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1. Introduction
ODMH In this chapter we discuss some of the familiar moduli stacks of curves. A reference
is the celebrated article of Deligne and Mumford, see [DM69].
2. Conventions and abuse of language

0DMI

This is a chapter of the Stacks Project, version a2a93ede, compiled on Sep 28, 2025.
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We continue to use the conventions and the abuse of language introduced in Prop-
erties of Stacks, Section Unless otherwise mentioned our base scheme will be

Spec(Z).
3. The stack of curves

This section is the continuation of Quot, Section Let Curves be the stack whose
category of sections over a scheme S is the category of families of curves over S.
It is somewhat important to keep in mind that a family of curves is a morphism
f+ X — S where X is an algebraic space (!) and f is flat, proper, of finite
presentation and of relative dimension < 1. We already know that Curves is an
algebraic stack over Z, see Quot, Theorem If we did not allow algebraic
spaces in the definition of our stack, then this theorem would be false.

Often base change is denoted by a subscript, but we cannot use this notation for
Curves because Curvesg is our notation for the fibre category over S. This is why
in Quot, Remark we used B-Curves for the base change

B-Curves = Curves x B

to the algebraic space B. The product on the right is over the final object, i.e.,
over Spec(Z). The object on the left is the stack classifying families of curves on
the category of schemes over B. In particular, if k is a field, then

k-Curves = Curves x Spec(k)

is the moduli stack classifying families of curves on the category of schemes over k.
Before we continue, here is a sanity check.

Lemma 3.1. Let T — B be a morphism of algebraic spaces. The category
Mor g (T, B-Curves) = Mor (T, Curves)
is the category of families of curves over T.

Proof. A family of curves over T is a morphism f : X — T of algebraic spaces,
which is flat, proper, of finite presentation, and has relative dimension < 1 (Mor-
phisms of Spaces, Definition . This is exactly the same as the definition in
Quot, Situation [I5.1] except that T' the base is allowed to be an algebraic space.
Our default base category for algebraic stacks/spaces is the category of schemes,
hence the lemma does not follow immediately from the definitions. Having said
this, we encourage the reader to skip the proof.

By the product description of B-Curves given above, it suffices to prove the lemma in
the absolute case. Choose a scheme U and a surjective étale morphism p: U — T.
Let R =U xp U with projections s,t: R — U.

Let v : T — Curves be a morphism. Then v o p corresponds to a family of curves
Xy — U. The canonical 2-morphism vopot — v o po s is an isomorphism
¢ : Xy Xy,s R = Xy Xy, R. This isomorphism satisfies the cocycle condition on
R x4 R. By Bootstrap, Lemma we obtain a morphism of algebraic spaces
X — T whose pullback to U is equal to Xy compatible with ¢. Since {U — T}
is an étale covering, we see that X — T is flat, proper, of finite presentation by
Descent on Spaces, Lemmas and Also X — T has relative
dimension < 1 because this is an étale local property. Hence X — T is a family of
curves over 7.
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Conversely, let X — T be a family of curves. Then the base change Xy determines
a morphism w : U — Curves and the canonical isomorphism Xy Xy s R — Xy Xy, R
determines a 2-arrow wos — wot satisfying the cocycle condition. Thus a morphism
v : T = [U/R] — Curves by the universal property of the quotient [U/R], see
Groupoids in Spaces, Lemma m (Actually, it is much easier in this case to go
back to before we introduced our abuse of language and direct construct the functor
Sch/T — Curves which “is” the morphism T — Curves.)

We omit the verification that the constructions given above extend to morphisms
between objects and are mutually quasi-inverse. [
4. The stack of polarized curves

In this section we work out some of the material discussed in Quot, Remark [15.13
Consider the 2-fibre product

Curves X gpaces’ Polarized —— > Polarized

fp,flat,proper

|

/
Curves Spaces't, riat proper

We denote this 2-fibre product by

PolarizedCurves = Curves X spgces’ Polarized
fp,flat,proper

This fibre product parametrizes polarized curves, i.e., families of curves endowed
with a relatively ample invertible sheaf. More precisely, an object of Polarized Curves
is a pair (X — S, L) where

(1) X — Sis a morphism of schemes which is proper, flat, of finite presentation,

and has relative dimension < 1, and

(2) L is an invertible Ox-module which is relatively ample on X/S.
A morphism (X’ — S, L") — (X — S, L) between objects of PolarizedCurves is
given by a triple (f,g,¢) where f : X’ — X and g : S — S are morphisms of
schemes which fit into a commutative diagram

X —X
|
g2 .9

inducing an isomorphism X’ — S’ xg X, in other words, the diagram is cartesian,
and ¢ : f*£ — £’ is an isomorphism. Composition is defined in the obvious manner.

Lemmal 4.1. The morphism PolarizedCurves — Polarized is an open and closed
1Mmersion.

Proof. This is true because the 1-morphism Curves — Spaces’ . flat,proper 1S TEPTe-
sentable by open and closed immersions, see Quot, Lemma [15.12 ]

Lemma 4.2. The morphism PolarizedCurves — Curves is smooth and surjective.

Proof. Surjective. Given a field k and a proper algebraic space X over k of dimen-
sion < 1, i.e., an object of Curves over k. By Spaces over Fields, Lemma the
algebraic space X is a scheme. Hence X is a proper scheme of dimension < 1 over
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k. By Varieties, Lemma we see that X is H-projective over . In particular,
there exists an ample invertible O x-module £ on X. Then (X, £) is an object of
PolarizedCurves over k which maps to X.

Smooth. Let X — S be an object of Curves, i.e., a morphism S — Curves. It is
clear that
PolarizedCurves X cyrves S C Picx/s

is the substack of objects (T'/S, L/ Xr) such that £ is ample on X7 /T. This is an
open substack by Descent on Spaces, Lemma Since Picx/s — S is smooth by
Moduli Stacks, Lemma [8.5] we win. O

Lemma 4.3. Let X — S be a family of curves. Then there exists an étale covering
{S; = S} such that X; = X Xg S; is a scheme. We may even assume X; is H-
projective over S;.

Proof. This is an immediate corollary of Lemma Namely, unwinding the
definitions, this lemma gives there is a surjective smooth morphism S’ — S such
that X’ = X x5’ comes endowed with an invertible O x/-module £’ which is ample
on X'/S’. Then we can refine the smooth covering {S’ — S} by an étale covering
{S; — S}, see More on Morphisms, Lemma After replacing S; by a suitable
open covering we may assume X; — S; is H-projective, see Morphisms, Lemmas
and (this is also discussed in detail in More on Morphisms, Section. (]

5. Properties of the stack of curves
The following lemma isn’t true for moduli of surfaces, see Remark [5.2}
Lemma 5.1. The diagonal of Curves is separated and of finite presentation.

Proof. Recall that Curves is a limit preserving algebraic stack, see Quot, Lemma
By Limits of Stacks, Lemma [3.6 this implies that A : Polarized — Polarized x
Polarized is limit preserving. Hence A is locally of finite presentation by Limits of
Stacks, Proposition

Let us prove that A is separated. To see this, it suffices to show that given a scheme
U and two objects Y — U and X — U of Curves over U, the algebraic space

Isomy (Y, X)

is separated. This we have seen in Moduli Stacks, Lemmas and that the
target is a separated algebraic space.

To finish the proof we show that A is quasi-compact. Since A is representable by
algebraic spaces, it suffices to check the base change of A by a surjective smooth
morphism U — Curves x Curves is quasi-compact (see for example Properties of
Stacks, Lemma . We choose U = [[U; to be a disjoint union of affine opens
with a surjective smooth morphism

U — PolarizedCurves x PolarizedCurves

Then U — Curves x Curves will be surjective and smooth since PolarizedCurves —
Curves is surjective and smooth by Lemma Since PolarizedCurves is limit
preserving (by Artin’s Axioms, Lemma and Quot, Lemmas and
, we see that PolarizedCurves — Spec(Z) is locally of finite presentation, hence
U; — Spec(Z) is locally of finite presentation (Limits of Stacks, Propositionand
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Morphisms of Stacks, Lemmas and[33.5)). In particular, U; is Noetherian affine.
This reduces us to the case discussed in the next paragraph.

In this paragraph, given a Noetherian affine scheme U and two objects (Y, N') and
(X, L) of PolarizedCurves over U, we show the algebraic space

Isomy (Y, X)

is quasi-compact. Since the connected components of U are open and closed we
may replace U by these. Thus we may and do assume U is connected. Let u € U
be a point. Let @), P be the Hilbert polynomials of these families, i.e.,

Q(n) = X(Yiu-/vi(?n) and P(n) = X(Xua£§n>

see Varieties, Lemma Since U is connected and since the functions u
XY, N) and u — x(Xy, L") are locally constant (see Derived Categories of
Schemes, Lemma we see that we get the same Hilbert polynomial in every
point of U. Set

M= pflkN ®OY><UX pry L
onY xy X. Given (f,¢) € Isomy(Y,X)(T) for some scheme T over U then for
every t € T we have

X(Yz, (id x )" M) = x (Y, N @0y, [ELE™)
= ndeg(N;) +ndeg(fy L:) + x(¥z, Oy,)
= Q(n) + ndeg(Ly)
=Q(n) + P(n) — P(0)

by Riemann-Roch for proper curves, more precisely by Varieties, Definition
and Lemma and the fact that f; is an isomorphism. Setting P'(t) = Q(t) +
P(t) — P(0) we find

Isomy (Y, X) = Isomy (Y, X) N Morg,’M (Y, X)
The intersection is an intersection of open subspaces of Mory (Y, X), see Mod-
uli Stacks, Lemma and Remark Now Morg ’M(Y, X) is a Noetherian
algebraic space as it is of finite presentation over U by Moduli Stacks, Lemma

Thus the intersection is a Noetherian algebraic space too and the proof is
finished. O

Remark| 5.2. The boundedness argument in the proof of Lemma does not
work for moduli of surfaces and in fact, the result is wrong, for example because K3
surfaces over fields can have infinite discrete automorphism groups. The “reason”
the argument does not work is that on a projective surface S over a field, given
ample invertible sheaves A/ and £ with Hilbert polynomials Q and P, there is no a
priori bound on the Hilbert polynomial of N ®o4 L. In terms of intersection theory,
if Hy, Hy are ample effective Cartier divisors on S, then there is no (upper) bound
on the intersection number H; - Hy in terms of Hy - H; and Hs - Hs.

Lemma 5.3. The morphism Curves — Spec(Z) is quasi-separated and locally of
finite presentation.

Proof. To check Curves — Spec(Z) is quasi-separated we have to show that its
diagonal is quasi-compact and quasi-separated. This is immediate from Lemma
5.1l To prove that Curves — Spec(Z) is locally of finite presentation, it suffices to


https://stacks.math.columbia.edu/tag/0DSR
https://stacks.math.columbia.edu/tag/0DSS

O0EOE

MODULI OF CURVES 6

show that Curves is limit preserving, see Limits of Stacks, Proposition This is
Quot, Lemma [15.6 (]

6. Open substacks of the stack of curves

Below we will often characterize an open substack of Curves by a property P of
morphisms of algebraic spaces. To see that P defines an open substack it suffices
to check

(o) given a family of curves f : X — S there exists a largest open subscheme

S’ C S such that f|p-1(s : f71(S") = 5" has P and such that formation
of S’ commutes with arbitrary base change.
Namely, suppose (0) holds. Choose a scheme U and a surjective smooth morphism
m : U — Curves. Let R = U Xgymes U and denote t,s : R — U the projections.
Recall that Curves = [U/R] is a presentation, see Algebraic Stacks, Lemma [16.2]
and Definition By construction of Curves as the stack of curves, the morphism
m is the classifying morphism for a family of curves C — U. The 2-commutativity
of the diagram
|
U —— Curves
implies that C xy s R = C Xy R (isomorphism of families of curves over R). Let
W C U be the largest open subscheme such that f| -1y : f~YW) — W has P as
in (0). Since formation of W commutes with base change according to (o) and by
the isomorphism above we find that s*(W) = ¢=1(W). Thus W C U corresponds
to an open substack
Curvest C Curves

according to Properties of Stacks, Lemma

Continuing with the setup of the previous paragrpah, we claim the open substack
Curves” has the following two universal properties:
(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves®,
(b) the morphism X — S has P,
(2) given X a proper scheme over a field k of dimension < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves”,
(b) the morphism X — Spec(k) has P.

This follows by considering the 2-fibre product
T U

|

S —— Curves

Observe that T — S is surjective and smooth as the base change of U — Curves.
Thus the open S’ C S given by (0) is determined by its inverse image in 7. However,
by the invariance under base change of these opens in (o) and because X xg T =
C xy T by the 2-commutativity, we find ¢=1(S") = p~1(W) as opens of T. This
immediately implies (1). Part (2) is a special case of (1).
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Given two properties P and ) of morphisms of algebraic spaces, supposing we
already have established Curves? is an open substack of Curves, then we can use
exactly the same method to prove openness of Curves®? C Curves?. We omit a
precise explanation.

7. Curves with finite reduced automorphism groups

Let X be a proper scheme over a field k of dimension < 1, i.e., an object of Curves
over k. By Lemma the automorphism group algebraic space Aut(X) is finite
type and separated over k. In particular, Aut(X) is a group scheme, see More on
Groupoids in Spaces, Lemma If the characteristic of k is zero, then Aut(X)
is reduced and even smooth over k (Groupoids, Lemma . However, in general
Aut(X) is not reduced, even if X is geometrically reduced.

Example 7.1 (Non-reduced automorphism group). Let k be an algebraically
closed field of characteristic 2. Set Y = Z = P}. Choose three pairwise distinct k-
valued points a, b, ¢ in A,ﬁ. Thinking of A,l§ C Pi =Y = Z as an open subschemes,
we get a closed immersion

T = Spec(k[t]/(t — a)?) 1T Spec(k[t]/(t — b)*) 11 Spec(k[t]/(t — ¢)*) — P}
Let X be the pushout in the diagram
T——Y

|

Z —X
Let U C X be the affine open part which is the image of A,lC I A,lc. Then we have
an equalizer diagram

Ox(U) ——=k[t] x k[t] —___ k[t]/(t —a)? x k[t]/(t — b)? x k[t]/(t — c)?

—_—

Over the dual numbers A = k[e] we have a nontrivial automorphism of this equalizer
diagram sending ¢ to t +e€. We leave it to the reader to see that this automorphism
extends to an automorphism of X over A. On the other hand, the reader easily
shows that the automorphism group of X over k is finite. Thus Aut(X) must be
non-reduced.

Let X be a proper scheme over a field k of dimension < 1, i.e., an object of Curves
over k. If Aut(X) is geometrically reduced, then it need not be the case that it has
dimension 0, even if X is smooth and geometrically connected.

Example 7.2 (Smooth positive dimensional automorphism group). Let k be an
algebraically closed field. If X is a smooth genus 0, resp. 1 curve, then the auto-
morphism group has dimension 3, resp. 1. Namely, in the genus 0 case we have
X = P} by Algebraic Curves, Proposition Since
Aut(P}) = PGLay,

as functors we see that the dimension is 3. On the other hand, if the genus of
X is 1, then we see that the map X = Hilb%{/k, — ﬂk/k is an isomorphism, see
Picard Schemes of Curves, Lemma [6.7] and Algebraic Curves, Theorem Thus

X has the structure of an abelian variety (since &}g/k ~ Pic% /). In particular
the (co)tangent bundle of X are trivial (Groupoids, Lemmal6.3). We conclude that
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dimy H°(X,Tx) = 1 hence dim Aut(X) < 1. On the other hand, the translations
(viewing X as a group scheme) provide a 1-dimensional piece of Aut(X) and we
conlude its dimension is indeed 1.

It turns out that there is an open substack of Curves parametrizing curves whose
automorphism group is geometrically reduced and finite. Here is a precise state-
ment.

Lemma 7.3. There exist an open substack Curves®™ C Curves with the following
properties

(1) CurvesPM C Curves is the mazimal open substack which is DM,

(2) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves®M ,
(b) the group algebraic space Auts(X) is unramified over S,

(3) given X a proper scheme over a field k of dimension < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through CurvesPM
(b) Aut(X) is geometrically reduced over k and has dimension 0,
(¢) Aut(X) — Spec(k) is unramified.

Proof. The existence of an open substack with property (1) is Morphisms of Stacks,
Lemma [22.1] The points of this open substack are characterized by (3)(c) by
Morphisms of Stacks, Lemma The equivalence of (3)(b) and (3)(c) is the
statement that an algebraic space G which is locally of finite type, geometrically
reduced, and of dimension 0 over a field k, is unramified over k. First, G is a
scheme by Spaces over Fields, Lemma Then we can take an affine open in G
and observe that it will be proper over k and apply Varieties, Lemma Minor
details omitted.

Part (2) is true because (3) holds. Namely, the morphism Autg(X) — S is locally
of finite type. Thus we can check whether Autg(X) — S is unramified at all points
of Autg(X) by checking on fibres at points of the scheme S, see Morphisms of
Spaces, Lemma [38.10] But after base change to a point of S we fall back into the
equivalence of (3)(a) and (3)(c). O

Lemma 7.4. Let X be a proper scheme over a field k of dimension < 1. Then
properties (3)(a), (b), (¢) are also equivalent to Der(Ox,Ox) = 0.

Proof. In the discussion above we have seen that G = Aut(X) is a group scheme
over Spec(k) which is finite type and separated; this uses Lemma and More
on Groupoids in Spaces, Lemma [10.2 Then G is unramified over k if and only
if Q¢/r = 0 (Morphisms, Lemma [35.2). By Groupoids, Lemma the vanishing
holds if T /1. = 0, where Tg . . is the tangent space to G at the identity element
e € G(k), see Varieties, Definition and the formula in Varieties, Lemma [16.4]
Since k(e) = k the tangent space is defined in terms of morphisms « : Spec(k[e]) —
G = Aut(X) whose restriction to Spec(k) is e. It follows that it suffices to show
any automorphism

a: X XSpec(k) SpeC(k[é]) — X ><Spec(k) Spec(k[e])

over Spec(k[e]) whose restriction to Spec(k) is idx. Such automorphisms are called
infinitesimal automorphisms.
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The infinitesimal automorphisms of X correspond 1-to-1 with derivations of Ox
over k. This follows from More on Morphisms, Lemmas and (we only need
the first one as we don’t care about the reverse direction; also, please look at More
on Morphisms, Remark for an elucidation). For a different argument proving
this equality we refer the reader to Deformation Problems, Lemma [9.3 O

8. Cohen-Macaulay curves
There is an open substack of Curves parametrizing the Cohen-Macaulay “curves”.

Lemma 8.1. There exist an open substack Curves®™ C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves®™
(b) the morphism X — S is Cohen-Macaulay,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves®™
(b) X is Cohen-Macaulay.

Proof. Let f: X — S be a family of curves. By More on Morphisms of Spaces,
Lemma [26.7] the set

W = {x € |X|: f is Cohen-Macaulay at z}

is open in | X| and formation of this open commutes with arbitrary base change.
Since f is proper the subset

ST =S\ FIXI\W)

of S is open and X xg S’ — S’ is Cohen-Macaulay. Moreover, formation of S’
commutes with arbitrary base change because this is true for W Thus we get the
open substack with the desired properties by the method discussed in Section[f] O

Lemmal 8.2. There exist an open substack Curves®™! C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves
(b) the morphism X — S is Cohen-Macaulay and has relative dimension

1 (Morphisms of Spaces, Definition ,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves
(b) X is Cohen-Macaulay and X is equidimensional of dimension 1.

CM,1
)

CM,1
J

Proof. By Lemma it is clear that we have Curves®™! C Curves®M if it exists.
Let f: X — S be a family of curves such that f is a Cohen-Macaulay morphism.
By More on Morphisms of Spaces, Lemma we have a decomposition
X =XoIIX;
by open and closed subspaces such that Xg — S has relative dimension 0 and
X7 — S has relative dimension 1. Since f is proper the subset
S"= 8\ f(|Xol)

of S is open and X xg S’ — S’ is Cohen-Macaulay and has relative dimension
1. Moreover, formation of S’ commutes with arbitrary base change because this is
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true for the decomposition above (as relative dimension behaves well with respect
to base change, see Morphisms of Spaces, Lemma [34.3). Thus we get the open
substack with the desired properties by the method discussed in Section [6] (]

9. Curves of a given genus

The convention in the Stacks project is that the genus g of a proper 1-dimensional
scheme X over a field k is defined only if H%(X,0Ox) = k. In this case g =
dimy H'(X,Ox). See Algebraic Curves, Section The conditions needed to define
the genus define an open substack which is then a disjoint union of open substacks,
one for each genus.

Lemma 9.1. There exist an open substack Curves"®' C Curves such that

(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves":!,
(b) f.Ox = Og, this holds after arbitrary base change, and the fibres of f

have dimension 1,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves™®*,
(b) H°(X,0Ox) =k and dim(X) = 1.

Proof. Given a family of curves X — S the set of s € S where k(s) = H°(X;, Ox.)
is open in S by Derived Categories of Spaces, Lemma Also, the set of points
in S where the fibre has dimension 1 is open by More on Morphisms of Spaces,
Lemma Moreover, if f: X — S is a family of curves all of whose fibres have
dimension 1 (and in particular f is surjective), then condition (1)(b) is equivalent
to k(s) = H°(Xs, Ox,) for every s € S, see Derived Categories of Spaces, Lemma
Thus we see that the lemma follows from the general discussion in Section

6l 0
Lemma 9.2. We have Curves"®' € Curves®™! as open substacks of Curves.
Proof. See Algebraic Curves, Lemma [6.1] and Lemmas [9.1] and O

Lemma 9.3. Let f: X — S be a family of curves such that k(s) = H°(X,, Ox.)
for all s € S, i.e., the classifying morphism S — Curves factors through Curves™®:!
(Lemma[9.1). Then
(1) f.Ox = Og and this holds universally,
(2) R'f.Ox is a finite locally free Og-module,
(3) for any morphism h : 8" — S if f' : X' — 5" is the base change, then
h*(R*'f.Ox) = R flOx..

Proof. We apply Derived Categories of Spaces, Lemma This proves part
(1). It also implies that locally on S we can write Rf.Ox = Og ® P where P is
perfect of tor amplitude in [1, 00). Recall that formation of Rf,Ox commutes with
arbitrary base change (Derived Categories of Spaces, Lemma . Thus for s € S
we have
H'(P®g, k(s)) = H(X,,0x,) for i > 1

This is zero unless ¢ = 1 since X is a 1-dimensional Noetherian scheme, see Co-
homology, Proposition m Then P = H'(P)[—1] and H'(P) is finite locally free
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for example by More on Algebra, Lemma Since everything is compatible with
base change we also see that (3) holds. O

0E6K |Lemma 9.4. There is a decomposition into open and closed substacks

Curves"t = H Curvesg
920

where each Curvesy is characterized as follows:

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvesg,
(b) f.Ox = Og, this holds after arbitrary base change, the fibres of [ have

dimension 1, and R'f,Ox is a locally free Og-module of rank g,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves,,
(b) dim(X) =1, k = H°(X,Ox), and the genus of X is g.

Proof. We already have the existence of Curves"®! as an open substack of Curves

characterized by the conditions of the lemma not involving R' f, or H', see Lemma
0.1 The existence of the decomposition into open and closed substacks follows
immediately from the discussion in Section [6] and Lemma [9.3] This proves the
characterization in (1). The characterization in (2) follows from the definition of
the genus in Algebraic Curves, Definition O

10. Geometrically reduced curves

OEOF There is an open substack of Curves parametrizing the geometrically reduced “curves”.

0EOG Lemma 10.1. There exist an open substack Curvesd®®™ ¢4 C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvesdemred,
(b) the fibres of the morphism X — S are geometrically reduced (More on

Morphisms of Spaces, Definition ,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curvesd®mred,
(b) X is geometrically reduced over k.

Proof. Let f: X — S be a family of curves. By More on Morphisms of Spaces,
Lemma [29.6] the set

E = {s € S : the fibre of X — S at s is geometrically reduced}

is open in S. Formation of this open commutes with arbitrary base change by More
on Morphisms of Spaces, Lemma Thus we get the open substack with the
desired properties by the method discussed in Section [6] O

0E1G Lemma 10.2. We have Curves?°™ °® C Curves®™ as open substacks of Curves.

Proof. This is true because a reduced Noetherian scheme of dimension < 1 is
Cohen-Macaulay. See Algebra, Lemma [157.3 (]
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11. Geometrically reduced and connected curves

OE1H There is an open substack of Curves parametrizing the geometrically reduced and
connected “curves”. We will get rid of 0-dimensional objects right away.

OE1l Lemma 11.1. There exist an open substack Curvesd™®' C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through CurvesI !,
(b) the geometric fibres of the morphism X — S are reduced, connected,
and have dimension 1,
(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curvesy™!,
(b) X is geometrically reduced, geometrically connected, and has dimen-
sion 1.

Proof. By Lemmas and [8.2]it is clear that we have
Curves?™®' C Curves?° % N Curves® Mt

if it exists. Let f : X — S be a family of curves such that f is Cohen-Macaulay, has
geometrically reduced fibres, and has relative dimension 1. By More on Morphisms
of Spaces, Lemma in the Stein factorization

X—>T-—S

the morphism T — S is étale. This implies that there is an open and closed
subscheme S" C S such that X xg 5" — S” has geometrically connected fibres (in
the decomposition of Morphisms, Lemma for the finite locally free morphism
T — S this corresponds to S7). Formation of this open commutes with arbitrary
base change because the number of connected components of geometric fibres is
invariant under base change (it is also true that the Stein factorization commutes
with base change in our particular case but we don’t need this to conclude). Thus
we get the open substack with the desired properties by the method discussed in
Section [6l O

0E6L Lemma 11.2. We have Curves?™®' C Curves"®' as open substacks of Curves. In
particular, given a family of curves f : X — S whose geometric fibres are reduced,
connected and of dimension 1, then R' f.Ox is a finite locally free Og-module whose
formation commutes with arbitrary base change.

Proof. This follows from Varieties, Lemma [9.3| and Lemmas and The
final statement follows from Lemma [9.3 O

OE1IK |Lemmal 11.3. There is a decomposition into open and closed substacks

Curvesd™®' = H

Curvesde!
g>0 g

where each Curvesg”’l is characterized as follows:
(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvesg”’l,

(b) the geometric fibres of the morphism f : X — S are reduced, connected,
of dimension 1 and R'f.Ox is a locally free Og-module of rank g,


https://stacks.math.columbia.edu/tag/0E1I
https://stacks.math.columbia.edu/tag/0E6L
https://stacks.math.columbia.edu/tag/0E1K

MODULI OF CURVES 13

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Cum;esgrc’l,
(b) X is geometrically reduced, geometrically connected, has dimension 1,
and has genus g.

Proof. First proof: set Curvesy™! = Curves?"' N Curves, and combine Lemmas
and 0.4 Second proof: The existence of the decomposition into open and
closed substacks follows immediately from the discussion in Section [6] and Lemma
11.2] This proves the characterization in (1). The characterization in (2) follows as
well since the genus of a geometrically reduced and connected proper 1-dimensional
scheme X/k is defined (Algebraic Curves, Deﬁnition and Varieties, Lemma
and is equal to dimy H!(X,Ox). O

12. Gorenstein curves
OE1L There is an open substack of Curves parametrizing the Gorenstein “curves”.

O0EIM |[Lemma 12.1. There exist an open substack Curves@oTemst¢i"  Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through CurvesGorenstein
(b) the morphism X — S is Gorenstein,

(2) given a scheme X proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves©Gorenstein
(b) X is Gorenstein.

Proof. Let f: X — S be a family of curves. By More on Morphisms of Spaces,
Lemma 27.7] the set

W = {z € |X]|: f is Gorenstein at =}

is open in | X| and formation of this open commutes with arbitrary base change.
Since f is proper the subset

ST =S\ FIX\W)

of S is open and X xg S’ — S’ is Gorenstein. Moreover, formation of S’ commutes
with arbitrary base change because this is true for W Thus we get the open substack
with the desired properties by the method discussed in Section [6] (I

0E6M |Lemma 12.2. There exist an open substack CurvesGorenstein:l c Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through CurvesGorenstem.1,
(b) the morphism X — S is Gorenstein and has relative dimension 1

(Morphisms of Spaces, Definition ,

(2) given a scheme X proper over a field k with dim(X) <1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through CurvesGorenstein:1,
(b) X is Gorenstein and X is equidimensional of dimension 1.

Proof. Recall that a Gorenstein scheme is Cohen-Macaulay (Duality for Schemes,
Lemma [24.2)) and that a Gorenstein morphism is a Cohen-Macaulay morphism
(Duality for Schemes, Lemma Thus we can set CurvesGorenstein:l equal to the
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intersection of Curves@orenstein and Curves®™1 inside of Curves and use Lemmas
2T and O

13. Local complete intersection curves

There is an open substack of Curves parametrizing the local complete intersection
13 ”
curves”.

Lemma 13.1. There exist an open substack Curves'® C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves',
(b) X — S is a local complete intersection morphism, and
(¢) X — S is a syntomic morphism.

(2) given X a proper scheme over a field k of dimension < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves'®’,
(b) X is a local complete intersection over k.

Proof. Recall that being a syntomic morphism is the same as being flat and a
local complete intersection morphism, see More on Morphisms of Spaces, Lemma
Thus (1)(b) is equivalent to (1)(c). In Section [6] we have seen it suffices to
show that given a family of curves f : X — S, there is an open subscheme S’ C §
such that S’ xg X — S’ is a local complete intersection morphism and such that
formation of S’ commutes with arbitrary base change. This follows from the more
general More on Morphisms of Spaces, Lemma [49.7 (]

14. Curves with isolated singularities

We can look at the open substack of Curves parametrizing “curves” with only a finite
number of singular points (these may correspond to 0-dimensional components in
our setup).

Lemma 14.1. There exist an open substack Curves™ C Curves such that

(1) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves™,
(b) the singular locus of X — S endowed with any/some closed subspace

structure is finite over S.

(2) given X a proper scheme over a field k of dimension < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves™,
(b) X — Spec(k) is smooth except at finitely many points.

Proof. To prove the lemma it suffices to show that given a family of curves f :
X — S, there is an open subscheme S’ C S such that the fibre of S’ xg X — S’
have property (2). (Formation of the open will automatically commute with base
change.) By definition the locus T' C | X| of points where X — S is not smooth is
closed. Let Z C X be the closed subspace given by the reduced induced algebraic
space structure on T (Properties of Spaces, Definition . Now if s € Sis a
point where Z; is finite, then there is an open neighbourhood U C S of s such that
Z N f~YU,) — Uy is finite, see More on Morphisms of Spaces, Lemma m This
proves the lemma. O
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15. The smooth locus of the stack of curves

The morphism

Curves — Spec(Z)
is smooth over a maximal open substack, see Morphisms of Stacks, Lemma [33.6
We want to give a criterion for when a curve is in this locus. We will do this using
a bit of deformation theory.

Let k& be a field. Let X be a proper scheme of dimension < 1 over k. Choose
a Cohen ring A for k, see Algebra, Lemma Then we are in the situation
described in Deformation Problems, Example and Lemma Thus we obtain
a deformation category Def 5 on the category Cp of Artinian local A-algebras with
residue field k.

Lemma 15.1. In the situation above the following are equivalent

(1) the classifying morphism Spec(k) — Curves factors through the open where
Curves — Spec(Z) is smooth,
(2) the deformation category Def x is unobstructed.

Proof. Since Curves — Spec(Z) is locally of finite presentation (Lemma
formation of the open substack where Curves — Spec(Z) is smooth commutes
with flat base change (Morphisms of Stacks, Lemma . Since the Cohen ring A
is flat over Z, we may work over A. In other words, we are trying to prove that

A-Curves — Spec(A)

is smooth in an open neighbourhood of the point xqg : Spec(k) — A-Curves defined
by X/k if and only if Def y is unobstructed.

The lemma now follows from Geometry of Stacks, Lemma and the equality

DefX = fA—Curves7k,w0
This equality is not completely trivial to establish. Namely, on the left hand side
we have the deformation category classifying all flat deformations Y — Spec(A) of
X as a scheme over A € Ob(Cy). On the right hand side we have the deformation
category classifying all flat morphisms Y — Spec(A) with special fibre X where
Y is an algebraic space and Y — Spec(A) is proper, of finite presentation, and of
relative dimension < 1. Since A is Artinian, we find that Y is a scheme for example
by Spaces over Fields, Lemma Thus it remains to show: a flat deformation
Y — Spec(A) of X as a scheme over an Artinian local ring A with residue field k
is proper, of finite presentation, and of relative dimension < 1. Relative dimension
is defined in terms of fibres and hence holds automatically for Y/A since it holds
for X/k. The morphism Y — Spec(A) is proper and locally of finite presentation
as this is true for X — Spec(k), see More on Morphisms, Lemma [10.3] O

Here is a “large” open of the stack of curves which is contained in the smooth locus.

Lemma 15.2. The open substack

leit _

Curves Curves'® N Curvest C Curves

has the following properties
(1) Curves'™* — Spec(Z) is smooth,
(2) given a family of curves X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves'®'*,
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(b) X — S is a local complete intersection morphism and the singular
locus of X — S endowed with any/some closed subspace structure is
finite over S,

(3) given X a proper scheme over a field k of dimension <1 the following are

equivalent

(a) the classifying morphism Spec(k) — Curves factors through Curves

(b) X is a local complete intersection over k and X — Spec(k) is smooth
except at finitely many points.

lci+
7

Proof. If we can show that there is an open substack Curves'®*t whose points are
characterized by (2), then we see that (1) holds by combining Lemma with
Deformation Problems, Lemma Since

Curves' ™ = Curves'® N Curves™
inside Curves, we conclude by Lemmas and O

16. Smooth curves
0DZY In this section we study open substacks of Curves parametrizing smooth “curves”.

0DZZ Lemma 16.1. There exist an open substacks

smooth,1 smooth

Curves C Curves C Curves

such that

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves
resp. Curvessmooth:1
(b) f is smooth, resp. smooth of relative dimension 1,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves
resp. Curves®mooth:1
(b) X is smooth over k, resp. X is smooth over k and X is equidimensional

of dimension 1.

smooth
2

smooth
)

Proof. To prove the statements regarding Curves®*™°°*" it suffices to show that
given a family of curves f : X — S, there is an open subscheme S’ C S such
that S’ xg X — S’ is smooth and such that the formation of this open commutes
with base change. We know that there is a maximal open U C X such that
U — S is smooth and that formation of U commutes with arbitrary base change,
see Morphisms of Spaces, Lemma [37.9] If T = |X|\ |U| then f(T) is closed in S as
f is proper. Setting S’ =S\ f(T) we obtain the desired open.

Let f: X — S be a family of curves with f smooth. Then the fibres X, are smooth
over £(s) and hence Cohen-Macaulay (for example you can see this using Algebra,

Lemmas [137.4] and [135.3). Thus we see that we may set
Curves®™ 1 = Curves*™°°t" N Curves©M-!

and the desired equivalences follow from what we’ve already shown for Curves*mooth

and Lemma [8.2 O

OEIN |Lemma 16.2. The morphism Curves®™°°h — Spec(Z) is smooth.
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Proof. Follows immediately from the observation that Curves*™°°*" C Curves'“i*
and Lemma [15.2) (]

Lemma 16.3. There exist an open substack Curvess™°"0  Curves such that

(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves®™°°h
(b) f:Ox = Og, this holds after any base change, and f is smooth of

relative dimension 1,

(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves
(b) X is smooth, dim(X) =1, and k = H°(X,Ox),
(¢) X is smooth, dim(X) =1, and X is geometrically connected,
(d) X is smooth, dim(X) = 1, and X is geometrically integral, and
(e) Xy is a smooth curve.

Proof. If we set

Curves® ™00 = Cyryes®™ ot N Curves™!

then we see that (1) holds by Lemmas and In fact, this also gives the
equivalence of (2)(a) and (2)(b). To finish the proof we have to show that (2)(b) is
equivalent to each of (2)(c), (2)(d), and (2)(e).

A smooth scheme over a field is geometrically normal (Varieties, Lemma ,
smoothness is preserved under base change (Morphisms, Lemma , and being
smooth is fpgc local on the target (Descent, Lemma [23.29)). Keeping this in mind,
the equivalence of (2)(b), (2)(c), 2(d), and (2)(e) follows from Varieties, Lemma
10.7 O

Definition 16.4. We denote M and we name it the moduli stack of smooth
proper curves the algebraic stack Curves®™°°t""0 parametrizing families of curves
introduced in Lemma m For g > 0 we denote M, and we name it the moduli
stack of smooth proper curves of genus g the algebraic stack introduced in Lemma

116.0l
Here is the obligatory lemma.

Lemma 16.5. There is a decomposition into open and closed substacks

M= ]_[gZO M,

where each My is characterized as follows:

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through My,
(b) X — S is smooth, f.Ox = Og, this holds after any base change, and
R'f,Ox is a locally free Og-module of rank g,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through M,
(b) X is smooth, dim(X) =1, k = H*(X,Ox), and X has genus g,
(¢) X is smooth, dim(X) = 1, X is geometrically connected, and X has
genus g,

smooth,h0

2’

[DMG)
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(d) X is smooth, dim(X) = 1, X is geometrically integral, and X has
genus g, and
(e) Xy is a smooth curve of genus g.

Proof. Combine Lemmas [16.3/and [0.4] You can also use Lemma [[1.3l instead. O
0E84 |Lemma 16.6. The morphisms M — Spec(Z) and My — Spec(Z) are smooth.

Proof. Since M is an open substack of Curves!®* this follows from Lemma m
O

17. Density of smooth curves

0E85 The title of this section is misleading as we don’t claim Curves*™°°" is dense in

Curves. In fact, this is false as was shown by Mumford in [Mum?75]. However, we
will see that the smooth “curves” are dense in a large open.

0E86 Lemma 17.1. The inclusion

|Curves* ™| C |Curves'“™|
is that of an open dense subset.

Proof. By the very construction of the topology on |Curves'®*| in Properties of
Stacks, Section [4] we find that |Curves®™°°*"| is an open subset. Let ¢ € |Curves'“*|
be a point. Then there exists a field k£ and a scheme X over k with X proper
over k, with dim(X) < 1, with X a local complete intersection over k, and with
X is smooth over k except at finitely many points, such that £ is the equivalence
class of the classifying morphism Spec(k) — Curves'®*t determined by X. See
Lemma [15.2] By Deformation Problems, Lemma [I7.6] there exists a flat projective
morphism Y — Spec(k][[t]]) whose generic fibre is smooth and whose special fibre
is isomorphic to X. Consider the classifying morphism

Spec(k[[t]]) — Curves'®™

determined by Y. The image of the closed point is £ and the image of the generic
point is in |Curves®™°°t"|. Since the generic point specializes to the closed point in
| Spec(k[[t]])| we conclude that ¢ is in the closure of |Curves®*™°°"| as desired. [0

18. Nodal curves

0DSX In algebraic geometry a special role is played by nodal curves. We suggest the
reader take a brief look at some of the discussion in Algebraic Curves, Sections
and [20] and More on Morphisms of Spaces, Section

0DSY Lemma 18.1. There exist an open substack Curves™ @ < Curves such that

(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves
(b) f is at-worst-nodal of relative dimension 1,

(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves
(b) the singularities of X are at-worst-nodal and X is equidimensional of

dimension 1.

nodal
’

nodal
?
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Proof. In fact, it suffices to show that given a family of curves f : X — 5,
there is an open subscheme S’ C S such that S’ xg X — S’ is at-worst-nodal of
relative dimension 1 and such that formation of S’ commutes with arbitrary base
change. By More on Morphisms of Spaces, Lemma there is a maximal open
subspace X’ C X such that f|x/ : X’ — S is at-worst-nodal of relative dimension
1. Moreover, formation of X’ commutes with base change. Hence we can take

S"= S\ IFI(X]\[X])
This is open because a proper morphism is universally closed by definition. ([

Lemma 18.2. The morphism Curves™®? — Spec(Z) is smooth.

Proof. Follows immediately from the observation that Curves™® C Curves'®+
and Lemma [15.2 O

19. The relative dualizing sheaf

This section serves mainly to introduce notation in the case of families of curves.
Most of the work has already been done in the chapter on duality.

Let f: X — S be a family of curves. There exists an object w¥/ g in Dgcon(Ox),
called the relative dualizing complex, having the following property: for every base
change diagram
9
f 'J{ J{f
U——S5
with U = Spec(A) affine the complex Wy U = L(g')*w;(/s represents the functor
DQCoh<0XU) — MOdA, K+— HOInU(Rf*K, OU)

More precisely, let (w$ /577') be the relative dualizing complex of the family as
defined in Duality for Spaces, Definition Existence is shown in Duality for
Spaces, Lemma (9.5 Moreover, formation of (w$ /S,T) commutes with arbitrary
base change (essentially by definition; a precise reference is Duality for Spaces,
Lemma Wi From now on we will identify the base change of w$ /s with the
relative dualizing complex of the base changed family without further mention.

Let {S; — S} be an étale covering with .S; affine such that X; = X xg S; is a
scheme, see Lemma (4.3l By Duality for Spaces, Lemma [10.1f we find that w$ /5;
agrees with the relative dualizing complex for the proper, flat, and finitely presented
morphism f; : X; — 5; of schemes discussed in Duality for Schemes, Remark
Thus to prove a property of w$ /s which is étale local, we may assume X — S
is a morphism of schemes and use the theory developed in the chapter on duality
for schemes. More generally, for any base change of X which is a scheme, the
relative dualizing complex agrees with the relative dualizing complex of Duality for
Schemes, Remark[12.5] From now on we will use this identification without further
mention.

In particular, let Spec(k) — S be a morphism where k is a field. Denote X}, the
base change (this is a scheme by Spaces over Fields, Lemma . Then w;(k Ik is
isomorphic to the complex w¥, of Algebraic Curves, Lemma (both represent
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the same functor and so we can use the Yoneda lemma, but really this holds be-
cause of the remarks above). We conclude that the cohomology sheaves H® (W%, / %)
are nonzero only for ¢ = 0, —1. If X is Cohen-Macaulay and equidimensional of
dimension 1, then we only have H~! and if X} is in addition Gorenstein, then
H Y (wx, /k) is invertible, see Algebraic Curves, Lemmas and

Lemma 19.1. Let X — S be a family of curves with Cohen-Macaulay fibres
equidimensional of dimension 1 (Lemm. Then w;(/s = wx/s[1] where wx /s is
a pseudo-coherent O x-module flat over S w

base change.

ose formation commutes with arbitrary

Proof. We urge the reader to deduce this directly from the discussion above of what
happens after base change to a field. Our proof will use a somewhat cumbersome
reduction to the Noetherian schemes case.

Once we show w¥ /s = Wwx/ s[1] with wx /g flat over S, the statement on base change
will follow as we already know that formation of w$ /g commutes with arbitrary
base change. Moreover, the pseudo-coherence will be automatic as w$ /s is pseudo-
coherent by definition. Vanishing of the other cohomology sheaves and flatness may
be checked étale locally. Thus we may assume f : X — S is a morphism of schemes
with S affine (see discussion above). Write S = lim S; as a cofiltered limit of affine
schemes S; of finite type over Z. Since Curves®™:! is locally of finite presentation
over Z (as an open substack of Curves, see Lemmasand, we can find an ¢ and
a family of curves X; — S; whose pullback is X — S (Limits of Stacks, Lemma|3.5)).
After increasing i if necessary we may assume X; is a scheme, see Limits of Spaces,
Lemma Since formation of w% g commutes with arbitrary base change, we
may replace S by S;. Doing so we may and do assume S; is Noetherian. Then f is
clearly a Cohen-Macaulay morphism (More on Morphisms, Definition by our
assumption on the fibres. Also then w$ /s = f'Og by the very construction of f' in
Duality for Schemes, Section Thus the lemma by Duality for Schemes, Lemma
23.3] |

Definition 19.2. Let f : X — S be a family of curves with Cohen-Macaulay
fibres equidimensional of dimension 1 (Lemma . Then the Ox-module
wx/s = H ' (wk/s)
studied in Lemma [19.1] is called the relative dualizing sheaf of f.
In the situation of Definition the relative dualizing sheaf wx g has the following

property (which moreover characterizes it locally on S): for every base change
diagram

g
f’i lf
U—2-5

with U = Spec(A) affine the module wx,, /iy = (¢')*wx/s represents the functor
QCoh(Ox,) — Moda, F+— Homa(H'(X,F),A)

This follows immediately from the corresponding property of the relative dualizing
complex given above. In particular, if A = k is a field, then we recover the dualizing
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module of X}, as introduced and studied in Algebraic Curves, Lemmas and
0.2

0E6R Lemmal19.3. Let X — S be a family of curves with Gorenstein fibres equidimen-
sional of dimension 1 (Lemma . Then the relative dualizing sheaf wx s is an
invertible O x-module whose formation commutes with arbitrary base change.

Proof. This is true because the pullback of the relative dualizing module to a fibre
is invertible by the discussion above. Alternatively, you can argue exactly as in
the proof of Lemma and deduce the result from Duality for Schemes, Lemma
25.70) |

20. Prestable curves

0E6S The following definition is equivalent to what appears to be the generally accepted
notion of a prestable family of curves.

0E6T Definition 20.1. Let f: X — S be a family of curves. We say f is a prestable
family of curves if
(1) f is at-worst-nodal of relative dimension 1, and
(2) f+Ox = Og and this holds after any base Changﬂ

Let X be a proper scheme over a field k£ with dim(X) < 1. Then X — Spec(k) is a
family of curves and hence we can ask whether or not it is prestableEI in the sense
of the definition. Unwinding the definitions we see the following are equivalent
(1) X is prestable,
(2) the singularities of X are at-worst-nodal, dim(X) = 1, and k = H°(X, Ox),
(3) X is connected and it is smooth over k apart from a finite number of nodes
(Algebraic Curves, Definition [16.2).
This shows that our definition agrees with most definitions one finds in the litera-
ture.

0E6U Lemma 20.2. There exist an open substack CurvesPT®s*e'¢ C Curves such that

(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through CurvesPrestable,
(b) X — S is a prestable family of curves,

(2) given X a scheme proper over a field k with dim(X) <1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through CurvesPrestable.
(b) the singularities of X are at-worst-nodal, dim(X) =1, and k = H°(X, Ox).

Proof. Given a family of curves X — S we see that it is prestable if and only
if the classifying morphism factors both through Curves™® and Curves"®'. An
alternative is to use Curves9™®! (since a nodal curve is geometrically reduced hence
has HY equal to the ground field if and only if it is connected). In a formula

CurvesP™ et — Curpes™®® N Curves™ ! = Curves™ ! N Curves?™ !

Thus the lemma follows from Lemmas [0.1] and [I8.11 O

n fact, it suffices to require fxOx = Og because the Stein factorization of f is étale in this
case, see More on Morphisms of Spaces, Lemma [36.9) The condition may also be replaced by
asking the geometric fibres to be connected, see Lemma

2We can’t use the term “prestable curve” here because curve implies irreducible. See discussion
in Algebraic Curves, Section
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For each genus g > 0 we have the algebraic stack classifying the prestable curves of
genus g. In fact, from now on we will say that X — S is a prestable family of curves
of genus g if and only if the classifying morphism S — Curves factors through the
open substack Curvesé’“smble of Lemma

0E6V Lemmal 20.3. There is a decomposition into open and closed substacks

Curvesprestable _ H C’U/T’UespreStable
920 9

where each Curvesg’"“t“ble is characterized as follows:

(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvesg’re““ble,
(b) X — S is a prestable family of curves and R'f.Ox is a locally free
Og-module of rank g,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through CurvesZTeStable,
(b) the singularities of X are at-worst-nodal, dim(X) = 1, k = H°(X, Ox),
and the genus of X is g.

Proof. Since we have seen that CurvesP"®st®¢ is contained in Curves™!, this fol-
lows from Lemmas 20.2] and [0.4 O

OE6W Lemma 20.4. The morphisms Curves’ ' — Spec(Z) and Curvesbrestoble —
Spec(Z) are smooth.

Proof. Since CurvesPm®st@b¢ is an open substack of Curves™®?® this follows from
Lemma [18.2 |

21. Semistable curves
0E6X The following lemma will help us understand families of semistable curves.

0E6Y Lemmal21.1. Let f: X — S be a prestable family of curves of genus g > 1. Let
s € S be a point of the base scheme. Let m > 2. The following are equivalent

(1) X5 does not have a rational tail (Algebraic Curves, Example , and
(2) f*f*w;@;% — w}%%, is surjective over f=Y(U) for some s € U C S open.

Proof. Assume (2). Using the material in Section |19 we conclude that w?}:” is
globally generated. However, if C C X, is a rational tail, then deg(wx,|c) < 0 by
Algebraic Curves, Lemma hence H°(C,wx.|c) = 0 by Varieties, Lemma
which contradicts the fact that it is globally generated. This proves (1).

Assume (1). First assume that g > 2. Assumption (1) implies w?{” is globally

generated, see Algebraic Curves, Lemma Moreover, we have
Hom,,(,) (H'(X,, w;eézn), k(s)) = HO(XS,wg?i_m)

by duality, see Algebraic Curves, Lemma Since w?{" is globally generated

we find that the restriction to each irreducible component has nonegative degree.

Hence the restriction of w?}i_m to each irreducible component has nonpositive de-

gree. Since deg(w?}i_m) = (1 —m)(2¢9g —2) < 0 by Riemann-Roch (Algebraic
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Curves, Lemma we conclude that the H? is zero by Varieties, Lemma [44.13
By cohomology and base change we conclude that

E = Rf.w{y

is a perfect complex whose formation commutes with arbitrary base change (Derived
Categories of Spaces, Lemma . The vanishing proved above tells us that
E @Y k(s) is equal to H°(X,,w{™) placed in degree 0. After shrinking S we
find F = f*w?;% is a locally free Og-module placed in degree 0 (and its formation
commutes with arbitrary base change as we’ve already said), see Derived Categories
of Spaces, Lemma [26.5 The map f* f*w;e;% — w?@’fs is surjective after restricting
to Xs. Thus it is surjective in an open neighbourhood of X,. Since f is proper,
this open neighbourhood contains f~1(U) for some open neighbourhood U of s in

S.

Assume (1) and g = 1. By Algebraic Curves, Lemma the assumption (1)
means that wy, is isomorphic to Ox_. If we can show that after shrinking S the
invertible sheaf wx /s because trivial, then we are done. We may assume S is affine.
After shrinking S further, we can write

Rf.Ox = (05 2 Og)

sitting in degrees 0 and 1 compatibly with further base change, see Lemma[0.3] By
duality this means that

Rf*wX/s = (Og £> Os)

sitting in degrees 0 and lﬁ In particular we obtain an isomorphism Og — fiwx/s
which is compatible with base change since formation of Rf.wx,s is compatible
with base change (see reference given above). By adjointness, we get a global
section o € I'(X,wx/g). The restriction of this section to the fibre X, is nonzero
(a basis element in fact) and as wx, is trivial on the fibres, this section is nonwhere
zero on X,;. Thus it nowhere zero in an open neighbourhood of X,. Since f is
proper, this open neighbourhood contains f~1(U) for some open neighbourhood U
of sin §. ([l

Motivated by Lemma [21.1] we make the following definition.

Definition 21.2. Let f: X — S be a family of curves. We say f is a semistable
family of curves if

(1) X — S is a prestable family of curves, and

(2) X, has genus > 1 and does not have a rational tail for all s € S.

In particular, a prestable family of curves of genus 0 is never semistable. Let X be
a proper scheme over a field k& with dim(X) < 1. Then X — Spec(k) is a family
of curves and hence we can ask whether or not it is semistable. Unwinding the
definitions we see the following are equivalent

(1) X is semistable,
(2) X is prestable, has genus > 1, and does not have a rational tail,

3Use that Rfww, s = Rf+RHomo, (Ox.w g) = RHomog(Rf.Ox,Os) by Duality for
Spaces, Lemmaand Remark and then that ""3(/5 = wx,g[1] by our definitions in Section
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(3) Xy is connected, is smooth over k apart from a finite number of nodes,
has genus > 1, and has no irreducible component isomorphic to P% which
meets the rest of X7 in only one point.

To see the equivalence of (2) and (3) use that X has no rational tails if and only
if X7 has no rational tails by Algebraic Curves, Lemma [23.6] This shows that our
definition agrees with most definitions one finds in the literature.

0E70 |Lemma 21.3. There exist an open substack Curves*¢™¥t®be C Curves such that

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvessemistable
(b) X — S is a semistable family of curves,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves®¢mistable,
(b) the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X, Ox),
the genus of X is > 1, and X has no rational tails,
(c) the singularities of X are at-worst-nodal, dim(X) =1, k = H*(X, Ox),

and w}@}’j is globally generated for m > 2.

Proof. The equivalence of (2)(b) and (2)(c) is Algebraic Curves, Lemma In
the rest of the proof we will work with (2)(b) in accordance with Definition [21.2]

By the discussion in Section [f]it suffices to look at families f : X — S of prestable
curves. By Lemma [21.1] we obtain the desired openness of the locus in ques-
tion. Formation of this open commutes with arbitrary base change, because the
(non)existence of rational tails is insensitive to ground field extensions by Algebraic
Curves, Lemma [23.6 g

0E71 |Lemmal 21.4. There is a decomposition into open and closed substacks

Cu,rvessemistable _ H Curvesgemistable
g1

g
where each Curves;emm“ble is characterized as follows:
(1) given a family of curves f : X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curvesgemismble,
(b) X — S is a semistable family of curves and R'f.Ox is a locally free
Og-module of rank g,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curvesf]emm“ble,
(b) the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X, Ox),
the genus of X is g, and X has no rational tail,
(c) the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X,Ox),
the genus of X is g, and w?;:” s globally generated for m > 2.

Proof. Combine Lemmas and |

0E72 Lemma 21.5. The morphisms Curves®¢™steble s Spec(Z) and Curvesgemismble —
Spec(Z) are smooth.

Proof. Since Curves*¢™stebl¢ is an open substack of Curves™ ! this follows from
Lemma [18.2) 0
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22. Stable curves
The following lemma will help us understand families of stable curves.

Lemma 22.1. Let f: X — S be a prestable family of curves of genus g > 2. Let
s € S be a point of the base scheme. The following are equivalent

(1) X, does not have a rational tail and does not have a rational bridge (Alge-

braic Curves, Examples and , and

(2) wx/s is ample on Y (U) for some s €U C S open.

Proof. Assume (2). Then wy, is ample on X,. By Algebraic Curves, Lemmas
and we conclude that (1) holds (we also use the characterization of ample
invertible sheaves in Varieties, Lemma [44.15)).

Assume (1). Then wy, is ample on X by Algebraic Curves, Lemmas We
conclude by Descent on Spaces, Lemma [13.2 (I

Motivated by Lemma [22.1] we make the following definition.

Definition 22.2. Let f : X — S be a family of curves. We say f is a stable family
of curves if

(1) X — S is a prestable family of curves, and
(2) X, has genus > 2 and does not have a rational tails or bridges for all s € S.

In particular, a prestable family of curves of genus 0 or 1 is never stable. Let X be
a proper scheme over a field k with dim(X) < 1. Then X — Spec(k) is a family of
curves and hence we can ask whether or not it is stable. Unwinding the definitions
we see the following are equivalent

(1) X is stable,

(2) X is prestable, has genus > 2, does not have a rational tail, and does not
have a rational bridge,

(3) X is geometrically connected, is smooth over k apart from a finite number
of nodes, and wyx is ample.

To see the equivalence of (2) and (3) use Lemma above. This shows that our
definition agrees with most definitions one finds in the literature.

Lemma 22.3. There exist an open substack Curvesst®*'® C Curves such that

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through Curves
(b) X — S is a stable family of curves,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through Curves
(b) the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X,Ox),
the genus of X is > 2, and X has no rational tails or bridges,
() the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X,Ox),
and wx_ s ample.

stable
J

stable
)

Proof. By the discussion in Section [f] it suffices to look at families f : X — S
of prestable curves. By Lemma [22.1] we obtain the desired openness of the locus
in question. Formation of this open commutes with arbitrary base change, either
because the (non)existence of rational tails or bridges is insensitive to ground field
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extensions by Algebraic Curves, Lemmas and or because ampleness is
insensitive to base field extensions by Descent, Lemma [25.6 (]

Definition 22.4. We denote M and we name the moduli stack of stable curves
the algebraic stack Curves*'®?'® parametrizing stable families of curves introduced
in Lemma For g > 2 we denote Mg and we name the moduli stack of stable
curves of genus g the algebraic stack introduced in Lemma

Here is the obligatory lemma.

Lemma 22.5. There is a decomposition into open and closed substacks

M = Hg22 M,

where each ﬂg is characterized as follows:

(1) given a family of curves f: X — S the following are equivalent
(a) the classifying morphism S — Curves factors through M,
(b) X — S is a stable family of curves and R' f.Ox is a locally free Og-
module of rank g,
(2) given X a scheme proper over a field k with dim(X) < 1 the following are
equivalent
(a) the classifying morphism Spec(k) — Curves factors through M,
(b) the singularities of X are at-worst-nodal, dim(X) =1, k = H(X, Ox),
the genus of X is g, and X has no rational tails or bridges.
(c) the singularities of X are at-worst-nodal, dim(X) =1, k = H°(X,Ox),
the genus of X s g, and wx_ is ample.

Proof. Combine Lemmas 22.3] and 20.3 O
Lemma 22.6. The morphisms M — Spec(Z) and M, — Spec(Z) are smooth.

Proof. Since M is an open substack of Curves™°?%! this follows from Lemma m
O

Lemma 22.7. The stacks M and ﬂg are open substacks of Curves®M . In par-
ticular, M and ﬂg are DM (Morphisms of Stacks, Definition as well as
Deligne-Mumford stacks (Algebraic Stacks, Definition .

Proof. Proof of the first assertion. Let X be a scheme proper over a field k
whose singularities are at-worst-nodal, dim(X) = 1, k = H°(X,Ox), the genus
of X is > 2, and X has no rational tails or bridges. We have to show that the
classifying morphism Spec(k) — M — Curves factors through Curves?™. We may
first replace k by the algebraic closure (since we already know the relevant stacks
are open substacks of the algebraic stack Curves). By Lemmas and
it suffices to show that Dery(Ox,Ox) = 0. This is proven in Algebraic Curves,
Lemma 26.3

Since CurvesPM is the maximal open substack of Curves which is DM, we see this

is true also for the open substack M of Curves?™. Finally, a DM algebraic stack
is Deligne-Mumford by Morphisms of Stacks, Theorem [21.6 ]

Lemma 22.8. Let g > 2. The inclusion
(M| C M|

is that of an open dense subset.

[DMG]


https://stacks.math.columbia.edu/tag/0E77
https://stacks.math.columbia.edu/tag/0E78
https://stacks.math.columbia.edu/tag/0E79
https://stacks.math.columbia.edu/tag/0E7A
https://stacks.math.columbia.edu/tag/0E87

0E7B

0ESS8

0E89

MODULI OF CURVES 27

Proof. Since M, C Curves'®* is open and since Curves*™°" N M, = M, this
follows immediately from Lemma [I7.1] O

23. Contraction morphisms

We urge the reader to familiarize themselves with Algebraic Curves, Sections
and [25] before continuing here. The main result of this section is the existence
of a “stabilization” morphism

Curvesgmsmble — ﬂg

See Lemma [23.5] Loosely speaking, this morphism sends the moduli point of a
nodal genus g curve to the moduli point of the associated stable curve constructed
in Algebraic Curves, Lemma

Lemma 23.1. Let S be a scheme and s € S a point. Let f : X — Sandg:Y — S
be families of curves. Let c : X — Y be a morphism over S. If ¢, .Ox, = Oy,
and Rlc, .Ox, = 0, then after replacing S by an open neighbourhood of s we have
Oy = ¢.Ox and R'c,Ox = 0 and this remains true after base change by any
morphism S’ — S.

Proof. Let (U,u) — (S,s) be an étale neighbourhood such that Oy, = (Xy —
Y1)«Ox, and RY(Xy — Yi)«Ox, = 0 and the same is true after base change by
U’ — U. Then we replace S by the open image of U — S. Given S’ — S we set
U’ =U xS’ and we obtain étale coverings {U’ — S’} and {Yy» — Y }. Thus the
truth of the statement for the base change of ¢ by S’ — S follows from the truth
of the statement for the base change of Xy — Yy by U’ — U. In other words, the
question is local in the étale topology on S. Thus by Lemma [.3] we may assume
X and Y are schemes. By More on Morphisms, Lemma there exists an open
subscheme V' C Y containing Y; such that c¢.Ox|y = Oy and R'c,Ox|y = 0 and
such that this remains true after any base change by S — S. Since g : ¥ — §
is proper, we can find an open neighbourhood U C S of s such that g~ (U) C V.
Then U works. (|

Lemmal 23.2. Let S be a scheme and s € S a point. Let f : X — S and
g Y, = S, 1 =1,2 be families of curves. Let ¢; : X — Y; be morphisms over S.
Assume there is an isomorphism Y1 ¢ = Y5 5 of fibres compatible with c1 s and ca 5.
If c1,s+O0x, = Oyl’s and RICLS,*OXS = 0, then there exist an open neighbourhood
U of s and an isomorphism Y1y = Yoy of families of curves over U compatible
with the given isomorphism of fibres and with ¢; and cs.

Proof. Recall that Og s = colim Og(U) where the colimit is over the system of
affine neighbourhoods U of s. Thus the category of algebraic spaces of finite pre-
sentation over the local ring is the colimit of the categories of algebraic spaces
of finite presentation over the affine neighbourhoods of s. See Limits of Spaces,
Lemma In this way we reduce to the case where S is the spectrum of a local
ring and s is the closed point.

Assume S = Spec(A) where A is a local ring and s is the closed point. Write
A = colim A; with A; local Noetherian (say essentially of finite type over Z) and
local transition homomorphisms. Set S; = Spec(A4;) with closed point s;. We
can find a j and families of curves X; — 5, Y;; — S;, see Lemma @ and
Limits of Stacks, Lemma After possibly increasing j we can find morphisms
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cji + X; — Y}, whose base change to s is ¢;, see Limits of Spaces, Lemmal7.1] Since
#(s) = colim k(s;) we can similarly assume there is an isomorphism Yj 1 s, = Yo
compatible with ¢; 1 s, and ¢;2 ;. Finally, the assumptions ¢; s +Ox, = Oy, , and
R'¢; 5, Ox, = 0 are inherited by ¢; 1, because {s; — s} is an fpqc covering and
c1,s is the base of Cil,s; by this covering (details omitted). In this way we reduce
the lemma to the case discussed in the next paragraph.

Assume S is the spectrum of a Noetherian local ring A and s is the closed point.
Consider the scheme theoretic image Z of

(c1,62) : X — Y1 xgYs

The statement of the lemma is equivalent to the assertion that Z maps isomorphi-
cally to Y7 and Y3 via the projection morphisms. Since taking the scheme theoretic
image of this morphism commutes with flat base change (Morphisms of Spaces,
Lemma we may replace A by its completion (More on Algebra, Section .

Assume S is the spectrum of a complete Noetherian local ring A. Observe that
X, Y7, Yy are schemes in this case (More on Morphisms of Spaces, Lemma .
Denote X,,, Y1, Ya,n the base changes of X, Y1, Y5 to Spec(A/m"™*1). Recall that
the arrow

Defxs_ﬂ/“ &~ DefXS_)YM — DefXS
is an equivalence, see Deformation Problems, Lemma Thus there is an iso-
morphism of formal objects (X, — Y1,,) = (X, = Ya,) of Defx _,y, . Finally,

by Grothendieck’s algebraization theorem (Cohomology of Schemes, Lemma -
this produces an isomorphism Y; — Y5 compatible with ¢; and cs.

Lemma 23.3. Let f: X — S be a family of curves. Let s € S be a point. Let
ho : Xs — Yy be a morphism to a proper scheme Yy over k(s) such that ho ,Ox, =
Oy, and R'ho.Ox, = 0. Then there exist an elementary étale meighbourhood
(U,u) = (S,s), a family of curves Y — U, and a morphism h : Xy — Y over U
whose fibre in u is isomorphic to hyg.

Proof. We first do some reductions; we urge the reader to skip ahead. The question
is local on S, hence we may assume S is affine. Write S = lim S; as a cofiltered
limit of affine schemes S; of finite type over Z. For some i we can find a family
of curves X; — S; whose base change is X — S. This follows from Lemma [5.3]
and Limits of Stacks, Lemma Let s; € S; be the image of s. Observe that
k(s) = colim k(s;) and that X, is a scheme (Spaces over Fields, Lemma[9.3). After
increasing ¢ we may assume there exists a morphism h; o : X; ;, — Y; of finite type
schemes over £(s;) whose base change to x(s) is ho, see Limits, Lemma[10.1} After
increasing i we may assume Y; is proper over x(s;), see Limits, Lemma Let
gi0 : Yo — Yi 0 be the projection. Observe that this is a faithfully flat morphism
as the base change of Spec(k(s)) — Spec(x(s;)). By flat base change we have

* 1 *
ho«Ox, = g;i0hi0:Ox,,, and R ho.Ox, = g;oRhio.Ox,,,

see Cohomology of Schemes, Lemma By faithful flatness we see that X; — S;,
s; € 5;, and X; 5, — Y, satisfies all the assumptions of the lemma. This reduces us
to the case discussed in the next paragraph.

Assume S is affine of finite type over Z. Let Q’%,s be the henselization of the local
ring of S at s. Observe that Og’s is a G-ring by More on Algebra, Lemma and
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Proposition [50.12] Suppose we can construct a family of curves Y’ — Spec(Og,S)
and a morphism

W : X xg Spec(0%,) — Y’

over Spec(@éﬁ’s) whose base change to the closed point is hg. This will be enough.
Namely, first we use that

Og,s = colimy,,,) Oy (U)

where the colimit is over the filtered category of elementary étale neighbourhoods
(More on Morphisms, Lemma . Next, we use again that given Y’ we can
descend it to Y — U for some U (see references given above). Then we use Limits,
Lemma [10.1] to descend A’ to some h. This reduces us to the case discussed in the
next paragraph.

Assume S = Spec(A) where (A, m, ) is a henselian Noetherian local G-ring and s
is the closed point of S. Recall that the map

Def X, =Yy 7 Def x

is an equivalence, see Deformation Problems, Lemma [10.6] (This is the only im-
portant step in the proof; everything else is technique.) Denote A" the m-adic
completion. The pullbacks X,, of X to A/m"*! define a formal object & of Def X,
over A", From the equivalence we obtain a formal object & of Def y_ —y, over AN,
Thus we obtain a huge commutative diagram

X, X, 1 . X,
Y, Y1 . Yo

| | |

.. — Spec(A/m"*1) —— Spec(A/m") — ... — Spec(k)

The formal object (Y;) comes from a family of curves Y’ — Spec(A™) by Quot,
Lemma, [15.9] By More on Morphisms of Spaces, Lemma we get a morphism
h' : Xar — Y’ inducing the given morphisms X,, — Y,, for all n and in particular
the given morphism X, — Y.

To finish we do a standard algebraization/approximation argument. First, we ob-
serve that we can find a finitely generated A-subalgebra A € A C A", a family of
curves Y — Spec(A4) and a morphism A" : X4 — Y over A whose base change to
A" is h'. This is true because A" is the filtered colimit of these rings A and we can
argue as before using that Curves is locally of finite presentation (which gives us Y
over A by Limits of Stacks, Lemma and using Limits of Spaces, Lemma to
descend R’ to some h''. Then we can apply the approximation property for G-rings
(in the form of Smoothing Ring Maps, Theorem to find a map A — A which
induces the same map A — k as we obtain from A — A”. Base changing h" to A
the proof is complete. O

Lemma 23.4. Let f : X — S be a prestable family of curves of genus g > 2.
There is a factorization X —Y — S of f where g :' Y — S is a stable family of
curves and c: X —'Y has the following properties
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(1) Oy = ¢.Ox and R'c,Ox = 0 and this remains true after base change by
any morphism S’ — S, and

(2) for any s € S the morphism cs : X5 — Ys is the contraction of rational
tails and bridges discussed in Algebraic Curves, Section [25]

Moreover ¢ : X — Y is unique up to unique isomorphism.

Proof. Let s € S. Let ¢y : Xs — Yy be the contraction of Algebraic Curves,
Section [25| (more precisely Algebraic Curves, Lemma . By Lemma there
exists an elementary étale neighbourhood (U, u) and a morphism ¢ : Xy — Y of
families of curves over U which recovers ¢y as the fibre at u. Since wy, is ample,
after possibly shrinking U, we see that Y — U is a stable family of genus g by the
openness inherent in Lemmas and After possibly shrinking U once more,
assertion (1) of the lemma for ¢ : Xy — Y follows from Lemma Moreover,
part (2) holds by the uniqueness in Algebraic Curves, Lemma We conclude
that a morphism c as in the lemma exists étale locally on S. More precisely, there
exists an étale covering {U; — S} and morphisms ¢; : Xy, — Y; over U; where
Y; — U, is a stable family of curves having properties (1) and (2) stated in the
lemma.

To finish the proof it suffices to prove uniqueness of ¢ : X — Y (up to unique
isomorphism). Namely, once this is done, then we obtain isomorphisms

eij + Yi xu, (Ui x5 Uj) — Yi xy, (Us x5 Uj)

satisfying the cocycle condition (by uniqueness) over U; x U; x Ug. Since M, is an
algebraic stack, we have effectiveness of descent data and we obtain Y — S. The
morphisms ¢; descend to a morphism ¢ : X — Y over S. Finally, properties (1)
and (2) for ¢ are immediate from properties (1) and (2) for ¢;.

Finally, if ¢; : X — Y;, ¢ = 1, 2 are two morphisms towards stably families of curves
over S satisfying (1) and (2), then we obtain a morphism Y; — Y5 compatible with
c1 and ¢y at least locally on S by Lemma We omit the verification that these
morphisms are unique (hint: this follows from the fact that the scheme theoretic
image of ¢; is Y7). Hence these locally given morphisms glue and the proof is
complete. O

Lemma 23.5. Let g > 2. There is a morphism of algebraic stacks over Z

stabilization : Curvesgmsmble — ﬂg

which sends a prestable family of curves X — S of genus g to the stable family
Y — S associated to it in Lemma[23.7}

Proof. To see this is true, it suffices to check that the construction of Lemma
is compatible with base change (and isomorphisms but that’s immediate), see the
(abuse of) language for algebraic stacks introduced in Properties of Stacks, Section
To see this it suffices to check properties (1) and (2) of Lemma are stable
under base change. This is immediately clear for (1). For (2) this follows either
from the fact that the contractions of Algebraic Curves, Lemmas and are
stable under ground field extensions, or because the conditions characterizing the
morphisms on fibres in Algebraic Curves, Lemma [25.2] are preserved under ground
field extensions. O


https://stacks.math.columbia.edu/tag/0E8B

0ESC

0E8D

0E97

MODULI OF CURVES 31

24. Stable reduction theorem

In the chapter on semistable reduction we have proved the celebrated theorem on
semistable reduction of curves. Let K be the fraction field of a discrete valuation
ring R. Let C be a projective smooth curve over K with K = H°(C, O¢). Accord-
ing to Semistable Reduction, Definition we say C has semistable reduction if
either there is a prestable family of curves over R with generic fibre C, or some
(equivalently any) minimal regular model of C over R is prestable. In this section
we show that for curves of genus g > 2 this is also equivalent to stable reduction.

Lemma 24.1. Let R be a discrete valuation ring with fraction field K. Let C be
a smooth projective curve over K with K = H°(C,O¢) having genus g > 2. The
following are equivalent
(1) C has semistable reduction (Semistable Reduction, Definition[14.6), or
(2) there is a stable family of curves over R with generic fibre C.

Proof. Since a stable family of curves is also prestable, it is immediate that (2)
implies (1). Conversely, given a prestable family of curves over R with generic fibre
C, we can contract it to a stable family of curves by Lemma [23.4] Since the generic
fibre already is stable, it does not get changed by this procedure and the proof is
complete. ([l

The following lemma tells us the stable family of curves over R promised in Lemma
24.1]is unique up to unique isomorphism.

Lemma) 24.2. Let R be a discrete valuation ring with fraction field K. Let C be
a smooth proper curve over K with K = H°(C,O¢) and genus g. If X and X' are
models of C (Semistable Reduction, Section@ and X and X' are stable families of
genus g curves over R, then there exists a unique isomorphism X — X' of models.

Proof. Let Y be the minimal model for C. Recall that Y exists, is unique, and is at-
worst-nodal of relative dimension 1 over R, see Semistable Reduction, Proposition
and Lemmas and (applies because we have X). There is a contraction
morphism

Y — 7

such that Z is a stable family of curves of genus g over R (Lemma [23.4). We claim
there is a unique isomorphism of models X — Z. By symmetry the same is true
for X’ and this will finish the proof.

By Semistable Reduction, Lemma there exists a sequence
Xn—...20 X1 > X=X

such that X;1; — X; is the blowing up of a closed point z; where X; is singular,
X,; — Spec(R) is at-worst-nodal of relative dimension 1, and X, is regular. By
Semistable Reduction, Lemma there is a sequence

Xn=Y,—->Y, 1—->...0Y1T=>Yy=Y

of proper regular models of C, such that each morphism is a contraction of an
exceptional curve of the first kindﬁ By Semistable Reduction, Lemma each
Y; is at-worst-nodal of relative dimension 1 over R. To prove the claim it suffices

4In fact we have X, = Y, i.e., X;n does not contain any exceptional curves of the first kind.
We encourage the reader to think this through as it simplifies the proof somewhat.
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to show that there is an isomorphism X — Z compatible with the morphisms
Xm = Xand X,, =Y, > Y — Z. Let s € Spec(R) be the closed point. By either
Lemma [23.2] or Lemma 23.4] we reduce to proving that the morphisms X, ; — X
and X,, s — Z, are both equal to the canonical morphism of Algebraic Curves,

Lemma 25.2

For a morphism ¢ : U — V of schemes over x(s) we say ¢ has property (*) if
dim(U,) < 1 for v € V, Oy = ¢,Op, and Rlc,Oy = 0. This property is stable
under composition. Since both X, and Z are stable genus g curves over k(s),
it suffices to show that each of the morphisms Yy — Z,, X;11s — X;,, and
Yit1,s — Yis, satisfy property (*), see Algebraic Curves, Lemma

Property (*) holds for Y, — Z; by construction.

The morphisms ¢ : X;;1.s — X; s are constructed and studied in the proof of
Semistable Reduction, Lemma It suffices to check (*) étale locally on X ,.
Hence it suffices to check (*) for the base change of the morphism “X; — X,” in
Semistable Reduction, Example to R/mR. We leave the explicit calculation to
the reader.

The morphism ¢ : Y;11,s — Y; s is the restriction of the blow down of an exceptional
curve E C Y;4; of the first kind, i.e., b: Y;4; — Y; is a contraction of E, i.e., b is
a blowing up of a regular point on the surface Y; (Resolution of Surfaces, Section

. Then Oy, = b,0y,,, and R'0,Oy,,, = 0, see for example Resolution of

Surfaces, Lemma We conclude that Oy, , = ¢.Oy,,, . and R'¢.Oy,,, =0
by More on Morphisms, Lemmas [72.1] [72.2] and [72.4] (only gives surjectivity of
Oy, ., — ¢«Oy,,,, but injectivity follows easily from the fact that Y;  is reduced
and ¢ changes things only over one closed point). This finishes the proof. (|

From Lemma [24.1|and Semistable Reduction, Theorem [18.1] we immediately deduce
the stable reduction theorem.

Theorem 24.3. Let R be a discrete valuation ring with fraction field K. Let C
be a smooth projective curve over K with H°(C,O¢) = K and genus g > 2. Then

(1) there exists an extension of discrete valuation rings R C R’ inducing a
finite separable extension of fraction fields K'/K and a stable family of
curves Y — Spec(R') of genus g with Y = Ckr over K', and

(2) there exists a finite separable extension L/K and a stable family of curves
Y — Spec(A) of genus g where A C L is the integral closure of R in L such
that Y, = C, over L.

Proof. Part (1) is an immediate consequence of Lemma and Semistable Re-
duction, Theorem [I8.1]

Proof of (2). Let L/K be the finite separable extension found in part (3) of
Semistable Reduction, Theorem Let A C L be the integral closure of R. Re-
call that A is a Dedekind domain finite over R with finitely many maximal ideals
my, ..., m,, see More on Algebra, Remark Set S = Spec(A4), S; = Spec(An,),
U = Spec(L), and U; = S; \ {m;}. Observe that U = U; for i = 1,...,n. Set
X = (C}p, viewed as a scheme over the open subscheme U of S. By our choice
of L and A and Lemma we have stable families of curves X; — S; and iso-
morphisms X Xy U; 2 X; Xg, U;. By Limits of Spaces, Lemma we can find
a finitely presented morphism Y — S whose base change to S; is isomorphic to

[DMG69, Corollary
2.7]
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X; for i = 1,...,n. Alternatively, you can use that S = (J,_, , Si is an open
covering of S and S; N S; = U for i # j and use n — 1 applications of Limits of
Spaces, Lemma to get Y — S whose base change to S; is isomorphic to X; for
i=1,...,n. Clearly Y — S is the stable family of curves we were looking for. [

25. Properties of the stack of stable curves
In this section we prove the basic structure result for M, for g > 2.

Lemma 25.1. Let g > 2. The stack M, is separated.

Proof. The statement means that the morphism ﬂg — Spec(Z) is separated. We
will prove this using the refined Noetherian valuative criterion as stated in More
on Morphisms of Stacks, Lemma [11.4

Since ﬂg is an open substack of Curves, we see ﬂg — Spec(Z) is quasi-separated
and locally of finite presentation by Lemmal5.3| In particular the stack ﬂg is locally
Noetherian (Morphisms of Stacks, Lemma [17.5)). By Lemma the open immer-
sion M, — M, has dense image. Also, M, — M, is quasi-compact (Morphisms
of Stacks, Lemma , hence of finite type. Thus all the preliminary assumptions
of More on Morphisms of Stacks, Lemma [L1.4] are satisfied for the morphisms

My — M, and M, — Spec(Z)

and it suffices to check the following: given any 2-commutative diagram

Spec(K) M, —= M,
Spec(R) Spec(Z)

where R is a discrete valuation ring with field of fractions K the category of dotted
arrows is either empty or a setoid with exactly one isomorphism class. (Observe that
we don’t need to worry about 2-arrows too much, see Morphisms of Stacks, Lemma
39.3). Unwinding what this means using that Mg, resp. M, are the algebraic
stacks parametrizing smooth, resp. stable families of genus g curves, we find that
what we have to prove is exactly the uniqueness result stated and proved in Lemma
24.2) (I

Lemma) 25.2. Let g > 2. The stack ﬂg 18 quasi-compact.
Proof. We will use the notation from Section dl Consider the subset
T C |PolarizedCurves|

of points £ such that there exists a field k and a pair (X, £) over k representing &
with the following two properties

(1) X is a stable genus g curve, and
(2) £ =wd?
Clearly, under the continuous map
| PolarizedCurves| — |Curves|

the image of the set T is exactly the open subset
|M,| C |Curves|
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Thus it suffices to show that T is quasi-compact. By Lemma [£.1] we see that
| PolarizedCurves| C [Polarized|

is an open and closed immersion. Thus it suffices to prove quasi-compactness of T’
as a subset of |Polarized|. For this we use the criterion of Moduli Stacks, Lemma
First, we observe that for (X, L) as above the Hilbert polynomial P is the
function P(t) = (6g—6)t+ (1 —g) by Riemann-Roch, see Algebraic Curves, Lemma
Next, we observe that H'(X, £) = 0 and £ is very ample by Algebraic Curves,
Lemma This means exactly that with n = P(3)—1 there is a closed immersion

i: X — Py
such that £ = i*Op:1 (1) as desired. O
Here is the main theorem of this section.

Theorem| 25.3. Let g > 2. The algebraic stack M, is a Deligne-Mumford stack,
proper and smooth over Spec(Z). Moreover, the locus My parametrizing smooth
curves is a dense open substack.

Proof. Most of the properties mentioned in the statement have already been
shown. Smoothness is Lemma [22.6] Deligne-Mumford is Lemma [22.7] Open-
ness of M, is Lemma We know that M, — Spec(Z) is separated by Lemma
and we know that ﬂg is quasi-compact by Lemma Thus, to show that
M, — Spec(Z) is proper and finish the proof, we may apply More on Morphisms
of Stacks, Lemma m to the morphisms M, — M, and M, — Spec(Z). Thus it
suffices to check the following: given any 2-commutative diagram

Spec(K) M, M,
Spec(A) Spec(Z)

where A is a discrete valuation ring with field of fractions K, there exist an extension
K'/K of fields, a valuation ring A’ C K’ dominating A such that the category of
dotted arrows for the induced diagram

Spec(K') ——— M,

Spec(A.’.) — Spec(Z)

is nonempty (Morphisms of Stacks, Deﬁnition. (Observe that we don’t need to
worry about 2-arrows too much, see Morphisms of Stacks, Lemma. Unwinding
what this means using that M., resp. ﬂg are the algebraic stacks parametrizing
smooth, resp. stable families of genus g curves, we find that what we have to prove is
exactly the result contained in the stable reduction theorem, i.e., Theorem[24:3] O
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