(1) There is a canonical siz term exact sequence of abelian groups

0 —— Hom 4 (M3, N) —— Hom 4 (M3, N) —— Hom 4 (M7, N)

Ext 4 (Ms, N) —— Ext 4 (Ms, N) —— Ext 4(M;, N)

for all objects N of A, and
(2) there is a canonical sixz term exact sequence of abelian groups

0 —— Hom 4 (N, M;) — Hom4 (N, M3) — Hom 4 (N, M3)

Ext 4 (N, M) —— Ext o(N, Ma) ——— Ext 4(N, M3)
for all objects N of A.

Proof. Omitted. Hint: The boundary maps are defined using either the pushout
or pullback of the given short exact sequence. [

7. Additive functors

First a completely silly lemma characterizing additive functors between additive
categories.

Lemmal 7.1. Let A and B be additive categories. Let F : A — B be a functor.
The following are equivalent

(1) F is additive,

(2) F(A)@® F(B) —» F(A® B) is an isomorphism for all A,B € A, and

(3) F(A® B) — F(A) ® F(B) is an isomorphism for all A, B € A.
Proof. Additive functors commute with direct sums by Lemma hence (1) im-
plies (2) and (3). On the other hand (2) and (3) are equivalent because the compo-
sition F'(A) @ F(B) — F(A® B) — F(A) ® F(B) is the identity map. Assume (2)
and (3) hold. Let f,g: A — B be maps. Then f + g is equal to the composition

A Aa A diag(f,g)

B®B— B
Apply the functor F' and consider the following diagram
F(A)——=F(Ad A)

|

F(A) @ F(A)

F(B® B) — F(B)

L

F(B)@® F(B)

F(diag(f,g))
diag(F(f),F(g))
B ——

We claim this is commutative. For the middle square we can verify it separately
for each of the four induced maps F(A) — F(B) where it follows from the fact
that F is a functor (in other words this square commutes even if F' does not satisfy
any properties beyond being a functor). For the triangle on the left, we use that
F(A® A) —» F(A) @ F(A) is an isomorphism to see that it suffice to check after
composition with this map and this check is trivial. Dually for the other triangle.
Thus going around the bottom is equal to F(f + g) and we conclude. [
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Recall that we defined, in Categories, Definition the notion of a “right exact”,
“left exact” and “exact” functor in the setting of a functor between categories that
have finite (co)limits. Thus this applies in particular to functors between abelian
categories.

Lemmal 7.2. Let A and B be abelian categories. Let F': A — B be a functor.

(1) If F is either left or right exact, then it is additive.

(2) F is left exact if and only if for every short exact sequence 0 — A — B —
C — 0 the sequence 0 — F(A) — F(B) — F(C) is exact.

(3) F is right exact if and only if for every short exact sequence 0 - A — B —
C — 0 the sequence F(A) — F(B) — F(C) — 0 is exact.

(4) F is exact if and only if for every short exact sequence 0 - A — B — C —
0 the sequence 0 — F(A) — F(B) — F(C) — 0 is exact.

Proof. If F' is left exact, i.e., F' commutes with finite limits, then F' sends products
to products, hence F preserved direct sums, hence F is additive by Lemma[7:1] On
the other hand, suppose that for every short exact sequence 0 - A —- B — C — 0
the sequence 0 — F(A) — F(B) — F(C) is exact. Let A, B be two objects. Then
we have a short exact sequence

0—-A—ApPpB—-B—0

see for example Lemma By assumption, the lower row in the commutative
diagram

0 F(A) F(A) & F(B) —> F(B) — 0
0 F(A) F(A® B) — F(B)

is exact. Hence by the snake lemma (Lemmal5.17)) we conclude that F(A)®F(B) —
F(A@® B) is an isomorphism. Hence F' is additive in this case as well. Thus for the
rest of the proof we may assume F' is additive.

Denote f: B — C a map from B to C. Exactness of 0 - A — B — C just means
that A = Ker(f). Clearly the kernel of f is the equalizer of the two maps f and
0 from B to C. Hence if F' commutes with limits, then F(Ker(f)) = Ker(F(f))
which exactly means that 0 — F(A) — F(B) — F(C) is exact.

Conversely, suppose that F' is additive and transforms any short exact sequence
0 - A— B — C — 0 into an exact sequence 0 — F(A) — F(B) — F(C).
Because it is additive it commutes with direct sums and hence finite products in A.
To show it commutes with finite limits it therefore suffices to show that it commutes
with equalizers. But equalizers in an abelian category are the same as the kernel of
the difference map, hence it suffices to show that F' commutes with taking kernels.
Let f: A — B be a morphism. Factor f as A — I — B with [’ : A — I surjective
and i : I — B injective. (This is possible by the definition of an abelian category.)
Then it is clear that Ker(f) = Ker(f’). Also 0 — Ker(f’) - A = I — 0 and
0 — I - B — B/I — 0 are short exact. By the condition imposed on F' we see
that 0 — F(Ker(f')) = F(A) —» F(I)and 0 — F(I) — F(B) — F(B/I) are exact.
Hence it is also the case that F(Ker(f')) is the kernel of the map F(A) — F(B),
and we win.
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The proof of (3) is similar to the proof of (2). Statement (4) is a combination of
(2) and (3). O

Lemmal 7.3. Let A and B be abelian categories. Let F : A — B be an exact
functor. For every pair of objects A, B of A the functor F' induces an abelian group
homomorphism

Exta(B,A) — Extg(F(B), F(A))
which maps the extension E to F(E).

Proof. Omitted. |

The following lemma is used in the proof that the category of abelian sheaves on a
site is abelian, where the functor b is sheafification.

Lemmal 7.4. Leta: A— B andb: B — A be functors. Assume that

(1) A, B are additive categories, a, b are additive functors, and a is right adjoint
to b,
(2) B is abelian and b is left exact, and
(3) ba Zidy.
Then A is abelian.

Proof. As Bis abelian we see that all finite limits and colimits exist in B by Lemma
[£.5] Since b is a left adjoint we see that b is also right exact and hence exact, see
Categories, Lemma Let ¢ : B; — B be a morphism of B. In particular, if
K = Ker(B; — Bs), then K is the equalizer of 0 and ¢ and hence bK is the equalizer
of 0 and by, hence bK is the kernel of bp. Similarly, if @ = Coker(B; — Bs), then
Q is the coequalizer of 0 and ¢ and hence bQ is the coequalizer of 0 and by, hence
bQ is the cokernel of bp. Thus we see that every morphism of the form by in A has
a kernel and a cokernel. However, since ba = id we see that every morphism of A
is of this form, and we conclude that kernels and cokernels exist in A. In fact, the
argument shows that if 1 : A; — As is a morphism then

Ker(¢) = bKer(a), and Coker(y)) = bCoker(ar)).

Now we still have to show that Coim(¢) = Im(¢)). We do this as follows. First
note that since A has kernels and cokernels it has all finite limits and colimits (see
proof of Lemma . Hence we see by Categories, Lemma that a is left exact
and hence transforms kernels (=equalizers) into kernels.

Coim(1p) = Coker(Ker(y) — A;) by definition
= b Coker(a(Ker(¢)) — A1) by formula above
= b Coker(Ker(at)) — aAy)) a preserves kernels
= b Coim(ay)) by definition
= bIm(ay)) B is abelian
= bKer(ads — Coker(ar))) by definition
= Ker(baAs — b Coker(ar))) b preserves kernels
= Ker(A2 — bCoker(at))) ba =id 4
= Ker(A2 — Coker(z))) by formula above
= Tm(v)) by definition

Thus the lemma holds. O
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8. Localization

In this section we note how Gabriel-Zisman localization interacts with the additive
structure on a category.

Lemma 8.1. Let C be a preadditive category. Let S be a left or right multiplica-
tive system. There exists a unique preadditive structure on S~'C such that the
localization functor Q : C — S™1C is additive.

Proof. We will prove this in the case S is a left multiplicative system. The case
where S is a right multiplicative system is dual. Suppose that X,Y are objects of C
and that a, 3 : X — Y are morphisms in S~'C. According to Categories, Lemma
27.5| we may represent these by pairs s~!f, s '¢g with common denominator s.
Suppose that we have a pre-additive structure on S~™'C and that @ is additive.
Then

s f+sT! (8 o Q(f) +Q(s)T 0 Q(g)

o (Q() +Q9))
“oQ(f +9)

Hence, the pre-additive structure on S~!C is unique if it exists. Correspondingly,
we define o + 3 to be the equivalence class of s™!(f + g) and in the rest of the
proof we show that this is well defined and that composition is bilinear. Once this
is done it is clear that @ is an additive functor.

Let us show construction above is well defined. An abstract way of saying this is
that filtered colimits of abelian groups agree with filtered colimits of sets and to use
Categories, Equation . We can work this out in a bit more detail as follows.
Say s : Y — Y7 and f,g : X — Y7. Suppose we have a second representation of
a,B as (8)7Lf (8)7lg’ with 8’ : Y — Yz and f',¢' : X — Y3. By Categories,
Remark we can find a morphism s3 : Y — Y3 and morphisms a; : Y7 — Y3,
as : Yo — Y3 such that a;os = s3 = asos’ and also ajo0f = asof’ and a10g9 = asog’.
Hence we see that s~1(f + g) is equivalent to

s3' (a1 0(f+9) =s35"(a10f+ay0g)
=s5"(a20 f +azog)
=s3'(azo (f'+9))

which is equivalent to (s')~*(f" + ¢').

Fixs:Y =Y and f,g: X — Y’ with a = s7!f and 3 = s~ g as morphisms
X — Y in S7IC. To show that composition is bilinear first consider the case of a
morphism v : Y — Z in S71C. Say y =t"'hforsome h:Y — Z' and t : Z — Z'
in S. Using LMS2 we choose morphisms a : Y/ — Z” and ¢’ : Z' — Z” in S such
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that @ o s = t' o h. Picture

)

Y ——7'

X I.g Y/ a ZI/

Then yoa = (' ot) (ao f) and yo B = (' ot) (a0 g). Hence we see that
v o (a+ B) is represented by (¢ ot)"*(ao (f +g)) = (# ot)"(ao f + aog) which
represents y o « + y o 3.

Finally, assume that § : W — X is another morphism of S™!C. Say § = r~1i for
somei: W — X and r : X — X’ in S. We claim that we can find a morphism
s : Y’ —Y"” in S and morphisms a”,b” : X’ — Y such that the following diagram
commutes

Y

\Ls
29, f+
X f.9:f+g v’

\Lr \Ls,
a’ ,b“ ’a//

W ——> X' Y
Namely, using LMS2 we can first choose s1 : Y/ — Y3, s5 : Y/ — Y5 in S and
a: X —=Y,b: X' —Y;ysuch that aor = sy 0 f and bor = sy 0o f. Then using
that the category Y’/S is filtered (see Categories, Remark , we can find a
s': Y’ —Y"” and morphisms a’ : Y1 — Y, b : Y3 — Y such that s’ = a’ 0 57 and
s’ = b 0sy. Setting @’ = a’ oa and b =’ ob works. At this point we see that the
compositions aod and Bod are represented by (s’ 0s)~1(a” 0i) and (s’ 0s)~1(b" o).
Hence aod + 304 is represented by (s’ 0s)™1(a” 0i+b"0i) = (s'0s) ((a” +b")01)
which by the diagram again is a representative of (a4 ) o 4. O

+b”

Lemmal 8.2. Let C be an additive category. Let S be a left or right multiplicative
system. Then S™IC is an additive category and the localization functor Q : C —
S~1C is additive.

Proof. By Lemmal[8.1] we see that S~C is preadditive and that @ is additive. By
Lemma [3.7] we conclude that S~'C has a zero object and direct sums. O

The following lemma describes the “kernel” of the localization functor in case we
invert a multiplicative system.

Lemma 8.3. Let C be an additive category. Let S be a multiplicative system. Let
X be an object of C. The following are equivalent

(1) Q(X)=0in S~1C,

(2) there exists Y € Ob(C) such that 0: X — Y is an element of S, and

(3) there exists Z € Ob(C) such that 0: Z — X 1is an element of S.

Proof. If (2) holds we see that 0 = Q(0) : Q(X) — Q(Y) is an isomorphism. In
the additive category S™1C this implies that Q(X) = 0. Hence (2) = (1). Similarly,
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(3) = (1). Suppose that Q(X) = 0. This implies that the morphism f : 0 — X
is transformed into an isomorphism in S~!C. Hence by Categories, Lemma
there exists a morphism g : Z — 0 such that fg € S. This proves (1) = (3).
Similarly, (1) = (2). O

Lemmal 8.4. Let A be an abelian category.

(1) If S is a left multiplicative system, then the category S~1A has cokernels
and the functor Q : A — S~ A commutes with them.
2) If S is a right multiplicative system, then the category S™'A has kernels
g g
and the functor Q : A — S™'A commutes with them.
(3) If S is a multiplicative system, then the category S~'A is abelian and the
functor Q : A — S71A is exact.

Proof. Assume S is a left multiplicative system. Let a : X — Y be a morphism
of ST1A. Then a = s7!f for some s: Y — Y’ in S and f: X — Y’. Since Q(s)
is an isomorphism we see that the existence of Coker(a : X — Y) is equivalent to
the existence of Coker(Q(f) : X — Y”). Since Coker(Q(f)) is the coequalizer of 0
and Q(f) we see that Coker(Q(f)) is represented by @Q(Coker(f)) by Categories,
Lemma [27.9] This proves (1).

Part (2) is dual to part (1).

If S is a multiplicative system, then S is both a left and a right multiplicative
system. Thus we see that S~ A has kernels and cokernels and () commutes with
kernels and cokernels. To finish the proof of (3) we have to show that Coim = Im
in S71A. Again using that any arrow in S~!A is isomorphic to an arrow Q(f) we
see that the result follows from the result for A. |

9. Jordan-Holder
The Jordan-Hoélder lemma is Lemma [9.71 First we state some definitions.

Definition 9.1. Let A be an abelian category. An object A of A is said to be
simple if it is nonzero and the only subobjects of A are 0 and A.

Definition 9.2. Let A be an abelian category.
(1) We say an object A of A is Artinian if and only if it satisfies the descending
chain condition for subobjects.
(2) We say A is Artinian if every object of A is Artinian.

Definition 9.3. Let A be an abelian category.
(1) We say an object A of A is Noetherian if and only if it satisfies the ascending
chain condition for subobjects.
(2) We say A is Noetherian if every object of A is Noetherian.

Lemma 9.4. Let A be an abelian category. Let 0 — Ay — As — Az — 0 be
a short exact sequence of A. Then Ag is Artinian if and only if Ay and As are
Artinian.

Proof. Omitted. O

Lemmal 9.5. Let A be an abelian category. Let 0 — Ay — Ay — A3 — 0 be a
short exact sequence of A. Then As is Noetherian if and only if Ay and As are
Noetherian.
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Proof. Omitted. O

Lemmal9.6. Let A be an abelian category. Let A be an object of A. The following
are equivalent
(1) A is Artinian and Noetherian, and
(2) there exists a filtration 0 C A; C Ay C ... C A, = A by subobjects such
that A;/A;_1 is simple fori=1,... n.

Proof. Assume (1). If A is zero, then (2) holds. If A is not zero, then there exists
a smallest nonzero object A; C A by the Artinian property. Of course A; is simple.
If A; = A, then we are done. If not, then we can find A; C Ay C A minimal with
As # Aj. Then As/A; is simple. Continuing in this way, we can find a sequence
0 C Ay C Az C ... of subobjects of A such that A;/A;_; is simple. Since A is
Noetherian, we conclude that the process stops. Hence (2) follows.

Assume (2). We will prove (1) by induction on n. If n = 1, then A is simple and
clearly Noetherian and Artinian. If the result holds for n — 1, then we use the short
exact sequence 0 — A, 1 — A, = A,/A,—1 — 0 and Lemmas and to
conclude for n. O

Lemma 9.7 (Jordan-Holder). Let A be an abelian category. Let A be an object

of A satisfying the equivalent conditions of Lemma[9.6. Given two filtrations
0CcCA CcAycCc...cA,=A and 0CBiCBy;C...CB,,=A4

with S; = A;/A;_1 and T; = B;/Bj_1 simple objects we have n = m and there

exists a permutation o of {1,...,n} such that S; = T, for all i € {1,...,n}.

Proof. Let j be the smallest index such that A; C B;. Then the map S = A; —
B;/Bj_1 = Tj is an isomorphism. Moreover, the object A/A; = A, /A1 = B, /A4
has the two filtrations

0cC AQ/Al - Ag/Al c...C An/Al

and
0C (B]_ + Al)/Al Cc...C (ijl +A1)/A1 = Bj/Al C Bj+1/A]_ c...C Bm/Al
We conclude by induction. |

10. Serre subcategories

In [Ser53l Chapter I, Section 1] a notion of a “class” of abelian groups is defined.
This notion has been extended to abelian categories by many authors (in slightly
different ways). We will use the following variant which is virtually identical to
Serre’s original definition.
Definition 10.1. Let A be an abelian category.

(1) A Serre subcategory of A is a nonempty full subcategory C of A such that

given an exact sequencdﬂ
A—-B—=C

with A, C' € Ob(C), then also B € Ob(C).

1By Definition this means Im(A — B) = Ker(B — C).

[Ser53, Condition
(I) on page 259]
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(2) A weak Serre subcategory of A is a nonempty full subcategory C of A such
that given an exact sequence

A0—>A1—>A2—>A3—>A4
with Ag, Ay, Az, A4 in C, then also As in C.

In some references the second notion is called a “thick” subcategory and in other
references the first notion is called a “thick” subcategory. However, it seems that
the notion of a Serre subcategory is universally accepted to be the one defined
above. Note that in both cases the category C is abelian and that the inclusion
functor C — A is a fully faithful exact functor. Let’s characterize these types of
subcategories in more detail.

Lemmal 10.2. Let A be an abelian category. Let C be a subcategory of A. Then
C s a Serre subcategory if and only if the following conditions are satisfied:

(1) 0 € Ob(C),

(2) C is a strictly full subcategory of A,

(3) any subobject or quotient of an object of C is an object of C,

(4) if A € Ob(A) is an extension of objects of C then also A € Ob(C).

Moreover, a Serre subcategory is an abelian category and the inclusion functor is
exact.

Proof. Omitted. O

Lemmal 10.3. Let A be an abelian category. Let C be a subcategory of A. Then
C is a weak Serre subcategory if and only if the following conditions are satisfied:
(1) 0 € Ob(C),
(2) C is a strictly full subcategory of A,
(3) kernels and cokernels in A of morphisms between objects of C are in C,
(4) if A € Ob(A) is an extension of objects of C then also A € Ob(C).

Moreover, a weak Serre subcategory is an abelian category and the inclusion functor
s exact.
Proof. Omitted. O

Lemma 10.4. Let A, B be abelian categories. Let F' : A — B be an exact functor.
Then the full subcategory of objects C of A such that F(C) = 0 forms a Serre
subcategory of A.

Proof. Omitted. (]

Definition 10.5. Let A, B be abelian categories. Let F': A — B be an exact
functor. Then the full subcategory of objects C' of A such that F(C) = 0 is called
the kernel of the functor F, and is sometimes denoted Ker(F).

Any Serre subcategory of an abelian category is the kernel of an exact functor. In
Examples, Section [77] we discuss this for Serre’s original example of torsion groups.

Lemmal 10.6. Let A be an abelian category. Let C C A be a Serre subcategory.
There exists an abelian category A/C and an exact functor

F:A— AC

which is essentially surjective and whose kernel is C. The category A/C and the
functor F' are characterized by the following universal property: For any exact
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functor G : A — B such that C C Ker(G) there exists a factorization G = H o F
for a unique exact functor H : A/C — B.

Proof. Consider the set of arrows of A defined by the following formula
S = {f € Arrows(A) | Ker(f), Coker(f) € Ob(C)}.

We claim that S is a multiplicative system. To prove this we have to check MS1,
MS2, MS3, see Categories, Definition 27.1]

It is clear that identities are elements of S. Suppose that f: A — Bandg: B — C
are elements of S. There are exact sequences

0 — Ker(f) — Ker(gf) — Ker(g)
Coker(f) — Coker(gf) — Coker(g) — 0

Hence it follows that gf € S. This proves MS1. (In fact, a similar argument will
show that S is a saturated multiplicative system, see Categories, Definition [27.20})

g
tl s
f \
C >CHA B
witht € S. Set W = CIl4 B = Coker((¢t,—g) : A — C®B). Then Ker(t) — Ker(s)

is surjective and Coker(t) — Coker(s) is an isomorphism. Hence s is an element of
S. This proves LMS2 and the proof of RMS2 is dual.

Consider a solid diagram

Finally, consider morphisms f,g : B — C and a morphism s : A — B in §
such that f os = gos. This means that (f — ¢g) os = 0. In turn this means
that I = Im(f — g) C C is a quotient of Coker(s) hence an object of C. Thus
t:C — C"=C/I is an element of S such that ¢t o (f — g) = 0, i.e., such that
to f =tog. This proves LMS3 and the proof of RMS3 is dual.

Having proved that S is a multiplicative system we set A/C = S~1 A, and we set F
equal to the localization functor Q). By Lemmathe category A/C is abelian and
Fisexact. If X is in the kernel of F' = @, then by Lemma[8:3| we see that 0 : X — Z
is an element of .S and hence X is an object of C, i.e., the kernel of F' is C. Finally,
if G is as in the statement of the lemma, then G turns every element of S into
an isomorphism. Hence we obtain the functor H : A/C — B from the universal
property of localization, see Categories, Lemma We still have to show the
functor H is exact. To do this it suffices to show that H commutes with taking
kernels and cokernels, see Lemma Let A — B be a morphism in .A/C. We may
represent A — B as fs~! where s : A’ — Aisin S and f : A’ — B an arbitrary
morphism of A. Since F' = ) maps s to an isomorphism in the quotient category
AJC, it suffices to show that H commutes with taking kernels and cokernels of
morphisms f : A — B of A. But here we have H(f) = G(f) and the result follows
from the fact that G is exact. O

Lemmal 10.7. Let A, B be abelian categories. Let F' : A — B be an exact functor.
Let C C A be a Serre subcategory contained in the kernel of F'. Then C = Ker(F)
if and only if the induced functor F : A/C — B (Lemma is faithful.
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Proof. We will use the results of Lemma [10.6] without further mention. The “only
if” direction is true because the kernel of F' is zero by construction. Namely, if f :
X — Y is a morphism in .A/C such that F(f) = 0, then F(Im(f)) = Im(F(f)) =0,
hence Im(f) = 0 by the assumption on the kernel of F'. Thus f = 0.

For the “if” direction, let X be an object of A such that F(X) = 0. Then F(idx) =
idg () = 0, thus idx = 0 in A/C by faithfulness of F. Hence X = 0 in A/C, that
is X € Ob(C). O

11. K-groups
A tiny bit about K of an abelian category.

Definition 11.1. Let A be an abelian category. We denote Ky(A) the zeroth
K -group of A. It is the abelian group constructed as follows. Take the free abelian
group on the objects of A and for every short exact sequence 0 - A —- B — C — 0
impose the relation [B] — [4] — [C] = 0.

Another way to say this is that there is a presentation

P zZA-B-Cl— P ZA — Ko(A) —0
A—B—C ses AcOb(A)
with [A - B — C] — [B] — [A] — [C] of K(A). The short exact sequence
0—0—=0—= 0 — 0 leads to the relation [0] = 0 in Ky(.A). There are no set-
theoretical issues as all of our categories are “small” if not mentioned otherwise.

Some examples of K-groups for categories of modules over rings where computed
in Algebra, Section

Lemmal 11.2. Let F' : A — B be an exact functor between abelian categories.
Then F induces a homomorphism of K-groups Ko(F) : Ko(A) = Ko(B) by simply
setting Ko(F)([4]) = [F(A)].

Proof. Proves itself. O

Suppose we are given an object M of an abelian category A and a complex of the
form

waMw

(11.2.1) .. M
In this situation we define
HO(M, 0, 1Y) = Ker(¢)/Im(p), and HI(M, v, 1) = Ker(p)/Im(v).

Lemma 11.3. Let A be an abelian category. Let C C A be a Serre subcategory
and set B=A/C.

(1) The exact functors C — A and A — B induce an exact sequence
of K-groups, and

(2) the kernel of Ko(C) — Ko(A) is equal to the collection of elements of the
form

M

[HO(M7QO,'Q[J)] - [Hl(MMPﬂ/J)]
where (M, @, 1)) is a complex as in (11.2.1]) with the property that it becomes
ezact in B; in other words that H°(M, ¢,1) and H'(M,p,v) are objects
of C.
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Proof. Proof of (1). It is clear that Ko(A) — Ko(B) is surjective and that the
composition Ko(C) — Ko(A) — Ko(B) is zero. Let z € Ky(A) be an element
mapping to zero in Ko(B). We can write x = [A] — [A’] with A, A" in A (fun
exercise). Denote B, B’ the corresponding objects of B. The fact that  maps to
zero in Ko(B) means that there exists a finite set = ITII1~, for each i € T a
short exact sequence
0—B;— B, — B/ =0

in B such that we have

B -[B]=3_ (B)-[B]- B~ (1B]-[B]-[B)
in the free abelian group on isomorphism classes of objects of B. We can rewrite
this as

" n __ !/ . 1" !/

B+ (BIHB)Y. | BI=BI+Y | (BI+BD+Y (B
Since the right and left hand side should contain the same isomorphism classes of
objects of B counted with multiplicity, this means there should be a bijection
7 {BYI{B;,B/;i € I'"YII{B;ic "} — {BYI{B;,B/;i € " }II{Bl;ic I}
such that N and 7(NN) are isomorphic in B. The proof of Lemmas and
show that we choose for ¢ € I a short exact sequence

0— A — A = Al -0
in A such that B;, B}, B/’ are isomorphic to the images of A;, A;, AY in B. This
implies that the corresponding bijection
T {AYI{A;, Ali e TTYI{ALi e IT} — {AYIU{A;, Alyie T} I{AL;ie IT}
satisfies the property that M and 7(M) are objects of A which become isomorphic
in B. This means [M] — [r(M)] is in the image of Ky(C) — Ky(A). Namely,
the isomorphism in B is given by a diagram M < M’ — 7(M) in A where both
M’ — M and M’ — 7(M) have kernel and cokernel in C. Working backwards we

conclude that z = [A] — [A’] is in the image of Ky(C) — Ko(A) and the proof of
part (1) is complete.

Proof of (2). The proof is similar to the proof of (1) but slightly more bookkeeping
is involved. First we remark that any class of the type [H(M, o, )] —[H' (M, ¢, )]
is zero in Ky(A) by the following calculation
0 = [M] - [M]
= [Ker(¢)] + [Im(p)] — [Ker(¢)] — [Im(4))]
= [Ker(y)/Im(¢)] — [Ker()/ Im(p)]
= [H' (M, ¢, )] = [H° (M, ¢,9)]

as desired. Hence it suffices to show that any element in the kernel of Ky(C) —
Ko (A) is of this form.

Any element z in Ky(C) can be represented as the difference = [P] — [Q] of two
objects of C (fun exercise). Suppose that this element maps to zero in Ky(A). This
means that there exist

(1) a finite set I =T 111,

(2) for ¢ € I a short exact sequence 0 - A; - B; - C; - 0in A
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such that
[Pl -[Q] = Zie”([Bi] —[A] - [Ci]) - Ziel_([Bi] —[4i] = [Ci])
in the free abelian group on the objects of A. We can rewrite this as

[Pl + Zieﬁ-([Ai] +[Ci]) + Ziel_ [Bi] = [Q] + Ziel— ([4i] +[Ci]) + Zieﬁ [Bi].

Since the right and left hand side should contain the same objects of A counted
with multiplicity, this means there should be a bijection 7 between the terms which
occur above. Set

T ={p} O {a,c} x I 1T {b} x I~
and

T ={q¢} O {a,c} x I~ 1I {b} x I,
Set T=TTUT™ ={p,q} 1 {a,b,c} x I. For t € T define

P if t=p

Q if t=gq
O)=1A4; if t=(a,i)

B; if t=(b,9)

Ci if tZ(C,i)

Hence we can view 7 : Tt — T~ as a bijection such that O(t) = O(7(¢)) for all
teT+. Let t; = 7(p) and let tJ € T+ be the unique element such that 7(tJ) = q.

Consider the object
+
M =P, . O

By using 7 we see that it is equal to the object

M~ = @teT_ o(t)

Consider the map

o: Mt — M~
which on the summand O(t) = A; corresponding to ¢t = (a,i), i € I uses the
map A; — B, into the summand O((b,i)) = B; of M~ and on the summand
O(t) = B; corresponding to (b,4), ¢ € I~ uses the map B; — C; into the summand
O((c,i)) = C; of M~. The map is zero on the summands corresponding to p and
(c,4), i € I'™. Similarly, consider the map

v MT — MT
which on the summand O(t) = A; corresponding to ¢ = (a,i), ¢ € I~ uses the
map A; — B; into the summand O((b,7)) = B; of Mt and on the summand
O(t) = B; corresponding to (b,7), i € IT uses the map B; — C; into the summand
O((c,4)) = C; of M*. The map is zero on the summands corresponding to ¢ and
(c,i),iel™.
Note that the kernel of ¢ is equal to the direct sum of the summand P and the
summands O((c,i)) = C;, @ € I and the subobjects A; inside the summands
O((b,1)) = By, i € I~. The image of 1 is equal to the direct sum of the summands
O((c,4)) = C;, i € I'T and the subobjects A; inside the summands O((b,:)) = B;,
t € I, In other words we see that

P = Ker(g)/ Im(y).
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In exactly the same way we see that

Q = Ker(¢)/ Im(gp).

Since as we remarked above the existence of the bijection 7 shows that M+ = M~
we see that the lemma follows. O

12. Cohomological delta-functors

010P
010Q Definition 12.1. Let A, B be abelian categories. A cohomological §-functor or
simply a 0-functor from A to B is given by the following data:

(1) a collection F™ : A — B, n > 0 of additive functors, and
(2) for every short exact sequence 0 - A — B — C — 0 of A a collection
Sasposco: F(C) — F"1(A), n > 0 of morphisms of B.

These data are assumed to satisfy the following axioms

(1) for every short exact sequence as above the sequence

0 FO(A) FO(B) — FY(C)

A—B—C

FY(A) — F'(B) —=F'(C)
F2(A) —>F2ZB;4>...

is exact, and
(2) for every morphism (A - B — C) — (A" — B’ — (") of short exact
sequences of A the diagrams

Fn(C) dA—sB—C Fn+1(A)

| |

F"(C/) Sarmpl o F"'H(A')

are commutative.
Note that this in particular implies that F© is left exact.

010R Definition 12.2. Let A, B be abelian categories. Let (F™,dr) and (G™,dg) be
o-functors from A to B. A morphism of §-functors from F' to G is a collection of
transformation of functors t* : F™ — G™, n > 0 such that for every short exact
sequence 0 - A — B — C — 0 of A the diagrams

Fn(C) 0F,A»B—C Fn+1(A)
th/ lt"“
Gn(C) 0G,A»B—C G”'H(A)

are commutative.
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Definition 12.3. Let A, B be abelian categories. Let F' = (F™,dr) be a §-functor
from A to B. We say F' is a universal d-functor if and only if for every d-functor
G = (G™,6g) and any morphism of functors ¢ : FO — G there exists a unique
morphism of -functors {t"},>¢ : F — G such that ¢ = .

Lemma 12.4. Let A, B be abelian categories. Let F = (F™, dr) be a §-functor from
A to B. Suppose that for every n > 0 and any A € Ob(A) there exists an injective
morphism u : A — B (depending on A and n) such that F™(u) : F™(A) — F"(B)
is zero. Then F' is a universal §-functor.

Proof. Let G = (G",0¢) be a d-functor from A to B and let ¢t : F¥ — G° be
a morphism of functors. We have to show there exists a unique morphism of -
functors {t"},>0 : F — G such that ¢t = ¢°. We construct t" by induction on n.
For n = 0 we set t% = t. Suppose we have already constructed a unique sequence of
transformation of functors ¢* for i < n compatible with the maps 6 in degrees < n.

Let A € Ob(A). By assumption we may choose an embedding v : A — B such
that F"*1(u) = 0. Let C = B/u(A). The long exact cohomology sequence for
the short exact sequence 0 - A — B — C' — 0 and the J-functor F' gives that
F"tY(A) = Coker(F"(B) — F™(C)) by our choice of u. Since we have already
defined t"™ we can set

tff,“ cFPTHA) — G (A)
equal to the unique map such that
Coker(F™(B) — F™(C)) — Coker(G™(B) — G™(())

6F,A4>B~>C\L iéc,A%Bﬁc
JURs)

FHL(A) 2 G"t1(A)

commutes. This is clearly uniquely determined by the requirements imposed. We
omit the verification that this defines a transformation of functors. (]

Lemmal 12.5. Let A, B be abelian categories. Let F' : A — B be a functor. If
there exists a universal §-functor (F™,8p) from A to B with F° = F, then it is
determined up to unique isomorphism of d-functors.

Proof. Immediate from the definitions. O

13. Complexes

Of course the notions of a chain complex and a cochain complex are dual and you
only have to read one of the two parts of this section. So pick the one you like.
(Actually, this doesn’t quite work right since the conventions on numbering things
are not adapted to an easy transition between chain and cochain complexes.)

A chain complex Ao in an additive category A is a complex

dn41 dn
...—>An+1 —Jr)An—)An,l—)

of A. In other words, we are given an object A; of A for all i € Z and for all ¢ € Z
a morphism d; : A; — A;_1 such that d;_1 od; = 0 for all i. A morphism of chain
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complexes f : Aq — B, is given by a family of morphisms f; : A; — B; such that
all the diagrams
Aj —=Aig

fil ifil
d

B; —> B;_4

commute. The category of chain complexes of A is denoted Ch(A). The full sub-
category consisting of objects of the form

o= Ay > Al 5 Ag—>0—>0— ...

is denoted Ch>o(A). In other words, a chain complex A, belongs to Ch>q(A) if
and only if A; =0 for all 7 < 0.

Given an additive category A we identify A with the full subcategory of Ch(A)
consisting of chain complexes zero except in degree 0 by the functor

A— Ch(A), A—(..20—>A4A—->0—..)

By abuse of notation we often denote the object on the right hand side simply A.
If we want to stress that we are viewing A as a chain complex we may sometimes
use the notation A[0], see Section

A homotopy h between a pair of morphisms of chain complexes f,g: Ae — B, is a
collection of morphisms h; : A; — B;1+1 such that we have

fi—gi=dix10hi +hi_10d;

for all i. Two morphisms f,g : A¢ — B, are said to be homotopic if a homotopy
between f and g exists. Clearly, the notions of chain complex, morphism of chain
complexes, and homotopies between morphisms of chain complexes make sense even
in a preadditive category.

Lemmal 13.1. Let A be an additive category. Let f,g : Be — Co be morphisms
of chain complexes. Suppose given morphisms of chain complexes a : Aeq — Ba,
and ¢ : Co — Do. If {h; : B; = Ci11} defines a homotopy between f and g, then
{¢it1 0 h;oa;} defines a homotopy between co foa and cogoa.

Proof. Omitted. O

In particular this means that it makes sense to define the category of chain com-
plexes with maps up to homotopy. We’ll return to this later.

Definition 13.2. Let A be an additive category. We say a morphism a : A, — B,
is a homotopy equivalence if there exists a morphism b : B, — A, such that there
exists a homotopy between aob and id4 and there exists a homotopy between bo a
and idg. If there exists such a morphism between A, and B,, then we say that A,
and B, are homotopy equivalent.

In other words, two complexes are homotopy equivalent if they become isomorphic
in the category of complexes up to homotopy.

Lemmal 13.3. Let A be an abelian category.

(1) The category of chain complexes in A is abelian.
(2) A morphism of complexes [ : Ae — B, is injective if and only if each
fn i Ay — By, is injective.


https://stacks.math.columbia.edu/tag/010W
https://stacks.math.columbia.edu/tag/010X
https://stacks.math.columbia.edu/tag/010Y

HOMOLOGICAL ALGEBRA 30

(3) A morphism of complexes [ : Ae — B, is surjective if and only if each
fn i Ay — By, is surjective.
(4) A sequence of chain complezes
4. L B, 4 C,

1s exact at Be if and only if each sequence
ALy B 2 0
is exact at B;.

Proof. Omitted. O

For any i € Z the ith homology group of a chain complex A, in an abelian category
is defined by the following formula

Hi(A.) = Ker(dl)/Im(dH_l)
If f: Ae — B, is a morphism of chain complexes of A then we get an induced
morphism H;(f) : H;(As) — H;(B,) because clearly f;(Ker(d; : A; — A;_1)) C
Ker(d; : B; — B;_1), and similarly for Im(d;+1). Thus we obtain a functor

010Z |Definition 13.4. Let A be an abelian category.

(1) A morphism of chain complexes f : Ay — B, is called a quasi-isomorphism
if the induced map H;(f) : H;(As) — H;(B,) is an isomorphism for all
1€ Z.

(2) A chain complex A, is called acyclic if all of its homology objects H;(A,)
are zero.

0110 Lemma 13.5. Let A be an abelian category.

(1) If the maps f,g : Ae — Be are homotopic, then the induced maps H;(f)
and H;(g) are equal.

(2) If the map [ : Ae — B. is a homotopy equivalence, then f is a quasi-
isomorphism.

Proof. Omitted. O
0111 Lemma 13.6. Let A be an abelian category. Suppose that
0= Ag - Be =+ Co =0

is a short exact sequence of chain complexes of A. Then there is a canonical long
exact homology sequence
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Proof. Omitted. The maps come from the Snake Lemma applied to the
diagrams

Az/ Im(dA,i_,_l) EE—— Bz/ Im(d37i+1) E—— Ci/lm(dcﬂ'_;,_l) —0

\LdA,i idB,i ldc,z‘

00— Ker(dA,i,l) —— Ker(dgwi,l) —— Ker(dcyi,l)

A cochain complex A® in an additive category A is a complex

m—1 n
o AL g D gl
of A. In other words, we are given an object A’ of A for all i € Z and for all i € Z
a morphism d’ : A® — A"+ such that d*T'od’ = 0 for all i. A morphism of cochain
complezes f : A* — B*® is given by a family of morphisms f?: A’ — B’ such that
all the diagrams
Ai : Ai+1

dt
fi \L lfi+l

Bi ' pit1
commute. The category of cochain complezes of A is denoted CoCh(A). The full
subcategory consisting of objects of the form

oo 00— A0 5 A 5 A%

is denoted CoChsg(A). In other words, a cochain complex A® belongs to the
subcategory CoChsq(.A) if and only if A® =0 for all i < 0.

Given an additive category A we identify A with the full subcategory of CoCh(.A)
consisting of cochain complexes zero except in degree 0 by the functor

A — CoCh(A), Ar—(...50—>A—=0—..)

By abuse of notation we often denote the object on the right hand side simply A.
If we want to stress that we are viewing A as a cochain complex we may sometimes
use the notation A[0], see Section

A homotopy h between a pair of morphisms of cochain complexes f,g : A®* — B*®
is a collection of morphisms h? : A* — B*~! such that we have

fi_gi :di—lohi+hi+1od’i

for all i. Two morphisms f,g : A* — B* are said to be homotopic if a homotopy
between f and g exists. Clearly, the notions of cochain complex, morphism of
cochain complexes, and homotopies between morphisms of cochain complexes make
sense even in a preadditive category.

Lemmal 13.7. Let A be an additive category. Let f,g: B®* — C*® be morphisms of
cochain complexres. Suppose given morphisms of cochain complexes a : A®* — B®,
and ¢ : C* — D*. If {h' : B — C*~'} defines a homotopy between f and g, then
{c=t o hioa'} defines a homotopy between co foa and cogo a.

Proof. Omitted. O
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In particular this means that it makes sense to define the category of cochain
complexes with maps up to homotopy. We’ll return to this later.

Definition 13.8. Let A be an additive category. We say a morphism a : A®* — B*®
is a homotopy equivalence if there exists a morphism b : B®* — A® such that there
exists a homotopy between aob and id4 and there exists a homotopy between boa
and idg. If there exists such a morphism between A® and B®, then we say that A®
and B*® are homotopy equivalent.

In other words, two complexes are homotopy equivalent if they become isomorphic
in the category of complexes up to homotopy.

Lemmal 13.9. Let A be an abelian category.

(1) The category of cochain complezes in A is abelian.

(2) A morphism of cochain complexzes f : A* — B*® is injective if and only if
each f™: A™ — B"™ is injective.

(3) A morphism of cochain complexes f : A®* — B® is surjective if and only if
each f: A™ — B"™ is surjective.

(4) A sequence of cochain complezes

AL & o0
s exact at B® if and only if each sequence

AL pi g g
is exact at B°.

Proof. Omitted. U

For any i € Z the ith cohomology group of a cochain complex A® is defined by the
following formula

H'(A®*) = Ker(d")/ Im(d"™ ).
If f: A®* — B°® is a morphism of cochain complexes of A then we get an induced
morphism H(f) : H'(A®*) — H'(B®) because clearly f!(Ker(d® : A* — A1) C
Ker(d' : B — B**1), and similarly for Im(d*~!). Thus we obtain a functor

H: CoCh(A) — A.

Definition 13.10. Let A be an abelian category.
(1) A morphism of cochain complexes f : A* — B® of A is called a quasi-
isomorphism if the induced maps H(f) : H'(A®) — H*(B®) is an isomor-
phism for all i € Z.

(2) A cochain complex A® is called acyclic if all of its cohomology objects
Hi(A®) are zero.

Lemmal 13.11. Let A be an abelian category.

(1) If the maps f,qg : A* — B® are homotopic, then the induced maps H'(f)
and H'(g) are equal.
(2) If f: A* — B*® is a homotopy equivalence, then f is a quasi-isomorphism.

Proof. Omitted. O
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0117 Lemma 13.12. Let A be an abelian category. Suppose that
0—>A*—>B*—>C*—>0
is a short exact sequence of cochain complexes of A. Then there is a long exact
cohomology sequence

Hi(A%) = Hi(B*) H'(C*)

Hi+1(Ao) s Hi+1(Bo) s Hi+1(cn)

The construction produces long exact cohomology sequences which are functorial in
the short exact sequence and compatible with shifts as in Definition [17.8

Proof. For the horizontal maps H*(A®) — H'(B*®) and H'(B*) — H'(C*®) we
use the fact that H' is a functor, see above. For the “boundary map” H*(C*®) —
HiTY(A®) we use the map J of the Snake Lemma applied to the diagram

A/ Im(dy ) —— B/ Im(dy ') — C*/Im(di; ') —=0

Ker(d';™) Ker(d4g™) Ker(dif )

0

This works as the kernel of the right vertical map is equal to H*(C*®) and the
cokernel of the left vertical map is H**!(A®). The exactness of the long sequence
is the exactnesss in part (2) of Lemma The functoriality is Lemma
Compatibility with shifts is immediate from the definitions. O

14. Homotopy and the shift functor

0119 It is an annoying feature that signs and indices have to be part of any discussion
of homological algebr

011A |Definition/ 14.1. Let A be an additive category. Let A, be a chain complex with
boundary maps da,, : A, — An—1. For any k € Z we define the k-shifted chain
complex Alk]s as follows:
(1) we set A[k], = Aptk, and
(2) we set dagy),n : Alk]ln = Alk]n—1 equal to dapn = (—1)"dansk-
If f: Ae — B, is a morphism of chain complexes, then we let f[k] : A[k]s — B[k]e
be the morphism of chain complexes with f[k], = fitn-

Of course this means we have functors [k] : Ch(A) — Ch(A) which mutually
commute (on the nose, without any intervening isomorphisms of functors), such
that A[k][l]le = A[k + s and with [0] = idgh(a)-

2Please let us know if you notice sign errors or if you have improvements to our conventions.
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Recall that we view A as a full subcategory of Ch(A), see Section Thus for
any object A of A the notation A[k] refers to the unique chain complex zero in all
degrees except having A in degree —k.

Definition 14.2. Let A be an abelian category. Let A, be a chain complex
with boundary maps da : A, — A,—1. For any k € Z we identify H;y,(As) —
H;(A[k]s) via the identification A, = A[k];.

This identification is functorial in A,. Note that since no signs are involved in
this definition we actually get a compatible system of identifications of all the
homology objects H;_x(A[k]s), which are further compatible with the identifications
Alk][l]e = Alk 4 1]o and with [0] = idcp(a)-

Let A be an additive category. Suppose that A, and B, are chain complexes,
a,b : Ae — B, are morphisms of chain complexes, and {h; : A; — B;y1} is a
homotopy between a and b. Recall that this means that a; —b; = d;+10h;+h;—10d;.
What if @ = b7 Then we obtain the formula 0 = d;41 0h; +h;—1 od;, in other words,
—d;iq1 0 h; = hj_1 od;. By definition above this means the collection {h;} above
defines a morphism of chain complexes

Ae — Bl[1]e.

Such a thing is the same as a morphism A[—1], — B, by our remarks above. This
proves the following lemma.

Lemmal 14.3. Let A be an additive category. Suppose that Ae and Be are chain
complexes. Given any morphism of chain complezes a : Ae — B, there is a bijection
between the set of homotopies from a to a and Mor o4y (Ae, B[1]s). More generally,
the set of homotopies between a and b is either empty or a principal homogeneous
space under the group Mor g4y (Ae, B[1]e).

Proof. See above. O

Lemmal 14.4. Let A be an abelian category. Let
0> Ay -+ Be =+ Co =0

be a short exact sequence of complexes. Suppose that {s, : C,, — Bp} is a family
of morphisms which split the short exact sequences 0 — A, — B,, — C,, — 0. Let
7o+ Bn — A, be the associated projections, see Lemma[5.10. Then the family of
morphisms
Tp—1 © dB,n O Snp : Cn — Anfl

define a morphism of complexes §(s) : Co — A[—1]s.

Proof. Denote i : A, — B, and ¢ : B, — (4 the maps of complexes in the
short exact sequence. Then i,_1 0 m,—1 0dpyn 08, = dpn © 8n — Sn—1 © do .
Hence 4,,—2 0 dapn—1 0 Tp—10dn ©Sp = dpn—1° (dBn © Sp — Sp—1 0 dcn) =
—dB p—108p—10dc,y as desired. O

Lemma 14.5. Notation and assumptions as in Lemma above. The morphism
of complezes 6(s) : Co — A[—1]e induces the maps

Hl(é(s)) : HZ(C.) — HZ(A[—l].) = Hifl(A.)
which occur in the long exact homology sequence associated to the short exact se-
quence of chain complexes by Lemma [13.6,
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Proof. Omitted. O

Lemma 14.6. Notation and assumptions as in Lemma above. Suppose {s!, :
Cn — By} is a second choice of splittings. Write s,, = s, + in © hy for some
unique morphisms h,, : C,, = A,,. The family of maps {hy, : C;, = A[—1]p41} is a
homotopy between the associated morphisms 6(s),d(s’) : Co — A[—1]s.

Proof. Omitted. O

Definition 14.7. Let A be an additive category. Let A® be a cochain complex
with boundary maps d% : A" — A"l For any k € Z we define the k-shifted
cochain complex A[k]® as follows:

(1) we set A[k]" = A" and

(2) we set dly,, « A[kK]" — A[K]" Tt equal to Ay = (—1)kart,

If f : A* — B® is a morphism of cochain complexes, then we let f[k] : A[k]* — Blk]®
be the morphism of cochain complexes with f[k]* = fk+7.

Of course this means we have functors [k] : CoCh(A) — CoCh(A) which mutually
commute (on the nose, without any intervening isomorphisms of functors) and such
that A[k][l]* = A[k 4 1]* and with [0] = idcocn(a)-

Recall that we view A as a full subcategory of CoCh(.A), see Section Thus for
any object A of A the notation A[k] refers to the unique cochain complex zero in
all degrees except having A in degree —k.

Definition 14.8. Let A be an abelian category. Let A® be a cochain complex
with boundary maps d% : A" — A"l For any k € Z we identify H'F(A®) —
H'(A[k]®) via the identification A'T* = A[k]’.

This identification is functorial in A®. Note that since no signs are involved in
this definition we actually get a compatible system of identifications of all the ho-
mology objects H~¥(A[k]*), which are further compatible with the identifications
A[K][l]* = Alk + 1]* and with [0] = idcocn(a)-

Let A be an additive category. Suppose that A® and B® are cochain complexes,
a,b : A* — B*® are morphisms of cochain complexes, and {h’ : A* — Bi~1} is a
homotopy between a and b. Recall that this means that a’ —b* = d*~loh*4+hiT1od’.
What if @ = b? Then we obtain the formula 0 = d*~! o h* + hit!od?, in other words,
—d"=1 o hi = Tt o d'. By definition above this means the collection {h‘} above
defines a morphism of cochain complexes

A® — B[-1]".

Such a thing is the same as a morphism A[1]* — B® by our remarks above. This
proves the following lemma.

Lemmal 14.9. Let A be an additive category. Suppose that A® and B® are cochain
complexes. Given any morphism of cochain complexes a : A®* — B® there is a
bijection between the set of homotopies from a to a and Mor g,cpa)(A®, B[—1]°).
More generally, the set of homotopies between a and b is either empty or a principal
homogeneous space under the group Mor cocon(a)(A®, B[—1]®).

Proof. See above. O
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011J Lemmal 14.10. Let A be an additive category. Let
0—+A*"—-B*—-C*—0
be a complez (!) of complexes. Suppose that we are given splittings B = A™ & C"
compatible with the maps in the displayed sequence. Let s™ : C™ — B™ and 7" :
B™ — A™ be the corresponding maps. Then the family of morphisms
a"lodlos™: O — A

define a morphism of complexes § : C* — A[1]°.

Proof. Denote ¢ : A* — B® and ¢ : B* — C*® the maps of complexes in the
short exact sequence. Then i"*! o 7"+l o d? 0 s" = dy o s" — s"T! o d. Hence
i"2odi Mt ot lod} 08" = dE T o (dy o s — 5" odl) = —dB o s" T o dl, as
desired. (]

011K |Lemmal 14.11. Notation and assumptions as in Lemma above. Assume in
addition that A is abelian. The morphism of complexes § : C* — A[l1]* induces the
maps
H(8) : H(C®) — H'(A[1]*) = H'T(A®)
which occur in the long exact homology sequence associated to the short exact se-
quence of cochain complezes by Lemma[13.13

Proof. Omitted. |

011L |Lemmal 14.12. Notation and assumptions as in Lemmal|14.10, Let o : A®* — B®,

B : B®* — C* be the given morphisms of complexes. Suppose (s')" : C™ — B™ and
(7)™ : B™ — A™ is a second choice of splittings. Write (') = s™ + a™ o h™ and
(7)™ = 7"+ g" o 8™ for some unique morphisms h™ : C™ — A™ and g" : O™ — A"™.
Then

(1) g" = —h", and

(2) the family of maps {g" : C™ — A[1]"~'} is a homotopy between 6,6 : C* —

A[1]*, more precisely (§')" = 6" + g" Tl o d + dz[_ﬁ og™.
Proof. As (s')" and (7)™ are splittings we have (7")™ o (s")™ = 0. Hence
which proves (1). We compute (§")" as follows
(ﬂ,nJrl +gn+1 OﬂnJrl) Od% ° (Sn +an Ohn) — 5n +gn+1 OdTCL« _|_dz Oh,n

Since h™ = —g" and since df‘m = —d% we conclude that (2) holds. O

15. Truncation of complexes

0118 Let A be an abelian category. Let A, be a chain complex. There are several ways
to truncate the complex A,.
(1) The “stupid” truncation o<, is the subcomplex o<, As defined by the rule
(0<nAe); =0if i > n and (0<p4e); = A; if i <n. In a picture

UgnAo e 0 An An,1

| ]

A, . Api1 A, Ap_1
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Note the property o<, Ae/0<n—14e = Ap[—n].
(2) The “stupid” truncation o>, is the quotient complex o>, A, defined by the
rule (o>pA4e)i = A; if i > n and (0>p4.); = 0 if i < n. In a picture

A . Aniy A, An
0>nAe . Ania A, 0

The map of complexes 0>, Ae — 0>,11A4 is surjective with kernel A, [—n].
(3) The canonical truncation 7>, Ae is defined by the picture

T>nAe coo—— Apy1 —— Ker(d,) I
A. ...*>An+1 An An71*>---

Note that these complexes have the property that

{Hi(A.) if i>n

Hi(r2nds) = 0 if i<n

(4) The canonical truncation T<, A is defined by the picture

A. o A’nJrl An A’I’l*l
T<nAe . 0 Coker(dp+1) A,

Note that these complexes have the property that

Hi(r<nAs) = { 0 if i>n
Let A be an abelian category. Let A® be a cochain complex. There are four ways
to truncate the complex A®.

(1) The “stupid” truncation o>, is the subcomplex 0>, A® defined by the rule

(05,A%) =01if i <n and (0>,A4%)" = A" if i > n. In a picture

o5 A® . 0 An Antl
A* - An—1 An Antl

Note the property 0>, A®/0>,411 A% = A™[—n].
(2) The “stupid” truncation o<, is the quotient complex o<, A® defined by the
rule (0<,A®) ' =0if i > n and (0<,A®)* = A" if i < n. In a picture

A . An-1 An Antl
T<nA® . An-? An 0

The map of complexes o<, A* — 0<,,—1A® is surjective with kernel A™[—n].
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(3) The canonical truncation 7<, A® is defined by the picture

T<nA® con—= A" — Ker(d) 0
A* s —> Al A" Artl o

Note that these complexes have the property that

i R Hi(A®) if i<n
H(T<”A>:{ E) ) if i>n

(4) The canonical truncation 7>, A® is defined by the picture

A e An—1 A™ Artl
T>nA® . 0 Coker(d"™1) Artl

Note that these complexes have the property that

16. Graded objects
We make the following definition.

Definition 16.1. Let A be an additive category. The category of graded objects
of A, denoted Gr(A), is the category with
(1) objects A = (A?) are families of objects A%, i € Z of objects of A, and
(2) morphisms f: A = (A*) — B = (B") are families of morphisms f*: A" —
B of A.

If A has countable direct sums, then we can associate to an object A = (A?) of

Gr(A) the object
A=,

and set kA = A’. In this case Gr(A) is equivalent to the category of pairs (A, k)
consisting of an object A of A and a direct sum decomposition

A=(P, kA
by direct summands indexed by Z and a morphism (A, k) — (B, k) of such objects
is given by a morphism ¢ : A — B of A such that p(k'A) C k'B for all i €
Z. Whenever our additive category A has countable direct sums we will use this
equivalence without further mention.

However, with our definitions an additive or abelian category does not necessarily
have all (countable) direct sums. In this case our definition still makes sense. For
example, if A = Vecty is the category of finite dimensional vector spaces over a
field k, then Gr(Vecty) is the category of vector spaces with a given gradation
all of whose graded pieces are finite dimensional, and not the category of finite
dimensional vector spaces with a given gradation.
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Lemma 16.2. Let A be an abelian category. The category of graded objects Gr(.A)
is abelian.

Proof. Let f : A = (A') — B = (B%) be a morphism of graded objects of A
given by morphisms f?: A* — B® of A. Then we have Ker(f) = (Ker(f%)) and
Coker(f) = (Coker(f%)) in the category Gr(.A). Since we have Im = Coim in A we
see the same thing holds in Gr(.A). O

Remark 16.3 (Warning). There are abelian categories A having countable direct
sums but where countable direct sums are not exact. An example is the opposite
of the category of abelian sheaves on R. Namely, the category of abelian sheaves
on R has countable products, but countable products are not exact. For such a
category the functor Gr(A) — A, (A?) — @ A® described above is not exact. It
is still true that Gr(.A) is equivalent to the category of graded objects (A4, k) of A,
but the kernel in the category of graded objects of a map ¢ : (A, k) — (B,k) is
not equal to Ker(yp) endowed with a direct sum decomposition, but rather it is the
direct sum of the kernels of the maps k*A — k*B.

Definition 16.4. Let A be an additive category. If A = (A?) is a graded object,
then the kth shift A[k] is the graded object with A[k]’ = A*+%.

If A and B are graded objects of A, then we have
(1641) HomGr(.A) (A7 B[k]) = HomGr(.A) (A[_k]a B)

and an element of this group is sometimes called a map of graded objects homoge-
neous of degree k.

Given any set G we can define G-graded objects of A as the category whose objects
are A = (A9)4ecc families of objects parametrized by elements of G. Morphisms
f+ A — B are defined as families of maps f9 : A9 — BY where g runs over the
elements of G. If G is an abelian group, then we can (unambiguously) define shift
functors [g] on the category of G-graded objects by the rule (A[g])% = A9T9 A
particular case of this type of construction is when G = Z x Z. In this case the
objects of the category are called bigraded objects of A. The (p, q) component of a
bigraded object A is usually denoted AP>%. For (a,b) € Z x Z we write Ala,b] in
stead of A[(a,b)]. A morphism A — Ala,b] is sometimes called a map of bidegree
(a,b).

17. Additive monoidal categories

Some material about the interaction between a monoidal structure and an additive
structure on a category.

Definition 17.1. An additive monoidal category is an additive category A endowed
with a monoidal structure ®,¢ (Categories, Definition [43.1)) such that ® is an
additive functor in each variable.

Lemmal 17.2. Let A be an additive monoidal category. If Y;, i = 1,2 are left
duals of X;, 1 =1,2, then Y1 ® Y5 is a left dual of X1 & X5.

Proof. Follows from uniqueness of adjoints and Categories, Remark O

Lemma 17.3. In a Karoubian additive monoidal category every summand of an
object which has a left dual has a left dual.
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Proof. We will use Categories, Lemma without further mention. Let X be
an object which has a left dual Y. We have

Hom(X, X) =Hom(1,X ® Y) = Hom(Y,Y)

If a: X — X corresponds to b : Y — Y then b is the unique endomorphism of Y
such that precomposing by a on

Hom(Z' @ X,Z) =Hom(Z',Z®Y)

is the same as postcomposing by 1®b. Hence the bijection Hom(X, X) — Hom(Y,Y),
a — b is an isomorphism of the opposite of the algebra Hom(X, X) with the algebra
Hom(Y,Y). In particular, if X = X; @ X, then the corresponding projectors eq, es
are mapped to idempotents in Hom(Y,Y). If Y = Y7 @ Y5 is the corresponding
direct sum decomposition of Y (Section [4)) then we see that under the bijection
Hom(Z' ® X,Z) = Hom(Z',Z ® Y) we have Hom(Z' ® X;,Z) = Hom(Z', Z ® Y;)
functorially as subgroups for i = 1,2. It follows that Y; is the left dual of X; by the
discussion in Categories, Remark O

Example|17.4. Let F be a field. Let C be the category of graded F-vector spaces.
Given graded vector spaces V and W we let V ® W denote the graded F-vector
space whose degree n part is

Vew) = VP @p W9
n=p+q

Given a third graded vector space U as associativity constraint ¢ : U® (VW) —
(U®V)®W we use the “usual” isomorphisms
UP@p (VIpW") = (UP@p V) @p W™

of vectors spaces. As unit we use the graded F-vector space 1 which has F' in degree
0 and is zero in other degrees. There are two commutativity constraints on C which
turn C into a symmetric monoidal category: one involves the intervention of signs
and the other does not. We will usually use the one that does. To be explicit, if V'
and W are graded F-vector spaces we will use the isomorphism ¢ : VRQW — WV
which in degree n uses

VP@QpWiI s WIrVP v@w— (-1)PMweu
We omit the verification that this works.
Lemma 17.5. Let F be a field. Let C be the category of graded F-vector spaces

viewed as a monoidal category as in Example[I74 IfV inC has a left dual W, then
>, dimp V™ < 0o and the map € defines nondegenerate pairings W=" x V" — F.

Proof. As unit we take By Categories, Definition we have maps
n:1->VW e WV -1

Since 1 = F placed in degree 0, we may think of € as a sequence of pairings
W=" x V" — F as in the statement of the lemma. Choose bases {e ;}icr, for V"

for all n. Write
77(1) - Zen,i X W—_n,i

for some elements w_, ; € W~" almost all of which are zero! The condition that
(e®1)o(1®mn) is the identity on W means that

> e(wen)wopi=w
n,i
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Thus we see that W is generated as a graded vector space by the finitely many
nonzero vectors w_p ;. The condition that (1 ® €) o (n ® 1) is the identity of V

means that
> eni €(w_piv) =0
n,t

In particular, setting v = e, ; we conclude that e(w_,, ;,€p i) = d;i. Thus we find
that the statement of the lemma holds and that {w_, ;}icr, is the dual basis for
W =" to the chosen basis for V™. O

18. Double complexes and associated total complexes
We discuss double complexes and associated total complexes.

Definition 18.1. Let A be an additive category. A double complex in A is given
by a system ({AP9,d9, d5 7}, 4ez), where each AP-? is an object of A and d}’? :
AP@ — APTLG and d5? 1 AP9 — AP4F! are morphisms of A such that the following
rules hold:

(1) ot

(2) "o dbt — 0

(3) Ao o st — 50

for all p,q € Z.

This is just the cochain version of the definition. It says that each AP® is a cochain
complex and that each d}’® is a morphism of complexes AP** — AP*1:®* such that
dﬁ’“" od* = 0 as morphisms of complexes. In other words a double complex can
be seen as a complex of complexes. So in the diagram

dp,q+1
s APt L gptlatl
s +1,
e aztta

dy
AP Aptla o

any square commutes. Warning: In the literature one encounters a different defini-
tion where a “bicomplex” or a “double complex” has the property that the squares
in the diagram anti-commute.

Example| 18.2. Let A, B, C be additive categories. Suppose that
R:AXxB—C, (X,)Y)—XQY

is a functor which is bilinear on morphisms, see Categories, Definition for the
definition of A x B. Given complexes X*® of A and Y* of B we obtain a double
complex

K** — X°* ® ve
in C. Here the first differential K9 — KP*%4 is the morphism X? @ Y9 —
XPT1®Y? induced by the morphism X? — XP*! and the identity on Y. Similarly
for the second differential.
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Definition 18.3. Let A be an additive category. Let A®® be a double complex.
The associated simple complex, denoted sA®, also often called the associated total
complez, denoted Tot(A®*), is given by
sA™ = Tot"(A%®) = AP
( ) GBTL:p-ﬁ-q
(if it exists) with differential

dng - dTrIL\Ot(A.,o) - Zn:erq(dﬁ)’q —+ (71)pd5,q)

If countable direct sums exist in A or if for each n at most finitely many AP"~P
are nonzero, then Tot(A**®) exists. Note that the definition is not symmetric in the
indices (p, q).

Remark| 18.4. Let A be an additive category. Let A®** be a triple complex.
The associated total complex is the complex with terms

Tot™(A%**) = AP
ot"(A) =P
and differential
e = Do B0 (I 4 (1

With this definition a simple calculation shows that the associated total complex
is equal to

Tot(A®***) = Tot(Toty2(A***)) = Tot(Totaz(A***))

In other words, we can either first combine the first two of the variables and then
combine sum of those with the last, or we can first combine the last two variables
and then combine the first with the sum of the last two.

Remark| 18.5. Let A be an additive category. Let A** be a double complex with
differentials d}"? and d5'?. Denote A®**[a,b] the double complex with

(A*°*[a, b)) = APTaath
and differentials
Ayl ety = (—1)*dyt T and Ayl efap2 = (—1)bdpteat?
In this situation there is a well defined isomorphism
v : Tot(A**)[a + b] — Tot(A**[a,b])

which in degree n is given by the map

(Tot(A**)[a+b)" = D,1 yontars A™?
J{e(p,q,a,b)idAp,q

Tot(A**[a,b])” = P AP’ +and+b

p'+q'=n

for some sign €(p,q,a,b). Of course the summand AP? maps to the summand
AP +ad +b when p = p/ + a and ¢ = ¢’ + b. To figure out the conditions on these
signs observe that on the source we have

dlara = (=1)%+ (@ 4+ (=1)Pdy?)
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whereas on the target we have
Al vaatso = (1) T+ ()7 (1)

Thus our constraints are that

(—1)%(p.g.a,b) = e(p+1,q,a,0)(=1)"** & e(p + 1,¢,a,b) = (=1)"¢(p, g, a, b)
and

()" **e(p,g,a,b) = e(p, g+ 1,a,b)(—=1)* " & €(p,¢,a,b) = e(p,q + 1, a,b)
Thus we choose €(p, ¢, a,b) = (—1)P.
Remark| 18.6. Let A be an additive category with countable direct sums. Let

DoubleComp(.A) denote the category of double complexes. We can consider an
object A** of DoubleComp(.A) as a complex of complexes as follows

L AT A0 gl

For the variant where we switch the role of the indices, see Remark In this
remark we show that taking the associated total complex is compatible with all the
structures on complexes we have studied in the chapter so far.

First, observe that the shift functor on double complexes viewed as complexes of
complexes in the manner given above is the functor [0, 1] defined in Remark
By Remark the functor

Tot : DoubleComp(.A) — Comp(.A)
is compatible with shift functors, in the sense that we have a functorial isomorphism
v : Tot(A**)[1] — Tot(A**[0, 1]).
Second, if
f,g: A — B**
are homotopic when f and g are viewed as morphisms of complexes of complexes
in the manner given above, then

Tot(f), Tot(g) : Tot(A**®) — Tot(B**)

are homotopic maps of complexes. Indeed, let h = (h?) be a homotopy between f
and g. If we denote h?9 : AP — BP4~! the component in degree p of h?, then
this means that

[P — gPd = dgq—l o hP9 4 pPatt o (b1

The fact that h? : A9 — B*971 is a map of complexes means that
dﬁ”q_l o hPd = pPt1a o i
Let us define b’ = ((h')™) the homotopy given by the maps (h')" : Tot"(A**) —
1

Tot™ ' (B**) using (—1)?h”? on the summand AP? for p + ¢ = n. Then we see
that

dTOt(B'*') [©] h/ + h/ o dTOt(A"’)

restricted to the summand AP>? is equal to

AT o(— )PP (—1)Pd T o (= 1)PRP4(—1)P T P 1 0dl 4 (—1)PRP 9+ o(—1)Pdb

which evaluates to fP'9 — gP»? by the equations given above. This proves the second
compatibility.


https://stacks.math.columbia.edu/tag/0G6A

0G6B

HOMOLOGICAL ALGEBRA 44

Third, suppose that in the paragraph above we have f = g. Then the assignment
h ~ h' above is compatible with the identification of Lemma More precisely,
if we view h as a morphism of complexes of complexes A®* — B**[0,—1] via this

lemma then
.0 Tot(h) .0 '771 .0
Tot(A**) —= Tot(B**[0, —1]) — Tot(B**)[—1]

is equal to h’ viewed as a morphism of complexes via the lemma. Here v is the
identification of Remark [I8:5] The verification of this third point is immediate.

Fourth, let
0— A** — B** - C** =0
be a complex of double complexes and suppose we are given splittings s? : C*? —
B*4%and 7% : B*9 — A*4 of this as in Lemma[I4.10] when we view double complexes
as complexes of complexes in the manner given above. This on the one hand
produces a map
§:C%* — A%°[0,1]

by the procedure in Lemma [I4:10] On the other hand taking Tot we obtain a
complex

0 — Tot(A**) — Tot(B**) — Tot(C**) — 0
which is termwise split (see below) and hence comes with a morphism
5 Tot(C**) —> Tot(A**)[1]
well defined up to homotopy by Lemmas and[14.12] Claim: these maps agree

in the sense that

Tot(C**) 22 Tot(A%*[0,1]) 2 Tot(A"*)][1]

is equal to ¢’ where v is as in Remark To see this denote s?? : CP9 —
B*?% and 771 : BP? — AP:? the components of s? and 7. As splittings (s')" :
Tot"(C**) — Tot"(B**) and (x')™ : Tot"(B**) — Tot"(A®**) we use the maps
whose components are sP? and 7?7 for p + ¢ = n. We recall that

(8)" = ()" 0 Ay ey © ()" : Tot™(C**) — Tot™ ! (4**)
The restriction of this to the summand C?? is equal to
aPT1ha o d’l”q 0 P 4 gPatl g (_1)pd12%q o Pl = gpatl g (_1)pd§7q o sP4

The equality holds because s? is a morphism of complexes (with d; as differential)
and because 7Pt 190sP*t14 = ( as s and 7 correspond to a direct sum decomposition
of B in every bidegree. On the other hand, for § we have

59 =7%dy089: C%9 — A®ITL

whose restriction to the summand C?4 is equal to 779+ o dh? 0 574, The difference
in signs is exactly canceled out by the sign of (—1)? in the isomorphism v and the
fourth claim is proven.

Remark| 18.7. Let A be an additive category with countable direct sums. Let
DoubleComp(.A) denote the category of double complexes. We can consider an
object A** of DoubleComp(.A) as a complex of complexes as follows

o ATEe o A gl
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For the variant where we switch the role of the indices, see Remark [I8.6] In this
remark we show that taking the associated total complex is compatible with all the
structures on complexes we have studied in the chapter so far.

First, observe that the shift functor on double complexes viewed as complexes of
complexes in the manner given above is the functor [1,0] defined in Remark
By Remark the functor

Tot : DoubleComp(.4) — Comp(.A)

is compatible with shift functors, in the sense that we have a functorial isomorphism
v : Tot(A**)[1] — Tot(A**[1,0]).

Second, if

f,g: A®* — B**
are homotopic when f and g are viewed as morphisms of complexes of complexes
in the manner given above, then
Tot(f), Tot(g) : Tot(A**) — Tot(B**)

are homotopic maps of complexes. Indeed, let h = (hP) be a homotopy between f
and g. If we denote h?9 : AP — BP~1L:4 the component in degree p of h?, then
this means that
P gpd = dzlvfl»q o AP 4 pptLla g dzlo,q
The fact that kP : AP** — BP~1:* is a, map of complexes means that
d;2>71,q o hP'd4 — ppatl g dg,q

Let us define b’ = ((h’)™) the homotopy given by the maps (h')" : Tot" (A**) —
Tot™ ' (B**) using 9 on the summand AP? for p + g = n. Then we see that

dTOt(B"') ] h/ + h// o] dTOt(A'=')
restricted to the summand AP>? is equal to
d{;q,q o hP? 4 (,1)p71d127*17q o AP 4 pptla g d?? 4 pPatl o (—1)Pdhd

which evaluates to fP'9 — gP»? by the equations given above. This proves the second
compatibility.

Third, suppose that in the paragraph above we have f = g. Then the assignment
h ~ h' above is compatible with the identification of Lemma More precisely,
if we view h as a morphism of complexes of complexes A®* — B**[—1,0] via this
lemma then
Tot(h) ~t
Tot(A**) —— Tot(B**[—1,0]) — Tot(B**)[—1]

is equal to h’ viewed as a morphism of complexes via the lemma. Here 7 is the
identification of Remark The verification of this third point is immediate.

Fourth, let

0— A** - B** - C** -0
be a complex of double complexes and suppose we are given splittings sP : CP®* —
BP* and 7P : BP* — AP* of this as in Lemma [[4.10] when we view double com-
plexes as complexes of complexes in the manner given above. This on the one hand

produces a map
0:C%* — A**[0,1]
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by the procedure in Lemma [I4:10} On the other hand taking Tot we obtain a
complex
0 — Tot(A**) — Tot(B**) — Tot(C**) = 0
which is termwise split (see below) and hence comes with a morphism
8" : Tot(C**) — Tot(A**)[1]

well defined up to homotopy by Lemmas [[4.10]and [[4.12] Claim: these maps agree
in the sense that

-1
Tot(C**) 22 Tot(A**[1,0]) T Tot(A%*)[1]

is equal to ¢’ where 7 is as in Remark To see this denote sP9 : CP7 —

B*% and 7P : BP? — AP the components of s¢ and w9. As splittings (s')™ :

Tot™(C**) — Tot"(B**) and («')™ : Tot"(B**) — Tot"(A**) we use the maps

whose components are sP? and 77 for p + ¢ = n. We recall that

(5l)n — (W/)n-l-l o d7’Il‘ot(B°w°) ° (S/)n . Tot"(C"') — TOtn+1(A.’.)
The restriction of this to the summand CP9 is equal to
aPt1ha o dllw 0 Pl L gpPatl g (_1)pd1277q 0 P4 = gPt1la o d1177q o gPd

The equality holds because sP is a morphism of complexes (with ds as differential)
and because 779t o591 = (0 as s and 7 correspond to a direct sum decomposition
of B in every bidegree. On the other hand, for § we have

§P =mPodyosh: CP® — APTLe

whose restriction to the summand CP is equal to 77+ o di"? o sP4. Thus we
get the same as before which matches with the fact that the isomorphism ~ :
Tot(A**)[1] — Tot(A**[1,0]) is defined without the intervention of signs.

19. Filtrations

A nice reference for this material is [Del71l Section 1]. (Note that our conventions
regarding abelian categories are different.)

Definition 19.1. Let A be an abelian category.

(1) A decreasing filtration F on an object A is a family (F™A),cz of subobjects
of A such that

AD...DF"A>F"A>...00

(2) A filtered object of A is pair (A, F') consisting of an object A of A and a
decreasing filtration F on A.

(3) A morphism (A, F) — (B, F) of filtered objects is given by a morphism
¢ : A — B of Asuch that p(F'A) C F'B for all i € Z.

(4) The category of filtered objects is denoted Fil(A).

(5) Given a filtered object (A, F') and a subobject X C A the induced filtration
on X is the filtration with F"X = X N F"A.

(6) Given a filtered object (A, F) and a surjection m : A — Y the quotient
filtration is the filtration with F*Y = w(F™A).

(7) A filtration F on an object A is said to be finite if there exist n,m such
that F"A = A and FA = 0.
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(8) Given a filtered object (A, F') we say (| F*A exists if there exists a biggest
subobject of A contained in all F*A. We say |J F'A exists if there exists a
smallest subobject of A containing all F*A.

(9) The filtration on a filtered object (A, F) is said to be separated if (| F'A = 0
and ezhaustive if | J F'A = A.

By abuse of notation we say that a morphism f : (A, F) — (B, F) of filtered objects
is injective if f : A — B is injective in the abelian category A. Similarly we say
f is surjective if f : A — B is surjective in the category A. Being injective (resp.
surjective) is equivalent to being a monomorphism (resp. epimorphism) in Fil(.A).
By Lemma this is also equivalent to having zero kernel (resp. cokernel).

Lemma 19.2. Let A be an abelian category. The category of filtered objects Fil(.A)
has the following properties:

(1) It is an additive category.

(2) It has a zero object.

(3) It has kernels and cokernels, images and coimages.
(4) In general it is not an abelian category.

Proof. It is clear that Fil(A) is additive with direct sum given by (A4, F)®(B, F) =
(A® B, F) where FP(A® B) = FPA® FPB. The kernel of a morphism f : (4, F) —
(B, F) of filtered objects is the injection Ker(f) C A where Ker(f) is endowed with
the induced filtration. The cokernel of a morphism f : A — B of filtered objects
is the surjection B — Coker(f) where Coker(f) is endowed with the quotient
filtration. Since all kernels and cokernels exist, so do all coimages and images. See
Example for the last statement. O

Definition 19.3. Let A be an abelian category. A morphism f : A — B of filtered
objects of A is said to be strict if f(F'A) = f(A)N F'B for all i € Z.

This also equivalent to requiring that f~*(FB) = F'A + Ker(f) for all i € Z. We
characterize strict morphisms as follows.

Lemmal 19.4. Let A be an abelian category. Let f : A — B be a morphism of
filtered objects of A. The following are equivalent

(1) f s strict,

(2) the morphism Coim(f) — Im(f) of Lemma[3.19 is an isomorphism.

Proof. Note that Coim(f) — Im(f) is an isomorphism of objects of .4, and that
part (2) signifies that it is an isomorphism of filtered objects. By the description
of kernels and cokernels in the proof of Lemma we see that the filtration
on Coim(f) is the quotient filtration coming from A — Coim(f). Similarly, the
filtration on Im(f) is the induced filtration coming from the injection Im(f) —
B. The definition of strict is exactly that the quotient filtration is the induced
filtration. O

Lemmal 19.5. Let A be an abelian category. Let f : A — B be a strict monomor-
phism of filtered objects. Let g : A — C be a morphism of filtered objects. Then
f®g: A— B C is a strict monomorphism.

Proof. Clear from the definitions. O
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Lemmal 19.6. Let A be an abelian category. Let f : B — A be a strict epimor-
phism of filtered objects. Let g : C — A be a morphism of filtered objects. Then
f®g: B®dC — A is a strict epimorphism.

Proof. Clear from the definitions. O

Lemma 19.7. Let A be an abelian category. Let (A, F), (B, F) be filtered objects.
Let u: A — B be a morphism of filtered objects. If u is injective then u is strict if
and only if the filtration on A is the induced filtration. If u is surjective then u is
strict if and only if the filtration on B is the quotient filtration.

Proof. This is immediate from the definition. O
Lemmal 19.8. Let A be an abelian category. Let f: A — B, g: B — C be strict
morphisms of filtered objects.

(1) In general the composition g o f is not strict.
(2) If g is injective, then go f is strict.
(3) If f is surjective, then go f is strict.

Proof. Let B a vector space over a field k with basis e, es, with the filtration
F"B = B for n < 0, with F°B = ke;, and F"B = 0 for n > 0. Now take
A = k(e1+e2) and C = B/key with filtrations induced by B, i.e., such that A — B
and B — C are strict (Lemma [19.7). Then F"(A) = A for n < 0 and F"(A4) =0
for n > 0. Also F"(C) = C for n <0 and F"(C) =0 for n > 0. So the (nonzero)
composition A — C is not strict.

Assume g is injective. Then
g(f(FPA)) = g(f(A) N FPB)
9(f(A)) Ng(FP(B))
(A

= (9o N)(A) N (g(B)NF*C)
= (9o NH(A)NEFPC.

The first equality as f is strict, the second because g is injective, the third because
g is strict, and the fourth because (g o f)(A) C g(B).

Assume f is surjective. Then
(9o f)"H(F'C) = [TH(F'B + Ker(g))
= f7HF'B) + [ (Ker(g))
= F'A + Ker(f) + Ker(g o f)
= F'A+Ker(go f)

The first equality because g is strict, the second because f is surjective, the third
because f is strict, and the last because Ker(f) C Ker(go f). O

The following lemma says that subobjects of a filtered object have a well defined
filtration independent of a choice of writing the object as a cokernel.

Lemma 19.9. Let A be an abelian category. Let (A, F) be a filtered object of A.
Let X CY C A be subobjects of A. On the object

Y/X =Ker(A/X — A/Y)
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the quotient filtration coming from the induced filtration on Y and the induced
filtration coming from the quotient filtration on A/X agree. Any of the morphisms
X=>Y, X>5AY—>AY-A/X,Y -Y/X,Y/X = A/X are strict (with
induced/quotient filtrations).

Proof. The quotient filtration Y/X is given by FP(Y/X) = FPY/(X N F?PY) =
FPY/FPX because FPY =Y N FPA and FPX = X N FPA. The induced filtration
from the injection Y/X — A/X is given by

FP(Y/X)=Y/XNFP(A/X)
=Y/XN(FPA+X)/X
=(YNFPA)/(XNFPA)
= FPY/FPX.
Hence the first statement of the lemma. The proof of the other cases is similar. [

Lemma 19.10. Let A be an abelian category. Let A, B,C € Fil(A). Let f : A— B
and g : A — C be morphisms. Then there exists a pushout

A4f>B

| b

c—tcu,B
in Fil(A). If f is strict, so is f’.

Proof. Set C'I14 B equal to Coker((g, —f) : A = C & B) in Fil(A). This cokernel
exists, by Lemma It is a pushout, see Example Note that FP(C'1l4 B) is
the image of FPC' @ FPB. Hence

(f)"H(FP(Ca B) = g(f~'(F¥B)) + F*C
Whence the last statement. O

Lemma 19.11. Let A be an abelian category. Let A, B,C € Fil(A). Letf : B — A
and g : C — A be morphisms. Then there exists a fibre product

BXAC/HB

Aol

c—2 A

in Fil(A). If f is strict, so is f’.
Proof. This lemma is dual to Lemma [I9.10l O

Let A be an abelian category. Let (A, F) be a filtered object of A. We denote
grh.(A) = grP(A) the object FPA/FPT!1 A of A. This defines an additive functor

gr’ : Fil(A) — A, (A, F) — giP(A4).

Recall that we have defined the category Gr(A) of graded objects of A in Section
For (A, F) in Fil(A) we may set

gr(A) = the graded object of A whose pth graded piece is gr”(A)
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and if A has countable direct sums, then we simply have

gr(4) = Per’(4)

This defines an additive functor
gr: Fil(A) — Gr(A), (A, F)r— gr(4).

Lemma 19.12. Let A be an abelian category.
(1) Let A be a filtered object and X C A. Then for each p the sequence

0— g (X) — gr’(A) —» gr?(A/X) =0

is exact (with induced filtration on X and quotient filtration on A/X ).
(2) Let f: A— B be a morphism of filtered objects of A. Then for each p the
sequences

0 — g’ (Ker(f)) — gr’(A) — ¢gr(Coim(f)) — 0

and
0 — ¢g(Im(f)) — gr*(B) — gr’(Coker(f)) — 0
are exact.

Proof. We have FPT1X = X N FPTL A, hence map gr?(X) — grP(A) is injective.
Dually the map gr?(A) — grP(A/X) is surjective. The kernel of FPA/FPT1A —
A/X +FPT Ais clearly FPTYA+ X NFPA/FPHLA = FPX/FPHLX hence exactness
in the middle. The two short exact sequence of (2) are special cases of the short
exact sequence of (1). O

Lemma 19.13. Let A be an abelian category. Let f: A — B be a morphism of
finite filtered objects of A. The following are equivalent

(1) f is strict,

(2) the morphism Coim(f) — Im(f) is an isomorphism,

(3) gr(Coim(f)) — gr(Im(f)) is an isomorphism,

(4) the sequence gr(Ker(f)) — gr(A) — gr(B) is exact,

(5) the sequence gr(A) — gr(B) — gr(Coker(f)) is exact, and

(6) the sequence

0 — gr(Ker(f)) — gr(A) — gr(B) — gr(Coker(f)) — 0
is exact.

Proof. The equivalence of (1) and (2) is Lemma[19.4 By Lemma[19.12]we see that
(4), (5), (6) imply (3) and that (3) implies (4), (5), (6). Hence it suffices to show that
(3) implies (2). Thus we have to show that if f : A — B is an injective and surjective
map of finite filtered objects which induces and isomorphism gr(A4) — gr(B), then
f induces an isomorphism of filtered objects. In other words, we have to show
that f(FPA) = FPB for all p. As the filtrations are finite we may prove this by
descending induction on p. Suppose that f(FP*1A) = FPTLB. Then commutative
diagram

0—— FPHig FPA gr’(A) ——0
lf lf J{gr”(f)
0 ——= FPTIB FPB gr’(B) —=0

and the five lemma imply that f(FPA) = FPB. a
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Lemmal 19.14. Let A be an abelian category. Let A — B — C be a complez of
filtered objects of A. Assume o : A — B and B : B — C are strict morphisms of
filtered objects. Then gr(Ker(8)/Im(a)) = Ker(gr(8))/Im(gr(a))).

Proof. This follows formally from Lemma [19.12] and the fact that Coim(a) =
Im(a) and Coim(f) = Im(S) by Lemma [19.4] O

Lemmal 19.15. Let A be an abelian category. Let A — B — C be a complex
of filtered objects of A. Assume A, B,C have finite filtrations and that gr(A) —
gr(B) — gr(C) is exact. Then

(1) for each p € Z the sequence gr’(A) — grP(B) — gr?(C) is exact,

(2) for each p € Z the sequence FP(A) — FP(B) — FP?(C) is exact,

(3) for each p € Z the sequence A/FP(A) — B/FP(B) — C/FP(C) is exact,

(4) the maps A — B and B — C are strict, and

(5) A— B — C is ezact (as a sequence in A).

Proof. Part (1) is immediate from the definitions. We will prove (3) by induction
on the length of the filtrations. If each of A, B, C has only one nonzero graded part,
then (3) holds as gr(A) = A, etc. Let n be the largest integer such that at least
one of F"A, F"B, F"C is nonzero. Set A’ = A/F"A, B’ = B/F"B, C' = C/F"C
with induced filtrations. Note that gr(4) = F"A @ gr(A’) and similarly for B
and C. The induction hypothesis applies to A’ — B’ — (', which implies that
A/FP(A) — B/F?(B) — C/FP(C) is exact for p > n. To conclude the same for
p=n+1, ie., to prove that A - B — C' is exact we use the commutative diagram

0 FA A A 0
0 B B B’ 0
0 rmc C c’ 0

whose rows are short exact sequences of objects of A. The proof of (2) is dual. Of
course (5) follows from (2).

To prove (4) denote f : A — B and g : B — C the given morphisms. We know
that f(FP(A)) = Ker(FP(B) — FP(C)) by (2) and f(A) = Ker(g) by (5). Hence
f(FP(A)) = Ker(FP(B) — FP(C)) = Ker(9)NF?(B) = f(A)NF?(B) which proves
that f is strict. The proof that g is strict is dual to this. O

20. Spectral sequences

A nice discussion of spectral sequences may be found in [Eis95]. See also [McCO01],
[Lan02], etc.

Definition 20.1. Let A be an abelian category.

(1) A spectral sequence in A is given by a system (E,,d,),>1 where each E, is
an object of A, each d,. : F,. — E, is a morphism such that d, o d, = 0 and
E,+1 = Ker(d,)/Im(d,) for r > 1.

(2) A morphism of spectral sequences f : (E,,dy)r>1 — (EL,d.)r>1 is given by

a family of morphisms f, : E. — E! such that f. od, = d.. o f, and such
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that f,11 is the morphism induced by f, via the identifications E, 1 =
Ker(d,)/Im(d,) and E], = Ker(d,.)/Im(d},).

We will sometimes loosen this definition somewhat and allow F,.; to be an object
with a given isomorphism E, 1 — Ker(d,)/Im(d,). In addition we sometimes have
a system (E,,d,);>p, for some ro € Z satisfying the properties of the definition
above for indices > ry. We will also call this a spectral sequence since by a simple
renumbering it falls under the definition anyway. In fact, the cases 1o = 0 and
ro = —1 can be found in the literature.

Given a spectral sequence (Ey,d,),>1 we define
0=Bi1CcB,Cc...CcB,C...CZ.,C...CZyCZ1=F

by the following simple procedure. Set By = Im(d;) and Zy = Ker(dy). Then it is
clear that dy : Z2/Bs — Zs/Bs. Hence we can define Bz as the unique subobject
of E; containing Bs such that Bs/Bs is the image of ds. Similarly we can define
Z3 as the unique subobject of E; containing Bs such that Z3/Bs is the kernel of
ds. And so on and so forth. In particular we have

E.=27./B,

for all » > 1. In case the spectral sequence starts at r = ry then we can similarly
construct B;, Z; as subobjects in E,,. In fact, in the literature one sometimes finds
the notation

0= BT(E’!‘) - BT+1(E7") - B7‘+2(Er) c...C Zr+2(Er) - Zr-l—l(Er) - Z’r‘(Er) = Er
to denote the filtration described above but starting with E,..

Definition 20.2. Let A be an abelian category. Let (E.,d,)r>1 be a spectral
sequence.

(1) If the subobjects Zoo = () Z, and Bs, = |J B, of E; exist then we define
the limiﬂ of the spectral sequence to be the object Ey = Zoo/Boo-

(2) We say that the spectral sequence degenerates at E, if the differentials
dp,dyy1,... are all zero.

Note that if the spectral sequence degenerates at E,., then we have FE, = E, 1 =
... = Es (and the limit exists of course). Also, almost any abelian category we
will encounter has countable sums and intersections.

Remark 20.3 (Variant). It is often the case that the terms of a spectral sequence
have additional structure, for example a grading or a bigrading. To accommodate
this (and to get around certain technical issues) we introduce the following notion.
Let A be an abelian category. Let (T).),>1 be a sequence of translation or shift
functors, i.e., T;. : A — A is an isomorphism of categories. In this setting a spectral
sequence is given by a system (E,,d,),>1 where each E, is an object of A, each
d, : B, — T,.FE, is a morphism such that 7T,.d, o d,, = 0 so that

T7'd, d,

TT d7‘
— =T 'E, E,

T.E, T2E,

3This notation is not universally accepted. In some references an additional pair of subobjects
Z o and Boo of Ej such that 0 = B C B2 C ... C Boo C Zoo C ... C Za C Z1 = Ej is part of
the data comprising a spectral sequence!
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is a complex and E, 1 = Ker(d,.)/ Im(T,71d,.) for r > 1. It is clear what a morphism
of spectral sequences means in this setting. In this setting we can still define

0=Bi1CB,C...CB,C...CZ,C...ClZyCZi =EF

and Z., and By, (if they exist) as above.

21. Spectral sequences: exact couples

Definition 21.1. Let A be an abelian category.

(1) An ezact couple is a datum (A, E, «, f,g) where A, E are objects of A and
«, f, g are morphisms as in the following diagram

A——7—A
N
E
with the property that the kernel of each arrow is the image of its prede-
cessor. So Ker(a) = Im(f), Ker(f) = Im(g), and Ker(g) = Im(«).
(2) A morphism of exact couplest: (A, E,a, f,g) — (A, E',d, f',¢) is given

by morphisms t4 : A — A’ and tg : E — E’ such that o/ oty = t4 0 a,
flotp=tiof andg oty =tpog.

Lemma 21.2. Let (A, E,a, f,g) be an exact couple in an abelian category A. Set

)
)
) o A — A induced by a,
) [/ E'— A induced by f,
6) g : A — E' induced by “goa1"
w
)
)

Ker(d) = f~!(Ker(g)) = f~!(Im(a)),
Im(d) = g(Im(f)) = g(Ker(a)),
(3) (A, E o/, f',¢") is an exact couple.

Proof. Omitted. O

Hence it is clear that given an exact couple (A, E, «, f, g) we get a spectral sequence
by setting E1 = E, d1 = d, E2 = E/, d2 =d = g/ Of/, E3 = E", d3 =d" = gNOf”,
and so on.

Definition 21.3. Let A be an abelian category. Let (A, E,a, f,g) be an exact
couple. The spectral sequence associated to the exact couple is the spectral sequence
(Er,dr)»,‘21 with E1 = E, d1 = d, E2 = E/, d2 = d/ = g’ o f/, Eg = E//, d3 = d” =
g"” o f”, and so on.

Lemma 21.4. Let A be an abelian category. Let (A, E, a, f,g) be an exact couple.
Let (E,,d,)r>1 be the spectral sequence associated to the exact couple. In this case
we have

0=B1C...CBy1=gKer(a")C...C Zpy1 = fHIm(@"))C...CZ1 =E
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and the map d,y1 : Er1 — E,y1 is described by the following rule: For any (test)
object T of A and any elementsx : T — Z,11 andy : T — A such that fox = a" oy
we have

dry10T =90y

where T : T — E,y1 is the induced morphism.

Proof. Omitted. (]

Note that in the situation of the lemma we obviously have

By =g (UT Ker(o/”)) C Zo = [ (ﬂr Im(ar))

provided |JKer(a") and (Im(a") exist. This produces as limit Eo, = Zs/Boo,
see Definition [20.2

Remark 21.5 (Variant). Let .4 be an abelian category. Let S, T : A — A be shift
functors, i.e., isomorphisms of categories. We will indicate the n-fold compositions
by S™A and T" A for A € Ob(A) and n € Z. In this situation an ezact couple is a
datum (A, E, «, f,g) where A, E are objects of Aand a: A — T~ 1A, f: E — A,
g: A — SE are morphisms such that

Tf

TE TA-Tos 48 57

SE SA

is an exact complex. Let’s visualize this as follows

«

TA A
Ta
k / X T
TE SE E

T-1SE

Wesetd=gof:E — SE. ThendoS™'d=go foS 1905 !f =0 because
foS™lg=0. Set B/ = Ker(d)/Im(S~1d). Set A’ = Im(Ta). Let o/ : A’ — T-1A’
induced by a. Let f': E' — A’ be induced by f which works because f(Ker(d)) C
Ker(g) = Im(T'«). Finally, let ¢’ : A” — T'SE’ induced by “T'g o (Ta)_l’ﬂ

In exactly the same way as above we find
(1) Ker(d) = f~!(Ker(g)) = f~(Im(Ta)),

(2) Im(d) = g(Im(f)) = g(Ker(a)),
(3) (A, E',d/, f',g") is an exact couple for the shift functors T'S and T.

We obtain a spectral sequence (as in Remark [20.3) with Ey = E, Es = E', etc,
with d, : E, — T"1SE, for all » > 1. Lemma [21.4] tells us that

SB,i1 = g(Ker(T7"Mao...oT aoa))

and
Zry1 = fHIm(TaoT?ao...0 T a))
in this situation. The description of the map d,41 is similar to that given in the

lemma. (It may be easier to use these explicit descriptions to prove one gets a
spectral sequence from such an exact couple.)

4This works because TSE’ = Ker(T'Sd)/Im(T'd) and Tg(Ker(Ta)) = Tg(Im(T'f)) = Im(T(d))
and T'S(d)(Im(Tg)) = Im(T'Sgo TSfoTg) =0.
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22. Spectral sequences: differential objects

Definition 22.1. Let A be an abelian category. A differential object of A is a pair
(A, d) consisting of an object A of A endowed with a selfmap d such that dod = 0. A
morphism of differential objects (A,d) — (B,d) is given by a morphism a: A — B
such that doa = aod.

Lemma 22.2. Let A be an abelian category. The category of differential objects
of A is abelian.

Proof. Omitted. U
Definition 22.3. For a differential object (A, d) we denote

H(A,d) =Ker(d)/Im(d)
its homology.

Lemma 22.4. Let A be an abelian category. Let 0 — (A,d) — (B,d) — (C,d) —
0 be a short exact sequence of differential objects. Then we get an exact homology

sequence
...—> H(C,d) = H(A,d) —» H(B,d) = H(C,d) — ...

Proof. Apply Lemma [13.12]to the short exact sequence of complexes

0 - A - B —- C —= 0
{ 4 4
0 - A - B - C — 0
{ { 4
0O - A - B —- C — 0
where the vertical arrows are d. O

We come to an important example of a spectral sequence. Let A be an abelian
category. Let (A,d) be a differential object of A. Let o : (A,d) — (A,d) be an
endomorphism of this differential object. If we assume « injective, then we get a
short exact sequence

0— (A, d) = (A, d) = (A/aA,d) = 0
of differential objects. By the Lemma [22.4] we get an exact couple
H(A,d) p- H(A,d)

I

H(A/aA, d)

where ¢ is the canonical map and f is the map defined in the snake lemma. Thus we
get an associated spectral sequence! Since in this case we have Ey = H(A/aA,d)
we see that it makes sense to define Ey = A/aA and dg = d. In other words, we
start the spectral sequence with 7 = 0. According to our conventions in Section [20]
we define a sequence of subobjects

0=ByC...CB,C...CZ.C...CZy=E,

with the property that E, = Z,./B,. Namely we have for r > 1 that
(1) B, is the image of (a"~!)~1(dA) under the natural map A — A/aA,
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(2) Z, is the image of d~1(a"A) under the natural map A — A/aA, and
(3) d, : E,. — E, is given as follows: given an element z € Z, choose an element
y € A such that d(z) = a”(y). Then d,(z + B, + aA) =y + B, + a¢A.

Warning: It is not necessarily the case that a4 C (a""1)7!(dA), nor A C
d='(a"A). Tt is true that (a""1)~1(dA) C d~!(a"A). We have
dt(a"A) + aA
(ar=1)~1(dA) + A’
It is not hard to verify directly that (1) — (3) give a spectral sequence.

E, =

Definition 22.5. Let A be an abelian category. Let (A, d) be a differential object
of A. Let & : A — A be an injective selfmap of A which commutes with d.
The spectral sequence associated to (A,d, ) is the spectral sequence (E,,d,);>0
described above.

Remark 22.6 (Variant). Let A be an abelian category and let S,T : A —
A be shift functors, i.e., isomorphisms of categories. Assume that T'S = ST as
functors. Consider pairs (A, d) consisting of an object A of A and a morphism
d: A — SA such that d o S~'d = 0. The category of these objects is abelian. We
define H(A,d) = Ker(d)/Im(S~!d) and we observe that H(SA, Sd) = SH(A,d)
(canonical isomorphism). Given a short exact sequence
0— (4,d) = (B,d) = (C,d) = 0
we obtain a long exact homology sequence
...—= S7'H(C,d) — H(A,d) — H(B,d) — H(C,d) — SH(A,d) — ...
(note the shifts in the boundary maps). Since ST = T'S the functor T defines a shift
functor on pairs by setting T'(A,d) = (T'A,Td). Next, let o : (A,d) — T~ 1(A4,d)
be injective with cokernel (@), d). Then we get an exact couple as in Remark
with shift functors T'S and T given by
(H(A,d),S" H(Q,d),a, f,9)
where @ : H(A,d) — T 'H(A,d) is induced by «, the map f : ST*H(Q,d) —
H(A,d) is the boundary map and g : H(A,d) — TH(Q,d) = TS(S™'H(Q,d))
is induced by the quotient map A — T'Q. Thus we get a spectral sequence as
above with By = ST'H(Q, d) and differentials d,. : E, — T"SE,. As above we set
Ey=8"1'Q and dy : Ey — SEq given by S~ 'd : S7'Q — Q. If according to our
conventions we define B, C Z,. C Ey, then we have for r > 1 that
(1) SB, is the image of
(T ao...oT o) Im(T "S5~ d)
under the natural map 7714 — Q,
(2) Z, is the image of
(ST ') Im(ao...oT" )
under the natural map S~!7T-1A4 — S~1Q.

The differentials can be described as follows: if x € Z,., then pick 2’ € S™!T—1A
mapping to 2. Then S~1T1d(2') is (ao...o T ta)(y) for some y € T"LA.
Then d,.(x) € T"SE, is represented by the class of the image of y in T"SFEy =T"Q
modulo T"SB,..


https://stacks.math.columbia.edu/tag/011Z
https://stacks.math.columbia.edu/tag/0AMK

HOMOLOGICAL ALGEBRA 57

23. Spectral sequences: filtered differential objects
012A We can build a spectral sequence starting with a filtered differential object.

012B Definition 23.1. Let A be an abelian category. A filtered differential object
(K, F,d) is a filtered object (K, F) of A endowed with an endomorphism d :
(K, F) — (K, F) whose square is zero: dod = 0.

To describe the spectral sequence associated to such an object we assume, for
the moment, that A is an abelian category which has countable direct sums and
countable direct sums are exact (this is not automatic, see Remark . Let
(K, F,d) be a filtered differential object of A. Note that each F™K is a differential
object by itself. Consider the object A = @ F"K and endow it with a differential d
by using d on each summand. Then (A, d) is a differential object of A which comes
equipped with a grading. Consider the map

a:A— A

which is given by the inclusions F"K — F"~'K. This is clearly an injective
morphism of differential objects « : (A4,d) — (A,d). Hence, by Definition we
get a spectral sequence. We will call this the spectral sequence associated to the
filtered differential object (K, F,d).

Let us figure out the terms of this spectral sequence. First, note that A/aA = gr(K)
endowed with its differential d = gr(d). Hence we see that

Ey = gr(K), do=gr(d).
Hence the homology of the graded differential object gr(K) is the next term:
By = H(gr(K), gr(d)).

In addition we see that Fj is a graded object of A and that dy is compatible with
the grading. Hence clearly E; is a graded object as well. But it turns out that the
differential d; does not preserve this grading; instead it shifts the degree by 1.

To work this out precisely, we define

oo _ PPE QA7 P E) + FPUK
v FrilK

and
FPKNd(FP~" 1K) + FPHIK

Fril| '
This notation, although quite natural, seems to be different from the notation in
most places in the literature. Perhaps it does not matter, since the literature does
not seem to have a consistent choice of notation either. With these choices we see
that B, C FEy, resp. Z,. C Eg (as defined in Section is equal to @p BP, resp.
@D, ZF. Hence if we define

B =

E} = Z7/BY
for 7 > 0 and p € Z, then we have E. = (P, EF. We can define a differential
dP : EP — EPT" by the rule

24+ FPHUK s dz 4+ FPTHLK
where z € FPK Nd~}(FPTTK).
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Lemma 23.2. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. There is a spectral sequence (E,., d,)r>o in Gr(A) associated to (K, F, d)
such that d. : E. — E.[r] for all r and such that the graded pieces EP and maps
dr : EP — EPT" are as given above. Furthermore, Ef = gi’K, dff = gr*(d), and
By = H(g" K, gr*(d)).

Proof. If A has countable direct sums and if countable direct sums are exact, then
this follows from the discussion above. In general, we proceed as follows; we strongly
suggest the reader skip this proof. Consider the object A = (FP*1K) of Gr(A), i.e.,
we put FPT1K in degree p (the funny shift in numbering to get numbering correct
later on). We endow it with a differential d by using d on each component. Then
(A,d) is a differential object of Gr(A). Consider the map

a:A— Al-1]

which is given in degree p by the inclusions FP*'A — FPA. This is clearly an
injective morphism of differential objects « : (A,d) — (A,d)[—1]. Hence, we can
apply Remark with S = id and T' = [1]. The corresponding spectral sequence
(Er,d,)r>0 in Gr(A) is the spectral sequence we are looking for. Let us unwind the
definitions a bit. First of all we have F, = (EP) is an object of Gr(.A). Then, since
T"S = [r] we have d, : E, — E,[r] which means that d? : E¥ — EP*".

To see that the description of the graded pieces hold, we argue as above. Namely,
first we have Ey = Coker(a : A — A[—1]) and by our choice of numbering above
this gives B = gr? K. The first differential is given by df = g1”d : Ef — EY. Next,
the description of the boundaries B, and the cocycles Z, in Remark [22.6] translates
into a straightforward manner into the formulae for Z? and B? given above. O

Lemma 23.3. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. The spectral sequence (E,,d,),>o associated to (K, F,d) has

& : E? = H(g"K) — H(g*'K) = EPT!
equal to the boundary map in homology associated to the short exact sequence of
differential objects

0— g’ K — FPK/FPY2K — g K — 0.

Proof. This is clear from the formula for the differential d} given just above Lemma
23.2 Il

Definition 23.4. Let A be an abelian category. Let (K, F,d) be a filtered dif-
ferential object of A. The induced filtration on H(K,d) is the filtration defined by
FPH(K,d) = Im(H(FPK,d) — H(K,d)).

Writing out what this means we see that
Ker(d) N FPK + Im(d)
Im(d)

FPH(K,d) =

and hence we see that
o (i) — Ker@ 0 PP + Tm(d) Ker(d) N FPK
T = =
& Ker(d) N FPH K + Im(d)  Ker(d) N FPHK + Im(d) N FPEK
Lemma 23.5. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. If Z2, and BE, exist (see proof), then
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(1) the limit Ew exists and is graded having EY, = ZP2 /BY_ in degree p, and
(2) the associated graded gr(H(K)) of the cohomology of K is a graded subquo-
tient of the graded limit object Fn.

Proof. The objects Zoo, Boo, and the limit Eo = Z /Bo of Definition are
objects of Gr(.A) by our construction of the spectral sequence in the proof of Lemma
Since ZP, resp. BY is the pth graded part of Z,, resp. B,, if we assume that

N, (FPK Nd~Y(FP*"K) + FPHIK)
7P = ﬂr zZP = FrTTR

and

Br U Br_ U, (FPK Nd(FP" 1K) + FPTK)

o) P T Fp+1K
exist, then Zo, and By exist with degree p parts ZZ and BZ (follows from an
elementary argument about unions and intersections of graded subobjects). Thus

N, (FPK Nd~}(FP+K) 4+ FPHE)
U, (FPK Nd(Fr—"11K) + FPHK)

E? =
where the top and bottom exist. We have
(23.5.1) Ker(d) N FPK + FPYK ¢ ﬂT (FPK Nd ' (FPFTTK) + FPHE)
and
(23.5.2) U (FPEnd(FP~"'K) + FPT'K) C Im(d) N FPK + FPH K.

Thus a subquotient of E?_ is

Ker(d) N FPK + FPT'K Ker(d) N FPK
Tm(d) N FPK + FPH K Tm(d) N FPK + Ker(d) N FPriK

Comparing with the formula given for gr? H(K) in the discussion following Defini-
tion 23.4] we conclude. O

Definition 23.6. Let A be an abelian category. Let (K, F,d) be a filtered differ-
ential object of A. We say the spectral sequence associated to (K, F,d)
(1) weakly converges to H(K) if grH(K) = Fo, via Lemma
(2) abuts to H(K) if it weakly converges to H(K) and we have (VFPH(K) =0
and JFPH(K) = H(K),

Unfortunately, it seems hard to find a consistent terminology for these notions in
the literature.

Lemma 23.7. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. The associated spectral sequence

(1) weakly converges to H(K) if and only if for every p € Z we have equality
in equations (23.5.9) and (25.5.1)),

(2) abuts to H(K) if and only if it weakly converges to H(K) and ), (Ker(d)N
FPK +1m(d)) = Im(d) and |, (Ker(d) N FPK + Im(d)) = Ker(d).

Proof. Immediate from the discussions above. O
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24. Spectral sequences: filtered complexes

Definition 24.1. Let A be an abelian category. A filtered complex K® of A is a
complex of Fil(A) (see Definition [19.1]).

We will denote the filtration on the objects by F. Thus FP K™ denotes the pth step
in the filtration of the nth term of the complex. Note that each FPK*® is a complex
of A. Hence we could also have defined a filtered complex as a filtered object in
the (abelian) category of complexes of A. In particular grK® is a graded object of
the category of complexes of A.

To describe the spectral sequence associated to such an object we assume, for
the moment, that A is an abelian category which has countable direct sums and
countable direct sums are exact (this is not automatic, see Remark . Let
us denote d the differential of K. Forgetting the grading we can think of @ K"
as a filtered differential object of A. Hence according to Section 23] we obtain
a spectral sequence (E,,d,)y>0. In this section we work out the terms of this
spectral sequence, and we endow the terms of this spectral sequence with additional
structure coming from the grading of K.

First we point out that EY = gr? K*® is a complex and hence is graded. Thus Ej is
bigraded in a natural way. It is customary to use the bigrading

Ey = @ E(z)z,q7 E(Z)Lq — gerp+q

p,q

The idea is that p 4+ ¢ should be thought of as the total degree of the (co)homology
classes. Also, p is called the filtration degree, and q is called the complementary
degree. The differential dy is compatible with this bigrading in the following way

_ D,q P4 . P4 p.g+1
do=Edh?, dy?: ER? — EPTTL

Namely, db is just the differential on the complex gr? K* (which occurs as grf Ej
just shifted a bit).

To go further we identify the objects B2 and Z? introduced in Section [23|as graded
objects and we work out the corresponding decompositions of the differentials. We
do this in a completely straightforward manner, but again we warn the reader that
our notation is not the same as notation found elsewhere. We define
FPRPTa N d—1 (Fp+er+q+1) + Fprlppta

Fr+1 Kp+aq

Pq —
VASEES

and FPEKPtaN d(prr+1Kp+qfl) 4+ Fprlpptyg

Fr+1 Kp+q
and of course EP? = ZP-1/BP9. With these definitions it is completely clear that
Zt =€, 2z, BY =@, B and Ef =, E*9. Moreover, we have

P, _
BT =

0c...cBMcC...czPicC...C EP
Also, the map d? decomposes as the direct sum of the maps
a4 . D, q—r+1 1 1 1
dfq . Effq — Eerrq r+ , Z+Fp+ KPta dZ+Fp+r+ KPtat

where z € FPKPtan dil(Fp+er+q+1).
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Lemma 24.2. Let A be an abelian category. Let (K®, F) be a filtered complex of
A. There is a spectral sequence (Ey,d,),>0 in the category of bigraded objects of A
associated to (K*®, F) such that d, has bidegree (r, —r + 1) and such that E,. has bi-
graded pieces EPY and maps dP»? : EP4 — EPT9="+L g5 given above. Furthermore,

we have EN? = gr? (KPT1), db9 = grP (dPT1), and EV? = HPT1(gr?(K*)).

Proof. If A has countable direct sums and if countable direct sums are exact, then
this follows from the discussion above. In general, we proceed as follows; we strongly
suggest the reader skip this proof. Consider the bigraded object A = (FP+1KP+1+4)
of A, i.e., we put FPTLKPT1%4 in degree (p, q) (the funny shift in numbering to get
numbering correct later on). We endow it with a differential d : A — A[0, 1] by
using d on each component. Then (A, d) is a differential bigraded object. Consider
the map

a:A— A[-1,1]
which is given in degree (p,q) by the inclusion FPT!KPH1+e — fpKP+I+a. This
is an injective morphism of differential objects « : (A,d) — (A,d)[—1,1]. Hence,
we can apply Remark with S = [0,1] and T" = [1,—1]. The corresponding
spectral sequence (E,,d,),>o of bigraded objects is the spectral sequence we are
looking for. Let us unwind the definitions a bit. First of all we have E, = (EP'?).
Then, since T"S = [r, —r + 1] we have d, : E, — E,[r,—r + 1] which means that
ard ; Epd — pptra-rtl
To see that the description of the graded pieces hold, we argue as above. Namely,
first we have

Ey = Coker(a : A — A[-1,1])[0, —1] = Coker(«[0, —1] : A0, —1] — A[-1,0])
and by our choice of numbering above this gives
E(I)%q = Coker(Fp+1Kp+q N Fpr+q) — gerp+q
The first differential is given by df9 = grPdPte : EP? — EP9T'. Next, the de-

scription of the boundaries B, and the cocycles Z,. in Remark translates into
a straightforward manner into the formulae for Z?:¢ and BE-? given above. O

Lemma 24.3. Let A be an abelian category. Let (K®, F) be a filtered complex of
A. Assume A has countable direct sums. Let (E,,d,);>o be the spectral sequence
associated to (K*, F).

(1) The map
AP0 BP9 = HPY (P (K®)) — EPFL9 = griatl (ot (K))
is equal to the boundary map in cohomology associated to the short exact
sequence of complexes
0— g (K®) = FPK®*/FPT2K® — grP(K®) — 0.
(2) Assume that d(FPK) C FPYYK for all p € Z. Then d induces the zero

differential on gr*(K*®) and hence EY? = gr? (K*)PT4. Furthermore, in this
case

df’q . E{uq _ gW(K')’”q N E110+17q _ grp+1(K0)p+q+1
is the morphism induced by d.

Proof. This is clear from the formula given for the differential d{"? just above
Lemma [24.2) O
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Lemma 24.4. Let A be an abelian category. Let o : (K*, F) — (L*,F) be a
morphism of filtered complexes of A. Let (E.(K),d,)r>0, resp. (E-(L),d,)r>0 be
the spectral sequence associated to (K®, F), resp. (L®*, F). The morphism « induces
a canonical morphism of spectral sequences {c, : E.(K) — E.(L)}r>0 compatible
with the bigradings.

Proof. Obvious from the explicit representation of the terms of the spectral se-
quences. ([l

Definition 24.5. Let A be an abelian category. Let (K*, F') be a filtered complex
of A. The induced filtration on H™(K*) is the filtration defined by FPH™(K®) =
Im(H"(FPK®) — H"(K?*)).

Writing out what this means we see that

Ker(d) N FPK™ 4+ Im(d) N K™
24.5.1 FPH"™(K*®,d) =

and hence we see that

Ker(d) N FPK™
pgn ) —
(24.5.2) gr’H"(K*) Ker(d) N FPH1Kn 1 Im(d) N FPE"

(one intermediate step omitted).

Lemma 24.6. Let A be an abelian category. Let (K°®, F) be a filtered complex of
A. If Z2:% and B2 exist (see proof), then
(1) the limit Ex exists and is a bigraded object having E2:1 = ZP:1/BP:1 in
bidegree (p,q),
(2) the pth graded part gr? H™(K*®) of the nth cohomology object of K® is a
subquotient of E2:" 7P,
Proof. The objects Zuo, Boo, and the limit Ey = Z /B of Definition are
bigraded objects of A by our construction of the spectral sequence in Lemma [24.2]
Since ZP'?, resp. BP'? is the bidegree (p, q) part of Z,., resp. B,, if we assume that
+ —1 +r +q+1 +1 +
Zp’q:m Z”’qzﬂ FPEPTa =1 (Frir Kptatl) 4 pptl gpta
© r r r FP+1KP+(I

and

B U B U FPKPtan d(Fp—r+1Kp+q—1) + Frtlpgpta
o0 ro T r Fr+1 Kpt+q
exist, then Z,, and B, exist with bidegree (p, q) parts Z2:2 and B2? (follows from
an elementary argument about unions and intersections of bigraded objects). Thus
P — ﬂT<Fpr+q e d—l(Fp+7'Kp+q+1) + Fp+1Kp+q)
S U, (FrKP+a 0 d(Fr—r+lKpta—1) 4 Fr+lKpt+a)
where the top and the bottom exist. With n = p 4+ ¢ we have

(24.6.1) Ker(d)n FPK™ + FPTIK™ C ﬂ (FPK"nd ' (FPY K™Y 4 FPTIK™)
.,

and
(2462) | J (FPK"nd(FP" T K" + FPPLK™) C Im(d) N FPK™ + FPHUE™.
Thus a subquotient of EX:9 is

Ker(d) N FPK™ 4+ FPH K™ Ker(d) N FPK™

Im(d) N FPK™ + FpH1Kn — Im(d) N FPK™ + Ker(d) N FrrlKn
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Comparing with (24.5.2)) we conclude. O

Definition 24.7. Let A be an abelian category. Let (E,,d,)r>r, be a spectral
sequence of bigraded objects of A with d,. of bidegree (r, —r + 1). We say such a
spectral sequence is
(1) regular if for all p,q € Z there is a b = b(p,q) such that the maps db? :
EP9 — EPra=r+l are zero for r > b,
(2) coregular if for all p,q € Z there is a b = b(p,q) such that the maps
dp—ratr=1. pp=ratr=1 _ Bpa are zero for r > b,
(3) bounded if for all n there are only a finite number of nonzero EX:" P,
(4) bounded below if for all n there is a b = b(n) such that EL:""P = 0 for p > b.
(5) bounded above if for all n there is a b = b(n) such that EL."~P = 0 for p < b.

Bounded below means that if we look at EP'? on the line p + ¢ = n (whose slope
is —1) we obtain zeros as (p,q) moves down and to the right. As mentioned above
there is no consistent terminology regarding these notions in the literature.

Lemma 24.8. In the situation of Definition . Let ZP4, B2? C ERY be the
(p, q)-graded parts of Z,, B, defined as in Section |20
(1) The spectral sequence is regular if and only if for all p,q there exists an
r=7r(p,q) such that ZP? = ZP'% = ...
(2) The spectral sequence is coregular if and only if for all p,q there exists an
r=r(p,q) such that B?? = B, = ...
(3) The spectral sequence is bounded if and only if it is both bounded below and
bounded above.
(4) If the spectral sequence is bounded below, then it is regular.
(5) If the spectral sequence is bounded above, then it is coregular.

Proof. Omitted. Hint: If EZ*? = 0, then we have EX;? = 0 for all +/ > r. O

Definition 24.9. Let A be an abelian category. Let (K*, F') be a filtered complex
of A. We say the spectral sequence associated to (K, F)
(1) weakly converges to H*(K®) if gtP H"(K*®) = ER" P via Lemma for
all p,n € Z,
(2) abuts to H*(K*) if it weakly converges to H*(K*®) and (), FPH"(K*®) =0
and {J, FPH"(K®) = H"(K*) for all n,
(3) converges to H*(K*®) if it is regular, abuts to H*(K*®), and H"(K*®) =
lim, H"(K*®)/FPH"(K?*).

Weak convergence, abutment, or convergence is symbolized by the notation E?'7 =
HPT4(K*). As mentioned above there is no consistent terminology regarding these
notions in the literature.

Lemma 24.10. Let A be an abelian category. Let (K*, F) be a filtered complex
of A. The associated spectral sequence
(1) weakly converges to H*(K*®) if and only if for every p,q € Z we have equality
in equations (24.0.9) and (24.6.1]),
(2) abuts to H*(K) if and only if it weakly converges to H*(K®) and we have
N, (Ker(d) N FPE" +Tm(d) N K™) = Im(d) N K" and |, (Ker(d) N FPE" +
Im(d) N K™) = Ker(d) N K™.

Proof. Immediate from the discussions above. O


https://stacks.math.columbia.edu/tag/0BDU
https://stacks.math.columbia.edu/tag/0BDV
https://stacks.math.columbia.edu/tag/012U
https://stacks.math.columbia.edu/tag/012V

012W

0BDW

HOMOLOGICAL ALGEBRA 64

Lemma 24.11. Let A be an abelian category. Let (K*, F) be a filtered complex
of A. Assume that the filtration on each K™ is finite (see Definition m) Then

(1) the spectral sequence associated to (K*®, F) is bounded,

(2) the filtration on each H™(K*®) is finite,

(3) the spectral sequence associated to (K*, F) converges to H*(K*),

(4) if C C A is a weak Serre subcategory and for some r we have EP? € C for
all p,q € Z, then H"(K*) is in C.

Proof. Part (1) follows as Ef"" " = grPK™. Part (2) is clear from Equation
. We will use Lemma to prove that the spectral sequence weakly
converges. Fix p,n € Z. The right hand side of (24.6.1)) is equal to F? K" NKer(d)+
FPHLK™ because FPT" K™ = 0 for r > 0. Thus :24.6.1 is an equality. The left hand
side of is equal to FPK™ NIm(d) + FPTLK™ because FP~" 1K1 = gKn—1
for r > 0. Thus is an equality. Since the filtration on H™(K?*) is finite by
(2) we see that we have abutment. To prove we have convergence we have to show
the spectral sequence is regular which follows as it is bounded (Lemma and
we have to show that H"(K*®) = lim, H"(K*®)/FPH"(K*) which follows from the
fact that the filtration on H*(K*®) is finite proved in part (2).

Proof of (4). Assume that for some r > 0 we have EP? € C for some weak Serre
subcategory C of A. Then EY}, is in C as well, see Lemma By boundedness
proved above (which implies that the spectral sequence is both regular and coreg-
ular, see Lemma we can find an 7/ > r such that E2? = E¥)? for all p, ¢ with
p+q =n. Thus H"(K*) is an object of A which has a finite filtration whose graded
pieces are in C. This implies that H™(K*®) is in C by Lemma [10.3] O

Lemma 24.12. Let A be an abelian category. Let (K*, F) be a filtered complex of
A. Assume that the filtration on each K™ is finite (see Deﬁm’tz’on and that for
some r we have only a finite number of nonzero EF9. Then only a finite number
of H*(K*®) are nonzero and we have

Y (CLTHME)) =Y (~1raER]

in Ko(A") where A’ is the smallest weak Serre subcategory of A containing the
objects EP9.

Proof. Denote E£*" and E?% the even and odd part of E, defined as the direct
sum of the (p,q) components with p 4+ ¢ even and odd. The differential d,. defines
maps ¢ : ES¢" — Eo% and ¢ : E2% — E¢U" whose compositions either way give
zero. Then we see that

[E7e"] — [E*) = [Ker(¢)] + [Im(p)] — [Ker(y)] — [Im(y))]

= [Ker(p)/ Im(v)] — [Ker(¢)/ Im(¢)]

= (B~ [Bo)
Note that all the intervening objects are in the smallest Serre subcategory contain-
ing the objects E?¢. Continuing in this manner we see that we can increase r at
will. Since there are only a finite number of pairs (p, q) for which E?*¢ is nonzero,
a property which is inherited by E, 1, Ert2,..., we see that we may assume that
d, = 0. At this stage we see that H"(K*) has a finite filtration (Lemma [24.11)
whose graded pieces are exactly the EP""~P and the result is clear. O


https://stacks.math.columbia.edu/tag/012W
https://stacks.math.columbia.edu/tag/0BDW

0BK5

HOMOLOGICAL ALGEBRA 65

The following lemma is more a kind of sanity check for our definitions. Surely, if

we have a filtered complex such that for every n we have
H"(FPK®*)=0forp>»0 and H"(FPK®)=H"(K®) for p <0,

then the corresponding spectral sequence should converge?

Lemma 24.13. Let A be an abelian category. Let (K*, F) be a filtered complex
of A. Assume
(1) for every n there exist po(n) such that H"(FPK®) =0 for p > po(n),
(2) for every n there exist p1(n) such that H"(FPK®) — H"™(K?®) is an iso-
morphism for p < p1(n).
Then

(1) the spectral sequence associated to (K*®, F) is bounded,
(2) the filtration on each H™(K*®) is finite,
(3) the spectral sequence associated to (K*, F) converges to H*(K*®).

Proof. Fix n. Using the long exact cohomology sequence associated to the short
exact sequence of complexes

0— FPPIK® & FPK® — gt?P K® — 0
we find that EY""™? = 0 for p > max(po(n), po(n+1)) and p < min(p;(n), p1(n+1)).
Hence the spectral sequence is bounded (Definition [24.7)). This proves (1).
It is clear from the assumptions and Definition that the filtration on H™(K*®)
is finite. This proves (2).

Next we prove that the spectral sequence weakly converges to H*(K*®) using Lemma

24.10, Let us show that we have equality in (24.6.1)). Namely, for p+r > po(n+1)
the map

d: FPK"Nd Y (FPTT K™Y — prorgntt
ends up in the image of d : FPTTK™ — FPT"K"*1 because the complex FPTTK*® is
exact in degree n + 1. We conclude that FPK" Nd~ Y (FPH" K"l = d(FPHK™) +
Ker(d) N FPK™. Hence for such r we have
Ker(d) N FPK" + FPH K™ = FPK" N d Y (FPT"K") 4 FPH K™

which proves the desired equality. To show that we have equality in (24.6.2)) we use
that for p—r +1 < p1(n — 1) we have

d(FP~"H K™ 1) = Tm(d) N FP~" P K™

because the map FP~"T'K® — K*® induces an isomorphism on cohomology in
degree n — 1. This shows that we have

FPK" N d(FP~" P K" 4 FPHUK™ = Tm(d) N FPK™ 4+ FPHLK™
for such r which proves the desired equality.
To see that the spectral sequence abuts to H*(K*®) using Lemma [24.10| we have to
show that () (Ker(d)NFPK" +Im(d)NK") = Im(d)N K™ and |, (Ker(d)NFP K™ +
Im(d)NK™) = Ker(d) N K™. For p > po(n) we have Ker(d) N FPK" +Im(d)N K" =
Im(d)N K™ and for p < p;(n) we have Ker(d) NFPK™ +Im(d)N K" = Ker(d)NK™.
Combining weak convergence, abutment, and boundedness we see that (2) and (3)
are true.
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25. Spectral sequences: double complexes

Let K** be a double complex, see Section It is customary to denote HY (K**)
the complex with terms Ker(d{"?)/Im(dy ) (varying ¢) and differential induced
by do. Then H};(H7(K**)) denotes its cohomology in degree ¢. It is also customary
to denote HY,(K**) the complex with terms Ker(d5?)/ Im(dy?"') (varying p) and
differential induced by dq. Then H} (H{,(K**)) denotes its cohomology in degree p.
It will turn out that these cohomology groups show up as the terms in the spectral

sequence for a filtration on the associated total complex or simple complex, see
Definition 83

There are two natural filtrations on the total complex Tot(K**) associated to the
double complex K**. Namely, we define

FP(Tot™(K**)) =P

It is immediately verified that (Tot(K**),F;) and (Tot(K**), Fr;) are filtered
complexes. By Section [24] we obtain two spectral sequences. It is customary to
denote ('E,,’d,),>0 the spectral sequence associated to the filtration F; and to
denote ("E,,"d,),>o the spectral sequence associated to the filtration Fy;. Here is
a description of these spectral sequences.

K™ and FF(Tot"(K**)) = K.

i+j=n, i>p i+j=n, j=>p

Lemmal 25.1. Let A be an abelian category. Let K** be a double complex. The
spectral sequences associated to K*® have the following terms:

(1) "ER? = KP9 with 'd}? = (—1)Pd5? : KP4 — KPatl,

(2) "EDT = K% with "} = dJP : K9P — Ko+p,
(3) EVY = HI(KP*) with'd}? = HY(d}*),

(4) "EPY = HY(K*P) with "dy" = (~1)7HI(d3"),
(5) "By = Hf(Hj;(K**)),

(6) "By = Hp (Hf(K**)).

Proof. Omitted. O

These spectral sequences define two filtrations on H™(Tot(K**)). We will denote
these F; and Fyj.

Definition 25.2. Let A be an abelian category. Let K**® be a double complex. We
say the spectral sequence ('E,,’d,),>0 weakly converges to H" ( Tot(K**)), abuts to
H"(Tot(K**)), or converges to H™(Tot(K**)) if Definition applies. Similarly
we say the spectral sequence ("E,,”"d,),>0 weakly converges to H™(Tot(K**)),
abuts to H™(Tot(K**)), or converges to H™(Tot(K**)) if Definition applies.

As mentioned above there is no consistent terminology regarding these notions in
the literature. In the situation of the definition, we have weak convergence of the
first spectral sequence if for all n

g1, (H™(Tot(K**))) = @y B

via the canonical comparison of Lemma[24.6] Similarly the second spectral sequence
("E,,"d,);>o weakly converges if for all n

8y, (H"(Tot(K**))) = ©psg=n"EL’

via the canonical comparison of Lemma [24.6]
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0132 Lemma 25.3. Let A be an abelian category. Let K** be a double complex. Assume
that for everyn € Z there are only finitely many nonzero KP4 with p+q =n. Then
(1) the two spectral sequences associated to K** are bounded,
(2) the filtrations Fr, Frr on each H™(Tot(K**®)) are finite,
(3) the spectral sequences ('E,,'d,)r>0 and ("E,," dy)r>0 converge to H*( Tot(KX**)),
(4) if C C A is a weak Serre subcategory and for some r we have 'EP? € C for
all p,q € Z, then H™(Tot(K**)) is in C. Similarly for ("E,,"d)r>0.

Proof. Follows immediately from Lemma [24.11 ]
Here is our first application of spectral sequences.

0133 Lemmal 25.4. Let A be an abelian category. Let K® be a complex. Let A*® be a
double complex. Let of : KP — AP0 be morphisms. Assume that

(1) For every n € Z there are only finitely many nonzero AP9 with p + ¢ = n.

(2) We have AP1 =0 if ¢ <O0.

(3) The morphisms o give rise to a morphism of complezes ov: K® — A®0.

(4) The complex AP® is exact in all degrees q # 0 and the morphism KP — AP
induces an isomorphism KP — Ker(dg’o).

Then o induces a quasi-isomorphism
K®* — Tot(A**®)

of complexes. Moreover, there is a variant of this lemma involving the second
variable q instead of p.

Proof. The map is simply the map given by the morphisms K" — A™0 —
Tot™(A**), which are easily seen to define a morphism of complexes. Consider the
spectral sequence ("E,,’d,),>o associated to the double complex A**. By Lemma
[25.3] this spectral sequence converges and the induced filtration on H"(Tot(A®*)) is
finite for each n. By Lemmaand assumption (4) we have 'EP"? = 0 unless ¢ = 0
and 'EP? = K? with differential 'd}® identified with d%. Hence 'EY° = HP(K*®)
and zero otherwise. This clearly implies ‘dy? = 'dy? = ... = 0 for degree rea-
sons. Hence we conclude that H"(Tot(A**®)) = H"(K*®). We omit the verification
that this identification is given by the morphism of complexes K* — Tot(A**)
introduced above. ]

OFKH Lemmal 25.5. Let A be an abelian category. Let M*® be a complex of A. Let
a: M[0] — (A% — AV — A% — )

be a homotopy equivalence in the category of complezes of complexes of A. Then
the map o : M*® — Tot(A®*) induced by M® — A%* is a homotopy equivalence.

Proof. The statement makes sense as a complex of complexes is the same thing as
a double complex. The assumption means there is a map

b: (A% — AV — AP — ) — M*[0]

such that aob and bo a are homotopic to the identity in the category of complexes
of complexes. This means that bo a is the identity of M*[0] (because there is only
one term in degree 0). Also, observe that b is given by a map " : A%* — M* and
zero in all other degrees. Thus b induces a map S : Tot(A**) — M*® and So«a is
the identity on M*®. Finally, we have to show that the map a o 8 is homotopic to
the identity. For this we choose maps of complexes ™ : A™* — A"~1* such that


https://stacks.math.columbia.edu/tag/0132
https://stacks.math.columbia.edu/tag/0133
https://stacks.math.columbia.edu/tag/0FKH

0E1P

0E1Q

0912

HOMOLOGICAL ALGEBRA 68

aob—id = d; oh+hod; which exist by assumption. Here d; : A™* — A™+1:® are the
differentials of the complex of complexes. We will also denote dy the differentials
of the complexes A™* for all n. Let ™™ : A™™ — A"~ L™ be the components of
h™. Then we can consider

/. e o\k __ n,m n,m __ oo\ k—1
WoTot(AM) =P AP AT =Tot(AM?)

given by A™™ on the summand A™". Then we compute that the map
dTOt(A’!’) ] hl + h/ e} dTOt(A"')
restricted to the summand A™™ is equal to
d?—l,m o h™M™ 4 (_1)n—1d721—17m o K™ 4+ prtlm g d?’m + promtl o (_1)nd721,m

Since h™ is a map of complexes, the terms (—1)"~1dy "™ o h™™ and K™t o
(—1)"dy™ cancel. The other two terms give (aof)| an.m —id an.m because aob—id =
dy o h + hody. This finishes the proof. O

26. Double complexes of abelian groups

In this section we put some results on double complexes of abelian groups for which
do not (yet) have the analogues results for general abelian categories. Please be
careful not to use these lemmas except when the underlying abelian category is the
category of abelian groups or some such (e.g., the category of modules over a ring).
Some of the arguments will be difficult to follow without drawing “zig-zags” on a
napkin — compare with the proof of Algebra, Lemma [75.3

Lemma 26.1. Let M*® be a complex of abelian groups. Let
0— M®*— Af - A} — A — ...

be an exact complex of complexes of abelian groups. Set AP = Al to obtain a
double complex. Then the map M® — Tot(A**) induced by M* — A is a quasi-
isomorphism.

Proof. If there exists a ¢ € Z such that A = 0 for ¢ < ¢, then this follows
immediately from Lemma m (with p and ¢ swapped as in the final statement of
that lemma). OK, but for every ¢ € Z we have a complex

0— Uth. — O'ZtA(.) — O'ZtAI — UztA5 — ...

of stupid truncations. Denote A(t)*® the corresponding double complex. Every
element & of H™(Tot(A**®)) is the image of an element of H™(Tot(A(t)**)) for
some t (look at explicit representatives of cohomology classes). Hence £ is in the
image of H"(0>;M?*). Thus the map H"(M?®) — H"(Tot(A**)) is surjective. It
is injective because for all ¢ the map H"(o>:M®) — H"(Tot(A(t)**)) is injective
and similar arguments. (]

Lemma 26.2. Let M*® be a complex of abelian groups. Let
oo A A A M =0
be an exact complex of complexes of abelian groups such that for all p € Z the
complexes
D D P i
- = Ker(d},) = Ker(d}, ) — Ker(d}}, ) — Ker(dje) — 0
are ezact as well. Set AP? = A? | to obtain a double complex. Then Tot(A®®) —
M?® induced by Ay — M® is a quasi-isomorphism.
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Proof. Using the short exact sequences 0 — Ker(d, ) — A — Im(d".) — 0 and
the assumptions we see that

P P P 4
- = Im(d},) = Im(dfy,) — Im(d}.) = Im(dfe) — 0

is exact for all p € Z. Repeating with the exact sequences 0 — Im(dﬁ‘?) —
Ker(d. ) — H?(A}) — 0 we find that
...— HP(AS) — HP(A}) — HP(A{) — HP(M®*) —» 0

is exact for all p € Z.

Write T* = Tot(A**). We will show that H°(T*) — H°(M?®) is an isomorphism.
The same argument works for other degrees. Let = € Ker(dOT.) represent an element
£ € HO(T®). Write z = D im0 With z; € At Assume n > 0. Then w,, is in
the kernel of d’j, and maps to zero in H™(A? _;) because it maps to an element
which is the bou?ldary of x,,—1 up to sign. By the first paragraph of the proof, we
find that x,, mod Im(d’;, ') is in the image of H"(A,, ;) — H"(A?). Thus we can
modify x by a boundary ‘and reach the situation where Ty, is a boundary. Modifying
x once more we see that we may assume x,, = 0. By induction we see that every
cohomology class ¢ is represented by a cocycle x = x(. Finally, the condition on
exactness of kernels tells us two such cocycles z¢ and z{, are cohomologous if and
only if their image in H°(M*®) are the same. O

Lemma 26.3. Let M*® be a complex of abelian groups. Let
0— M®*— Af — A} — A — ...
be an exact complex of complexes of abelian groups such that for all p € Z the
complezes
P D P P
0 — Coker(d};.) — Coker(dA(.)) — Coker(dAI) — Coker(dAg) — ...
are ezxact as well. Set AP? = Al to obtain a double complex. Let Tot,(A®**®) be the

product total complex associated to the double complex (see proof). Then the map
M?® — Tot,(A**) induced by M*® — A is a quasi-isomorphism.

Proof. Abbreviating 7'* = Tot,(A**) we define

n _ p.q — q i no _ q _1\pq4
™ = Hm:nA = Hm:n A9 with df. = anm( i+ (ZD)Pd,)

where f7 @ A) — A7, are the maps of complexes in the lemma.

We will show that HY(M®) — H°(T*) is an isomorphism. The same argument
works for other degrees. Let z € Ker(d.) represent £ € H(T*). Write z = (z;)
with 2; € A7%. Note that zy maps to zero in Coker(A;* — AY). Hence we see
that g = mg + d;é(y) for some mg € M° and y € Ao_l. Then dpze(mg) = 0
because dae (7o) = 0 as dre(z) = 0. Thus, replacing £ by something in the image
of H'(M*®) — H°(T*) we may assume that z¢ is in Im(d;lé).

Assume z € Im(d;é). We claim that in this case & = 0. To prove this we find, by
induction on n elements yg, y1, ..., Yy, with y; € A;Fl such that zg = d;; (yo) and
zj = f; 7 (yj-1)+ (=1)7d, 37 (y;) for 5 =1,...,n. This is clear for n = 0. Proof of

J

induction step: suppose we have found yo,...,yn—1. Then w, =z, — £, (Yn—1)
is in the kernel of d,. and maps to zero in H~"(Ap ;) (because it maps to an
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element which is the boundary of z,y; up to sign). Exactly as in the proof of
Lemma [26.2] the assumptions of the lemma imply that

0 — HP(M®) — HP(A}) — HP(A?) — HP(AS) — ...

is exact for all p € Z. Thus after changing y,,—1 by an element in Ker(dﬁiil) we may

assume that w, maps to zero in H~"(A?). This means we can find y,, as desired.
Observe that this procedure does not change yqg,...,yn—2. Hence continuing ad
infinitum we find an element y = (y;) in 77! with dr.(y) = £. This shows that
HO(M*®) — H°(T*) is surjective.

Suppose that mq € Ker(d9,.) maps to zero in H°(T*®). Say it maps to the differ-

ential applied to y = (y;) € T~' . Then yy € A;' maps to zero in Coker(d;x?).

By assumption this means that yo mod Im(d;‘g) is the image of some z € M 1. It

follows that mg = d;j, (z). This proves injectivity and the proof is complete. (Il

Lemma 26.4. Let M*® be a complex of abelian groups. Let
oo A A A Mt =0

be an exact complex of complexes of abelian groups. Set AP = A’ip to obtain a
double complex. Let Tot.(A**®) be the product total complex associated to the double
complex (see proof). Then the map Tot(A**) — M® induced by Ay — M® is a
quasi-isomorphism.

Proof. Abbreviating 7* = Tot,(A**) we define

TTL — Hp+q=n Apvq — Hp_;’_q:n Agp With d?‘i == HTLZI)"F(] (fgp + (_1)pd31:p)

where f7 1 A> — A2, are the maps of complexes in the lemma. We will show that
T* is acyclic when M* is the zero complex. This will suffice by the following trick.
Set By = A}, and B§ = M*. Then we have an exact sequence

... By —+B}—+B;—>0—0

as in the lemma. Let S® = Tot,(B**). Then there is an obvious short exact
sequence of complexes
0—>M®*—S*—>T°[1]—0

and we conclude by the long exact cohomology sequence. Some details omitted.

Assume M*® = 0. We will show H%(T*) = 0. The same argument works for other
degrees. Let x = (z,,) € Ker(dys) map to ¢ € HY(T*®) with z,, € A=™" = A". Since
M° = 0 we find that zog = f{(yo) for some yo € AY. Then z1 — d%; (yo) = f3 (1)
because it is mapped to zero by fi as z is a cocycle. for some y; € A}. Continuing,
using induction, we find y = (y;) € T~! with dr.(y) = z as desired. O

27. Injectives

Definition 27.1. Let A be an abelian category. An object J € Ob(A) is called
injective if for every injection A — B and every morphism A — J there exists a


https://stacks.math.columbia.edu/tag/0E1R
https://stacks.math.columbia.edu/tag/0135

0136

0137

0138

0139

013A
013B

013C

HOMOLOGICAL ALGEBRA 71

morphism B — J making the following diagram commute

A——DB

7/
l y
/
¥
J
Here is the obligatory characterization of injective objects.
Lemmal|27.2. Let A be an abelian category. Let I be an object of A. The following
are equivalent:
(1) The object I is injective.
(2) The functor B — Homu(B,I) is ezact.
(3) Any short exact sequence

0—-I—-A—-B—=0
in A is split.
(4) We have Ext 4(B,I) =0 for all B € Ob(A).
Proof. Omitted. O

Lemmal27.3. Let A be an abelian category. Suppose I, w € Q is a set of injective
objects of A. If [],cq L. ewists then it is injective.

Proof. Omitted. O

Definition 27.4. Let A be an abelian category. We say A has enough injectives
if every object A has an injective morphism A — J into an injective object J.

Definition 27.5. Let A be an abelian category. We say that A has functorial
injective embeddings if there exists a functor

J: A — Arrows(A)
such that
(1) soJ =idy,
(2) for any object A € Ob(A) the morphism J(A) is injective, and
(3) for any object A € Ob(.A) the object t(J(A)) is an injective object of A.
We will denote such a functor by A — (A — J(A)).

28. Projectives

Definition 28.1. Let A be an abelian category. An object P € Ob(A) is called
projective if for every surjection A — B and every morphism P — B there exists a
morphism P — A making the following diagram commute

A——2B
A
\ /
\
P
Here is the obligatory characterization of projective objects.

Lemmal 28.2. Let A be an abelian category. Let P be an object of A. The
following are equivalent:
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(1) The object P is projective.
(2) The functor B — Hom4(P, B) is ezxact.
(3) Any short exact sequence

0—+-A—B—-P—0

in A is split.
(4) We have Ext o(P, A) =0 for all A € Ob(A).

Proof. Omitted. O

Lemmal 28.3. Let A be an abelian category. Suppose P, w € § is a set of
projective objects of A. If [],cq P exists then it is projective.

Proof. Omitted. O

Definition 28.4. Let A be an abelian category. We say A has enough projectives
if every object A has an surjective morphism P — A from an projective object P
onto it.

Definition 28.5. Let A be an abelian category. We say that A has functorial
projective surjections if there exists a functor

P: A— Arrows(A)

such that

(1) to P =idy4,

(2) for any object A € Ob(.A) the morphism P(A) is surjective, and

(3) for any object A € Ob(.A) the object s(P(A)) is an projective object of A.
We will denote such a functor by A — (P(A) — A).

29. Injectives and adjoint functors

Here are some lemmas on adjoint functors and their relationship with injectives.

See also Lemma [7.4]

Lemmal 29.1. Let A and B be abelian categories. Letu: A — B andv:B — A
be additive functors with u right adjoint to v. Consider the following conditions:
(a) v transforms injective maps into injective maps,
(b) v is exact, and
(¢) wu transforms injectives into injectives.

Then (a) < (b) = (c). If A has enough injectives, then all three conditions are
equivalent.

Proof. Observe that v is right exact as a left adjoint (Categories, Lemma [24.6)).
Combined with Lemma [7.2] this explains why (a) < (b).

Assume (a). Let I be an injective object of A. Let ¢ : N — M be an injective
map in B and let o : N — ul be a morphism. By adjointness we get a morphism
a : vN — I and by assumption vy : vN — vM is injective. Hence as I is an
injective object we get a morphism 3 : vM — I extending «. By adjointness again
this corresponds to a morphism 8 : M — ul extending «. Hence (c) is true.

Assume A has enough injectives and (c) holds. Let f : B — B’ be a monomorphism

in B, and let A = Ker(v(f)). Choose a monomorphism g : A — I with I injective
(it exists by assumption). Then g extends to ¢’ : v(B) — I, whence by adjunction
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a morphism B — u([I). Since u(I) is injective, this morphism extends to h : B’ —
u(I), hence by adjunction a morphism &k : v(B’) — I extending ¢’. But then
k "extends” g, which forces A = 0 since g was a monomorphism. Thus (a) is
true. (]

Remark 29.2. Let R — S be a ring map. Let u : Mods — Modg be u(N) = Ng
and let v : Modr — Modg be v(M) = M ®r S. Then w is right adjoint to v,
and u is exact and v is right exact. But conditions (a), (b), (c) of Lemma
do not hold in general. For example, if R = Z and S = Z/pZ, then the injective
S-module Z/pZ is not an injective Z-module. In fact, the lemma shows all injective
S-modules are injective as R-modules if and only if R — S is a flat ring map.

Lemmal 29.3. Let A and B be abelian categories. Letu: A — B andv: B — A
be additive functors. Assume

(1) w is right adjoint to v,

(2) v transforms injective maps into injective maps,

(3) A has enough injectives, and

(4) vB =0 implies B =0 for any B € Ob(B).

Then B has enough injectives.

Proof. Pick B € Ob(B). Pick an injection vB — I for I an injective object of A.
According to Lemma and the assumptions the corresponding map B — ul is
the injection of B into an injective object. (I

Remark|29.4. Let A, B,u: A— Bandv:B— AbeasIn Lemma@ In the
presence of conditions (1) and (2) condition (4) is equivalent to v being faithful.
Moreover, condition (4) is needed. An example is to consider the case where the
functors v and v are both the zero functor.

Lemmal 29.5. Let A and B be abelian categories. Letu: A — B andv:B — A
be additive functors. Assume

(1) w is right adjoint to v,

(2) v transforms injective maps into injective maps,

(3) A has enough injectives,

(4) vB =0 implies B =0 for any B € Ob(B), and

(5) A has functorial injective embeddings.

Then B has functorial injective embeddings.

Proof. Let A — (A — J(A)) be a functorial injective embedding on A. Then
B — (B — uJ(vB)) is a functorial injective embedding on B. Compare with the
proof of Lemma [29.3 O

Lemmal 29.6. Let A and B be abelian categories. Let u: A — B be a functor. If
there exists a subset P C Ob(B) such that

(1) every object of B is a quotient of an element of P, and
(2) for every P € P there exists an object Q of A such that Hom4(Q, A) =
Hompg(P,u(A)) functorially in A,

then there exists a left adjoint v of u.

Proof. By the Yoneda lemma (Categories, Lemma the object @ of A corre-
sponding to P is defined up to unique isomorphism by the formula Hom4(Q, A) =
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Homp(P,u(A)). Let us write @ = v(P). Denote ip : P — u(v(P)) the map cor-
responding to id,(py in Hom4(v(P),v(P)). Functoriality in (2) implies that the
bijection is given by

Hom 4(v(P), A) — Homp(P,u(A)), ¢ u(p)oip
For any pair of elements P;, P> € P there is a canonical map
HomB(P27P1) —>HOH1A(U(P2),U(P1)), @HU(QO)

which is characterized by the rule u(v(p)) oip, = ip, o ¢ in Homp(Ps, u(v(Py))).
Note that ¢ — v(p) is compatible with composition; this can be seen directly from
the characterization. Hence P +— v(P) is a functor from the full subcategory of B
whose objects are the elements of P.

Given an arbitrary object B of B choose an exact sequence
Po,— P —B—0
which is possible by assumption (1). Define v(B) to be the object of A fitting into

the exact sequence
v(Py) = v(P1) = v(B) =0
Then
Hom 4 (v(B), A) = Ker(Hom 4 (v(Py), A) — Hom 4 (v(FPs), A))
= Ker(Hompg (P, u(A)) — Hompg(Py, u(A)))
= Hompg(B, u(A))

Hence we see that we may take P = Ob(B), i.e., we see that v is everywhere
defined. m

30. Essentially constant systems

In this section we discuss essentially constant systems with values in additive cat-
egories.

Lemmal 30.1. Let Z be a category, let A be a pre-additive Karoubian category,
and let M : T — A be a diagram.

(1) Assume T is filtered. The following are equivalent
(a) M is essentially constant,
(b) X = colim M exists and there exists a cofinal filtered subcategory ' C
T and for i’ € Ob(Z') a direct sum decomposition My = Xy @& Zyr such
that X; maps isomorphically to X and Z; to zero in My for some
i =1 inT.
(2) Assume T is cofiltered. The following are equivalent
(a) M is essentially constant,
(b) X =1lim M exists and there exists an initial cofiltered subcategory I' C
T and for i’ € Ob(Z') a direct sum decomposition My = Xy ® Zyr such
that X maps isomorphically to Xy and M;» — Z; is zero for some
i =1 in T
Proof. Assume (1)(a), i.e., Z is filtered and M is essentially constant. Let X =
colim M;. Choose i and X — M; as in Categories, Deﬁnition Let Z’ be the full

subcategory consisting of objects which are the target of a morphism with source
i. Suppose i € Ob(Z') and choose a morphism ¢ — i. Then X — M; — My


https://stacks.math.columbia.edu/tag/0A2E

0A2F

0A2G

02MY

HOMOLOGICAL ALGEBRA 75

composed with M;; — X is the identity on X. As A is Karoubian, we find a direct
summand decomposition M; = Xy @ Zy, where Z; = Ker(My — X) and X,
maps isomorphically to X. Pick ¢ — k and i’ — k such that M; — X — M; — M}
equals M; — M), as in Categories, Definition Then we see that M, — Mj
annihilates Z;,. Thus (1)(b) holds.

Assume (1)(b), i.e., Z is filtered and we have Z' C Z and for i’ € Ob(Z’) a direct
sum decomposition My = X; @& Z; as stated in the lemma. To see that M is
essentially constant we can replace Z by 7', see Categories, Lemma [22.11} Pick any
i € Ob(Z) and denote X — M, the inverse of the isomorphism X; — X followed
by the inclusion map X; — M;. If j is a second object, then choose 7 — k such
that Z; — M), is zero. Since Z is filtered we may also assume there is a morphism
i — k (after possibly increasing k). Then M; — X — M; — M and M; — M;
both annihilate Z;. Thus after postcomposing by a morphism M; — M; which
annihilates the summand Zj, we find that M; — X — M; — M; and M; — M,
are equal, i.e., M is essentially constant.

The proof of (2) is dual. O

Lemmal 30.2. Let T be a category. Let A be an additive, Karoubian category. Let
F:7ZT— AandG:Z — A be functors. The following are equivalent

(1) colimz F & G exists, and

(2) colimz F' and colimz G ewist.

In this case colimz F & G = colimz F' @ colimz G.

Proof. Assume (1) holds. Set W = colimz F & G. Note that the projection onto
F' defines natural transformation F' @ G — F & G which is idempotent. Hence we
obtain an idempotent endomorphism W — W by Categories, Lemma Since
A is Karoubian we get a corresponding direct sum decomposition W = X @Y, see
Lemma A straightforward argument (omitted) shows that X = colimz F' and
Y = colimz G. Thus (2) holds. We omit the proof that (2) implies (1). O

Lemma 30.3. Let Z be a filtered category. Let A be an additive, Karoubian
category. Let F: 7T — A and G : Z — A be functors. The following are equivalent

(1) F®& G :I — A is essentially constant, and
(2) F and G are essentially constant.

Proof. Assume (1) holds. In particular W = colimz F' @ G exists and hence by
Lemma we have W = X @Y with X = colimz F and Y = colimzG. A
straightforward argument (omitted) using for example the characterization of Cat-
egories, Lemma shows that F is essentially constant with value X and G is
essentially constant with value Y. Thus (2) holds. The proof that (2) implies (1)
is omitted. g

31. Inverse systems

Let C be a category. In Categories, Section 2I] we defined the notion of an inverse
system over a preordered set (with values in the category C). If the preordered
set is N = {1,2,3,...} with the usual ordering such an inverse system over N is
often simply called an inverse system. It consists quite simply of a pair (M;, fii)
where each M;, i € N is an object of C, and for each i > ¢/, 7,7’ € N a morphism
fiir + M; — M, such that moreover f;/;» o f;;y = fi;» whenever this makes sense. It
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is clear that in fact it suffices to give the morphisms Ms — M7, M3 — M5, and so
on. Hence an inverse system is frequently pictured as follows

Ml(ﬁMg(ﬁMg(—...

Moreover, we often omit the transition maps ¢; from the notation and we simply
say “let (M;) be an inverse system”.

The collection of all inverse systems with values in C forms a category with the
obvious notion of morphism.
Lemmal 31.1. Let C be a category.

(1) IfC is an additive category, then the category of inverse systems with values
in C is an additive category.

(2) IfC is an abelian category, then the category of inverse systems with values
in C is an abelian category. A sequence (K;) — (L;) — (M;) of inverse
systems is exact if and only if each K; — L; — N; is exact.

Proof. Omitted. O

The limit (see Categories, Section of such an inverse system is denoted lim M;,
or lim; M;. If C is the category of abelian groups (or sets), then the limit always
exists and in fact can be described as follows

see Categories, Section However, given a short exact sequence
0— (A;) = (B) — (C;) =0

of inverse systems of abelian groups it is not always the case that the associated
system of limits is exact. In order to discuss this further we introduce the following
notion.

Definition 31.2. Let C be an abelian category. We say the inverse system (A;)
satisfies the Mittag-Leffler condition, or for short is ML, if for every ¢ there exists
a ¢ = c(i) > i such that

for all k£ > c.

It turns out that the Mittag-Leffler condition is good enough to ensure that the lim-
functor is exact, provided one works within the abelian category of abelian groups,
modules over a ring, etc. It is shown in a paper by A. Neeman (see [Nee(2]) that

this condition is not strong enough in an abelian category having AB4* (having
exact products).

Lemma 31.3. Let
0— (A;) = (B) = (C;) =0
be a short exact sequence of inverse systems of abelian groups.
(1) In any case the sequence
0 — lim; A; — lim; B; — lim; C;

is exact.

(2) If (By) is ML, then also (C;) is ML.


https://stacks.math.columbia.edu/tag/02MZ
https://stacks.math.columbia.edu/tag/02N0
https://stacks.math.columbia.edu/tag/02N1

070B

070C

070D

HOMOLOGICAL ALGEBRA s

(3) If (A;) is ML, then
0 — lim; A; — lim; B; — lim; C; — 0
18 exact.
Proof. Nice exercise. See Algebra, Lemma for part (3). (]
Lemma 31.4. Let
(Ai) = (Bi) = (C) = (D)

be an exact sequence of inverse systems of abelian groups. If the system (A;) is ML,
then the sequence

s exact.
Proof. Let Z; = Ker(C; — D;) and I; = Im(A; — B;). Then lim Z; = Ker(lim C; —
lim D;) and we get a short exact sequence of systems

0— (L) — (B;) = (Z;)) = 0
Moreover, by Lemma we see that (I;) has (ML), thus another application of
Lemma shows that lim B; — lim Z; is surjective which proves the lemma. [

The following characterization of essentially constant inverse systems shows in par-
ticular that they have ML.

Lemma 31.5. Let A be an abelian category. Let (A4;) be an inverse system in A
with limit A =lim A;. Then (A;) is essentially constant (see Categories, Definition

if and only if there exists an i and for all j > i a direct sum decomposition

Aj = A& Z; such that (a) the maps Aj — A, are compatible with the direct sum
decompositions, (b) for all j there exists some j' > j such that Z; — Z; is zero.

Proof. Assume (A;) is essentially constant. Then there exists an ¢ and a morphism
A; — A such that A — A; — A is the identity and for all j > 7 there exists a j' > j
such that A;; — A, factors as A;; — A, - A — A; (the last map comes from
A = lim A;). Hence setting Z; = Ker(A; — A) for all j > ¢ works. Proof of the
converse is omitted. g

We will improve on the following lemma in More on Algebra, Lemma [87.13

Lemma 31.6. Let

be an exact sequence of inverse systems of abelian groups. If (C;) is essentially
constant, then (A;) has ML if and only if (B;) has ML.

Proof. After renumbering we may assume that C; = C & Z; compatible with
transition maps and that for all ¢ there exists an ¢’ > 7 such that Z;, — Z; is zero,
see Lemma [31.9]

First, assume C = 0, i.e., we have C; = Z;. In this case choose 1 = ny <ng < ng <
... such that Z — Zy, is zero. Then B — B, factors through A,,, C B,,.

MNi41

It follows that for j > ¢ + 1 we have
Im(A,;, = Ap,) CIm(B,, = By,) C Im(A,,_, — A,,)

MNi41
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as subsets of A,,. Thus the images Im(A,, — A,,) stabilize for j > i 4 1 if and
only if the same is true for the images Im(B,, — B,,). The equivalence follows
from this (small detail omitted).

If C # 0, denote B} C B; the inverse image of C' by the map B; — C @ Z;. Then
by the previous paragraph we see that (B}) has ML if and only if (B;) has ML.
Thus we may replace (B;) by (B}). In this case we have exact sequences 0 — A4; —
B; — C — 0 for all 4. It follows that 0 — Im(A4; — A4;) = Im(B; — B;) = C =0
is short exact for all j > 4. Hence the images Im(A; — A;) stabilize for j > 7 if
and only if the same is true for Im(B; — B;) as desired. O

The “correct” version of the following lemma is More on Algebra, Lemma [37.3

Lemmal 31.7. Let

(A7 = A7 — AY — A))
be an inverse system of complexes of abelian groups and denote A=2 — A~! —
A® — Al its limit. Denote (H; '), (HY) the inverse systems of cohomologies, and
denote H=, HO the cohomologies of A=2 — A= — A — A, If (A7?) and (A1)
are ML and (H; ') is essentially constant, then H® = lim H?.

Proof. Let Z/ = Ker(A? — AJ*") and I/ = Im(AJ~" — AJ). Note that lim Z0 =
Ker(lim A? — lim A}) as taking kernels commutes with limits. The systems (I; !)
and (I?) have ML as quotients of the systems (A4; %) and (4; '), see Lemma
Thus an exact sequence

0= (I;Y = (Z7Y) = (H) =0

? 7

of inverse systems where (I; ') has ML and where (H; ') is essentially constant by
assumption. Hence (Z; ') has ML by Lemma The exact sequence

0= (Z7H) =AY = (1)) =0

(3
and an application of Lemma shows that lim A;l — lim I is surjective. Fi-
nally, the exact sequence
0= (I}) = (Z)) = (H}) = 0

and Lemma show that lim ) — limZ? — lim H) — 0 is exact. Putting
everything together we win. [l

Sometimes we need a version of the lemma above where we take limits over big
ordinals.

Lemma 31.8. Let « be an ordinal. Let K§, B < « be an inverse system of
complexes of abelian groups over . If for all B < a the complex KF is acyclic and
the map

Kj — limy<p K2
is surjective, then the complex limg<q K§ is acyclic.

Proof. By transfinite induction we prove this holds for every ordinal o and every
system as in the lemma. In particular, whilst proving the result for @ we may
assume the complexes lim, < K are acyclic.

Let = € limg<, Kg with d(z) = 0. We will find a y € limg., K/B_1 with d(y) = «.
Write # = (z5) where x5 € K} is the image of = for 3 < a. We will construct
y = (yg) by transfinite recursion.
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For B =0 let yo € K; " be any element with d(yo) = zo.

For 8 = v + 1 a successor, we have to find an element yg which maps both to
Yy by the transition map f : Kj — K3 and to zs under the differential. As a
first approximation we choose yj; with d(y’ﬁ) = xg. Then the difference y, — f(yj)
is in the kernel of the differential, hence equal to d(z,) for some 2, € K7 2. By
assumption, the map f=2: K,BT2 — K,Y’2 is surjective. Hence we write z, = f(23)
and change yj; into ys = yj + d(2) which works.

If 8 is a limit ordinal, then we have the element (y),<p in lim,<g K;' whose
differential is the image of xg. Thus we can argue in exactly the same manner as
above using the termwise surjective map of complexes f : K§ — limycg K and

the fact (see first paragraph of proof) that we may assume lim, g K3 is acyclic by
induction. |

32. Exactness of products

Lemma 32.1. Let I be a set. Fori €I let L; — M; — N; be a complex of abelian
groups. Let H; = Ker(M; — N;)/Im(L; — M;) be the cohomology. Then

is a complex of abelian groups with homology [| H;.
Proof. Omitted. O
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