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In this chapter we work out basic notions of sheaves of modules. This in particular
includes the case of abelian sheaves, since these may be viewed as sheaves of Z-
modules. Basic references are [Serb5|, [DG67] and [AGVTI].

We work out what happens for sheaves of modules on ringed topoi in another chap-
ter (see Modules on Sites, Section , although there we will mostly just duplicate
the discussion from this chapter.

2. Pathology

A ringed space is a pair consisting of a topological space X and a sheaf of rings O.
We allow O = 0 in the definition. In this case the category of modules has a single
object (namely 0). It is still an abelian category etc, but it is a little degenerate.
Similarly the sheaf O may be zero over open subsets of X, etc.

This doesn’t happen when considering locally ringed spaces (as we will do later).

3. The abelian category of sheaves of modules

Let (X, Ox) be a ringed space, see Sheaves, Definition Let F, G be sheaves
of Ox-modules, see Sheaves, Definition Let ¢,v : F — G be morphisms of
sheaves of Ox-modules. We define ¢ + ¢ : F — G to be the map which on each
open U C X is the sum of the maps induced by ¢, 1. This is clearly again a map
of sheaves of Ox-modules. It is also clear that composition of maps of O x-modules
is bilinear with respect to this addition. Thus Mod(Ox) is a pre-additive category,
see Homology, Definition

We will denote 0 the sheaf of Ox-modules which has constant value {0} for all
open U C X. Clearly this is both a final and an initial object of Mod(Ox). Given
a morphism of Ox-modules ¢ : F — G the following are equivalent: (a) ¢ is zero,
(b) ¢ factors through 0, (c¢) ¢ is zero on sections over each open U, and (d) ¢, =0
for all z € X. See Sheaves, Lemma [16.1

Moreover, given a pair F, G of sheaves of Ox-modules we may define the direct
sum as

FOG=FxgG
with obvious maps (i, j, p, ¢) as in Homology, Definition Thus Mod(Ox) is an
additive category, see Homology, Definition [3.8

Let ¢ : F — G be a morphism of Ox-modules. We may define Ker(y) to be the
subsheaf of F with sections

Ker(p)(U) = {s € F(U) | ¢(s) = 0 in G(U)}

for all open U C X. It is easy to see that this is indeed a kernel in the category
of Ox-modules. In other words, a morphism « : H — F factors through Ker(y) if
and only if ¢ o = 0. Moreover, on the level of stalks we have Ker(y), = Ker(¢,).

On the other hand, we define Coker(y) as the sheaf of Ox-modules associated to
the presheaf of Ox-modules defined by the rule

U — Coker(G(U) = F(U)) = F(U)/o(G(U)).

Since taking stalks commutes with taking sheafification, see Sheaves, Lemma [I7.2]
we see that Coker(y), = Coker(¢,). Thus the map G — Coker(y) is surjective (as
a map of sheaves of sets), see Sheaves, Section To show that this is a cokernel,
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note that if 8 : G — H is a morphism of Ox-modules such that § o ¢ is zero,
then you get for every open U C X a map induced by g from G(U)/@(F(U)) into
H(U). By the universal property of sheafification (see Sheaves, Lemma we
obtain a canonical map Coker(¢) — H such that the original /5 is equal to the
composition G — Coker(p) — H. The morphism Coker(yp) — H is unique because
of the surjectivity mentioned above.

Lemma 3.1. Let (X,Ox) be a ringed space. The category Mod(Ox) is an abelian
category. Moreover a complex

F—=G—-H
is exact at G if and only if for all x € X the complex

Fo = Ge — Hy
is exact at G,.

Proof. By Homology, Definition we have to show that image and coimage
agree. By Sheaves, Lemma it is enough to show that image and coimage have
the same stalk at every x € X. By the constructions of kernels and cokernels above
these stalks are the coimage and image in the categories of Ox ,-modules. Thus we
get the result from the fact that the category of modules over a ring is abelian. [

Actually the category Mod(Ox ) has many more properties. Here are two construc-
tions we can do.

(1) Given any set I and for each i € I a Ox-module we can form the product

1., 7
which is the sheaf that associates to each open U the product of the modules
F;(U). This is also the categorical product, as in Categories, Definition
4.0l

(2) Given any set I and for each ¢ € I a Ox-module we can form the direct

sum
i€l

which is the sheafification of the presheaf that associates to each open U the
direct sum of the modules F;(U). This is also the categorical coproduct, as
in Categories, Definition To see this you use the universal property
of sheafification.

Using these we conclude that all limits and colimits exist in Mod(Ox).

01AH Lemma 3.2. Let (X,0Ox) be a ringed space.

(1) All limits exist in Mod(Ox). Limits are the same as the corresponding
limits of presheaves of Ox -modules (i.e., commute with taking sections over
opens).

(2) All colimits exist in Mod(Ox). Colimits are the sheafification of the corre-
sponding colimit in the category of presheaves. Taking colimits commutes
with taking stalks.

(3) Filtered colimits are exact.

(4) Finite direct sums are the same as the corresponding finite direct sums of
presheaves of Ox-modules.
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Proof. As Mod(Ox) is abelian (Lemma it has all finite limits and colimits
(Homology, Lemma . Thus the existence of limits and colimits and their de-
scription follows from the existence of products and coproducts and their description
(see discussion above) and Categories, Lemmas and Since sheafifica-
tion commutes with taking stalks we see that colimits commute with taking stalks.
Part (3) signifies that given a system 0 — F; — G; — H; — 0 of exact sequences
of Ox-modules over a directed set I the sequence 0 — colim F; — colimG; —
colimH; — 0 is exact as well. Since we can check exactness on stalks (Lemma |3.1)
this follows from the case of modules which is Algebra, Lemma We omit the
proof of (4). O

The existence of limits and colimits allows us to consider exactness properties of
functors defined on the category of O-modules in terms of limits and colimits, as
in Categories, Section See Homology, Lemma for a description of exactness
properties in terms of short exact sequences.

Lemma 3.3. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces.

(1) The functor fi : Mod(Ox) — Mod(Oy) is left exact. In fact it commutes
with all limits.

(2) The functor f* : Mod(Oy) — Mod(Ox) is right exact. In fact it commutes
with all colimits.

(3) Pullback f=1: Ab(Y) — Ab(X) on abelian sheaves is exact.

Proof. Parts (1) and (2) hold because (f*, f,) is an adjoint pair of functors, see
Sheaves, Lemma and Categories, Section Part (3) holds because exactness
can be checked on stalks (Lemma and the description of stalks of the pullback,
see Sheaves, Lemma [22.1 O

Lemmal 3.4. Let j : U — X be an open immersion of topological spaces. The
functor ji : Ab(U) — Ab(X) is exact.

Proof. Follows from the description of stalks given in Sheaves, Lemma O

Lemma 3.5. Let (X,0Ox) be a ringed space. Let I be a set. Fori e I, let F; be
a sheaf of Ox-modules. For U C X quasi-compact open the map

L FO) — (B, 7))
is bijective.
Proof. If s is an element of the right hand side, then there exists an open covering
U = Uje,s Uj such that s|y, is a finite sum 37, s;i with s;; € Fi(Uj). Because
U is quasi-compact we may assume that the covering is finite, i.e., that J is finite.
Then I" = J;c; I; is a finite subset of I. Clearly, s is a section of the subsheaf

@, Fi- The result follows from the fact that for a finite direct sum sheafification
is not needed, see Lemma above. O

4. Sections of sheaves of modules

Let (X, Ox) be aringed space. Let F be a sheaf of Ox-modules. Let s € I'(X, F) =
F(X) be a global section. There is a unique map of Ox-modules

OX _)]:'7 fr—>fs
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associated to s. The notation above signifies that a local section f of Oy, i.e., a
section f over some open U, is mapped to the multiplication of f with the restriction
of s to U. Conversely, any map ¢ : Ox — F gives rise to a section s = (1) such
that ¢ is the morphism associated to s.

Definition 4.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
We say that F is generated by global sections if there exist a set I, and global
sections s; € I'(X, F), ¢ € I such that the map

@ig Ox — F

which is the map associated to s; on the summand corresponding to i, is surjective.
In this case we say that the sections s; generate F.

We often use the abuse of notation introduced in Sheaves, Section [I1] where, given a
local section s of F defined in an open neighbourhood of a point z € X, we denote
Sz, Oor even s the image of s in the stalk F,.

Lemma 4.2. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.
Let I be a set. Let s; € T'(X,F), i € I be global sections. The sections s; generate
F if and only if for all x € X the elements s; , € F, generate the Ox z-module F.

Proof. Omitted. O

Lemma 4.3. Let (X,Ox) be a ringed space. Let F, G be sheaves of Ox-modules.
If F and G are generated by global sections then so is F ®opy G.

Proof. Omitted. O

Lemma 4.4. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.
Let I be a set. Let s;, i € I be a collection of local sections of F, i.e., s; € F(U;)
for some opens U; C X. There exists a unique smallest subsheaf of Ox-modules G
such that each s; corresponds to a local section of G.

Proof. Consider the subpresheaf of Ox-modules defined by the rule
U — {sums Z,GJ fi(silu) where J is finite, U C U; for i € J, and f; € Ox(U)}

Let G be the sheafification of this subpresheaf. This is a subsheaf of F by Sheaves,
Lemma Since all the finite sums clearly have to be in G this is the smallest
subsheaf as desired. O

Definition 4.5. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
Given a set I, and local sections s;, i € I of F we say that the subsheaf G of Lemma
[4:4 above is the subsheaf generated by the s;.

Lemma 4.6. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.
Given a set I, and local sections s;, i € I of F. Let G be the subsheaf generated
by the s; and let x € X. Then G, is the Ox z-submodule of F, generated by the
elements s; , for those i such that s; is defined at x.

Proof. This is clear from the construction of G in the proof of Lemma [4.4 O
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5. Supports of modules and sections

Definition 5.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
(1) The support of F is the set of points x € X such that F,, # 0.
(2) We denote Supp(F) the support of F.
(3) Let s € I'(X,F) be a global section. The support of s is the set of points
x € X such that the image s, € F, of s is not zero.

Of course the support of a local section is then defined also since a local section is
a global section of the restriction of F.

Lemma 5.2. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.
Let U C X open.
(1) The support of s € F(U) is closed in U.
(2) The support of fs is contained in the intersections of the supports of f €
Ox(U) and s € F(U).
(3) The support of s + s’ is contained in the union of the supports of s,s" €
FU).
(4) The support of F is the union of the supports of all local sections of F.
(5) If ¢ : F = G is a morphism of Ox-modules, then the support of p(s) is
contained in the support of s € F(U).

Proof. This is true because if s, = 0, then s is zero in an open neighbourhood of
x by definition of stalks. Similarly for f. Details omitted. O

In general the support of a sheaf of modules is not closed. Namely, the sheaf could
be an abelian sheaf on R (with the usual archimedean topology) which is the direct
sum of infinitely many nonzero skyscraper sheaves each supported at a single point
p; of R. Then the support would be the set of points p; which may not be closed.

Another example is to consider the open immersion j : U = (0,00) - R = X, and
the abelian sheaf jiZ;;. By Sheaves, Section [31| the support of this sheaf is exactly
U.

Lemma 5.3. Let X be a topological space. The support of a sheaf of rings is
closed.

Proof. This is true because (according to our conventions) a ring is 0 if and only
if 1 = 0, and hence the support of a sheaf of rings is the support of the unit
section. (]

6. Closed immersions and abelian sheaves

Recall that we think of an abelian sheaf on a topological space X as a sheaf of
Z y-modules. Thus we may apply any results, definitions for sheaves of modules to
abelian sheaves.

Lemma 6.1. Let X be a topological space. Let Z C X be a closed subset. Denote
1: 74 — X the inclusion map. The functor

vt AD(Z) — Ab(X)
is exact, fully faithful, with essential image exactly those abelian sheaves whose
support is contained in Z. The functor i~ is a left inverse to i..
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Proof. Exactness follows from the description of stalks in Sheaves, Lemma [32.1
and Lemma [3.I] The rest was shown in Sheaves, Lemma [32.3 O

Let F be an abelian sheaf on the topological space X. Given a closed subset Z,
there is a canonical abelian subsheaf of F which consists of exactly those sections
whose support is contained in Z. Here is the exact statement.

Remark| 6.2. Let X be a topological space. Let Z C X be a closed subset. Let
F be an abelian sheaf on X. For U C X open set

Hz(F)(U)={se€ FU)| the support of s is contained in ZNU}

Then Hz(F) is an abelian subsheaf of F. It is the largest abelian subsheaf of F
whose support is contained in Z. By Lemma [6.1| we may (and we do) view Hz(F)
as an abelian sheaf on Z. In this way we obtain a left exact functor

Ab(X) — Ab(Z), F v+ Hz(F) viewed as abelian sheaf on Z
All of the statements made above follow directly from Lemma [5.2

This seems like a good opportunity to show that the functor i, has a right adjoint
on abelian sheaves.

Lemma 6.3. Leti: Z — X be the inclusion of a closed subset into the topological
space X. The functor Ab(X) — Ab(Z), F +— Hz(F) of Remark[6.9 is a right
adjoint to iy : Ab(Z) — Ab(X). In particular i, commutes with arbitrary colimits.

Proof. We have to show that for any abelian sheaf 7 on X and any abelian sheaf
G on Z we have
Hom 44 x)(i+G, F) = Hom 42y (G, Hz (F))

This is clear because after all any section of 7,G has support in Z. Details omitted.
O

Remark| 6.4. In Sheaves, Remark we showed that i, as a functor on the
categories of sheaves of sets does not have a right adjoint simply because it is not
exact. However, it is very close to being true, in fact, the functor i, is exact on
sheaves of pointed sets, sections with support in Z can be defined for sheaves of
pointed sets, and Hz makes sense and is a right adjoint to 7.

7. A canonical exact sequence
We give this exact sequence its own section.

Lemma 7.1. Let X be a topological space. Let U C X be an open subset with
complement Z C X. Denote j : U — X the open immersion and i : Z — X the
closed immersion. For any sheaf of abelian groups F on X the adjunction mappings
jii " YF — F and F — i,i~ ' F give a short exact sequence

0= jij *"F=oF—=id 'F=0

of sheaves of abelian groups. For any morphism ¢ : F — G of abelian sheaves on
X we obtain a morphism of short exact sequences

0—>jij '\ F—sF—>ii ' F——>0

L

0—jij ' —>G——ii'g——0
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Proof. The functoriality of the short exact sequence is immediate from the natu-
rality of the adjunction mappings. We may check exactness on stalks (Lemma [3.1]).
For a description of the stalks in question see Sheaves, Lemmas and [32.1] O

8. Modules locally generated by sections

Let (X,0x) be a ringed space. In this and the following section we will often
restrict sheaves to open subspaces U C X, see Sheaves, Section In particular,
we will often denote the open subspace by (U,Op) instead of the more correct
notation (U, Ox|v), see Sheaves, Definition [31.2]

Consider the open immersion j : U = (0,00) — R = X, and the abelian sheaf
J1Zy;. By Sheaves, Section the stalk of 51Z;; at x = 0 is 0. In fact the sections
of this sheaf over any open interval containing 0 are 0. Thus there is no open
neighbourhood of the point 0 over which the sheaf can be generated by sections.

Definition 8.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
We say that F is locally generated by sections if for every x € X there exists an open
neighbourhood U of « such that F|y is globally generated as a sheaf of Opy-modules.

In other words there exists a set I and for each i a section s; € F(U) such that the
associated map

B _ov—Flu
iel
is surjective.

Lemma 8.2. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. The
pullback f*G is locally generated by sections if G is locally generated by sections.

Proof. Given an open subspace V of Y we may consider the commutative diagram
of ringed spaces

(f71V7 Of*1V) - (Xa OX)

f’l lf
(V,0y) —L— (v, 0y)

We know that f*G|s—1y = (f')*(G|v), see Sheaves, Lemma Thus we may
assume that G is globally generated.

We have seen that f* commutes with all colimits, and is right exact, see Lemma
[3:3] Thus if we have a surjection

@, Oy -G —=0
i€l
then upon applying f* we obtain the surjection
*
D, 0x = g0

This implies the lemma. [
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9. Modules of finite type

Definition 9.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
We say that F is of finite type if for every x € X there exists an open neighbourhood
U such that F|y is generated by finitely many sections.

Lemma 9.2. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. The
pullback f*G of a finite type Oy -module is a finite type Ox-module.

Proof. Arguing as in the proof of Lemma [8.2] we may assume G is globally gener-
ated by finitely many sections. We have seen that f* commutes with all colimits,
and is right exact, see Lemma [3.3] Thus if we have a surjection

@4 Oy -G —=0
i=1,...,n
then upon applying f* we obtain the surjection

@id Ox = ['G 0.

ey

This implies the lemma. O

Lemmal 9.3. Let X be a ringed space. The image of a morphism of Ox-modules
of finite type is of finite type. Let 0 — F; — Fo — F3 — 0 be a short exact
sequence of Ox-modules. If F1 and Fs are of finite type, so is Fa.

Proof. The statement on images is trivial. The statement on short exact sequences
comes from the fact that sections of F3 locally lift to sections of F5 and the cor-
responding result in the category of modules over a ring (applied to the stalks for
example). O

Lemmal 9.4. Let X be a ringed space. Let p : G — F be a homomorphism of Ox-
modules. Let x € X. Assume F of finite type and the map on stalks o, : G — Fy
surjective. Then there exists an open neighbourhood x € U C X such that |y is
surjective.

Proof. Choose an open neighbourhood U C X of x such that F is generated by
S1y...,8, € F(U) over U. By assumption of surjectivity of ¢,, after shrinking U
we may assume that s; = ¢(t;) for some t; € G(U). Then U works. O

Lemmal 9.5. Let X be a ringed space. Let F be an Ox-module. Let x € X.
Assume F of finite type and F, = 0. Then there exists an open neighbourhood
x €U C X such that Fly is zero.

Proof. This is a special case of Lemma applied to the morphism 0 — F. [

Lemma 9.6. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules. If
F is of finite type then support of F is closed.

Proof. This is a reformulation of Lemma [0.5 O

Lemma 9.7. Let X be a ringed space. Let I be a preordered set and let (F;, fiir) be
a system over I consisting of sheaves of Ox-modules (see Categories, Section ,
Let F = colim F; be the colimit. Assume (a) I is directed, (b) F is a finite type
Ox-module, and (¢) X is quasi-compact. Then there exists an i such that F; — F
is surjective. If the transition maps fii» are injective then we conclude that F = F;
for some i € 1.
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Proof. Let x € X. There exists an open neighbourhood U C X of x and finitely
many sections s; € F(U), j = 1,...,m such that s1,...,s,, generate F as Oy-
module. After possibly shrinking U to a smaller open neighbourhood of x we may
assume that each s; comes from a section of F; for some ¢ € I. Hence, since X is
quasi-compact we can find a finite open covering X = (J i—1,..m U;, and for each
J an index i; and finitely many sections s;; € F;,(U;) whose images generate the
restriction of F to U;. Clearly, the lemma holds for any index ¢ € I which is > all
) |

15
Lemma 9.8. Let X be a ringed space. There exists a set of Ox-modules {F;}icr

of finite type such that each finite type Ox-module on X is isomorphic to exactly
one of the F;.

Proof. For each open covering U : X = |J U, consider the sheaves of O x-modules
F such that each restriction F|y, is a quotient of (9[6?:" for some r; > 0. These are

parametrized by subsheaves IC; C Og;j and glueing data

Pjjr Ozefafr’wuj,/(lcj\ujwj/) — @zﬂj:%/Uj,/(’Cj'|Uijj/)
see Sheaves, Section[33] Note that the collection of all glueing data forms a set. The
collection of all coverings U : X = {J;c; U; where J — P(X), j — Uj is injective
forms a set as well. Hence the collection of all sheaves of Ox-modules gotten from
glueing quotients as above forms a set Z. By definition every finite type Ox-module
is isomorphic to an element of Z. Choosing an element out of each isomorphism
class inside Z gives the desired set of sheaves (uses axiom of choice). ]

10. Quasi-coherent modules

In this section we introduce an abstract notion of quasi-coherent O x-module. This
notion is very useful in algebraic geometry, since quasi-coherent modules on a
scheme have a good description on any affine open. However, we warn the reader
that in the general setting of (locally) ringed spaces this notion is not well behaved
at all. The category of quasi-coherent sheaves is not abelian in general, infinite
direct sums of quasi-coherent sheaves aren’t quasi-coherent, etc, etc.

Definition 10.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
We say that F is a quasi-coherent sheaf of Ox-modules if for every point x € X
there exists an open neighbourhood x € U C X such that F|y is isomorphic to the

cokernel of a map
@jGJ Oy — 691'61 Ou

The category of quasi-coherent O x-modules is denoted QCoh(Ox).

The definition means that X is covered by open sets U such that F|y has a pre-
sentation of the form

@jEJ OU — @iel OU — ]:‘U — 0.

Here presentation signifies that the displayed sequence is exact. In other words

(1) for every point x of X there exists an open neighbourhood such that F|y
is generated by global sections, and

(2) for a suitable choice of these sections the kernel of the associated surjection
is also generated by global sections.
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Lemma 10.2. Let (X,Ox) be a ringed space. The direct sum of two quasi-coherent
Ox-modules is a quasi-coherent Ox-module.

Proof. Omitted. O

Remark| 10.3. Warning: It is not true in general that an infinite direct sum
of quasi-coherent O x-modules is quasi-coherent. For more esoteric behaviour of
quasi-coherent modules see Example

Lemma 10.4. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. The
pullback f*G of a quasi-coherent Oy -module is quasi-coherent.

Proof. Arguing as in the proof of Lemma [8.2] we may assume G has a global
presentation by direct sums of copies of Oy. We have seen that f* commutes with
all colimits, and is right exact, see Lemma [3.3] Thus if we have an exact sequence

@jeJ Oy — ®ie1 Oy —G—0

then upon applying f* we obtain the exact sequence

@jeJox — P, ,0x — "G —0.
This implies the lemma. U
This gives plenty of examples of quasi-coherent sheaves.

Lemma 10.5. Let (X,0x) be ringed space. Let oo : R — I'(X,0x) be a ring
homomorphism from a ring R into the ring of global sections on X. Let M be an
R-module. The following three constructions give canonically isomorphic sheaves
of Ox-modules:
(1) Letm: (X,0x) — ({*}, R) be the morphism of ringed spaces withm : X —
{x} the unique map and with m-map 7 the given map o : R — T'(X, Ox).
Set F1 =7m*M.
(2) Choose a presentation B ;c; R — @;c; B — M — 0. Set

F, = Coker (EBJ_GJ ox P, OX) .

Here the map on the component Ox corresponding to j € J given by the
section y_, a(ri;) where the r;; are the matriz coefficients of the map in the
presentation of M.

(3) Set Fs equal to the sheaf associated to the presheaf U — Ox(U) ®r M,
where the map R — Ox(U) is the composition of « and the restriction
map Ox(X) — Ox(U).

This construction has the following properties:

(1) The resulting sheaf of Ox-modules Fay = F1 = Fo = F3 is quasi-coherent.

(2) The construction gives a functor from the category of R-modules to the
category of quasi-coherent sheaves on X which commutes with arbitrary
colimits.

(3) For any x € X we have Fyrp = Ox 5 @r M functorial in M.

(4) Given any Ox-module G we have

Moro (Fam,G) = Homg (M, T'(X, G))

where the R-module structure on T'(X,G) comes from the T'(X, Ox)-module
structure via o.
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Proof. The isomorphism between F; and F3 comes from the fact that 7* is defined
as the sheafification of the presheaf in (3), see Sheaves, Section The isomorphism
between the constructions in (2) and (1) comes from the fact that the functor =*
is right exact, so 7*(@,;c; R) = 7 (D,c; B) — 7" M — 0 is exact, 7° commutes
with arbitrary direct sums, see Lemma and finally the fact that 7*(R) = Ox.

Assertion (1) is clear from construction (2). Assertion (2) is clear since 7* has these
properties. Assertion (3) follows from the description of stalks of pullback sheaves,
see Sheaves, Lemma Assertion (4) follows from adjointness of 7, and 7*. O

Definition 10.6. In the situation of Lemma we say Fy is the sheaf associated
to the module M and the ring map «. If R =T(X,Ox) and o = idg we simply say
Fur is the sheaf associated to the module M.

Lemma 10.7. Let (X,Ox) be a ringed space. Set R =T(X,0x). Let M be an
R-module. Let Fy; be the quasi-coherent sheaf of Ox-modules associated to M. If
g : (Y,0y) — (X,0x) is a morphism of ringed spaces, then g*Fus is the sheaf
associated to the I'(Y, Oy )-module T'(Y,Oy) ®r M.

Proof. The assertion follows from the first description of F,; in Lemma [10.5[ as
7*M, and the following commutative diagram of ringed spaces

(Y, Oy) —— ({+},I'(Y, Oy))

gl iinduced by g11

(X7 OX) —— ({*}7F(X7 OX))
(Also use Sheaves, Lemma ) O

Lemma 10.8. Let (X,0x) be a ringed space. Let x € X be a point. Assume
that x has a fundamental system of quasi-compact neighbourhoods. Consider any
quasi-coherent Ox -module F. Then there exists an open neighbourhood U of x such
that Fly is isomorphic to the sheaf of modules Fyr on (U, Oy) associated to some
I'(U, Oy)-module M.

Proof. First we may replace X by an open neighbourhood of z and assume that
F is isomorphic to the cokernel of a map

VP, ,0x —D,,0x

The problem is that this map may not be given by a “matrix”, because the module
of global sections of a direct sum is in general different from the direct sum of the
modules of global sections.

Let © € E C X be a quasi-compact neighbourhood of  (note: E may not be open).
Let x € U C E be an open neighbourhood of z contained in E. Next, we proceed as
in the proof of Lemma For each j € J denote s; € I'(X, P, ; Ox) the image of
the section 1 in the summand Ox corresponding to j. There exists a finite collection
of opens Uy, k € K such that F C UkeK,- Uji, and such that each restriction s;|y,,
is a finite sum Zieljk fiws with Ijp C I, and fjg; in the summand Ox corresponding
toi € I. Set Ij = Uycg, Ljk- This is a finite set. Since U C E C Uyeg, Uji the
section s;|y is a section of the finite direct sum @z‘elj Ox. By Lemma [3.2| we see
that actually s;|p is a sum Ziel,- fij and fi; € Ox(U) =T'(U, Oyp).
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At this point we can define a module M as the cokernel of the map

D, , . 0v) =P, T, 0v)

with matrix given by the (f;;). By construction (2) of Lemma we see that Fys
has the same presentation as F|y and therefore Fys = Fly. O

Example 10.9. Let X be countably many copies L1, Lo, L3, ... of the real line
all glued together at 0; a fundamental system of neighbourhoods of 0 being the
collection {Up, }nen, with U,NL; = (—1/n,1/n). Let Ox be the sheaf of continuous
real valued functions. Let f : R — R be a continuous function which is identically
zero on (—1,1) and identically 1 on (—oo, —2) U (2, 00). Denote f, the continuous
function on X which is equal to x — f(nx) on each L; = R. Let 1z, be the
characteristic function of L;. We consider the map

69jeN Ox — @j,ieN Ox, ¢ ZiGN Jitrieis
with obvious notation. This makes sense because this sum is locally finite as f; is
zero in a neighbourhood of 0. Over U,, the image of e;, for j > 2n is not a finite
linear combination ) g;je;; with g;; continuous. Thus there is no neighbourhood
of 0 € X such that the displayed map is given by a “matrix” as in the proof of
Lemma [10.8 above.

Note that €.y Ox is the sheaf associated to the free module with basis e; and
similarly for the other direct sum. Thus we see that a morphism of sheaves asso-
ciated to modules in general even locally on X does not come from a morphism of
modules. Similarly there should be an example of a ringed space X and a quasi-
coherent Ox-module F such that F is not locally of the form Fj;. (Please email
if you find one.) Moreover, there should be examples of locally compact spaces X
and maps Fyy — Fx which also do not locally come from maps of modules (the
proof of Lemma shows this cannot happen if N is free).

11. Modules of finite presentation

Here is the definition.

Definition 11.1. Let (X, Ox) be aringed space. Let F be a sheaf of Ox-modules.
We say that F is of finite presentation if for every point x € X there exists an open
neighbourhood « € U C X, and n,m € N such that F|y is isomorphic to the

cokernel of a map
—
69y‘:l,...,m Ou 69z‘:l,...,n Ou

This means that X is covered by open sets U such that F|y has a presentation of

the form
@j:l,...,m OU — @i:l,...,n OU — «7:|U — 0.

Here presentation signifies that the displayed sequence is exact. In other words

(1) for every point = of X there exists an open neighbourhood such that F|y
is generated by finitely many global sections, and

(2) for a suitable choice of these sections the kernel of the associated surjection
is also generated by finitely many global sections.

Lemma 11.2. Let (X, Ox) be a ringed space. Any Ox-module of finite presenta-
tion is quasi-coherent.
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Proof. Immediate from definitions. O

Lemma 11.3. Let (X,0x) be a ringed space. Let F be an Ox-module of finite
presentation.

(1) If v : OF" — F is a surjection, then Ker(v)) is of finite type.

(2) If 0 : G — F is surjective with G of finite type, then Ker(0) is of finite type.
Proof. Proof of (1). Let z € X. Choose an open neighbourhood U C X of z such
that there exists a presentation

og™ 5 0F" 5 Fly — 0.

Let ej be the section generating the kth factor of OE'?T. For every k =1,...,r we
can, after shrinking U to a small neighbourhood of z, lift ¢(e) to a section & of
O™ over U. This gives a morphism of sheaves a : OF" — OF™ such that poa = 1.
Similarly, after shrinking U, we can find a morphism f : (9[6]5" — (9[6]9’" such that
1 o 8 = . Then the map

@ @r Box,l1—pBoa @
ogm e O ——— OF"
is a surjection onto the kernel of 1.

To prove (2) we may locally choose a surjection 7 : O?@T — G. By part (1) we see
Ker(0 o n) is of finite type. Since Ker(0) = n(Ker(f o n)) we win. O

Lemma 11.4. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. The
pullback f*G of a module of finite presentation is of finite presentation.

Proof. Exactly the same as the proof of Lemma but with finite index sets. [

Lemma 11.5. Let (X,0x) be a ringed space. Set R = I'(X,0x). Let M be
an R-module. The Ox-module Fy; associated to M is a directed colimit of finitely
presented O x -modules.

Proof. This follows immediately from Lemma and the fact that any module
is a directed colimit of finitely presented modules, see Algebra, Lemma [11.3 O

Lemma 11.6. Let (X,0x) be a ringed space. Let F be a finitely presented Ox -
module. Let v € X such that F, = (’)?@;. Then there exists an open neighbourhood
U of x such that Fly = OF".

Proof. Choose s1,...,s, € F, mapping to a basis of O;’éfz by the isomorphism.
Choose an open neighbourhood U of x such that s; lifts to s; € F(U). After
shrinking U we see that the induced map % : (’)ﬁT — Flu is surjective (Lemma
9.4). By Lemma we see that Ker(3) is of finite type. Then Ker(¢)), = 0
implies that Ker(¢)) becomes zero after shrinking U once more (Lemma[9.5). O

12. Coherent modules

A reference for this section is [Ser55].

The category of coherent sheaves on a ringed space X is a more reasonable object
than the category of quasi-coherent sheaves, in the sense that it is at least an abelian
subcategory of Mod(Ox) no matter what X is. On the other hand, the pullback
of a coherent module is “almost never” coherent in the general setting of ringed
spaces.
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Definition 12.1. Let (X, Ox) be a ringed space. Let F be a sheaf of Ox-modules.
We say that F is a coherent Ox-module if the following two conditions hold:
(1) F is of finite type, and
(2) for every open U C X and every finite collection s; € F(U), i =1,...,n
the kernel of the associated map @,_, , Ov — Flu is of finite type.

The category of coherent Ox-modules is denoted Coh(Ox).

Lemma 12.2. Let (X,0x) be a ringed space. Any coherent Ox-module is of
finite presentation and hence quasi-coherent.

Proof. Let F be a coherent sheaf on X. Pick a point x € X. By (1) of the
definition of coherent, we may find an open neighbourhood U and sections s;,
i=1,...,n of Fover U such that ¥V : @, , , Oy — F is surjective. By (2) of
the definition of coherent, we may find an 0pén7 neighbourhood V, z € V C U and
sections tq,...,t,, of @i:l,,..,n Oy which generate the kernel of ¥|y,. Then over V
we get the presentation

@jzl m@v%@izl nOv—>.7:|V_>O

..........

as desired. O

Example 12.3. Suppose that X is a point. In this case the definition above gives
a notion for modules over rings. What does the definition of coherent mean? It
is closely related to the notion of Noetherian, but it is not the same: Namely, the
ring R = Clz1, 22, 3, ...] is coherent as a module over itself but not Noetherian as
a module over itself. See Algebra, Section [90] for more discussion.

Lemma 12.4. Let (X,0Ox) be a ringed space.

(1) Any finite type subsheaf of a coherent sheaf is coherent.

(2) Let o : F — G be a morphism from a finite type sheaf F to a coherent sheaf
G. Then Ker(p) is of finite type.

(3) Let ¢ : F — G be a morphism of coherent Ox-modules. Then Ker(yp) and
Coker(p) are coherent.

(4) Given a short exact sequence of Ox-modules 0 — F; — Fo — F3 — 0 if
two out of three are coherent so is the third.

(5) The category Coh(Ox) is a weak Serre subcategory of Mod(Ox). In partic-
ular, the category of coherent modules is abelian and the inclusion functor
Coh(Ox) — Mod(Ox) is exact.

Proof. Condition (2) of Definition holds for any subsheaf of a coherent sheaf.
Thus we get (1).

Assume the hypotheses of (2). Let us show that Ker(p) is of finite type. Pick
x € X. Choose an open neighbourhood U of x in X such that F|y is generated
by s1,...,8,. By Definition the kernel K of the induced map @, Oy — G,
e; — (s;) is of finite type. Hence Ker(y) which is the image of the composition
K — @, Oy — F is of finite type.

Assume the hypotheses of (3). By (2) the kernel of ¢ is of finite type and hence by
(1) it is coherent.

With the same hypotheses let us show that Coker(y) is coherent. Since G is of finite
type so is Coker(¢). Let U C X be open and let 5; € Coker(p)(U), i =1,...,n
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be sections. We have to show that the kernel of the associated morphism VU :
@, Ou — Coker(yp) is of finite type. There exists an open covering of U such that
on each open all the sections s; lift to sections s; of G. Hence we may assume this is
the case over U. We may in addition assume there are sections ¢;, j = 1,...,m of
Im(y) over U which generate Im(y) over U. Let @ : @@L, Oy — Im(¢p) be defined
using t; and ¥ : @)L, Oy ®@;_, Oy — G using t; and s;. Consider the following
commutative diagram

0—— @Tﬂ Oy — @7;1 Ov @ @?:1 Oy — @?:1 Oy —=0

00— Im(p) g Coker(p) ——=0

By the snake lemma we get an exact sequence Ker(¥) — Ker(¥) — 0. Since

Ker(WV) is a finite type module, we see that Ker(¥) has finite type.

Proof of part (4). Let 0 — F; — F» — F3 — 0 be a short exact sequence of
Ox-modules. By part (3) it suffices to prove that if F; and F3 are coherent so is
F3. By Lemma we see that F5 has finite type. Let s1,...,s, be finitely many
local sections of F5 defined over a common open U of X. We have to show that
the module of relations K between them is of finite type. Consider the following
commutative diagram

0——=0—>@ Ov —= @, Ov —=0

L l

0 Fi Fa F3 0

with obvious notation. By the snake lemma we get a short exact sequence 0 — K —
K3 — F1 where K3 is the module of relations among the images of the sections s;
in F3. Since JF; is coherent we see that /C is the kernel of a map from a finite type
module to a coherent module and hence finite type by (2).

Proof of (5). This follows because (3) and (4) show that Homology, Lemma [10.3]
applies. O

Lemma 12.5. Let (X,0x) be a ringed space. Let F be an Ox-module. Assume
Ox is a coherent Ox-module. Then F is coherent if and only if it is of finite
presentation.

Proof. Omitted. O

Lemma 12.6. Let X be a ringed space. Let ¢ : G — F be a homomorphism of
Ox-modules. Let x € X. Assume G of finite type, F coherent and the map on
stalks @y : G, — Fy injective. Then there exists an open neighbourhood x € U C X
such that o|y is injective.

Proof. Denote K C G the kernel of ¢. By Lemma we see that K is a finite
type Ox-module. Our assumption is that K, = 0. By Lemma [9.5] there exists an
open neighbourhood U of x such that K|y = 0. Then U works. (]
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13. Closed immersions of ringed spaces

When do we declare a morphism of ringed spaces i : (Z,0z) — (X,Ox) to be a
closed immersion?

Motivated by the example of a closed immersion of normal topological spaces
(ringed with the sheaf of continuous functors), or differential manifolds (ringed
with the sheaf of differentiable functions), it seems natural to assume at least:

(1) The map 7 is a closed immersion of topological spaces.
(2) The associated map Ox — i,Oy is surjective. Denote the kernel by Z.

Already these conditions imply a number of pleasing results: For example we prove
that the category of Oz-modules is equivalent to the category of Ox-modules an-
nihilated by Z generalizing the result on abelian sheaves of Section [6]

However, in the Stacks project we choose the definition that guarantees that if ¢
is a closed immersion and (X,Ox) is a scheme, then also (Z,0z) is a scheme.
Moreover, in this situation we want ¢, and ¢* to provide an equivalence between
the category of quasi-coherent O z-modules and the category of quasi-coherent O x-
modules annihilated by Z. A minimal condition is that 7,0z is a quasi-coherent
sheaf of Ox-modules. A good way to guarantee that i,y is a quasi-coherent O x-
module is to assume that Z is locally generated by sections. We can interpret this
condition as saying “(Z,Oz) is locally on (X, Ox) defined by setting some regular
functions f;, i.e., local sections of Oy, equal to zero”. This leads to the following
definition.

Definition 13.1. A closed immersion of ringed spacesﬂis amorphismi: (Z,0z) —
(X, Ox) with the following properties:

(1) The map i is a closed immersion of topological spaces.
(2) The associated map Ox — i.Oy is surjective. Denote the kernel by Z.
(3) The Ox-module 7 is locally generated by sections.

Actually, this definition still does not guarantee that i, of a quasi-coherent Oz-
module is a quasi-coherent O x-module. The problem is that it is not clear how to
convert a local presentation of a quasi-coherent O z-module into a local presentation
for the pushforward. However, the following is trivial.

Lemma 13.2. Leti: (Z,0z) — (X,Ox) be a closed immersion of ringed spaces.
Let F be a quasi-coherent Oz-module. Then i, F is locally on X the cokernel of a
map of quasi-coherent O x-modules.

Proof. This is true because i,y is quasi-coherent by definition. And locally on Z
the sheaf F is a cokernel of a map between direct sums of copies of Oz. Moreover,
any direct sum of copies of the the same quasi-coherent sheaf is quasi-coherent.
And finally, i, commutes with arbitrary colimits, see Lemma [6.3] Some details
omitted. (]

Lemma 13.3. Leti: (Z,0z) — (X,0x) be a morphism of ringed spaces. Assume
1 is a homeomorphism onto a closed subset of X and that Ox — 1.Oyz is surjective.
Let F be an Oz-module. Then i, F is of finite type if and only if F is of finite type.

LThis is nonstandard notation; see discussion above.
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Proof. Suppose that F is of finite type. Pick z € X. If © € Z, then i, F is
zero in a neighbourhood of x and hence finitely generated in a neighbourhood of
x. If ¢ = i(z), then choose an open neighbourhood z € V C Z and sections
S1y..-, 8, € F(V) which generate F over V. Write V. = Z N U for some open
U C X. Note that U is a neighbourhood of x. Clearly the sections s; give sections
s; of i, F over U. The resulting map

D Ov — i Flu

i=1,...,n

is surjective by inspection of what it does on stalks (here we use that Ox — i,Oz
is surjective). Hence i.F is of finite type.

Conversely, suppose that i.F is of finite type. Choose z € Z. Set z = i(z).
By assumption there exists an open neighbourhood U C X of z, and sections
S1y .-+ 8n € (1. F)(U) which generate i, F over U. Set V = ZNU. By definition of
i, the sections s; correspond to sections s; of F over V. The resulting map

D Oy — Flv
i=1,...,n
is surjective by inspection of what it does on stalks. Hence F is of finite type. [

Lemma 13.4. Leti: (Z,0z) — (X,Ox) be a morphism of ringed spaces. Assume
i is a homeomorphism onto a closed subset of X and i* : Ox — 1,0y is surjective.
Denote T C Ox the kernel of i*. The functor

i : Mod(Oz) — Mod(Ox)
is exact, fully faithful, with essential image those Ox-modules G such that TG = 0.
Proof. We claim that for an Oz-module F the canonical map
i F — F
is an isomorphism. We check this on stalks. Say z € Z and x = i(z). We have
(1" F )z = (1+F)e ®0x., Oz, = F2 ®0x, Oz = F.

by Sheaves, Lemma the fact that Oz, is a quotient of Ox ,, and Sheaves,
Lemma It follows that i, is fully faithful.

Let G be a Ox-module with ZG = 0. We will prove the canonical map
Y

is an isomorphism. This proves that G = i, F with F = ¢*G which finishes the

proof. We check the displayed map induces an isomorphism on stalks. If z € X

x € i(Z), then G, = 0 because Z,, = Ox , in this case. As above (i4i*G), = 0 by
Sheaves, Lemma On the other hand, if x € Z, then we obtain the map

gx I ga: ®Ox,,,, OZ,a:

by Sheaves, Lemmas and This map is an isomorphism because Oz, =
Ox /L, and because G, is annihilated by Z, by assumption. O

Remark 13.5. Let (X,0Ox) be a ringed space. Let Z C X be a closed subset.
For an Ox-module F we can consider the submodule of sections with support in Z,
denoted Hz(F), defined by the rule

Hz(F)U)={se FU) | Supp(s) cUNZ}
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Observe that Hz(F)(U) is a module over Ox (U), i.e., Hz(F) is an Ox-module. By
construction Hyz(F) is the largest O x-submodule of F whose support is contained
in Z. Applying Lemmato the morphism of ringed spaces (Z, Ox|z) — (X, Ox)
we may (and we do) view Hz(F) as an Ox|z-module on Z. Thus we obtain a
functor

Mod(Ox) — Mod(Ox|z), F+— Hz(F) viewed as an Ox|z-module on Z

This functor is left exact, but in general not exact. All of the statements made
above follow directly from Lemma[5.2} Clearly the construction is compatible with
the construction in Remark

Lemma 13.6. Let (X,Ox) be a ringed space. Leti: Z — X be the inclusion of a
closed subset. The functor Hz : Mod(Ox) — Mod(Ox|z) of Remark[13.5 is right
adjoint to i : Mod(Ox|z) — Mod(Ox).

Proof. We have to show that for any Ox-module F and any Ox|z-module G we
have
Home |, (G, Hz(F)) = Home, (i.G, F)
This is clear because after all any section of 7,G has support in Z. Details omitted.
O

14. Locally free sheaves

Let (X, Ox) be a ringed space. Our conventions allow (some of) the stalks Ox , to
be the zero ring. This means we have to be a little careful when defining the rank
of a locally free sheaf.

Definition 14.1. Let (X, Ox) be aringed space. Let F be a sheaf of Ox-modules.
(1) We say F is locally free if for every point x € X there exist a set I and an
open neighbourhood x € U C X such that F|y is isomorphic to @,.; Ox|u

as an Ox|y-module.
(2) We say F is finite locally free if we may choose the index sets I to be finite.
(3) We say F is finite locally free of rank r if we may choose the index sets I

to have cardinality 7.

A finite direct sum of (finite) locally free sheaves is (finite) locally free. However,
it may not be the case that an infinite direct sum of locally free sheaves is locally
free.

Lemma 14.2. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.
If F is locally free then it is quasi-coherent.

Proof. Omitted. O

Lemma 14.3. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces. If G
s a locally free Oy -module, then f*G is a locally free Ox-module.

Proof. Omitted. O

Lemma 14.4. Let (X,0x) be a ringed space. Suppose that the support of Ox
is X, t.e., all stalks of Ox are nonzero rings. Let F be a locally free sheaf of
Ox -modules. There exists a locally constant function

rankr : X — {0,1,2,...} U {oco}
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such that for any point x € X the cardinality of any set I such that F is isomorphic
to @;c; Ox in a neighbourhood of x is rankz(x).

Proof. Under the assumption of the lemma the cardinality of I can be read off
from the rank of the free module 7, over the nonzero ring Ox ,, and it is constant
in a neighbourhood of z. O

Lemma 14.5. Let (X,Ox) be a ringed space. Letr > 0. Let ¢ : F — G be a map
of finite locally free Ox-modules of rank r. Then ¢ is an isomorphism if and only
if p is surjective.

Proof. Assume ¢ is surjective. Pick € X. There exists an open neighbourhood
U of z such that both F|y and G|y are isomorphic to OF". Pick lifts of the free
generators of G|y to obtain a map ¢ : G|y — F|y such that ¢|y o ¢ = id. Hence
we conclude that the map T'(U, F) — T'(U,G) induced by ¢ is surjective. Since
both T'(U, F) and I'(U, G) are isomorphic to T'(U, Oy )®" as an T'(U, Oy )-module we
may apply Algebra, Lemma to see that I'(U, F) — I'(U,G) is injective. This
finishes the proof. O

Lemma 14.6. Let (X,0O0x) be a ringed space. If all stalks Ox , are local rings,
then any direct summand of a finite locally free Ox-module is finite locally free.

Proof. Assume F is a direct summand of the finite locally free O x-module H. Let
x € X be a point. Then H; is a finite free Ox y-module. Because Ox . is local, we
see that F, = (9?@; for some r, see Algebra, Lemma By Lemma we see
that F is free of rank r in an open neighbourhood of z. (Note that F is of finite
presentation as a summand of H.) O

15. Bilinear maps

Let (X,Ox) be a ringed space. Let F, G, and H be Ox-modules. A bilinear map
f:F xG — H of sheaves of Ox-modules is a map of sheaves of sets as indicated
such that for every open U C X the induced map

F(U)xGU)— H(U)
is an Ox (U)-bilinear map of modules. Equivalently you can ask certain diagrams
of maps of sheaves of sets commute, immitating the usual axioms for bilinear maps

of modules. For example, the axiom f(x + y,2) = f(z, 2) + f(y, ) is represented
by the commutativity of the diagram

FxFx@G HxH
(foprys,foprag) \L
+

(+opry, xprs)i
Fxg ! H

Another characterization is this: if f : F x G — H is a map of sheaves of sets and it
induces a bilinar map of modules on stalks for all points of X, then f is a bilinear
map of sheaves of modules. This is true as you can test whether local sections are
equal by checking on stalks.

Let Mor(—, —) denote morphisms in the category of sheaves of sets on X. Another
characterization of a bilinear map is this: a map of sheaves of sets f : F x G — H
is bilinear if given any sheaf of sets S the rule

Mor(S, F) x Mor(S,G) — Mor(S,H), (a,b) — fo(axb)
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is a bilinear map of modules over the ring Mor(S, Ox). We don’t usually take this
point of view as it is easier to think about sets of local sections and it is clearly
equivalent.

Finally, here is yet another way to say the definition: Ox is a ring object in the
category of sheaves of sets and F, G, ‘H are module objects over this ring. Then a
bilinear map can be defined for module objects over a ring object in any category.
To formulate what is a ring object and what is a module object over a ring object,
and what is a bilinear map of such in a category it is pleasant (but not strictly
necessary) to assume the category has finite products; and this is true for the
category of sheaves of sets.

16. Tensor product

We have already briefly discussed the tensor product in the setting of change of
rings in Sheaves, Sections [6] and Let us generalize this to tensor products of
modules.

Let (X,0Ox) be a ringed space and let F and G be Ox-modules. We define first
the tensor product presheaf

F ®pox G
as the rule which assigns to U C X open the Ox (U)-module F(U) ®o ) G(U).
Having defined this we define the tensor product sheaf as the sheafification of the
above:

This can be characterized as the sheaf of Ox-modules such that for any third sheaf
of Ox-modules H we have

Homop, (F Qo G,H) = Bilinp, (F x G, H).

Here the right hand side indicates the set of bilinear maps of sheaves of O x-modules
as defined in Section [I5l

The tensor product of modules M, N over a ring R satisfies symmetry, namely
M ®r N = N ®gr M, hence the same holds for tensor products of sheaves of
modules, i.e., we have

F ®Ox g = g ®0X F
functorial in F, G. And since tensor product of modules satisfies associativity we
also get canonical functorial isomorphisms

(F®oyx G) ®ox H=F R0y (G @0y H)
functorial in F, G, and H.

Lemma 16.1. Let (X,0x) be a ringed space. Let F, G be Ox-modules. Let
x € X. There is a canonical isomorphism of Ox ,-modules

(]: ®0X g):v = ]:a: ®0X71 ga?
functorial in F and G.
Proof. Omitted. |

Lemma 16.2. Let (X,0Ox) be a ringed space. Let F', G' be presheaves of Ox -
modules with sheafifications F, G. Then F @0y G = (F' ®p.0x G')*.

Proof. Omitted. O
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Lemma 16.3. Let (X,Ox) be a ringed space. Let G be an Ox-module. If Fi —
Fo — F3 — 0 is an exact sequence of Ox-modules then the induced sequence

F1®0x G = F2R®o0x G — F3R0, G —0

is exact.

Proof. This follows from the fact that exactness may be checked at stalks (Lemma

, the description of stalks (Lemma[16.1]) and the corresponding result for tensor
products of modules (Algebra, Lemma [12.10)). |

Lemma 16.4. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let
F, G be Oy-modules. Then f*(F ®oy G) = f*F Qo f*G functorially in F, G.

Proof. Omitted. O

Lemma 16.5. Let (X,Ox) be a ringed space. For any Ox-module F the functor
Mod(Ox) — Mod(Ox), Gr— F Qo G
commutes with arbitrary colimits.

Proof. Let I be a preordered set and let {G;} be a system over I. Set G = colim; G;.
Recall that G is the sheaf associated to the presheaf G’ : U — colim; G;(U), see
Sheaves, Section By Lemma the tensor product F ®e, G is the sheafifica-
tion of the presheaf

Ur— F(U) @0y ) colim; G;(U) = colim; F(U) ®o () G:(U)

where the equality sign is Algebra, Lemma Hence the lemma follows from the
description of colimits in Mod(Ox), see Lemma O

Lemma 16.6. Let (X, Ox) be a ringed space. Let F, G be Ox-modules.

(1) If F, G are locally generated by sections, so is F @y G.

(2) If F, G are of finite type, so is F Qoy G-

(3) If F, G are quasi-coherent, so is F Qo G-

(4) If F, G are of finite presentation, so is F ®oy G.

(5) If F is of finite presentation and G is coherent, then F ®o, G is coherent.
(6) If F, G are coherent, so is F @0y G.
7 If F, G are locally free, so is F Qo G.

Proof. We first prove that the tensor product of locally free O x-modules is locally
free. This follows if we show that (B,c; Ox) ®ox (B;e;Ox) = D jyerxs Ox-
The sheaf @, ; Ox is the sheaf associated to the presheaf U — @, ; Ox(U).
Hence the tensor product is the sheaf associated to the presheaf

Ur— (@1’61 Ox(U)) ®ox ) (@jeJ Ox(U)).
We deduce what we want since for any ring R we have (B, R) ®r (D, R) =
@(z‘,j)eIxJ R.
If 7, = F1 — F — 0 is exact, then by Lemma [I6.3] the complex F; ®o, G —
F1®0x G — F Qo G — 0 is exact. Using this we can prove (5). Namely, in this
case there exists locally such an exact sequence with F;, ¢ = 1,2 finite free. Hence
the two terms F> ®p, G and F; ®o, G are isomorphic to finite direct sums of G

(for example by Lemma [16.5]). Since finite direct sums are coherent sheaves, these
are coherent and so is the cokernel of the map, see Lemma [12.4]
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And if also Go — G — G — 0 is exact, then we see that
Fo®ox G1 B F1 Qox G2 = F1 Qox 61 = FR®o0x G§—0

is exact. Using this we can for example prove (3). Namely, the assumption means
that we can locally find presentations as above with F; and G; free Ox-modules.
Hence the displayed presentation is a presentation of the tensor product by free
sheaves as well.

The proof of the other statements is omitted. O

17. Flat modules
We can define flat modules exactly as in the case of modules over rings.

Definition 17.1. Let (X,Ox) be a ringed space. An Ox-module F is flat if the
functor
MOd(Ox) —)MOd(O)(), Q»—)Q@O}'

is exact.
We can characterize flatness by looking at the stalks.

Lemma 17.2. Let (X,0x) be a ringed space. An Ox-module F is flat if and
only if the stalk F is a flat Ox z-module for all x € X.

Proof. Assume F, is a flat Ox z-module for all z € X. In this case, if G = H — K
is exact, then also G ®op, F — H ®oy F — K ®oy F is exact because we can
check exactness at stalks and because tensor product commutes with taking stalks,
see Lemma, Conversely, suppose that F is flat, and let x € X. Consider the
skyscraper sheaves i, .M where M is a Ox ;-module. Note that
M ®ox.. Fo = (g M ®0y ]'—)w

again by Lemma Since i, . is exact, we see that the fact that F is flat implies
that M — M ®o,, Fz is exact. Hence F, is a flat Ox ,-module. [l
Thus the following definition makes sense.

Definition 17.3. Let (X,Ox) be a ringed space. Let € X. An Ox-module F
is flat at x if F,, is a flat Ox z-module.

Hence we see that F is a flat Ox-module if and only if it is flat at every point.

Lemma 17.4. Let (X,Ox) be a ringed space. A filtered colimit of flat O x -modules
s flat. A direct sum of flat Ox-modules is flat.

Proof. This follows from Lemma Lemma, Algebra, Lemma, and the
fact that we can check exactness at stalks. [l

Lemma 17.5. Let (X,0Ox) be a ringed space. Let U C X be open. The sheaf

Ju1Ou s a flat sheaf of Ox-modules.

Proof. The stalks of ji1Op are either zero or equal to Ox .. Apply Lemma [I7.2]
O

Lemma 17.6. Let (X,0Ox) be a ringed space.

(1) Any sheaf of Ox-modules is a quotient of a direct sum € ju,1Ov, .
(2) Any Ox-module is a quotient of a flat Ox-module.
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Proof. Let F be an Ox-module. For every open U C X and every s € F(U)
we get a morphism j; Oy — F, namely the adjoint to the morphism Oy — Fly,
1+~ s. Clearly the map

@(U’S) JunOu — F
is surjective, and the source is flat by combining Lemmas and O
Lemma 17.7. Let (X,Ox) be a ringed space. Let
0—>F'"->F =-F—=0

be a short exact sequence of Ox-modules. Assume F is flat. Then for any Ox-
module G the sequence

0-F'®00G—+F ®G—+FRepG—0
s exact.

Proof. Using that F, is a flat Ox ;-module for every x € X and that exactness
can be checked on stalks, this follows from Algebra, Lemma [39.12 O

Lemma 17.8. Let (X,0x) be a ringed space. Let
0—=Fo—=F1—+Foy—0

be a short exact sequence of Ox-modules.
(1) If 72 and Fo are flat so is Fi.
(2) If F1 and Fy are flat so is Fa.

Proof. Since exactness and flatness may be checked at the level of stalks this
follows from Algebra, Lemma [39.13] (]

Lemma 17.9. Let (X,Ox) be a ringed space. Let
oo = Fo—Q—0

be an exact compler of Ox-modules. If Q and all F; are flat Ox-modules, then for
any Ox-module G the complex

= a0, 0> F1®0x G2 FoR0, 9= QR0 G —0
is exact also.

Proof. Follows from Lemma [17.7] by splitting the complex into short exact se-
quences and using Lemma|17.8|to prove inductively that Im(F;11 — F;) is flat. O

The following lemma gives one direction of the equational criterion of flatness (Al-

gebra, Lemma |39.11)).

Lemma 17.10. Let (X,0x) be a ringed space. Let F be a flat Ox-module. Let
U C X be open and let

OU (f1y~~~7fn) OeUan (51;~~~75n) .F|U

be a complex of Oy-modules. For every x € U there exists an open neighbourhood
V C U of x and a factorization

A t1,.5tm
ogr & ogm ttn), 7,

of (s1,...,8n)|v such that Ao (f1,..., fu)|lv =0.
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Proof. Let Z C Oy be the sheaf of ideals generated by f1,..., fn. Then > f; ® s;
is a section of T ®¢p,, F|y which maps to zero in F|y. As F|y is flat the map
T ®o, Flu — Flu is injective. Since Z ®p,, F|u is the sheaf associated to the
presheaf tensor product, we see there exists an open neighbourhood V C U of z
such that ) filv ® si|v is zero in Z(V) ®ovy F(V). Unwinding the definitions
using Algebra, Lemma we find t1,...,t, € F(V) and a;; € O(V) such that
Zai]‘filv =0 and S,‘|V =Zaijtj. U

18. Duals

Let (X,0x) be a ringed space. The category of Ox-modules endowed with the
tensor product constructed in Section [16]is a symmetric monoidal category. For an
Ox-module F the following are equivalent

(1) F has a left dual in the monoidal category of Ox-modules,
(2) F is locally a direct summand of a finite free Ox-module, and
(3) F is of finite presentation and flat as an Ox-module.

This is proved in Example and Lemmas and of this section.

Example 18.1. Let (X, Ox) be a ringed space. Let F be an Ox-module which
is locally a direct summand of a finite free O x-module. Then the map

F Qo Homoy (F,Ox) — Homo (F,F)

is an isomorphism. Namely, this is a local question, it is true if F is finite free, and
it holds for any summand of a module for which it is true. Denote

n: OX — .F@OX ,HOmOX(]:,Ox)

the map sending 1 to the section corresponding to idr under the isomorphism
above. Denote

€: Homo, (F,O0x) ®o, F — Ox
the evaluation map. Then Home, (F,Ox),n, € is a left dual for F as in Categories,
Definition We omit the verification that (1 ®¢€)o(n® 1) =idr and (e®1) 0
(1®n) = idyome, (F.0x)-

Lemma 18.2. Let (X,0x) be a ringed space. Let F be an Ox-module. Let
G,n, € be a left dual of F in the monoidal category of Ox-modules, see Categories,
Definition[43.5. Then
(1) F is locally a direct summand of a finite free Ox-module,
(2) the map e : Homo (F,Ox) — G sending a local section A to (A ® 1)(n) is
an isomorphism,
(3) we have e(f,g) = e~ (g)(f) for local sections f and g of F and G.

Proof. The assumptions mean that

F2l Foo, Gooy F 25 F and G12% G0, Foo, G5 ¢G

are the identity map. Let x € X. We can find an open neighbourhood U of =z,
a finite number of sections f1,..., f, and ¢1,...,9, of F and G over U such that

(1) = >_ fig:. Denote
O%n — -7:|U
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the map sending the ith basis vector to f;. Then we can factor the map n|y over a
map 77 : Oy — C’)g” ®0oy Glu. We obtain a commutative diagram

Flu

s ]:|U®g|U®]:|UT®6>]:‘U

I

n 1®e n
OF" ©Gly ® Fly — OF

This shows that the identity on F locally on X factors through a finite free module.
This proves (1). Part (2) follows from Categories, Lemma and its proof. Part
(3) follows from the first equality of the proof. You can also deduce (2) and (3)
from the uniqueness of left duals (Categories, Remark and the construction
of the left dual in Example [I8.1] O

Lemma 18.3. Let (X, Ox) be a ringed space. Let F be a flat Ox-module of finite
presentation. Then F is locally a direct summand of a finite free Ox-module.

Proof. After replacing X by the members of an open covering, we may assume
there exists a presentation

oY - 09" 5 F =0
Let 2 € X. By Lemma [I7.10] we can, after shrinking X to an open neighbourhood
of x, assume there exists a factorization
oy — oY - F

such that the composition OY" — 09" — Og’é’“ annihilates the first summand of
(’)g’?’“. Repeating this argument » — 1 more times we obtain a factorization

oy — oY - F

such that the composition OF" — O™ — O™ is zero. This means that the
surjection O?@”T — F has a section and we win. [l

19. Constructible sheaves of sets

Let X be a topological space. Given a set S recall that S or Sy denotes the
constant sheaf with value S, see Sheaves, Definition Let U C X be an open
of a topological space X. We will denote jy the inclusion morphism and we will
denote jyi : Sh(U) — Sh(X) the extension by the empty set described in Sheaves,
Section

Lemma 19.1. Let X be a topological space. Let B be a basis for the topology on X .
Let F be a sheaf of sets on X. There exists a set I and for each i € I an element

U; € B and a finite set S; such that there exists a surjection [[;.; ju,Si — F.
Proof. Let S be a singleton set. We will prove the result with S; = S. For every
x € X and element s € F, we can choose a U(x,s) € B and s(z,s) € F(U(x,s))
which maps to s in F,. By Sheaves, Lemma the section s(x, s) corresponds to
a map of sheaves jy (S — F. Then

H(x 0 Ju(e,snS — F

is surjective on stalks and hence surjective. [
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Lemma 19.2. Let X be a topological space. Let B be a basis for the topology of
X and assume that each U € B is quasi-compact. Then every sheaf of sets on X is
a filtered colimit of sheaves of the form

(19:2.1) Coequalizer ( Uyey,.m itSe 2 Lo, JuatSa )
with U, and Vy, in B and S, and Sy finite sets.

Proof. By Lemma [19.1] every sheaf of sets F is the target of a surjection whose
source JFy is a coproduct of sheaves the form ji,,S with U € B and S finite. Applying
this to Fy X Fo we find that F is a coequalizer of a pair of maps

HbEB ij!& - HaeA jUa,!i

for some index sets A, B and V}, and U, in B and S, and S}, finite. For every finite
subset B’ C B there is a finite subset A’ C A such that the coproduct over b € B’
maps into the coproduct over a € A’ via both maps. Namely, we can view the
right hand side as a filtered colimit with injective transition maps. Hence taking
sections over the quasi-compact opens Vj, b € B’ commutes with this coproduct,
see Sheaves, Lemma Thus our sheaf is the colimit of the cokernels of these
maps between finite coproducts. O

Lemmal 19.3. Let X be a spectral topological space. Let B be the set of quasi-
compact open subsets of X. Let F be a sheaf of sets as in Equation . Then
there exists a continuous spectral map f: X — 'Y to a finite sober topological space
Y and a sheaf of sets G on Y with finite stalks such that f~1G = F.

Proof. We can write X = lim X; as a directed limit of finite sober spaces, see
Topology, Lemma [23.14] Of course the transition maps X;; — X; are spectral and
hence by Topology, Lemma the maps p; : X — X, are spectral. For some
i we can find opens U, ; and V;; of X; whose inverse images are U, and V}, see
Topology, Lemma The two maps

B, : HbEBij!i — HaeAJ’U@!&
whose coequalizer is F correspond by adjunction to two families
B Sy — TV [T, juaiSa), beB

of maps of sets. Observe that p; ' (ju, ;154) = ju.1S. and (Xi — X;) " (ju, 1S.) =
jUa,,-'!i' It follows from Sheaves, Lemma, (and using that S, and B are finite
sets) that after increasing ¢ we find maps

Bb,isVoi : Sp — T (Vas, HaeA Ju..1S.), beB

which give rise to the maps §;, and -y, after pulling back by p;. These maps corre-
spond in turn to maps of sheaves

Bi, Vi Hbijvb,i!i — HaeAjU“'“i
on X;. Then we can take Y = X; and

G = Coequalizer ( oei o mdveatSo —  Iact, ndvaitSa )

We omit some details. O
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Lemma 19.4. Let X be a spectral topological space. Let B be the set of quasi-
compact open subsets of X. Let F be a sheaf of sets as in Fquation . Then
there exist finitely many constructible closed subsets Z1,...,7Z, C X and finite sets
S; such that F is isomorphic to a subsheaf of [[(Z; — X).S;.

Proof. By Lemma [19.3| we reduce to the case of a finite sober topological space
and a sheaf with finite stalks. In this case F C [], ¢y ta«Fz Where i, : {2} — X

is the embedding. We omit the proof that i, .F, is a constant sheaf on {z}. g

20. Flat morphisms of ringed spaces
The pointwise definition is motivated by Lemma and Definition [I7.3] above.
Definition 20.1. Let f: X — Y be a morphism of ringed spaces. Let x € X.

We say f is flat at z if the map of rings Oy, f(,) = Ox . is flat. We say f is flat if
f is flat at every x € X.

Consider the map of sheaves of rings f#: f~1Oy — Ox. We see that the stalk at =
is the ring map f% : Oy, f(a) = Ox - Hence f is flat at z if and only if Ox is flat at
x as an f~1Oy-module. And f is flat if and only if Oy is flat as an f~*Oy-module.
A very special case of a flat morphism is an open immersion.

Lemma 20.2. Let f : X — Y be a flat morphism of ringed spaces. Then the
pullback functor f* : Mod(QOy) — Mod(Ox) is exact.

Proof. The functor f* is the composition of the exact functor f=!: Mod(Oy) —
Mod(f~'Oy) and the change of rings functor

Mod(f~'Oy) — Mod(Ox), F+— F @10, Ox.

Thus the result follows from the discussion following Definition [20.1} O

Definition 20.3. Let f : (X,0x) — (Y,0Oy) be a morphism of ringed spaces.
Let F be a sheaf of Ox-modules.

(1) We say that F is flat over Y at a point x € X if the stalk F, is a flat
Oy, («)-module.
(2) We say that F is flat over Y if F is flat over Y at every point z of X.

With this definition we see that F is flat over Y at x if and only if F is flat at x as
an f~'Oy-module because (f~*Oy), = Oy, j(z) by Sheaves, Lemma [21.5]

Lemmal 20.4. Let f : X — Y be a morphism of ringed spaces. Let F be an
Ox -module flat over Y. Then the functor

Mod(Oy) — Mod(Ox), G+— f*"GRoy F
is exact.

Proof. This is true because f*G ®p, F = f~1G ®f-10y F, the functor flis
exact, and F is a flat f~'Oy-module. (]
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21. Symmetric and exterior powers

Let (X,0Ox) be a ringed space. Let F be an Ox-module. We define the tensor
algebra of F to be the sheaf of noncommutative Ox-algebras

T(F) = To (F) =P, _, T"(F)-
Here T°(F) = Ox, T'(F) = F and for n > 2 we have

T"(F) = F ®ox .. ®ox F (n factors)

We define A(F) to be the quotient of T(F) by the two sided ideal generated by
local sections s ® s of T?(F) where s is a local section of F. This is called the
exterior algebra of F. Similarly, we define Sym(F) to be the quotient of T(F) by
the two sided ideal generated by local sections of the form s @ t — t ® s of T?(F).

Both A(F) and Sym(F) are graded Ox-algebras, with grading inherited from T(F).
Moreover Sym(F) is commutative, and A(F) is graded commutative.

Lemmal|21.1. In the situation described above. The sheaf \" F is the sheafification
of the presheaf

See Algebra, Section [13. Similarly, the sheaf Sym"F is the sheafification of the
presheaf

Proof. Omitted. It may be more efficient to define Sym(F) and A(F) in this way
instead of the method given above. (I

Lemma 21.2. In the situation described above. Let x € X. There are canon-
ical isomorphisms of Ox z-modules T(F)y = T(Fy), Sym(F), = Sym(Fy), and
ANF)g = NFy).

Proof. Clear from Lemma above, and Algebra, Lemma [13.5 (I

Lemma 21.3. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let F
be a sheaf of Oy -modules. Then f*T(F) = T(f*F), and similarly for the exterior
and symmetric algebras associated to F.

Proof. Omitted. |

Lemma 21.4. Let (X,Ox) be a ringed space. Let Fo — F; — F — 0 be an exact
sequence of sheaves of Ox-modules. For each n > 1 there is an exact sequence
Fo @0y Sym" Y (Fy) — Sym™(F1) — Sym"™(F) — 0
and similarly an exact sequence
Fo®ox N"HF1) = A (F1) = A™(F) =0
Proof. See Algebra, Lemma [13.2 O

Lemma 21.5. Let (X,0x) be a ringed space. Let F be a sheaf of Ox-modules.

(1) If F is locally generated by sections, then so is each T"(F), A"(F), and
Sym™ (F).

(2) If F is of finite type, then so is each T"(F), N*(F), and Sym"(F).

(3) If F is of finite presentation, then so is each T"(F), A" (F), and Sym"(F).
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(4) If F is coherent, then for n > 0 each T"(F), A"(F), and Sym"(F) is
coherent.

(5) If F is quasi-coherent, then so is each T"(F), A"(F), and Sym™(F).

(6) If F is locally free, then so is each T"(F), N*(F), and Sym"(F).

Proof. These statements for T"(F) follow from Lemma [16.6]

Statements (1) and (2) follow from the fact that A™(F) and Sym"(F) are quotients
of T"(F).

Statement (6) follows from Algebra, Lemma [13.1]

For (3) and (5) we will use Lemma above. By locally choosing a presentation
Fa — F1 — F — 0 with F; free, or finite free and applying the lemma we see that
Sym"(F), A"(F) has a similar presentation; here we use (6) and Lemma

To prove (4) we will use Algebra, Lemma We may localize on X and assume
that F is generated by a finite set (s;);cr of global sections. The lemma mentioned
above combined with Lemma above implies that for n > 2 there exists an
exact sequence

D, , T F) = TUF) = Sym”(F) = 0

where the index set J is finite. Now we know that T 2(F) is finitely generated
and hence the image of the first arrow is a coherent subsheaf of T"(F), see Lemma
12.4l By that same lemma we conclude that Sym"(F) is coherent. O

Lemma 21.6. Let (X,0Ox) be a ringed space. Let F be a sheaf of Ox-modules.

(1) If F is quasi-coherent, then so is each T(F), A(F), and Sym(F).
(2) If F is locally free, then so is each T(F), AN(F), and Sym(F).

Proof. It is not true that an infinite direct sum @ G; of locally free modules
is locally free, or that an infinite direct sum of quasi-coherent modules is quasi-
coherent. The problem is that given a point x € X the open neighbourhoods
U; of  on which G; becomes free (resp. has a suitable presentation) may have
an intersection which is not an open neighbourhood of x. However, in the proof
of Lemma [21.5] we saw that once a suitable open neighbourhood for F has been
chosen, then this open neighbourhood works for each of the sheaves T"(F), A™(F)
and Sym"(F). The lemma follows. O

22. Internal Hom
Let (X,Ox) be a ringed space. Let F, G be Ox-modules. Consider the rule
U+— HOIIloX‘U(./.'.|U, Q|U)

It follows from the discussion in Sheaves, Section [33] that this is a sheaf of abelian
groups. In addition, given an element ¢ € Home, |, (F|v,G|v) and a section
[ € Ox(U) then we can define fo € Home, |, (F|u,G|u) by either precomposing
with multiplication by f on F|y or postcomposing with multiplication by f on G|y
(it gives the same result). Hence we in fact get a sheaf of Ox-modules. We will
denote this sheaf Home, (F,G). There is a canonical “evaluation” morphism

F Qo Homoy (F,G) — G.
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For every x € X there is also a canonical morphism
Homo (F,G)e — Homo , (Fz, G)
which is rarely an isomorphism.
Lemma 22.1. Let (X,Ox) be a ringed space. Let F, G, H be Ox-modules. There
is a canonical isomorphism
Homo (F Qo G, H) — Homo . (F, Homo, (G, H))

which is functorial in all three entries (sheaf Hom in all three spots). In par-
ticular, to give a morphism F @o, G — H is the same as giving a morphism

F = Homoy (G, H).

Proof. This is the analogue of Algebra, Lemma The proof is the same, and
is omitted. O
Lemma 22.2. Let (X,0x) be a ringed space. Let F, G be Ox-modules.
(1) If Fo — F1 — F — 0 is an exact sequence of Ox-modules, then
0— Homox (f, g) — %mox (.7:17 g) — Homox (.7:2, g)

s exact.
(2) If 0 = G — G1 — Gs is an ezact sequence of Ox-modules, then

0— %mox (.7:, Q) — HO’ITL(/)X (f, gl) — %mox (]:, 92)

is exact.

Proof. Let 75 — F; — F — 0 be as in (1). For every U C X open the sequence
0— HomoU (]:|U, Q|U) — HOIHOU (f1|U7 Q|U) — HOInOU (.FQ‘U,Q‘U)

is exact by Homology, Lemma This means that taking sections over U of the
sequence of sheaves in (1) produces an exact sequence of abelian groups. Hence the
sequence in (1) is exact by definition. The proof of (2) is exactly the same. O

Lemma 22.3. Let X be a topological space. Let O1 — Os be a homomorphism of
sheaves of rings. Then we have

Homol (]:01 ) g) = HomOQ (fa }wmol (02? g))
bifunctorially in F € Mod(Oz) and G € Mod(Oy).

Proof. Omitted. This is the analogue of Algebra, Lemma [14.4] and is proved in
exactly the same way. O

Lemma 22.4. Let (X,0x) be a ringed space. Let F, G be Ox-modules. If F is
of finite type then the canonical map

Homo (F,G)e — Homoy , (Fz, Ga)
is injective. If F is finitely presented, this canonical morphism is an isomorphism.
Proof. The map sends the equivalence class of (U, ¢) in Homo, (F,G),, where

x € U C X is open and ¢ € Home,, (Flv,G|u), to the the induced map on stalks
at x, namely ¢, : Fp = G,.

Suppose F is of finite type. Pick a representative (U, ) of an element o in the kernel
of the map, i.e., ¢, = 0. Shrinking U if necessary, choose sections s, ..., s" € F(U)
generating F|y. Since p,(s,) = 0 and we are dealing with a finite number of
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sections, we can find an open neighborhood V' C U of x such that ¢y (st|y) = 0

for alli =1,...,n. Since s'|y, i = 1,...,n generate F|y this means that o|y = 0.
Since (U, ¢) is equivalent to (V, |y ) we conclude o = 0 and injectivity of the map
follows.

Next, assume F is finitely presented. By localizing on X we may assume that F
has a presentation

By Lemma this gives an exact sequence 0 — Homo, (F,G) — @i:Lm,n g —
@®,-1. 6. Takingstalks we get an exact sequence 0 — Homo (F,G)z = D=y, G —
@®,-1.. n 9o and the result follows since F; sits in an exact sequence P;_; _,, Ox,o —
@i:L...,n Ox,z — F, — 0 which induces the exact sequence 0 — Homo, , (Fz,G.) —
D=1 .nY9s — D,=1. s which is the same as the one above. O

0C6I |Lemma 22.5. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let F,
G be Oy-modules. If F is finitely presented and f is flat, then the canonical map

f* %mOY(Fag) — Homox(f*fvf*g)

.....

is an isomorphism.

Proof. Note that f*F is also finitely presented (Lemma [11.4)). Let z € X map to
y € Y. Looking at the stalks at x we get an isomorphism by Lemma 22.4] and More
on Algebra, Lemma to see that in this case Hom commutes with base change

by Oy,y — Ox . Second proof: use the exact same argument as given in the proof
of Lemma 22,4 ([l

01CQ |Lemma 22.6. Let (X,0Ox) be a ringed space. Let F, G be Ox-modules. If F is
finitely presented then the sheaf Homo (F,G) is locally a kernel of a map between
finite direct sums of copies of G. In particular, if G is coherent then Homo (F,G)
is coherent too.

Proof. The first assertion we saw in the proof of Lemma And the result for
coherent sheaves then follows from Lemma [[2.4] O

0GMV Lemma 22.7. Let X be a ringed space. Let F be an Ox-module of finite presenta-
tion. Let G = colimyep Gx be a filtered colimit of Ox-modules. Then the canonical
map

colimy Homo . (F,Gr) — Homo (F,G)

is an isomorphism.

Proof. Taking colimits of sheaves of modules commutes with restriction to opens,
see Sheaves, Section Hence we may assume F has a global presentation

@j=1,...,m Ox — @ztl,.._,n Ox =>F—=0

The functor Home,, (—, —) commutes with finite direct sums in either variable and
Homo (Ox, —) is the identity functor. By this and by Lemma we obtain an
exact sequence

0— ’Homox(f,g) - EDi:l ng - @j:1 mg


https://stacks.math.columbia.edu/tag/0C6I
https://stacks.math.columbia.edu/tag/01CQ
https://stacks.math.columbia.edu/tag/0GMV

01BS

01BT

0H2G

0H2H

0H2I

0H2J

SHEAVES OF MODULES 33

Since filtered colimits are exact in Mod(Ox) also the top row in the following
commutative diagram is exact

0——s COliHlA ’Homox (JT, g)\) —> COlim)\ ®i:1,...,n g)\ —— COlim)\ @j:l,...,m g,\

| | |

HomOx (-F, g) @i:l,...,ng ®j:1 .

Since the right two vertical arrows are isomorphisms we conclude. [

0

m9

Lemma 22.8. Let X be a ringed space. Let I be a preordered set and let (F;, i)
be a system over I consisting of sheaves of Ox-modules (see Categories, Section

. Assume

(1) I is directed,

(2) G is an Ox-module of finite presentation, and

(3) X has a cofinal system of open coverings U : X = UjEJ U; with J finite

and U; NUj/ quasi-compact for all j,7" € J.
Then we have
colim; Homx (G, F;) = Homx (G, colim; F;).
Proof. Set H = Homo, (G, colim F;) and H; = Homo, (G, F;). Recall that
Homy (G, F)=T(X,H) and Homx(G,F;)=T(X,H,;)

by construction. By Lemma we have H = colim H;. Thus the lemma follows
from Sheaves, Lemma [29.1 O

Remark| 22.9. In the lemma above some condition beyond the condition that X
is quasi-compact is necessary. See Sheaves, Example

23. The annihilator of a sheaf of modules

Let (X, Ox) be a ringed space. Let F be an Ox-module. There is a canonical map
of sheaves of Ox-modules

Ox — Homo (F,F)

which sends a local section f € Ox(U) to the map f : Fly — Flu given by
multiplication by f.

Definition 23.1. Let (X, Ox) be a ringed space and let F be an O x-module. The
annihilator of F, denoted Anng, (F) is the kernel of the map Ox — Home, (F, F)
discussed above.

For each x € X, there is an inclusion of ideals of Ox ,:
(23.1.1) (Annop (F))e C Anno, , (Fz)

since after all any section of Annp, (F) will annihilate the stalks of F at all points
at which it is defined. Here is a simple situation in which (23.1.1)) becomes an
equality.

Lemma 23.2. Let (X, Ox) be a ringed space and let F be a sheaf of Ox-modules.
If F is of finite type, then (Annoy (F))e = Annoy , (Fz)-
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Proof. By Lemma the map
Homo (F, F)e — Homoy , (Fe, Fz)

is injective. Thus any section f of Ox over an open neighbourhood U of x which
acts as zero on JF, will act as zero on Fly for some U D V 3 x open. Hence the

inclusion ([23.1.1)) is an equality. (I

OH2K Lemmal 23.3. Let (X,0x) be a ringed space, let F be an Ox-module and let
I C Ox be an ideal sheaf. If T C Anno, (F), then F has a natural Ox /Z-module
structure which agrees with the usual commutative algebra construction on stalks.

Proof. Applying the universal property of the cokernel of the inclusion Z — Ox,
we obtain a commutative diagram

Ox Homo, (F, F)
| T
Ox /I

of Ox-modules. By Lemma the resulting map Ox /Z — Homo, (F,F) corre-
sponds to a map of Ox-modules

Ox/I®oy F — F

which means we have an Ox /Z-module structure on F compatible with the given
O x-module structure. We omit the verification of the statement on stalks. O

OH2L Lemmal23.4. Let (X,Ox) be a ringed space. If Ox and F are coherent, then so
is Anno, (F).

Proof. Since Anng, (F) is the kernel of Ox — Homo, (F,F) by Lemma it
suffices to show that Homo, (F, F) is coherent. This follows from Lemma and
the fact that F is coherent and a fortiori finitely presented (Lemma [12.2)). O

24. Koszul complexes

062J We suggest first reading the section on Koszul complexes in More on Algebra,
Section 28] We define the Koszul complex in the category of Ox-modules as follows.

062K Definition 24.1. Let X be a ringed space. Let ¢ : £ — Ox be an Ox-module
map. The Koszul complexr Ko(p) associated to ¢ is the sheaf of commutative
differential graded algebras defined as follows:
(1) the underlying graded algebra is the exterior algebra Ko(p) = A(E),
(2) the differential d : Ko(p) — Ko(p) is the unique derivation such that
d(e) = ¢(e) for all local sections e of &€ = Ki(p).

Explicitly, if e; A ... A e, is a wedge product of local sections of £, then

d(el/\.../\en)zz‘

. (=) p(e)er A  AEA ... Aep.
i=1,...,n
It is straightforward to see that this gives a well defined derivation on the tensor

algebra, which annihilates e A e and hence factors through the exterior algebra.

062L Definition 24.2. Let X be a ringed space and let f1,..., fn, € T'(X,0x). The
Koszul complex on fi, ..., fis the Koszul complex associated to the map (f1,..., fn) :
O%"™ — Ox. Notation K¢(Ox, f1,.--, fn), of Ke(Ox, fo).
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Of course, given an Ox-module map ¢ : &€ — Oy, if £ is finite locally free, then
Ko(p) is locally on X isomorphic to a Koszul complex Ko(Ox, f1,..., fn)-

25. Invertible modules

Similarly to the case of modules over rings (More on Algebra, Section [117)) we have
the following definition.

Definition 25.1. Let (X,Ox) be a ringed space. An invertible Ox-module is a
sheaf of Ox-modules £ such that the functor

Mod(Ox) — Mod(Ox), F+— L®oy F

is an equivalence of categories. We say that £ is trivial if it is isomorphic as an
Ox-module to Ox.

Lemma below explains the relationship with locally free modules of rank 1.

Lemma 25.2. Let (X,Ox) be a ringed space. Let L be an Ox-module. Equivalent
are

(1) L is invertible, and

(2) there exists an Ox-module N such that L @0, N = Ox.

In this case L is locally a direct summand of a finite free O x -module and the module
N in (2) is isomorphic to Homo, (£, Ox).

Proof. Assume (1). Then the functor — ®n, L is essentially surjective, hence
there exists an Ox-module A as in (2). If (2) holds, then the functor — ®o, N is
a quasi-inverse to the functor — ® o, £ and we see that (1) holds.

Assume (1) and (2) hold. Denote ¢ : L @0, N = Ox the given isomorphism. Let
x € X. Choose an open neighbourhood U an integer n > 1 and sections s; € L(U),
t; € N(U) such that ¥(> " s; ® t;) = 1. Consider the isomorphisms

Lly = Ly ®o, Llu @0, Nluv — Ly

where the first arrow sends s to Y s; ® s ® t; and the second arrow sends s® s’ ® ¢
to (s’ @t)s. We conclude that s — Y 1(s®t;)s; is an automorphism of £|y. This
automorphism factors as

ﬁ‘U — Ogan — £|U

where the first arrow is given by s — (Y (s®t1),...,¥(s®t,)) and the second arrow
by (a1,...,an) — > a;s;. In this way we conclude that L|y is a direct summand
of a finite free Opy-module.

Assume (1) and (2) hold. Consider the evaluation map
L ®oy Homo, (L,0x) — Ox

To finish the proof of the lemma we will show this is an isomorphism by checking
it induces isomorphisms on stalks. Let z € X. Since we know (by the previous
paragraph) that £ is a finitely presented O x-module we can use Lemma to see
that it suffices to show that

‘Cw ®OX,(L‘ HOmOX’m (‘c$7 OX,Q:) — OX,:E

is an isomorphism. Since £, ®oy , Np = (L ®ox N)z = Ox (Lemma [16.1)) the
desired result follows from More on Algebra, Lemma [117.2 [
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Lemma 25.3. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. The
pullback f*L of an invertible Oy -module is invertible.

Proof. By Lemma there exists an Oy-module A such that £ @0, N = Oy.
Pulling back we get f*£L ®o, f*N =2 Ox by Lemma Thus f*L is invertible
by Lemma ([

Lemma 25.4. Let (X, Ox) be a ringed space. Any locally free Ox -module of rank
1 is wnvertible. If all stalks Ox 5 are local rings, then the converse holds as well
(but in general this is not the case).

Proof. The parenthetical statement follows by considering a one point space X
with sheaf of rings Ox given by a ring R. Then invertible Ox-modules correspond
to invertible R-modules, hence as soon as Pic(R) is not the trivial group, then we
get an example.

Assume L is locally free of rank 1 and consider the evaluation map
L R0y Homo, (L,0x) — Ox

Looking over an open covering trivialization £, we see that this map is an isomor-
phism. Hence £ is invertible by Lemma [25.2

Assume all stalks Ox , are local rings and £ invertible. In the proof of Lemma
|75_7| we have seen that £, is an invertible Ox ;-module for all x € X. Since Ox
is local, we see that £, & Ox , (More on Algebra, Section . Since L is of finite
presentation by Lemma[25.2| we conclude that £ is locally free of rank 1 by Lemma
111.06l U

Lemma 25.5. Let (X,0Ox) be a ringed space.

(1) If L, N are invertible O x-modules, then so is Lo, N.
(2) If L is an invertible Ox-module, then so is Homo, (L, Ox) and the evalu-
ation map L o, Homo, (L,0x) — Ox is an isomorphism.

Proof. Part (1) is clear from the definition and part (2) follows from Lemma [25.2]
and its proof. O

Definition 25.6. Let (X, Ox) be a ringed space. Given an invertible sheaf £ on
X and n € Z we define the nth tensor power L®" of L as the image of Ox under
applying the equivalence F — F ®p, L exactly n times.

This makes sense also for negative n as we’ve defined an invertible O x-module as
one for which tensoring is an equivalence. More explicitly, we have

OX if n=>0
£®n . Homox ([,7OX> if n=-1
- Loy .- Qox L if n>0

L9 @0, ... Qo LO7L if n< -1
see Lemma m With this definition we have canonical isomorphisms L®" ®¢

LE™ — £OF™ - and these isomorphisms satisfy a commutativity and an associa-
tivity constraint (formulation omitted).

Let (X,0x) be a ringed space. We can define a Z-graded ring structure on
PI(X,L®") by mapping s € ['(X, LZ") and t € T'(X,L®™) to the section cor-
responding to s ® ¢ in T'(X, L&"T™). We omit the verification that this defines a
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commutative and associative ring with 1. However, by our conventions in Algebra,
Section a graded ring has no nonzero elements in negative degrees. This leads
to the following definition.

Definition 25.7. Let (X, Ox) be a ringed space. Given an invertible sheaf £ on
X we define the associated graded ring to be

r.(x.)=p
Given a sheaf of Ox-modules F we set
— ®n
L.(X.L,F) =P, ,T(X.F@oy L)
which we think of as a graded I'.(X, £)-module.

Qn
(oo DX, L8

We often write simply I'.(£) and T'.(F) (although this is ambiguous if F is in-
vertible). The multiplication of T',(£) on T',(F) is defined using the isomorphisms
above. If v: F — G is a Ox-module map, then we get an I',(£)-module homomor-
phism v : T'.(F) = T'.(G). If a: £ — N is an Ox-module map between invertible
Ox-modules, then we obtain a graded ring homomorphism T',(£) — T (N). If
f:(Y,0y) = (X,0x) is a morphism of ringed spaces and if L is invertible on X,
then we get an invertible sheaf f*£ on Y (Lemma and an induced homomor-
phism of graded rings
DX, L) — TL(Y, /L)

Furthermore, there are some compatibilities between the constructions above whose
statements we omit.

Lemma 25.8. Let (X,0x) be a ringed space. There exists a set of invertible
modules {L;}icr such that each invertible module on X is isomorphic to exactly
one of the L;.

Proof. Recall that any invertible Ox-module is locally a direct summand of a
finite free Ox-module, see Lemma For each open covering U : X = UjeJ U;
and map r : J — N consider the sheaves of Ox-modules F such that F; = F |Uj

is a direct summand of (’)(eja:(j ). The collection of isomorphism classes of Fjis a

set, because Home,, (OF", OF") is a set. The sheaf F is gotten by glueing F;, see
Sheaves, Section Note that the collection of all glueing data forms a set. The
collection of all coverings U : X = {J,c; Ui where J — P(X), j — Uj is injective
forms a set as well. For each covering there is a set of maps r : J — N. Hence the
collection of all F forms a set. (]

This lemma says roughly speaking that the collection of isomorphism classes of
invertible sheaves forms a set. Lemma [25.5 says that tensor product defines the
structure of an abelian group on this set.

Definition 25.9. Let (X,Ox) be a ringed space. The Picard group Pic(X) of
X is the abelian group whose elements are isomorphism classes of invertible O x-
modules, with addition corresponding to tensor product.

Lemma 25.10. Let X be a ringed space. Assume that each stalk Ox , is a local
ring with maximal ideal m,. Let L be an invertible Ox-module. For any section
seT(X,L) the set

Xs={z € X |image s ¢ m, L}
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is open in X. The map s : Ox, — L|x, is an isomorphism, and there exists a
section s’ of LO™1 over X such that s'(s|x,) = 1.

Proof. Suppose x € X;. We have an isomorphism
Ly @0y, (L2 1)e — Oxa

by Lemma Both £, and (£L®71), are free Ox ,-modules of rank 1. We
conclude from Algebra, Nakayama’s Lemma that s, is a basis for £,. Hence
there exists a basis element ¢, € (£L®~1), such that s, ® t, maps to 1. Choose an
open neighbourhood U of x such that ¢, comes from a section ¢ of L&~ over U
and such that s ® ¢t maps to 1 € Ox(U). Clearly, for every 2’ € U we see that s
generates the module £,/. Hence U C X;. This proves that X is open. Moreover,
the section t constructed over U above is unique, and hence these glue to give the
section s’ of the lemma. O

It is also true that, given a morphism of locally ringed spaces f : ¥ — X (see
Schemes, Definition that the inverse image f~!(Xj) is equal to Yj-5, where
f*s e (Y, f*L) is the pullback of s.

26. Rank and determinant

Let (X,0x) be a ringed space. Consider the category Vect(X) of finite locally
free Ox-modules. This is an exact category (see Injectives, Remark whose
admissible epimorphisms are surjections and whose admissible monomorphisms are
kernels of surjections. Moreover, there is a set of isomorphism classes of objects
of Vect(X) (proof omitted). Thus we can form the zeroth Grothendieck K-group
Ko(Vect(X)). Explicitly, in this case Ko(Vect(X)) is the abelian group generated
by [€] for £ a finite locally free O x-module, subject to the relations

[ =[E] + "]
whenever there is a short exact sequence 0 — &' — & — £” — 0 of finite locally
free O x-modules.

Ranks. Assume all stalks Ox , are nonzero rings. Given a finite locally free
Ox-module &, the rank is a locally constant function

rankg : X — Z>o, z+— rankoy &

See Lemma By definition of locally free modules the function rankg is locally
constant. If 0 — & — & — £” — 0 is a short exact sequence of finite locally free
Ox-modules, then rankg = rankg:+ranke,, Thus the rank defines a homomorphism

Ko(Vect(X)) — Map,,,. (X, Z), [€] — ranke

Determinants. Given a finite locally free O x-module £ we obtain a disjoint union
decomposition
X=X IX;IOX,1II...

with X; open and closed, such that £ is finite locally free of rank ¢ on X; (this is
exactly the same as saying the ranke is locally constant). In this case we define
det(€) as the invertible sheaf on X which is equal to A%(€]x,) on X; for all i > 0.
Since the decomposition above is disjoint, there are no glueing conditions to check.
By Lemma [26.1] below this defines a homomorphism

det : Ko(Vect(X)) — Pic(X), [E] — det(E)



0B38

OFJN

SHEAVES OF MODULES 39

of abelian groups. The elements of Pic(X) we get in this manner are locally free of
rank 1 (see below the lemma for a generalization).

Lemmal 26.1. Let X be a ringed space. Let 0 — & — & — &' — 0 be a
short exact sequence of finite locally free Ox-modules. Then there is a canonical
isomorphism

det(£') ®oy det(E”) — det(&)
of Ox-modules.

Proof. We can decompose X into disjoint open and closed subsets such that both
&’ and £” have constant rank on them. Thus we reduce to the case where £ and
E" have constant rank, say v’ and r”. In this situation we define

/\r' (5/) ®0, /\7‘”(8//) . /\r'+r” (5)
/ "

as follows. Given local sections s, ...,s., of £ and local sections s/, ..., s, of £’
we map

SUN NS @SN NS to sYAL ASL NS AL NS
where 3/ is a local lift of the section s to a section of £. We omit the details. O

Let (X, Ox) be a ringed space. Instead of looking at finite locally free O x-modules
we can look at those O x-modules F which are locally on X a direct summand of a
finite free Ox-module. This is the same thing as asking F to be a flat Ox-module
of finite presentation, see Lemma @ If all the stalks Ox , are local, then such a
module F is finite locally free, see Lemma In general however this will not be
the case; for example X could be a point and I'(X, Ox) could be the product A x B
of two nonzero rings and F could correspond to A x 0. Thus for such a module the
rank function is undefined. However, it turns out we can still define det(F) and
this will be an invertible O x-module in the sense of Definition m (not necessarily
locally free of rank 1). Our construction will agree with the one above in the case
that F is finite locally free. We urge the reader to skip the rest of this section.

Lemma 26.2. Let (X,Ox) be a ringed space. Let F be a flat and finitely presented
Ox-module. Denote

det(F) C Ao, (F)
the annihilator of F C Ny, (F). Then det(F) is an invertible O x-module.

Proof. To prove this we may work locally on X. Hence we may assume F is a
direct summand of a finite free module, see Lemma Say F® G = OF". Set
R = Ox(X). Then we see F(X)®G(X) = R®" and correspondingly F(U)®G((U) =
Ox (U)®" for all opens U C X. We conclude that F = Fj as in Lemma
with M = F(X) a finite projective R-module. In other words, we have F(U) =
M ®pr Ox(U). This implies that det(M) ®r Ox(U) = det(F(U)) for all open
U C X with det as in More on Algebra, Section By More on Algebra, Remark
we see that

det(M) @5 Ox (U) = det(F(U)) C A ) (F(D))

is the annihilator of F(U). We conclude that det(F) as defined in the statement
of the lemma is equal to Fyey(ar)- Some details omitted; one has to be careful
as annihilators cannot be defined as the sheafification of taking annihilators on
sections over opens. Thus det(F) is the pullback of an invertible module and we
conclude. (]
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27. Localizing sheaves of rings

Let X be a topological space and let Ox be a presheaf of rings. Let S C Ox be
a presheaf of sets contained in Ox. Suppose that for every open U C X the set
S(U) € Ox(U) is a multiplicative subset, see Algebra, Definition In this case
we can consider the presheaf of rings

S'O0x : U — S(U) 'O (V).

The restriction mapping sends the section f/s, f € Ox(U), s € S(U) to (f|v)/(slv)
if V. C U are opens of X.

Lemma 27.1. Let X be a topological space and let Ox be a presheaf of rings.
Let § C Ox be a pre-sheaf of sets contained in Ox. Suppose that for every open
U C X the set S(U) C Ox(U) is a multiplicative subset.

(1) There is a map of presheaves of rings Ox — S~*Ox such that every local
section of S maps to an invertible section of Ox.

(2) For any homomorphism of presheaves of rings Ox — A such that each
local section of S maps to an invertible section of A there exists a unique
factorization ST1O0x — A.

(3) For any x € X we have

(S_IOX)m = SI_IOX@.
(4) The sheafification (S~ *Ox)# is a sheaf of rings with a map of sheaves of
rings (Ox)# — (S71Ox)# which is universal for maps of (Ox)# into
sheaves of rings such that each local section of S maps to an invertible

section.
(5) For any x € X we have

(S_IOX)j: = Sz_lox,:c-
Proof. Omitted. O

Let X be a topological space and let Ox be a presheaf of rings. Let S C Ox be
a presheaf of sets contained in Ox. Suppose that for every open U C X the set
S(U) € Ox(U) is a multiplicative subset. Let F be a presheaf of Ox-modules In
this case we can consider the presheaf of S™1Ox-modules

STIF U S(U) ' FU).

The restriction mapping sends the section t/s, t € F(U), s € S(U) to (t|v)/(slv)
if V. C U are opens of X.

Lemmal 27.2. Let X be a topological space. Let Ox be a presheaf of rings. Let
S C Ox be a pre-sheaf of sets contained in Ox. Suppose that for every open U C X
the set S(U) C Ox (U) is a multiplicative subset. For any presheaf of Ox-modules
F we have
S lF= Silox Qp,0x F

(see Sheaves, Section[f| for notation) and if F and Ox are sheaves then

(STIH)* = (S710x)* ®oy F
(see Sheaves, Section [2( for notation,).

Proof. Omitted. O
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28. Modules of differentials

In this section we briefly explain how to define the module of relative differentials for
a morphism of ringed spaces. We suggest the reader take a look at the corresponding
section in the chapter on commutative algebra (Algebra, Section [131)).

Definition 28.1. Let X be a topological space. Let ¢ : O; — O3 be a homo-
morphism of sheaves of rings. Let F be an Oz-module. An O;-derivation or more
precisely a @-derivation into F is a map D : O — F which is additive, annihilates
the image of O7 — Os, and satisfies the Leibniz rule

D(ab) = aD(b) + D(a)b

for all a,b local sections of Oz (wherever they are both defined). We denote
Derp, (02, F) the set of p-derivations into F.

This is the sheaf theoretic analogue of Algebra, Definition[131.1] Given a derivation
D : Oy — F as in the definition the map on global sections

D:T(X,0:) —T'(X,F)
is a I'(X, Oy )-derivation as in the algebra definition. Note that if & : F — G is a
map of Oz-modules, then there is an induced map

Derp, (02, F) — Derp, (03, G)

given by the rule D — «a o D. In other words we obtain a functor.

Lemma 28.2. Let X be a topological space. Let p : O1 — Oy be a homomorphism
of sheaves of rings. The functor

Mod(O3) — Ab, F —— Derp, (02, F)
is representable.

Proof. This is proved in exactly the same way as the analogous statement in
algebra. During this proof, for any sheaf of sets F on X, let us denote O[F] the
sheafification of the presheaf U — Oy (U)[F(U)] where this denotes the free O(U)-
module on the set F(U). For s € F(U) we denote [s] the corresponding section of
O3[F] over U. If F is a sheaf of Oz-modules, then there is a canonical map

c: Oo|F] — F
which on the presheaf level is given by the rule Y fs[s] — > fss. We will employ

the short hand [s] — s to describe this map and similarly for other maps below.
Consider the map of Oz-modules

02]05 x O3] ® 03[0 x O3] ® O2[01] —> 03]0s]
[(a,0)] & [(f, 9)] & [h] — la+b] —[a] — [b]+
[f9] = glf] — flgl+

[p(h)]

with short hand notation as above. Set 20, /0, equal to the cokernel of this map.
Then it is clear that there exists a map of sheaves of sets

(28.2.1)

d: 02 — QOQ/O1

mapping a local section f to the image of [f] in Qp,,0,. By construction d is a
O;-derivation. Next, let F be a sheaf of Os-modules and let D : Oy — F be a
O;-derivation. Then we can consider the Os-linear map O2[O3] — F which sends
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[g] to D(g). It follows from the definition of a derivation that this map annihilates
sections in the image of the map (28.2.1) and hence defines a map

ap 902/01 — F

Since it is clear that D = ap o d the lemma is proved. (]

Definition 28.3. Let X be a topological space. Let ¢ : O; — Oy be a homo-
morphism of sheaves of rings on X. The module of differentials of ¢ is the object
representing the functor F — Derp, (O, F) which exists by Lemma It is
denoted Qp,/0,, and the universal p-derivation is denoted d : Oz — Qo, /0, -

Note that Qp, /0, is the cokernel of the map (28.2.1) of Oz-modules. Moreover the
map d is described by the rule that df is the image of the local section [f].

Lemmal 28.4. Let X be a topological space. Let p : O1 — Oy be a homomorphism
of sheaves of rings on X. Then Qo, 0, is the sheaf associated to the presheaf

U = Qo,w)/0,)-

Proof. Consider the map (28.2.1). There is a similar map of presheaves whose
value on the open U is

O02(U)[02(U) x 02 (U)] O (U)[02(U) x O2(U)]| @02 (U) [O1(U)] — O2(U)[02(U)]

The cokernel of this map has value Qo,(17),0, @) over U by the construction of the
module of differentials in Algebra, Definition[I31.2] On the other hand, the sheaves
in are the sheafifications of the presheaves above. Thus the result follows
as sheafification is exact. ([l

Lemmal 28.5. Let X be a topological space. Let p : O1 — Oy be a homomorphism
of sheaves of rings. For U C X open there is a canonical isomorphism

Qo,/0,lu = Q0,11)/(O11v)

compatible with universal derivations.

Proof. Holds because 0,0, is the cokernel of the map (28.2.1]). (]

Lemma 28.6. Let f:Y — X be a continuous map of topological spaces. Let ¢ :
01 — Oy be a homomorphism of sheaves of Tings on X. Then there is a canonical
identification fﬁlQ(’)z/(% =Qp-10,/1-10, compatible with universal derivations.

Proof. This holds because the sheaf Qp,,0, is the cokernel of the map
and a similar statement holds for Q;-10,/r-10,, because the functor f —1 is exact,
and because f~H(O2[0s]) = 7 O2[f 1 O2], f7H(Oa[O02 x O2]) = f~1Os[f 1 O5 x
f7102), and fTHO:[O1]) = f1Oa[f1O1]. 0

Lemma 28.7. Let X be a topological space. Let O1 — Os be a homomorphism of
sheaves of rings on X. Let x € X. Then we have Qo, /0, .. = Lo, ., /0, .,

Proof. This is a special case of Lemma for the inclusion map {z} — X. An
alternative proof is to use Lemma [28.4] Sheaves, Lemma[I7.2] and Algebra, Lemma
1313 O
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Lemma 28.8. Let X be a topological space. Let

02?012

|

01%(9/1

be a commutative diagram of sheaves of rings on X. The map Oy — Of composed
with the map d : Of — Qoy/0; is a Or-derivation. Hence we obtain a canonical
map of Oz-modules Qo, 0, — Loy 0;. It is uniquely characterized by the property
that d(f) w d(o(f)) for any local section f of O. In this way Q_,_ becomes a
functor on the category of arrows of sheaves of rings.

Proof. This lemma proves itself. (]

Lemma 28.9. In Lemma suppose that Oy — O is surjective with kernel
T C Oy and assume that O1 = O}. Then there is a canonical exact sequence of
Oh-modules

I/T* — Qo,0, @0, Oy — Qoy /0, — 0
The leftmost map is characterized by the rule that a local section f of T maps to
af ® 1.

Proof. For a local section f of Z denote f the image of f in Z/Z2. To show that
the map f — df ® 1 is well defined we just have to check that df; fo ® 1 = 0 if
f1, fo are local sections of Z. And this is clear from the Leibniz rule df; fo ® 1 =
(fidfo+ fodf1) @1 =dfe ® f1 +df1 ® fo = 0. A similar computation show this
map is Of = O, /I-linear. The map on the right is the one from Lemma [28.8] To
see that the sequence is exact, we can check on stalks (Lemma . By Lemma
this follows from Algebra, Lemma O

Definition 28.10. Let (f, f%) : (X,0x) — (S,0s) be a morphism of ringed
spaces.

(1) Let F be an Ox-module. An S-derivation into F is a f~1Og-derivation,
or more precisely a f#-derivation in the sense of Deﬁnition We denote
Derg(Ox, F) the set of S-derivations into F.

(2) The sheaf of differentials Qx5 of X over S is the module of differentials
Qoy /105 endowed with its universal S-derivation dx/s : Ox — 2x/s.

Here is a particular situation where derivations come up naturally.

Lemma 28.11. Let (f, f*) : (X,0x) — (S,0s) be a morphism of ringed spaces.
Consider a short exact sequence

0—-Z—-A—-0x—0

Here A is a sheaf of f~'Og-algebras, m : A — Ox is a surjection of sheaves of
f1Og-algebras, and T = Ker(r) is its kernel. Assume I an ideal sheaf with square
zero in A. So Z has a natural structure of an Ox-module. A section s : Ox — A
of ™ is a f~'Og-algebra map such that 7o s = id. Given any section s : Ox — A
of m and any S-derivation D : Ox — T the map

s+D:0x - A

is a section of ™ and every section s’ is of the form s+ D for a unique S-derivation

D.
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Proof. Recall that the O x-module structure on Z is given by hr = hr (multiplica-
tion in .A) where h is a local section of Oy, and h is a local lift of & to a local section
of A, and 7 is a local section of Z. In particular, given s, we may use h = s(h). To
verify that s + D is a homomorphism of sheaves of rings we compute

(s+ D)(ab) = s(ab) + D(ab)
s(a)s(b) + aD(b) + D(a)b
s(a)s(b) + s(a)D(b) + D(a)s(b)
= (s(a) + D(a))(s(b) + D(b))
by the Leibniz rule. In the same manner one shows s + D is a f~!Og-algebra map

because D is an S-derivation. Conversely, given s’ we set D = s’ — s. Details
omitted. (]

Lemma 28.12. Let
X —=X

f
h’l lh
SN
be a commutative diagram of ringed spaces.
(1) The canonical map Ox — f.Ox: composed with f.dx/ s/ : f.Ox/ —
f+«8x1 /50 is a S-derivation and we obtain a canonical map of Ox -modules
Qx/s = [ilx1/s0.
(2) The commutative diagram

f_lox Ox:

| T

fhT10s —— (h) 1 Os:

induces by Lemmas and a canonical map f*1QX/S — Qxr/g0.

These two maps correspond (via adjointness of f. and f* and via f*Qx/s =
f’lﬂx/s ®f-10x Ox and Sheaves, Lemma to the same Ox/-module ho-
momorphism

Cy f*QX/S — QX’/S/
which is uniquely characterized by the property that f*dx,s(a) maps to dx: ;g (f*a)
for any local section a of Ox.

Proof. Omitted. O
Lemma 28.13. Let

—}1// ? ’}I/ ? .-1(
S——n5 ——-=8
be a commutative diagram of ringed spaces. With notation as in Lemma [28.19 we
have
Cfog = Cq 0 g Cy
as maps (f 0 g)* Qx5 — Qxrygm.
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Proof. Omitted. O

29. Finite order differential operators

In this section we introduce differential operators of finite order. We suggest the
reader take a look at the corresponding section in the chapter on commutative
algebra (Algebra, Section [133]).

Definition 29.1. Let X be a topological space. Let ¢ : O — O3 be a homomor-
phism of sheaves of rings on X. Let k£ > 0 be an integer. Let F, G be sheaves of
Os-modules. A differential operator D : F — G of order k is an is an O;-linear map
such that for all local sections g of Oz the map s +— D(gs) — gD(s) is a differential
operator of order k — 1. For the base case k = 0 we define a differential operator of
order 0 to be an Oy-linear map.

If D: F — G is a differential operator of order k, then for all local sections g of
05 the map gD is a differential operator of order k. The sum of two differential
operators of order k is another. Hence the set of all these
Diff*(F, G) = Diff§,, )0, (F,G)
is a I'(X, Oz)-module. We have
Diff’(F,G) c Diff'(F,G) c Diff*(F,G) C ...

The rule which maps U C X open to the module of differential operators D :
Flu — Glu of order k is a sheaf of Oz-modules on X. Thus we obtain a sheaf of
differential operators (if we ever need this we will add a definition here).

Lemmal 29.2. Let X be a topological space. Let Oy — Oy be a map of sheaves of
rings on X. Let £, F,G be sheaves of Oy-modules. If D : &€ — F and D' : F — G
are differential operators of order k and k', then D’ o D is a differential operator of
order k + k.

Proof. Let g be a local section of Oy. Then the map which sends a local section
x of £ to
D'(D(gx)) — gD'(D(x)) = D'(D(gz)) — D'(9D(x)) + D'(9D(x)) — gD'(D())

is a sum of two compositions of differential operators of lower order. Hence the
lemma follows by induction on k + k. O

Lemmal 29.3. Let X be a topological space. Let O — Oy be a map of sheaves of
rings on X. Let F be a sheaf of Os-modules. Let k > 0. There exists a sheaf of
Oz-modules P&/Ol (F) and a canonical isomorphism

Diffp, j0,(F,G) = Homo, (P, /0, (F), G)

functorial in the Oz-module G.

Proof. The existence follows from general category theoretic arguments (insert
future reference here), but we will also give a direct construction as this construction
will be useful in the future proofs. We will freely use the notation introduced in
the proof of Lemma [28:2] Given any differential operator D : F — G we obtain an
Os-linear map Lp : O3[F] — G sending [m] to D(m). If D has order 0 then Lp
annihilates the local sections

[m+m’] = [m] =[], go[m] — [gom]
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where g is a local section of Oy and m,m’ are local sections of F. If D has order
1, then Lp annihilates the local sections

[m+m' —[m] —[m'], flm]—[fm], gogilm] — golgrm] — g1[gom] + [g190m]

where f is a local section of O1, go, g1 are local sections of Oy, and m,m’ are local
sections of F. If D has order k, then Lp annihilates the local sections [m + m'] —
[m] — [m'], f[m] — [fm], and the local sections

9gogi - - - gr[m] —Zgo...gi...gk[gim} + .o+ (=D g .. gem]

Conversely, if L : O2[F] — G is an Os-linear map annihilating all the local sections
listed in the previous sentence, then m +— L([m]) is a differential operator of order
k. Thus we see that ’P& Jo, (F) is the quotient of Oz[F] by the Oz-submodule
generated by these local sections. [l

Definition 29.4. Let X be a topoological space. Let O; — Oy be a map of
sheaves of rings on X. Let F be a sheaf of Oz-modules. The module 77(]52/01 (F)
constructed in Lemma is called the module of principal parts of order k of F.

Note that the inclusions
Diff’(F,G) c Diff' (F,G) c Diff*(F,G) C ...
correspond via Yoneda’s lemma (Categories, Lemma to surjections
= Ph 00 (F) = Po,10,(F) = Po, 0, (F) = F

Lemmal 29.5. Let X be a topological space. Let O — O be a homomorphism of

presheaves of rings on X. Let F be a presheaf of Oz-modules. Then P(’;#/O# (F#)
2 1

is the sheaf associated to the presheaf U P(l;z(U)/Ol(U)(‘F(U))'

Proof. This can be proved in exactly the same way as is done for the sheaf of dif-
ferentials in Lemma [28.4] Perhaps a more pleasing approach is to use the universal
property of Lemma directly to see the equality. We omit the details. (]

Lemma 29.6. Let X be a topological space. Let O1 — Os be a homomorphism of
sheaves of rings on X. Let F be a sheaf of Oy-modules. There is a canonical short
exact sequence

0= Qo,/0, ®0, F = Po,/0,(F) = F =0

functorial in F called the sequence of principal parts.

Proof. Follows from the commutative algebra version (Algebra, Lemma [133.6)) and
Lemmas [28.4] and [29.5) ]

Remark| 29.7. Let X be a topological space. Suppose given a commutative
diagram of sheaves of rings
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on X, a B-module F, a B'-module F’, and a B-linear map F — F’. Then we get
a compatible system of module maps

o= Py (F) — Py (F) —> Py 4 (F)

T T T

=P A(F) PryalF) PgyalF)

These maps are compatible with further composition of maps of this type. The
easiest way to see this is to use the description of the modules Py, / (M) in terms

of (local) generators and relations in the proof of Lemma but it can also be
seen directly from the universal property of these modules. Moreover, these maps
are compatible with the short exact sequences of Lemma [29.6]

Next, we extend our definition to morphisms of ringed spaces.

Definition 29.8. Let (f, f*) : (X,0x) — (S, Os) be a morphism of ringed spaces.
Let F and G be Ox-modules. Let k& > 0 be an integer. A differential operator of
order k on X/S is a differential operator D : F — G with respect to f*: f~1O0g —
Ox We denote Diff’;(/s(}', G) the set of these differential operators.

30. The de Rham complex

The section is the analogue of Algebra, Section for morphisms of ringed spaces.
We urge the reader to read that section first.

Let X be a topological space. Let A — B be a homomorphism of sheaves of rings.
Denote d : B — Qp/4 the module of differentials with its universal A-derivation
constructed in Section B8 Let
5ra=Np(QB/4)

for i > 0 be the ith exterior power as in Section 21}
Definition 30.1. In the situation above, the de Rham complex of B over A is the
unique complex

Q%/A%QE/A%QQB/A%...
of sheaves of A-modules whose differential in degree 0 is given by d : B — Qp,4
and whose differentials in higher degrees have the following property

(30.1.1) d (bodby A ... Adby) = dby Adby A ... Adb,

where by, ..., b, € B(U) are sections over a common open U C X.

We could construct this complex by repeating the cumbersome arguments given
in Algebra, Section Instead we recall that 5,4 is the sheafification of the
presheaf U — Qg 4v), see Lemma [28.4L Thus Q%/A is the sheafification of the

presheaf U +— QiB(U) JA(U) S€e Lemma [21.1} Therefore we can define the de Rham
complex as the sheafification of the rule

U— Q) aw)

Lemma 30.2. Let f : Y — X be a continuous map of topological spaces. Let
A — B be a homomorphism of sheaves of rings on X. Then there is a canonical
identification f_le/A = Q}flzs/fflA of de Rham complezxes.
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Proof. Omitted. Hint: compare with Lemma, [28.6) O

Lemma 30.3. Let X be a topological space. Let A — B be a homomorphism of
sheaves of rings on X. The differentials d : QiB/A — Qig/i‘ are differential operators
of order 1.

Proof. Via our construction of the de Rham complex above as the sheafification

of the rule U — Q%(U)/A(U) this follows from Algebra, Lemma [133.8 (]
Let X be a topological space. Let

B——=PB

A—— A

be a commutative diagram of sheaves of rings on X. There is a natural map of de
Rham complexes

(9} Ja 953 A
Namely, in degree 0 this is the map B — B, in degree 1 this is the map Qg/4 —
Qpry4 constructed in Section and for p > 2 it is the induced map Q’l; JA =
Ng(Qp/a) = Ng/(Qprjar) = Q4. The compatibility with differentials follows
from the characterization of the differentials by the formula (30.1.1]).
Definition 30.4. Let f : (X,0x) — (Y,0Oy) be a morphism of ringed spaces.
The de Rham complez of f or of X over Y is the complex

;{/Y = onx/ffloy
Consider a commutative diagram of ringed spaces

X —X

f
h/l lh
525
Then we obtain a canonical map
QS(/S — f*Q;(,/S/

of de Rham complexes. Namely, the commutative diagram of sheaves of rings

ftox Ox

| |

fflhflos - (h/)flos,

on X’ produces a map of complexes (see above)
—10e ) . °
%5 = Loy /p-1n-105 = Qo /10 = Pxrysr
(using Lemma for the first equality) and then we can use adjunction.

Lemma 30.5. Let f: X — Y be a morphism of ringed spaces. The differentials
d: Qé{/Y — Q?‘/ly are differential operators of order 1 on X/Y .

Proof. Immediate from Lemma B0.3 and the definition. O
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31. The naive cotangent complex

This section is the analogue of Algebra, Section for morphisms of ringed spaces.
We urge the reader to read that section first.

Let X be a topological space. Let A — B be a homomorphism of sheaves of rings.
In this section, for any sheaf of sets £ on X we denote A[£] the sheafification of
the presheaf U — A(U)[E(U)]. Here A(U)[E(U)] denotes the polynomial algebra
over A(U) whose variables correspond to the elements of £(U). We denote [e] €
A(U)[E(U)] the variable corresponding to e € E(U). There is a canonical surjection
of A-algebras

(31.0.1) AB] — B, [b]+—b

whose kernel we denote Z C A[B]. It is a simple observation that Z is generated
by the local sections [b][b'] — [bb'] and [a] — a. According to Lemma there is a
canonical map

(31.0.2) I/I2 — Q.A[B]/.A ®A[B] B
whose cokernel is canonically isomorphic to {25, .4.

Definition 31.1. Let X be a topological space. Let A — B be a homomorphism of
sheaves of rings. The naive cotangent complex NLg, 4 is the chain complex (31.0.2))

NLgja = (Z/T* — Qa4 © i) B)
with Z/Z? placed in degree —1 and QB4 @8 B placed in degree 0.

This construction satisfies a functoriality similar to that discussed in Lemma [287§]
for modules of differentials. Namely, given a commutative diagram

B——B

(31.1.1) T T

A—— A
of sheaves of rings on X there is a canonical B-linear map of complexes
NLB/.A — NLB’/.A’

Namely, the maps in the commutative diagram give rise to a canonical map A[B] —
A'[B'] which maps Z into Z' = Ker(A'[B] — B’). Thus a map Z/I? — I'/(Z')*
and a map between modules of differentials, which together give the desired map
between the naive cotangent complexes. The map is compatible with compositions
in the following sense: given a commutative diagram

BHB/HBH

]

AHA/ HA/I
of sheaves of rings then the composition
NLB/.A — NLB//_A/ — NLB///AII
is the map for the outer rectangle.

We can choose a different presentation of B as a quotient of a polynomial algebra
over A and still obtain the same object of D(B). To explain this, suppose that
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£ is a sheaves of sets on X and o : £ — B a map of sheaves of sets. Then we
obtain an A-algebra homomorphism A[£] — B. If this map is surjective, i.e., if
a(€) generates B as an A-algebra, then we set

NL(a) = (T /T* — Qag)ya @) B)
where J C A[€] is the kernel of the surjection A[£] — B. Here is the result.

Lemma 31.2. In the situation above there is a canonical isomorphism NL(a) =

Proof. Observe that NLg;4 = NL(idg). Thus it suffices to show that given two
maps «; : & — B as above, there is a canonical quasi-isomorphism NL(«a;) =
NL(a3) in D(B). To see this set £ = £ 11 & and a = a1 T ag : € — B. Set
Ji = Ker(A[&;] — B) and J = Ker(A[] — B). We obtain maps A[&;] — A[£]
which send J; into J. Thus we obtain canonical maps of complexes

NL(O&Z') — NL(Oé)

and it suffices to show these maps are quasi-isomorphism. To see this it suffices
to check on stalks (Lemma [3.1)). If 2 € X then the stalk of NL(c) is the complex
NL(ay) of Algebra, Section associated to the presentation A, [€,] — B, coming
from the map «, : & — B,. (Some details omitted; use Lemma to see
compatibility of forming differentials and taking stalks.) We conclude the result
holds by Algebra, Lemma O

Lemma 31.3. Let f: X — Y be a continuous map of topological spaces. Let A —
B be a homomorphism of sheaves of rings on'Y . Then f~* NLgjx = NLy-1p/f-1.4.

Proof. Omitted. Hint: Use Lemma [28.6| |

Lemmal 31.4. Let X be a topological space. Let A — B be a homomorphism of
sheaves of rings on X. Let x € X. Then we have NLg) 4, = NLp, /4, -

Proof. This is a special case of Lemma for the inclusion map {z} - X. O

Lemmal 31.5. Let X be a topological space. Let A — B — C be maps of sheaves
of rings. Let C be the cone (Derived Categories, Definition of the map of
complexes NLcya — NLc /. There is a canonical map

c: NLB/.A ®pC — C[—l]
of complezes of C-modules which produces a canonical six term exact sequence

H°(NLg; 4 ®pC) — H°(NL¢)4) — H(NL¢/g) — 0

\

H™Y(NLgj4®5C) — H *(NL¢;4) — H ' (NL¢/p)
of cohomology sheaves.

Proof. To give the map ¢ we have to give a map ¢1 : NLg, 4 ®5C — NL¢, 4 and
an explicit homotopy between the composition

NLB/A ®5C — NLC/A — NLC/B
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and the zero map, see Derived Categories, Lemma For ¢; we use the func-
toriality described above for the obvious diagram. For the homotopy we use the
map

NLg/ 4 ®pC — NLC—}B, d[p] @ 1 +— [p(b)] — b[1]

where ¢ : B — C is the given map. Please compare with Algebra, Remark [134.5
To see the consequence for cohomology sheaves, it suffices to show that H%(c) is an
isomorphism and H ~!(c) surjective. To see this we can look at stalks, see Lemma

[BI.4] and then we can use the corresponding result in commutative algebra, see
Algebra, Lemma [134.4] Some details omitted. O

The cotangent complex of a morphism of ringed spaces is defined in terms of the
cotangent complex we defined above.

Definition 31.6. The naive cotangent complex NLy = NLx/y of a morphism of
ringed spaces f: (X,0x) — (Y,0y) is NLo, /510, -

Given a commutative diagram
Xl ? X
f 'l lf
vy oy

of ringed spaces, there is a canonical map c¢: g* NLx,y — NLx//y,. Namely, it is
the map

g* NLx/y = OX/ ®g—1ox NLg—lox/g—lf—loY e NLOX//(f’)_loy/ = NLX’/Y’

where the arrow comes from the commutative diagram of sheaves of rings

g '0x Ox

r
91f”T T(fl)ﬁ

g ht

9 Oy —— (") 'Oy
as in (31.1.1) above. Given a second such diagram
X// X/
|
Y// Y‘/

the composition of (¢')*c and the map ¢’ : (¢')* NLx//y+ — NLx» y~ is the map
(g ] gl)* NLX“/Y“ — NLx/y.

Lemma 31.7. Let f: X =Y and g: Y — Z be morphisms of ringed spaces. Let
C be the cone of the map NLx,z — NLx,y of complexes of Ox-modules. There is
a canonical map
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which produces a canonical six term exact sequence

HO(f*NLy,z) — H°(NLx;z) — H°(NLx,y) —0

\

H='(f*NLy;z) — H '(NLx,z) — H~"(NLx/y)
of cohomology sheaves.

Proof. Consider the maps of sheaves rings
(go f)7'Oz = [0y = Ox
and apply Lemma [31.5) (]
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