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1. Introduction
This chapter is the second in a series of chapter on the étale cohomology of schemes.
To read the first chapter, please visit Etale Cohomology, Section

The split with the previous chapter is roughly speaking that anything concerning
“shriek functors” (cohomology with compact support and its right adjoint) and
anything using this material goes into this chapter.

2. Growing sections

In this section we discuss results of the following type.

Lemma 2.1. Let X be a scheme. Let F be an abelian sheaf on Xegare. Let
o : U — U be a morphism of Xetare. Let Z' C U’ be a closed subscheme such that
Z' - U — U is a closed immersion with image Z C U. Then there is a canonical
bijection

{s € F(U) | Supp(s) € Z} = {s" € F(U') | Supp(s') C Z'}

which is given by restriction if o~ (Z) = Z'.

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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Proof. Consider the closed subscheme Z” = ¢~1(Z) of U’. Then Z’' C Z" is closed
because Z’ is closed in U’. On the other hand, Z’ — Z” is an étale morphism (as
a morphism between schemes étale over Z) and hence open. Thus Z” = Z/ 11T for
some closed subset T. The open covering U’ = (U’ \ T) U (U’ \ Z’) shows that

{s" € F(U") | Supp(s') € 2"} ={s" € F(U'\T) | Supp(s) C Z'}
and the étale covering {U'\T — U,U \ Z — U} shows that
{s € 7(U) | Supp(s) C Z} = {s" € F(U'\T) | Supp(s’) C 2’}
This finishes the proof. [
Lemma 2.2. Let X be a scheme. Let Z C X be a locally closed subscheme. Let

F be an abelian sheaf on Xgpqre. Given U, U’ C X open containing Z as a closed
subscheme, there is a canonical bijection

{s € F(U) | Supp(s) C Z} = {s € F(U') | Supp(s) C Z}
which is given by restriction if U' C U.

Proof. Since Z is a closed subscheme of U N U’, it suffices to prove the lemma
when U’ C U. Then it is a special case of Lemma ([l

Let us introduce a bit of nonstandard notation which will stand us in good stead
later. Namely, in the situation of Lemma [2:2] above, let us denote

Hz(F) ={s € F(U) | Supp(s) C Z}

where U C X is any choice of open subscheme containing Z as a closed subscheme.
The reader who is troubled by the lack of precision this entails may choose U =
X\ 0Z where 0Z = Z \ Z is the “boundary” of Z in X. However, in many of the
arguments below the flexibility of choosing different opens will play a role. Here
are some properties of this construction:

(1) If Z C Z’ are locally closed subschemes of X and Z is closed in Z’, then
there is a natural injective map

Hz(f) — HZ/(f).

(2) If f:Y — X is a morphism of schemes and Z C X is a locally closed sub-
scheme, then there is a natural pullback map f*: Hz(F) — Hp-17(f ' F).

It will be convenient to extend our notation to the following situation: suppose that
we have W € X¢iq1e and a locally closed subscheme Z C W. Then we will denote

Hz(F) ={s € F(U) | Supp(s) C Z} = Hz(Flwern.)

where U C W is any choice of open subscheme containing Z as a closed subscheme,
exactly as abovdl]

n fact, Lemma shows, given Z over X which is isomorphic to a locally closed subscheme
of some object W of X¢¢qie, that the choice of W is irrelevant.
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3. Sections with compact support

A reference for this section is [AGVT7I, Exposee XVII, Section 6]. Let f: X — Y
be a morphism of schemes which is separated and locally of finite type. In this
section we define a functor f : Ab(Xetare) = Ab(Yiraie) by taking fiF C foF to be
the subsheaf of sections which have proper support relative to Y (suitably defined).

Warning: The functor f; is the zeroth cohomology sheaf of a functor Rf, on the
derived category (insert future reference), but Rfy is not the derived functor of fi.

Lemma 3.1. Let f: X — Y be a morphism of schemes which is locally of finite
type. Let F be an abelian sheaf on Xetqre- The rule

Yetale — Ab, Vi—{se€ f,.F(V)=F(Xv) | Supp(s) C Xv is proper over V'}
is an abelian subsheaf of f.JF.

Warning: This sheaf isn’t the “correct one” if f is not separated.

Proof. Recall that the support of a section is closed (Etale Cohomology, Lemma
hence the material in Cohomology of Schemes, Section applies. By the
lemma above and Cohomology of Schemes, Lemma we find that our subset of
f+F(V) is a subgroup. By Cohomology of Schemes, Lemma we see that our
rule defines a sub presheaf. Finally, suppose that we have s € f,F (V) and an étale
covering {V; — V} such that s|y, has support proper over V;. Observe that the
support of s|y, is the inverse image of the support of s|y (use the characterization
of the support in terms of stalks and Etale Cohomology, Lemma . Whence
the support of s is proper over V by Descent, Lemma [25.5] This proves that our
rule satisfies the sheaf condition. O

Lemma 3.2. Let j: U — X be a separated étale morphism. Let F be an abelian

sheaf on Usare. The image of the injective map jiF — j.F of Etale Cohomology,
Lemma is the subsheaf of Lemma 3.1

An alternative would be to move this lemma later and prove this using the descrition
of the stalks of both sheaves.

Proof. The construction of jiF — j,F in the proof of Etale Cohomology, Lemma
is via the construction of a map j,F — j.F of presheaves whose image is
clearly contained in the subsheaf of Lemma [3.I] Hence since jiF is the sheafifi-
cation of j, F we conclude the image of jiF — j.F is contained in this subsheaf.
Conversely, let s € j,.F (V) have support Z proper over V. Then Z — V is finite
with closed image Z’ C V, see More on Morphisms, Lemma[44.1] The restriction of
s to V'\ Z' is zero and the zero section is contained in the image of i F — j.F. On
the other hand, if v € Z’, then we can find an étale neighbourhood (V’,v") — (V,v)
such that we have a decomposition Uy, = W ILU{ I1... 11U}, into open and closed
subschemes with U/ — V' an isomorphism and with Ty, € U II... 11U, see Etale
Morphisms, Lemma [18.2] Inverting the isomorphisms U] — V' we obtain n mor-
phisms ¢} : V! — U and sections s; over V'’ by pulling back s. Then the section
S (@, 84) of juF over V', see formula for j, F(V') in proof of Etale Cohomology,
Lemma maps to the restriction of s to V' by construction. We conclude that
s is étale locally in the image of jiF — j.JF and the proof is complete. (]
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Definition 3.3. Let f : X — Y be a morphism of schemes which is separated
(1) and locally of finite type. Let F be an abelian sheaf on Xetq1.. The subsheaf
NF C foF constructed in Lemma is called the direct image with compact
support.

By Lemma this does not conflict with Etale Cohomology, Definition as we
have agreement when both definitions apply. Here is a sanity check.

Lemma 3.4. Let f: X — Y be a proper morphism of schemes. Then fi = f,.
Proof. Immediate from the construction of fi. O
A very useful observation is the following.

Remark 3.5 (Covariance with respect to open embeddings). Let f: X — Y be
morphism of schemes which is separated and locally of finite type. Let F be an
abelian sheaf on X¢sq.. Let X’ C X be an open subscheme. Denote f': X’ — Y
the restriction of f. There is a canonical injective map

[(Flx) — AF

Namely, let V' € Ytq1. and consider a section s’ € fL(F|x/)(V) = F(X’' xy V) with
support Z’ proper over V. Then Z’ is closed in X xy V as well, see Cohomology of
Schemes, Lemma Thus there is a unique section s € F(X xy V) = f,.F(V)
whose restriction to X’ xy V' is s’ and whose restriction to X xy V' \ Z’ is zero,
see Lemma [2.2] This construction is compatible with restriction maps and hence
induces the desired map of sheaves f/(F|x/) — fiF which is clearly injective. By
construction we obtain a commutative diagram

H(Flx) —=HF

_

filFlx) =— fF

functorial in F. It is clear that for X” C X’ open with f” = f|x» : X" = Y the
composition of the canonical maps f'F|x» — f{F|x: — fiF just constructed is
the canonical map f/'F|x» — fiF.

Lemma 3.6. LetY be a scheme. Letj: X — X be an open immersion of schemes

over Y with X proper over Y. Denote f : X — Y and f : X — Y the structure
morphisms. For F € Ab(Xstaie) there is a canonical isomorphism (see proof)

HF — [ F

As we have f, = f, by Lemma we obtain f, o ji = fi as functors Ab(Xe¢rare) —
Ab(Yétale)-

Proof. We have (jiF)|x = F, see Etale Cohomology, Lemma [70.4. Thus the
displayed arrow is the injective map fi(G|x) — f,G of Remark for G = j.F.
The explicit nature of this map implies that it now suffices to show: if V € Ygiqe
and s € f,G(V) = f,G(V) = G(Xv) is a section, then the support of s is contained
in the open Xy C Xy. This is immediate from the fact that the stalks of G are
zero at geometric points of X \ X. ]

We want to relate the stalks of fiF to sections with compact support on fibres. In
order to state this, we need a definition.
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Definition 3.7. Let X be a separated scheme locally of finite type over a field k.
Let F be an abelian sheaf on Xyyq.. We let HY(X, F) C H°(X,F) be the set of
sections whose support is proper over k. Elements of H?(X, F) are called sections
with compact support.

Warning: This definition isn’t the “correct one” if X isn’t separated over k.

Lemma 3.8. Let X be a proper scheme over a field k. Then H)(X,F) =
HY(X,F).

Proof. Immediate from the construction of Hg. O

Remark 3.9 (Open embeddings and compactly supported sections). Let X be a
separated scheme locally of finite type over a field k. Let F be an abelian sheaf on
Xeétale- Exactly as in Remark for X’ C X open there is an injective map

HS(X/M]:‘X’) — Hg(X’]:)
and these maps turn H? into a “cosheaf” on the Zariski site of X.

Lemma 3.10. Let k be a field. Let j : X — X be an open immersion of schemes
over k with X proper over k. For F € Ab(X¢tale) there is a canonical isomorphism
(see proof)

where we have the equality on the right by Lemma[3.8

Proof. We have (jiF)|x = F, see Etale Cohomology, Lemma Thus the
displayed arrow is the injective map H?(X,G|x) — H?(X,G) of Remark for
G = jF. The explicit nature of this map implies that it now suffices to show:
if s € HY(X,G) is a section, then the support of s is contained in the open X.
This is immediate from the fact that the stalks of G are zero at geometric points of
X\ X. O

Lemma 3.11. Let f: X = Y be a morphism of schemes which is separated and
locally of finite type. Let F be an abelian sheaf on Xe¢tq1e- Then there is a canonical
isomorphism

(iF)g — H(Xy, Flx,)
for any geometric point G : Spec(k) — Y.

Proof. Recall that (f.F)y = colim f.F (V) where the colimit is over the étale
neighbourhoods (V,7) of §. If s € f,.F(V) = F(Xv), then we can pullback s to a
section of F over (Xv )y = Xy. Thus we obtain a canonical map

cg : (fuF)g — H(Xz, Flxy)

We claim that this map induces a bijection between the subgroups (fiF)y and
H(Xy, Flx,). The claim implies the lemma, but is a little bit more precise in that
it describes the identification of the lemma as given by pullbacks of sections of F
to the geometric fibre of f.

Observe that any element s € (fiF)y C (f«F)y is mapped by ¢; to an element of
HY (X, Flx,) C H°(X7, Flx;). This is true because taking the support of a section
commutes with pullback and because properness is preserved by base change. This
at least produces the map in the statement of the lemma. To prove that it is an
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isomorphism we may work Zariski locally on Y and hence we may and do assume
Y is affine.

An observation that we will use below is that given an open subscheme X’ C X
and if f" = f|x, then we obtain a commutative diagram

(F1(Flx))g — H(Xg, Flx:)

| |

((F)g —— H(Xg, Flx;)

where the horizontal arrows are the maps constructed above and the vertical arrows
are given in Remarks [3.5]and 3.9} The reason is that given an étale neighbourhood
(V,7) of 7 and a section s € f,.F(V) = F(Xy) whose support Z happens to be
contained in X{, and is proper over V, so that s gives rise to an element of both
(f{(F|x7))y and (fiF)y which correspond via the vertical arrow of the diagram,
then these elements are mapped via the horizontal arrows to the pullback s| X of
s to Xy whose support Zy is contained in Xé and hence this restriction gives rise
to a compatible pair of elements of HY (X7, ]-"|X1/7) and HY (X, Flx,)-

Suppose s € (fiF)y maps to zero in Hg(Xg,]-"\Xg). Say s corresponds to s €
f+F(V) = F(Xy) with support Z proper over V. We may assume that V is affine
and hence Z is quasi-compact. Then we may choose a quasi-compact open X’ C X
containing the image of Z. Then Z is contained in X{, and hence s is the image of
an element s" € f/(F|x/)(V) where f' = f[x as in the previous paragraph. Then s’
maps to zero in H B(Xé, F| X%) Hence in order to prove injectivity, we may replace

X by X’ i.e., we may assume X is quasi-compact. We will prove this case below.

Suppose that t € Hg(Xﬂ,]'—‘Xg)' Then the support of ¢ is contained in a quasi-
compact open subscheme W C Xjz. Hence we can find a quasi-compact open
subscheme X’ C X such that X’g contains W. Then it is clear that ¢ is contained in
the image of the injective map Hg(Xé, }"|X%) — H2(X7, F|x.). Hence in order to
show surjectivity, we may replace X by X', i.e., we may assume X is quasi-compact.
We will prove this case below.

In this last paragraph of the proof we prove the lemma in case X is quasi-compact
and Y is affine. By More on Flatness, Theorem [33.8| there exists a compactification
j: X — X over Y. Set G = jiF so that F = G|x by Etale Cohomology, Lemma
By the disussion above we get a commutative diagram

(fiF)yg — H (X3, Flx,)

| |

(f19)y — HI (X7, g|§?)

By Lemmas [3.6] and [3.10] the vertical maps are isomorphisms. This reduces us to
the case of the proper morphism X — Y. For a proper morphism our map is an
isomorphism by Lemmas and and proper base change for pushforwards, see
Etale Cohomology, Lemma O
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X/ﬁX

g
4
N v

of schemes with f separated and locally of finite type. For any abelian sheaf F on
X¢rale we have f{(g’)’l}“ =g ' AF.

Proof. In great generality there is a pullback map g~!f.F — f.(g’)~F, see Sites,
Section 45| We claim that this map sends g~! fi.F into the subsheaf f/(¢’)~'F and
induces the isomorphism in the lemma.

Choose a geometric point 7’ : Spec(k) — Y’ and denote 5 = g o5’ the image in Y.
There is a commutative diagram

(fF)g ———— H°(Xy, Flx;)

| |

(J1g') " Fly —= H(X,(9)) " Flxs,)

where the horizontal maps were used in the proof of Lemma [3.11] and the vertical
maps are the pullback maps above. The diagram commutes because each of the
four maps in question is given by pulling back local sections along a morphism of
schemes and the underlying diagram of morphisms of schemes commutes. Since the
diagram in the statement of the lemma is cartesian we have Xé, = Xy. Hence by
Lemma and its proof we obtain a commutative diagram

(f*f)ﬂ HO(X?’ F Xg)
(fiF)g HY(X7, Flx,)
v |
(fi(g) T Fly —— H2(X5, (") 7' Flxz,)
()™ e (X, (9) " Flx,)

where the horizontal arrows of the inner square are isomorphisms and the two right
vertical arrows are equalities. Also, the se, sw, ne, nw arrows are injective. It follows
that there is a unique bijective dotted arrow fitting into the diagram. We conclude
that g~ fiF C g7 f.F — fL(¢')"'F is mapped into the subsheaf f/(¢')"1F C
f2(¢")1F because this is true on stalks, see Etale Cohomology, Theorem
The same theorem then implies that the induced map is an isomorphism and the
proof is complete. O
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Lemma 3.13. Let f : X — Y and g : Y — Z be composable morphisms of
schemes which are separated and locally of finite type. Let F be an abelian sheaf on
Xetale- Then gt fiF = (go fWF as subsheaves of (go f)..F.

Proof. We strongly urge the reader to prove this for themselves. Let W € Zgqe
and s € (go f)«F(W) = F(Xw). Denote T C Xy the support of s; this is a closed
subset. Observe that s is a section of (g o f)|F if and only if T is proper over W.
We have fiF C f.F and hence g1 iF C g1 f+F C g« f«F. On the other hand, s is a
section of g fiF if and only if (a) T is proper over Yy and (b) the support T” of
s viewed as section of fi.F is proper over W. If (a) holds, then the image of T in
Yw is closed and since fiF C f.JF we see that T' C Yy is the image of T' (details
omitted; look at stalks).

The conclusion is that we have to show a closed subset T C Xyy is proper over W
if and only if T is proper over Yy and the image of T in Yy is proper over W. Let
us endow T with the reduced induced closed subscheme structure. If T" is proper
over W, then T — Yy is proper by Morphisms, Lemma and the image of T
in Yy is proper over W by Cohomology of Schemes, Lemma Conversely, if T
is proper over Yy and the image of T" in Yjy is proper over W, then the morphism
T — W is proper as a composition of proper morphisms (here we endow the closed
image of T" in Yy, with its reduced induced scheme structure to turn the question
into one about morphisms of schemes), see Morphisms, Lemma (I

Remark| 3.14. The isomorphisms between functors constructed above satisfy the
following two properties:

(1) Let f: X -Y,9:Y — Z, and h: Z — T be composable morphisms of
schemes which are separated and locally of finite type. Then the diagram

(hogo f)y———(hog)iofi
hyo(go f)i ——=hiogiofi

commutes where the arrows are those of Lemma
(2) Suppose that we have a diagram of schemes

X' ——X
f’l lf
Y/T>Y
17
7t sZ

with both squares cartesian and f and g separated and locally of finite
type. Then the diagram

a~to(gof) (9o fhoct

l |

a_loglofl4>g{ob_10f!4>g{of!'oc_

1
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commutes where the horizontal arrows are those of Lemma the arrows
are those of Lemma [B.13
Part (1) holds true because we have a similar commutative diagram for pushfor-
wards. Part (2) holds by the very general compatibility of base change maps for
pushforwards (Sites, Remark and the fact that the isomorphisms in Lemmas
[B:12) and B:I3] are constructed using the corresponding maps fo pushforwards.

Lemma 3.15. Let f : X — Y be morphism of schemes which is separated and
locally of finite type. Let X = J;c; X be an open covering such that for alli,j € I
there exists a k with X; U X; C Xy. Denote f; : X; — Y the restriction of f. Then

fiF = colim;eg fi ) (F

Xi)

functorially in F € Ab(X¢rale) where the transition maps are the ones constructed
in Remark[3.4

Proof. It suffices to show that the canonical map from right to left is a bijection
when evaluated on a quasi-compact object V' of Y¢q.. Observe that the colimit on
the right hand side is directed and has injective transition maps. Thus we can use
Sites, Lemma to evaluate the colimit. Hence, the statement comes down to
the observation that a closed subset Z C Xy proper over V is quasi-compact and
hence is contained in Xy for some i. [l

Lemma 3.16. Let f: X — Y be a morphism of schemes which is separated and
locally of finite type. Then functor fi commutes with direct sums.

Proof. Let F = @ F;. To show that the map @ fiF; — fiF is an isomorphism,
it suffices to show that these sheaves have the same sections over a quasi-compact
object V of Y. Replacing Y by V it suffices to show HO(Y, fiF) C H(X,F)
is equal to @ HO(Y, fiF;) C @ H (X, F;) C HY(X,E F;). In this case, by writing
X as the union of its quasi-compact opens and using Lemma [3.15] we reduce to
the case where X is quasi-compact as well. Then H°(X,F) = @ H°(X,F;) by
Etale Cohomology, Theorem Looking at supports of sections the reader easily
concludes. O

Lemma 3.17. Let f: X — Y be a morphism of schemes which is separated and
locally quasi-finite. Then

(1) for F in Ab(Xetale) and a geometric point § : Spec(k) — Y we have
Flg = Fz
(AT Elaf(f):@

functorially in F, and
(2) the functor fi is exact.

Proof. The functor f; is left exact by construction. Right exactness may be checked
on stalks (Etale Cohomology, Theorem [29.10). Thus it suffices to prove part (1).

Let 3 : Spec(k) = Y be a geometric point. The scheme X3 has a discrete underlying
topological space (Morphisms, Lemma and all the residue fields at the points
are equal to k (as finite extensions of k). Hence {Z : Spec(k) — X : f(T) = 7y} is
equal to the set of points of X3. Thus the computation of the stalk follows from
the more general Lemma [3.11] O
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4. Sections with finite support

In this section we extend the construction of Section [3]to not necessarily separated
locally quasi-finite morphisms.

Let f: X — Y be a locally quasi-finite morphism of schemes. Let F be an abelian
sheaf on Xgiq1e. Given V' in Y denote Xy = X Xy V the base change. We are
going to consider the group of finite formal sums

(4.0.1) 5= Zizl’_”m(zhs,-)

where Z; C Xy is a locally closed subscheme such that the morphism Z; — V is
ﬁniteﬂ and where s; € Hz, (F). Here, as in Section [2, we set

Hz (F) ={s; € F(U;) | Supp(s;) C Z;}
where U; C Xy is an open subscheme containing Z; as a closed subscheme. We are
going to consider these formal sums modulo the following relations
(1) (Z,5) +(Z, S/) =(Z,s+ 8/)’
(2) (Z,8)=(Z',s)ift Z C Z'.
Observe that the second relation makes sense: since Z — V is finite and Z' — V is
separated, the inclusion Z — Z’ is closed and we can use the map discussed in .

Let us denote fpF (V') the quotient of the abelian group of formal sums by
these relations. The first relation tells us that fuF (V) is a quotient of the direct
sum of the abelian groups Hz(F) over all locally closed subschemes Z C Xy finite
over V. The second relation tells us that we are really taking the colimit

(4.0.2) [ F(V) = colimy Hz(F)
This formula will be a convenient abstract way to think about our construction.

Next, we observe that there is a natural way to turn this construction into a presheaf
fprF of abelian groups on Yeiqe. Namely, given V' — V in Ygiqi. we obtain the base
change morphism Xy — Xy. If Z C Xy is a locally closed subscheme finite over
V', then the scheme theoretic inverse image Z' C Xy~ is finite over V’. Moreover, if
U C Xy is an open such that Z is closed in U, then the inverse image U’ C Xy is
an open such that Z’ is closed in U’. Hence the restriction mapping F(U) — F(U")
of F sends Hz(F) into Hz/ (F); this is a special case of the functoriality discussed
in above. Clearly, these maps are compatible with inclusions Z; C Z5 of such
locally closed subschemes of Xy and we obtain a map

I F(V) = colimz Hz(F) — colimyz Hz/ (F) = fF (V')
These maps indeed turn fpF into a presheaf of abelian groups on Ygiqe. We omit

the details.

A final observation is that the construction of fp1 F is functorial in F in Ab(X¢taie).
We conclude that given a locally quasi-finite morphism f : X — Y we have con-
structed a functor

fp! : Ab(Xétale) — PAb()/étale)
from the category of abelian sheaves on Xgq1e to the category of abelian presheaves
on Ygiqe- Before we define fi as the sheafification of this functor, let us check that

2Since f is locally quasi-finite, the morphism Z; — V is finite if and only if it is proper.
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it agrees with the construction in Section [3| and with the construction in Etale
Cohomology, Section [70] when both apply.

Lemma 4.1. Let f: X — Y be a separated and locally quasi-finite morphism of
schemes. Functorially in F € Ab(Xetale) there is a canonical isomorphism(!)

fp!]: — f'-/—"

of abelian presheaves which identifies the sheaf fiF of Definition with the presheaf
o1 F constructed above.

Proof. Let V be an object of Y. If Z C Xy is locally closed and finite over
V', then, since f is separated, we see that the morphism Z — Xy is a closed
immersion. Moreover, if Z;, i = 1,...,n are closed subschemes of Xy, finite over
V', then Z; U...UZ, (scheme theoretic union) is a closed subscheme finite over V.
Hence in this case the colimit defining f,1 F (V) is directed and we find that
fipF (V) is simply equal to the set of sections of F(Xy ) whose support is finite over
V. Since any closed subset of Xy which is proper over V is actually finite over V
(as f is locally quasi-finite) we conclude that this is equal to fiF(V) by its very
definition. ([

Lemma 4.2. Let f : X — Y be a morphism of schemes which is locally quasi-
finite. Let 7 : Spec(k) — Y be a geometric point. Functorially in F in Ab(Xétaie)

we have
Flz = Fz
(o )y @f@:y

Proof. Recall that the stalk at 7 of a presheaf is defined by the usual colimit over
étale neighbourhoods (V) of 7, see Etale Cohomology, Definition Accord-
ingly suppose s = Zi:l,...,n(zivsi) as in is an element of f, F(V) where
(V,0) is an étale neighbourhood of 3. Then since

Xg=Xv)s D Zi3

and since s; is a section of F on an open neighbourhood of Z; in Xy we can send

s to
Zi:l,m,n ZEEZ,L,; (class of s; in Fz) € EDf(E):@ Fz

We omit the verification that this is compatible with restriction maps and that the
relations (Z,8)+ (Z,8') — (Z,s+ §') and (Z,s)—(Z',s) if Z C Z' are sent
to zero. Thus we obtain a map
(fp!]:)ﬂ — ®f(§):§ Fz
Let us prove this arrow is surjective. For this it suffices to pick an T with f(Z) =7
and prove that an element s in the summand F% is in the image. Let s correspond
to the element s € F(U) where (U, u) is an étale neighbourhood of Z. Since f is
locally quasi-finite, the morphism U — Y is locally quasi-finite too. By More on
Morphisms, Lemma we can find an étale neighbourhood (V,7) of 7, an open
subscheme
W cCcU xyV,

and a geometric point @w mapping to u and v such that W — V is finite and w is
the only geometric point of W mapping to ©. (We omit the translation between
the language of geometric points we are currently using and the language of points
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and residue field extensions used in the statement of the lemma.) Observe that
W — Xy = X xy V is étale. Choose an affine open neighbourhood W’ C Xy of
the image w’ of w. Since w is the only point of W over ¥ and since W — V is
closed, after replacing V' by an open neighbourhood of U, we may assume W — Xy
maps into W’. Then W — W’ is finite and étale and there is a unique geometric
point w of W lying over w’. It follows that W — W’ is an open immersion over an
open neighbourhood of @’ in W, see Etale Morphisms, Lemma Shrinking V'
and W’ we may assume W — W' is an isomorphism. Thus s may be viewed as a
section s’ of F over the open subscheme W’ C Xy which is finite over V. Hence
by definition (W', s’) defines an element of j, F (V') which maps to s as desired.

Let us prove the arrow is injective. To do this, let s =7, _;  (Zi,s;) as in
be an element of f, F(V) where (V,7) is an étale neighbourhood of §. Assume
s maps to zero under the map constructed above. First, after replacing (V,7)
by an étale neighbourhood of itself, we may assume there exist decompositions
Zy = Zin ... 11 Z; ,; into open and closed subschemes such that each Z; ; has
exactly one geometric point over ©. Say under the obvious direct sum decomposition

the element s; corresponds to )" s; ;. We may use relations and to replace
s by D1 n2j=1,. m;(ZijsSij). In other words, we may assume Z; has a
unique geometric point lying over v. Let Zy,...,%,, be the geometric points of
X over 3 corresponding to the geometric points of our Z; over ¥; note that for
one j € {1,...,m} there may be multiple indices ¢ for which Z; corresponds to a
point of Z;. By More on Morphisms, Lemma [41.3| applied to both Xy — V after
replacing (V,7) by an étale neighbourhood of itself we may assume there exist open
subschemes

WjCXXy‘/, j=1....m
and a geometric point w; of W; mapping to Z; and v such that W; — V is finite
and w; is the only geometric point of W; mapping to ¥. After shrinking V' we may

assume Z; C W; for some j and we have the map Hz, (F) — Hw,(F). Thus by
the relation we see that our element is equivalent to an element of the form

,,,,,

for some t; € Hy,(F). Clearly, this element is mapped simply to the class of ¢;
in the summand Fz;. Since s maps to zero, we find that ¢; maps to zero in Fz,.
This implies that t; restricts to zero on an open neighbourhood of w; in W, see
Etale Cohomology, Lemma Shrinking V' once more we obtain t; = 0 for all j
as desired. (I

Lemma 4.3. Let f =j: U — X be an étale of schemes. Denote jp the con-

struction of Etale Cohomology, Equation (70.1.1) and denote fp1 the construction
above. Functorially in F € Ab(Xetale) there is a canonical map

jp!]: — fp!]:

of abelian presheaves which identifies the sheaf jiF = (jpg]-')# of Etale Cohomology,
Definition with (fpF)*.


https://stacks.math.columbia.edu/tag/0F6Q

O0F6R

OF5F

MORE ETALE COHOMOLOGY 13

Proof. Please read the proof of Etale Cohomology, Lemma before reading the
proof of this lemma. Let V be an object of X¢4. Recall that

wFV)=D_, ,FV5U)

Given ¢ we obtain an open subscheme Z, C Uy = U xx V, namely, the image of
the graph of . Via ¢ we obtain an isomorphism V' — Z, over U and we can think
of an element

s EF(V 5 U)=F(Z,)=Hz, (F)
as a section of F over Z,. Since Z, C Uy is open, we actually have Hz_ (F) =

F(Z,) and we can think of s, as an element of Hz_(F). Having said this, our map
JpiF = fp1F is defined by the rule

S, — E Loy Sy,
Zi:l,...,n P i:l,...,n( oo Sp1)

with right hand side a sum as in (4.0.1). We omit the verification that this is
compatible with restriction mappings and functorial in F.

To finish the proof, we claim that given a geometric point 7 : Spec(k) — Y there is
a commutative diagram

(JpFlg —= @j(i):g Fz

|

(forF)g — @f(z):g Fz

where the top horizontal arrow is constructed in the proof of Etale Cohomology,
Proposition[70.3] the bottom horizontal arrow is constructed in the proof of Lemma
[42 the right vertical arrow is the obvious equality, and the left veritical arrow
is the map defined in the previous paragraph on stalks. The claim follows in a
straightforward manner from the explicit description of all of the arrows involved
here and in the references given. Since the horizontal arrows are isomorphisms
we conclude so is the left vertical arrow. Hence we find that our map induces an
isomorphism on sheafifications by Etale Cohomology, Theorem O

Definition/ 4.4. Let f : X — Y be a locally quasi-finite morphism of schemes.
We define the direct image with compact support to be the functor

fi i Ab(Xgrate) — Ab(Yitare)

defined by the formula fiF = (f,,F)#, i.e., fiF is the sheafification of the presheaf
fp1F constructed above.

By Lemma this does not conflict with Definition (when both definitions
apply) and by Lemma this does not conflict with Etale Cohomology, Definition
(when both definitions apply).

Lemma 4.5. Let f: X — Y be a locally quasi-finite morphism of schemes. Then
(1) for F in Ab(X¢tale) and a geometric point g : Spec(k) — Y we have

Flg = Fz
(A F) @f@):?
functorially in F, and


https://stacks.math.columbia.edu/tag/0F6R
https://stacks.math.columbia.edu/tag/0F5F

MORE ETALE COHOMOLOGY 14

(2) the functor fi: Ab(Xstaie) = Ab(Yiiaie) s exact and commutes with direct
sums.

Proof. The formula for the stalks is immediate (and in fact equivalent) to Lemma
[42] The exactness of the functor follows immediately from this and the fact that
exactness may be checked on stalks, see Etale Cohomology, Theorem |29.10 O

0F6S Remark 4.6 (Covariance with respect to open embeddings). Let f: X — Y be
locally quasi-finite morphism of schemes. Let F be an abelian sheaf on Xgsqe. Let
X’ C X be an open subscheme and denote f’ : X’ — Y the restriction of f. We
claim there is a canonical map

H(Flx) — AF
Namely, this map will be the sheafification of a canonical map
I (Flxr) = fuF

constructed as follows. Let V € Yiiq1. and consider a section s’ = Zizl)m’n(Z;, sh)
as in defining an element of f),(F|x/)(V). Then Z C Xj, may also be
viewed as a locally closed subscheme of Xy and we have Hyz/(F|x/) = Hz/(F).
i=1....n(Z],8;) but now viewed as an
element of f, F (V). We omit the verification that this construction is compatible
with restriction mappings and functorial in F. This construction has the following

properties:

(1) The maps f,,F" — fpuF and f{F" — fiF are compatible with the descrip-
tion of stalks given in Lemmas and

(2) If f is separated, then the map f,, 7' — fuF is the same as the map
constructed in Remark [3.5] via the isomorphism in Lemma

(3) If X" C X' is another open, then the composition of f)}(F|x~) — f,,(Flx/) —
fprF is the map f(F|x») — fpF for the inclusion X" C X. Sheafifying
we conclude the same holds true for f"(F|x») = f{(F|x) = fHF.

(4) The map f{F' — fiF is injective because we can check this on stalks.

We will map s’ to the exact same sum s =

All of these statements are easily proven by representing elements as finite sums as
above and considering what happens to these elements.

OF5H Lemma 4.7. Let f: X — Y be a locally quasi-finite morphism of schemes. Let
X = U;er Xi be an open covering. Then there exists an evact complex

ST ®ioqi17i2 fi0i1i27!‘7:'|Xi01:1i2 - @io-,il fioilylf‘xioil - @io fi07!‘7:|Xi0 —+ hF =0
functorial in F € Ab(X¢tale), see proof for details.

Proof. Here as usual we set KXig.iy, = Xig No.N X, and we denote f,»o_“ip the
restriction of f to Xj,. ;,- The maps in the complex are the maps constructed in
Remark with sign rules as in the Cech complex. Exactness follows easily from
the description of stalks in Lemma [£.5] Details omitted. ([l

OF5I |Remark| 4.8 (Alternative construction). Lemma gives an alternative con-
struction of the functor f, for locally quasi-finite morphisms f. Namely, given a
locally quasi-finite morphism f : X — Y of schemes we can choose an open covering
X = U, Xi such that each f; : X; — Y is separated. For example choose an affine
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open covering of X. Then we can define f|F as the cokernel of the penultimate
map of the complex of the lemma, i.e.,
Xi())

$F = Coker (D, funissFlxops, = €D, fiarF

where we can use the construction of f; 1 and f;;, 1 in Section [3| because the
morphisms f;, and f;;, are separated. One can then compute the stalks of fi
(using the separated case, namely Lemma and obtain the result of Lemma
Having done so all the other results of this section can be deduced from this
as well.

Remark 4.9. Let g: Y’ — Y be a morphism of schemes. For an abelian presheaf
G on Y/, . let us denote g.G’ the presheaf V — G'(Y' xy V). If a : G — g.G’

étale
is a map of abelian presheaves on Y6, then there is a unique map a# : G# —

9+((G")) of abelian sheaves on Yg;q; such that the diagram

g 4a>g*g’

L

#
G* —“—g.((6")*)
is commutative where the vertical maps come from the canonical maps G — G#
and G’ — (G")#. If o/ : g7'G# — (G')* is the map adjoint to o, then for a
geometric point 7' : Spec(k) — Y’ with image J = go ¥’ in Y, the map
o Gy = (GF)g=(97'6%)y — ()2 =Gy
is given by mapping the class in the stalk of a section s of G over an étale neigh-

bourhood (V,7) to the class of the section a(s) in g.G (V) = G (Y’ xy V) over the
étale neighbourhood (Y’ xy V, (¥',7)) in the stalk of G' at 7.

Lemmal 4.10. Consider a cartesian square
X' —X
f’l ’ lf
N v
of schemes with f locally quasi-finite. There is an isomorphism g~ * fiF — fl(¢g') "' F

functorial for F in Ab(X¢tare) which is compatible with the descriptions of stalks
given in Lemma (see proof for the precise statement).

Proof. With conventions as in Remark we will explicitly construct a map
¢ fpF — gufp(d) I F

of abelian presheaves on Yz;4i.. By the discussion in Remark @ this will determine
a canonical map g~ 'fiF — f/(¢')"'F. Finally, we will show this map induces
isomorphisms on stalks and conclude by Etale Cohomology, Theorem [29.10

Construction of the map c. Let V' € Y4, and consider a section s = Zi:l,...,n(Zi7 Si)
as in defining an element of f, F(V). The value of g*fl’,!(g’)_l}" at V
is fo(g") " F (V') where V! = V xy Y'. Denote Z; C Xy, the base change of
Z; to V'. By there is a pullback map Hz, (F) — Hzg((g’)*l]-'). Denoting
s; € Hy((¢')~'F) the image of s; under pullback, we set c(s) = >, .(Z],s})

7991
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as in (4.0.1) defining an element of f;,(¢") "' F(V'). We omit the verification that
this construction is compatible the relations and and compatible with re-
striction mappings. The construction is clearly functorial in F.

Let 3 : Spec(k) — Y’ be a geometric point with image ¥ = go %’ in Y. Observe
that Xé, = Xy by transitivity of fibre products. Hence g’ produces a bijection
{f' (@) =7} — {f(@) =7} and if T maps to T, then ((¢')"'F)z = Fz by Etale
Cohomology, Lemma Now we claim that the diagram

(97 1 F)y == (hF)y ® ey Fr
(1) Fly D @)=y (9) " Fr

commutes where the horizontal arrows are given in the proof of Lemma [£:2] and
where the right vertical arrow is an equality by what we just said above. The
southwest arrow is described in Remark as the pullback map, i.e., simply given
by our construction ¢ above. Then the simple description of the image of a sum
>(Z;, z;) in the stalk at Z given in the proof of Lemma immediately shows the
diagram commutes. This finishes the proof of the lemma. (I

Lemmal 4.11. Let f' : X — Y  and g : Y' — Y be composable morphisms of
schemes with ' and f = go f' locally quasi-finite and g separated and locally of
finite type. Then there is a canonical isomorphism of functors gio f| = fi. This
isomorphism is compatible with

(a) covariance with respect to open embeddings as in Remarks and

(b) the base change isomorphisms of Lemmas[{.10] and[3.13, and

(c) equal to the isomorphism of Lemma |3.15 via the identifications of Lemma
in case f' is separated.

Proof. Let F be an abelian sheaf on X¢iq.. With conventions as in Remark
we will explicitly construct a map

c: fpF — g*f;;!]'—

of abelian presheaves on Y¢;qi.. By the discussion in Remark this will determine
a canonical map ¢# : fiF — g.f{F. We will show that ¢# has image contained
in the subsheaf g f/F, thereby obtaining a map ¢ : fiF — ¢ f/F. Next, we will
prove (a), (b), and (c) that. Finally, part (b) will allow us to show that ¢’ is an
isomorphism.

Construction of the map ¢. Let V € Yeiq1. and let s = > (Z;, s;) be a sum as in
defining an element of f, F (V). Recall that Z; C Xy = X xy V is a locally
closed subscheme finite over V. Setting V' =Y’/ xyV we get Xy = X xy/ V' = Xy
Hence Z; C Xy is locally closed and Z; is finite over V' because g is separated
(Morphisms, Lemma [44.14). Hence we may set ¢(s) = >.(Z;,s;) but now viewed
as an element of f),F (V') = (g.f;;F)(V). The construction is clearly compatible
with relations and and compatible with restriction mappings and hence we
obtain the map c.

Observe that in the discussion above our section ¢(s) = > (Z;,s;) of f{F over V'
restricts to zero on V' \ Im(][ Z; — V’). Since Im(]] Z; — V') is proper over V
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(for example by Morphisms, Lemma we conclude that c(s) defines a section
of gl F C guf|F over V. Since every local section of fiF locally comes from a
local section of f,1F we conclude that the image of ¢ is contained in g f{F. Thus
we obtain an induced map ¢ : fiF — g f/F factoring ¢ as predicted in the first
paragraph of the proof.

Proof of (a). Let Y{ C Y’ be an open subscheme and set X; = (f)~1(W’). We
obtain a diagram

X1T>X
f{l lf’

nl Y —=Y' s
gll ig
Yy—2=Y

where the horizontal arrows are open immersions. Then our claim is that the
diagram

foFla ——> g1 fi, Flx,
1

g1 (I F)lyy

o

hF - g!f!/]: Q*f!/]:

commutes where the left vertical arrow is Remark and the right vertical arrow
is Remark The equality sign in the diagram comes about because fi is the
restriction of f’ to Y{ and our construction of f| is local on the base. Finally,
to prove the commutativity we choose an object V' of Ygue and a formal sum
s1 = >.(Z14,514) as in defining an element of fi 1 F|x, (V). Recall this
means Z1; C Xy xy V is locally closed finite over V and s,; € Hz, ,(F). Then we
chase this section across the maps involved, but we only need to show we end up
with the same element of g, f{ F(V) = f/F(Y' xy V). Going around both sides of
the diagram the reader immediately sees we end up with the element » (Z1 ;,s1,)
where now Z1 ; is viewed as a locally closed subscheme of X Xy (Y'xy V) = X xy V
finite over Y’/ xy V.

Proof of (b). Let b:Y; — Y be a morphism of schemes. Let us form the commu-
tative diagram

Xl?X

1)
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with cartesian squares. We claim that our construction is compatible with the base
change maps of Lemmas [1.10| and [3.12] i.e., that the top rectangle of the diagram

b_lf!]: f17!a_1]:

blc’l icll

Vg fiF —— g1 (V) F —— g fl 0 F

l | |

b g flF —— g1 (V) fIF —= g1 f1 o' F

commutes. The verification of this is completely routine and we urge the reader
to skip it. Since the arrows going from the middle row down to the bottom row
are injective, it suffices to show that the outer diagram commutes. To show this it
suffices to take a local section of b~! fiF and show we end up with the same local
section of g1 « f{7,a*1]-" going around either way. However, in fact it suffices to check
this for local sections which are of the the pullback by b of a section s = Y (Z;, s;) of
I F(V) as above (since such pullbacks generate the abelian sheaf b=! f,F). Denote
Vi, V{, and Z;; the base change of V, V! =Y’ xy V, Z; by Y1 — Y. Recall
that Z; is a locally closed subscheme of Xy = Xy~ and hence Z;; is a locally
closed subscheme of (X1)v, = (X1)vy. Then b~'¢’ sends the pullback of s to the
pullback of the local section c(s) > (Zi, si) viewed as an element of f,F(V') =
(g« 1’7!]-' )(V). The composition of the bottom two base change maps simply maps
this to Y (Z; 1, s1,;) viewed as an element of f{mla’l}‘(V{) = g17*f{7p,a’1]:(V1). On
the other hand, the base change map at the top of the diagram sends the pullback
of s to Y.(Z14,51,) viewed as an element of f;,a=1F (V). Then finally ¢; by its
very construction does indeed map this to > (Z;1,s1,) viewed as an element of
fipa ' F(V]) = g1« f] ya” " F(V1) and the commutativity has been verified.

Proof of (c¢). This follows from comparing the definitions for both maps; we omit
the details.

To finish the proof it suffices to show that the pullback of ¢’ via any geometric
point 7 : Spec(k) — Y is an isomorphism. Namely, pulling back by 7 is the same
thing as taking stalks and y (Etale Cohomology, Remark @ and hence we can
invoke Etale Cohomology, Theorem By the compatibility (b) just shown, we
conclude that we may assume Y is the spectrum of k and we have to show that ¢/
is an isomorphism. To do this it suffices to show that the induced map

@xex]:w :HO(Yaf']:) —>H0(Kg!fllf) :HS(Y/’fI/]:)

is an isomorphism. The equalities hold by Lemmas [£.5 and 3.11}] Recall that
X is a disjoint union of spectra of Artinian local rings with residue field k, see
Varieties, Lemma Since the left and right hand side commute with direct
sums (details omitted) we may assume that F is a skyscraper sheaf z. A supported
at some x € X. Then f/F is the skyscraper sheaf at the image y’ of z in Y by
Lemma [£.5] In this case it is obvious that our construction produces the identity
map A — H2(Y',y. A) = A as desired. O
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0F6T Lemma 4.12. Let f: X — Y and g:Y — Z be composable locally quasi-finite
morphisms of schemes. Then there is a canonical isomorphism of functors
(goflr —r giofi
These isomorphisms satisfy the following properties:

(1) If f and g are separated, then the isomorphism agrees with Lemma .
(2) If g is separated, then the isomorphism agrees with Lemma |4.11]
(3) For a geometric point Z : Spec(k) — Z the diagram

((go f1F)z Dy(r @)= =

|

(9:iF)z —— Dy)==(1F)ly — By(sz))== F=

is commutative where the horizontal arrows are given by Lemma [{.5
(4) Let h : Z — T be a third locally quasi-finite morphism of schemes. Then
the diagram

(hogo f)y———(hog)ofi
hyo(go f)i ——=hiogiofi

commautes.
(5) Suppose that we have a diagram of schemes

X/?X

f’l lf
Y’?Y
g/l lg
A

with both squares cartesian and f and g locally quasi-finite. Then the dia-
gram

a~to(go f) (g'ofhoc!

l |

a_log!of!Hg{ob_lofgﬁg!’of!'oc_

1

commutes where the horizontal arrows are those of Lemma [[-10}

Proof. If f and g are separated, then this is a special case of Lemma If g
is separated, then this is a special case of Lemma, which moreover agrees with
the case where f and g are separated.

Construction in the general case. Choose an open covering Y = |JY; such that the
restriction g; : Y; — Z of g is separated. Set X; = f~(Y;) and denote f; : X; — Y;
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the restriction of f. Also denote h = go f and h; : X; — Z the restriction of h.
Consider the following diagram

@io,il hioil,lf Xigiq @ig hioy!f

| |

@io,il gioih!fioih!]: Xigiq @io gioﬂfio,!]:lxio

| |

v
®i0,i1 giUih!(f!f”Yioil - @io giOv!(f!f)|}/i0 g hF 0

By Lemma [£.7] the top and bottom row in the diagram are exact. By Lemma
the top left square commutes. The vertical arrows in the lower left square come
about because (fiF)|y, ., = fioi\Flxiy:, and (fiF)|y,, = fio 1 Flx,, as the con-
struction of fj is local on the base. Moreover, these equalities are (of course) compat-
ible with the identifications ((fiF)|yv;,)lvi,;, = (F)lviys, and (fig 1 Flxi )vig:, =
figir )\ Flx,,;, Which are used (together with the covariance for open embeddings
for Y;,;, C Yi,) to define the horizontal maps of the lower left square. Thus this
square commutes as well. In this way we conclude there is a unique dotted arrow

as indicated in the diagram and moreover this arrow is an isomorphism.

X hF 0

Proof of properties (1) — (5). Fix the open covering Y = [JY;. Observe that if
Y — Z happens to be separated, then we get a dotted arrow fitting into the huge
diagram above by using the map of Lemma (by the very properties of that
lemma). This proves (2) and hence also (1) by the compatibility of the maps of
Lemma and Lemma Next, for any scheme Z’ over Z, we obtain the
compatibility in (5) for the map (¢’ o f')1 — g/ o f{ constructed using the open
covering Y’/ = |Jb~1(Y;). This is clear from the corresponding compatibility of the
maps constructed in Lemma In particular, we can consider a geometric point
Z : Spec(k) — Z. Since Xz — Yz — Spec(k) are separated maps, we find that the
base change of (g o fWF — g fiF by Z is equal to the map of Lemma The
reader then immediately sees that we obtain property (3). Of course, property (3)
guarantees that our transformation of functors (g o f); — ¢ o fi constructed using
the open covering Y = (JY; doesn’t depend on the choice of this open covering.
Finally, property (4) follows by looking at what happens on stalks using the already
proven property (3). O

5. Weightings and trace maps for locally quasi-finite morphisms

A reference for this section is [AGVTIl Exposee XVII, Proposition 6.2.5].

Let f: X — Y be a locally quasi-finite morphism of schemes. Let w : X — Z be a
weighting of f, see More on Morphisms, Definition Let F be an abelian sheaf
on Yziqie. In this section we will show that there exists map

Trf,w,]-' : f!filf — F

of abelian sheaves on Yy characterized by the following property: on stalks at a
geometric point ¥ of Y we obtain the map

D@ W F =D T T
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Here as indicated the arrow is given by multiplication by the integer w(Z) on the
summand corresponding to Z. The equality on the left of the arrow follows from
Lemma combined with Etale Cohomology, Lemma m

If the morphism f : X — Y is flat, locally quasi-finite, and locally of finite pre-
sentation, then there exists a canonical weighting and we obtain a canonical trace
map whose formation is compatible with base change, see Example 5.5 If Y is a
locally Noetherian unibranch scheme and f : X — Y is locally quasi-finite, then
we can also define a (natural) weighting for f and we have trace maps in this case
as well, see Example

Lemma 5.1. Let f: X — Y be a locally quasi-finite morphism of schemes. Let A
be a ring. Let F be a sheaf of A-modules on Xepqie and let G be a sheaf of A-modues
on Yerale- There is a canonical isomorphism

can: iF @n G — fiI(F @a £7'G)
of sheaves of A-modules on Yeiqe-
Proof. Recall that fiF = (fuF)# by Definition where f,1 F is the presheaf

constructed in Sectionl Thus in order to construct the arrow it suffices to construct
a map

fp!f ®p,A G — fp! (-F (2N fﬁlg)
of presheaves on Yg;q1.. Here the symbol ®, o denotes the presheaf tensor product,
see Modules on Sites, Section Let V be an object of Ygiq.. Recall that

o F(V) =colimz Hz(F) and fo(F @4 f'G)(V) = colimz Hz(F @4 f71G)
See Section [d] Our map will be defined on pure tensors by the rule
(Z,s) @t (Z,5@ f'1)

(for notation see below) and extended by linearity to all of (fpuF ®pa G)(V) =
fprF(V) ®a G(V). Here the notation used is as follows

(1) Z C Xv is a locally closed subscheme finite over V/,
(2) s € Hz(F) which means that s € F(U) with Supp(s) C Z for some U C Xy
open such that Z C U is closed, and

(3) t € G(V) with image f~'t € f~1G(U).
Since the support of s € F(U) is contained in Z it is clear that the support of
s ® f~1t is contained in Z as well. Thus considering the pair (Z,s ® f~'t) makes
sense. It is immediate that the construction commutes with the transition maps
in the colimit colimy Hz(F) and that it is compatible with restriction mappings.
Finally, it is equally clear that the construction is compatible with the identifications
of stalks of f; in Lemma[4.5] In other words, the map can we’ve produced on stalks
at a geometric point ¥ fits into a commutative diagram

(F @n Gy —m= H(F @A ['G)y

cany

l |

(D F7) @ Gy — B (F7 @a Gy)

where the direct sums are over the geometric points T lying over 7, where the vertical
arrows are the identifications of Lemmal[£.5 and where the lower horizontal arrow is
the obvious isomorphism. We conclude that can is an isomorphism as desired. [
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Lemma 5.2. Let f: X — Y be a locally quasi-finite morphism of schemes. Let
w: X — 7Z be a weighting of f. For any abelian sheaf F on'Y there exists a unique
trace map Try ., F fif *F — F having the prescribed behaviour on stalks.

Proof. By Lemma we have an identification fif~'F = fiZ ® F compatible
with the description of stalks of these sheaves at geometric points. Hence it suffices
to produce the map

Trywz: i —7Z
having the prescribed behaviour on stalks. By Deﬁnitionwe have fiZ = (fnZ)*
where f,1Z is the presheaf constructed in Section 4| Thus it suffices to construct a
map
fp!Z — Z
of presheaves on Yziqre. Let V be an object of Y. Recall from Section [] that
fpZ(V) = colimy Hz(Z)

Here the colimit is over the (partially ordered) collection of locally closed sub-
schemes Z C Xy which are finite over V. For each such Z we will define a map

Hz(Z) — Z(V)
compatible with the maps defining the colimit.

Let Z C Xy belocally closed and finite over V. Choose an open U C Xy containing
Z as a closed subset. An element s of Hz(Z) is a section s € Z(U) whose support
is contained in Z. Let U, C U be the open and closed subset where the value of s
is n € Z. By the support condition we see that Z N U, = U, for n # 0. Hence for
n # 0, the open U, is also closed in Z (as the complement of all the others) and
we conclude that U, — V is finite as Z is finite over V. By the very definition of
a weighting this means the function fU _v w|y, is locally constant on V' and we
may view it as an element of Z(V). Our construction sends (Z, s) to the element

Znez, o </Un—>van> € Z(V)

The sum is locally finite on V' and hence makes sense; details omitted (in the whole
discussion the reader may first choose affine opens and make sure all the schemes
occuring in the argument are quasi-compact so the sum is finite). We omit the
verification that this construction is compatible with the maps in the colimit and
with the restriction mappings defining f,1Z.

Let 7 be a geometric point of Y lying over the point y € Y. Taking stalks at 7 the
construction above determines a map

(125 =D, 52 — 2= %

To finish the proof we will show this map is given by multiplication by w(Z) on
the summand corresponding to Z. Namely, pick T lying over 3. We can find an
étale neighbourhood (V,7) — (Y,7) such that Xy contains an open U finite over
V such that only the geometric point T is in U and not the other geometric points
of X lifting y. This follows from More on Morphisms, Lemma [41.3} some details
omitted. Then (U,1) defines a section of fiZ over V which maps to 1 in the
summand corresponding to T and zero in the other summands (see proof of Lemma
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and our construction above sends (U, 1) to [, ,,, w|y which is constant with
value w(T) in a neighbourhood of T as desired. O

Lemma 5.3. Let f: X — Y be a locally quasi-finite morphism of schemes. Let
w : X — Z be a weighting of f. The trace maps constructed above have the following
properties:

(1) Trga.,r is functorial in F,

(2) Trgw,r is compatible with arbitrary base change,

(3) given a ring A and K in D(Yiae, A) we obtain Trip i @ fif 1K — K
functorial in K and compatible with arbitrary base change.

Proof. Part (1) either follows from the construction of the trace map in the proof
of Lemma or more simply because the characterization of the map forces it to
be true on all stalks. Let

X —=X

g/
f’l lf
yvi_ 9.y
be a cartesian diagram of schemes. Then the function w’ = wog : X' — Z is a
weighting of f’ by More on Morphisms, Lemma Statement (2) means that
the diagram

- 9 'F
g TrfwF

_lf'

Trpr i g=17

—1 —1]: 9—1]:

is commutative where the left vertical equality is given by

g—lf!f—lj—_- _ f{l(g,)_lf_lf _ f{(f/)_lg_l]:
with first equality sign given by Lemma (base change for lower shriek). The
commutativity of this diagram follows from the characterization of the action of

our trace maps on stalks and the fact that the base change map of Lemma
respects the descriptions of stalks.

Given parts (1) and (2), part (3) follows as the functors f=1' : D(Yare, A) —
D(X¢tate, A) and fi : D(Xgpate; A) — D(Yerare, A) are obtained by applying f~*
and fi to any complexes of modules representing the objects in question. O

Lemma 5.4. Let f: X — Y and g:Y — Z be locally quasi-finite morphisms.
Let wy : X — Z be a weighting of f and let wy : Y — Z be a weighting of g. For
K € D(Z¢tare, N) the composition

T fwf g 1K Trg,wg,K
e,

(90f)!(gof)_leg!ﬁf_lg_lK—>gvg 'K K

is equal to Tryof w,.; i Where wyor(w) = wy(w)wy(f(x)).

Proof. We have (go f); = g o fi by Lemma In More on Morphisms, Lemma
we have seen that wyos is a weighting for g o f so the statement makes sense.
To check equality compute on stalks. Details omitted. [
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0GKI Example| 5.5 (Trace for flat quasi-finite). Let f : X — Y be a morphism of
schemes which is flat, locally quasi-finite, and locally of finite presentation. Then
we obtain a canonical positive weighting w : X — Z by setting

w(z) = lengthy . (Ox,o/M @) Ox ) [K(2) : 6(f(2))];

See More on Morphisms, Lemma Thus by Lemmas[5.2|and [5.3]for f we obtain
trace maps

Trpg: if 'K — K

functorial for K in D(Yziaie, A) and compatible with arbitrary base change. Note
that any base change f’: X’ — Y’ of f satisfies the same properties and that w
restricts to the canonical weighting for f'.

0GL4 Remark|5.6. Let j: U — X be an étale morphism of schemes. Then the trace
map Tr : jij 'K — K of Example is equal to the counit for the adjunction
between ji and j~'. We already used the terminology “trace” for this counit in

Etale Cohomology, Section

0GKJ |Example 5.7 (Trace for quasi-finite over normal). Let Y be a geometrically
unibranch and locally Noetherian scheme, for example Y could be a normal variety.
Let f: X — Y be a locally quasi-finite morphism of schemes. Then there exists a
positive weighting w : X — Z for f which is roughly defined by sending = to the
“generic separable degree” of Oj;(h,;v over O;’?f(l). See More on Morphisms, Lemma
Thus by Lemmas [5.2] and for f and w we obtain trace maps

Trfwr: if 'K — K

functorial for K in D(Ygate, A) and compatible with arbitrary base change. How-
ever, in this case, given a base change ' : X/ — Y of f the restriction of w to X'
in general does not have a “natural” interpretation in terms of the morphism f.

6. Upper shriek for locally quasi-finite morphisms

0F58 For a locally quasi-finite morphism f : X — Y of schemes, the functor f :
Ab(X¢tare) = Ab(Yeétale) commutes with direct sums and is exact, see Lemma
This suggests that it has a right adjoint which we will denote f*.

Warning: This functor is the non-derived version!

0F59 |Lemmal6.1. Let f: X — Y be a locally quasi-finite morphism of schemes.
(1) The functor fi : Ab(Xgsare) — Ab(Yesare) has a right adjoint f': Ab(Yesare) —
Ab(Xétale)"
(2) We have f(§,A) = I1z)—5 T4
(3) If A is a ring, then the functor fi : Mod(Xetare, N) = Mod(Yitaie, A) has a
right adjoint f': Mod(Ystare, N) — Mod(X¢tare, N) which agrees with f' on
underlying abelian sheaves.

Proof. Proof of (1). Let E C Ob(Ab(Yerare)) be the class consisting of products of
skyscraper sheaves. We claim that
(a) every G in Ab(Ystae) is a subsheaf of an element of E, and
(b) for every G € E there exists an object H of Ab(X¢ta1e) such that Hom(fiF,G) =
Hom(F, H) functorially in F.
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Once the claim has been verified, the dual of Homology, Lemma produces the
adjoint functor f'.

Part (a) is true because we can map G to the sheaf [[7,Gy where the product is
over all geometric points of Y. This is an injection by Etale Cohomology, Theorem
(This is the first step in the Godement resolution when done in the setting
of abelian sheaves on topological spaces.)

Part (b) and part (2) of the lemma can be seen as follows. Suppose that G = [[7, Ay
for some abelian groups Ay. Then

Hom(fgf, g) = HHom(f!]:a y*Aﬁ)

Thus it suffices to find abelian sheaves Hy on Xgiqie representing the functors
F — Hom(fiF,7,Ay) and to take H = [[ Hy. This reduces us to the case H =7, A
for some fixed geometric point § : Spec(k) — Y and some fixed abelian group A.
We claim that in this case H =[] F@)=7 T, A works. This will finish the proof of

parts (1) and (2) of the lemma. Namely, we have

Hom(f,.F, 7, A) = Hom 4((iF)y, A) = Hom 4, (P =)

(@)=
by the description of stalks in Lemma [4.5] on the one hand and on the other hand
we have

Hom(F,H) = Hf _ _Hom(F,z.A) = H

(@)=y

Hom ay (s, A
r@=y Hom e A)

We leave it to the reader to identify these as functors of F.

Proof of part (3). Observe that an object Mod(X¢iaie, A) is the same thing as an
object F of Ab(X¢tale) together with a map A — End(F). Hence the functors fi
and f' in (1) define functors f; and f' as in (3). A straightforward computation
shows that they are adjoints. O

Lemma 6.2. Let j: U — X be an étale morphism. Then j' = j~ L.

Proof. This is true because j; as defined in Section [4] agrees with j; as defined
in Etale Cohomology, Section see Lemma Finally, in Etale Cohomology,
Section the functor j is defined as the left adjoint of j~' and hence we conclude
by uniqueness of adjoint functors. O

Lemma 6.3. Let f: X =Y and g: Y — Z be separated and locally quasi-finite
morphisms. There is a canonical isomorphism (g o f)' — f'og'. Given a third
locally quasi-finite morphism h : Z — T the diagram

(hogof)) ——=f'o(hog)
(gof)!ohlﬁf!ogloh!
commutes.

Proof. By uniqueness of adjoint functors, this immediately translates into the
corresponding (dual) statement for the functors fi. See Lemma m (]
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Lemmal6.4. Letj:U — X andj’ : V — U be étale morphisms. The isomorphism

(jog )™t = (§))"  oj~! and the isomorphism (j o j')' = (') o j' of Lemma
agree via the isomorphism of Lemma[6.3

Proof. Omitted. (]
Lemma 6.5. Consider a cartesian square
X —X
f/l ’ lf
N

of schemes with [ locally quasi-finite. For any abelian sheaf F on Y/ we have

étale
()-(8)/F = Fg.F. t

Proof. By uniqueness of adjoint functors, this follows from the corresponding
(dual) statement for the functors fi. See Lemma [4.10] O

Remark|6.6. The material in this section can be generalized to sheaves of pointed
sets. Namely, for a site C denote Sh*(C) the category of sheaves of pointed sets.
The constructions in this and the preceding section apply, mutatis mutandis, to
sheaves of pointed sets. Thus given a locally quasi-finite morphism f : X — Y of
schemes we obtain an adjoint pair of functors

fi o SB* (Xetate) — Sh*(Yetate) and  f': Sh*(Yerate) — Sh* (Xétale)

such that for every geometric point g of Y there are isomorphisms
z

(1F)5= 5

(coproduct taken in the category of pointed sets) functorial in F € Sh™(X¢taie) and
isomorphisms

F'@.5) =11, _,75
functorial in the pointed set S. If F' : Ab(X¢pare) — Sh* (Xstare) and F : Ab(Yerare) —
Sh*(Yitare) denote the forgetful functors, compatibility between the constructions
will guarantee the existence of canonical maps

HF(F) — F(AF)
functorial in F € Ab(Xgaie) and
F(f'G) — f'F(9)

functorial in G € Ab(Ystare) which produce the obvious maps on stalks, resp.
skyscraper sheaves. In fact, the transformation F o f' — f'o F is an isomorphism
(because f' commutes with products).

7. Derived upper shriek for locally quasi-finite morphisms

We can take the derived versions of the functors in Section [6] and obtain the fol-
lowing.

Lemmal 7.1. Let f: X — Y be a locally quasi-finite morphism of schemes. Let A
be a ring. The functors fi and f' of Deﬁm’tz’on@ and Lemma induce adjoint
functors fi : D(Xgrate, A) = D(Yerate, A) and Rf' - D(Yepare, A) — D(Xgsate, A) on
derived categories.


https://stacks.math.columbia.edu/tag/0F5C
https://stacks.math.columbia.edu/tag/0F6U
https://stacks.math.columbia.edu/tag/0F5L
https://stacks.math.columbia.edu/tag/0F5N

0GJX

0GKK

0GKL

0F7A

OF7B

MORE ETALE COHOMOLOGY 27

In the separated case the functor fi is defined in Section [3]

Proof. This follows immediately from Derived Categories, Lemma the fact
that f) is exact (Lemma and hence Lf; = f; and the fact that we have enough
K-injective complexes of A-modules on Y. so that Rf' is defined. [l

Remark| 7.2. Let f: X — Y be a locally quasi-finite morphism of schemes. Let
A be a ring. The functor fi : D(X¢tate, A) = D(Yetate, A) of Lemma sends
complexes with torsion cohomology sheaves to complexes with torsion cohomology
sheaves. This is immediate from the description of the stalks of f, see Lemma

Lemmal 7.3. Let X be a scheme. Let X = U UV with U and V open. Let A be
a ring. Let K € D(Xgtate, N). There is a distinguished triangle

JuaviKluay = juiK|u @ jviKly = K = juaviK|uav (1]
in D(Xstate, N) with obvious notation.

Proof. Since the restriction functors and the lower shriek functors we use are exact,
it suffices to show for any abelian sheaf F on X4 the sequence

0= junviFlunv = junFlu @ jviFlv = F =0

is exact. This can be seen by looking at stalks. O

Lemma 7.4. Let X be a scheme. Let Z C X be a closed subscheme and let U C X
be the complement. Denote i : Z — X and j : U — X the inclusion morphisms.
Let A be a ring. Let K € D(X¢tate, N). There is a distinguished triangle

G K = K =i UK — i K
mn D(Xétale,[\).

Proof. Immediate consequence of Etale Cohomology, Lemma and the fact
that the functors ji, 77!, 4., i~! are exact and hence their derived versions are
computed by applying these functors to any complex of sheaves representing K. O

8. Preliminaries to derived lower shriek via compactifications

In this section we prove some lemmas on the existence of certain natural isomor-
phisms of functors which follow immediately from proper base change.

Lemmal 8.1. Consider a commutative diagram of schemes

X' —X

f '\L ’ lf

i
with f and [’ proper and g and g' separated and locally quasi-finite. Let A be a
ring. Functorially in K € D(XY, . ,A) there is a canonical map

étale’
g Rf.K — Rf.(g9/K)

in D(Ygate, N). This map is an isomorphism if (a) K is bounded below and has
torsion cohomology sheaves, or (b) A is a torsion ring.
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Proof. Represent K by a K-injective complex J° of sheaves of A-modules on
X'iuie- Choose a quasi-isomorphism ¢ J°®* — Z°® to a K-injective complex Z* of
sheaves of A-modules on X¢;q;.. Then we can consider the map

afiTJ=agflT® = fgT* = fuq0T* — f.I°

where the first and third equality come from Lemma [3.4] and the second equality
comes from Lemma which tells us that both ¢ o f| and fi o g| are equal to
(g0 f)r=(fog') as subsheaves of (go f'). = (f o g')s.

Assume A is torsion, i.e., we are in case (b). With notation as above, it suffices
to show that f.g/J® — f.Z° is an isomorphism. The question is local on Y.
Hence we may assume that the dimension of fibres of f is bounded, see Morphisms,
Lemma m Then we see that Rf, has finite cohomological dimension, see Etale
Cohomology, Lemma Hence by Derived Categories, Lemma if we show
that R?f.(giJ) = 0 for ¢ > 0 and any injective sheaf of A-modules J on X/, ,,.,
then the result follows.

The stalk of RIf.(g/J) at a geometric point ¥ is equal to H(Xy, (9/J)|x,) by
Etale Cohomology, Lemma(91.13| Since formation of g/ commutes with base change
(Lemma [3.12)) this is equal to

HY( Xy, g'g,!(~7|x;,))

where g’y : X?’7 — Xy is the induced morphism between geometric fibres. Since
Y’ — Y is locally quasi-finite, we see that Xé is a disjoint union of the fibres Xé/
at geometric points 7’ of Y lying over 7. Denote g’@, : Xé, — Xy the restriction of
gly to X%,. Thus the previous cohomology group is equal to

H(X7, ED@//@ 9y (T x2,))

for example by Lemma (but it is also obvious from the definition of g’m in
Section . Since taking étale cohomology over Xy commutes with direct sums
(Etale Cohomology, Theorem [51.3)) we conclude it suffices to show that

HY(Xg, 64 ,(J |x1,))

is zero. Observe that g : Xé, — X7 is a morphism between proper scheme over 3
and hence is proper itself. As it is locally quasi-finite as well we conclude that gy
is finite. Thus we see that g’y,’! = g’?,y* = Rg’?,y*. By Leray we conlude that we have
to show

Hq(X%/,jb(%/)

is zero. As A is torsion, this follows from proper base change (Etale Cohomology,
Lemma [91.13]) as the higher direct images of J under f’ are zero.

Proof in case (a). We will deduce this from case (b) by standard arguments. We
will show that the induced map g RPf{ K — RPf,(g/K) is an isomorphism for all
p € Z. Fix an integer py € Z. Let a be an integer such that H7(K) = 0 for j < a.
We will prove ¢iRP f{ K — RP f,(g/K) is an isomorphism for p < py by descending
induction on a. If a > pg, then we see that the left and right hand side of the map
are zero for p < pg by trivial vanishing, see Derived Categories, Lemma (and
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use that ¢ and g| are exact functors). Assume a < py. Consider the distinguished
triangle
HYK)[—-a] = K = T>q41 K

By induction we have the result for 7>,41 K. In the next paragraph, we will prove
the result for H*(K)[—a]. Then five lemma applied to the map between long exact
sequence of cohomology sheaves associated to the map of distinguished triangles

gRf.(HY(K)[—-a]) —— g RfIK ——— g Rf.T>q41 K

| l |

Rf. (g!/(Ha(K)[*aD) — Rf. (g,’K) —Rf. (gI,T\geqa-‘rlK)
gives the result for K. Some details omitted.

Let F be a torsion abelian sheaf on X[, .. To finish the proof we show that
g Rf.F — RPf.(g/F) is an isomorphism for all p. We can write F = |J F[n] where
F[n] = Ker(n : F — F). We have the isomorphism for F[n] by case (b). Since

the functors gi, g, RP f«, RP f, commute with filtered colimits (follows from Lemma
and Etale Cohomology, Lemma j the proof is complete. (]

Lemma 8.2. Consider a commutative diagram of schemes

X/T>X
f/l lf
Y’—Z>Y
g’l lg
7z "7

with f, ', g and g’ proper and k, 1, and m separated and locally quasi-finite.
Then the isomorphisms of Lemma for the two squares compose to give the
isomorphism for the outer rectangle (see proof for a precise statement).

Proof. The statement means that if we write R(gof). = Rg«oRf. and R(g'of"). =
RgloRf!, then the isomorphism mjoRg,oRf. — Rg.oR f.oky of the outer rectangle
is equal to the composition

myo Rg, o Rf, — Rg.olyo Rf. — Rg, o Rf, ok

of the two maps of the squares in the diagram. To prove this choose a K-injective
complex J* of A-modules on X/, ;. and a quasi-isomorphism kJ® — Z° to a K-
injective complex Z® of A-modules on Xgtq1e. The proof of Lemma [8.1| shows that

the canonical map

a:LfiT* — f.T°
is a quasi-isomorphism and this quasi-isomorphism produces the second arrow on
applying Rg.. By Cohomology on Sites, Lemma the complex f.Z°®, resp.
fiJ* is a K-injective complex of A-modules on Yguqe, resp. YY, ;.. (Using this is
cheating and could be avoided.) In particular, the same reasoning gives that the
canonical map

b:mg, fiT* = g.fuL*
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is a quasi-isomorphism and this quasi-isomorphism represents the first arrow. Fi-
nally, the proof of Lemma show that g.l f/ J* represents Rg.(lif.J*) because
f1J* is K-injective. Hence Rg.(a) = g.(a) and the composition g.(a) o b is the
arrow of Lemma for the rectangle. O

Lemmal 8.3. Consider a commutative diagram of schemes

X//HXIHX

g g
f”l f,l l ;
Y L> Y’ _h Y
with f, f', and f" proper and g, ¢, h, and h' separated and locally quasi-finite.
Then the isomorphisms of Lemma [8.]] for the two squares compose to give the

isomorphism for the outer rectangle (see proof for a precise statement).

Proof. The statement means that if we write (hoh’)y = hiohy and (gog’')i = giog|
using the equalities of Lemma(3.13] then the isomorphism hiohjoRf! — Rf.ogog|
of the outer rectangle is equal to the composition

hyohyo Rf = hioRf ogl — Rf.ogog

of the two maps of the squares in the diagram. To prove this choose a K-injective
complex Z° of A-modules on X7, ;. and a quasi-isomorphism ¢/Z°* — J* to a K-
injective complex J* of A-modules on X/, ,.. Next, choose a quasi-isomorphism
aJ® — K°® to a K-injective complex K°® of A-modules on Xg¢q;.. The proof of

Lemma [8.1| shows that the canonical maps
MfIT® — f1J° and hflJ°® — f.K°
are quasi-isomorphisms and these quasi-isomorphisms define the first and second

arrow above. Since ¢ is an exact functor (Lemma [3.17) we find that gig/Z° — K*
is a quasi-ismorphism and hence the canonical map

mMhfIT® — £.K°

is a quasi-isomorphism and represents the map for the outer rectangle in the derived
category. Clearly this map is the composition of the other two and the proof is
complete. [

Remark| 8.4. Consider a commutative diagram

X//HX/HX

K k
f”l f/l lf
YI/L>§/V*[>Y

ok

gn_m g M7
of schemes whose vertical arrows are proper and whose horizontal arrows are sepa-

rated and locally quasi-finite. Let us label the squares of the diagram A, B, C', D

as follows
A B

C D
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Then the maps of Lemma [8.1] for the squares are (where we use Rf, = f., etc)

Yailiofl = fioki ap:lofi— fiok
Yo :myogl = gioli yp:miog, — g.ol

For the 2 x 1 and 1 x 2 rectangles we have four further maps

Yarp : (lol')ofll — fio(kok').
Yo4p i (mom/)yogl — g.o(lol')
Yatc imyo(g" o f")e = (g o f') o ki
Y+p i muo (g o f ) = (go flsok

By Lemma [8.3| we have

YA+B = YB °7YA, 7C+D =YD O°7C

and by Lemma, [8.2] we have

YA4+C = YA OCYCs, VYB+D =7YB°D

Here it would be more correct to write Y445 = (v xidy) o (idy, *y4) with notation
as in Categories, Section [28] and similarly for the others. Having said all of this we
find (a priori) two transformations

myomjoglofl! — g.ofiok ok
namely
YB ©7YD ©°YACYC = VB+D © YA+C
and
YBO7YAOYD OYC = YA+B ©YC+D

The point of this remark is to point out that these transformations are equal.
Namely, to see this it suffices to show that

m;og;ol!’ofi’*w grolioljo fV

miog, o flok{—"=g.oloflok

commutes. This is true because the squares A and D meet in only one point,
more precisely by Categories, Lemma [28.2| or more simply the discussion preceding
Categories, Definition [28.1]

OF7F Lemmal8.5. Letb:Y; — Y be a morphism of schemes. Consider a commutative
diagram of schemes

X —=X Xp ——= Xy

g 91
f’i if and let f{l lfl

vy 2oy Y —Y
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be the base change by b. Assume f and f' proper and g and g’ separated and locally
quasi-finite. For a ring A and K in D(X., ., ) there is commutative diagram

b gRfIK ——g11(V)'RFIK — g1 Rf] .(a/) 'K

| |

b 'Rf.g K —— Rf1.a" g K —— Rf1 .91 ,(a/) 'K

in D(Y1 ¢tate, ) wherea : X1 — X, d' : X1 = X', V' : Y] = Y’ are the projections,
the vertical maps are the arrows of Lemma and the horizontal arrows are the
base change map (from Etale Cohomology, Section and the base change map of

Lemmal[3.12

Proof. Represent K by a K-injective complex J* of sheaves of A-modules on
X’ia1e- Choose a quasi-isomorphism ¢{J® — Z°® to a K-injective complex Z*® of

sheaves of A-modules on Xgsqie. The proof of Lemma constructs gl RfIK —
Rf.giK as

QLTI =9flT* = hgT* = fgT* — f.I°

Choose a quasi-isomorphism (a’) =1 7® — J;* to a K-injective complex J;* of sheaves
of A-modules on X ;.- Then we can pick a diagram of complexes

9/1,!«71' Iy

T |

gll,l(al)fljo aflg!/jo aflzo

commuting up to homotopy where all arrows are quasi-isomorphisms, the equality
comes from Lemma and Z7 is a K-injective complex of sheaves of A-modules
on X1 ¢rate- The map g1 Rf} (') "'K — Rf1 .4} ,(a’) 'K is given by

gl,lf{,*jl. = 91,!f{,!~71. = fl,!gll,!jl. = fl,*gll,!jl. = [1:I7

The identifications across the 3 equal signs in both arrows are compatible with
pullback maps, i.e., the diagram

b g fLT® —— g1 (V) LT —— g1 fi . (a) T

Vgl T — fr.07 gl T —— fi.91,(a)) 71T

of complexes of abelian sheaves commutes. To show this it is enough to show
the diagram commutes with g1, g1,1, g1, 91, replaced by g«, g1,«, 9%, g1 . (because the
shriek functors are defined as subfunctors of the * functors and the base change
maps are defined in a manner compatible with this, see proof of Lemma .
For this new diagram the commutativity follows from the compatibility of pullback
maps with horizontal and vertical stacking of diagrams, see Sites, Remarks
and so that going around the diagram in either direction is the pullback map
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for the base change of fog = go f’ by b. Since of course
gl,lf{,*(al)ilj. E—— gl,!f{7*\71.

Fiugl (@) LTS — f1.9), T8
commutes, to finish the proof it suffices to show that

b gl Tt —— fraa g T —— fi,.90,(a") 1T — fi.01, T

| | |

b T —— i T FLaTt

commutes in the derived category, which holds by our choice of maps earlier. [
Lemmal 8.6. Consider a commutative diagram of schemes

X——Y

!

with [ and g locally quasi-finite and h proper. Let A be a ring. Funtorially in
K € D(X¢tate, \) there is a canonical map

9K — Rh,(fK)

in D(Zestale, N). This map is an isomorphism if (a) K is bounded below and has
torsion cohomology sheaves, or (b) A is a torsion ring.

Proof. This is a special case of Lemma if f and g are separated. We urge the
reader to skip the proof in the general case as we’ll mainly use the case where f
and g are separated.

Represent K by a complex K® of sheaves of A-modules on X¢zqi.. Choose a quasi-
isomorphism fiK® — Z°® into a K-injective complex Z* of sheaves of A-modules on
Yétale- Consider the map

gglc. = h!fg/C. = h*fIK:. — h*I.

where the equalities are Lemmas [£.11] and [3.4] This map of complexes determines
the map ¢/ K — Rh,(f1K) of the statement of the lemma.

Assume A is torsion, i.e., we are in case (b). To check the map is an isomorphism
we may work locally on Z. Hence we may assume that the dimension of fibres
of h is bounded, see Morphisms, Lemma Then we see that Rh, has finite
cohomological dimension, see Etale Cohomology, Lemma Hence by Derived
Categories, Lemma if we show that R9h,(fiF) =0 for ¢ > 0 and any sheaf F
of A-modules on X¢zqie, then h, IC® — h,Z® is a quasi-isomorphism.

Observe that G = fiF is a sheaf of A-modules on Y whose stalks are nonzero only
at points y € Y such that x(y)/k(h(y)) is a finite extension. This follows from
the description of stalks of fiF in Lemma and the fact that both f and g are
locally quasi-finite. Hence by the proper base change theorem (Etale Cohomology,
Lemma it suffices to show that H?(Yz, H) = 0 where 7 is a sheaf on the
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proper scheme Yz over x(Z) whose support is contained in the set of closed points.
Thus the required vanishing by Etale Cohomology, Lemma m

Case (a) follows from case (b) by the exact same argument as used in the proof of

Lemma (using Lemma instead of Lemma [3.17)). O

9. Derived lower shriek via compactifications

Let f : X — Y be a finite type separated morphism of schemes with Y quasi-
compact and quasi-separated. Choose a compactification j : X — X over Y,
see More on Flatness, Theorem Let A be a ring. Denote D;.,. (X¢tare, A) the
strictly full saturated triangulated subcategory of D(Xgare, A) consisting of objects
K which are bounded below and whose cohomology sheaves are torsion. We will

consider the functor

Rfi=Rf,o0ji: D

tors

(Xétal67 A) — D:(r)rs (Y;itale; A)

where f : X — Y is the structure morphism. This makes sense: the func-

tor ji sends D; . (X¢tare, A) into Dy (X¢tare, A) by Remark and Rf, sends
D (X

s (Xetate, A) into DY (Yatare, A) by Etale Cohomology, Lemma IfAisa
torsion ring, then we define

Rf! = R?* ojl : D(Xétale7A) — D(Yvétal&A)
Here is the obligatory lemma.

Lemma 9.1. Let f: X — Y be a finite type separated morphism of quasi-compact
and quasi-separated schemes. The functors R fi constructed above are, up to canon-
ical isomorphism, independent of the choice of the compactification.

Proof. We will prove this for the functor Rfi : D(X¢tate, A) = D(Yetate, A) when
A is a torsion ring; the case of the functor Rfy : Db, (X¢tate, A) — Db s (Yetare, N)
is proved in exactly the same way.

Consider the category of compactifications of X over Y, which is cofiltered according
to More on Flatness, Theorem and Lemmas and To every choice of
a compactification
X=X, f:X->Y

the construction above associates the functor Rf, o : D(X¢tare; A) — D(Yerate, A).
Let’s be a little more explicit. Given a complex K® of sheaves of A-modules on
Xeétale, We choose a quasi-isomorphism jiK®* — Z° into a K-injective complex of
sheaves of A-modules on X ;4. Then our functor sends K® to f,Z°.

Suppose given a morphism ¢ : X; — X, between compactifications j; : X — X;
over Y. Then we get an isomorphism

R?Q,* O.j2,! = R?Qm ° Rg* O.jl,! = R?l,* O.jl,l
using Lemma in the first equality.

To finish the proof, since the category of compactifications of X over Y is cofiltered,
it suffices to show compositions of morphisms of compactifications of X over Y are
turned into compositions of isomorphisms of functorﬂ To do this, suppose that

3Namely7 if a,8 : F — G are morphisms of functors and v : G — H is an isomorphism of
functors such that v o a =« o 3, then we conclude a = 3.
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3 : X — X3 is a third compactification and that h : Xo — X3 is a morphism of
compactifications. Then we have to show that the composition

Rfs,0jsy=Rfs.,0Rh,0jay=Rfy,0j21=Rfy,0Rg.0j1y=Rf . 0ji

is equal to the isomorphism of functors constructed using simply j3, g o h, and j;.
A calculation shows that it suffices to prove that the composition of the maps

Ja3 — Rhy 0 jo 1 — Rh, o Rg, 0 j1)
of Lemma [8.6] - agrees with the corresponding map js1 — R(h o g). o j1,1 via the
identification R(ho g), = Rh. o Rg,. Since the map of Lemma[8.6]is a special case

of the map of Lemma|8.1| (as j; and j, are separated) this follows immediately from
Lemma O

Lemma 9.2. Let f: X — Y and g : Y — Z be separated morphisms of fi-
nite type of quasi-compact and quasi-separated schemes. Then there is a canonical
isomorphism Rgio Rfi — R(go f)i.

Proof. Choose a compactification ¢ : Y — Y of Y over Z. Choose a compactifica-
tion X — X of X over Y. This uses More on Flatness, Theorem and Lemma
twice. Let U be the inverse image of Y in X so that we get the commutative
diagram

X—U—>X

77
17

R(gof)r=R(Go fleo(j o
= Rg, o Rf, 0 jl o j
= Rg, oo Rf, o
= RgioRf
The first equality is the definition of R(go f)i. The second equality uses the identifi-
cations R(go f). = Rg,oRf, and (j'oj)1 = jjoj of Lemma The identification
noRfl — Rf* o used in the third equality is Lemma The final fourth equality

is the definition of Rgy and Rf,. To finish the proof we show that this isomorphism
is independent of choices made.

~

Then we have

Suppose we have two diagrams

XHU14>X1 X4>U24>X2
Y —— and Y*>Y2

\L 91 l 92

4 Z
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We can first choose a compactification i : ¥ — Y of Y over Z which dominates
both Y; and Y5, see More on Flatness, Lemma By More on Flatness, Lemma
32.3] and Categories, Lemmas [27.13] and 27.14] we can choose a compactification
X — X of X over Y with morphisms X — X; and X — X, and such that the
composition X — Y — Y is equal to the composition X — X; — Y; and such
that the composition X — Y — Y5 is equal to the composition X — Xo — Y.
Thus we see that it suffices to compare the maps determined by our diagrams when
we have a commutative diagram as follows

X - Uy Y1
J1 J1
X J2 U, J Y2
Y iyl
/ l’“
Y #?2
Z /
Each of the squares
XﬁUl UQ%IYQ UlH/Y1 YH?l X,H
J1 J2 J1 1 J1071
idl A ih, f2l B \sz fll le} ifl id D ik idi E
X2-U  y-2y, vV, vy, x-2-

o P——

N

gives rise to an isomorphism as follows
Ya i Jou — RR, 0 g1,
VB ti210 Rfaw — Rfy ., 05,
Yo it o Rfi. — Rfy, 04,
YD i 2y — Rky 0y
YE : J2,0 — Rhy o (Ji o j1)

by applying the map from Lemma (which is the same as the map in Lemma
in case the left vertical arrow is the identity). Let us write

Fy = Rfi «071,
F, = Rf2,* 0j2,!
Gy = REL* o il,!
Ga = R§2,* o iz,!

C1=R(g, 0 f1)«0 (j1 0 1)
Cy = R(gy 0 f9)« 0 (j5 © ja)

—
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The construction given in the first paragraph of the proof and in Lemma [9.1] uses

1) ~¢ for the map G; o Fy — (4,
2) «yp for the map Gy o Fy — Co,
3) ~va for the map F» — F7,
4) ~p for the map Gy — G4, and
(5) g for the map Cy — Ci.

P

This implies that we have to show that the diagram

02 YE Ol
WBT Tvc
G2 ° F2 YDOYA Gl o Fl

is commutative. We will use Lemmas|8.2|and [8.3|and with (abuse of) notation as in
Remark (in particular dropping * products with identity transformations from
the notation). We can write yg = yF o0 y4 where

Uy ?— X,
J T
U, - X,
Thus we see that

YEOCYB =VF OYAOYB =VYFO7YBOYA

the last equality because the two squares A and B only intersect in one point (similar
to the last argument in Remark|8.4)). Thus it suffices to prove that ycoyp = yroys.
Since both of these are equal to the map for the square

U1 E—— Y1
Y ——=Y,
we conclude. O

Lemma 9.3. Let f: X —Y,g:Y — Z, h:Z — T be separated morphisms of
finite type of quasi-compact and quasi-separated schemes. Then the diagram

Rh! e} Rg! e} Rf! T) R(h o g)! o Rﬁ

i'm ’YA+B\L

YB+C

RhyoR(go f)i———R(hogo f)
of isomorphisms of Lemma commutes (for the meaning of the v’s see proof).

Proof. To do this we choose a compactification Z of Z over T', then a compactifi-
cation Y of Y over Z, and then a compactification X of X over Y. This uses More
on Flatness, Theorem and Lemma Let W C Y be the inverse image of Z
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under Y — Z and let U C V C X be the inverse images of Y C W under X — Y.
This produces the following diagram

X U Vv X
f A B

Y Y w Y
g c

Z Z VA Z
h

T T T T

Without introducing tons of notation but arguing exactly as in the proof of Lemma
we see that the maps in the first displayed diagram use the maps of Lemma
for the rectangles A+ B, B+ C, A, and C as indicated in the diagram in the
statement of the lemma. Since by Lemmas and we have Ya+p = YB 04
and vpyc = vpovyc we conclude that the desired equality holds provided y4 0v¢ =
vc ©va. This is true because the two squares A and C only intersect in one point
(similar to the last argument in Remark . g

Lemma 9.4. Consider a cartesian square

XIH/X

g
f 'l lf
vy
of quasi-compact and quasi-separated schemes with f separated and of finite type.
Then there is a canonical isomorphism

g oRfi— Rf{o(g)"
Moreover, these isomorphisms are compatible with the isomorphisms of Lemmal[9.2

Proof. Choose a compactification j : X — X over Y and denote f : X — Y the
structure morphism. Let j/: X' — X and ?I : X — Y’ denote the base changes
of j and f. Since Rfi = Rf, o ji and Rf = Rf; o j{ the isomorphism can be
constructed via

g7 o Rf.0ji— Rf.o(g) " oji = Rf, 0o (g)™"
where the first arrow is the isomorphism given to us by the proper base change
theorem (Etale Cohomology, Lemma @ in the bounded below torsion case and

Etale Cohomology, Lemma in the case that A is torsion) and the second arrow
is the isomorphism of Lemma [3.12]

To finish the proof we have to show two things: first we have to show that the
isomorphism of functors so obtained does not depend on the choice of the compact-
ification and second we have to show that if we vertically stack two base change
diagrams as in the lemma, then these base change isomorphisms are compatible
with the isomorphisms of Lemma[0.2] A straightforward argument which we omit
shows that both follow if we can show that the isomorphisms
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(1) RgsoRf.=R(go f)s for f: X =Y and g:Y — Z proper,
(2) giofi=(gofhfor f: X =Y and g: Y — Z separated and quasi-finite,
and
(3) gio Rf, = Rf.ogjfor f: X - Y and f': X' Y ' properand g: Y' - Y
and ¢’ : X’ — X separated and quasi-finite with fo g = go f’
are compatible with base change. This holds for (1) by Cohomology on Sites,

Remark [19.4] for (2) by Remark and (3) by Lemma [8.5 O

Remark| 9.5. Let f: X — Y be a finite type separated morphism of schemes
with Y quasi-compact and quasi-separated. Below we will construct a map

RHK — Rf.K
functorial for K in D} (X¢tare, A) or D(Xgiare, A) if A is torsion. This transfor-

mation of functors in both cases is compatible with

(1) the isomorphism Rgio Rfi — R(go f): of Lemma and the isomorphism
Rg.oRf. — R(go f). of Cohomology on Sites, Lemma and

(2) the isomorphism g~'oRf — Rf{o(g')~" of Lemmaand the base change
map of Cohomology on Sites, Remark

Namely, choose a compactification j : X — X over Y and denote f : X — Y
the structure morphism. Since Rfi = Rf, o ji and Rf, = Rf, o Rj, it suffices
to construct a transformation of functors ji — Rj.. For this we use the canonical
transformation j; — j, of Etale Cohomology, Lemmam We omit the proof that
the resulting transformation is independent of the choice of compactification and
we omit the proof of the compatibilities (1) and (2).

10. Properties of derived lower shriek
Here are some properties of derived lower shriek.

Lemma 10.1. Let f : X — Y be a finite type separated morphism of quasi-compact
and quasi-separated schemes. Let A be a ring.

(1) Let K; € D} .(Xetate, ), i € I be a family of objects. Assume given a € Z
such that H"(K;) =0 forn < a and i € I. Then Rf\(, K;) = @D, RNHEK,.

(2) If A is torsion, then the functor Rfi : D(Xetate, ) = D(Yeétate, A) com-
mutes with direct sums.

Proof. By construction it suffices to prove this when f is an open immersion and
when f is a proper morphism. For any open immersion j : U — X of schemes, the
functor ji : D(Ugtare) — D(Xétare) is a left adjoint to pullback j =1 : D(Xspare) —
D(Ugtale) and hence commutes with direct sums, see Cohomology on Sites, Lemma
In the proper case we have Rfi = Rf, and we get the result from Etale
Cohomology, Lemma in the bounded belo case and from Etale Cohomology,
Lemma [96.4] in the case that our coefficient ring A is a torsion ring. (Il

Lemma 10.2. Let f: X — Y be a finite type separated morphism of quasi-compact
and quasi-separated schemes. Let A be a ring. The functors Rf, constructed in
Section [9 are bounded in the following sense: There exists an integer N such that
for E € DY (X¢tare, A) or E € D(Xgtare, N) if A is torsion, we have

(1) H(Rfi(t<oFE) — HY(Rf\(E)) is an isomorphism for i < a,

(2) H(Rf(E)) — H{(Rfi(t>p—NE)) is an isomorphism fori > b,


https://stacks.math.columbia.edu/tag/0H6X
https://stacks.math.columbia.edu/tag/0G29
https://stacks.math.columbia.edu/tag/0G2A

MORE ETALE COHOMOLOGY 40

(3) if H(E) = 0 fori & [a,b] for some —oc0 < a < b < oo, then H{(Rf,(E)) =0
fori & la,b+ NJ.

Proof. Assume A is torsion and consider the functor Rf : D(Xetate, A) = D(Yetate, A).
By construction it suffices to prove this when f is an open immersion and when

f is a proper morphism. For any open immersion j : U — X of schemes, the
functor ji : D(Ugtate) — D(Xetare) is exact and hence the statement holds with

N =0 in this case. If f is proper then Rf; = Rf.,, i.e., it is a right derived functor.
Hence the bound on the left by Derived Categories, Lemma Moreover in this
case [, : Mod(Xetare, ) = Mod(Yestare, A) has bounded cohomological dimension by
Morphisms, Lemma and Etale Cohomology, Lemma Thus we conclude

by Derived Categories, Lemma [32.2

Next, assume A is arbitrary and let us consider the functor Rf; : D?;TS (Xétate, A) —
D}« (Yetate, A). Again we immediately reduce to the case where f is proper and
Rfi = Rf.. Again part (1) is immediate. To show part (3) we can use induction
on b — a, the distinguished triangles of trunctions, and Etale Cohomology, Lemma

Part (2) follows from (3). Details omitted. O

0GKM Lemmal 10.3. Let f : X — Y be a quasi-finite separated morphism of quasi-
compact and quasi-separated schemes. Then the functors Rf, constructed in Sec-
tion @ agree with the restriction of the functor fi : D(Xgtaie, N) = D(Yerate, A)
constructed in Section[7 to their common domains of definition.

Proof. By Zariski’s main theorem (More on Morphisms, Lemma we can find
an open immersion j : X — X and a finite morphism f : X — Y with f = fo j.
By construction we have Rfi = Rf, o ji. Since f is finite, we have Rf, = f, by
Etale Cohomology, Proposition The lemma follows because f, o ji = fi for
example by Lemma [3.0] O

0GKN |Lemma|10.4. Let f: X — Y be a finite type separated morphism of quasi-compact
and quasi-separated schemes. Let U and V' be quasi-compact opens of X such that
X=UUV. Denotea:U =Y, b:V =Y andc:UNV =Y the restrictions of
f. Let A be a ring. For K in D} (X¢tare, ) or K € D(Xgtare, N) if A is torsion,
we have a distinguished triangle

Re(K|unv) = Ra(K|y) ® Rh(K|v) = RIK — Ra(K|uav)[1]
in D(Ystate, A).

Proof. This follows from Lemma the fact that Rfi o Rj;n = Ra; by Lemma
and the fact that Rjy = 5 by Lemma [10.9 O

0GKP |Lemma 10.5. Let f : X — Y be a finite type separated morphism of quasi-
compact and quasi-separated schemes. Let U be a quasi-compact open of X with
complement Z C X. Denote g :U — Y and h: Z =Y the restrictions of f. Let A
be a ring. For K in D, . (Xetaie, A) or K € D(X¢iare, A) if A is torsion, we have
a distinguished triangle

Rg!(K‘U) — Rf!K — Rh!(K‘Z) — ng(K|U)[1]
mn D(Y;:tal(ﬁA)'

Proof. This follows from Lemma the fact that Rfi o Rji = Rgy and Rf o Ri,
by Lemma [9.2] and the fact that Rji = ji and Riy = i = 4, by Lemma [T10.3] O
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Lemmal 10.6. Let f' : X' — Y be a finite type separated morphism of quasi-
compact and quasi-separated schemes. Let i : X — X' be a thickening and denote
f=f'oi. LetA bearing. For K' in D} (X} 0, N) or K' € D(X% 00, ) if A is
torsion, we have Rfii 'K’ = Rf/K'.

Proof. This is true because i~ ! and i, = i inverse equivalences of categories by
the topological invariance of the small étale topos (Etale Cohomology, Theorem

45.2) and we can apply Lemma O

Lemma 10.7. Let f : X — Y be a separated finite type morphism of quasi-compact
and quasi-separated schemes. Let A be a torsion ring. Let E € D(Xegtare, A) and
K € D(Yetate, N). Then

RAE @Y K = RA{(E ®) f'K)
mn D(YvétaleaA)'

Proof. Choose j: X — X and f: X — Y as in the construction of Rf;. We have
HE @Y ?_11( = ji(E ®% f~1K) by Cohomology on Sites, Lemma Iié Then we
get the result by applying Etale Cohomology, Lemma and using that f~! =
j7l o ' and Rfi = Rf.ji O

Remark|/10.8. Let A; — Ay be a homomorphism of torsion rings. Let f: X — Y
be a separated finite type morphism of quasi-compact and quasi-separated schemes.
The diagram

D(Xétalea A2) W D(Xétale» Al)

Rfy l \LRJCV

D(Yerate, N2) —=> D(Yerate, A1)

commutes where res is the “restriction” functor which turns a As-module into a
Aj-module using the given ring map. Writing Rfi = Rf, o ji for a factorization
f = foj asin Section [9, we see that the result holds for j; by inspection and for
Rf, by Cohomology on Sites, Lemma On the other hand, also the diagram

D(Xétalea Al) — D(Xétal67 AZ)
—®x, A2
szi lsz
—®k1/\2
D(Yétalea Al) — D(lfétalea AZ)
is commutative as follows from Lemma [I0.71

Remark| 10.9. Let f : X — Y be a separated finite type morphism of quasi-
compact and quasi-separated schemes. Let A be a torsion coefficient ring and let
K and L be objects of D(X¢tqre, A). We claim there is a canonical map

a: RfiRHoma(K,L) — RHomp(RfIK, RfiL)

functorial in K and L. Namely, choose j : X — X and f : X — Y as in the
construction of Rf;. We first define a map

B: Rj.RHomp(K,L) — RHomp (51 K, L)


https://stacks.math.columbia.edu/tag/0GKQ
https://stacks.math.columbia.edu/tag/0GL5
https://stacks.math.columbia.edu/tag/0GL6
https://stacks.math.columbia.edu/tag/0GL7

0G2B
0G2C

0GLS

0GL9

0GLA

MORE ETALE COHOMOLOGY 42

By the construction of internal hom in the derived category, this is the same thing
as defining a map

3" : Rj,RHomp (K, L) @% jyK — jiL
See Cohomology on Sites, Section The source of 3’ is equal to
jr (R Homa (K, L) @ K)
by Cohomology on Sites, Lemma Hence we can set 8 = j 3" where 5" :
RHoma(K,L) @5 K — L corresponds to the identity on RHom (K, L) via the

universal property of internal hom mentioned above. By Cohomology on Sites,
Remark [35.10| we have a canonical map

v : Rf ,RHomp(jiK, j1L) — RHoma(Rf,jK,Rf,jL)

Since Rfi = Rf,j and Rf. = Rf,Rj. (by Leray) we obtain the desired map
a=70Rf.p.

11. Derived upper shriek
We obtain Rf' by a Brown representability theorem.

Lemma 11.1. Let f : X — Y be a finite type separated morphism of quasi-compact
and quasi-separated schemes. Let A be a torsion coefficient ring. The functor Rf :
D(X¢tares N) — D(Yetare, A) has a right adjoint Rf' : D(Yesare, A) — D(Xesate, A).

Proof. This follows from Injectives, Proposition and Lemma above. O

Lemma 11.2. Let f : X — Y be a separated quasi-finite morphism of quasi-
compact and quasi-separated schemes. Let A be a torsion coefficient ring. The
functor Rf* : D(Yesare, A) = D(Xetare; A) of Lemma is the same as the functor
Rf' of Lemma|7.1,

Proof. Follows from uniqueness of adjoints as Rfi = fi by Lemma [10.3] O

Lemma 11.3. Let j : U — X be a separated étale morphism of quasi-compact
and quasi-separated schemes. Let A be a torsion coefficient ring. The functor
Rj': D(X¢rate, ) = D(Ugrate, N) is equal to j~ .

Proof. This is true because both Rj' and j~! are right adjoints to Rji = ji. See

for example Lemmas [T1.2] and [6.2} O

Lemma 11.4. Let f : X — Y be a finite type separated morphism of quasi-
compact and quasi-separated schemes. Let A be a torsion ring. The functor Rf'
sends DT (Ystaro, A) into DT (Xetare, A). More precisely, there exists an integer
N >0 such that if K € D(Yetare, A) has H(K) = 0 fori < a then H(Rf'K) =0
fori<a—N.

Proof. Let N be the integer found in Lemma [10.2l By construction, for K €
D(Ye¢tare, A) and L €€ D(X¢tare, A) we have Homx (L, Rf'K) = Homy (RfiL, K).
Suppose H'(K) = 0 for i < a. Then we take L = 7<,_n_1Rf'K. By Lemma
the complex RfiL has vanishing cohomology sheaves in degrees < a — 1. Hence
Homy (RfiL, K) = 0 by Derived Categories, Lemma Hence the canonical map
T<a-N-1Rf'K — Rf'K is zero which implies H/(Rf' K) =0fori <a—N-1. O
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Let f: X — Y be a separated finite type morphism of quasi-separated and quasi-
compact schemes. Let A be a torsion coefficient ring. For every K € D(Ygiqie, A)
and L € D(X¢taie, A) we obtain a canonical map

(11.4.1) Rf.RHomp(L, Rf'K) — RHomx(RfIL, K)
Namely, this map is constructed as the composition
Rf.RHomy(L, Rf'K) — RHomp(RfiL, RfRf'K) — RHom(RAL, K)

where the first arrow is Remark and the second arrow is the counit RfiRf'K —
K of the adjunction.

Lemma 11.5. Let f : X — Y be a separated finite type morphism of quasi-compact
and quasi-separated schemes. Let A be a torsion ring. For every K € D(Yeate, )

and L € D(X¢tate, N) the map
Rf.RHomp(L, Rf'K) — RHomx(RfIL, K)
is an isomorphism.

Proof. To prove the lemma we have to show that for any M € D(Yziqie, A) the
map ((11.4.1]) induces an bijection

Homy (M, Rf.RHoma (L, Rf'K)) — Homy (M, RHomp(RfL, K))
To see this we use the following string of equalities
Homy (M, Rf,RHomy (L, Rf'K)) = Homx (f ~* M, R Homa (L, Rf'K))
=Homx (f'M ®% L, Rf'K)
= Homy (Rfi(f~'M &% L), K)
= Homy (M @Y RfL, K)
= Homy (M, R Homa(RfIL, K))

The first equality holds by Cohomology on Sites, Lemma[19.1] The second equality
by Cohomology on Sites, Lemma The third equality by construction of Rf'.
The fourth equality by Lemma [10.7] (this is the important step). The fifth by
Cohomology on Sites, Lemma [35.2 O

Lemma 11.6. Let f : X — Y be a separated finite type morphism of quasi-
separated and quasi-compact schemes. Let A be a torsion ring. For every K €
D(Yitaie, A) and L € D(Xetate, ) the map (11.4.1]) induces an isomorphism

RHomy (L, Rf'K) — RHomy (RfiL, K)
of global derived homs.
Proof. By the construction in Cohomology on Sites, Section [36| we have
RHomy (L, Rf'K) = RT(X, RHoma (L, Rf'K)) = RU(Y, Rf.RHomu (L, Rf'K))
(the second equality by Leray) and
RHomy (RfiL, K) = RT(Y, RHomx(RfIL, K))

Thus the lemma is a consequence of Lemma [TT.5] O
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Lemma 11.7. Consider a cartesian square

XIH/X

g
1
vy oy
of quasi-compact and quasi-separated schemes with f separated and of finite type.
Then we have Rf' o Rg, = Ry’ o R(f")".

Proof. By uniqueness of adjoint functors this follows from base change for derived
lower shriek: we have g~ o Rfi = Rf/ o (¢')~! by Lemma O

Remark|/11.8. Let A; — Ay be a homomorphism of torsion rings. Let f: X — Y
be a separated finite type morphism of quasi-compact and quasi-separated schemes.
The diagram

D(Xetates N2) — 5= D(Xetate, A1)

] o

D(Yétalea AQ) s D(Yétalea Al)

commutes where res is the “restriction” functor which turns a As-module into a A1-
module using the given ring map. This holds by uniquenss of adjoints, the second
commutative diagram of Remark [I0.§] and because we have

Homy, (K1 ®Y, As, K) = Homy, (K7, res(K>))

This equality either for objects living over Xgqe Or on Yz is a very special case
of Cohomology on Sites, Lemma [19.1

12. Compactly supported cohomology

Let &k be a field. Let A be a ring. Let X be a separated scheme of finite type over k
with structure morphism f : X — Spec(k). In Section@we have defined the functor
Rfi : Db, (Xétare, A) — Dt (Spec(k),A) and the functor Rfi : D(Xstare, A) —
D(Spec(k),A) if A is a torsion ring. Composing with the global sections functor on
Spec(k) we obtain what we will call the compactly supported cohomology.

Definition 12.1. Let X be a separated scheme of finite type over a field k. Let
A be a ring. Let K be an object of Db (X¢rate, A) or of D(Xetare, A) in case A
is torsion. The cohomology of K with compact support or the compactly supported
cohomology of K is

RT.(X, K) = RT'(Spec(k), RfiK)
where f : X — Spec(k) is the structure morphism. We will write H!(X,K) =
HY(RT.(X,K)).
We will check that this definition doesn’t conflict with Definition by Lemma
[[2:3] The utility of this definition lies in the following result.

Lemma 12.2. Let f : X = Y be a finite type separated morphism of schemes
with Y quasi-compact and quasi-separated. Let K be an object of D}, .(Xetare, A)

tors
or of D(X¢taie, N) in case A is torsion. Then there is a canonical isomorphism

(RAK)y — RI'o(Xy, K|x;)
in D(A) for any geometric point G : Spec(k) — Y.
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Proof. Immediate consequence of Lemma and the definitions. ([

Lemma 12.3. Let X be a separated scheme of finite type over a field k. If F is
a torsion abelian sheaf, then the abelian group HO(X,F) defined in Deﬁm’tion
agrees with the abelian group HY (X, F) defined in Definition |12.1]

Proof. Choose a compactification j : X — X over k. In both cases the group is
defined as HY(X, 5,.F). This is true for the first version by Lemma and for the
second version by construction. (Il

Lemma 12.4. Let k be an algebraically closed field. Let X be a separated scheme
of finite type type over k of dimension < 1. Let A be a Noetherian ring. Let F be a
constructible sheaf of A-modules on X which is torsion. Then HI(X,F) is a finite
A-module.

Proof. This is a consequence of Etale Cohomology, Theoremm Namely, choose
a compactification j : X — X. After replacing X by the scheme theoretic closure
of X, we see that we may assume dim(X) < 1. Then H¢(X,F) = H1(X, jiF) and
the theorem applies. O

Remark 12.5 (Covariance of compactly supported cohomology). Let k be a field.
Let f: X — Y be a morphism of separated schemes of finite type over k. If X, Y,
and f satisfies one of the following conditions

(1) f is étale, or

(2) f is flat and quasi-finite, or

(3) f is quasi-finite and Y is geometrically unibranch, or

(4) f is quasi-finite and there exists a weighting w : X — Z of f

then compactly supported cohomology is covariant with respect to f. More pre-
cisely, let A be a ring. Let K be an object of D/ (Yesare, A) or of D(Yetare, A) in

tors
case A is torsion. Under one of the assumptions (1) — (4) there is a canonical map

Trfwr: if 'K — K

See Section [f] for the existence of the trace map and Examples [5.5] and [5.7] for
cases (2) and (3). If p: X — Spec(k) and q : Y — Spec(k) denote the structure
morphisms, then we have Rq o fi = Rp by Lemma [9.2] and the fact that Rfi = fi
for the quasi-finite separated morphism f by Lemma [10.3] Hence we can look at
the map
RT.(X, f'K) = RT(Spec(k), Rpif ' K)

= RT(Spec(k), Ry fif 1K)

—>Rq!Trf’w’K RI'(Spec(k), Rg K)

= RFC(Y7 K)
In particular, if A is a torsion ring, then we obtain an arrow

Trf : RT(X,A) —s RL.(Y,A)

This map has lots of additional properties, for example it is compatible with taking
ground field extensions.
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13. A constructibility result

We “compute” the cohomology of a smooth projective family of curves with constant
coefficients.

Lemma 13.1. Let p be a prime number. Let S be a scheme over F,,. Let € be a
finite locally free Og-module viewed as an Og-module on Sgiqre. Let F': E — & be
a homomorphism of abelian sheaves on Sg¢iare such that F(ae) = aPF(e) for local
sections a, e of Og, £ on Setare.- Then

Coker(F—1:& =€)

is zero and
Ker(F—1:£ =€)

is a constructible abelian sheaf on Seiqe-

This lemma is a generalization of Etale Cohomology, Lemma

Proof. We may assume S = Spec(A) where A is an F,-algebra and that & is the
quasi-coherent module associated to the free A-module Ae; & ... & Ae,. We write

F(GZ) = Zaijej.

Surjectivity of F' — 1. Tt suffices to show that any element Y a;e;, a; € A is in the
image of F' — 1 after replacing A by a faithfully flat étale extension. Observe that

F(Z Tie;) — Zmiei = foaijej - Zl‘iei

Consider the A-algebra
A= Alzy, ..., zn)/(ai + 3 — Zj ajir?)

A computation shows that dx; is zero in Q4,4 and hence Q4,4 = 0. Since
A’ is of finite type over A, this implies that Spec(A’) — Spec(A) is unramified
and hence is quasi-finite. Since A’ is generated by m elements and cut out by
n equations, we conclude that A’ is a global relative complete intersection over
A. Thus A’ is flat over A and we conclude that A — A’ is étale (as a flat and
unramified ring map). Finally, the reader can show that A — A’ is faithfully flat
by verifying directly that all geometric fibres of Spec(A’) — Spec(A) are nonempty,
however this also follows from Etale Cohomology, Lemma Finally, the element
Sxe; € Aley®...d A'e, maps to Y ae; by F— 1.

Constructibility of the kernel. The calculations above show that Ker(F — 1) is
represented by the scheme

Spec(Alz1, ..., xn]/(z; — Z]_ ajia?))

over S = Spec(A). Since this is a scheme affine and étale over S we obtain the
result from Etale Cohomology, Lemma g

Lemma 13.2. Let f : X — S be a proper smooth morphism of schemes with
geometrically connected fibres of dimension 1. Let £ be a prime number. Then

R1f,Z/VZ is a constructible.
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Proof. We may assume S is affine. Say S = Spec(A4). Then, if we write A = J A;
as the union of its finite type Z-subalgebras, we can find an 7 and a morphism
fi + Xi = S; = Spec(A4;) of finite type whose base change to S'is f : X — 5, see
Limits, Lemma After increasing i we may assume f; : X; — 5; is smooth,
proper, and of relative dimension 1, see Limits, Lemmas and By
More on Morphisms, Lemma [53.8| we obtain an open subscheme U; C S; such that
the fibres of f; : X; — S; over U; are geometrically connected. Then S — S;
maps into U;. We may replace X — S by f; : f[l(Ui) — U, to reduce to the case
discussed in the next paragraph.

Assume S is Noetherian. We may write S = U U Z where U is the open sub-
scheme defined by the nonvanishing of ¢ and Z = V(¢) C S. Since the formation
of R1f,Z/{Z commutes with arbtrary base change (Etale Cohomology, Theorem
, it suffices to prove the result over U and over Z. Thus we reduce to the
following two cases: (a) ¢ is invertible on S and (b) £ is zero on S.

Case (a). We claim that in this case the sheaves R?f,Z /{Z are finite locally constant

on S. First, by proper base change (in the form of Etale Cohomology, Lemma
91.13)) and by finiteness (Etale Cohomology, Theorem [83.10)) we see that the stalks
of R1f,Z/lZ are finite. By Etale Cohomology, Lemma all specialization maps

are isomorphisms. We conclude the claim holds by Etale Cohomology, Lemma
Case (b). Here £ = p is a prime and S is a scheme over Spec(F,). By the same
references as above we already know that the stalks of R?f,Z/pZ are finite and zero
for ¢ > 2. Tt follows from Etale Cohomology, Lemma that f.Z/pZ = Z/pZ.

It remains to prove that R!f.Z/pZ is constructible. Consider the Artin-Schreyer
sequence

0—Z/pZ — Ox ==L Ox =0

See Etale Cohomology, Section Recall that f,Ox = Og and R! f,Ox is a finite
locally free Og-module of rank equal to the genera of the fibres of X — S, see
Algebraic Curves, Lemma [20.13] We conclude that we have a short exact sequence

0 — Coker(F—1:Og — Og) — R f.Z/pZ — Ker(F—1: R' f,Ox — R'f.0x) — 0
Applying Lemma [I3.1] we win. O

Lemma 13.3. Let f : X — S be a proper smooth morphism of schemes with
geometrically connected fibres of dimension 1. Let A be a Noetherian ring. Let M
be a finite A-module annihilated by an integer n > 0. Then RYf.M is a constructible
sheaf of A-modules on S.

Proof. If n = ¢n’ for some prime number ¢, then we get a short exact sequence
0— M[{] - M — M’ — 0 of finite A-modules and M’ is annihilated by n’. This
produces a corresponding short exact sequence of constant sheaves, which in turn
gives rise to an exact sequence

RTYf.M' — Rif,M[n] — RUf.M — RUf.M' — R f,M[n]

Thus, if we can show the result in case M is annihilated by a prime number, then
by induction on n we win by Etale Cohomology, Lemma ﬁ

Let £ be a prime number such that ¢ annihilates M. Then we can replace A by
the Fy-algebra A/¢A. Namely, the sheaf RYf.M where M is viewed as a sheaf of
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A-modules is the same as the sheaf R?f,M computed by viewing M as a sheaf of
A/€A-modules, see Cohomology on Sites, Lemma m

Assume ¢ be a prime number such that ¢ annihilates M and A. Let us reduce to
the case where M is a finite free A-module. Namely, choose a resolution

s AT AT ADTo )

Recall that f, has finite cohomological dimension on sheaves of A-modules, see
Etale Cohomology, Lemma and Derived Categories, Lemma Thus we see
that R?f,M is the gth cohomology sheaf of the object

Rfo(A®™e — . — AB™0)

in D(S¢tate, A) for some integer a large enough. Using the first spectral sequence
of Derived Categories, Lemma m (or alternatively using an argument with trun-
cations) we conclude that it suffices to prove that R?f,A) is constructible.

At this point we can finally use that
(RFZ/NZ) @70z A = RfA

by Etale Cohomology, Lemma Since any module over the field Z/¢Z is flat
we obtain

(RUf.Z/NZ) @70z A = RIfA

Hence it suffices to prove the result for Rf,Z/¢Z by Etale Cohomology, Lemma
[[110l This case is Lemma [13.21 O

14. Complexes with constructible cohomology

We continue the discussion started in Etale Cohomology, Section In particu-
lar, for a scheme X and a Noetherian ring A we denote D.(X¢tare, A) the strictly
full saturated triangulated subcategory of D(X¢taie, A) consisting of objects whose
cohomology sheaves are constructible sheaves of A-modules.

Lemma 14.1. Let f: X — Y be a morphism of schemes which is locally quasi-
finite and of finite presentation. The functor fi : D(Xstaie, A) = D(Yetaie, A) of
Lemma sends De(Xetare, ) into De(Yetare, A).

Proof. Since the functor f, is exact, it suffices to show that fiF is constructible
for any constructible sheaf F of A-modules on Xgiq.. The question is local on
Y and hence we may and do assume Y is affine. Then X is quasi-compact and
quasi-separated, see Morphisms, Definition Say X = Ui:l,---,n X, is a finite
affine open covering. By Lemma we see that it suffices to show that f; \F|x,
and fi\F|x,nx, are constructible where f; : X; = Y and fijr : X; N Xy — Y are
the restrictions of f. Since X; and X; N X,/ are quasi-compact and separated this
means we may assume f is separated. By Zariski’s main theorem (in the form of
More on Morphisms, Lemma we can choose a factorization f = g o j where
j: X — X'is an open immersion and ¢g : X’ — Y is finite and of finite presentation.
Then fi = g1 o jy by Lemma By Etale Cohomology, Lemma we see that
J1F is constructible on X’. The morphism g is finite hence g = g, by Lemma |3.4
Thus fiF = gujiF = g.jiF is constructible by Etale Cohomology, Lemma [
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0GKX |Lemmal 14.2. Let S be a Noetherian affine scheme of finite dimension. Let

f X — S be a separated, affine, smooth morphism of relative dimension 1. Let
A be a Noetherian ring which is torsion. Let M be a finite A-module. Then R fiM
has constructible cohomology sheaves.

Proof. We will prove the result by induction on d = dim(.S).

Base case. If d = 0, then the only thing to show is that the stalks of R?fiM are finite
A-modules. If 5 is a geometric point of S, then we have (R?fiM)s = H?(X5, M)
by Lemma This is a finite A-module by Lemma, [12.4]

Induction step. It suffices to find a dense open U C S such that RfiM|y has con-
structible cohomology sheaves. Namely, the restriction of R fiM to the complement
S\ U will have constructible cohomology sheaves by induction and the fact that
formation of RfiM commutes with all base change (Lemma . In fact, let n € S
be a generic point of an irreducible component of S. Then it suffices to find an
open neighbourhood U of i such that the restriction of RfiM to U is constructible.
This is what we will do in the next paragraph.

Given a generic point 17 € S we choose a diagram

?lu...u?nfylu...uyn > Xy Xy X
... 1T, v U S

as in More on Morphisms, Lemmal[56.1] We will show that RfiM |y is constructible.
First, since V' — U is finite and surjective, it suffices to show that the pullback to
V is constructible, see Etale Cohomology, Lemma Since formation of Rf
commutes with base change, we see that it suffices to show that R(Xy — V)M
is constructible. Let W C Xy be the open subscheme given to us by More on
Morphisms, Lemma part (4). Let Z C Xy be the reduced induced scheme
structure on the complement of W in Xy. Then the fibres of Z — V have dimen-
sion 0 (as W is dense in the fibres) and hence Z — V is quasi-finite. From the
distinguished triangle
RW —=V)M —RXy =-V)M—>R(Z—->V)M-—...

of Lemma [[05] and from Lemma [[41] we conclude that it suffices to show that
R(W — V)M has constructible cohomology sheaves. Next, we have
RW — V)M = R(v Y (W) = V)M

because the morphism v : 1/*17(W) — W is a thickening and we may apply Lemma
Next, we let Z' C [[Y,; denote the complement of the open j(rv—1(W)).
Again Z' — V is quasi-finite. Again use the distinguished triangle

R (W) = V)M = R([Yi = V)IM = R(Z' — V)M — ...
to conclude that it suffices to prove

RIIYi» VM =P RY: - V)M =5 R(T, - V)RY; - T,)) M
has constructible cohomology sheaves (second equality by Lemma . The result
for R(Y; — T;1M is Lemma and we win because T; — V is finite étale and

we can apply Lemma [T4.1] O
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0GKY |Lemma 14.3. LetY be a Noetherian affine scheme of finite dimension. Let A be a

0GKZ

Noetherian ring which is torsion. Let F be a finite type, locally constant sheaf of A-
modules on an open subscheme U C Al.. Then RfiF has constructible cohomology
sheaves where [ : U — Y is the structure morphism.

Proof. We may decompose A as a product A = Ay X...x A, where A; is £;-primary
for some prime ¢;. Thus we may assume there exists a prime ¢ and an integer n > 0
such that ¢ annihilates A (and hence F).

Since U is Noetherian, we see that U has finitely many connected components. Thus
we may assume U is connected. Let g : U’ — U be the finite étale covering con-
structed in Etale Cohomology, Lemma The discussion in Etale Cohomology,
Section [66] gives maps

F—og9 ' F=>F

whose composition is an isomorphism. Hence it suffices to prove the result for
g+g~'F. On the other hand, we have Rfig.g~*F = R(f o g)1g~'F by Lemma [9.2}
Since g~!'F has a finite filtration by constant sheaves of A-modules of the form M

for some finite A-module M (by our choice of g) this reduces us to the case proved
in Lemma [[4.2 4

Lemmal 14.4. Let Y be an affine scheme. Let A be a Noetherian ring. Let F
be a constructible sheaf of A-modules on A3, which is torsion. Then RfiF has
constructible cohomology sheaves where f : AL, — Y is the structure morphism.

Proof. Say F is annihilated by n > 0. Then we can replace A by A/nA without
changing RfiF. Thus we may and do assume A is a torsion ring.

Say Y = Spec(R). Then, if we write R = |JR; as the union of its finite type
Z-subalgebras, we can find an ¢ such that F is the pullback of a constructible sheaf
of A-modules on A},—ii, see Etale Cohomology, Lemma Hence we may assume
Y is a Noetherian scheme of finite dimension.

Assume Y is a Noetherian scheme of finite dimension d = dim(Y") and A is torsion.
We will prove the result by induction on d.

Base case. If d = 0, then the only thing to show is that the stalks of R? fiF are finite
A-modules. If § is a geometric point of Y, then we have (R?fiF)y = HI(Xy, F) by
Lemma This is a finite A-module by Lemma, |12.4

Induction step. It suffices to find a dense open V' C Y such that RfiF|y has con-
structible cohomology sheaves. Namely, the restriction of RfiF to the complement
Y \ V will have constructible cohomology sheaves by induction and the fact that
formation of RfiF commutes with all base change (Lemma . By definition of
constructible sheaves of A-modules, there is a dense open subscheme U C A3, such
that F|y is a finite type, locally constant sheaf of A-modules. Denote Z C A},
the complement (viewed as a reduced closed subscheme). Note that U contains all
the generic points of the fibres of A}, — Y over the generic points &1,...,&, of
the irreducible components of Y. Hence Z — Y has finite fibres over &1, ...,&,.
After replacing Y by a dense open (which is allowed), we may assume Z — Y is
finite, see Morphisms, Lemma [51.1] By the distinguished triangle of Lemma
and the result for Z — Y (Lemma we reduce to showing that R(U — Y )| F
has constructible cohomology sheaves. This is Lemma [14.3] [
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Theorem 14.5. Let f : X — Y be a separated morphism of finite presentation
of quasi-compact and quasi-separated schemes. Let A be a Noetherian ring. Let K
be an object of D:;TS’C(Xétale,A) or of Do(Xeétaie, N) in case A is torsion. Then

RfiK has constructible cohomology sheaves, i.e., RfiK isin D;er,c(yétale’ A) orin
D.(Yziaie, N) in case A is torsion.

Proof. The question is local on Y hence we may and do assume Y is affine. By the
induction principle and Lemma [I0.4] we reduce to the case where X is also affine.

Assume X and Y are affine. Since X is of finite presentation, we can choose a
closed immersion 7 : X — Ay which is of finite presentation. If p : A} — Y
denotes the structure morphism, then we see that Rfy = Rpi o Riy by Lemma [9.2]
By Lemma we have the result for Riy = 4,. Hence we may assume f is the
projection morphism AY — Y. Since we can view f as the composition

_ n n—1 n—2 1
X=Ay Ay Ay = .2 Ay =Y
we may assume n = 1.

Assume Y is affine and X = Al. Since Rf, has finite cohomological dimension
(Lemma we may assume K is bounded below. Using the first spectral se-
quence of Derived Categories, Lemma m (or alternatively using an argument
with truncations), we reduce to showing the result of Lemma m O

15. Applications
In this section we give some applications of Theorem [T4.5]

Lemma 15.1. Let k be an algebraically closed field. Let X be a finite type separated
scheme over k. Let A be a Noetherian ring. Let K be an object of D?;,rs’c(Xétale, A)

or of De(Xstate, N) in case A is torsion. Then H(X,K) is a finite A-module for
all i € Z.

Proof. Immediate consequence of Theorem and the definition of compactly
supported cohomology in Section O

Proposition| 15.2. Let f : X — S be a smooth proper morphism of schemes. Let
A be a Noetherian ring. Let F be a finite type, locally constant sheaf of A-modules
on Xgiale such that for every geometric point T of X the stalk Fz is annihilated by
an integer n > 0 prime to the residue characteristic of T. Then R'f.F is a finite
type, locally constant sheaf of A-modules on Seiqie for all i € Z.

Proof. The question is local on S and hence we may assume S is affine. For a point
x of X denote n, > 1 the smallest integer annihilating Fz for some (equivalently
any) geometric point T of X lying over z. Since X is quasi-compact (being proper
over affine) there exists a finite étale covering {U; — X}j=1, .. m such that Fly,
is constant. Since U; — X is open, we conclude that the function x — n; is
locally constant and takes finitely many values. Accordingly we obtain a finite
decomposition X = X; II... I Xy into open and closed subschemes such that
n, = n if and only if z € X,,. Then it suffices to prove the lemma for the induced
morphisms X,, — S and the restriction of F to X,,. Thus we may and do assume
there exists an integer n > 0 such that F is annihilated by n and such that n is
prime to the residue characteristics of all residue fields of X.
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Since f is smooth and proper the image f(X) C S is open and closed. Hence we
may replace S by f(X) and assume f(X) = S. In particular, we see that we may
assume 7 is invertible in the ring defining the affine scheme S.

In this paragraph we reduce to the case where S is Noetherian. Write S = Spec(A)
for some Z[1/n]-algebra A. Write A = |J A4; as the union of its finite type Z[1/n]-
subalgebras. We can find an ¢ and a morphism f; : X; — S; = Spec(4;) of
finite type whose base change to S is f : X — S, see Limits, Lemma After
increasing ¢ we may assume f; : X; — 5; is smooth and proper, see Limits, Lemmas
and By Etale Cohomology, Lemma we see that there exists an
1 and a finite type, locally constant sheaf of A-modules F; whose pullback to X is
isomorphic to F. As F is annihilated by n, we may replace F; by Ker(n : F; — F;)
and assume the same thing is true for F;. This reduces us to the case discussed in
the next paragraph.

Assume we have an integer n > 1, the base scheme S is Noetherian and lives over
Z[1/n], and F is n-torsion. By Theorem m the sheaves R'f,F are constructible
sheaves of A-modules. By Etale Cohomology, Lemma the specialization maps
of R'f,F are always isomorphisms. We conclude by Etale Cohomology, Lemma
[75.6] O

16. More on derived upper shriek

Let A be a torsion ring. Consider a commutative diagram

U - U’
J
Y

of quasi-compact and quasi-separated schemes with g and ¢’ separated and of finite
type and with j étale. This induces a canonical map

RgA — Rg/A

in D(Ystate, A). Namely, by Lemmas and we have Rgi = Rgj o ji. On the
other hand, since 7 is left adjoint to j~' we have the counit Tr; : iA = jij 'A — A;
we also call this the trace map for j, see Remark[5.6] The map above is constructed
as the composition

RgA = Rgljih ~27% RgiA

Given a second étale morphism j’ : U’ — U” for some g” : U” — Y separated and
of finite type the composition

RgA — Rg/A — Rgl'A

of the maps for j and j' is equal to the map RgiA — Rgj’A constructed for 5/ o j.
This follows from the corresponding statement on trace maps, see Lemma[5.4] for a
more general case.

Let f: X — Y be a separated finite type morphism of quasi-compact and quasi-
separated schemes. Then we obtain a functor

schemes separated of finite type over Y}

Xaf fine étale — { with étale morphisms between them
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Thus the construction above determines a functor X;%%. = .. — D(Yerate, A)
sending U to R(U — Y )iA.

0GLK Lemma 16.1. Let f: X — Y be a separated finite type morphism of quasi-compact
and quasi-separated schemes. Let A be a torsion ring. Let K € D(Yeiare,A). For
n € Z the cohomology sheaf H"(Rf!K) restricted to Xy fine,étate s the sheaf asso-
ctated to the presheaf
U+— Homy(R(U — Y)IA,K[H])
See discussion above for the functorial nature of R(U — Y)iA.

Proof. Let j: U — X be an object of X, fine,stale and set g = f o j. Recall that
Homx (iA, M[n]) = H™(U, M) for any M in D(X¢sate, A). Then H*(Rf'K) is the
sheaf associated to the presheaf

U~ H"(U Rf'K) = Homx (jiA, Rf'K[n]) = Homy (RfijiA, K[n] = Homy (RgiA, K[n)])
We omit the verification that the transition maps are given by the transition maps
between the objects RgiA = R(U — Y)i1A we constructed above. O
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