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1. Introduction

In this document we work out some topics on cohomology of sheaves. We work
out what happens for sheaves on sites, although often we will simply duplicate the
discussion, the constructions, and the proofs from the topological case in the case.

Basic references are [AGVTI], [God73] and [IveS6].

2. Cohomology of sheaves

Let C be a site, see Sites, Definition [6.2] Let F be an abelian sheaf on C. We know
that the category of abelian sheaves on C has enough injectives, see Injectives,
Theorem Hence we can choose an injective resolution F[0] — Z°. For any
object U of the site C we define

(2.0.1) H'(U,F)=H'(I'(U,I%))

to be the ith cohomology group of the abelian sheaf F over the object U. In other
words, these are the right derived functors of the functor F + F(U). The family
of functors H*(U, —) forms a universal é-functor Ab(C) — Ab.

It sometimes happens that the site C does not have a final object. In this case we
define the global sections of a presheaf of sets F over C to be the set

(2.0.2) F(C,.F) = MOI‘pSh(c)(e,.F)

where e is a final object in the category of presheaves on C. In this case, given an
abelian sheaf F on C, we define the ith cohomology group of F on C as follows

(2.0.3) H'(C,F) = H'(I'(C,T*))

in other words, it is the ¢th right derived functor of the global sections functor. The
family of functors H?(C, —) forms a universal §-functor Ab(C) — Ab.
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Let f : Sh(C) — Sh(D) be a morphism of topoi, see Sites, Definition [I5.1 With
F[0] — Z* as above we define

(2.0.4) R f.F = H'(f.I°)

to be the ith higher direct image of F. These are the right derived functors of f..
The family of functors R f, forms a universal §-functor from Ab(C) — Ab(D).

Let (C,0) be a ringed site, see Modules on Sites, Definition Let F be an
O-module. We know that the category of O-modules has enough injectives, see
Injectives, Theorem 8.4 Hence we can choose an injective resolution F[0] — Z°.
For any object U of the site C we define

(2.0.5) HY(U,F) = H(T(U,Z*))

to be the the ith cohomology group of F over U. The family of functors H*(U, —)
forms a universal J-functor Mod(O) — Mody . Similarly

(2.0.6) H'(C,F)=H'T(C,I%)

it the ith cohomology group of F on C. The family of functors H*(C,—) forms a
universal J-functor Mod(C) — Modpc,0).

Let f: (Sh(C),O) — (Sh(D),O’) be a morphism of ringed topoi, see Modules on
Sites, Definition With F[0] — Z* as above we define

(2.0.7) R'f.F = H'(f.1%)

to be the ith higher direct image of F. These are the right derived functors of f,.
The family of functors R!f, forms a universal d-functor from Mod(O) — Mod(O").

3. Derived functors

We briefly explain an approach to right derived functors using resolution functors.
Namely, suppose that (C,O) is a ringed site. In this chapter we will write
K(O) = K(Mod(©)) and D(O)= D(Mod(O))

and similarly for the bounded versions for the triangulated categories introduced
in Derived Categories, Definition and Definition [I1.3] By Derived Categories,
Remark 24.3] there exists a resolution functor

j=Jeco): KT (Mod(O)) — K™ ()

where Z is the strictly full additive subcategory of Mod(O) which consists of injective
O-modules. For any left exact functor F' : Mod(O) — B into any abelian category
B we will denote RF' the right derived functor of Derived Categories, Section
constructed using the resolution functor j just described:

(3.0.1) RF =Foj :D"(0) — D" (B)

see Derived Categories, Lemma for notation. Note that we may think of RF'
as defined on Mod(O), Comp™ (Mod(0)), or K*(0O) depending on the situation.
According to Derived Categories, Definition we obtain the ithe right derived
functor

(3.0.2) R'F = H'o RF : Mod(©) — B

so that R°F = F and {R'F,d};>0 is universal d-functor, see Derived Categories,
Lemma 20.41
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Here are two special cases of this construction. Given a ring R we write K(R) =
K(Modg) and D(R) = D(Modg) and similarly for the bounded versions. For any
object U of C have a left exact functor I'(U, —) : Mod(O) — Mod ) which gives
rise to

RI'(U,—): DT(0) — DT(O(U))
by the discussion above. Note that H*(U, —) = RT'(U, —) is compatible with (2.0.5))
above. We similarly have

RT(C,—): DT(0) —s D*(I'(C,0))

compatible with ([2.0.6). If f : (Sh(C),O) — (Sh(D),©’) is a morphism of ringed
topoi then we get a left exact functor f. : Mod(O) — Mod(O’) which gives rise to
derived pushforward

Rf.: DT (0) — DT (0)
The ith cohomology sheaf of Rf.F* is denoted R’f.F* and called the ith higher
direct image in accordance with . The displayed functors above are exact
functor of derived categories.

4. First cohomology and torsors

Definition 4.1. Let C be a site. Let G be a sheaf of (possibly non-commutative)
groups on C. A pseudo torsor, or more precisely a pseudo G-torsor, is a sheaf of
sets F on C endowed with an action G x F — F such that

(1) whenever F(U) is nonempty the action G(U) x F(U) — F(U) is simply

transitive.

A morphism of pseudo G-torsors F — F' is simply a morphism of sheaves of sets
compatible with the G-actions. A torsor, or more precisely a G-torsor, is a pseudo
G-torsor such that in addition

(2) for every U € Ob(C) there exists a covering {U; — U}er of U such that
F(U;) is nonempty for all ¢ € I.

A morphism of G-torsors is simply a morphism of pseudo G-torsors. The trivial
G-torsor is the sheaf G endowed with the obvious left G-action.

It is clear that a morphism of torsors is automatically an isomorphism.

Lemma 4.2. Let C be a site. Let G be a sheaf of (possibly non-commautative)
groups on C. A G-torsor F is trivial if and only if T(C,F) # 0.

Proof. Omitted. U

Lemmal4.3. Let C be a site. Let H be an abelian sheaf on C. There is a canonical
bijection between the set of isomorphism classes of H-torsors and H(C,H).

Proof. Let F be a H-torsor. Consider the free abelian sheaf Z[F] on F. It is
the sheafification of the rule which associates to U € Ob(C) the collection of finite
formal sums Y n;[s;] with n; € Z and s; € F(U). There is a natural map

o :ZF] —Z

which to a local section Y n;[s;] associates Y n,;. The kernel of ¢ is generated by
sections of the form [s] — [s]. There is a canonical map a : Ker(c) — H which maps


https://stacks.math.columbia.edu/tag/03AH
https://stacks.math.columbia.edu/tag/03AI
https://stacks.math.columbia.edu/tag/03AJ

03F0
03F1

03F2

COHOMOLOGY ON SITES 5

[s] — [s'] = h where h is the local section of H such that h-s = s’. Consider the
pushout diagram

0 — Ker(o) Z[F] Z 0
P
0 H £ Z 0

Here £ is the extension obtained by pushout. From the long exact cohomology
sequence associated to the lower short exact sequence we obtain an element ¢ =
&7 € HY(C,H) by applying the boundary operator to 1 € H(C, Z).

Conversely, given £ € H!(C,H) we can associate to £ a torsor as follows. Choose
an embedding H — Z of H into an injective abelian sheaf Z. We set Q@ = Z/H so
that we have a short exact sequence

0 H A Q 0

The element ¢ is the image of a global section ¢ € H(C, Q) because H'(C,Z) = 0
(see Derived Categories, Lemma [20.4). Let F C Z be the subsheaf (of sets) of
sections that map to ¢ in the sheaf Q. It is easy to verify that F is a H-torsor.

We omit the verification that the two constructions given above are mutually in-
verse. (]

5. First cohomology and extensions

Lemma 5.1. Let (C,0) be a ringed site. Let F be a sheaf of O-modules on C.
There is a canonical bijection

Exti,40y (O, F) — H'(C, F)
which associates to the extension
0=>F—=EE—-0—=0
the image of 1 € T'(C,0) in H'(C,F).

Proof. Let us construct the inverse of the map given in the lemma. Let £ €
HY(C,F). Choose an injection F C Z with Z injective in Mod(O). Set Q = T/F.
By the long exact sequence of cohomology, we see that £ is the image of a section
£ eT(C,Q) = Homp (O, Q). Now, we just form the pullback

0 F & O 0
Lk
0 F T Q 0
see Homology, Section [6] O

The following lemma will be superseded by the more general Lemma [12.4]

Lemma 5.2. Let (C,0) be a ringed site. Let F be a sheaf of O-modules on C.
Let Fup, denote the underlying sheaf of abelian groups. Then there is a functorial
isomorphism

HY(C,Fu) = H'(C,F)
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where the left hand side is cohomology computed in Ab(C) and the right hand side
is cohomology computed in Mod(O).

Proof. Let Z denote the constant sheaf Z. As Ab(C) = Mod(Z) we may apply
Lemma [5.1] twice, and it follows that we have to show

Ext104(0y (O, F) = Extiyouzy (Z, Fab)-

Suppose that 0 - F — & — O — 0 is an extension in Mod(©). Then we can use
the obvious map of abelian sheaves 1 : Z — O and pullback to obtain an extension
Eab, like so:

0 ]:ab gab Z 0
|k
0 F E O 0

The converse is a little more fun. Suppose that 0 — Fup — Eqp — Z — 0 is an
extension in Mod(Z). Since Z is a flat Z-module we see that the sequence

04)Fab®§04>gab®l04>z®l(9*>o

is exact, see Modules on Sites, Lemma Of course Z ®z O = 0. Hence we can
form the pushout via the (O-linear) multiplication map p : F @z O — F to get an
extension of O by F, like this

00— Fup ®20 — &3 20— 0 ——0

| i

0 F & @) 0

which is the desired extension. We omit the verification that these constructions
are mutually inverse. (I

6. First cohomology and invertible sheaves
The Picard group of a ringed site is defined in Modules on Sites, Section
Lemma 6.1. Let (C,O) be a locally ringed site. There is a canonical isomorphism

H'(C,0%) = Pic(0).

of abelian groups.
Proof. Let £ be an invertible O-module. Consider the presheaf £* defined by the
e U+ {s € L(U) such that Oy == Ly is an isomorphism}
This presheaf satisfies the sheaf condition. Moreover, if f € O*(U) and s € L*(U),
then clearly fs € £*(U). By the same token, if s,s’ € £*(U) then there exists a
unique f € O*(U) such that fs = s’. Moreover, the sheaf £* has sections locally

by Modules on Sites, Lemma In other words we see that £* is a O*-torsor.
Thus we get a map

set of invertible sheaves on (C, Q) set of O*-torsors
up to isomorphism up to isomorphism

We omit the verification that this is a homomorphism of abelian groups. By Lemma
the right hand side is canonically bijective to H!(C, O*). Thus we have to show
this map is injective and surjective.
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Injective. If the torsor £* is trivial, this means by Lemma [.2] that £* has a global
section. Hence this means exactly that £ = O is the neutral element in Pic(O).

Surjective. Let F be an O*-torsor. Consider the presheaf of sets

L1:U+— (F(U)xOU))/O*(U)
where the action of f € O*(U) on (s,g) is (fs, f~'g). Then L; is a presheaf of
O-modules by setting (s, g)+(s',9') = (s,9+(s'/s)g’) where s’ /s is the local section
f of O* such that fs =s', and h(s,g) = (s, hg) for h a local section of O. We omit

the verification that the sheafification £ = L£¥ is an invertible O-module whose
associated O*-torsor L* is isomorphic to F. (]

7. Locality of cohomology

The following lemma says there is no ambiguity in defining the cohomology of a
sheaf F over an object of the site.

Lemma 7.1. Let (C,O) be a ringed site. Let U be an object of C.
(1) If T is an injective O-module then Z|y is an injective Oy -module.
(2) For any sheaf of O-modules F we have HP (U, F) = HP(C/U, Flv).

Proof. Recall that the functor j(}l of restriction to U is a right adjoint to the

functor jy of extension by 0, see Modules on Sites, Section Moreover, jyi is
exact. Hence (1) follows from Homology, Lemma

By definition H?(U,F) = HP(Z*(U)) where F — Z°® is an injective resolution
in Mod(O). By the above we see that F|y — Z°®|y is an injective resolution in
Mod(Oy). Hence HP(U, F|v) is equal to HP(Z*|y(U)). Of course F(U) = Fly (V)
for any sheaf F on C. Hence the equality in (2). O

The following lemma will be use to see what happens if we change a partial universe,
or to compare cohomology of the small and big étale sites.

Lemmal7.2. Let C and D be sites. Letu :C — D be a functor. Assume u satisfies

the hypotheses of Sites, Lemma . Let g : Sh(C) — Sh(D) be the associated

morphism of topoi. For any abelian sheaf F on D we have isomorphisms
RI(C,g~'F) = RI(D, F),

in particular HP(C,g~'F) = HP(D,F) and for any U € Ob(C) we have isomor-
phisms
RT(U,g~'F) = RT(u(U), F),

in particular HP(U, g1 F) = HP(u(U), F). All of these isomorphisms are functorial
in F.

Proof. Since it is clear that I'(C,g ' F) = I'(D, F) by hypothesis (e), it suffices to
show that ¢~ ! transforms injective abelian sheaves into injective abelian sheaves.
As usual we use Homology, Lemma to see this. The left adjoint to g~ is
¢ = f~! with the notation of Sites, Lemma which is an exact functor. Hence
the lemma does indeed apply. O

Let (C,O) be a ringed site. Let F be a sheaf of O-modules. Let ¢ : U — V be a
morphism of @. Then there is a canonical restriction mapping

(7.2.1) H"(V,F) — H"(U,F), &—¢&lu


https://stacks.math.columbia.edu/tag/03F3
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functorial in F. Namely, choose any injective resolution F — Z*®. The restriction
mappings of the sheaves ZP give a morphism of complexes

[(V, 7% — T(U,T°)

The LHS is a complex representing RI'(V, F) and the RHS is a complex representing
RI'(U, F). We get the map on cohomology groups by applying the functor H". As
indicated we will use the notation £ — &|y to denote this map. Thus the rule
U+~ H™(U,F) is a presheaf of @-modules. This presheaf is customarily denoted
H"(F). We will give another interpretation of this presheaf in Lemma [L0.5]

The following lemma says that it is possible to kill higher cohomology classes by
going to a covering.

Lemma 7.3. Let (C,0) be a ringed site. Let F be a sheaf of O-modules. Let U
be an object of C. Let n > 0 and let £ € H™(U,F). Then there exists a covering
{Ui = U} of C such that |y, =0 for alli e I.

Proof. Let F — Z* be an injective resolution. Then

Ker(Z"(U) — 7"+ (U))

B UF) = o) S 7))

Pick an element §~ € I"(U) representing the cohomology class in the presentation
above. Since Z° is an injective resolution of F and n > 0 we see that the complex
Z°* is exact in degree n. Hence Im(Z"~! — I") = Ker(Z" — Z"!) as sheaves.
Since ¢ is a section of the kernel sheaf over U we conclude there exists a covering
{U; — U} of the site such that £|p, is the image under d of a section & € Z"~(U;).
By our definition of the restriction £|y, as corresponding to the class of &|y, we
conclude. O

Lemma 7.4. Let f: (C,Oc) — (D,Op) be a morphism of ringed sites correspond-
ing to the continuous functor w : D — C. For any F € Ob(Mod(O¢)) the sheaf
R f.F is the sheaf associated to the presheaf

Vi— H'(u(V),F)

Proof. Let 7 — I°® be an injective resolution. Then R'f,F is by definition the
ith cohomology sheaf of the complex

LI — f.T = [ I% —

By definition of the abelian category structure on Op-modules this cohomology
sheaf is the sheaf associated to the presheaf

Ker(£.Z'(V) = I (V)

Im(f.Z7H(V) = £.I(V))

Vi—

and this is obviously equal to

Ker(Z(u(V)) = T (w(V)))
(2 (a(V)) = ZHu(V)))

which is equal to H!(u(V), F) and we win. O
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8. The Cech complex and Cech cohomology

Let C be a category. Let U = {U; — U};er be a family of morphisms with fixed
target, see Sites, Definition Assume that all fibre products U;, Xu ... Xy Ui,
exist in C. Let F be an abelian presheaf on C. Set

e, F) =] FUiy xv - xu Uy).

(i0,..vip) EIPH?

This is an abelian group. For s € cr (U, F) we denote Si...i, its value in the factor
F(Ui, xvu ... xu U, ). We define

d:CP(U,F) — CPTY (U, F)
by the formula

p+1 .
(8.0.1) d(8)ig...ipir = ijo(_l)JSio...ij...iPH UigXv .- XuUip

where the restriction is via the projection map

Uio Xy ... Xy Uip+1 —)Uio XUy ... Xy Uij Xy ... Xy Uip+1~

It is straightforward to see that d o d = 0. In other words C*(U, F) is a complex.

Definition 8.1. Let C be a category. Let U = {U; — U};cr be a family of
morphisms with fixed target such that all fibre products U;, x¢ ... Xu U;, exist in

C. Let F be an abelian presheaf on C. The complex C* (U, F) is the Cech complex
associated to F and the family ¢. Its cohomology groups H* (é‘ (U, F)) are called
the Cech cohomology groups of F with respect to U. They are denoted H*(U, F).

We observe that any covering {U; — U} of a site C is a family of morphisms with
fixed target to which the definition applies.

Lemmal 8.2. Let C be a site. Let F be an abelian presheaf on C. The following
are equivalent

(1) F is an abelian sheaf on C and
(2) for every covering U = {U; — U}ier of the site C the natural map

F(U) - H'U,F)
(see Sites, Section@) is bijective.

Proof. This is true since the sheaf condition is exactly that F(U) — HOU, F) is
bijective for every covering of C. a

Let C be a category. Let U = {U; — U}icr be a family of morphisms of C with fixed
target such that all fibre products U;, xy...xyUs, exist in C. Let V = {V; — V};e;
be another. Let f: U — V,a: 1 — Jand f; : Uy = V,(;) be a morphism of families
of morphisms with fixed target, see Sites, Section [§] In this case we get a map of
Cech complexes

(8.2.1) ©:C*(V,F) — C*(U,F)
which in degree p is given by

(P(s)io...ip = (fio X ... X fip)*soz(io).“a(ip)
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9. Cech cohomology as a functor on presheaves

Warning: In this section we work exclusively with abelian presheaves on a category.
The results are completely wrong in the setting of sheaves and categories of sheaves!

Let C be a category. Let U = {U; — U}iecr be a family of morphisms with fixed
target such that all fibre products U;, Xy ... Xy U;, exist in C. Let F be an abelian
presheaf on C. The construction

F— C*(U, F)
is functorial in F. In fact, it is a functor
(9.0.1) C*(U, —) : PAD(C) — Comp™ (Ab)

see Derived Categories, Definition for notation. Recall that the category of
bounded below complexes in an abelian category is an abelian category, see Homol-
ogy, Lemma [13.9

Lemma 9.1. The functor given by Equation W is an ezxact functor (see Ho-

mology, Lemma ,

Proof. For any object W of C the functor F — F(W) is an additive exact functor
from PAb(C) to Ab. The terms CP(U, F) of the complex are products of these exact
functors and hence exact. Moreover a sequence of complexes is exact if and only if
the sequence of terms in a given degree is exact. Hence the lemma follows. [

Lemma 9.2. LetC be a category. LetU = {U; — U}icr be a family of morphisms
with fized target such that all fibre products U;, Xy ... xy Uy, exist in C. The
functors F — FI”(U,]—') form a d-functor from the abelian category PAb(C) to the
category of Z-modules (see Homology, Definition .

Proof. By Lemma a short exact sequence of abelian presheaves 0 — F; —
Fo — F3 — 0 is turned into a short exact sequence of complexes of Z-modules.
Hence we can use Homology, Lemma to get the boundary maps dr, . r,, 7, :
H"U, Fs) — H"™ (U, F,) and a corresponding long exact sequence. We omit
the verification that these maps are compatible with maps between short exact
sequences of presheaves. O

Lemma 9.3. LetC be a category. LetU = {U; — U}icr be a family of morphisms
with fized target such that all fibre products U;, Xy ... xy U, exist in C. Consider
the chain complex Zy o of abelian presheaves

R @ ZUiOXUUileUiQ — @ZUmXUUil — @Z(]i0 —-0—...

where the last nonzero term is placed in degree 0 and where the map

Zy, '/ —~
UlUXU"'XuU”H»l U?‘,OXU--~U7ZJ-~~»><UU17P+1

is given by (—1)7 times the canonical map. Then there is an isomorphism
Hom pap(c)(Zu,e, F) = C*(U, F)
functorial in F € Ob(PAb(C)).


https://stacks.math.columbia.edu/tag/03AQ
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Proof. This is a tautology based on the fact that
Hom pap(c)( @ Zu, xy..xuUi, F) = H Hom pap(c)(Zu,, xu...x U, s F)

io.vip i0-wip
= H ./—"(UZO XU”-XUUi,,)
0. ip
see Modules on Sites, Lemma O

Lemma 9.4. Let C be a category. Let U = {f; : Uy — Ulicsr be a family of
morphisms with fived target such that all fibre products U;, xy ... Xy U;, ewist in
C. The chain complex Zy.o of presheaves of Lemma @ above is exact in positive
degrees, i.e., the homology presheaves H;(Zy o) are zero for i > 0.

Proof. Let V be an object of C. We have to show that the chain complex of abelian
groups Zy «(V) is exact in degrees > 0. This is the complex

Dy i, LMore(V, Ui, xv Uiy, xu Us,)]

D,,i, ZMore(V, Uy, xu Us,)]

@i, Z[More(V, Ui, )]

0

For any morphism ¢ : V' — U denote Mor,(V,U;) = {¢; : V = U; | fiop; = ¢}
We will use a similar notation for Mor,, (V, Us, Xy ... xy Us, ). Note that composing
with the various projection maps between the fibred products U, xy ... xy Us,
preserves these morphism sets. Hence we see that the complex above is the same
as the complex

69@ @ioilig Z[Morg,(V, Ui, xu Uiy, xu Us,)]

@D, D, ZMor,(V.Us, xu Uy, )]

6990 @io Z[Mor,(V, U, )]
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Next, we make the remark that we have
MOI‘SO(V, Uio Xy ... Xy Uzp) = MOI‘V,(V, Uio) X ... X MOI‘SD(‘/, Uip)

Using this and the fact that Z[A] ® Z[B] = Z[A Il B] we see that the complex
becomes

DB, Z 11,4, Mory (V. Us,) x Mory,(V, Ui, ) x Mory,(V, Uy, )]

D, Z U—[ioil Mory,(V, Uj,) x Mory,(V, Uy, )]

@, Z [, Mor,(V, U;,)]

0

Finally, on setting S, = [[,.; Mor,(V,U;) we see that we get

el
@w(...%Z[SS(,XSSOXS@]—)Z[wasw}—)Z[Sg,]—>0—>...)

Thus we have simplified our task. Namely, it suffices to show that for any nonempty
set S the (extended) complex of free abelian groups

S ZSxSXx S| S ZS xS S ZS] BHZ 0 ...
is exact in all degrees. To see this fix an element s € S, and use the homotopy

N(so,...,5p) N (s,50,...,5p)

with obvious notations. O

Lemma 9.5. Let C be a category. Let U = {f; : Uy — Uliesr be a family of
morphisms with fived target such that all fibre products U, xy ... Xy U;, exist in
C. Let O be a presheaf of rings on C. The chain complex

ZU,. ®p,z @)

is exact in positive degrees. Here Zy o is the chain complex of Lemma and the
tensor product is over the constant presheaf of rings with value Z.

Proof. Let V be an object of C. In the proof of Lemma we saw that Zy o(V)
is isomorphic as a complex to a direct sum of complexes which are homotopic to
Z placed in degree zero. Hence also Zy o (V) ®z O(V) is isomorphic as a complex
to a direct sum of complexes which are homotopic to O(V') placed in degree zero.
Or you can use Modules on Sites, Lemma [28.11] which applies since the presheaves
Zy; are flat, and the proof of Lemma shows that Ho(Zy ) is a flat presheaf
also. (]
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03AU |Lemma 9.6. Let C be a category. Let U = {f; : Uy — Ulicr be a family of
morphisms with fived target such that all fibre products Uy, xy ... xy Uy, exist in C.

The Cech cohomology functors ﬁp(Z/L —) are canonically isomorphic as a d-functor
to the right derived functors of the functor

H(U,—) : PAb(C) — Ab.
Moreover, there is a functorial quasi-isomorphism
C*(U,F) — RH(U, F)
where the right hand side indicates the derived functor
RH°U, —) : D¥(PAb(C)) — D*(Z)
of the left exact functor Ho(u, —).

Proof. Note that the category of abelian presheaves has enough injectives, see
Injectives, Proposition Note that HO(U, —) is a left exact functor from the
category of abelian presheaves to the category of Z-modules. Hence the derived
functor and the right derived functor exist, see Derived Categories, Section

Let Z be a injective abelian presheaf. In this case the functor Hom payc)(—,Z) is
exact on PAb(C). By Lemma [9.3| we have

HomPAb(C) (Zu,,,I) = C. (u, I)

By Lemma[9.4]we have that Zy o is exact in positive degrees. Hence by the exactness
of Hom into Z mentioned above we see that H*(4,Z) = 0 for all i > 0. Thus the

d-functor (H™,6) (see Lemma [9.2)) satisfies the assumptions of Homology, Lemma
12.4] and hence is a universal §-functor.

By Derived Categories, Lemmaalso the sequence R'HO° (U, —) forms a universal
d-functor. By the uniqueness of universal d-functors, see Homology, Lemma [12.5
we conclude that RIHO(U, —) = H*(U,—). This is enough for most applications
and the reader is suggested to skip the rest of the proof.

Let F be any abelian presheaf on C. Choose an injective resolution F — Z°® in
the category PAB(C). Consider the double complex C* (U, Z*) with terms CP (U, Z9).
Next, consider the total complex Tot(C* (U, Z*)) associated to this double complex,
see Homology, Section There is a map of complexes

C*(U, F) — Tot(C*(U,T*))
coming from the maps ép(u, F)— éP(U,IO) and there is a map of complexes
HO(U, 1) — Tot(C*(U,1*))

coming from the maps H°(U,Z9) — C°(U,Z%). Both of these maps are quasi-
isomorphisms by an application of Homology, Lemma Namely, the columns
of the double complex are exact in positive degrees because the Cech complex as a
functor is exact (Lemma and the rows of the double complex are exact in posi-
tive degrees since as we just saw the higher Cech cohomology groups of the injective
presheaves 79 are zero. Since quasi-isomorphisms become invertible in DT (Z) this
gives the last displayed morphism of the lemma. We omit the verification that this
morphism is functorial. (I
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10. Cech cohomology and cohomology

The relationship between cohomology and Cech cohomology comes from the fact
that the Cech cohomology of an injective abelian sheaf is zero. To see this we note
that an injective abelian sheaf is an injective abelian presheaf and then we apply
results in Cech cohomology in the preceding section.

Lemmal 10.1. Let C be a site. An injective abelian sheaf is also injective as an
object in the category PAb(C).

Proof. Apply Homology, Lemma to the categories A = Ab(C), B = PAb(C),
the inclusion functor and sheafification. (See Modules on Sites, Section (3| to see
that all assumptions of the lemma are satisfied.)

Lemma 10.2. Let C be a site. LetU = {U; — U}ier be a covering of C. Let T be
an injective abelian sheaf, i.e., an injective object of Ab(C). Then

I(U) if p=0

Hp(”’z):{ 0 if p>0

Proof. By Lemma we see that Z is an injective object in PAb(C). Hence we
can apply Lemma (9.6 (or its proof) to see the vanishing of higher Cech cohomology
group. For the zeroth see Lemma (8.2 O

Lemma 10.3. Let C be a site. Let U = {U; — U}ier be a covering of C. There is
a transformation

CV. (ua _) — RF(Ua _)
of functors Ab(C) — DV (Z). In particular this gives a transformation of functors
HP(U,F) — HP(U, F) for F ranging over Ab(C).

Proof. Let F be an abelian sheaf. Choose an injective resolution F — Z°®. Con-
sider the double complex C*(U,Z°*) with terms CP(U,Z9). Next, consider the as-
sociated total complex Tot(C*(U,Z*)), see Homology, Definition There is a
map of complexes

a:T(U,I%) — Tot(C*(U,I*))
coming from the maps Z9(U) — H°(U,Z9) and a map of complexes

B:C*(U,F) — Tot(C*(U,T*))

coming from the map F — Z°. We can apply Homology, Lemma to see that
a is a quasi-isomorphism. Namely, Lemma [[0.2] implies that the gth row of the
double complex C*(U,Z*) is a resolution of T'(U,Z9). Hence o becomes invertible
in D(Z) and the transformation of the lemma is the composition of 3 followed by
the inverse of &. We omit the verification that this is functorial. O

Lemma 10.4. Let C be a site. Let G be an abelian sheaf on C. Let U = {U; —
Uticr be a covering of C. The map

q'U,g) — H'(U,G)

is injective and identifies f{l(u, G) wvia the bijection of Lemma with the set of
isomorphism classes of G|y -torsors which restrict to trivial torsors over each Uj.
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Proof. To see this we construct an inverse map. Namely, let F be a G|y-torsor
on C/U whose restriction to C/U; is trivial. By Lemma this means there exists
a section s; € F(U;). On U,y xy U;, there is a unique section s;,;, of G such that
Uiy xuUs, = Siy|Usy xpUs, - An easy computation shows that s;q;, is a Cech
cocycle and that its class is well defined (i.e., does not depend on the choice of
the sections s;). The inverse maps the isomorphism class of F to the cohomology
class of the cocycle (sii,). We omit the verification that this map is indeed an
inverse. (]

Sigiy * Sig

Lemma 10.5. Let C be a site. Consider the functor i : Ab(C) — PAb(C). It is a
left exact functor with right derived functors given by

RPi(F)=HP(F):U+— HP(U,F)
see discussion in Section [

Proof. It is clear that ¢ is left exact. Choose an injective resolution F — Z°. By
definition RP: is the pth cohomology presheaf of the complex Z°®. In other words,
the sections of RPi(F) over an object U of C are given by

Ker(Z"(U) — I"1(U))

Im(Z»=Y(U) — Zn(U))
which is the definition of H?(U, F). O

Lemma 10.6. Let C be a site. Let U = {U; — U}ier be a covering of C. For any
abelian sheaf F there is a spectral sequence (E,,d;)y>o with

Byt = HP (U, H*(F))
converging to HPT4(U, F). This spectral sequence is functorial in JF.

Proof. This is a Grothendieck spectral sequence (see Derived Categories, Lemma

22.2)) for the functors
i: Ab(C) — PAB(C) and H°(U,—): PAB(C) — Ab.
Namely, we have HO(U,i(F)) = F(U) by Lemma We have that i(Z) is Cech

acyclic by Lemma And we have that H?(U,—) = RPH°(U, —) as functors on
PAb(C) by Lemma [9.6] Putting everything together gives the lemma. O

Lemma 10.7. Let C be a site. Let U = {U; — U}ier be a covering. Let F €
Ob(Ab(C)). Assume that H (U;, xy ... xy U;, F) =0 for all i >0, all p > 0 and
allig, ... i, € I. Then H?(U,F) = H?(U,F).

Proof. We will use the spectral sequence of Lemma [10.6] The assumptions mean

that EY? = 0 for all (p, q) with ¢ # 0. Hence the spectral sequence degenerates at
FE> and the result follows. (]

Lemma 10.8. Let C be a site. Let
0=F—=>G—-H—=0

be a short exact sequence of abelian sheaves on C. Let U be an object of C. If there
exists a cofinal system of coverings U of U such that HY (U, F) = 0, then the map
G(U) — H(U) is surjective.
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Proof. Take an element s € H(U). Choose a covering U = {U; — U };c; such that
(a) H'(U,F) = 0 and (b) s|y, is the image of a section s; € G(U;). Since we can
certainly find a covering such that (b) holds it follows from the assumptions of the
lemma that we can find a covering such that (a) and (b) both hold. Consider the

sections

Sigin = Siy |qu0 xuUiy = Sio|Ui0 Xy Ui, -

Since s; lifts s we see that s;,;, € F(U;, Xu Uy, ). By the vanishing of H!(U, F) we
can find sections t; € F(U;) such that

87;07;1 = til UiOXUUil - tio UiDXUUil'

Then clearly the sections s; — t; satisfy the sheaf condition and glue to a section of
G over U which maps to s. Hence we win. (I

Lemma 10.9. (Variant of Cohomology, Lemma ) Let C be a site. Let
Couc be the set of coverings of C (see Sites, Definition|6.9). Let B C Ob(C), and
Cov C Cove be subsets. Let F be an abelian sheaf on C. Assume that
(1) For every U € Cov, U = {U; — Ulier we have U,U; € B and every
Uio XyU ... ><UUvi]l7 eB.
(2) For every U € B the coverings of U occurring in Cov is a cofinal system of
coverings of U.
(3) For every U € Cov we have H?(U, F) = 0 for all p > 0.

Then HP(U,F) =0 for allp >0 and any U € B.
Proof. Let 7 and Cov be as in the lemma. We will indicate this by saying “F
has vanishing higher Cech cohomology for any U € Cov”. Choose an embedding

F — 7 into an injective abelian sheaf. By LemmaI has vanishing higher Cech
cohomology for any U € Cov. Let Q = Z/F so that we have a short exact sequence

0=+F—=>IT—-9—=0.
By Lemma and our assumption (2) this sequence gives rise to an exact sequence
0—FU)—=ZU)— Q) — 0.

for every U € B. Hence for any U € Cov we get a short exact sequence of Cech
complexes

0—C*(U,F)—C*(UT)—C*(U,Q) — 0

since each term in the Cech complex is made up out of a product of values over
elements of B by assumption (1). In particular we have a long exact sequence of
Cech cohomology groups for any covering & € Cov. This implies that Q is also an
abelian sheaf with vanishing higher Cech cohomology for all i € Cov.

Next, we look at the long exact cohomology sequence

OHHO(U,]:) *)HO(UaI) HHO(UZ Q)

HYU,F) —— HY(U,I) —— H'(U, Q)
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for any U € B. Since 7 is injective we have H™(U,Z) = 0 for n > 0 (see Derived
Categories, Lemma. By the above we see that H°(U,Z) — H°(U, Q) is surjec-
tive and hence H'(U, F) = 0. Since F was an arbitrary abelian sheaf with vanishing
higher Cech cohomology for all U € Cov we conclude that also H'(U, Q) = 0 since
Q is another of these sheaves (see above). By the long exact sequence this in turn
implies that H2(U, F) = 0. And so on and so forth. O

11. Second cohomology and gerbes

Let p: § — C be a gerbe over a site all of whose automorphism groups are com-
mutative. In this situation the first and second cohomology groups of the sheaf of
automorphisms (Stacks, Lemma [I1.8)) controls the existence of objects.

The following lemma will be made obsolete by a more complete discussion of this
relationship we will add in the future.

Lemmal 11.1. Let C be a site. Let p : S — C be a gerbe over a site whose
automorphism sheaves are abelian. Let G be the sheaf of abelian groups constructed
in Stacks, Lemma[I1.8 Let U be an object of C such that
(1) there exists a cofinal system of coverings {U; — U} of U in C such that
HY(U;,G) =0 and H*(U; xy U;,G) =0 for alli,j, and
(2) H*(U,G) = 0.
Then there exists an object of S lying over U.

Proof. By Stacks, Definition there exists a covering Y = {U; - U} and z; in
S lying over U;. Write U;; = U; xy U;. By (1) after refining the covering we may
assume that H'(U;,G) = 0 and H'(U;;,G) = 0. Consider the sheaf

Fij = Isom(x;

uy;)
on C/Usj. Since G|y, = Aut(x;|y,;) we see that there is an action
g

by precomposition. It is clear that JF;; is a pseudo G|y, -torsor and in fact a torsor
because any two objects of a gerbe are locally isomorphic. By our choice of the
covering and by Lemma [4.3| these torsors are trivial (and hence have global sections
by Lemma . In other words, we can choose isomorphisms

UijrTj

vy X Fig = Fij

Pij - xilU'ij — ijU'ij
To find an object = over U we are going to massage our choice of these ¢;; to get a
descent datum (which is necessarily effective as p : S — C is a stack). Namely, the
obstruction to being a descent datum is that the cocycle condition may not hold.
Namely, set U, = U; xy U; Xy Ug. Then we can consider

Gijk = Qoi_k1|Uuk © C)Ojk|U'ijk © ‘Pij|Uijk
which is an automorphism of z; over U;;;,. Thus we may and do consider g;;x
as a section of G over Ujji. A computation (omitted) shows that (gii,i,) is a 2-
cocycle in the Cech complex C*(U,G) of G with respect to the covering U. By
the spectral sequence of Lemma and since H'(U;,G) = 0 for all i we see
that H2(U,G) — H2(U,G) is injective. Hence (gi,,i,) is a coboundary by our
assumption that H*(U,G) = 0. Thus we can find sections g;; € G(U;;) such that
gi_k1 U 95U 9i|Ue = gige for all i, j, k. After replacing p;; by cpijgigl we see that
@i; gives a descent datum on the objects x; over U; and the proof is complete. [
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12. Cohomology of modules

Everything that was said for cohomology of abelian sheaves goes for cohomology of
modules, since the two agree.

Lemma 12.1. Let (C,O) be a ringed site. An injective sheaf of modules is also
injective as an object in the category PMod(O).

Proof. Apply Homology, Lemmal29.1|to the categories A = Mod(O), B = PMod(O),
the inclusion functor and sheafification. (See Modules on Sites, Section [L1| to see
that all assumptions of the lemma are satisfied.)

Lemma 12.2. Let (C,0) be a ringed site. Consider the functor i : Mod(C) —
PMod(C). It is a left exact functor with right derived functors given by

RPi(F)=HP(F):U+— HP(U,F)
see discussion in Section [1

Proof. It is clear that 7 is left exact. Choose an injective resolution F — Z*® in
Mod(O). By definition RPi is the pth cohomology presheaf of the complex Z°. In
other words, the sections of RPi(F) over an object U of C are given by

Ker(Z"(U) — I"1(U))

Im(Z"=1(U) — I7(U))
which is the definition of H?(U, F). O

Lemma 12.3. Let (C,0) be a ringed site. Let U = {U; — U}ier be a covering of
C. Let T be an injective O-module, i.e., an injective object of Mod(QO). Then

Z(U) if p=0

HW“I%:{() if p>0

Proof. Lemma (9.3 gives the first equality in the following sequence of equalities
C*(U,T) = Mot payc)(Zu,e, T)
= Mor prsodz) (Zut,e, T)
= MOI'pMOd((:)) (ZZ/{,Q ®p,z 071)

The third equality by Modules on Sites, Lemma By Lemma [12.1] we see that
T is an injective object in PMod(O). Hence Hom ppsoq0)(—,Z) is an exact functor.

By Lemma we see the vanishing of higher Cech cohomology groups. For the
zeroth see Lemma [R.2 O

Lemma 12.4. Let C be a site. Let O be a sheaf of rings on C. Let F be an
O-module, and denote Fqp the underlying sheaf of abelian groups. Then we have

H'(C,Fu) = H'(C,F)
and for any object U of C we also have
HY(U, Fu) = H' (U, F).

Here the left hand side is cohomology computed in Ab(C) and the right hand side is
cohomology computed in Mod(O).
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Proof. By Derived Categories, Lemma the d-functor (F +— HP(U,F))p>o0
is universal. The functor Mod(O) — Ab(C), F — Fup is exact. Hence (F —
HP(U, Fap))p>o is a d-functor also. Suppose we show that (F — HP(U, Fap))p>0 is
also universal. This will imply the second statement of the lemma by uniqueness
of universal J-functors, see Homology, Lemma Since Mod(O) has enough
injectives, it suffices to show that H*(U,Z,,) = 0 for any injective object Z in
Mod(0O), see Homology, Lemma m

Let Z be an injective object of Mod(O). Apply Lemma with F =7, B=C
and Cov = Cove. Assumption (3) of that lemma holds by Lemma m Hence we
see that H'(U,Z,,) = 0 for every object U of C.

If C has a final object then this also implies the first equality. If not, then according
to Sites, Lemma we see that the ringed topos (Sh(C),O) is equivalent to a
ringed topos where the underlying site does have a final object. Hence the lemma
follows. O

Lemma 12.5. Let C be a site. Let I be a set. Fori € I let F; be an abelian sheaf
on C. Let U € Ob(C). The canonical map

B (U, Hie[ Fi) — Hie[ HP (U, Fi)
is an isomorphism for p = 0 and injective for p = 1.

Proof. The statement for p = 0 is true because the product of sheaves is equal
to the product of the underlying presheaves, see Sites, Lemma Proof for
p =1 Set F =1][F. Let £ € H' (U,F) map to zero in [[ H*(U,F;). By
locality of cohomology, see Lemma there exists a covering U = {U; — U}
such that |y, = 0 for all j. By Lemma this means £ comes from an element
€ € H'(U,F). Since the maps H' (U, F;) — H' (U, F;) are injective for all i (by
Lemma , and since the image of ¢ is zero in [[ H' (U, F;) we see that the
image & = 0 in H (U, F;). However, since F = [[ F; we see that C*(U, F) is the
product of the complexes ce (U, F;), hence by Homology, Lemma we conclude
that 5 = 0 as desired. (I

Lemma 12.6. Let (C,0) be a ringed site. Let a : U' — U be a monomorphism
in C. Then for any injective O-module T the restriction mapping Z(U) — Z(U’) is
surjective.

Proof. Let j: C/U — C and j' : C/U" — C be the localization morphisms (Modules
on Sites, Section . Since j; is a left adjoint to restriction we see that for any
sheaf F of O-modules

Homo(jIOU, .7:) = HOHI()U (OU, ]:|U) = .F(U)
Similarly, the sheaf j/Oy: represents the functor F — F(U’). Moreover below we
describe a canonical map of O-modules
71O0ur — jiOy

which corresponds to the restriction mapping F(U) — F(U’) via Yoneda’s lemma
(Categories, Lemma [3.5). It suffices to prove the displayed map of modules is
injective, see Homology, Lemma
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To construct our map it suffices to construct a map between the presheaves which
assign to an object V of C the O(V)-module

®<P/6Morc(v7U’) O(V) and @SDEMOYC(VaU) O(V)

see Modules on Sites, Lemma We take the map which maps the summand
corresponding to ¢’ to the summand corresponding to ¢ = a o ¢’ by the identity
map on O(V). As a is a monomorphism, this map is injective. As sheafification is
exact, the result follows. O

13. Totally acyclic sheaves

Let (C,0) be a ringed site. Let K be a presheaf of sets on C (we intentionally
use a roman capital here to distinguish from abelian sheaves). Given a sheaf of
O-modules F we set

F(K) = Morpgpc) (K, F) = Morgyc) (K¥#, F)

The functor F — F(K) is a left exact functor Mod(O) — Ab hence we have its
right derived functors. We will denote these HP (K, F) so that H(K, F) = F(K).

Here are some observations:
(1) Since F(K) = F(K?), we have HP(K,F) = HP(K#,F). Allowing K to
be a presheaf in the definition above is a purely notational convenience.
(2) Suppose that K = hy or K = hﬁ for some object U of C. Then HP (K, F) =
HP (U, F), because MorSh(c)(hﬁ,}') = F(U), see Sites, Section
(3) If © = Z (the constant sheaf), then the cohomology groups are functors
HP(K,—) : Ab(C) — Ab since Mod(O) = Ab(C) in this case.

We can translate some of our already proven results using this language.

Lemma 13.1. Let (C,0) be a ringed site. Let K be a presheaf of sets on C. Let
F be an O-module and denote Fgup the underlying sheaf of abelian groups. Then
HP(K,F)=HP(K, Fup)-

Proof. We may replace K by its sheafification and assume K is a sheaf. Note that
both HP(K,F) and HP(K, F,,) depend only on the topos, not on the underlying
site. Hence by Sites, Lemma we may replace C by a “larger” site such that
K = hy for some object U of C. In this case the result follows from Lemma O

Lemma 13.2. Let C be a site. Let K' — K be a map of presheaves of sets on C
whose sheafification is surjective. Set K}, = K' xx ... xx K' (p+ 1-factors). For
every abelian sheaf F there is a spectral sequence with E7? = H‘J(KIZ7 F) converging
to HPT4(K, F).

Proof. Since sheafification is exact, we see that (K;,)# is equal to (K')# xjy#
... X g# (K")# (p+1-factors). Thus we may replace K and K’ by their sheafifications
and assume K — K’ is a surjective map of sheaves. After replacing C by a “larger”
site as in Sites, Lemma we may assume that K, K’ are objects of C and that
U = {K' — K} is a covering. Then we have the Cech to cohomology spectral
sequence of Lemma [I0.6] whose E; page is as indicated in the statement of the
lemma. (]
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Lemma 13.3. Let C be a site. Let K be a sheaf of sets on C. Consider the mor-
phism of topoi j : Sh(C/K) — Sh(C), see Sites, Lemma W Then j~1 preserves
injectives and HP (K, F) = HP(C/K,j~1F) for any abelian sheaf F on C.

Proof. By Sites, Lemmas and the morphism of topoi j is equivalent to
a localization. Hence this follows from Lemma [Z.11 O

Keeping in mind Lemma we see that the following definition is the “correct
one” also for sheaves of modules on ringed sites.

Definition 13.4. Let C be a site. We say an abelian sheaf F is totally acycli(ﬂ if
for every sheaf of sets K we have HP(K,F) =0 for all p > 1.

It is clear that being totally acyclic is an intrinsic property, i.e., preserved under
equivalences of topoi. A totally acyclic sheaf has vanishing higher cohomology on
all objects of the site, but in general the condition of being totally acyclic is strictly
stronger. Here is a characterization of totally acyclic sheaves which is sometimes
useful.

Lemma) 13.5. Let C be a site. Let F be an abelian sheaf. If
(1) HP(U,F) =0 forp >0 and U € Ob(C), and
(2) for every surjection K' — K of sheaves of sets the extended Cech complex

0— HY(K,F) = HY(K',F) - HY(K' xxg K',F) — ...
s exact,
then F s totally acyclic (and the converse holds too).

Proof. By assumption (1) we have Hp(hf]&, g 'Z) = 0 for all p > 0 and all objects
U of C. Note that if K = [][K; is a coproduct of sheaves of sets on C then
HP(K,g 'T) = [[ H?(K;,g ‘). For any sheaf of sets K there exists a surjection

K =][nt — K

see Sites, Lemma [12.5] Thus we conclude that: (*) for every sheaf of sets K there
exists a surjection K’ — K of sheaves of sets such that H?(K’, F) = 0 for p > 0.
We claim that (*) and condition (2) imply that F is totally acyclic. Note that
conditions (*) and (2) only depend on F as an object of the topos Sh(C) and not
on the underlying site. (We will not use property (1) in the rest of the proof.)

We are going to prove by induction on n > 0 that (*) and (2) imply the following
induction hypothesis IH,: HP(K,F) =0 for all 0 < p < n and all sheaves of sets
K. Note that IHy holds. Assume I H,. Pick a sheaf of sets K. Pick a surjection
K’ — K such that HP(K', F) = 0 for all p > 0. We have a spectral sequence with

EPY = HY(K], F)

covering to HP*4(K, F), see Lemma [13.2] By IH, we see that Ef'? = 0 for 0 <
¢ < n and by assumption (2) we see that Eg’o = 0 for p > 0. Finally, we have
EY? =0 for ¢ > 0 because H4(K', F) = 0 by choice of K’. Hence we conclude that
H""(K,F) = 0 because all the terms E}? with p + ¢ = n + 1 are zero. O

LAlthough this terminology is is used in [AGVT1l Vbis, Proposition 1.3.10] this is probably
nonstandard notation. In [AGVTIl V, Definition 4.1] this property is dubbed “flasque”, but we
cannot use this because it would clash with our definition of flasque sheaves on topological spaces.
Please email stacks.project@gmail.com if you have a better suggestion.
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14. The Leray spectral sequence

The key to proving the existence of the Leray spectral sequence is the following
lemma.

Lemma 14.1. Let f : (Sh(C),Oc) — (Sh(D), Op) be a morphism of ringed topoi.
Then for any injective object T in Mod(O¢) the pushforward f.Z is totally acyclic.

Proof. Let K be a sheaf of sets on D. By Modules on Sites, Lemma we may
replace C, D by “larger” sites such that f comes from a morphism of ringed sites
induced by a continuous functor v : D — C such that K = hy for some object V'
of D.

Thus we have to show that H4(V, f.Z) is zero for ¢ > 0 and all objects V of D
when f is given by a morphism of ringed sites. Let V = {V; — V'} be any covering
of D. Since u is continuous we see that & = {u(V;) — w(V)} is a covering of C.
Then we have an equality of Cech complexes

C*(V, f.I) =C*(U,T)

by the definition of f.. By Lemma we see that the cohomology of this complex
is zero in positive degrees. We win by Lemma [10.9 (]

For flat morphisms the functor f, preserves injective modules. In particular the
functor f. : Ab(C) — Ab(D) always transforms injective abelian sheaves into injec-
tive abelian sheaves.

Lemma 14.2. Let f: (Sh(C),Oc¢) — (Sh(D),Op) be a morphism of ringed topoi.
If f is flat, then f.Z is an injective Op-module for any injective Oc-module T.

Proof. In this case the functor f* is exact, see Modules on Sites, Lemma |31.2
Hence the result follows from Homology, Lemma [29.1 O

Lemma 14.3. Let (Sh(C),Oc) be a ringed topos. A totally acyclic sheaf is right
acyclic for the following functors:
(1) the functor H°(U,—) for any object U of C,
(2) the functor F — F(K) for any presheaf of sets K,
(3) the functor T'(C,—) of global sections,
(4) the functor f. for any morphism f : (Sh(C),Oc) — (Sh(D),Op) of ringed
topos.

Proof. Part (2) is the definition of a totally acyclic sheaf. Part (1) is a consequence
of (2) as pointed out in the discussion following the definition of totally acyclic
sheaves. Part (3) is a special case of (2) where K = e is the final object of Sh(C).

To prove (4) we may assume, by Modules on Sites, Lemma that f is given by
a morphism of sites. In this case we see that R'f,, i > 0 of a totally acyclic sheaf
are zero by the description of higher direct images in Lemma [7.4] a

Remark| 14.4. As a consequence of the results above we find that Derived Cat-
egories, Lemma applies to a number of situations. For example, given a mor-
phism f : (Sh(C),Oc) — (Sh(D), Op) of ringed topoi we have

RI(D, Rf.F) = RT'(C, F)
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for any sheaf of O¢-modules F. Namely, for an injective Oxy-module Z the Op-
module f,Z is totally acyclic by Lemma and a totally acyclic sheaf is acyclic
for I'(D, —) by Lemma [14.3]

0732 |Lemma 14.5 (Leray spectral sequence). Let f : (Sh(C),O¢) — (Sh(D),Op) be
a morphism of ringed topoi. Let F* be a bounded below complex of Oc-modules.
There is a spectral sequence

EDY = HP(D, RUf,(F*))
converging to HPT4(C, F*).

Proof. This is just the Grothendieck spectral sequence Derived Categories, Lemma
coming from the composition of functors I'(C,—) = I'(D, —) o f.. To see that
the assumptions of Derived Categories, Lemma are satisfied, see Lemmas
and (4.3 O

0733 Lemma 14.6. Let f : (Sh(C),O¢) — (Sh(D), Op) be a morphism of ringed topoi.
Let F be an Oc¢-module.
(1) If R1fF =0 for g >0, then HP(C,F) = HP(D, f.F) for all p.
(2) If H?(D, RIf.F) =0 for all ¢ and p > 0, then HY(C,F) = H°(D, RIf.F)
for all q.

Proof. These are two simple conditions that force the Leray spectral sequence
to converge. You can also prove these facts directly (without using the spectral
sequence) which is a good exercise in cohomology of sheaves. O

0734 Lemma 14.7 (Relative Leray spectral sequence). Let f : (Sh(C),Oc) — (Sh(D),Op)
and g : (Sh(D), Op) — (Sh(E), Og) be morphisms of ringed topoi. Let F be an Oc¢-
module. There is a spectral sequence with

EP? = RPg.(Rf.F)

converging to RPT4(g o f).JF. This spectral sequence is functorial in F, and there
is a version for bounded below complexes of Oc-modules.

Proof. This is a Grothendieck spectral sequence for composition of functors, see
Derived Categories, Lemma and Lemmas and O

15. The base change map

0735 In this section we construct the base change map in some cases; the general case is
treated in Remark[19.3] The discussion in this section avoids using derived pullback
by restricting to the case of a base change by a flat morphism of ringed sites. Before
we state the result, let us discuss flat pullback on the derived category. Suppose
g : (Sh(C),0O¢) — (Sh(D),Op) is a flat morphism of ringed topoi. By Modules on
Sites, Lemma the functor g* : Mod(Op) — Mod(O¢) is exact. Hence it has a
derived functor

9" : D(Op) = D(O¢)
which is computed by simply pulling back an representative of a given object in
D(Op), see Derived Categories, Lemma It preserved the bounded (above,
below) subcategories. Hence as indicated we indicate this functor by ¢* rather
than Lg*.
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Lemma 15.1. Let

(Sh(C"), Oc') —— (Sh(C), Oc)

g
f’l if
(Sh(D'), Op/) —— (Sh(D), Op)
be a commutative diagram of ringed topoi. Let F* be a bounded below complex of
Oc-modules. Assume both g and g’ are flat. Then there exists a canonical base
change map
g RIF® — R(f)(g')"F*

mn D+(OD/)

Proof. Choose injective resolutions 7* — Z* and (¢’)*F* — J°. By Lemma

we see that (¢').J° is a complex of injectives representing R(g').(¢')*F*. Hence
by Derived Categories, Lemmas and the arrow 8 in the diagram

(9)«(g") F* ——(9')T*
adjmionT Tg
Fe Te
exists and is unique up to homotopy. Pushing down to D we get
fuB: £I° — fu(9)T° = g.(f):T°

By adjunction of ¢g* and g. we get a map of complexes ¢*f.Z* — (f').J*. Note
that this map is unique up to homotopy since the only choice in the whole process
was the choice of the map  and everything was done on the level of complexes. O

16. Cohomology and colimits

Let (C,0) be a ringed site. Let T — Mod(O), i — F; be a diagram over the
index category Z, see Categories, Section For each ¢ there is a canonical map
F; — colim; F; which induces a map on cohomology. Hence we get a canonical map

colim; H? (U, F;) — HP (U, colim; F;)
for every p > 0 and every object U of C. These maps are in general not isomor-
phisms, even for p = 0.
The following lemma is the analogue of Sites, Lemma for cohomology.
Lemma 16.1. Let C be a site. Let Couve be the set of coverings of C (see Sites,
Definition[6.9). Let B C Ob(C), and Cov C Couc be subsets. Assume that
(1) For every U € Cov we have U = {U; — U}icr with I finite, U,U; € B and
every Uiy xu ... xy Us, € B.
(2) For every U € B the coverings of U occurring in Cov is a cofinal system of
coverings of U.
Then the map
colim; H? (U, F;) — HP (U, colim; F;)
is an isomorphism for every p > 0, every U € B, and every filtered diagram I —
Ab(C).
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Proof. To prove the lemma we will argue by induction on p. Note that we require
in (1) the coverings U € Cov to be finite, so that all the elements of B are quasi-
compact. Hence (2) and (1) imply that any U € B satisfies the hypothesis of Sites,
Lemma [17.7] (4). Thus we see that the result holds for p = 0. Now we assume the
lemma holds for p and prove it for p + 1.

Choose a filtered diagram F : Z — Ab(C), i — F;. Since Ab(C) has functorial
injective embeddings, see Injectives, Theorem|7.4] we can find a morphism of filtered
diagrams F — Z such that each F; — Z; is an injective map of abelian sheaves
into an injective abelian sheaf. Denote Q; the cokernel so that we have short exact
sequences

0—=Fi =1 — Q; — 0.

Since colimits of sheaves are the sheafification of colimits on the level of presheaves,
since sheafification is exact, and since filtered colimits of abelian groups are exact
(see Algebra, Lemma [8.8)), we see the sequence

0 — colim; F; — colim; Z; — colim; Q; — 0.
is also a short exact sequence. We claim that H%(U,colim;Z;) = 0 for all U € B

and all ¢ > 1. Accepting this claim for the moment consider the diagram

colim; H?(U,Z;) — colim; H? (U, Q;) — colim; H?**(U, F;) —= 0

| | | |

HP (U, colim; Z;) — HP(U, colim; Q;) — HP*1(U, colim; F;) — 0

The zero at the lower right corner comes from the claim and the zero at the upper
right corner comes from the fact that the sheaves Z; are injective. The top row
is exact by an application of Algebra, Lemma [8.8 Hence by the snake lemma we
deduce the result for p + 1.

It remains to show that the claim is true. We will use Lemma [10.9] By the result
for p = 0 we see that for U € Cov we have

ce (U, colim; Z;) = colim; c* Uu,z;)

because all the Uj, Xy ... Xy Uj, are in B. By Lemma each of the complexes in
the colimit of Cech complexes is acyclic in degree > 1. Hence by Algebra, Lemma

we see that also the Cech complex ce (U, colim; Z;) is acyclic in degrees > 1. In

other words we see that HP (U, colim; Z;) = 0 for all p > 1. Thus the assumptions
of Lemma [I0.9] are satisfied and the claim follows. O

Lemma 16.2. Let C be a site. Let S C Ob(Sh(C)) be a subset. Denote * the final
object of Sh(C). Assume

(1) for some K € S the map K — x is surjective,

(2) given a surjective map of sheaves F — K with K € S there exists a K' € S
and a map K' — F such that the composition K' — K is surjective,

(3) given K, K’ € S there is a surjection K" — K x K" with K" € S,

(4) given a,b : K — K' with K,K' € S there exists a surjection K" —
Equalizer(a,b) with K" € S, and

(5) every K € S is quasi-compact (Sites, Definition[17.4).


https://stacks.math.columbia.edu/tag/0GN3

COHOMOLOGY ON SITES 26

Then for all p > 0 the map
colimy H?(C, Fx) — HP(C, colimy F))
is an isomorphism for every filtered diagram A — Ab(C), X\ — Fy.

Proof. We will prove this by induction on p. The base case p = 0 follows from
Sites, Lemma part (4). We check the assumptions hold, but we urge the
reader to skip this part. Suppose F — x is surjective. Choose K € S and K — x
surjective as in (1). Then F x K — K is surjective. Choose K’ — F x K with
K' € S and K’ — K surjective as in (2). Then there is a map K’ — F and K’ — x
is surjective. Hence Sites, Lemma assumption (4)(a) is satisfied. By Sites,
Lemma [17.5] assumptions (3) and (5) we see that K x K is quasi-compact for all
K € S. Hence Sites, Lemma assumption (4)(b) is satisfied. This finishes the
proof of the base case.

Induction step. Assume the result holds for HP for p < py and for all topoi Sh(C)
such that a set S C Ob(Sh(C)) can be found satisfying (1) — (5). Arguing exactly as
in the proof of Lemma [I6.1] we see that it suffices to show: given a filtered colimit
T = colimZ, with Z, injective abelian sheaves, we have HP°*1(C,Z) = 0. Choose
K — * surjective with K € S as in (1). Denote K™ the n-fold self product of K.
Consider the spectral sequence

EPY = HYKP*' ) = H""(x,T) = H"*(C,T)

of Lemma [13.2] Recall that HY(KP*1, F) = H(C/KP*!,j~1F), for any abelian
sheaf on C, see Lemma We have j7'7 = colim j 1T as j~! commutes with
colimits. The restrictions j~1Zy are injective abelian sheaves on C/K?*! by Lemma
Below we will show that the induction hypothesis applies to C/KP*! and hence
we see that HI(KPT! T) = colim HY(KPT T)) = 0 for ¢ < po + 1 (vanishing as Ty
is injective). It follows that

HPY(C,T) = HPM (.. — H(K?, ) — HO(KP ™' I) — HY(KP T T) — ..)

Again using the induction hypothesis, the complex depicted on the right hand side
is the colimit over A of the complexes

o= HY(KPO, T) — HO (K7 7)) — HO(KP 2 7)) — ...

These complexes are exact as Ty is an injective abelian sheaf (follows from the
spectral sequence for example). Since filtered colimits are exact in the category of
abelian groups we obtain the desired vanishing.

We still have to show that the induction hypothesis applies to the site C/K™ for
all n > 1. Recall that Sh(C/K™) = Sh(C)/K", see Sites, Lemma [30.3] Thus we
may work in Sh(C)/K™. Denote S, C Ob(Sh(C/K™) the set of objects of the form
K’ — K™. We check each property in turn:

(1) By (3) and induction there exists a surjection K’ — K™ with K’ € S. Then
(K" - K") —» (K™ — K™) is a surjection in Sh(C)/K™ and K™ — K" is
the final object of Sh(C)/K™. Hence (1) holds for S,

(2) Property (2) for S,, is an immediate consquence of (2) for S.

(3) Let a : K1 — K" and b : K3 — K" be in S,,. Then (K; — K™) X
(K2 — K™) is the object K1 xgn Ko — K™ of Sh(C)/K™. The subsheaf
Ky xgn Ky C K; x Ky is the equalizer of a o pr; and b o pr,. Write
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a=(ay,...,ay) and b = (by,...,b,). Pick K3 — K; x Kj surjective with
K3 € S; this is possibly by assumption (3) for C. Pick

a1,by

K, — Equalizer(K3; — K; x Ky —— K)
surjective with K4 € S. This is possible by assumption (4) for C. Pick
K5 — Bqualizer(Ky — K; x Ky 222 K)

surjective with K5 € S. Again this is possible. Continue in this fashion
until we get

an,bn

K3y, — Equalizer(Kas1,, — Kj X Ko K)

surjective with K34, € S. By construction K3, — K3 Xgn Ko is sur-
jective. Hence (K34, — K") is in S, and surjects onto the product
(Ky — K™) x (K3 — K™). Thus (3) holds for S,,.

(4) Property (4) for S, is an immediate consequence of property (4) for S.

(5) Property (5) for S,, is a consequence of property (5) for S. Namely, an
object F — K™ of Sh(C)/K™ corresponds to a quasi-compact object of
Sh(C/K™) if and only if F is a quasi-compact object of Sh(C).

This finishes the proof of the lemma. O

Remark 16.3. Let C be a site. Let B C Ob(C) be a subset. Let S C Ob(Sh(C))
be the set of sheaves K which have the form

K= Hi:l,...,n h?j’

with Uy, ...,U, € B. Then we can ask: when does this set satisfy the assumptions
of Lemma [16.27 One answer is that it suffices if

.....

(2) every covering of U € B can be refined by a covering of the form {U; —
U}i:l,“.,n with U; € B,
(3) given U, U’ € B there exist n > 0, Uy,...,U, € B, maps U; — U and
U; — U’ such that Hi:l,---ﬂz h#f — hﬁ X hﬁ, is surjective,
(4) given morphisms a,b: U — U’ in C with U, U’ € B, there exist Uy, ...,U, €
B, maps U; — U equalizing a, b such that Hi:l,...,n h*g — Equalizer(h7, hf :
hi — hi,) is surjective.
We omit the detailed verification, except to mention that part (2) above insures
that every element of B is quasi-compact and hence every K € S is quasi-compact
as well by Sites, Lemma [17.6

Lemma 16.4. Let Z be a cofiltered index category and let (C;, f,) be an inverse
system of sites over I as in Sites, Situation |18.1. Set C = colimC; as in Sites,
Lemmas[18.9 and[18.5 Moreover, assume given

(1) an abelian sheaf F; on C; for alli € Ob(Z),

(2) fora:j—iamap @, [, F; — F; of abelian sheaves on C;
such that ¢, = @y 0 fb_lgpa whenever ¢ = aob. Then there exists a map of systems
(Fiy 0a) = (Gi,¥q) such that F; — G; is injective and G; is an injective abelian
sheaf.
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Proof. For each ¢ we pick an injection F; — A; where A; is an injective abelian
sheaf on C;. Then we can consider the family of maps

vi o Fi — Hb:k_”, foe A =G

where the component maps are the maps adjoint to the maps f, YF = Fi = Ag.
For a : j — i in Z there is a canonical map

/(/)a:fa_lgi%gj

whose components are the canonical maps f;lfaob,*Ak — foAg for b k — j.
Thus we find an injection (v;) : (Fi, pa) = (Gi, ¥a) of systems of abelian sheaves.
Note that G; is an injective sheaf of abelian groups on C;, see Lemma and
Homology, Lemma [27.3] This finishes the construction. O

Lemmal 16.5. In the situation of Lemma set F = colim f[l]-'i. Let i €
Ob(Z), X, € 0b(C;). Then

COlima;j_)i Hp(ua(Xi),}"j) = Hp(ui(Xi),]:)
for all p > 0.
Proof. The case p = 0 is Sites, Lemma [18.4

Choose (F;, va) — (Gi,1q) as in Lemma Arguing exactly as in the proof of
Lemma we see that it suffices to prove that HP(X, colim f; *G;) = 0 for p > 0.

Set G = colim f;lgi. To show vanishing of cohomology of G on every object of C
we show that the Cech cohomology of G for any covering U of C is zero (Lemma
10.9). The covering U comes from a covering U; of C; for some i. We have

é'(u, Q) = colima:j_”» é. (ua(Z/{i), g])

by the case p = 0. The right hand side is acyclic in positive degrees as a filtered
colimit of acyclic complexes by Lemma See Algebra, Lemma (8.8 O

17. Flat resolutions

In this section we redo the arguments of Cohomology, Section |26 in the setting of
ringed sites and ringed topoi.

Lemma 17.1. Let (C,O) be a ringed site. Let G* be a complex of O-modules. The
functors
K(Mod(0O)) — K(Mod(0)), F*+—— Tot(G* @0 F*)
and
K(Mod(O)) — K(Mod(0)), F*+— Tol(F* 0 G*)
are exact functors of triangulated categories.

Proof. This follows from Derived Categories, Remark (]

Definition 17.2. Let (C,O) be a ringed site. A complex K® of O-modules is
called K-flat if for every acyclic complex F* of O-modules the complex

Tot(F* ®0 K*)

is acyclic.
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Lemma 17.3. Let (C,0) be a ringed site. Let K* be a K-flat complex. Then the
functor

K(Mod(O)) — K(Mod(0)), F*+— Tot(F* @0 K*)
transforms quasi-isomorphisms into quasi-isomorphisms.

Proof. Follows from Lemma and the fact that quasi-isomorphisms are char-
acterized by having acyclic cones. O

Lemma 17.4. Let (C,0) be a ringed site. Let U be an object of C. If K® is a
K-flat complex of O-modules, then K®|y is a K-flat complex of Oy -modules.

Proof. Let G*® be an exact complex of Opy-modules. Since jy is exact (Modules
on Sites, Lemma and K*® is a K-flat complex of O-modules we see that the
complex

Ju(Tot(G* ®o, K*|r)) = Tot(jinG* ®o K*)
is exact. Here the equality comes from Modules on Sites, Lemma and the fact
that jyn commutes with direct sums (as a left adjoint). We conclude because jpn
reflects exactness by Modules on Sites, Lemma [19.4 (]

Lemma 17.5. Let (C,0) be a ringed site. If K*, L* are K-flat complezes of
O-modules, then Tot(K® @ L®) is a K-flat complex of O-modules.

Proof. Follows from the isomorphism
Tot(M® ®o Tot(K® @ L*)) = Tot(Tot(M*® Q0 K°*) @0 L®)
and the definition. O

Lemma 17.6. Let (C,0) be a ringed site. Let (K3,K3,K3) be a distinguished
triangle in K(Mod(O)). If two out of three of K? are K-flat, so is the third.

Proof. Follows from Lemma and the fact that in a distinguished triangle in
K (Mod(0©)) if two out of three are acyclic, so is the third. O

Lemma 17.7. Let (C,0) be a ringed site. Let 0 — K} — K3 — K§ — 0 be a
short exact sequence of complexes such that the terms of K3 are flat O-modules. If
two out of three of K are K-flat, so is the third.

Proof. By Modules on Sites, Lemma for every complex £* we obtain a short
exact sequence

0 — Tot(L* ®0 KT) = Tot(L® @0 KT) = Tot(L* @0 K7) — 0
of complexes. Hence the lemma follows from the long exact sequence of cohomology

sheaves and the definition of K-flat complexes. [l

Lemma 17.8. Let (C,0) be a ringed site. A bounded above complex of flat O-
modules is K-flat.

Proof. Let K*® be a bounded above complex of flat O-modules. Let £°® be an acyclic
complex of O-modules. Note that £* = colim,, 7<,,L® where we take termwise
colimits. Hence also

Tot(K*® ®o L*) = colim,, Tot(K* @o T<m L*)

termwise. Hence to prove the complex on the left is acyclic it suffices to show
each of the complexes on the right is acyclic. Since 7<,,£® is acyclic this reduces
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us to the case where L£°® is bounded above. In this case the spectral sequence of
Homology, Lemma has

"BV = HP(L* @r K?)
which is zero as K9 is flat and £*® acyclic. Hence we win. O

Lemma 17.9. Let (C,0) be a ringed site. Let K$ — K$ — ... be a system of
K-flat complexes. Then colim; K? is K-flat.

Proof. Because we are taking termwise colimits it is clear that
colim; Tot(F* ®p K7) = Tot(F* ®e colim; K?)
Hence the lemma follows from the fact that filtered colimits are exact. O

Lemma 17.10. Let (C,0) be a ringed site. For any complex G* of O-modules
there exists a commutative diagram of complexes of O-modules

K3 K3
T<1G*® T<2G®

with the following properties: (1) the vertical arrows are quasi-isomorphisms and
termwise surjective, (2) each K is a bounded above complex whose terms are direct
sums of O-modules of the form jin Oy, and (3) the maps Ky, — K5 | are termwise
split injections whose cokernels are direct sums of O-modules of the form jinOy.
Moreover, the map colim IC? — G*® is a quasi-isomorphism.

Proof. The existence of the diagram and properties (1), (2), (3) follows immedi-
ately from Modules on Sites, Lemma and Derived Categories, Lemma [29.1
The induced map colim K — G*® is a quasi-isomorphism because filtered colimits
are exact. O

Lemma 17.11. Let (C,O) be a ringed site. For any complex G* there exists a K -
flat complex IC* whose terms are flat O-modules and a quasi-isomorphism K* — G*
which is termwise surjective.

Proof. Choose a diagram as in Lemma Each complex K? is a bounded
above complex of flat modules, see Modules on Sites, Lemma Hence K? is
K-flat by Lemma [I7.8 Thus colim K3, is K-flat by Lemma The induced map
colim £y — G* is a quasi-isomorphism and termwise surjective by construction.
Property (3) of Lemma shows that colim K" is a direct sum of flat modules
and hence flat which proves the final assertion. (I

Lemma 17.12. Let (C,0) be a ringed site. Let o : P* — Q° be a quasi-
isomorphism of K-flat complexes of O-modules. For every complex F* of O-modules
the induced map

Tot(idrs ® «) : Tot(F* @0 P*) — Tot(F* @0 Q°)

is a quasi-isomorphism.
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Proof. Choose a quasi-isomorphism K® — F*® with K* a K-flat complex, see
Lemma [I7.17] Consider the commutative diagram

Tot(K* ®o P*) — Tot(K*® ®0 Q°)

| |

Tot(F* ®o P*) — Tot(F* ®@p Q°)

The result follows as by Lemma [I7.3] the vertical arrows and the top horizontal
arrow are quasi-isomorphisms. [

Let (C,O) be a ringed site. Let F* be an object of D(O). Choose a K-flat resolu-
tion K£* — F*, see Lemma [I7.11] By Lemma [I7.1] we obtain an exact functor of
triangulated categories

K(0) — K(0), G*+— Tot(G* ®0 K*)

By Lemma this functor induces a functor D(O) — D(O) simply because D(O)
is the localization of K(O) at quasi-isomorphisms. By Lemma [17.12] the resulting
functor (up to isomorphism) does not depend on the choice of the K-flat resolution.

Definition 17.13. Let (C,O) be a ringed site. Let F* be an object of D(O). The
derived tensor product

— ® F*: D(O) — D(O)
is the exact functor of triangulated categories described above.
It is clear from our explicit constructions that there is a canonical isomorphism

F* @56 =g 0 F*

for G* and F* in D(O). Hence when we write F* @% G* we will usually be agnostic
about which variable we are using to define the derived tensor product with.

Definition 17.14. Let (C, O) be a ringed site. Let F, G be O-modules. The Tor’s
of 7 and G are defined by the formula

Torl (F,G) = HP(F ®6 G)
with derived tensor product as defined above.

This definition implies that for every short exact sequence of O-modules 0 — F; —
Fo — F3 — 0 we have a long exact cohomology sequence

Fil@li——F QoG ——F380G ——0

Tor{ (Fi,G) — Tor{ (F2,G) — Tor{ (F3,G)

for every O-module G. This will be called the long exact sequence of Tor associated
to the situation.

Lemma 17.15. Let (C,O) be a ringed site. Let F be an O-module. The following
are equivalent

(1) F is a flat O-module, and

(2) Tor(F,G) =0 for every O-module G.
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Proof. If F is flat, then F ®» — is an exact functor and the satellites vanish.
Conversely assume (2) holds. Then if G — H is injective with cokernel Q, the long
exact sequence of Tor shows that the kernel of F @0 G — F ®» H is a quotient of
Tor® (F, Q) which is zero by assumption. Hence F is flat. O

Lemma 17.16. Let (C,0) be a ringed site. Let K® be a K-flat, acyclic complex
with flat terms. Then F = Ker(K™ — K1) is a flat O-module.

Proof. Observe that
o K2 K S F0

is a flat resolution of our module F. Since a bounded above complex of flat modules
is K-flat (Lemma we may use this resolution to compute Tor;(F,G) for any
O-module G. On the one hand K® (X% G is zero in D(O) because K* is acyclic and
on the other hand it is represented by K® ®» G. Hence we see that

K" 200G —-K"?00G = K" ®0G
is exact. Thus Tor;(F,G) = 0 and we conclude by Lemma [17.15 O

Lemma 17.17. Let (C,O) be a ringed space. Let a : K* — L* be a map of
complexes of O-modules. If K* is K-flat, then there exist a complex N'® and maps
of complexes b: K®* — N*® and ¢ : N* — L® such that

(1) N* is K-flat,

(2) ¢ is a quasi-isomorphism,

(3) a is homotopic to cob.

If the terms of K* are flat, then we may choose N'*, b, and ¢ such that the same is
true for N'®.

Proof. We will use that the homotopy category K (Mod(O)) is a triangulated cat-
egory, see Derived Categories, Proposition Choose a distinguished triangle
K* — L* — C* — K°*[1]. Choose a quasi-isomorphism M®* — C*® with M*®
K-flat with flat terms, see Lemma [I7.11}] By the axioms of triangulated cate-
gories, we may fit the composition M®* — C* — K*[1] into a distinguished triangle
K* — N* — M* — K*[1]. By Lemma we see that A/® is K-flat. Again using
the axioms of triangulated categories, we can choose a map N'®* — L*® fitting into
the following morphism of distinghuised triangles

]1. '/\1. .All. ]C.[l}
K* c ce K1

Since two out of three of the arrows are quasi-isomorphisms, so is the third arrow
N°® — L* by the long exact sequences of cohomology associated to these distin-
guished triangles (or you can look at the image of this diagram in D(Q) and use
Derived Categories, Lemma [4.3]if you like). This finishes the proof of (1), (2), and
(3). To prove the final assertion, we may choose A'® such that N = M™ G K™, see
Derived Categories, Lemma [10.7] Hence we get the desired flatness if the terms of
KC* are flat. O
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18. Derived pullback

Let f: (Sh(C),O) — (Sh(C’),O’) be a morphism of ringed topoi. We can use K-flat
resolutions to define a derived pullback functor

Lf*: D(O') — D(O)

Lemma 18.1. Let f : (Sh(C’),O") — (Sh(C),O) be a morphism of ringed topoi.
Let K* be a K-flat complex of O-modules whose terms are flat O-modules. Then
f*K® is a K-flat complex of O'-modules whose terms are flat O'-modules.

Proof. The terms f*K" are flat O’-modules by Modules on Sites, Lemma [39.1]
Choose a diagram

K K3
TS1IC. TSQIC.

as in Lemma [I7.10] We will use all of the properties stated in the lemma without
further mention. Each ! is a bounded above complex of flat modules, see Modules
on Sites, Lemma Consider the short exact sequence of complexes

0— M* — colimK; - K* — 0

defining M*®. By Lemmas [I7.8] and [I7.9] the complex colim K3, is K-flat and by
Modules on Sites, Lemma[28.5]it has flat terms. By Modules on Sites, Lemma [28.10]
M has flat terms, by Lemma[I7.7] M* is K-flat, and by the long exact cohomology
sequence M?* is acyclic (because the second arrow is a quasi-isomorphism). The
pullback f*(colim K?) = colim f*/C? is a colimit of bounded below complexes of
flat O’-modules and hence is K-flat (by the same lemmas as above). The pullback
of our short exact sequence

0— f*M* = f*(colimK) = f*K* =0

is a short exact sequence of complexes by Modules on Sites, Lemma Hence
by Lemma[17.7] it suffices to show that f*M?* is K-flat. This reduces us to the case
discussed in the next paragraph.

Assume K°* is acyclic as well as K-flat and with flat terms. Then Lemma [17.16
guarantees that all terms of 7<,K® are flat O-modules. We choose a diagram as
above and we will use all the properties proven above for this diagram. Denote
M? the kernel of the map of complexes K} — 7<,K*® so that we have short exact
sequences of complexes

00— M; = K> = 17<,£* =0

By Modules on Sites, Lemma we see that the terms of the complex M? are
flat. Hence we see that M = colim M3 is a filtered colimit of bounded below
complexes of flat modules in this case. Thus f*M®* is K-flat (same argument as
above) and we win. O

Lemma 18.2. Let f : (Sh(C),0) — (Sh(C"),O’) be a morphism of ringed topoi.
There exists an exact functor

Lf*: D(O') — D(0)
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of triangulated categories so that Lf*K® = f*K* for any K-flat complex K® with
flat terms and in particular for any bounded above complex of flat O'-modules.

Proof. To see this we use the general theory developed in Derived Categories,
Section Set D = K(O') and D' = D(O). Let us write F' : D — D’ the
exact functor of triangulated categories defined by the rule F(G®) = f*G*. We
let S be the set of quasi-isomorphisms in D = K(O'). This gives a situation
as in Derived Categories, Situation [I4.1] so that Derived Categories, Definition
applies. We claim that LF is everywhere defined. This follows from Derived
Categories, Lemma with P C Ob(D) the collection of K-flat complexes K*
with flat terms. Namely, (1) follows from Lemma and to see (2) we have
to show that for a quasi-isomorphism K} — K3 between elements of P the map
K — f*K3 is a quasi-isomorphism. To see this write this as

f71’CI Qf-101 0 — fﬁlng Qf-101 O

The functor f~! is exact, hence the map f~'K$ — f~1K$ is a quasi-isomorphism.
The complexes f~1K$ and f~1K$ are K-flat complexes of f~!1(’-modules by Lemma
because we can consider the morphism of ringed topoi (Sh(C), f~*0’) —
(Sh(C"),O’). Hence Lemma guarantees that the displayed map is a quasi-
isomorphism. Thus we obtain a derived functor

LF:D(O)=S"'D — D = D(0)

see Derived Categories, Equation . Finally, Derived Categories, Lemma
also guarantees that LF(K®) = F(K®) = f*K*® when K*® is in P. The proof
is finished by observing that bounded above complexes of flat modules are in P by
Lemma 7.8 O

Lemma 18.3. Consider morphisms of ringed topoi f : (Sh(C),O¢) — (Sh(D), Op)
and g : (Sh(D),O0p) — (Sh(E),0¢). Then Lf* o Lg* = L(g o f)* as functors

Proof. Let E be an object of D(Og). We may represent E by a K-flat complex
K* with flat terms, see Lemma [I7.11] By construction Lg*E is computed by ¢g*K*®,
see Lemma [18.2] By Lemma the complex g*K® is K-flat with flat terms.
Hence Lf*Lg*E is represented by f*¢g*K*. Since also L(go f)*FE is represented by
(go f)*K* = f*¢*K* we conclude. O

Lemma 18.4. Let f : (Sh(C),0) — (Sh(D),O’) be a morphism of ringed topoi.
There is a canonical bifunctorial isomorphism
Lf*(f-. ®gl g.) _ Lf*f. ®é Lf*g.

for F*,G* € Ob(D(0')).

Proof. By our construction of derived pullback in Lemma[18.2] and the existence
of resolutions in Lemma [17.11] we may replace F* and G® by complexes of O'-
modules which are K-flat and have flat terms. In this case F*®5, G* is just the total
complex associated to the double complex F* ®0rG®. The complex Tot(F® @0 G*)

is K-flat with flat terms by Lemma[I7.5|and Modules on Sites, Lemma[28.12] Hence
the isomorphism of the lemma comes from the isomorphism

Tot(f*F* @0 f*G*) — f*Tot(F* ®0r G°)
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whose constituents are the isomorphisms f*FP Q¢ f*G9 — f*(FP @0 G9) of Mod-
ules on Sites, Lemma [26.2 (]

Lemma 18.5. Let [ : (Sh(C),0) — (Sh(C’),O’) be a morphism of ringed topoi.
There is a canonical bifunctorial isomorphism

f. ®5 Lf*go — }-o ®?710Y fflgo
for F* in D(O) and G* in D(O').

Proof. Let F be an O-module and let G be an O’-module. Then F Q¢ f*G =
F @10 f71G because f*G = O @p-10/ f~*G. The lemma follows from this and
the definitions. O

Lemma 18.6. Let (C,0) be a ringed site. Let K® be a complex of O-modules.

(1) If K* is K-flat, then for every point p of the site C the complex of Op-
modules K3, is K-flat in the sense of More on Algebra, Deﬁnitionm
(2) If C has enough points, then the converse is true.

Proof. Proof of (2). If C has enough points and K is K-flat for all points p of
C then we see that K*® is K-flat because ® and direct sums commute with taking
stalks and because we can check exactness at stalks, see Modules on Sites, Lemma

144

Proof of (1). Assume K*® is K-flat. Choose a quasi-isomorphism a : £* — K® such
that £°® is K-flat with flat terms, see Lemma Any pullback of £* is K-flat,
see Lemma [I8.1] In particular the stalk £} is a K-flat complex of Op-modules.
Thus the cone C(a) on a is a K-flat (Lemma acyclic complex of O-modules
and it suffuces to show the stalk of C(a) is K-flat (by More on Algebra, Lemma
59.5)). Thus we may assume that £® is K-flat and acyclic.

Assume K® is acyclic and K-flat. Before continuing we replace the site C by another
one as in Sites, Lemma to insure that C has all finite limits. This implies the
category of neighbourhoods of p is filtered (Sites, Lemma and the colimit
defining the stalk of a sheaf is filtered. Let M be a finitely presented Op-module.
It suffices to show that K® ®o, M is acyclic, see More on Algebra, Lemma
Since O, is the filtered colimit of O(U) where U runs over the neighbourhoods of p,
we can find a neighbourhood (U, z) of p and a finitely presented O(U)-module M’
whose base change to O, is M, see Algebra, Lemma [127.6] By Lemma [I7.4] we may
replace C, 0, K® by C/U, Oy, K®|y. We conclude that we may assume there exists
an O-module F such that M = F,. Since K* is K-flat and acyclic, we see that
K*®o F is acyclic (as it computes the derived tensor product by definition). Taking
stalks is an exact functor, hence we get that K*®* ®o, M is acyclic as desired. ~ [J

Lemma 18.7. Let [ : (Sh(C),0) — (Sh(C’),O’) be a morphism of ringed topoi.
If C has enough points, then the pullback of a K-flat complex of O'-modules is a
K-flat complex of O-modules.

Proof. This follows from Lemma Modules on Sites, Lemma and More
on Algebra, Lemma [59.3 (]
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OFPH Lemma 18.8. Let f: (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed topoi.
Let K® and M*® be complezes of Op-modules. The diagram

Lf*(K* %, M*) —— Lf* To(K* ®0, M*)

| |

Lf*’C. ®gc Lf*Mo f* TOt(IC. ®OD M.)

| |

fKe ®5C f*M® —— Tot( f*K* Qo f*M*)
commutes.

Proof. We will use the existence of K-flat resolutions with flat terms (Lemma
17.11)), we will use that derived pullback is computed by such complexes (Lemma
ETRD and that pullbacks preserve these properties (Lemma . If we choose
such resolutions P® — K® and Q°* — M?*, then we see that

Lf*Tot(P* ®o, Q°) — Lf*Tot(K*® @0, M*)

! |

f*Tot(P* ®o, Q) — f*Tot(K*® @0, M*)

| |

Tot(f*P® ®p, [*Q°*) — Tot(f*K* @0, f*M?*)

commutes. However, now the left hand side of the diagram is the left hand side of
the diagram by our choice of P* and Q°® and Lemma [I7.5] O

19. Cohomology of unbounded complexes

07A5 Let (C,0) be a ringed site. The category Mod(Q) is a Grothendieck abelian cate-
gory: it has all colimits, filtered colimits are exact, and it has a generator, namely

69UeOb(C) juiOu;

see Modules on Sites, Section[I4]and Lemmas[28.7]and By Injectives, Theorem
for every complex F* of O-modules there exists an injective quasi-isomorphism
F* — I* to a K-injective complex of O-modules and moreover this embedding can
be chosen functorial in F*. It follows from Derived Categories, Lemma that
(1) any exact functor F' : K(Mod(O)) — D into a trianguated category D has
a right derived functor RF : D(O) — D,
(2) for any additive functor F' : Mod(O) — A into an abelian category A we
consider the exact functor F' : K(Mod(O)) — D(A) induced by F' and we
obtain a right derived functor RF : D(O) — K (A).

By construction we have RF(F®) = F(Z*) where F* — Z°* is as above.

Here are some examples of the above:
(1) The functor I'(C, —) : Mod(O) — Modrc,0) gives rise to
RT(C,-): D(O) — D(I'(C,0))
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We shall use the notation H*(C, K) = H*(RT'(C, K)) for cohomology.
(2) For an object U of C we consider the functor I'(U, —) : Mod(O) — Modpy,0)-
This gives rise to

RT(U,—) : D(O) — D(I(U,0))

We shall use the notation H*(U, K) = H'(RI'(U, K)) for cohomology.

(3) For a morphism of ringed topoi f : (Sh(C),O) — (Sh(D),O’) we consider
the functor f. : Mod(O) — Mod(O®') which gives rise to the total direct
image

Rf.: D(O) — D(O")

on unbounded derived categories.

Lemma 19.1. Let f : (Sh(C),0) — (Sh(D),O’) be a morphism of ringed topoi.
The functor Rf. defined above and the functor Lf* defined in Lemma are
adjoint:

Hompo)(Lf*G*, F*) = Homp o) (G*, Rf.F*)
bifunctorially in F* € Ob(D(0)) and G* € Ob(D(0O")).

Proof. This follows formally from the fact that Rf, and Lf* exist, see Derived
Categories, Lemma, [30.3] O

Lemma 19.2. Let f : (Sh(C),0¢) — (Sh(D),0p) and g : (Sh(D),0p) —
(Sh(E),Og) be morphisms of ringed topoi. Then Rg.o Rf. = R(go f)« as functors

Proof. By Lemma [19.1] we see that Rg. o Rf, is adjoint to Lf* o Lg*. We have
Lf*oLg* = L(go f)* by Lemma and hence by uniqueness of adjoint functors
we have Rg. o Rf. = R(go f)s. O

Remark| 19.3. The construction of unbounded derived functor Lf* and Rf.
allows one to construct the base change map in full generality. Namely, suppose
that

(8h(C"), Ocr) ——= (Sh(C), Oc)
f’i if
(Sh(D'), Op) —— (Sh(D), Op)

is a commutative diagram of ringed topoi. Let K be an object of D(O¢). Then
there exists a canonical base change map

Lg"Rf.K — R(f').L(g")" K
in D(Op/). Namely, this map is adjoint to a map L(f')*Lg*Rf. K — L(¢')*K.

Since L(f")*oLg* = L(g’)*oL f* we see this is the same as amap L(¢')*Lf*Rf. K —
L(¢’)*K which we can take to be L(g')* of the adjunction map Lf*Rf. K — K.
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0E46 Remark 19.4. Consider a commutative diagram

of ringed topoi. Then the base change maps of Remark for the two squares
compose to give the base change map for the outer rectangle. More precisely, the
composition
Lm* o R(go f). = Lm" o Ry, o Rf.
— Ryl o LI* o Rf,
— Rg’ o Rf! o Lk*
=R(g o f')so Lk*

is the base change map for the rectangle. We omit the verification.

0E47 Remark 19.5. Consider a commutative diagram

(Sh(C"), Ocrr) —— (Sh(C"), Oc') —;—= (Sh(C), Oc)

g
f ”i f/l lf
(SH(D"), Opn) = (SW(D'), Opr) " (SK(D), Op)
of ringed topoi. Then the base change maps of Remark for the two squares

compose to give the base change map for the outer rectangle. More precisely, the
composition

L(hoh')* o Rf. = L(h')* o Lh* o Rf.
— L(W)* o Rf. o Lg*
= RfIoL(g')" o Lg"
=Rf/oL(gog)"
is the base change map for the rectangle. We omit the verification.

OFPI Lemma 19.6. Let f: (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed topoi.
Let K® be a complex of Oc-modules. The diagram

Lf*foK® —— [ f.K°
Lf*Rf.K® —K*

coming from Lf* — f* on complexes, f. — Rf. on complexes, and adjunction

Lf*o Rf. — id commutes in D(O¢).
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Proof. We will use the existence of K-flat resolutions and K-injective resolutions,
see Lemmas [I7.11] [I82, and [I8.1] and the discussion above. Choose a quasi-
isomorphism IC®* — Z* where Z* is K-injective as a complex of O¢-modules. Choose
a quasi-isomorphism Q°® — f,Z°® where Q° is a K-flat complex of Op-modules with
flat terms. We can choose a K-flat complex of Op-modules P® with flat terms and
a diagram of morphisms of complexes

P o f*lC'

|

Qc - f*I.

commutative up to homotopy where the top horizontal arrow is a quasi-isomorphism.
Namely, we can first choose such a diagram for some complex P® because the quasi-
isomorphisms form a multiplicative system in the homotopy category of complexes
and then we can choose a resolution of P® by a K-flat complex with flat terms.
Taking pullbacks we obtain a diagram of morphisms of complexes

f*r])o N f*f*lco — S K*

L

f* Qo . f*f*I. S o

commutative up to homotopy. The outer rectangle witnesses the truth of the state-
ment in the lemma. U

Remark 19.7. Let f: (Sh(C),Oc) — (Sh(D), Op) be a morphism of ringed topoi.
The adjointness of Lf* and Rf, allows us to construct a relative cup product

Rf.K @5, Rf.L — Rf.(K @4, L)

in D(Op) for all K, L in D(O¢). Namely, this map is adjoint to a map L f* (Rf,J(@%D
Rf.L) - K @%C L for which we can take the composition of the isomorphism
Lf*(Rf.K ®%_ Rf.L) = Lf*Rf.K ®%_ Lf*Rf.L (Lemma with the map
Lf*Rf.K (X%C Lf*Rf.L - K ®%c L coming from the counit Lf* o Rf, — id.

Lemmal 19.8. Let C be a site. Let A C Ab(C) denote the Serre subcategory
consisting of torsion abelian sheaves. Then the functor D(A) — D4(C) is an
equivalence.

Proof. A key observation is that an injective abelian sheaf 7 is divisible. Namely,
if s € Z(U) is a local section, then we interpret s as a map s : jinZ — Z and we
apply the defining property of an injective object to the injective map of sheaves
n: jinZ — jinZ to see that there exists an s’ € Z(U) with ns’ = s.

For a sheaf F denote Fi,, its torsion subsheaf. We claim that if Z® is a complex of
injective abelian sheaves whose cohomology sheaves are torsion, then
., —I*
is a quasi-isomorphism. Namely, by flatness of Q over Z we have
HP(I*) ®z Q = H"(I* ®z Q)
which is zero because the cohomology sheaves are torsion. By divisibility (shown

above) we see that Z® — Z*® ®z Q is surjective with kernel Z? .. The claim follows
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from the long exact sequence of cohomology sheaves associated to the short exact
sequence you get.

To prove the lemma we will construct right adjoint 7' : D(C) — D(A). Namely,
given K in D(C) we can represent K by a K-injective complex Z® whose cohomology
sheaves are injective, see Injectives, Theorem m Then we set T(K) = Z7,,., in
other words, T is the right derived functor of taking torsion. The functor T is a
right adjoint to i : D(A) — D4(C). This readily follows from the observation that
if F* is a complex of torsion sheaves, then

HOInK(_A) (]:., It.or) = HomK(Ab(c)) (]:., I.)
in particular Z;

o 1s a K-injective complex of A. Some details omitted; in case of
doubt, it also follows from the more general Derived Categories, Lemma Our
claim above gives that L = T(i(L)) for L in D(A) and «(T(K)) = K if K is in
D4(C). Using Categories, Lemma the result follows. O

20. Some properties of K-injective complexes

Let (C,O) be a ringed site. Let U be an object of C. Denote j : (Sh(C/U),Oy) —
(Sh(C),O) the corresponding localization morphism. The pullback functor j* is
exact as it is just the restriction functor. Thus derived pullback Lj* is computed
on any complex by simply restricting the complex. We often simply denote the
corresponding functor

Similarly, extension by zero ji : Mod(Oy) — Mod(O) (see Modules on Sites, Defi-
nition [19.1)) is an exact functor (Modules on Sites, Lemma [19.3). Thus it induces
a functor

§1:D(Oy) — D(O), Fw— jF
by simply applying j; to any complex representing the object F'.
Lemma 20.1. Let (C,O) be a ringed site. Let U be an object of C. The restriction

of a K-injective complex of O-modules to C/U is a K-injective complex of Oy -
modules.

Proof. Follows immediately from Derived Categories, Lemma and the fact
that the restriction functor has the exact left adjoint j. See discussion above. [

Lemma 20.2. Let (C,0) be a ringed site. Let U € Ob(C). For K in D(O) we
have HP(U, K) = HP(C/U, K|¢/ur)-

Proof. Let Z° be a K-injective complex of O-modules representing K. Then
HY(U,K) = HY(I'(U,1%)) = H(I'(C/U,I°%|¢c/v))
by construction of cohomology. By Lemma the complex Z°|¢y; is a K-injective

complex representing K|¢,y and the lemma follows. U

Lemma 20.3. Let (C,0) be a ringed site. Let K be an object of D(O). The
sheafification of

U~ HY(U,K)=HC/U,Kl|c/v)
is the qth cohomology sheaf H1(K) of K.
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Proof. The equality H9(U, K) = H%(C/U, K|¢,y) holds by Lemma Choose
a K-injective complex Z*® representing K. Then

Ker(Z(U) — Z7H1(U))
(21 (U) = Z9(0))

HY(U,K) =

by our construction of cohomology. Since HY(K) = Ker(Z¢ — Z9t1)/Im(Z9! —
77) the result is clear. O

0D6G Lemma 20.4. Let f : (C,Oc) — (D,0p) be a morphism of ringed sites corre-
sponding to the continuous functor v : D — C. GiwenV € D, set U = u(V) and
denote g : (C/U,Oy) — (D/V,Oy) the induced morphism of ringed sites (Modules
on Sites, Lemma W} Then (Rf.E)|p/v = Rg«(E|c/v) for E in D(Oc).

Proof. Represent E by a K-injective complex Z® of O¢-modules. Then Rf.(E) =
J+Z*® and Rg.(E|c/u) = 9+(Z%|c/u) by Lemma Since it is clear that (f..F)|p,v =
9x(Fleju) for any sheaf F on C (see Modules on Sites, Lemma or the more
basic Sites, Lemma the result follows. ([l

0D6H Lemmal 20.5. Let f : (C,Oc¢) — (D,Op) be a morphism of ringed sites corre-
sponding to the continuous functor uw : D — C. Then RT'(D,—)o Rf. = R[(C,—)
as functors D(O¢) — D(I'(Op)). More generally, for V€ D with U = u(V) we
have RT'(U, —) = RI'(V,—) o Rf..

Proof. Consider the punctual topos pt endowed with O,; given by the ring I'(Op).
There is a canonical morphism (D, Op) — (pt, Op) of ringed topoi inducing the
identification on global sections of structure sheaves. Then D(O,;) = D(I'(Op)).
The assertion RI'(D, —) o Rf, = RI'(C,—) follows from Lemma applied to

(C,0¢) = (D,0p) — (pt, Opt)

The second (more general) statement follows from the first statement after applying
Lemma [20.4] O

0D6I Lemmal 20.6. Let f : (C,0c) — (D,Op) be a morphism of ringed sites cor-
responding to the continuous functor uw : D — C. Let K be in D(O¢). Then
HY(Rf.K) is the sheaf associated to the presheaf

Vi H'(u(V),K) = H'(V,Rf.K)

Proof. The equality H (u(V), K) = H(V, Rf.K) follows upon taking cohomology
from the second statement in Lemma [20.5l Then the statement on sheafification
follows from Lemma 20.3 O

0D6J Lemmal 20.7. Let (C,0O¢) be a ringed site. Let K be an object of D(O¢) and
denote Kgyp its image in D(Zg).

(1) There is a canonical map RT'(C, K) — RI'(C, K4p) which is an isomorphism
in D(AD).

(2) For any U € C there is a canonical map RT'(U, K) — RT'(U, K,p) which is
an isomorphism in D(Ab).

(3) Let f : (C,O¢) — (D,0Op) be a morphism of ringed sites. There is a
canonical map Rfy K — Rf.(Kap) which is an isomorphism in D(Zp).
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Proof. The map is constructed as follows. Choose a K-injective complex Z*® repre-
senting K. Choose a quasi-isomorpism Z®* — 7* where 7° is a K-injective complex
of abelian groups. Then the map in (1) is given by I'(C,Z°*) — I'(C, J*) (2) is given
by T'(U,Z*) — T'(U,J°*) and the map in (3) is given by f.Z* — f.J*. To show
that these maps are isomorphisms, it suffices to prove they induce isomorphisms on
cohomology groups and cohomology sheaves. By Lemmas [20.2] and [20.6] it suffices
to show that the map
H°(C,K) — H°(C, Kau)
is an isomorphism. Observe that
H°(C,K) = Homp(o.)(Oc, K)

and similarly for the other group. Choose any complex K® of O¢-modules repre-
senting K. By construction of the derived category as a localization we have

Homp o,y (Oc, K) = colimg. e 0, Hom g (oe) (F*,K*)
where the colimit is over quasi-isomorphisms s of complexes of O¢-modules. Simi-
larly, we have

HomD(ZC)(ZC7 K) = COhms:Q‘%ZC HomK(Zc)(g., ]Co)
Next, we observe that the quasi-isomorphisms s : G* — Z, with G* bounded above
complex of flat Z,-modules is cofinal in the system. (This follows from Modules on
Sites, Lemma and Derived Categories, Lemma [15.4} see discussion in Section
17l) Hence we can construct an inverse to the map H°(C,K) — HY(C, Ku) by
representing an element £ € HY(C, K) by a pair

(s:G* = Z¢,a:G°—K*)

with G* a bounded above complex of flat Z,-modules and sending this to

(G* ®z, Oc = Oc,G* ®z, Oc = K*)

The only thing to note here is that the first arrow is a quasi-isomorphism by Lemmas
[I7.12] and I7.8 We omit the detailed verification that this construction is indeed
an inverse. ([l

Lemma 20.8. Let (C,0) be a ringed site. Let U be an object of C. Denote
: (SK(C/U),0y) — (S (C),C’) the corresponding localization morphism. The

)
restmctzon functor D(O) — D(Oy) is a right adjoint to extension by zero j :
D(Oy) = D(0).

Proof. We have to show that
HomD(o) (j!.E7 F) = HOHID(OU)(E, F|U)

Choose a complex £® of Oy-modules representing £ and choose a K-injective com-
plex Z°® representing F. By Lemma the complex Z°®|y is K-injective as well.
Hence we see that the formula above becomes

HomD(o)(j'é" I.) = HomD(oU)(S' I.lU)

which holds as |y and j are adjoint functors (Modules on Sites, Lemma and
Derived Categories, Lemma [31.2 (|

Lemma 20.9. Let (C,O) be a ringed site. Let U € Ob(C). For L in D(Oy) and
K in D(O) we have jiL ¢ K = ji(L %, K|u).
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Proof. Represent L by a complex of Oy-modules and K by a K-flat complexe of
O-modules and apply Modules on Sites, Lemma Details omitted. O

Lemma 20.10. Let f : (Sh(C),Oc) — (Sh(D),Op) be a flat morphism of ringed
topoi. If I°® is a K-injective complex of Oc-modules, then f.ZI° is K-injective as a
complex of Op-modules.

Proof. This is true because

Hompg (o, (F*, f«I°) = Homg o) (f*F*,Z°)
by Modules on Sites, Lemma and the fact that f* is exact as f is assumed to
be flat. 0

Lemma 20.11. Let C be a site. Let O — O’ be a map of sheaves of rings. If T®
is a K-injective complex of O-modules, then Homo (O, Z°*) is a K-injective complex
of O'-modules.

Proof. This is true because Homg o) (G®, Homop(O',Z°)) = Homg 0y (G*,Z*) by
Modules on Sites, Lemma [27.8 O

21. Localization and cohomology

Let C be a site. Let f : X — Y be a morphism of C. Then we obtain a morphism
of topoi

Jx/vy : SMC/X) — Sh(C/Y)

See Sites, Sections [25] and Some questions about cohomology are easier for this
type of morphisms of topoi. Here is an example where we get a trivial type of base
change theorem.

Lemmal 21.1. Let C be a site. Let

X —X

Y —=Y
be a cartesian diagram of C. Then we have j;,l/y oRjx v = Rixi )y « Oj)_(,l/X as
functors D(C/X) — D(C/Y").

Proof. Let E € D(C/X). Choose a K-injective complex Z* of abelian sheaves
on C/X representing E. By Lemma w we see that j;(,l/XIO is K-injective too.
Hence we may compute Rjx vy (j;(,l/XE) by jX//y/,*j;(,l/XI'. Thus we see that
the equality holds by Sites, Lemma O

If we have a ringed site (C,0) and a morphism f : X — Y of C, then jx,y becomes
a morphism of ringed topoi

Jx/y : (Sh(C/X),0x) — (Sh(C/Y), Oy)

See Modules on Sites, Lemma [19.5
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Lemma 21.2. Let (C,0) be a ringed site. Let
X —-X
Y —=Y
be a cartesian diagram of C. Then we have j;,/y oRjx/v« = Rixi/y: « Oj;(’/X as

functors D(Ox) — D(Oy).

Proof. Since j;}/yoy = Oys we have j5., )y = Ljj. )y = j;}/y. Similarly we
have j}//x = Lj},/X = j)_(,l/X. Thus by Lemma it suffices to prove the result
on derived categories of abelian sheaves which we did in Lemma O

22. Inverse systems and cohomology

We prove some results on inverse systems of sheaves of modules.
Lemmal 22.1. Let I be an ideal of a ring A. Let C be a site. Let
. F3 = Fo— F

be an inverse system of sheaves of A-modules on C such that F,, = Fpi1/I"Fpi1.
Let p > 0. Assume

p+1 n
@TLZOH (Cvj fn-{-l)

satisfies the ascending chain condition as a graded €, -, I"/I" -module. Then
the inverse system M, = HP(C,JF,) satisfies the Mittag-Leffler conditz’orﬂ

Proof. Set N,, = HPTY(C, I"F,,41) and let 6,, : M,, — N,, be the boundary map on
cohomology coming from the short exact sequence 0 — I"F,,+1 — Fpny1 — Fpn — 0.
Then @ Im(d,) C P N, is a graded submodule. Namely, if s € M,, and f € I™,
then we have a commutative diagram

0 I"Frin Foi1 Fn 0
fl/ fl fl
0—— In+m]:n+m+1 I fn+m+1 fn—i—m 0

The middle vertical map is given by lifting a local section of F,,4+1 to a section of
Frnt+m+1 and then multiplying by f; similarly for the other vertical arrows. We
conclude that 0, 1m(fs) = fon(s). By assumption we can find s; € M,,, j =
1,...,N such that §,,(s;) generate @Im(d,) as a graded module. Let n>c=
max(n;). Let s € M,,. Then we can find f; € I"~" such that 0,(s) = >_ fjdn,(s5).
We conclude that 6(s — Y f;s;) = 0, ie., we can find s’ € M, mapping to
s—2_ fjs; in M,. It follows that

Im(Mp+1 — M,—.) =Im(M,, — M,_.)

Namely, the elements f;s; map to zero in M,,_.. This proves the lemma. ([

21n fact, there exists a ¢ > 0 such that Im(M,, — My, _.) is the stable image for all n > c.
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Lemmal 22.2. Let I be an ideal of a ring A. Let C be a site. Let
o F3 > Fo—> F

be an inverse system of A-modules on C such that F,, = Fpi1/I"Fpy1. Let p > 0.
Given n define

N, = ﬂmzn Im (HP*Y(C, I" Finy1) = HPTHC, " Fui1))

If @ Ny, satisfies the ascending chain condition as a graded €, - I/ 1" -module,
then the inverse system M, = HP(C,F,) satisfies the Mittag-Leffler conditm?ﬂ,
Proof. The proof is exactly the same as the proof of Lemma In fact, the
result will follow from the arguments given there as soon as we show that @ N, is
a graded @, I"/I"-submodule of @ HP*(C, I" Fy,41) and that the boundary
maps 0, : M,, — HPTY(C, I"F, ;1) have image contained in IN,,.

Suppose that ¢ € N,, and f € I*. Choose m > n+k. Choose ¢’ € HPYL(C, I"Fypi1)
lifting £&. We consider the diagram

0——— In}—erl ]:erl ]:n 0
fl fl fJ/
0—— In+kfm+1 erJrl »FnJrk‘ —0

constructed as in the proof of Lemma [22.1] We get an induced map on cohomology
and we see that f¢& € HPYY(C, I"T*F,, 1) maps to f¢. Since this is true for all
m > n + k we see that f€ is in V,,4 as desired.

To see the boundary maps ¢,, have image contained in N,, we consider the diagrams

04>In]:m+1 fm+1 ./T"n 0
0—— Infn+1 fn+1 .Fn 0
for m > n. Looking at the induced maps on cohomology we conclude. O

Lemmal 22.3. Let I be an ideal of a ring A. Let C be a site. Let
. > F3 = Fo— Fu

be an inverse system of sheaves of A-modules on C such that F,, = Fpi1 /1" Fpi1.
Let p > 0. Assume

ED >0 HP(C, I" o)
satisfies the ascending chain condition as a graded @, -, I"/I" -module. Then
the limit topology on M = lim HP(C, F,,) is the I-adic topology.

Proof. Set F" = Ker(M — HP(C,F,)) for n > 1 and F* = M. Observe that
IF™ C F™*L. In particular I"M C F". Hence the I-adic topology is finer than the
limit topology. For the converse, we will show that given n there exists an m > n
such that F'™™ C I ”Mﬁ We have injective maps

F"/E™ — HP(C, Fpy1)

3n fact, there exists a ¢ > 0 such that Im(M,, — My _.) is the stable image for all n > c.
4n fact, there exist a ¢ > 0 such that F?*+¢ C I M for all n.
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whose image is contained in the image of H?(C,I"Fy41) — HP(C, Fr+1). Denote
FE, C Hp(c,ln]:»,H_l)

the inverse image of F"/F"+1. Then @ E,, is a graded @ I"/I""!-submodule of
@ HP(C,I"F,+1) and P E, — @ F"/F"*! is a homomorphism of graded mod-
ules; details omitted. By assumption @ E,, is generated by finitely many homoge-
neous elements over @ I"™/I"*1. Since E,, — F"/F"*! is surjective, we see that
the same thing is true of @ F™/F"*!. Hence we can find 7 and cy,...,c,. > 0 and
a; € F¢ whose images in @ F™/F"*! generate. Set ¢ = max(c;).

For n > ¢ we claim that I[F™ = F*t1. The claim shows that F"T¢ = ["F¢ C I"M
as desired. To prove the claim suppose a € F"*1. The image of a in F"+!/F"+2 is
a linear combination of our a;. Therefore a — " fia; € F"*2 for some f; € "¢,
Since I"t1=¢% =T .[""% as n > ¢; we can write f; = > g; jhi; with g; ; € I and
h; ja; € F™. Thus we see that F"*1 = F"t2 + JF™ A simple induction argument
gives Il = Frte 4 [F™ for all e > 0. It follows that [F™ is dense in F™T1.
Choose generators ki, ..., k. of I and consider the continuous map

w: (F™M® — F"T 0 (2, .., 2,) — Zklxz

(in the limit topology). By the above the image of (F™)®" under u is dense in
F™F! for all m > n. By the open mapping lemma (More on Algebra, Lemma
we find that u is open. Hence u is surjective. Hence IF™ = F"+! for n > ¢. This
concludes the proof. (Il

Lemma) 22.4. Let I be an ideal of a ring A. Let C be a site. Let
o Fys > Fo—> F

be an inverse system of sheaves of A-modules on C such that F,, = Fpi1/I"Fpi1.
Let p > 0. Given n define

Nn = ann Im (HP(C7 Inferl) - HP(C’ Infn+1))

If @ Ny, satisfies the ascending chain condition as a graded €D, - I/ 1" -module,
then the limit topology on M = lim H?(C, F,) is the I-adic topology.

Proof. The proof is exactly the same as the proof of Lemma In fact, the
result will follow from the arguments given there as soon as we show that @ N, is
a graded @,~,I"/I" " -submodule of @ H?**(C,I"F,41) and that F"/F"t! C
HP(C, Fny1) is contained in the image of N, — HP(C,Fn+1). In the proof of
Lemma we have seen the statement on the module structure.

Let t € F™. Choose an element s € H?(C, " F,4+1) which maps to the image of
t in HP(C,Fp41). We have to show that s is in N,. Now F™ is the kernel of
the map from M — HP(C,F,) hence for all m > n we can map ¢ to an element
tm € HP(C,Fm+1) which maps to zero in HP(C,F,). Consider the cohomology
sequence

HP™YC,F,) = HP(C, 1" Fuy1) — HP(C, Frni1) — HP(C, Fy)

coming from the short exact sequence 0 — I"F, 41 — Ft1 — Fn — 0. We
can choose s, € HP(C,I"F,,+1) mapping to t,,. Comparing the sequence above
with the one for m = n we see that s,, maps to s up to an element in the image
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of HP=Y(C, F,) — HP(C,I"F,;1). However, this map factors through the map
HP(C,I"Ft1) — HP(C, I F,,+1) and we see that s is in the image as desired. O

23. Derived and homotopy limits

Let C be a site. Consider the category C x N with Mor((U, n), (V,m)) =0ifn >m
and Mor((U,n), (V,m)) = Mor(U,V) else. We endow this with the structure of a
site by letting coverings be families {(U;,n) — (U,n)} such that {U; — U} is a
covering of C. Then the reader verifies immediately that sheaves on C x N are the
same thing as inverse systems of sheaves on C. In particular Ab(C x N) is inverse
systems of abelian sheaves on C. Consider now the functor

lim : Ab(C x N) — Ab(C)

which takes an inverse system to its limit. This is nothing but g. where g : Sh(C x
N) — Sh(C) is the morphism of topoi associated to the continuous and cocontinuous
functor C x N — C. (Observe that g—! assigns to a sheaf on C the corresponding
constant inverse system.)

By the general machinery explained above we obtain a derived functor
Rlim = Rg, : D(C x N) — D(C).
As indicated this functor is often denoted R lim.

On the other hand, the continuous and cocontinuous functors C — C x N, U —
(U, n) define morphisms of topoi 4,, : Sh(C) — Sh(C x N). Of course i,,! is the func-
tor which picks the nth term of the inverse system. Thus there are transformations
of functors i, 1, — i,'. Hence given K € D(C x N) we get K, = i 'K € D(C)
and maps K, 11 — K,. In Derived Categories, Definition we have defined the
notion of a homotopy limit

Rlim K,, € D(C)

We claim the two notions agree (as far as it makes sense).

Lemma 23.1. Let C be a site. Let K be an object of D(C x N). Set K,, =i 'K
as above. Then

Rlim K = Rlim K,,
in D(C).

Proof. To calculate Rlim on an object K of D(C x N) we choose a K-injective
representative Z® whose terms are injective objects of Ab(C x N), see Injectives,
Theorem We may and do think of Z*® as an inverse system of complexes (Z?*)
and then we see that

Rlim K =limZ}
where the right hand side is the termwise inverse limit.

Let J = (Jn) be an injective object of Ab(C x N). The morphisms (U,n) —
(U,n+ 1) are monomorphisms of C x N, hence J(U,n+1) — J(U,n) is surjective
(Lemma [12.6)). It follows that J,4+1 — J, is surjective as a map of presheaves.

Note that the functor i, ! has an exact left adjoint in,1. Namely, i, 1F is the inverse
system ...0 =0 — F — ... — F. Thus the complexes i, 'Z® = Z% are K-injective
by Derived Categories, Lemma [31.9]
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Because we chose our K-injective complex to have injective terms we conclude that
0= lmZy — [[Zr = [[Zo = 0

is a short exact sequence of complexes of abelian sheaves as it is a short exact
sequence of complexes of abelian presheaves. Moreover, the products in the middle
and the right represent the products in D(C), see Injectives, Lemma and its
proof (this is where we use that Z% is K-injective). Thus Rlim K is a homotopy
limit of the inverse system (K,) by definition of homotopy limits in triangulated
categories. (Il

Lemma 23.2. Let (C,0) be a ringed site. The functors RT(C,—) and RT'(U,—)
for U € Ob(C) commute with Rlim. Moreover, there are short exact sequences

0 — R'limH™ YU, K,) - H™(U, Rlim K,,) — lim H™(U, K,,) — 0
for any inverse system (K,,) in D(O) and m € Z. Similar for H™(C, Rlim K,,).

Proof. The first statement follows from Injectives, Lemma [13.6, Then we may
apply More on Algebra, Remark [86.10| to Rlim RI'(U, K,,) = RI'(U, Rlim K,,) to
get the short exact sequences. [

Lemma 23.3. Let [ : (Sh(C),0) — (Sh(C’),O’) be a morphism of ringed topoi.
Then Rf, commutes with Rlim, i.e., Rf, commutes with derived limits.

Proof. Let (K,) be an inverse system of objects of D(O). By induction on n we
may choose actual complexes K7, of O-modules and maps of complexes K}, | — K},
representing the maps K,,+1 — K, in D(O). In other words, there exists an object
K in D(C x N) whose associated inverse system is the given one. Next, consider
the commutative diagram

Sh(C x N) ——> Sh(C)

mi fl
Sh(C' x N) L= Sh(C")

of morphisms of topoi. It follows that Rlim R(f x 1).K = Rf.Rlim K. Working
through the definitions and using Lemma we obtain that RUIm(Rf.K,) =
Rf.(Rlim K,,).

Alternate proof in case C has enough points. Consider the defining distinguished
triangle

Rlim K, — [[ Ko = [[ En
in D(O). Applying the exact functor Rf, we obtain the distinguished triangle

Rf.(RlimK,) — Rf, (H Kn) ~ Rf. (H Kn)

in D(O’). Thus we see that it suffices to prove that Rf. commutes with products
in the derived category (which are not just given by products of complexes, see
Injectives, Lemma . However, since Rf, is a right adjoint by Lemma m
this follows formally (see Categories, Lemma . Caution: Note that we cannot
apply Categories, Lemma directly as Rlim K,, is not a limit in D(O). (]
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O0BKW Remark| 23.4. Let (C,0O) be a ringed site. Let (K,,) be an inverse system in
D(O). Set K = RlimK,,. For each n and m let H* = H™(K,) be the mth
cohomology sheaf of K, and similarly set H™ = H™(K). Let us denote X' the
presheaf

U s HU) = H™ (U, K,)

Similarly we set H™(U) = H™(U,K). By Lemma we see that H)' is the
sheafification of H,' and H™ is the sheafification of ™. Here is a diagram

K 3" H™
Rlm K, Hm A — lim H™

In general it may not be the case that lim #]" is the sheafification of im #". If
U € C, then we have short exact sequences

0BKX (23.4.1) 0— R'Nlim A" Y U) - H™(U) — limH™(U) — 0
by Lemma |23.2

The following lemma applies to an inverse system of quasi-coherent modules with
surjective transition maps on an algebraic space or an algebraic stack.

OBKY Lemma 23.5. Let (C,0) be a ringed site. Let (F,) be an inverse system of
O-modules. Let B C Ob(C) be a subset. Assume

(1) every object of C has a covering whose members are elements of B,
(2) HP(U,F,) =0 forp>0 and U € B,
(3) the inverse system F,(U) has vanishing R*lim for U € B.

Then Rlim F,, = lim F,, and we have HP (U, lim F,,) =0 for p > 0 and U € B.

Proof. Set K, = F, and K = RlimF,. Using the notation of Remark
and assumption (2) we see that for U € B we have H"(U) = 0 when m # 0
and H2(U) = F,(U). From Equation and assumption (3) we see that
H™(U) = 0 when m # 0 and equal to lim F,,(U) when m = 0. Sheafifying using
(1) we find that H™ = 0 when m # 0 and equal to lim F,, when m = 0. Hence
K =lim F,. Since H™(U,K) = H™(U) = 0 for m > 0 (see above) we see that the
second assertion holds. O

OD6L |Lemma 23.6. Let (C,O) be a ringed site. Let (K,) be an inverse system in D(O).
Let V € Ob(C) and m € Z. Assume there exist an integer n(V') and a cofinal system
Covy of coverings of V' such that for {V; — V} € Covy
(1) R*lim H™ Y(V;,K,,) =0, and
(2) H™(Vi, Kn) — H™(Vi, Ky (vy) s injective for n > n(V).
Then the map on sections H™(R1im K,,)(V) — H™ (K, v))(V) is injective.

Proof. Lety € H™(Rlim K,,)(V) map to zero in H™ (K, ))(V). Since H™(Rlim K,,)
is the sheafification of U + H™(U,Rlim K,,) (by Lemma we can choose
{Vi = V} € Covy and elements 4; € H™(V;, Rlim K,,) mapping to 7|y,. Then 7;
maps to 7, vy € H™(Vi, Ky (vy). Using that H™ (K, (y)) is the sheafification of
U H™(U, Kyy)) (by Lemma again) we see that after replacing {V; — V'}
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by a refinement we may assume that ; () = 0 for all i. For this covering we
consider the short exact sequences

0 — R'lim H™ YV}, K,,) = H™(V;, Rlim K,,) — lim H™(V;, K,,) — 0
of Lemma, By assumption (1) the group on the left is zero and by assumption
(2) the group on the right maps injectively into H™ (V;, K, (y)). We conclude ¥; = 0
and hence v = 0 as desired. (I

Lemma 23.7. Let (C,0) be a ringed site. Let E € D(O). Let B C Ob(C) be a
subset. Assume

(1) every object of C has a covering whose members are elements of B, and
(2) for everyV € B there exist a function p(V,—) : Z — Z and a cofinal system
Covy of coverings of V' such that
HP(V;, H"P(E)) =0
for all {V; — V'} € Covy and all integers p,m satisfying p > p(V, m).
Then the canonical map E — Rlim1>_, E is an isomorphism in D(O).

Proof. Set K,, = 7>_,F and K = Rlim K,,. The canonical map £ — K comes
from the canonical maps £ — K, = 7>_,FE. We have to show that & — K
induces an isomorphism H™(E) — H™(K) of cohomology sheaves. In the rest
of the proof we fix m. If n > —m, then the map £ — 7>_,F = K,, induces an
isomorphism H™(E) — H™(K,). To finish the proof it suffices to show that for
every V' € B there exists an integer n(V) > —m such that the map H™(K)(V) —
H™(Kyvy)(V) is injective. Namely, then the composition
H™(E)(V) = H™(K)(V) = H™ (K v))(V)
is a bijection and the second arrow is injective, hence the first arrow is bijective.
By property (1) this will imply H™(E) — H™(K) is an isomorphism. Set
n(V) =14+ max{—-m,p(V,m —1) —m, -1+ p(V,m) —m, -2+ p(V,m + 1) —m}.
so that in any case n(V) > —m. Claim: the maps
H" Y V;, Kpy1) = H" Y (V;, K,,) and H™(Vi, Kpy1) — H™(Vi, K,,)
are isomorphisms for n > n(V) and {V; — V} € Covy. The claim implies con-
ditions (1) and (2) of Lemma are satisfied and hence implies the desired in-
jectivity. Recall (Derived Categories, Remark [12.4]) that we have distinguished
triangles
H " Y E)n+1] = Ky — K, = H " HE)[n+2]
Looking at the asssociated long exact cohomology sequence the claim follows if
Hm+n<‘/i,H7n71(E))’ Hm+n+1(‘/vi7H7n71(E))7 Hm+n+2(‘/i,H7n71(E))

are zero for n > n(V) and {V; — V'} € Covy. This follows from our choice of n(V)
and the assumption in the lemma. O

Lemma 23.8. Let (C,0) be a ringed site. Let E € D(O). Let B C Ob(C) be a
subset. Assume

(1) every object of C has a covering whose members are elements of B, and
(2) for every V € B there exist an integer dy > 0 and a cofinal system Covy
of coverings of V' such that

HP(V;,, HI(E)) =0 for {V; =V} € Covy, p>dy, and ¢ <0
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Then the canonical map E — Rlim 7>_, E is an isomorphism in D(O).

Proof. This follows from Lemma with p(V,m) = dy + max (0, m). O

Lemma 23.9. Let (C,0) be a ringed site. Let E € D(O). Assume there exists a
function p(=) : Z — Z and a subset B C Ob(C) such that

(1) every object of C has a covering whose members are elements of B,
(2) HP(V,H™ P(E)) =0 for p>p(m) and V € B.
Then the canonical map E — Rlim 7>_, E is an isomorphism in D(O).

Proof. Apply Lemma with p(V,m) = p(m) and Covy equal to the set of
coverings {V; — V} with V; € B for all 4. O

Lemma 23.10. Let (C,0) be a ringed site. Let E € D(O). Assume there exists
an integer d > 0 and a subset B C Ob(C) such that

(1) every object of C has a covering whose members are elements of B,
(2) H?(V,HY(E)) =0 forp>d, ¢ <0, and V € B.

Then the canonical map E — Rlim 7>_, E is an isomorphism in D(O).

Proof. Apply Lemma [23.8] with dy = d and Covy equal to the set of coverings
{Vi; = V} with V; € B for all i. O

The lemmas above can be used to compute cohomology in certain situations.

Lemma 23.11. Let (C,0) be a ringed site. Let K be an object of D(O). Let
B C Ob(C) be a subset. Assume

(1) every object of C has a covering whose members are elements of B,
(2) HP(U,HY(K)) =0 for allp>0,q€Z, and U € B.
Then HY(U,K) = H°(U,HY(K)) for q € Z and U € B.

Proof. Observe that K = Rlim7>_, K by Lemma [23.10| with d = 0. Let U € B.
By Equation (23.4.1)) we get a short exact sequence

0— R'lim HY YU, 7>_,K) = HY(U,K) = lim HY(U,75>_, K) — 0

Condition (2) implies HY(U,7>_,K) = H°(U,H%(1>_,K)) for all ¢ by using the
spectral sequence of Derived Categories, Lemma The spectral sequence con-
verges because 7>_, K is bounded below. If n > —g then we have H(r>_,K) =
H?(K). Thus the systems on the left and the right of the displayed short exact
sequence are eventually constant with values H(U, H9~*(K)) and H°(U, H(K))
and the lemma follows. d

Here is another case where we can describe the derived limit.

Lemma 23.12. Let (C,0) be a ringed site. Let (K,) be an inverse system of
objects of D(O). Let B C Ob(C) be a subset. Assume

(1) every object of C has a covering whose members are elements of B,
(2) for allU € B and all ¢ € Z we have
(a) HP(U, HI(K,)) =0 for p >0,
(b) the inverse system H°(U, H1(K,,)) has vanishing R*lim.
Then HY(Rlim K,,) = lim HY(K,,) for q € Z.
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Proof. Set K = Rlim K,,. We will use notation as in Remark Let U € B.
By Lemma [23.11] and (2)(a) we have H?(U, K,,) = H°(U, H4(K,,)). Using that the
functor RT'(U, —) commutes with derived limits we have

HY(U,K) = HY(Rlim RT'(U, K,,)) = lim H*(U, H*(K,))

where the final equality follows from More on Algebra, Remark and assump-
tion (2)(b). Thus H?(U, K) is the inverse limit the sections of the sheaves H(K,,)
over U. Since lim HY(K,,) is a sheaf we find using assumption (1) that H(K),
which is the sheafification of the presheaf U — H4(U, K), is equal to lim H?(K,).
This proves the lemma. O

24. Producing K-injective resolutions

Let (C,0O) be a ringed site. Let F* be a complex of O-modules. The category
Mod(O) has enough injectives, hence we can use Derived Categories, Lemma m
produce a diagram

L 72_2]:. e 7'2_1]:.

L

13 I

in the category of complexes of O-modules such that

(1) the vertical arrows are quasi-isomorphisms,

(2) Zp is a bounded below complex of injectives,

(3) the arrows Z3,, — Z) are termwise split surjections.
The category of O-modules has limits (they are computed on the level of presheaves),
hence we can form the termwise limit Z® = lim,, Z;,. By Derived Categories, Lem-
mas and this is a K-injective complex. In general the canonical map

(24.0.1) F* I

may not be a quasi-isomorphism. In the following lemma we describe some condi-
tions under which it is.

Lemma 24.1. In the situation described above. Denote H™ = H™(F*®) the mth
cohomology sheaf. Let B C Ob(C) be a subset. Let d € N. Assume

(1) every object of C has a covering whose members are elements of B,
(2) for every U € B we have HP(U,H9) =0 for p > d and ¢ < qﬂ
Then (24.0.1) is a quasi-isomorphism.
Proof. By Derived Categories, Lemma [34.4] it suffices to show that the canonical

map F* — Rlim7>_,F* is an isomorphism. This follows from Lemma [23.10] O

Here is a technical lemma about cohomology sheaves of termwise limits of inverse
systems of complexes of modules. We should avoid using this lemma as much as
possible and instead use arguments with derived inverse limits.

Lemma 24.2. Let (C,0) be a ringed site. Let (Fn) be an inverse system of
complezes of O-modules. Let m € Z. Suppose given B C Ob(C) and an integer ng
such that

(1) every object of C has a covering whose members are elements of B,

5Tt suffices if Vm, Ip(m), HP (UH™P) = 0 for p > p(m), see Lemma@
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(2) for every U € B
(a) the systems of abelian groups F™=2(U) and F~Y(U) have vanishing
RYlim (for exzample these have the Mittag-Leffler property),
(b) the system of abelian groups H™ *(F2(U)) has vanishing R' lim (for
example it has the Mittag-Leffler property), and
(¢) we have H™(Fp(U)) = H™(Fp (U)) for all n > ng.

Then the maps H™(F*®) — lim H™(F3) — H™(F},) are isomorphisms of sheaves
where F* = lim F} is the termwise inverse limit.
Proof. Let U € B. Note that H™(F*(U)) is the cohomology of

lim,, F~%(U) — lim,, F*~Y(U) — lim,, F7*(U) — lim,, F"H(U)

in the third spot from the left. By assumptions (2)(a) and (2)(b) we may apply
More on Algebra, Lemma to conclude that

H™(F*(U)) = lim H™ (F3(U))
By assumption (2)(c) we conclude
H™(F*(U)) = H™(F(U))

for all n > ng. By assumption (1) we conclude that the sheafification of U
H™(F*(U)) is equal to the sheafification of U — H™(Fn(U)) for all n > ng. Thus
the inverse system of sheaves H™(F») is constant for n > ny with value H™(F*®)
which proves the lemma. ([l

25. Bounded cohomological dimension

In this section we ask when a functor Rf, has bounded cohomological dimension.
This is a rather subtle question when we consider unbounded complexes.

Situation| 25.1. Let C be a site. Let O be a sheaf of rings on C. Let A C Mod(O)
be a weak Serre subcategory. We assume the following is true: there exists a subset
B C Ob(C) such that

(1) every object of C has a covering whose members are in B, and
(2) for every V € B there exists an integer dy and a cofinal system Covy of
coverings of V' such that

H?(V;, F) =0 for {V; = V} € Covy, p>dy, and F € Ob(A)

Lemmal 25.2. [In Situation for any E € DA(O) the canonical map E —
Rlim7>_,FE is an isomorphism in D(O).

Proof. Follows immediately from Lemma [23.8 (]

Lemmal 25.3. In Situation let (K,) be an inverse system in Djl((’)). Assume
that for every j the inverse system (H7(K,)) in A is eventually constant with value
HI. Then HI(Rlim K,,) = H? for all j.

Proof. Let V € B. Let {V; — V} be in the set Covy of Situation Because
K, is bounded below there is a spectral sequence

EYyY = HP(V;, HY(Ky))

This is [LOOS,
Proposition 2.1.4]
with slightly
changed hypotheses;
it is the analogue of
[Spa88, Proposition
3.13] for sites.
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converging to HPT94(V;, K,,). See Derived Categories, Lemma Observe that
EY? =0 for p > dy by assumption. Pick ny such that

HI+1 — Hj“(Kn),
HI = HI(K,),
ij:d'V,72 — ijdvf2(Kn)

for all n > ny. Comparing the spectral sequences above for K,, and K,,,, we see that
for n > ng the cohomology groups H'~(V;, K,,) and H’(V;, K,,) are independent of
n. It follows that the map on sections H’(R1lim K,,)(V) — H’(K,)(V) is injective
for n large enough (depending on V), see Lemma Since every object of C
can be covered by elements of B, we conclude that the map H’(Rlim K,,) — H7 is
injective.

Surjectivity is shown in a similar manner. Namely, pick U € Ob(C) and v € H7 (U).
We want to lift v to a section of H’/(Rlim K,,) after replacing U by the members
of a covering. Hence we may assume U =V € B by property (1) of Situationm
Pick ng such that

HIt+1 — HJ'+1(Kn)’
HI = HI(K,),
Hj:d.‘;72 — ijdV72(Kn)

for all n > ng. Choose an element {V; — V} of Covy such that v|y, € HI(V;) =
HI(Kp,)(Vi) lifts to an element v,,; € H’(V;, K,,). This is possible because
H'(K,,) is the sheafification of U — H(U, K,,) by Lemmam By the discussion
in the first paragraph of the proof we have that H'~*(V;, K,,) and H’(V;, K,,) are
independent of n > ng. Hence 7, ; lifts to an element ~; € Hj(Vi, Rlim K,) by
Lemma |2 This finishes the proof. (I

Lemma 25.4. Let [ : (Sh(C),0) — (Sh(C’),O’) be a morphism of ringed topoi.
Let A C Mod(O) and A" C Mod(O’) be weak Serre subcategories. Assume there is
an integer N such that

(1) C,0,A satisfy the assumption of Situation

(2) C', O, A’ satisfy the assumption of Situation

(3) RPf.F € Ob(A’) for p>0 and F € Ob(A),

(4) RPf.F =0 forp> N and F € Ob(A),

Then for K in D 4(O) we have

(a) Rf.K is in D (O,

(b) the map Hj(Rf*K) — HI(Rf.(1>_nK)) is an isomorphism for j > N —n.
Proof. By Lemma we have K = Rlim7>_,K. By Lemma [23.3] we have
Rf.K = RlimR f*7’> nK The complexes Rf.7>_, K are bounded below. The
spectral sequence

Ey? =RV f.HY (1>, K)

converging to H?*4(Rf.7>_, K ) (Derived Categories, Lemma|21.3)) and assumption
(3) show that Rf.7>_, K lies in DF,(O’), see Homology, Lemma [24.11} Observe
that for m > n the map

Rfu(m>-mK) — Rfu(7>-nK)

This is a version of
[LO08| Lemma
2.1.10] with slightly
changed hypotheses.
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induces an isomorphism on cohomology sheaves in degrees j > —n + N by the
spectral sequences above. Hence we may apply Lemma [25.3] to conclude. ([

It turns out that we sometimes need a variant of the lemma above where the
assumptions are sligthly different.

Situation 25.5. Let f : (C,0) — (C’,0’) be a morphism of ringed sites. Let
u : C' — C be the corresponding continuous functor of sites. Let A C Mod(O) be
a weak Serre subcategory. We assume the following is true: there exists a subset
B’ € Ob(C’) such that
(1) every object of C’ has a covering whose members are in ', and
(2) for every V' € B’ there exists an integer dy and a cofinal system Covy of
coverings of V' such that

H?(u(V/), F) =0 for {V/ = V'} € Covys, p>dy, and F € Ob(A)
Lemma 25.6. Let f: (C,0) — (C',O') be a morphism of ringed sites. assume

moreover there is an integer N such that

(1) C, 0, A satisfy the assumption of Situation[25.1],

(2) f:(C,0) = (C',O'") and A satisfy the assumption of Situation [25.5,

(3) RPf.F =0 forp> N and F € Ob(A),
Then for K in D 4(O) the map HY(Rf.K) — H’(Rf.(t>_,K)) is an isomorphism
for j > N —n.
Proof. Let K be in D4(O0). By Lemma we have K = Rlim7>_,K. By
Lemma we have Rf, K = Rlim Rf,(7>_,K). Let V' € B’ and let {V/ — V'}
be an element of Covy . Then we consider

H(V],Rf.K) = H (w(V]),K) and  H(V{,Rf.(1>-nK)) = H’ (u(V}),7>-nK)

The assumption in Situation [25.5] implies that the last group is independent of n
for n large enough depending on j and dy. Some details omitted. We apply this
for j and j — 1 and via Lemma this gives that

HI(V!,Rf.K) = lim H (V/, Rf.(T>_,K))

and the system on the right is constant for n larger than a constant depending only
on dys and j. Thus Lemma [23.6] implies that

H/(Rf.K) (V') — (im H (Rf.(t>-nK))) (V')
is injective. Since the elements V' € B’ cover every object of C’ we conclude that
the map H/(Rf.K) — lim H?(Rf.(m>_,K)) is injective. The spectral sequence
LY = RPf.H (7 oK)

converging to HP*/(Rf.(1>_,K)) (Derived Categories, Lemma [21.3) and assump-
tion (3) show that H’ (Rf.(7>—nK)) is constant for n > N—j. Hence H? (Rf. K) —
HI(Rf.(t>_,K)) is injective for j > N — n.

Thus we proved the lemma with “isomorphism” in the last line of the lemma re-
placed by “injective”. However, now choose j and n with 5 > N —n. Then consider
the distinguished triangle

Tg_n_lK — K — TZ—nK — (Tg—n—lK)[]-]

This is a version of
[LOO08, Lemma
2.1.10] with slightly
changed hypotheses.
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See Derived Categories, Remark Since T>_,T<_n—1K = 0, the injectivity
already proven for 7_,,_1 K implies
0=H(Rfu(r<—n1K)) = HT(Rf(1<—p1K)) = HH T (Rf(T<—n1K)) = ...
By the long exact cohomology sequence associated to the distinguished triangle
Rf(t< n1K) = Rf.K — Rfu (1> nK) = Rfi(1<—n 1 K)[1]
this implies that H/(Rf.K) — H/(Rf.(T>_nK)) is an isomorphism. O

26. Mayer-Vietoris

For the usual statement and proof of Mayer-Vietoris, please see Cohomology, Sec-
tion [§

Let (C,O) be a ringed site. Consider a commutative diagram

EFE——=Y

L

Z ——X
in the category C. In this situation, given an object K of D(O) we get what looks
like the beginning of a distinguished triangle
RI(X,K)— RT'(Z,K)® RI'(Y,K) —» RI'(E, K)
In the following lemma we make this more precise.
Lemma 26.1. In the situation above, choose a K-injective complex Z® of O-

modules representing K. Using —1 times the canonical map for one of the four
arrows we get maps of complexes

I*(X) S I°(Z) o I°(Y) 2 7°(E)
with Boa =0. Thus a canonical map
X zyp: LX) — C(B)[-]]

This map is canonical in the sense that a different choice of K-injective complex
representing K determines an isomorphic arrow in the derived category of abelian
groups. If c?z’y)E is an isomorphism, then using its inverse we obtain a canonical
distinguished triangle

RI'X,K)— RI'(Z,K)® RI'(Y,K) — RI'(E,K) — RI'(X, K)[1]
All of these constructions are functorial in K.
Proof. This lemma proves itself. For example, if 7° is a second K-injective com-
plex representing K, then we can choose a quasi-isomorphism Z°* — J°* which
determines quasi-isomorphisms between all the complexes in sight. Details omit-

ted. For the construction of cones and the relationship with distinguished triangles
see Derived Categories, Sections [9] and O

Lemma 26.2. In the situation above, let K1 — Ko — K3 — Ki[1] be a dis-
tinguished triangle in D(O). If C?z,y,E is a quasi-isomorphism for two i out of
{1,2,3}, then it is a quasi-isomorphism for the third i.
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Proof. By rotating the triangle we may assume cﬁg’lZ’Y’ p and c?zzx g are quasi-
isomorphisms. Choose a map f : Z7 — Z35 of K-injective complexes of O-modules
representing K7 — K. Then K3 is represented by the K-injective complex C(f)®,
see Derived Categories, Lemma Then the morphism cﬁfz’y’ g s an isomor-
phism as it is the third leg in a map of distinguished triangles in K (Ab) whose
other two legs are quasi-isomorphisms. Some details omitted; use Derived Cate-
gories, Lemma |4.3 (I

Let us give a criterion for when this does produce a distinguished triangle.

Lemmal 26.3. In the situation above assume
(1) W = h{ s h%, and
(2) hg — h?ﬁ is injective.
Then the construction of Lemma produces a distinguished triangle
RI'(X,K) — RI'(Z,K)® RI'(Y,K) — RT'(E,K) — RI'(X, K)[1]
functorial for K in D(C).
Proof. We can represent K by a K-injective complex whose terms are injective
abelian sheaves, see Section [I9] Thus it suffices to show: if Z is an injective abelian
sheaf, then
0-IZ(X) = Z(Z)2Z(Y) = Z(E) = 0
is a short exact sequence. The first arrow is injective because by condition (1)
the map hy Il hy — hx becomes surjective after sheafification, which means that
{Y - X,Z — X} can be refined by a covering of X. The last arrow is surjective
because Z(Y) — Z(E) is surjective. Namely, we have Z(E) = Hom(Zﬁ,I), (YY) =
Hom(Zf’f,I), the map Zﬁ — Zf’f is injective by (2), and Z is an injective abelian
sheaf. Please compare with Modules on Sites, Section [5| Finally, suppose we have
s € Z(Y) and ¢t € F(Z) mapping to the same element of Z(FE). Then s and ¢ define
a map
sTt:h 1R, —7T
which by assumption factors through h?f I, # h?. Thus by assumption (1) we obtain
E

a unique map h}% — T which corresponds to an element of Z(X) restricting to s on
Y and t on Z. O

Lemma 26.4. Let C be a site. Consider a commutative diagram

D——>F

|

E——G

of presheaves of sets on C and assume that
(1) G# = E# Ups F*, and
(2) D# — F# is injective.
Then there is a canonical distinguished triangle
RI(G,K) — RI'(§,K)® RI'(F,K) —» RI'(D,K) — RI'(G, K)[1]
functorial in K € D(C) where RT(G,—) is the cohomology discussed in Section[13
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Proof. Since sheafification is exact and since RI'(G, —) = RI'(G#, —) we may as-
sume D, &, F,G are sheaves of sets. Moreover, the cohomology RI'(G,—) only de-
pends on the topos, not on the underlying site. Hence by Sites, Lemma we
may replace C by a “larger” site with a subcanonical topology such that G = hx,
F =hy, € =hy, and D = hg for some objects X,Y, Z, E of C. In this case the
result follows from Lemma O

27. Comparing two topologies

Let C be a category. Let Cov(C) D Cov’'(C) be two ways to endow C with the struc-
ture of a site. Denote 7 the topology corresponding to Cov(C) and 7 the topology
corresponding to Cov’(C). Then the identity functor on C defines a morphism of
sites

€:Cr —Cp

where e, is the identity functor on underlying presheaves and where e ! is the
7-sheafification of a 7'-sheaf. See Sites, Examples and In the situation
above we have the following
(1) €. : Sh(C,) — Sh(C,) is fully faithful and e ! o€, =id,
(2) €. : Ab(C;) — Ab(C,) is fully faithful and €1 o€, = id,
(3) Rex: D(C;) — D(Cypr) is fully faithful and e~! o Re, = id,
(4) if O is a sheaf of rings for the 7-topology, then O is also a sheaf for the
7/-topology and € becomes a flat morphism of ringed sites

€:(Cr,0;) — (Crr,O)

(5) €x: Mod(O;) = Mod(O,) is fully faithful and €* o €, = id
(6) Re.:D(O;) — D(O,) is fully faithful and €* o Re, = id.

Here are some explanations.

Ad (1). Let F be a sheaf of sets in the 7-topology. Then e, F is just F viewed as
a sheaf in the 7/-topology. Applying ¢! means taking the T-sheafification of F,
which doesn’t do anything as F is already a 7-sheaf. Thus ¢ (e, F)) = F. The
fully faithfulness follows by Categories, Lemma

Ad (2). This is a consequence of (1) since pullback and pushforward of abelian
sheaves is the same as doing those operations on the underlying sheaves of sets.

Ad (3). Let K be an object of D(C;). To compute Re,K we choose a K-injective
complex Z*® representing K and we set Re,K = €,Z°. Since e ! : D(C,/) — D(C,)
is computed on an object L by applying the exact functor e~! to any complex of
abelian sheaves representing L, we find that e ! Re, K is represented by e le,Z°.
By Part (1) we have Z® = ¢ !¢, Z°. In other words, we have e ! o Re, = id and we
conclude as before.

Ad (4). Observe that e 10, = O,, see discussion in part (1). Hence € is a flat
morphism of ringed sites, see Modules on Sites, Definition Not only that, it
is moreover clear that €* = ¢~ on O,s-modules (the pullback as a module has the
same underlying abelian sheaf as the pullback of the underlying abelian sheaf).

Ad (5). This is clear from (2) and what we said in (4).
Ad (6). This is analogous to (3). We omit the details.



0D7N

0D7Q

0D7R

0D7S

0D7T

COHOMOLOGY ON SITES 59

28. Formalities on cohomological descent

In this section we discuss only to what extent a morphism of ringed topoi deter-
mines an embedding from the derived category downstairs to the derived category
upstairs. Here is a typical result.

Lemma 28.1. Let f: (Sh(C),O¢) — (Sh(D),Op) be a morphism of ringed topoi.
Consider the full subcategory D' C D(Op) consisting of objects K such that

K — Rf.Lf*K

is an isomorphism. Then D’ is a saturated triangulated strictly full subcategory of
D(Op) and the functor Lf* : D' — D(O¢) is fully faithful.

Proof. See Derived Categories, Definition for the definition of saturated in
this setting. See Derived Categories, Lemma for a discussion of triangulated
subcategories. The canonical map of the lemma is the unit of the adjoint pair
of functors (Lf*, Rf.), see Lemma m Having said this the proof that D’ is a
saturated triangulated subcategory is omitted; it follows formally from the fact that
Lf* and Rf, are exact functors of triangulated categories. The final part follows
formally from fact that Lf* and Rf, are adjoint; compare with Categories, Lemma

24.4 a

Lemma 28.2. Let f: (Sh(C),Oc¢) — (Sh(D),Op) be a morphism of ringed topoi.
Consider the full subcategory D' C D(O¢) consisting of objects K such that

Lf*Rf.K — K

is an isomorphism. Then D’ is a saturated triangulated strictly full subcategory of

D(O¢) and the functor Rf. : D' — D(Op) is fully faithful.

Proof. See Derived Categories, Definition for the definition of saturated in
this setting. See Derived Categories, Lemma for a discussion of triangulated
subcategories. The canonical map of the lemma is the counit of the adjoint pair
of functors (Lf*, Rf.), see Lemma [19.1] Having said this the proof that D’ is a
saturated triangulated subcategory is omitted; it follows formally from the fact that
Lf* and Rf, are exact functors of triangulated categories. The final part follows

formally from fact that Lf* and Rf, are adjoint; compare with Categories, Lemma
24.4 O

Lemma 28.3. Let f: (Sh(C),O¢) — (Sh(D),Op) be a morphism of ringed topoi.
Let K be an object of D(O¢). Assume
(1) f is flat,
(2) K is bounded below,
(3) f*Rf.HY(K) — HYK) is an isomorphism.
Then f*Rf. K — K is an isomorphism.

Proof. Observe that f*Rf.K — K is an isomorphism if and only if it is an isomor-
phism on cohomology sheaves H’. Observe that H(f*Rf.K) = f*H/(Rf.K) =
J*H! (Rfr<;K) = H'(f*Rf.1<;K). Hence we may assume that K is bounded.
Then property (3) tells us the cohomology sheaves are in the triangulated subcat-
egory D' C D(O¢) of Lemma Hence K is in it too. O

Lemma 28.4. Let f: (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed topoi.
Let K be an object of D(Op). Assume
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(1) f is flat,
(2) K is bounded below,
(3) HY(K) — Rf.f*HY(K) is an isomorphism.

Then K — Rf, f*K is an isomorphism.

Proof. Observe that K — Rf, f*K is an isomorphism if and only if it is an isomor-
phism on cohomology sheaves H7. Observe that H/ (Rf.f*K) = HI(Rf.7<;f*K) =
HI(Rf.f*T<;K). Hence we may assume that K is bounded. Then property (3)
tells us the cohomology sheaves are in the triangulated subcategory D’ C D(Op)
of Lemma 281l Hence K is in it too. O

Lemma 28.5. Let [ : (Sh(C),0) — (Sh(C’),O’) be a morphism of ringed topoi.
Let A C Mod(O) and A" C Mod(O’) be weak Serre subcategories. Assume

(1) f s flat,

(2) f* induces an equivalence of categories A" — A,

(3) F!' = Rf.f*F' is an isomorphism for F' € Ob(A’).
Then f* : Dj\,((’)’) — Dj\((’)) is an equivalence of categories with quasi-inverse
given by Rf. : D} (0) — D},(O').

Proof. By assumptions (2) and (3) and Lemmas and we see that f* :
D, (0") — D}(0) is fully faithful. Let 7 € Ob(A). Then we can write 7 = f*F".
Then Rf.F = Rf.f*F = F'. In particular, we have RPf,F = 0 for p > 0 and
f«F € Ob(A’). Thus for any K € D+((9) we see, using the spectral sequence
EP?1 = RPf.HI(K) convergmg to RPTIf, K, that Rf,.K is in DA,(O') Of course,
it also follows from Lemmas [28.3| and - that Rf. : DR(O) — D¥,(0’) is fully
faithful. Since f* and Rf. are ad301nt we then get the result of the lemma, for
example by Categories, Lemma [24.4] O

Lemma 28.6. Let [ : (Sh(C),0) — (Sh(C'),O’) be a morphism of ringed topoi.
Let A C Mod(O) and A" C Mod(O’) be weak Serre subcategories. Assume
(1) f is flat,
(2) f* induces an equivalence of categories A" — A,
(3) F' = Rf.f*F' is an isomorphism for F' € Ob(A’),
(4) C,0,A satisfy the assumption of Situation
(5) C', O, A’ satisfy the assumption of Situation
Then f* : D (O") — D4(O) is an equivalence of categories with quasi-inverse
given by Rf. : DA(O) = D4 (O).

Proof. Since f* is exact, it is clear that f* defines a functor f* : D4 (0O') —
D 4(0O) as in the statement of the lemma and that moreover this functor commutes
with the truncation functors 7>_,. We already know that f* and Rf, are quasi-
inverse equivalence on the corresponding bounded below categories, see Lemma
By Lemma [25.4 with N = 0 we see that Rf, indeed defines a functor Rf, :
D 4(0) = D4 (0') and that moreover this functor commutes with the truncation
functors 7>_,,. Thus for K in D 4(O) the map f*Rf,K — K is an isomorphism as
this is true on trunctions. Similarly, for K’ in D 4 (Q’) the map K’ — Rf.f*K' is
an isomorphism as this is true on trunctions. This finishes the proof. (I

Lemma 28.7. Let f : (C,0) — (C',0') be a morphism of ringed sites. Let
A C Mod(O) and A" C Mod(O') be weak Serre subcategories. Assume

This is analogous to
[ILO08| Theorem
2.2.3].

This is analogous to
[ILO08| Theorem
2.2.3].


https://stacks.math.columbia.edu/tag/0D7U
https://stacks.math.columbia.edu/tag/0D7V
https://stacks.math.columbia.edu/tag/0D7W

0F17

07A8

COHOMOLOGY ON SITES 61

f
f* induces an equivalence of categories A’ — A,
F' = Rf.f*F is an isomorphism for F' € Ob(A’),
C, 0, A satisfy the assumption of Situationm
(5) f:(C,0) = (C',O') and A satisfy the assumption of Situation [25.5
Then f* : Do (O") — D4(O) is an equivalence of categories with quasi-inverse
given by Rf. : D4(O) = DA/ (O).

Proof. The proof of this lemma is exactly the same as the proof of Lemma [28.6
except the reference to Lemma is replaced by a reference to Lemma O

29. Comparing two topologies, 11

Let C be a category. Let Cov(C) D Cov’'(C) be two ways to endow C with the struc-
ture of a site. Denote 7 the topology corresponding to Cov(C) and 7’ the topology
corresponding to Cov’(C). Then the identity functor on C defines a morphism of
sites

€:Cr — Cp

where ¢, is the identity functor on underlying presheaves and where ¢! is the 7-

sheafification of a 7/-sheaf (hence clearly exact). Let O be a sheaf of rings for the
7-topology. Then O is also a sheaf for the 7’-topology and € becomes a morphism
of ringed sites

€:(Cr,0;) — (Crr,Op)

For more discussion, see Section

Lemma 29.1. With e : (C;,0;) = (Cr/,O.) as above. Let B C Ob(C) be a
subset. Let A C PMod(O) be a full subcategory. Assume

(1) every object of A is a sheaf for the T-topology,

(2) A is a weak Serre subcategory of Mod(O;),

(3) every object of C has a T'-covering whose members are elements of B, and
(4) for every U € B we have HP(U,F) =0, p > 0 for all F € A.

Then A is a weak Serre subcategory of Mod(O,/) and there is an equivalence of
triangulated categories DA(O;) = DA(O/) given by €* and Re,.

Proof. Since e 10, = O, we see that ¢ is a flat morphism of ringed sites and
that in fact e=* = €* on sheaves of modules. By property (1) we can think of every
object of A as a sheaf of O -modules and as a sheaf of O,,-modules. In other words,
we have fully faithful inclusion functors

A = Mod(O;) = Mod(O1)

To avoid confusion we will denote A’ C Mod(O,) the image of A. Then it is clear
that €, : A — A" and ¢* : A’ — A are quasi-inverse equivalences (see discussion
preceding the lemma and use that objects of A’ are sheaves in the 7 topology).

Conditions (3) and (4) imply that RPe,F = 0 for p > 0 and F € Ob(A). This
is true because RPe, is the sheaf associated to the presheave U — HP(U,F), see
Lemma Thus any exact complex in A (which is the same thing as an exact
complex in Mod(QO,) whose terms are in 4, see Homology, Lemma remains
exact upon applying the functor e,.
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Consider an exact sequence
Fo—FL— Fy— Fs = F,

in Mod(O,+) with Fy, Fi, F§, F; in A'. Apply the exact functor €* to get an exact
sequence

EFo— € F — ¢ Fy — € Fy — " Fy
in Mod(O,). Since A is a weak Serre subcategory and since €*Fy), e*Fy, €* F}, €* F,
are in A, we conclude that €*F5 is in A by Homology, Definition Consider
the map of sequences

F Fi F F F4
€€ F) — €, * F] —> €. F} €€ T4 €.€*F,

The lower row is exact by the discussion in the preceding paragraph. The ver-
tical arrows with index 0, 1, 3, 4 are isomorphisms by the discussion in the first
paragraph. By the 5 lemma (Homology, Lemma [5.20) we find that 7} = e.e*F)
and hence F} is in A’. In this way we see that A’ is a weak Serre subcategory of
Mod(O), see Homology, Definition [10.1]

At this point it makes sense to talk about the derived categories D4(O,) and
D4/ (0;/), see Derived Categories, Section To finish the proof we show that
conditions (1) — (5) of Lemma [28.7 apply. We have already seen (1), (2), (3) above.
Note that since every object has a 7'-covering by objects of B, a fortiori every object
has a 7-covering by objects of B. Hence condition (4) of Lemma is satisfied.
Similarly, condition (5) is satisfied as well. O

Lemma 29.2. Withe: (C;,0.) — (Cr,Or/) as above. Let A be a set and for
o€ Alet

E,——Y,

L

Zo — X,
be a commutative diagram in the category C. Assume that
(1) a 7'-sheaf F' is a T-sheaf if F'(Xa) = F'(Za) XF(m.) F' (Ya) for all a,
(2) for K’ in D(O/) in the essential image of Re, the maps C§;7Zouya7Ea of
Lemma[26.1] are isomorphisms for all c.
Then K' € DT (0O,/) is in the essential image of Re. if and only if the maps
C)Ig;,Za.,YmEa are isomorphisms for all a.

Proof. The “only if” direction is implied by assumption (2). On the other hand,
if K’ has a unique nonzero cohomology sheaf, then the “if” direction follows from
assumption (1). In general we will use an induction argument to prove the “if”
direction. Let us say an object K’ of D (O,) satisfies (P) if the maps c§;7za,YQ7Ea
are isomorphisms for all « € A.

Namely, let K’ be an object of DT (O,) satisfying (P). Choose a distinguished
triangle
K' = Ree 'K — M' — K'[1]
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in D*(0O,/) where the first arrow is the adjuntion map. By (2) and Lemma [26.2] we
see that M’ has (P). On the other hand, applying ¢! and using that ¢! Re, = id
by Section [27| we find that e 1M’ = 0. In the next paragraph we will show M’ = 0
which finishes the proof.

Let K’ be an object of D¥(0,/) satisfying (P) with e 1K’ = 0. We will show
K’ = 0. Namely, given n € Z such that H*(K’) = 0 for i < n we will show that
H"(K') =0. For a € A we have a distinguished triangle

RT(Xo, K') = RT 1 (Za, K'YBRT 1/ (Ya, K') = RU1(Eq, K') = BT (X0, K')[1]

by Lemma [26.1] Taking cohomology in degree n and using the assumed vanishing
of cohomology sheaves of K’ we obtain an exact sequence

0— H(Xo,K') = H(Zo, K') ® HY (Yo, K') — HI (Eqs, K')
which is the same as the exact sequence
0—T(Xy, HY(K')) = T(Zo, H(K")) & T (Yo, H*(K")) — T'(E,, H*(K"))

We conclude that H™(K') is a a 7-sheaf by assumption (1). However, since the
r-sheafification e 'H"(K') = H"(e 'K’) is 0 as ¢ 'K’ = 0 we conclude that
H™(K') =0 as desired. O
Lemma 29.3. Withe: (C.,0;) = (Cr,Or/) as above. Let

E Y

J ——X

[

be a commutative diagram in the category C such that

(1) W% = h{ Ly b7, and

(2) héf — hff is injective
where # denotes T-sheafification. Then for K' € D(O,/) in the essential image of
Re, the map c§:Z7Y’E of Lemma (using the T'-topology) is an isomorphism.

Proof. This helper lemma is an almost immediate consequence of Lemma [26.3|and
we strongly urge the reader skip the proof. Say K’ = Re,K. Choose a K-injective
complex of O,-modules J° representing K. Then €, 7° is a K-injective complex of
O,.-modules representing K’, see Lemma Next,

0T (X) S T2 T (V)5 T (E) >0

is a short exact sequence of complexes of abelian groups, see Lemma [26.3] and its
proof. Since this is the same as the sequence of complexes of abelian groups which
is used to define c?z)Y’E, we conclude. O

30. Comparing cohomology


https://stacks.math.columbia.edu/tag/0F19

O0EZ2

0EZ3

0EZ4

0EZ5
0EZ6

0EZ7
0EZS8

O0EZ9

0EZA

COHOMOLOGY ON SITES 64

We develop some general theory which will help us compare cohomology in different
topologies. Given C, 7, and 7’ as in Section and a morphism f: X — Y in C we
obtain a commutative diagram of morphisms of topoi

Sh(Cr/X) ——> Sh(C//Y)

(30.0.1) 6xi ley
Sh(Crr ) X) — = Sh(C, ) X)

Here the morphism €x, resp. ey is the comparison morphism of Section [27] for the
category C/X endowed with the two topologies 7 and 7/. The morphisms f, and
fr are “relocalization” morphisms (Sites, Lemma [25.8)). The commutativity of the
diagram is a special case of Sites, Lemma (applied withC =C, /Y, D =C, /Y,
u=1id, U =X, and V = X). We also get ex .o f-1 = f;l 0 €y, either from the
lemma or because it is obvious.

Situation|30.1. With C, 7, and 7’ as in Section Assume we are given a subset
P C Arrows(C) and for every object X of C we are given a weak Serre subcategory
A’y C Ab(Cr/X). We make the following assumption:
(1) given f : X - Y in P and Y/ — Y general, then X xy Y’ exists and
X xy Y = Y'isin P,
(2) fo' sends A} into A’y for any morphism f: X — Y of C,
(3) given X in C and F’' in A, then F’ satisfies the sheaf condition for 7-
coverings, i.e., F/ = ex .ex F',
(4) if f: X - Y in P and F' € Ob(A), then R'f./ ,F' € Ob(A}) for i > 0.
(5) it {U; — Utier is a 7-covering, then there exist
(a) a 7'-covering {V; — U},c,
(b) a 7-covering {f; : W; — V;} consisting of a single f; € P, and
(c) a 7'-covering {Wjr — Wilrer;
such that {Wjr — U}jesrek, is a refinement of {U; — U}ier.

Lemma 30.2. In Situation for X in C denote Ax the objects of Ab(C,/X)
of the form ex* F' with F' in A. Then

(1) for F in Ab(C./X) we have F € Ax < ex . F € Ay, and
(2) f7! sends Ay into Ax for any morphism f: X —Y of C.

Proof. Part il: follows from and part (2) follows from and the commuta-

tivity of (30.0.1) which gives e o ! = frloey . O
Our next goal is to prove Lemmas [30.10| and We will do this by an induction
argument using the following induction hypothesis.

(Vp) For X in C and F in Ax we have Ri6X7*]: =0for1<i<n.

Lemma 30.3. In Situation assume (V,,) holds. For f : X =Y in P and F
in Ax we have R’ frr ex  F = ey R fr . F fori<n.

Proof. We will use the commutative diagram (30.0.1|) without further mention. In
particular have

RfT’,*REX,*-F = RGY,*RfT,*F
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Assumption (V},) tells us that ex .F — Rex .F is an isomorphism in degrees <
n. Hence Rf; cexF — Rfr «Rex F is an isomorphism in degrees < n. We
conclude that

R'fr ex o F — H'(Rey . Rf. . F)
is an isomorphism for ¢ < n. We will prove the lemma by looking at the second
page of the spectral sequence of Lemma for Rey«Rf;F. Here is a picture:

EY,*R2fT,*]: RlGY,*RQfT,*]: R26y7*R2fT,*]:
ey R'f; . F Rey.R'f;.F R2ey.R'f;.F
eY,*fT,*]: RleY,*fT,*JT" RQGY,*,]CT,*F

Let (Cy,) be the hypothesis: RifT/’*eX,*]: = GY,*Rif-,—’*]: for 7 < m. Observe that
(Cp) holds. We will show that (Cp,—1) = (Cp,) for m < n. Namely, if (Cp,—1)
holds, then for n > p > 0 and ¢ < m — 1 we have

—1
RpeY,*quT,*f: RPEY,*EY eY,*quT,*f
= RPEYV*E;qufT/,*EXJ.F =0

First equality as e;'ey. = id, the second by (Cp,_1), and the final by by (V;,)
because 6;1qu-,—/7*€X,*]: is in Ay by . Looking at the spectral sequence we see
that Ey™ = ey R™f, . F is the only nonzero term E2¢ with p 4+ ¢ = m. Recall
that d>? : EP4 — EPTT4="+1 Hence there are no nonzero differentials d29, r > 2
either emanating or entering this spot. We conclude that H™(Rey . Rf: . F) =
ey« R™ f- «F which implies (Cy,) by the discussion above.

Finally, assume (C,,—1). The same analysis shows that Eg " = ey R"f; . F is the
only nonzero term EY? with p + ¢ = n. We do still have no nonzero differentials
entering this spot, but there can be a nonzero differential emanating it. Namely,
the map dg’_tl tey R fr o F — R" ey, fr . F. We conclude that there is an exact
sequence
0= R"frrsexoF = ey R"fr o F — R" ey o fr W F

By and the sheaf R" f, ,ex .F satisfies the sheaf property for T-coverings
as does ey R"f; . F (use the description of e, in Section [27). However, the 7-
sheafification of the 7/-sheaf R"*ley . f, .F is zero (by locality of cohomology; use
Lemmasand. Thus R" fr «ex «F — ey«R" f; .F has to be an isomorphism
and the proof is complete. ([l

If E’, resp. E is an object of D(C,//X), resp. D(C,/X) then we will write H”, (U, E"),
resp. H*(U, E) for the cohomology of E’, resp. E over an object U of C/X.

Lemma 30.4. [In Situation if (Vi) holds, then for X inC and L € D(C,//X)
with H'(L) = 0 for i < 0 and H (L) in A for 0 <i < n we have H" (X,L) =
HM(X,ex'L).

Proof. By Lemma we have H?(X,ex'L) = H"(X, Rex »ex'L). There is a
spectral sequence

ESY = RPex .ex"H(L)

converging to HP*9(Rex .ex'L). By (V,) we have the vanishing of E5? for 0 <
p<nand0<gq<n. Thus E? = ex«€x H1(L) = HI(L) are the only nonzero
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terms FY? with p + ¢ < n. It follows that the map
L — Re X7*e)_{1L
is an isomorphism in degrees < n (small detail omitted). Hence we find that

H!,(X,L) = H' (X, Rex .ex' L) for i <n. Thus the lemma is proved. a

Lemma 30.5. In Situation if (V) holds, then for X in C and F in Ax the
map H'7N (X, ex . F) — HIFYX, F) is injective with image those classes which
become trivial on a T'-covering of X.

Proof. Recall that e)_(le x,«F = JF hence the map is given by pulling back coho-
mology classes by ex. The Leray spectral sequence (Lemma [14.5))

EY? = HP, (X, R%x .F) = H'TI(X, F)
combined with the assumed vanishing gives an exact sequence
0— H (X, ex o F) — HN(X, F) — H% (X, R"Mex . F)
This is a restatement of the lemma. (]

Lemma 30.6. In Situation let f: X =Y beinP such that {X - Y} isa
T-covering. Let F' be in Ay. If n >0 and

6 € Bqualizer ( HY™ (X, F') — 2 HE (X xy X, F') )

e

then there exists a T'-covering {Y; — Y} such that 0 restricts to zero in H* (Y; xy
X, F).

Proof. Observe that X xy X exists by (I). For Z in C/Y denote F'|; the restric-
tion of F' to C,/Z. Recall that H™ (X, F') = H"*'(C, /X, F'|x), see Lemma

The lemma asserts that the image 6 € HO(Y,R"*1f. .F'|x) of 0 is zero.
Consider the cartesian diagram

X XyXI?)X
T
f

By trivial base change (Lemma [21.1]) we have
F R o i (Flx) = Ry o (Fxcy x)

If pry ' = pry '0, then the section f'0 of f 'R f. .(F'|x) is zero, because it
is clear that pry '6 maps to the zero element in H°(X, R"*'pry . (F'|xxy x)). By
we have F'|x in Ay. Thus G’ = R"*1f. . (F'|x) is an object of A} by ().
Thus G’ satisfies the sheaf property for 7-coverings by (B). Since {X — Y} is a
T-covering we conclude that restriction G'(Y') — G'(X) is injective. It follows that
0 is zero. ]

Lemma 30.7. In Situation we have (V) = (Vat1).

Proof. Let X in C and F in Ay. Let £ € HP (U, F) for some U/X. We have to
show that £ restricts to zero on the members of a 7/-covering of U. See Lemma
It follows from this that we may replace U by the members of a 7/-covering of U.
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By locality of cohomology (Lemma we can choose a 7-covering {U; — U} such
that ¢ restricts to zero on U;. Choose {V; — V}, {f; : W; = V;}, and {Wj, — W;}
as in . After replacing both U by V; and F by its restriction to C,/Vj, which is
allowed by , we reduce to the case discussed in the next paragraph.

Here f : X — Y is an element of P such that {X — Y} is a 7-covering, F
is an object of Ay, and & € HPTY(Y,F) is such that there exists a 7/-covering
{X; — X }ier such that & restricts to zero on X; for all i € I. Problem: show that
£ restricts to zero on a 7'-covering of Y.

By Lemma there exists a unique 7'-cohomology class 6 € Hf,“(X, ex«F)
whose image is | x. Since £|x pulls back to the same class on X xy X via the two
projections, we find that the same is true for 6 (by uniqueness). By Lemma m
we see that after replacing Y by the members of a 7/-covering, we may assume that
0 = 0. Consequently, we may assume that £|x is zero.

Let f : X — Y be an element of P such that {X — Y} is a 7-covering, F is an
object of Ay, and ¢ € H* (Y, F) maps to zero in H**1(X,F). Problem: show
that & restricts to zero on a 7/-covering of Y.

The assumptions tell us £ maps to zero under the map
F— Rfruf ' F

Use Lemma A simple argument using the distinguished triangle of truncations
(Derived Categories, Remark [12.4)) shows that £ maps to zero under the map

F — <o Rf- 7' F
We will compare this with the map ey . — K where
K =T< Rfp oo evuF = T<nRfr sex o fr ' F
The equality ex . f-! = ;163/7* is a property of . Consider the map
Rfrsexfi'F — RfroRex o fi 'F = Rey o Rfr i f7 ' F
used in the proof of Lemma [30.3] which induces by adjunction a map
ey Rfrwexof 7\ F = Rfrofo ' F

Taking trunctions we find a map

ey 'K — T<, R 7 F

which is an isomorphism by Lemma [30.3} the lemma applies because f-1F is in
Ax by Lemma [30.2] Choose a distinguished triangle
ey F > K — L — ey, Fll]

The map F — f,.f71F is injective as {X — Y} is a 7-covering. Thus ey .F —
eyufrafT I F = fT/’*f;1€y7*./—'- is injective too. Hence L only has nonzero coho-
mology sheaves in degrees 0,...,n. As fT/7*f;1€Y,*‘7: is in A} by and we
conclude that

HO(L) = Coker(ey+ F — frrfi ey o)
is in the weak Serre subcategory Aj. For 1 < i < n we see that H'(L) =
Rif. . f;16y7*]: is in A} by and (4). Pulling back the distinguished trian-
gle above by ey we get the distinguished triangle

F = T<nRfr o fT1F — 1L — F[1]
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Since £ maps to zero in the middle term we find that £ is the image of an element
¢ € H*(Y,e;'L). By Lemma we have

HY(Y,L) = H*(Y,e;:' L),

Thus we may lift ¢ to an element of H”,(Y, L) and take the boundary into H,"™ (Y, ey. .. F)
to see that ¢ is in the image of the canonical map H*' (Y, ey F) — HI (Y, F).
By locality of cohomology for H f,H(Y, ey« F), see Lemma we conclude. O
Lemma 30.8. In Situation we have that (V,,) is true for all n. Moreover:
(1) For X in C and K' € D%, (Cr/X) the map K' — Rex.(ex'K') is an
X

isomorphism.
(2) Forf: X =Y inPandK' € DI,X (Cr/X) we have Rf. K' € DI,X (C]Y)

and ;' (Rf K') = Rfr (e K').

Proof. Observe that (V5) holds as it is the empty condition. Then we get (V},) for
all n by Lemma [30.7]

Proof of (1). The object K = ex' K’ has cohomology sheaves H'(K) = e H*(K')
in Ax. Hence the spectral sequence

EN? = RPex ,HI(K) = H"T9(Rex .K)
degenerates by (V,,) for all n and we find
H"(Rex . K) = ex H"(K) = ex.ex  H(K') = H(K').

again because H*(K') is in Aly. Thus the canonical map K’ — Rex .(ex' K') is an
isomorphism.

Proof of (2). Using the spectral sequence
EY1=Rrf., HYK') = RPTIf, K’

the fact that RP f-. ,H?(K') is in A} by (), the fact that A is a weak Serre sub-
category of Ab(C,//Y'), and Homology, Lemma [24.11{ we conclude that Rf, ,K' €
DY, (C;//X). To finish the proof we have to show the base change map

X

ey (Rfr «K') — Rfr . (ex' K')
is an isomorphism. Comparing the spectral sequence above to the spectral sequence
EY?=RPf, Hi(e'K') = RPTIf, 'K’

we reduce this to the case where K’ has a single nonzero cohomology sheaf 7' in
A’y details omitted. Then Lemma m gives e{,lRifT/y*]-" = RifT,*e;(lf’ for all
and the proof is complete. O

Lemma 30.9. [In Situation W For any X in C the category Ax C Ab(C,/X)
is a weak Serre subcategory and the functor

Rex,.: D4, (C-/X) — D}, (Cr/X)

is an equivalence with quasi-inverse given by 6)_(1.
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Proof. We need to check the conditions listed in Homology, Lemma for Ax.
If p: F = G isamapin Ax, then ex . : ex+F — €x .G is a map in A’y Hence
Ker(ex «¢) and Coker(ex .¢) are objects of A’y as this is a weak Serre subcategory
of Ab(C,+/X). Applying ¢! we obtain an exact sequence

0 — e Ker(ex.p) = F — G — €' Coker(ex ) — 0
and we see that Ker(¢) and Coker(y) are in Ax. Finally, suppose that
0= Fr—=F—F3—0

is a short exact sequence in Ab(C./X) with F; and F3 in Ax. Then applying ex .
we obtain an exact sequence

0— EX,*]:I — GX’*.FQ — EX,*]:g — RIEX’*]:l =0

Vanishing by Lemma Hence ex . F2 is in A’y as this is a weak Serre subcate-
gory of Ab(C,//X). Pulling back by ex we conclude that F3 is in Ax.

Thus Ax is a weak Serre subcategory of Ab(C./X) and it makes sense to consider
the category Dle (C./X). Observe that €' : Ay — Ax is an equivalence and
that F' — Rex .€x F' is an isomorphism for F’ in A’y since we have (V},) for all
n by Lemma Thus we conclude by Lemma [28.5 (I

Lemma 30.10. In Situation W Let X be in C.
(1) for F' in Ay we have H",(X,F') = H}(X,ex' F'),
(2) for K' € DY, (Cr/X) we have H,(X,K') = HM(X,ex K').
X

Proof. This follows from Lemma [30.8] by Remark t

31. Cohomology on Hausdorff and locally quasi-compact spaces

We continue our convention to say “Hausdorff and locally quasi-compact” instead
of saying “locally compact” as is often done in the literature. Let LC denote the
category whose objects are Hausdorff and locally quasi-compact topological spaces
and whose morphisms are continuous maps.

Lemmal 31.1. The category LC has fibre products and a final object and hence
has arbitrary finite limits. Given morphisms X — Z and Y — Z in LC with X
and Y quasi-compact, then X Xz Y is quasi-compact.

Proof. The final object is the singleton space. Given morphisms X — Z and
Y — Z of LC the fibre product X xz Y is a subspace of X x Y. Hence X xzY is
Hausdorff as X x Y is Hausdorff by Topology, Section

If X and Y are quasi-compact, then X x Y is quasi-compact by Topology, Theorem
Since X xz Y is a closed subset of X x Y (Topology, Lemma [3.4) we find
that X xz Y is quasi-compact by Topology, Lemma [12.3

Finally, returning to the general case, if + € X and y € Y we can pick quasi-
compact neighbourhoods z € E C X and y € F C Y and we find that F xz F is
a quasi-compact neighbourhood of (z,y) by the result above. Thus X x Y is an
object of LC by Topology, Lemma [13.2 (]

We can endow LC with a stronger topology than the usual one.
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Definition 31.2. Let {f; : X; — X} be a family of morphisms with fixed target
in the category LC. We say this family is a gc coveringﬂ if for every x € X there
exist iy,...,i, € I and quasi-compact subsets E; C X;, such that {J f;, (E;) is a
neighbourhood of z.

Observe that an open covering X = (JU; of an object of LC gives a qc covering
{U; = X} because X is locally quasi-compact. We start with the obligatory lemma.

Lemma 31.3. Let X be a Hausdorff and locally quasi-compact space, in other
words, an object of LC.
(1) If X! = X is an isomorphism in LC then {X’' — X} is a gc covering.
(2) If {fi : Xi = Xt}ier s a qc covering and for each i we have a gc covering
{9ij : Xij = Xitjes;, then {X;; — Xt}ier jes, 15 a qc covering.
(3) If {X; = X}ier is a gc covering and X' — X is a morphism of LC then
{X' xx X; = X'}ier is a gc covering.

Proof. Part (1) holds by the remark above that open coverings are qc coverings.

Proof of (2). Let z € X. Choose i1,...,i, € I and E, C X;, quasi-compact such
that | fi, (E,) is a neighbourhood of z. For every e € E, we can find a finite
subset J. C J;, and quasi-compact F, ; C X;;, j € J. such that (Jg;;(Fe;) is a
neighbourhood of e. Since E, is quasi-compact we find a finite collection ey, ..., ey,

such that
Ea C Uk:l,...,m UjeJek 935 (Few5)

a

Then we find that
Ua:L...,n Uk:l,...,ma UjeJek filgij(Fey.i))

is a neighbourhood of z.

Proof of (3). Let 2’ € X’ be a point. Let x € X be its image. Choose i1,...,4, € I
and quasi-compact subsets E; C X, such that |J fi, (E;) is a neighbourhood of
z. Choose a quasi-compact neighbourhood F© C X’ of ' which maps into the
quasi-compact neighbourhood J f,(E;) of 2. Then F' xx E; C X' xx X, is a
quasi-compact subset and F is the image of the map [[ F' xx E; — F. Hence the
base change is a qc covering and the proof is finished. O

Since all objects of LC are Hausdorff any morphism f : X — Y of LC'is a separated
continuous map of topological spaces. Hence f is a proper map of topological spaces
if and only if f is universally closed. See discussion in Topology, Section

Lemma 31.4. Let f: X — Y be a morphism of LC. If f is proper and surjective,
then {f : X = Y} is a qc covering.

Proof. Let y € Y be a point. For each z € X, choose a quasi-compact neigh-
bourhood E, C X. Choose x € U, C E, open. Since f is proper the fibre X,
is quasi-compact and we find z1,...,2, € X, such that X;, C U,, U...UU,,.
We claim that f(F.,)U...U f(E,,) is a neighbourhood of y. Namely, as f is
closed (Topology, Theorem [17.5)) we see that Z = f(X \U,, U...UU,,) is a closed
subset of Y not containing y. As f is surjective we see that Y \ Z is contained in

f(Ey)U...U f(Ey,) as desired. O

6This is nonstandard notation. We chose it to remind the reader of fpgc coverings of schemes.
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Besides some set theoretic issues Lemma [31.3] shows that LC with the collection of
qc coverings forms a site. We will denote this site (suitably modified to overcome
the set theoretical issues) LCye.

Remark 31.5 (Set theoretic issues). The category LC'is a “big” category as its
objects form a proper class. Similarly, the coverings form a proper class. Let
us define the size of a topological space X to be the cardinality of the set of
points of X. Choose a function Bound on cardinals, for example as in Sets,
Equation (9.1.1). Finally, let Sy be an initial set of objects of LC, for example
So = {(R, euclidean topology)}. Exactly as in Sets, Lemma we can choose a
limit ordinal « such that LC, = LC'N V, contains Sy and is preserved under all
countable limits and colimits which exist in LC. Moreover, if X € LC, and if
Y € LC and size(Y') < Bound(size(X)), then Y is isomorphic to an object of LC,.
Next, we apply Sets, Lemma to choose set Cov of qc covering on LC, such
that every qc covering in LC, is combinatorially equivalent to a covering this set.
In this way we obtain a site (LC,, Cov) which we will denote LCy..

There is a second topology on the site LCj. of Remark Namely, given an
object X we can consider all coverings {X; — X} of LC, such that X; — X is an
open immersion. We denote this site LCzq,. The identity functor LCzq, — LCqyc
is continuous and defines a morphism of sites

€: LCy. — LCzqr

See Section 27} For a Hausdorff and locally quasi-compact topological space X,
more precisely for X € Ob(LCy.), we denote the induced morphism

€X . LCqC/X — LCZGT/X

(see Sites, Lemma [28.1]). Let Xz, be the site whose objects are opens of X, see
Sites, Example There is a morphism of sites

TX LCZQT/X — XZar
given by the continuous functor Xz, — LCz4/X, U — U. Namely, Xz, has
fibre products and a final object and the functor above commutes with these and
Sites, Proposition [I4.7 applies. We often think of 7 as a morphism of topoi
TX & Sh(LCZaT/X) — Sh(X)
using the equality Sh(Xzq.) = Sh(X).
Lemma 31.6. Let X be an object of LCy.. Let F be a sheaf on X. The rule
LCye/X — Sets, (f:Y — X)r— D(Y, f71F)

is a sheaf and a fortiori also a sheaf on LCyz4./X. This sheaf is equal to 77;(1]: on
LCzar/X and ex'ny'F on LC;/X.

Proof. Denote G the presheaf given by the formula in the lemma. Of course the
pullback f~! in the formula denotes usual pullback of sheaves on topological spaces.
It is immediate from the definitions that G is a sheaf for the Zar topology.

Let Y — X be a morphism in LCy.. Let V = {g; : ¥; = Y };er be a qc covering. To
prove G is a sheaf for the qc topology it suffices to show that G(Y) — H°(V,G) is
an isomorphism, see Sites, Section We first point out that the map is injective
as a qc covering is surjective and we can detect equality of sections at stalks (use
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Sheaves, Lemmas and [21.4]). Thus G is a separated presheaf on LCy, hence it
suffices to show that any element (s;) € H°(V, G) maps to an element in the image
of G(Y) after replacing V by a refinement (Sites, Theorem [10.10)).

Identifying sheaves on Y; 7,4, and sheaves on Y; we find that Gly; ,,, is the pullback
of f~1F under the continuous map g; : ¥; — Y. Thus we can choose an open
covering Y; = (JV;; such that for each j there is an open W;; C Y and a section
tij € G(Wij) such that Vi; maps into W;; and such that s|y,, is the pullback of
ti;. In other words, after refining the covering {Y; — Y} we may assume there
are opens W; C Y such that Y; — Y factors through W; and sections ¢; of G over
W; which restrict to the given sections s;. Moreover, if y € Y is in the image of
both ¥; = Y and Y; — Y, then the images ¢; , and ¢,, in the stalk f~'F, agree
(because s; and s; agree over Y; xy Y;). Thus for y € Y there is a well defined
element ¢, of f~'F, agreeing with ¢;, whenever y is in the image of ¥; — Y. We
will show that the element (t,) comes from a global section of f~'F over Y which
will finish the proof of the lemma.

It suffices to show that this is true locally on Y, see Sheaves, Section[I7] Let yo € Y.
Pick i1,...,i, € I and quasi-compact subsets E; C Y;, such that (Jg;,(E;) is a
neighbourhood of yg. Let V' C Y be an open neighbourhood of yg contained in
Ugi,; (E;) and contained in Wi, N ... N W; . Since t;, 4, = ... = ti, 4, after
shrinking V' we may assume the sections ¢;, |y, j = 1,...,n of f~LF agree. As
V C Ugs, (E;) we see that (t,),cy comes from this section.

We still have to show that G is equal to 6;(171';(1.7 on LCyc, resp. 7T;(1]: on LCzq,.
In both cases the pullback is defined by taking the presheaf

(f Y — X) — COhmf(Y)CUCX .F(U)
and then sheafifying. Sheafifying in the Zar topology exactly produces our sheaf G
and the fact that G is a qc sheaf, shows that it works as well in the qc topology. [

Let X € Ob(LCyz,-) and let H be an abelian sheaf on LCz,,./X. Then we will
write Hy,.(U, H) for the cohomology of H over an object U of LCz4,/X.
Lemma 31.7. Let X be an object of LCz4.. Then

(1) for F € Ab(X) we have H}, (X, 7' F) = H"(X,F),

(2) mx . ANLCzqr/X) — Ab(X) is exact,
(3) the unit id — wx 4 o 7r)}1 of the adjunction is an isomorphism, and
(4) for K € D(X) the canonical map K — Rrx .mx'K is an isomorphism.
Let f: X =Y be a morphism of LCz,,.. Then

(5) there is a commutative diagram

S(LCzar/X) ——> SH(LCxzar|Y)

Sh(XZar) Sh(YZar)

of topoi,
(6) for L € DY (Y) we have H}, (X, 7y L) = H"(X, f~'L),
(7) if f is proper, then we have
(a) w;l o fu = fzarx o7r)_(1 as functors Sh(X) — Sh(LCz4/Y),
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(b) 7yt 0o Rfv = Rfzarxomy" as functors DY (X) — DF(LCz4,/Y).

Proof. Proof of (1). The equality H},, (X, 7' F) = H"(X,F) is a general fact
coming from the trivial observation that coverings of X in LCy,, are the same
thing as open coverings of X. The reader who wishes to see a detailed proof should
apply Lemma [7:2] to the functor Xz, — LC%q,.

Proof of (2). This is true because 7x . = Ty for some morphism of topoi 7x :
Sh(X zar) = Sh(LCz,.) as follows from Sites, Lemma applied to the functor
Xzar = LCzqr/X used to define 7x.

Proof of (3). This is true because 7y Lo 7r)_(1 is the identity functor by Sites, Lemma
Or you can deduce it from the explicit description of 7'(';(1 in Lemma

Proof of (4). Apply (3) to an complex of abelian sheaves representing K.

Proof of (5). The morphism of topoi fz.- comes from an application of Sites,
Lemma [25.8/and in our case comes from the continuous functor Z/Y — Z xy X/X
by Sites, Lemma The diagram commutes simply because the corresponding
continuous functors compose correctly (see Sites, Lemma.

Proof of (6). We have H2,  (X,7y'G) = HE,.(X, f7imy'G) for G in Ab(Y),
see Lemma, This is equal to HZ,,.(X, W;(lf’lg) by the commutativity of the
diagram in (5). Hence we conclude by (1) in the case L consists of a single sheaf in
degree 0. The general case follows by representing L by a bounded below complex
of abelian sheaves.

Proof of (7a). Let F be a sheaf on X. Let g : Z — Y be an object of LCzq,/Y .
Consider the fibre product

Z/
’
g9

g

~<—N

_—
f/
f
e

X
Then we have
(fzarsmx F)Z[Y) = (nx' F)Z'|X) =T(Z',(¢") ' F) =T(Z, fi(') "' F)
the second equality by Lemma On the other hand
(ry L FNZ/Y) =T(Z, 97 £.F)

again by Lemma Hence by proper base change for sheaves of sets (Coho-
mology, Lemma [18.3) we conclude the two sets are canonically isomorphic. The

isomorphism is compatible with restriction mappings and defines an isomorphism
w;lf*}' = fZan*w;(l]:. Thus an isomorphism of functors w;l o fe = fzarx© 7T;(1.

Proof of (7b). Let K € DT(X). By Lemma the nth cohomology sheaf of
R fZaT’*ﬂ')_(lK is the sheaf associated to the presheaf

(9:Z—=Y)— Hy (Z 75" K)
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with notation as above. Observe that
Hy, (2,75 K) = H"(Z',(¢')'K)

= H"(Z,Rf.(¢') ' K)

— HM(Z,g 'RLK)

= Hgar(Z7 W;IRf*K)
The first equality is (6) applied to K and ¢’ : Z' — X. The second equality
is Leray for f' : Z/ — Z (Cohomology, Lemma [13.1). The third equality is the
proper base change theorem (Cohomology, Theorem [18.2)). The fourth equality is
(6) applied to g : Z — Y and Rf.K. Thus Rfz. .7y K and my' Rf. K have the

same cohomology sheaves. We omit the verification that the canonical base change
map W;lR (K —R fZar’*’]T)_(lK induces this isomorphism. O

In the situation of Lemma the composition of € and 7 and the equality Sh(X) =
Sh(X z4r) determine a morphism of topoi

ax : Sh(LCye/X) — Sh(X)
Lemma 31.8. Let f: X — Y be a morphism of LCy.. Then there are commutative
diagrams of topoi

Sh(LCye X) ——= Sh(LCyc/Y) SH(LCyo/X) ——> Sh(LCo/Y)
| e T
SH(LCar/X) 22 SW(LCpar/Y) Sh(X) ——L = Sa(Y)

with ax = Tx o€x, ay =7Tx oex. If f is proper, then a;,l o fi = foe oa}l,

Proof. The morphism of topoi fy. is the one from Sites, Lemma [25.8| which in our
case comes from the continuous functor Z/Y + Z xy X/X, see Sites, Lemma[27.3]
The diagram on the left commutes because the corresponding continuous functors
compose correctly (see Sites, Lemma . The diagram on the right commutes
because the one on the left does and because of part (5) of Lemma

Proof of the final assertion. The reader may repeat the proof of part (7a) of
Lemma @; we will instead deduce this from it. As ey, is the identity func-
tor on underlying presheaves, it reflects isomorphisms. The description in Lemma

shows that ey, o ay' = 7! and similarly for X. To show that the canonical

map ay ' foF — fyexax F is an isomorphism, it suffices to show that

W}jlf*]:: €Y,>D<C’«;/1f>k]:_> EY,*ch,*a;(lf: fZar,*eX,*a;(l-F: fZar,*W;(l-F
is an isomorphism. This is part (7a) of Lemma O

Lemma 31.9. Consider the comparison morphism € : LCye — LCgzq,. Let P
denote the class of proper maps of topological spaces. For X in LCyz,,. denote
Ay € AW(LCz4r/X) the full subcategory consisting of sheaves of the form 77)_(1.7:

with F in Ab(X). Then (1), (), (). @), and (3) of Situation hold.

Proof. We first show that A, C Ab(LCz./X) is a weak Serre subcategory by
checking conditions (1), (2), (3), and (4) of Homology, Lemma Parts (1), (2),
(3) are immediate as 73" is exact and fully faithful by Lemma part (3). If
0= 7y’ F = G — 7x'F — 0 is a short exact sequence in Ab(LCyz,,/X) then
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0= F = mx+G — F' — 0is exact by Lemma part (2). Hence G = my'7x .G
is in A’y which checks the final condition.

Property holds by Lemma and the fact that the base change of a proper
map is a proper map (see Topology, Theorem and Lemma [4.4)).

Property follows from the commutative diagram (5) in Lemma m

Property is Lemma
Property (4) is Lemma part (7)(b).

Proof of . Suppose given a qc covering {U; — U}. For u € U pick i1,...,4, €
and quasi-compact subsets E; C Uy, such that |J f;, (E;) is a neighbourhood of
u. Observe that Y = ]_[j:1 ,,,, mE; — U is proper as a continuous map between
Hausdorff quasi-compact spaces (Topology, Lemma . Choose an open neigh-
bourhood u € V' contained in | f;,(E;). Then Y xy V' — V is a surjective proper
morphism and hence a gc covering by Lemma Since we can do this for every
u € U we see that holds. O

Lemmal 31.10. With notation as above.

(1) For X € Ob(LC,.) and an abelian sheaf F on X we have ex .ax' F = 1wy F
and Riex . (ay'F) =0 fori>0.

(2) For a proper morphism f: X =Y in LCy. and abelian sheaf F on X we
have ay' (R foF) = R fyes(ax' F) for all i.

(3) For X € Ob(LCy.) and K in DT (X) the map nx' K — Rex.(ayx K) is
an isomorphism.

(4) For a proper morphism f : X — Y in LCy. and K in DY (X) we have
ay (Rf.K) = Rfger(ay' K).

Proof. By Lemma the lemmas in Section [30]all apply to our current setting.
To translate the results observe that the category Ax of Lemma[30.2]is the essential
image of ay' : Ab(X) — Ab(LCy./X).

Part (1) is equivalent to (V;,) for all n which holds by Lemma [30.8]
Part (2) follows by applying e{,l to the conclusion of Lemma m
Part (3) follows from Lemma [30.8| part (1) because 7 K is in D%, (LCyur/X
anda(Xl):e)(loaXl' W X 4 (LCz0r/X)
Part (4) follows from Lemma [30.8] part (2) for the same reason. O
Lemma 31.11. Let X be an object of LCy.. For K € D*(X) the map

K — Rax.ax' K
is an isomorphism with ax : Sh(LCye/X) — Sh(X) as above.

Proof. We first reduce the statement to the case where K is given by a single
abelian sheaf. Namely, represent K by a bounded below complex F°. By the case
of a sheaf we see that F" = aXv*a)_(l]-"" and that the sheaves Rqaxﬁ*a}lf” are zero
for ¢ > 0. By Leray’s acyclicity lemma (Derived Categories, Lemma applied
to a)_(l}" * and the functor ax . we conclude. From now on assume K = F.
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By Lemma|31.6{we have ax .ax'F = F. Thus it suffices to show that Rlax .ax' F =
0 for ¢ > 0. For this we can use ax = ex o mx and the Leray spectral se-

quence Lemma By Lemma [31.10| we have Rex .(ay'F) = 0 for i > 0 and
exax F =y F. By Lemma we have Rimx (7' F) = 0 for j > 0. This
concludes the proof. O
Lemma 31.12. With X € Ob(LCy.) and ax : Sh(LCy./X) — Sh(X) as above:
(1) for an abelian sheaf F on X we have H"(X,F) = Hy.(X, ax'F),
(2) for K € DT(X) we have H"(X,K) = H.(X, a3 K).
For example, if A is an abelian group, then we have H" (X, A) = Hy (X, A).

Proof. This follows from Lemma [31.11] by Remark O

32. Spectral sequences for Ext

In this section we collect various spectral sequences that come up when considering
the Ext functors. For any pair of complexes G®, F*® of complexes of modules on a
ringed site (C,O) we denote

Ext$(G®, F*) = Homp o) (G°, F*[n])
according to our general conventions in Derived Categories, Section
Example 32.1. Let (C,O) be a ringed site. Let K£® be a bounded above complex
of O-modules. Let F be an O-module. Then there is a spectral sequence with
E5-page
By = Extl,(H ™ (K*), F) = Extg? (K®, F)
and another spectral sequence with F;-page
BEyY = Ext), (K™, F) = Extg? (K*, F).

To construct these spectral sequences choose an injective resolution F — Z°® and
consider the two spectral sequences coming from the double complex Home (K®,Z*),
see Homology, Section

33. Cup product

Let (C,O) be a ringed site. Let K, M be objects of D(O). Set A =T'(C,O). The
(global) cup product in this setting is a map

RI(C,K) ®% RT(C,M) — RI(C, K ®% M)

in D(A). We define it as the relative cup product for the morphism of ringed topoi
(Sh(C),0) — (Sh(pt), A) as in Remark [19.7]

Let us formulate and prove a natural compatibility of the relative cup product.
Namely, suppose that we have a morphism f : (Sh(C),Oc¢) — (Sh(D),Op) of
ringed topoi. Let K® and M*® be complexes of O¢-modules. There is a naive cup
product

Tot(f.K® ®op fiM®) — [ Tot(K® @0, M?*)

We claim that this is related to the relative cup product.
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0FPK |Lemmal 33.1. In the situation above the following diagram commutes

fK* @, foM® —— Rf.K* @ Rf.M®

\L J{Remarkm
Tot(f.K* @0, foM®) Rf.(K* @8, M®)
naive cup productl J/

feTot(K®* @0, M*)

Rf. Tot(K* ®0, M*)

s

Proof. By the construction in Remark we see that going around the diagram

clockwise the map
[ K* ®5D fiM® — Rf, Tot(K* ®o, M®)
is adjoint to the map

Lf*(f.K* @6, f.M®) = Lf* f.K* @6, Lf*f.M*
— Lf*Rf.K* @6, Lf*Rf . M*
— K* g, M*
— Tot(K* ®0, M*)

By Lemma [I9.6] this is also equal to

Lf*(f.K* @, foM®) = Lf*f.K* @, Lf*f.M*
= [ [.K* @6, [ M®
—K* ®%D M*
— Tot(K* ®p, M®*)

Going around anti-clockwise we obtain the map adjoint to the map

Lf*(f.K* ®5, feM®) = Lf*Tot(f.K* @0, fuM®)
— Lf* . Tot(K®* ®0, M*®)
— Lf*Rf. Tot(K* @0, M*®)
— Tot(K®* @0, M*)

By Lemma this is also equal to

Lf*(f.K° ©8, f<M®) = Lf*Tot(f.K* ©@op f:M®)
— Lf* f,Tot(K* @0, M*)
= [ f. Tot(K® @0, M*®)

— Tot(K*® ®0, M®)
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Now the proof is finished by a contemplation of the diagram

LE (£ 0, f.M?) Lf* Kt &, L f. M0

Lf*Tot(fK* ®op fxM?®) —— [ Tot(f.K* @op fuM®) frfKe @, f*fM®

Lf* . Tot(K* ®0, M*®)

naive

F*£.Tot(K* ©0, M®) Tot(f*£.K* @0, f*f.M®) K* @k, M®

\ /

Tot(K* @0, M*)

All of the polygons in this diagram commute. The top one commutes by Lemma
[I8:8] The square with the two naive cup products commutes because Lf* — f*
is functorial in the complex of modules. Similarly with the square involving the
two maps A® @Y B* — Tot(A® ® B*). Finally, the commutativity of the remaining
square is true on the level of complexes and may be viewed as the definiton of the
naive cup product (by the adjointness of f* and f.). The proof is finished because
going around the diagram on the outside are the two maps given above. O

OFPL |Lemma 33.2. Let f : (Sh(C),O) — (Sh(C'),O") be a morphism of ringed topoi.
The relative cup product of Remark[19.7 is associative in the sense that the diagram

l l

Rf. K @% Rf.(L®% M) Rf.(K ®% L ®% M)
is commutative in D(O') for all K, L, M in D(O).

Proof. Going around either side we obtain the map adjoint to the obvious map
Lf*(Rf.K ©g Rf.L @6 Rf.M)=Lf*(Rf.K)®¢ Lf*(Rf.L) ©g Lf*(Rf.M)
— K®g Log M
in D(O). O
OFPM Lemma 33.3. Let f: (Sh(C),0) — (Sh(C'),O’) be a morphism of ringed topoi.

The relative cup product of Remark[19.7 is commutative in the sense that the dia-
gram

Rf.K @@ Rf.L — Rf.(K ©¢ L)

| e

Rf.L ®% Rf.K —— Rf.(L®% K)

is commutative in D(O') for all K, L in D(O). Here 1 is the commutativity con-
straint on the derived category (Lemma .
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Proof. Omitted. O

Lemma 33.4. Let f : (Sh(C),O) — (Sh(C'),O’) and [ : (Sh(C"),O") — (Sh(C"),O")
be morphisms of ringed topoi. The relative cup product of Remark[19.7is compatible
with compositions in the sense that the diagram

R(f"o f)« K @& R(f' o f)«L RfIRf.K @ RfIRf.L
R(f" o [)«(K © L) === RfRf.(K ©@§ L) <—— Rf.(Rf.K @, Rf.L)

is commutative in D(O") for all K, L in D(O).

Proof. This is true because going around the diagram either way we obtain the
map adjoint to the map

L(f" o f)* (R(f" o f).K @n R(f"o f).L)
= L(f' o /)" R(f" o f)«K @5 L(f'© f)*R(f'© f).L)
- K®gL
in D(O). To see this one uses that the composition of the counits like so
L(f' o f)R(f' o ) = LEL(f')* RFLRS. — Lf*Rf. — id
is the counit for L(f" o f)* and R(f’ o f).. See Categories, Lemma [24.9] O

34. Hom complexes

Let (C,O) be a ringed site. Let £* and M*® be two complexes of O-modules. We
construct a complex of O-modules Hom®(L*, M*). Namely, for each n we set

Hom™ (L, M®) = anm Homeo (L™, MP)

It is a good idea to think of Hom™ as the sheaf of O-modules of all O-linear maps
from L® to M* (viewed as graded O-modules) which are homogenous of degree n.
In this terminology, we define the differential by the rule

d(f) =dmo f = (=1)"fode
for f € Hom% (L, M*). We omit the verification that d* = 0. This construction is

a special case of Differential Graded Algebra, Example It follows immediately
from the construction that we have

(34.0.1) H"™(T(U, Hom*(L*, M?*))) = Homg o,)(L*|v, M*[n]|v)
for all n € Z and every U € Ob(C). Similarly, we have
(34.0.2) H"™(I'(C,Hom®(L*, M*®))) = Hom (o) (L*, M*[n])

for the complex of global sections.

Lemma 34.1. Let (C,0) be a ringed site. Given complexes K®, L, M*® of O-
modules there is an isomorphism

Hom® (K*®, Hom® (L, M*®)) = Hom® (Tot(K* @0 L), M*®)
of complezes of O-modules functorial in K®, L®, M®.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma [71.7] O
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Lemma 34.2. Let (C,0) be a ringed site. Given complexes K®, L, M* of O-
modules there is a canonical morphism

Tot (Hom®(L*, M*) @0 Hom*(K*, L*)) — Hom*(K*, M*)
of complezes of O-modules.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma, [71.3 O

Lemma 34.3. Let (C,0) be a ringed site. Given complexes K*, L*, M* of O-
modules there is a canonical morphism

Tot (K* @0 Hom® (M?®, L%)) — Hom® (M®, Tot(K* @0 L®))
of complezes of O-modules functorial in all three complexes.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma [[1.4 O

Lemma 34.4. Let (C,0) be a ringed site. Given complexes K®, L, M*® of O-
modules there is a canonical morphism

K®* — Hom®(L®, Tot(K®* @0 L*))
of complezes of O-modules functorial in both complezes.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma O

Lemma 34.5. Let (C,0) be a ringed site. Given complexes K®, L, M*® of O-
modules there is a canonical morphism

Tot(Hom®(L*, M*) @0 K*) — Hom® (Hom*(K*, L*), M*®)
of complezes of O-modules functorial in all three complezes.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma, [71.6 O

Lemma 34.6. Let (C,0) be a ringed site. Let L and M be objects of D(O). Let
I® be a K-injective complex of O-modules representing M. Let L® be a complex of
O-modules representing L. Then

H°(D(U, Hom® (L*,T*))) = Homp(oy,) (Llu, M|v)
for all U € Ob(C). Similarly, H*(T(C, Hom®(L*,Z*))) = Homp(e) (L, M).
Proof. We have

H°(T(U, Hom®(L£*,Z*))) = Homp o) (L|u, M|v)

= HOIHD(OU)(L|U, M|U)
The first equality is (34.0.1). The second equality is true because Z°|y; is K-injective
by Lemma [20.1] The proof of the last equation is similar except that it uses

(3103). O
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Lemma 34.7. Let (C,O) be a ringed site. Let (Z')® — Z°® be a quasi-isomorphism
of K-injective complezes of O-modules. Let (L')* — L® be a quasi-isomorphism of
complexes of O-modules. Then

Hom®(L*,(Z)*) — Hom®((L)*,1°)
is a quasi-isomorphism.
Proof. Let M be the object of D(O) represented by Z°® and (Z')*. Let L be the

object of D(O) represented by £* and (£')*. By Lemma we see that the
sheaves

H°(Hom®(L*,(Z')*)) and  H°(Hom®((L')*,Z°%))
are both equal to the sheaf associated to the presheaf
Ur— HomD(Ou)(L|U7 M‘U)
Thus the map is a quasi-isomorphism. O
Lemma 34.8. Let (C,0) be a ringed site. Let I® be a K-injective complex of

O-modules. Let L* be a K-flat complex of O-modules. Then Hom®(L*,Z%) is a
K-injective complex of O-modules.

Proof. Namely, if £® is an acyclic complex of O-modules, then
Hom g (0)(K®, Hom®(L*,1°)) = HO(T(C, Hom® (K*, Hom® (L*,T*))))
= H(T'(C, Hom® (Tot(K®* ®0 L*),Z°)))
= Homg o) (Tot(K* ®0 L*),1°)
=0
The first equality by (34.0.2). The second equality by Lemma The third

equality by (34.0.2]). The final equality because Tot(K® ®¢ L*) is acyclic because
L* is K-flat (Definition [17.2)) and because Z°® is K-injective. O

35. Internal hom in the derived category

Let (C, O) be aringed site. Let L, M be objects of D(O). We would like to construct
an object R Hom(L, M) of D(QO) such that for every third object K of D(O) there
exists a canonical bijection

(35.0.1) Homp (o) (K, R Hom(L, M)) = Hompo)(K @ L, M)

Observe that this formula defines R Hom (L, M) up to unique isomorphism by the
Yoneda lemma (Categories, Lemma .

To construct such an object, choose a K-injective complex of O-modules Z*® repre-
senting M and any complex of O-modules L£® representing L. Then we set Then
we set

RHom(L, M) = Hom®(L*,I°*)
where the right hand side is the complex of O-modules constructed in Section
This is well defined by Lemma [34.7] We get a functor

D(0)°P? x D(O) — D(0), (K,L)+— RHom(K,L)
As a prelude to proving (35.0.1)) we compute the cohomology groups of R Hom (K, L).
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Lemma 35.1. Let (C,0) be a ringed site. Let K, L be objects of D(O). For every
object U of C we have
H°(U, R Hom(L, M)) = Homp oy, (L|u, M|v)

and we have H°(C, R Hom(L, M)) = Homp(o) (L, M).

Proof. Choose a K-injective complex Z® of O-modules representing M and a K-
flat complex £® representing L. Then Hom®(L£*,Z*) is K-injective by Lemma [34.8]
Hence we can compute cohomology over U by simply taking sections over U and
the result follows from Lemma [34.6] O

Lemma 35.2. Let (C,0) be a ringed site. Let K, L, M be objects of D(O). With
the construction as described above there is a canonical isomorphism

RHom(K, RHom(L, M)) = RHom(K @% L, M)
in D(O) functorial in K, L, M which recovers (35.0.1]) on taking H°(C,—).

Proof. Choose a K-injective complex Z*® representing M and a K-flat complex of
O-modules L® representing L. For any complex of O-modules K* we have

Hom® (K®, Hom®*(L®,Z°)) = Hom®(Tot(K®* @0 L®),Z°)
by Lemma Note that the left hand side represents R Hom (K, R Hom(L, M))

(use Lemma [34.8) and that the right hand side represents RHom(K ®g L, M).
This proves the displayed formula of the lemma. Taking global sections and using

Lemma we obtain (35.0.1]). d

Lemma 35.3. Let (C,0) be a ringed site. Let K,L be objects of D(O). The
construction of RHom(K, L) commutes with restrictions, i.e., for every object U of
C we have RHom(K |y, L|ly) = RHom (K, L)|y.

Proof. This is clear from the construction and Lemma [20.1] |

Lemma 35.4. Let (C,0) be a ringed site. The bifunctor R Hom(—, —) transforms
distinguished triangles into distinguished triangles in both variables.

Proof. This follows from the observation that the assignment
(L%, M®) — Hom® (L, M*®)

transforms a termwise split short exact sequences of complexes in either variable
into a termwise split short exact sequence. Details omitted. (I
Lemma 35.5. Let (C,0) be a ringed site. Let K, L, M be objects of D(O). There
is a camonical morphism

RHom(L, M) ®% K — RHom(R Hom(K, L), M)
in D(O) functorial in K,L, M.
Proof. Choose a K-injective complex Z*® representing M, a K-injective complex

J*® representing L, and a K-flat complex K® representing K. The map is defined
using the map

Tot(Hom®*(T°,Z1°) ®0 K*) — Hom® (Hom*(K*,T*),Z°)

of Lemma, By our particular choice of complexes the left hand side represents
RHom(L, M) ®% K and the right hand side represents R Hom(R Hom (K, L), M).
We omit the proof that this is functorial in all three objects of D(O). g
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Lemma 35.6. Let (C,0) be a ringed site. Given K,L,M in D(O) there is a
canonical morphism
RHom(L, M) ®% RHom(K,L) — RHom (K, M)
in D(O).
Proof. Choose a K-injective complex Z® representing M, a K-injective complex

J*® representing L, and any complex of O-modules K*® representing K. By Lemma
[34:2] there is a map of complexes

Tot (Hom*(J*,Z°) ®o Hom®(K*,T*)) — Hom*(K*,Z°)

The complexes of O-modules Hom*(J*,Z°), Hom®(K*,T*), and Hom*(K*,Z*) rep-
resent R Hom(L, M), RHom(K, L), and RHom(K, M). If we choose a K-flat com-
plex H* and a quasi-isomorphism H® — Hom®(K*®, J*), then there is a map

Tot (Hom*(J*,Z°) ®o H*) — Tot (Hom*(J*,Z°) @0 Hom*(K*, T*))

whose source represents R Hom(L, M) ®% RHom(K, L). Composing the two dis-
played arrows gives the desired map. We omit the proof that the construction is
functorial. ([l

Lemma 35.7. Let (C,0) be a ringed site. Given K,L, M in D(O) there is a
canonical morphism

K ®% RHom(M, L) — RHom(M, K % L)
in D(O) functorial in K, L, M.
Proof. Choose a K-flat complex K*® representing K, and a K-injective complex Z*
representing L, and choose any complex of O-modules M* representing M. Choose

a quasi-isomorphism Tot(K® ®o, Z°*) — J* where J°* is K-injective. Then we use
the map

Tot (K* @0 Hom®*(M*,Z°)) — Hom®(M?*, Tot(K®* @0 Z°)) — Hom®(M*, T*)
where the first map is the map from Lemma [34.3] O

Lemma 35.8. Let (C,0) be a ringed site. Given K, L in D(O) there is a canonical
morphism

K — RHom(L, K @% L)
in D(O) functorial in both K and L.

Proof. Choose a K-flat complex KC® representing K and any complex of O-modules
L*® representing L. Choose a K-injective complex J°® and a quasi-isomorphism
Tot(K*® ®o L*) — J*. Then we use

K* — Hom® (L2, Tot(KK* ®o L)) — Hom® (L*, T*)
where the first map comes from Lemma [34:4] O

Lemma 35.9. Let (C,0) be a ringed site. Let L be an object of D(O). Set
LY = RHom(L,O). For M in D(O) there is a canonical map

(35.9.1) M ®% LY — RHom(L, M)
which induces a canonical map

H°(C,M ®g L") — Homp o) (L, M)
functorial in M in D(O).
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Proof. The map ([35.9.1)) is a special case of Lemma using the identification
M = RHom(O, M). 0

Remark 35.10. Let f : (Sh(C),Oc) — (Sh(D),Op) be a morphism of ringed
topoi. Let K, L be objects of D(O¢). We claim there is a canonical map

Rf.RHom(L,K) — RHom(Rf.L,Rf.K)

Namely, by (35.0.1) this is the same thing as a map R f.R Hom(L, K) (X%D Rf.L —
Rf.K. For this we can use the composition

Rf.RHom(L,K) ®%, Rf.L — Rf.(RHom(L,K) ®%, L) — Rf.K

(
where the first arrow is the relative cup product (Remark [19.7) and the second
arrow is Rf. applied to the canonical map R Hom(L, K) @%C L — K coming from
Lemma [35.6] (with O¢ in one of the spots).

Remark 35.11. Let h : (Sh(C),O) — (Sh(C’), O’) be a morphism of ringed topoi.
Let K, L be objects of D(O'). We claim there is a canonical map

Lh*RHom(K,L) — RHom(Lh*K, Lh*L)

in D(O). Namely, by (35.0.1) proved in Lemma such a map is the same thing
as a map

Lh*RHom(K,L) % Lh*K — Lh*L

The source of this arrow is Lh*(Hom(K, L) @™ K) by Lemma hence it suffices
to construct a canonical map

RHom(K,L) % K — L.
For this we take the arrow corresponding to
id : RHom(K,L) — RHom(K,L)
via .

Remark| 35.12. Suppose that

(Sh(C"), 0c) ——= ($h(C), Oc)
r| |1
(Sh(D"), Op) —— (Sh(D), Op)
is a commutative diagram of ringed topoi. Let K, L be objects of D(O¢). We claim
there exists a canonical base change map
Lg*Rf.RHom(K,L) — R(f")«RHom(Lh*K,Lh*L)
in D(Op/). Namely, we take the map adjoint to the composition
L(f"Y*Lg*Rf«RHom(K,L) = Lh*Lf*Rf.RHom(K, L)
— Lh*RHom(K, L)
— RHom(Lh*K,Lh*L)

where the first arrow uses the adjunction mapping Lf*Rf. — id and the second
arrow is the canonical map constructed in Remark [35.11}
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36. Global derived hom
Let (Sh(C), O) be a ringed topos. Let K, L € D(0O). Using the construction of the

internal hom in the derived category we obtain a well defined object
RHomep (K, L) = RT'(C, R Hom(K, L))
in D(T'(C,0)). By Lemma we have
H°(RHome (K, L)) = Homp ) (K, L)
and
HP(RHomp (K, L)) = Ext%(o)(K, L)
If f:(C',0") = (C,O) is a morphism of ringed topoi, then there is a canonical map
RHomp(K,L) — RHome/ (Lf*K,Lf*L)
in D(I'(O)) by taking global sections of the map defined in Remark

37. Derived lower shriek

In this section we study morphisms g of ringed topoi where besides Lg* and Rg.
there also exists a derived functor Lg;.

Lemma 37.1. Let u:C — D be a continuous and cocontinuous functor of sites.
Let g : Sh(C) — Sh(D) be the corresponding morphism of topoi. Let Op be a sheaf
of rings and let T be an injective Op-module. Then HP(U,g~1Z) =0 for all p > 0
and U € Ob(C).

Proof. The vanishing of the lemma follows from Lemma if we can prove
vanishing of all higher Cech cohomology groups HP (U,g~'T) for any covering U =
{U; = U} of C. Since u is continuous, uw(U) = {u(U;) — u(U)} is a covering of D,
and u(Us, Xy ... Xy Uy,) = w(Us,) Xy@) -+ Xuw) (Ui, ). Thus we have

HP(U,g7'T) = H?(u(U),T)

because g~! = uP by Sites, Lemma Since 7 is an injective Op-module these
Cech cohomology groups vanish, see Lemma (I

Lemmal 37.2. Let u:C — D be a continuous and cocontinuous functor of sites.
Let g : Sh(C) — Sh(D) be the corresponding morphism of topoi. Let Op be a sheaf
of rings and set Oc = g~ *Op. The functor g : Mod(Oc) — Mod(Op) (see Modules
on Sites, Lemma has a left derived functor

Lg! : D(Oc) — D(OD)
which is left adjoint to g*. Moreover, for U € Ob(C) we have
Lgi(junOv) = g1ju1Ov = Juwy Ouw)-

where juyi and jywy are extension by zero associated to the localization morphism
Ju :C/U = C and j,wy : D/u(U) — D.

Proof. We are going to use Derived Categories, Proposition to construct
Lgi. To do this we have to verify assumptions (1), (2), (3), (4), and (5) of that
proposition. First, since g is a left adjoint we see that it is right exact and commutes
with all colimits, so (5) holds. Conditions (3) and (4) hold because the category of
modules on a ringed site is a Grothendieck abelian category. Let P C Ob(Mod(O¢))
be the collection of O¢-modules which are direct sums of modules of the form
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JuOu. Note that gjiiOv = juw)yOuw), see proof of Modules on Sites, Lemma
Every Oc¢-module is a quotient of an object of P, see Modules on Sites,
Lemma Thus (1) holds. Finally, we have to prove (2). Let K£*® be a bounded
above acyclic complex of O¢-modules with K™ € P for all n. We have to show that
giC® is exact. To do this it suffices to show, for every injective Op-module Z that

Hom p(op)(9K°®,Zn]) =0
for all n € Z. Since 7 is injective we have
Homp o, (9:K*, Z[n]) = Homg (o,)(9.K*, Z[n])
= H"(Homo,, (¢K°, 7))
= H"(Home,(K*, g7 1))

the last equality by the adjointness of g1 and ¢~ !.

The vanishing of this group would be clear if g~'Z were an injective O¢-module.
But ¢g~'7 isn’t necessarily an injective Oc-module as ¢ isn’t exact in general. We
do know that

Extp, (ju1Ov, g 'T) = HP(U,g7'Z) =0 for p > 1

Here the first equality follows from Home, (ji1Ou,H) = H(U) and taking derived
functors and the vanishing of HP(U, g~ !Z) for p > 0 and U € Ob(C) follows from
Lemma Since each K9 is a direct sum of modules of the form j; Oy we see
that
Extp, (K™%,g7'Z) =0 for p>1and all ¢
Let us use the spectral sequence (see Example [32.1))
EP? = Extl, (K™7,97'T) = Ext}y 4(K®,g7'T) = 0.

Note that the spectral sequence abuts to zero as K® is acyclic (hence vanishes in
the derived category, hence produces vanishing ext groups). By the vanishing of
higher exts proved above the only nonzero terms on the E; page are the terms
B} = Home, (K9,¢g7'T). We conclude that the complex Home, (K®, g~ ') is
acyclic as desired.

Thus the left derived functor Lg, exists. It is left adjoint to g~! = ¢* = Rg* = Lg*,
i.e., we have

(37.2.1) Homp (o) (K, 9" L) = Hompo,)(Lg1 K, L)
by Derived Categories, Lemma This finishes the proof. O

Remark 37.3. Warning! Let u: C — D, g, Op, and O¢ be as in Lemma In
general it is not the case that the diagram

D(Oc) — = D(Op)
fm"getl iforget
Lgi*

D(C) ——— D(D)

commutes where the functor Lg{'® is the one constructed in Lemma but using
the constant sheaf Z as the structure sheaf on both C and D. In general it isn’t even
the case that g1 = gIAb (see Modules on Sites, Remark , but this phenomenon
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can occur even if g = g{'®! Namely, the construction of Lgi in the proof of
Lemma shows that Lg agrees with Lg!Ab if and only if the canonical maps

Lg* 110 — JuwyOuw)
are isomorphisms in D(D) for all objects U in C. In general all we can say is that
there exists a natural transformation
Lg!Ab o forget — forget o Lg

Lemma 37.4. Let u:C — D be a continuous and cocontinuous functor of sites.
Let g : Sh(C) — Sh(D) be the corresponding morphism of topoi. Let Op be a sheaf
of rings and let T be an injective Op-module. If go" : Sh(C) — Sh(D) commutes
with fibre productﬂ then ¢~ 1T is totally acyclic.

Proof. We will use the criterion of Lemma Condition (1) holds by Lemma
Let K’ — K be a surjective map of sheaves of sets on C. Since g" is a left
adjoint, we see that g!ShK’ — g!ShK is surjective. Observe that
HY(K' xg...xg K',g7'T) = H(¢°"(K' x ... xxg K'),T)
= H'(g7"K' X gsnge . Xgsnge gt "K', T)
by our assumption on gISh. Since 7 is an injective module it is totally acyclic by
Lemma (applied to the identity). Hence we can use the converse of Lemma
to see that the complex
0— HYK,g7'T) - HY(K',g7'T) - HY(K' xx K',g7'T) — ...

is exact as desired. O

Lemmal 37.5. Let u:C — D be a continuous and cocontinuous functor of sites.
Let g : Sh(C) — Sh(D) be the corresponding morphism of topoi. Let U € Ob(C).
(1) For M in D(D) we have RU(U,g M) = RI'(u(U), M).
(2) If Op is a sheaf of rings and Oc = g~*Op, then for M in D(Op) we have
RT(U,g*M) = RT'(u(U), M).
Proof. In the bounded below case (1) and (2) can be seen by representing K by
a bounded below complex of injectives and using Lemma [37.1] as well as Leray’s
acyclicity lemma. In the unbounded case, first note that (1) is a special case of (2).
For (2) we can use

RIU(U,g*M) = RHomo, (jinOv, 9" M) = RHomoy, (juw)y Ouw), M) = RL(u(U), M)
where the middle equality is a consequence of Lemma [37.2 O

Lemma 37.6. Assume given a commutative diagram
(Sh(C"), Ocr) ——= (Sh(C), Oc)
(g':(g"%)
(F. (%) (£.%

(Sh(D'), Op) 2L (5h(D), 0p)

of ringed topoi. Assume

(1) f, ', g, and ¢’ correspond to cocontinuous functors u, v, v, and v’ as in
Sites, Lemma[21.1

"Holds if C has finite connected limits and « commutes with them, see Sites, Lemma m
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2

(2) vou' =uov,

(3) v and v’ are continuous as well as cocontinuous,

(4) for any object V' of D’ the functor 1(//,1 — L given by v is cofinal,
(5) g71O0p = Opr and (¢')~1Oc = Oc/, and

(6) gi : Ab(C") — Ab(C) is exacﬁ.

Then we have Rf, o (¢')* = g* o Rf. as functors D(O¢) — D(Op/).

Proof. We have g* = Lg* = g~ and (¢')* = L(¢")* = (¢’) ! by condition (5). By
Lemmam it suffices to prove the result on the derived category D(C) of abelian
sheaves. Choose an object K € D(C). Let Z*® be a K-injective complex of abelian
sheaves on C representing K. By Derived Categories, Lemma [31.9] and assumption
(6) we find that (¢’)~!Z*® is a K-injective complex of abelian sheaves on C’. By
Modules on Sites, Lemma we find that f.(¢g")"'Z® = g~'f.Z°. Since f.Z°
represents Rf, K and since f/(g’)~'Z*® represents Rf.(g')~1 K we conclude. O

Lemma 37.7. Consider a commutative diagram

(Sh(C"), Ocr s (5h(C), Oc)

/

L)
(fﬁ(f’)”)i i(f,f”)

(Sh(D'), Op) 2L (5h(D), Op)

of ringed topoi and suppose we have functors

' ——=C

7]
D—>D
such that (with notation as in Sites, Sections and we have
(1) w and v’ are continuous and give rise to the morphisms f and f’,
(2) v and v’ are cocontinuous giving rise to the morphisms g and ¢',
(3) uov=1"o0u,
(4) v and v’ are continuous as well as cocontinuous, and
(5) g_lop = Op: and (g/)_loc = Q¢
Then Rf. o (¢")* = g* o Rf. as functors DT (Oc) — DT (Op:). If in addition
(6) gi : Ab(C") — Ab(C) is exacﬂ
then Rf. o (¢")* = g* o Rf. as functors D(O¢) — D(Op).

Proof. We have g* = Lg* = ¢! and (¢')* = L(¢')* = (¢')~! by condition (5). By
Lemma it suffices to prove the result on the derived category DT (C) or D(C)
of abelian sheaves.

Choose an object K € DT(C). Let Z* be a bounded below complex of injective
abelian sheaves on C representing K. By Lemmawe see that HP(U', (¢')~17%) =
0 for all p > 0 and any ¢ and any U’ € Ob(C’). Recall that RP f/(g")~1Z1 is the sheaf
associated to the presheaf V' +— HP(u/(V'), (¢')~1Z9), see Lemma Thus we see

8Holds if fibre products and equalizers exist in C’ and v/ commutes with them, see Modules
on Sites, Lemma

9Holds if fibre products and equalizers exist in C’ and v/ commutes with them, see Modules
on Sites, Lemmam
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that (¢’)~1Z1 is right acyclic for the functor f.. By Leray’s acyclicity lemma (De-
rived Categories, Lemma [16.7) we find that f.(¢’)*Z* represents Rf.(g') ‘K. By
Modules on Sites, Lemma we find that f.(¢’)~'Z® = g~ ' f.Z*. Since g~ 'f.Z°
represents ¢ ' Rf. K we conclude.

Choose an object K € D(C). Let Z® be a K-injective complex of abelian sheaves
on C representing K. By Derived Categories, Lemma and assumption (6) we
find that (¢’)~!Z* is a K-injective complex of abelian sheaves on C’. By Modules
on Sites, Lemma we find that f/(g')"'Z* = g~'f.Z°. Since f.Z® represents
Rf.K and since f/(g')~'Z*® represents Rf.(g') 'K we conclude. O

38. Derived lower shriek for fibred categories

In this section we work out some special cases of the situation discussed in Section
We make sure that we have equality between lower shriek on modules and
sheaves of abelian groups. We encourage the reader to skip this section on a first
reading.

Situation 38.1. Here (D, Op) be a ringed site and p : C — D is a fibred category.
We endow C with the topology inherited from D (Stacks, Section . We denote
7 : Sh(C) — Sh(D) the morphism of topoi associated to p (Stacks, Lemma [10.3).
We set O¢ = 7~ 1Op so that we obtain a morphism of ringed topoi

7 (Sh(C),O¢) — (Sh(D), Op)

Lemma 38.2. Assumptions and notation as in Situation W For U € Ob(C)
consider the induced morphism of topoi

7wy 2 Sh(C/U) — Sh(D/p(U))
Then there exists a morphism of topoi
o :Sh(D/p(U)) — Sh(C/U)
such that my oo = id and o~ = T, % -

Proof. Observe that 7y is the restriction of 7 to the localizations, see Sites, Lemma
28.4 For an object V' — p(U) of D/p(U) denote V X,y U — U the strongly
cartesian morphism of C over D which exists as p is a fibred category. The functor

v:D/pU) = C/U, V/p(U) =V Xpw)U/U

is continuous by the definition of the topology on C. Moreover, it is a right adjoint to
p by the definition of strongly cartesian morphisms. Hence we are in the situation
discussed in Sites, Section and we see that the sheaf my . JF is equal to V —
F(V Xpw) U) (see especially Sites, Lemma .

But here we have more. Namely, the functor v is also cocontinuous (as all mor-
phisms in coverings of C are strongly cartesian). Hence v defines a morphism o
as indicated in the lemma. The equality o~ = 7y, is immediate from the def-
inition. Since m;'G is given by the rule U'/U ~ G(p(U")/p(U)) it follows that
o lo 71'[}1 = id which proves the equality 7y o o = id. O
Situation| 38.3. Let (D, Op) be a ringed site. Let w : ¢’ — C be a l-morphism
of fibred categories over D (Categories, Definition . Endow C and C’ with
their inherited topologies (Stacks, Definition and let = : Sh(C) — Sh(D),
7'+ Sh(C') — Sh(D), and g : Sh(C") — Sh(C) be the corresponding morphisms of
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topoi (Stacks, Lemma [10.3)). Set O¢c = 77 1Op and Ocr = (7')"1Op. Observe that
g 'O¢ = O¢: so that

(Sh(C"), Ocr) (Sh(C), O¢)

(Sh(D), Op)

is a commutative diagram of morphisms of ringed topoi.

08PB |Lemma 38.4. Assumptions and notation as in Situation . For U" € Ob(C)
set U =u(U") and V = p'(U’) and consider the induced morphisms of ringed topoi

(Sh(C'/U"), Op) C), 0y)

\/

(SK(D/V),0v)

Then there exists a morphism of topoi

o' : Sh(D/V) — Sh(C'/U"),
such that setting o = g’ oo’ we have w};, 00’ = id, 7y oo = id, (¢/)!

-1
o = TU,*-

-
= Ty .o and

Proof. Let v' : D/V — C'/U’ be the functor constructed in the proof of Lemma
38.2| starting with p’ : C’ — D’ and the object U’. Since w is a 1-morphism of fibred
categories over D it transforms strongly cartesian morphisms into strongly cartesian
morphisms, hence the functor v = u o v’ is the functor of the proof of Lemma [38.2
relative to p : C — D and U. Thus our lemma follows from that lemma. ([l

08PC Lemma 38.5. Assumption and notation as in Situation .
(1) There are left adjoints g1 : Mod(Ocr) — Mod(O¢) and g{** : Ab(C') — Ab(C)

to g* = g~ on modules and on abelian sheaves.

(2) The diagram
MOd(OC/) T> MOd(Oc)

-

Ab(C) — 2~ Ap(C)

commutes.

(3) There are left adjoints Lg) : D(Oc') — D(O¢) and Lg{** : D(C') — D(C)
to g* = g~ on derived categories of modules and abelian sheaves.

(4) The diagram

D(O¢') =D

(Oc)
D(lcq L D%C)

commutes.
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Proof. The functor u is continuous and cocontinuous Stacks, Lemma [10.3] Hence
the existence of the functors gi, gIAb, Lgi, and Lg!Ab can be found in Modules on

Sites, Sections [I6] and [I] and Section [37}

To prove (2) it suffices to show that the canonical map

9 5unOvr = JuwyOuwn
is an isomorphism for all objects U’ of C’, see Modules on Sites, Remark
Similarly, to prove (4) it suffices to show that the canonical map

Lgi*junOvr = juwyOuw

is an isomorphism in D(C) for all objects U’ of C’, see Remark This will also
imply the previous formula hence this is what we will show.

We will use that for a localization morphism j the functors j; and j agree (see
Modules on Sites, Remark [19.6)) and that ji is exact (Modules on Sites, Lemma
- Let us adopt the notatlon of Lemma [38.4 m Since Lg{** o jyn = jui o L(g'){**

(by commutativity of Sites, Lemma and uniqueness of adjoint functors) it
suffices to prove that L(g )AbOU/ = OU. Using the results of Lemma we have

for any object E of D(C/u(U")) the following sequence of equalities
Hom pc,vy (L (¢’ )! YOy, E) = Homp v (Our, (g NTIE)

= Hompcrjur) (7)) "' Ov, (¢') ' E)
= Hompp,v)(Ov, Ry (') E)
= Hompp,v)(Ov, (o') " (g") ' E)
= Hompp,v)(Ov,0™ 'E)
= Hompp,v)(Ov, v« E)
= Homp(cv) (7' Ov, E)
= Hompc/v)(Ov, E)

By Yoneda’s lemma we conclude. O

Remark| 38.6. Assumptions and notation as in Situation Note that setting
C’ = D and u equal to the structure functor of C gives a situation as in Situation
38.3l Hence Lemmatells us we have functors 71': 71', b Lm, and L7r such that
forgetom = ! o forget and forget o Lm = L7r' o forget.

Remark 38.7. Assumptions and notation as in Situation Let F be an
abelian sheaf on C, let 7/ be an abelian sheaf on C’, and let t : 7/ — g~ 'F be a
map. Then we obtain a canonical map

Lr{(F') — Lm(F)

by using the adjoint ¢gF’ — F of ¢, the map Lg(F') — ¢ F', and the equality
L7T!/ = LT&'! 9] ng.

Lemmal 38.8. Assumptions and notation as in Situation m For F in Ab(C)
the sheaf mF is the sheaf associated to the presheaf

Vi— COlimcapp .Flcv

with restriction maps as indicated in the proof.
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Proof. Denote H be the rule of the lemma. For a morphism h : V/ — V of D there
is a pullback functor h* : Cyy — Cy- of fibre categories (Categories, Definition 33.6]).
Moreover for U € Ob(Cy ) there is a strongly cartesian morphism A*U — U covering
h. Restriction along these strongly cartesian morphisms defines a transformation
of functors
~7:|CV — .7:|CV, oh*.

Hence a map H(V) — H(V’) between colimits, see Categories, Lemma [14.8]
To prove the lemma we show that

Mor psi(p) (H,G) = Morgye) (F, 7 'G)
for every sheaf G on C. An element of the left hand side is a compatible system of
maps F(U) — G(p(U)) for all U in C. Since 771G(U) = G(p(U)) by our choice of
topology on C we see the same thing is true for the right hand side and we win. [

39. Homology on a category

In the case of a category over a point we will baptize the left derived lower shriek
functors the homology functors.

Example 39.1 (Category over point). Let C be a category. Endow C with the
chaotic topology (Sites, Example. Thus presheaves and sheaves agree on C. The
functor p : C — * where * is the category with a single object and a single morphism
is cocontinuous and continuous. Let w : Sh(C) — Sh(x) be the corresponding
morphism of topoi. Let B be a ring. We endow * with the sheaf of rings B and C
with O¢ = 7~ !B which we will denote B. In this way

71 (Sh(C), B) — (Sh(%), B)

is an example of Situation [38.1] By Remark we do not need to distinguish
between m on modules or abelian sheaves. By Lemma [38.8] we see that mF =
colimgopp F. Thus L,m is the nth left derived functor of taking colimits. In the
following, we write

Hn(C,]-') = Lnﬂ'g(]:)
and we will name this the nth homology group of F on C.

Example 39.2 (Computing homology). In Example we can compute the
functors H, (C, —) as follows. Let F € Ob(A4b(C)). Consider the chain complex

Ko(F): ... > EBUﬁUﬁUO F(Uy) — EBUﬁUO F(Uy) — @UO F(Uy)

where the transition maps are given by
(Uy = Uy = Uy, s) — (Uy — Uy, s) — (Uz — Uy, s) + (Us — Uy, s|u,)
and similarly in other degrees. By construction
Ho(C, F) = colimgorr F = Ho(K4(F)),

see Categories, Lemma The construction of Ko(F) is functorial in F and
transforms short exact sequences of Ab(C) into short exact sequences of complexes.
Thus the sequence of functors F — H,(K(F)) forms a §-functor, see Homology,
Definition and Lemma, For F = jinZy the complex K,(F) is the
complex associated to the free Z-module on the simplicial set X, with terms

Xn = HUn—>...—>U1—>U0 MorC(UO’ U)
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This simplicial set is homotopy equivalent to the constant simplicial set on a sin-
gleton {*}. Namely, the map X, — {*} is obvious, the map {*} — X, is given by
mapping * to (U — ... — U,idy), and the maps

hn,i : Xn — Xn

(Simplicial, Lemma [26.2]) defining the homotopy between the two maps Xe — X,
are given by the rule

hi:Up—...=Upf)— Up—...2U; -U— ... > U,id)

for 4 > 0 and h, o = id. Verifications omitted. This implies that Ke(ji;nZy) has
trivial cohomology in negative degrees (by the functoriality of Simplicial, Remark
and the result of Simplicial, Lemma 27.1). Thus K,(F) computes the left
derived functors H,(C,—) of Hy(C,—) for example by (the duals of) Homology,
Lemma and Derived Categories, Lemma [16.6

Example 39.3. Let u : ' — C be a functor. Endow C’ and C with the chaotic
topology as in Example [39.1] The functors u, ¢’ — %, and C — x where * is
the category with a single object and a single morphism are cocontinuous and
continuous. Let g : Sh(C') — Sh(C), ' : Sh(C') — Sh(x), and 7 : Sh(C) — Sh(x),
be the corresponding morphisms of topoi. Let B be a ring. We endow * with the
sheaf of rings B and C’, C with the constant sheaf B. In this way

(Sh(C'). B) . (Sh(C), B)
(Shi(x), B)

is an example of Situation [38:3] Thus Lemma [38.5] applies to g so we do not need
to distinguish between g on modules or abelian sheaves. In particular Remark [387]
produces canonical maps

H, (', F') — H,(C,F)
whenever we have F in Ab(C), ' in Ab(C’), and a map t : F' — g~ ' F. In terms of
the computation of homology given in Example [39.2] we see that these maps come
from a map of complexes
Ko(F') — Ko(F)
given by the rule
U, — ... = U, s) — (u(U)) = ... = u(U)),t(s"))
with obvious notation.

Remark| 39.4. Notation and assumptions as in Example m Let F* be a
bounded complex of abelian sheaves on C. For any object U of C there is a canonical
map
F*(U) — Lm(F*)

in D(Ab). If F* is a complex of B-modules then this map is in D(B). To prove
this, note that we compute L (F*) by taking a quasi-isomorphism P* — F* where
P* is a complex of projectives. However, since the topology is chaotic this means
that P*(U) — F*(U) is a quasi-isomorphism hence can be inverted in D(Ab),
resp. D(B). Composing with the canonical map P*(U) — m(P®) coming from the
computation of 7 as a colimit we obtain the desired arrow.
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Lemma 39.5. Notation and assumptions as in Example W If C has either an
initial or a final object, then Lm on~t = id on D(Ab), resp. D(B).

Proof. If C has an initial object, then m is computed by evaluating on this object
and the statement is clear. If C has a final object, then Rm, is computed by
evaluating on this object, hence Rm, o m=! = id on D(Ab), resp. D(B). This
implies that 7= : D(A4b) — D(C), resp. 7! : D(B) — D(B) is fully faithful, see
Categories, Lemma Then the same lemma implies that Lm o 7~! = id as
desired. d

Lemma 39.6. Notation and assumptions as in Fxample . Let B— B’ be a
ring map. Consider the commutative diagram of ringed topoi

(Sh(C). B) <—— (Sh(C). B)

Then Lmyo Lh* = Lf* o L.
Proof. Both functors are right adjoint to the obvious functor D(B’) — D(B). O

Lemma 39.7. Notation and assumptions as in Fxample . Let U, be a cosim-
plicial object in C such that for every U € Ob(C) the simplicial set More(U,, U) is
homotopy equivalent to the constant simplicial set on a singleton. Then
Lﬂ!(f) == ]:(U.)

in D(Ab), resp. D(B) functorially in F in Ab(C), resp. Mod(B).

Proof. As Lm agrees for modules and abelian sheaves by Lemma it suffices
to prove this when F is an abelian sheaf. For U € Ob(C) the abelian sheaf ji;nZy
is a projective object of Ab(C) since Hom(jiZy, F) = F(U) and taking sections
is an exact functor as the topology is chaotic. Every abelian sheaf is a quotient of

a direct sum of jy1Zy by Modules on Sites, Lemma Thus we can compute
Lm(F) by choosing a resolution

oGt s F0

whose terms are direct sums of sheaves of the form above and taking Lm(F) =
m(G®). Consider the double complex A**® = G*(U,). The map G° — F gives a
map of complexes A%* — F(U,). Since m is computed by taking the colimit over
C°PP (Lemma we see that the two compositions G™(Uy) — G™(Up) — mG™
are equal. Thus we obtain a canonical map of complexes

Tot(A**) — m(G*) = Lm(F)
To prove the lemma it suffices to show that the complexes
o= G0 = GM(Uy) =5 mG™ =0

are exact, see Homology, Lemma Since the sheaves G™ are direct sums of the
sheaves jiy1Zy we reduce to G = jyZy. The complex jinZy (Us) is the complex of
abelian groups associated to the free Z-module on the simplicial set Mor¢(Us, U)
which we assumed to be homotopy equivalent to a singleton. We conclude that

JunZy(Us) — Z


https://stacks.math.columbia.edu/tag/08Q7
https://stacks.math.columbia.edu/tag/08Q8
https://stacks.math.columbia.edu/tag/08Q9

08QA

03QB

08QC

COHOMOLOGY ON SITES 95

is a homotopy equivalence of abelian groups hence a quasi-isomorphism (Simplicial,
Remark and Lemma [27.1)). This finishes the proof since mjinZy = Z as was
shown in the proof of Lemma [38:5] O

Lemma 39.8. Notation and assumptions as in Erample . If there exists a
cosimplicial object U, of C' such that Lemma [39.7 applies to both U, in C' and
uw(U}) in C, then we have Lw| o g=' = Lm as functors D(C) — D(Ab), resp.
D(C,B) — D(B).

Proof. Follows immediately from Lemma and the fact that g—! is given by
precomposing with wu. O

Lemma 39.9. Let C;, i = 1,2 be categories. Let u; : C; x Co — C; be the
projection functors. Let B be a ring. Let g; : (Sh(Cy x Cs), B) — (Sh(C;), B) be the
corresponding morphisms of ringed topoi, see Example m For K; € D(C;, B) we
have

L(m x ma)i(g7 ' K1 ®§9§1K2) = Lm (K1) ®p Lz (K>)
in D(B) with obvious notation.

Proof. As both sides commute with colimits, it suffices to prove this for K; =
JjuiBy and Ks = jy1 By, for U € Ob(Cy) and V' € Ob(Cz). See construction of L
in Lemma [37.2] In this case

91 'K ®% g5 'Ky = g7 ' K1 ®p 95 ' Ko = jwyv By

Verification omitted. Hence the result follows as both the left and the right hand
side of the formula of the lemma evaluate to B, see construction of Lm in Lemma
(.2 U

Lemma 39.10. Notation and assumptions as in Example . If there exists a
costmplicial object Uy of C such that Lemma[39.7 applies, then

Lm(K; ®p Ky) = Lm(Ky) ®p Lm(K>)
for all K; € D(B).

Proof. Consider the diagram of categories and functors

where v is the diagonal functor and wu; are the projection functors. This gives
morphisms of ringed topoi g, g1, go. For any object (Uy,Us) of C we have

Morcwc(u(Us), (Uy,Usz)) = More(Us, Uy ) X More(Us, Us)

which is homotopy equivalent to a point by Simplicial, Lemma|26.10] Thus Lemma
39.8| gives Lm(g 1K) = L(r x m)(K) for any K in D(C x C,B). Take K =
g1 K1 ®% g;lKg. Then g7 1K = K; ®@% K, because g~! = ¢g* = Lg* commutes

with derived tensor product (Lemma [18.4). To finish we apply Lemma m a
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Remark 39.11 (Simplicial modules). Let C = A and let B be any ring. This is a
special case of Example [39.1] where the assumptions of Lemma [39.7 hold. Namely,
let U, be the cosimplicial object of A given by the identity functor. To verify the
condition we have to show that for [m] € Ob(A) the simplicial set A[m] : n —
Mora ([n], [m]) is homotopy equivalent to a point. This is explained in Simplicial,
Example

In this situation the category Mod(B) is just the category of simplicial B-modules
and the functor L sends a simplicial B-module M, to its associated complex s(M,)
of B-modules. Thus the results above can be reinterpreted in terms of results on
simplicial modules. For example a special case of Lemma is: if Mo, M, are
flat simplicial B-modules, then the complex s(M, ® g M) is quasi-isomorphic to
the total complex associated to the double complex s(M,) ®p s(M,). (Hint: use
flatness to convert from derived tensor products to usual tensor products.) This is
a special case of the Eilenberg-Zilber theorem which can be found in [EZ53].

Lemma 39.12. Let C be a category (endowed with chaotic topology). Let O — O’
be a map of sheaves of rings on C. Assume

(1) there exists a cosimplicial object U, in C as in Lemma[39.7, and
(2) LmO — LmO’ is an isomorphism.
For K in D(O) we have
Lm(K) = Lm(K @% 0
in D(AD).

Proof. Note: in this proof Lm denotes the left derived functor of 7 on abelian
sheaves. Since Lm commutes with colimits, it suffices to prove this for bounded
above complexes of O-modules (compare with argument of Derived Categories,
Proposition or just stick to bounded above complexes). Every such complex
is quasi-isomorphic to a bounded above complex whose terms are direct sums of
JunOp with U € Ob(C), see Modules on Sites, Lemma Thus it suffices to
prove the lemma for j;;Opy. By assumption

Se = More(Us, U)

is a simplicial set homotopy equivalent to the constant simplicial set on a singleton.
Set P, = O(U,) and P) = O'(U,). Observe that the complex associated to the

simplicial abelian group
Xe:n+— @SES P,

computes Lm(jynOp) by Lemma Since ji; Oy is a flat O-module we have
Jju1Ou ®{5 O’ = juyOp and L of this is computed by the complex associated to
the simplicial abelian group

X, :n— @sesn P!
As the rule which to a simplicial set T, associated the simplicial abelian group with
terms @teTn P, is a functor, we see that X, — P, is a homotopy equivalence of
simplicial abelian groups. Similarly, the rule which to a simplicial set T, associates
the simplicial abelian group with terms @, ., P, is a functor. Hence X| — P, is

a homotopy equivalence of simplicial abelian groups. By assumption P, — P, is

a quasi-isomorphism (since P,, resp. P, computes LmQO, resp. LmO’ by Lemma

39.7). We conclude that X, and X are quasi-isomorphic as desired. (]
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Remark| 39.13. Let C and B be as in Example @ Assume there exists a
cosimplicial object as in Lemma [39.7] Let O — B be a map sheaf of rings on C
which induces an isomorphism LmO — LmB. In this case we obtain an exact
functor of triangulated categories

Lm : D(O) — D(B)
Namely, for any object K of D(O) we have Ln{**(K) = La{**(K ®% B) by Lemma
39.12L Thus we can define the displayed functor as the composition of — @% B with
the functor Lm : D(B) — D(B). In other words, we obtain a B-module structure

on Lm(K) coming from the (canonical, functorial) identification of Lm(K) with
Lm(K ®% B) of the lemma.

40. Calculating derived lower shriek

In this section we apply the results from Section [39| to compute L in Situation
and Lg; in Situation [38.3

Lemma 40.1. Assumptions and notation as in Situation|38.1, For F in PAb(C)
and n > 0 consider the abelian sheaf L,(F) on D which is the sheaf associated to
the presheaf

Vi— Hn(CV,]:|CV)
with restriction maps as indicated in the proof. Then L, (F) = L,(F7).
Proof. For a morphism h : V' — V of D there is a pullback functor h* : Cyy — Cy
of fibre categories (Categories, Definition [33.6]). Moreover for U € Ob(Cy) there

is a strongly cartesian morphism h*U — U covering h. Restriction along these
strongly cartesian morphisms defines a transformation of functors

]:|cv — ]:|Cv/ oh*.
By Example we obtain the desired restriction map
HH(CV7-F|CV) - HH(CVU‘F|CV/)

Let us denote L,, ,(F) this presheaf, so that L, (F) = Ly ,(F)#. The canonical map
v : F — FT (Sites, Theorem [10.10)) defines a canonical map L, ,(F) — Ly, ,(F 7).
We have to prove this map becomes an isomorphism after sheafification.

Let us use the computation of homology given in Example Denote Ko(Fle, )
the complex associated to the restriction of F to the fibre category Cy. By the
remarks above we obtain a presheaf K, (F) of complexes

Vi— Ko(Flcy)

whose cohomology presheaves are the presheaves Ly, ,(F). Thus it suffices to show
that
Ko(F) — K (F")
becomes an isomorphism on sheafification.
Injectivity. Let V' be an object of D and let £ € K,,(F)(V) be an element which

maps to zero in K, (FT)(V). We have to show there exists a covering {V; — V}
such that |y, is zero in K, (F)(V;). We write

f = Z(Ui’n+1 — ... = Ui,()?(fi)
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with o; € F(U;p). We arrange it so that each sequence of morphisms U, —

. — Up of Cy occurs are most once. Since the sums in the definition of the
complex K, are direct sums, the only way this can map to zero in Ko(FT)(V)
is if all o; map to zero in F* (U, ). By construction of F* there exist coverings
{Uio,; — Uio} such that o]y, ,; is zero. By our construction of the topology
on C we can write U;o; — U, o as the pullback (Categories, Definition of
some morphisms V; ; — V and moreover each {V; ; — V'} is a covering. Choose a
covering {V; — V'} dominating each of the coverings {V; ; — V'}. Then it is clear
that f‘v] =0.

Surjectivity. Proof omitted. Hint: Argue as in the proof of injectivity. (Il

Lemma 40.2. Assumptions and notation as in Situation |38.1, For F in Ab(C)
and n > 0 the sheaf L,m(F) is equal to the sheaf L,(F) constructed in Lemma
0.1

Proof. Consider the sequence of functors F +— L, (F) from PAbC) — Ab(C).
Since for each V' € Ob(D) the sequence of functors H, (Cy, —) forms a d-functor so
do the functors F +— L, (F). Our goal is to show these form a universal d-functor.
In order to do this we construct some abelian presheaves on which these functors
vanish.

For U’ € Ob(C) consider the abelian presheaf Fy; = jiA*Zy (Modules on Sites,
Remark [19.7). Recall that

]:U/(U) - @Morc(U,U’) z

If U lies over V = p(U) in D) and U’ lies over V' = p(U’) then any morphism
a: U — U’ factors uniquely as U — h*U’ — U’ where h = p(a) : V. — V' (see
Categories, Definition [33.6). Hence we see that

= :EB TR /S
U |Cv hEMorD(V,V’)]h vnbap<uy

where jp«pr @ Sh(Cy/h*U’) — Sh(Cy) is the localization morphism. The sheaves
JrunZp~y have vanishing higher homology groups (see Example [39.2). We con-
clude that L, (Fy/) = 0 for all n > 0 and all U’. Tt follows that any abelian presheaf
F is a quotient of an abelian presheaf G with L,,(G) = 0 for all n > 0 (Modules on
Sites, Lemma . Since L, (F) = L,(F#) we see that the same thing is true for
abelian sheaves. Thus the sequence of functors L,,(—) is a universal delta functor on
Ab(C) (Homology, Lemma [12.4)). Since we have agreement with H—"(Lm(—)) for
n =0 by Lemmawe conclude by uniqueness of universal §-functors (Homology,
Lemma [12.5)) and Derived Categories, Lemma [16.6] O

Lemmal 40.3. Assumptions and notation as in Situation . For an abelian
sheaf F' on C' the sheaf L,gi(F') is the sheaf associated to the presheaf

U— H, (IU,]:[/])
For notation and restriction maps see proof.
Proof. Say p(U) = V. The category Iy is the category of pairs (U’,¢) where
¢ : U — u(U’) is a morphism of C with p(¢) = idy, i.e., ¢ is a morphism of
the fibre category Cy. Morphisms (Uj,¢1) — (Uj, p2) are given by morphisms
a : Ul — Uj of the fibre category C{, such that ¢s = u(a) o ¢1. The presheaf F;
sends (U’, ) to F'(U’). We will construct the restriction mappings below.
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Choose a factorization

’
"

u
—_— u
c’ crt .
w

of u as in Categories, Lemma Then g1 = g{’ o g/ and similarly for derived
functors. On the other hand, the functor g/ is exact, see Modules on Sites, Lemma
Thus we get Lgi(F') = Lg/'(F") where F” = g/F'. Note that 7’ = h='F’
where h : Sh(C") — Sh(C’) is the morphism of topoi associated to w, see Sites,
Lemma The functor «” turns C” into a fibred category over C, hence Lemma
applies to the computation of L,g)’. The result follows as the construction
of C" in the proof of Categories, Lemma shows that the fibre category Cj;
is equal to Zy;. Moreover, h~ 1 F ey is given by the rule described above (as w is
continuous and cocontinuous by Stacks, Lemma[10.3|so we may apply Sites, Lemma
21.5). O

41. Simplicial modules

Let A, be a simplicial ring. Recall that we may think of A, as a sheaf on A
(endowed with the chaotic topology), see Simplicial, Section 4. Then a simplicial
module M, over A, is just a sheaf of A,-modules on A. In other words, for every
n > 0 we have an A,-module M, and for every map ¢ : [n] — [m] we have a
corresponding map

Me(p) : My, — M,
which is A4 (p)-linear such that these maps compose in the usual manner.

Let C be a site. A simplicial sheaf of rings Ae on C is a simplicial object in the
category of sheaves of rings on C. In this case the assignment U +— A4(U) is a sheaf
of simplicial rings and in fact the two notions are equivalent. A similar discussion
holds for simplicial abelian sheaves, simplicial sheaves of Lie algebras, and so on.

However, as in the case of simplicial rings above, there is another way to think
about simplicial sheaves. Namely, consider the projection

p:AxC—C

This defines a fibred category with strongly cartesian morphisms exactly the mor-
phisms of the form ([n],U) — ([n],V). We endow the category A x C with the
topology inherited from C (see Stacks, Section . The simple description of the
coverings in A xC (Stacks, Lemma immediately implies that a simplicial sheaf
of rings on C is the same thing as a sheaf of rings on A x C.

By analogy with the case of simplicial modules over a simplicial ring, we define
simplicial modules over simplicial sheaves of rings as follows.

Definition 41.1. Let C be a site. Let A, be a simplicial sheaf of rings on C. A
simplicial Aq-module Fo (sometimes called a simplicial sheaf of Ae-modules) is a
sheaf of modules over the sheaf of rings on A x C associated to A,.

We obtain a category Mod(A,) of simplicial modules and a corresponding derived
category D(A,). Given a map A, — B, of simplicial sheaves of rings we obtain a
functor

— @Y% B.: D(A.) — D(B.)
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Moreover, the material of the preceding sections determines a functor
Lm : D(A.) — D(C)

Given a simplicial module F, the object Lm(F,) is represented by the associated
chain complex s(F,) (Simplicial, Section [23)). This follows from Lemmas and
109. (]

Lemmal 41.2. Let C be a site. Let Aq — Bo be a homomorphism of simplicial
sheaves of rings on C. If LmAq — LB, is an isomorphism in D(C), then we have

Lm(K) = Lm(K @4, B.)
for all K in D(A,).

Proof. Let ([n],U) be an object of A x C. Since Lm commutes with colimits, it
suffices to prove this for bounded above complexes of O-modules (compare with
argument of Derived Categories, Proposition [29.2] or just stick to bounded above
complexes). Every such complex is quasi-isomorphic to a bounded above complex
whose terms are flat modules, see Modules on Sites, Lemma Thus it suffices
to prove the lemma for a flat Ae-module F. In this case the derived tensor product
is the usual tensor product and is a sheaf also. Hence by Lemma [40.2] we can
compute the cohomology sheaves of both sides of the equation by the procedure of
Lemma [0.1] Thus it suffices to prove the result for the restriction of F to the fibre
categories (i.e., to A x U). In this case the result follows from Lemma O

Remark 41.3. Let C be a site. Let € : A, — O be an augmentation (Simplicial,
Definition in the category of sheaves of rings. Assume e induces a quasi-
isomorphism s(A,) — O. In this case we obtain an exact functor of triangulated
categories

Lm : D(A,) — D(O)
Namely, for any object K of D(A,) we have Lm(K) = Lm(K ®%, O) by Lemma

Thus we can define the displayed functor as the composition of — ®h. O with

the functor Lm : D(A x C,7~10) — D(O) of Remark In other words, we
obtain a O-module structure on Lm(K) coming from the (canonical, functorial)
identification of Lm(K) with Lm (K @Y  O) of the lemma.

42. Cohomology on a category

In the situation of Example in addition to the derived functor L, we also have
the functor Rm,. For an abelian sheaf F on C we have H,,(C,F) = H "(LmJF) and
H™(C,F) = H"(Rn.F).

Example 42.1 (Computing cohomology). In Example we can compute the
functors H"™(C, —) as follows. Let F € Ob(Ab(C)). Consider the cochain complex

&)L, Foo) =11, o, FO) =11, ., F ) = -
where the transition maps are given by
(sUp—0y) = (Uo = Ur = Us) = sU,0, — SU—U, + SU, =0, |U,)
and similarly in other degrees. By construction

H°(C, F) = limgor» F = H(K*(F)),
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see Categories, Lemma The construction of K*(F) is functorial in F and
transforms short exact sequences of Ab(C) into short exact sequences of complexes.
Thus the sequence of functors F — H™(K*(F)) forms a o-functor, see Homology,
Definition [12.1) and Lemma For an object U of C denote py : Sh(x) — Sh(C
the corresponding point with p;,~ equal to evaluation at U, see Sites, Example
Let A be an abelian group and set 7 = py . A. In this case the complex K*(F) is
the complex with terms Map(X,,, A) where

X, = Mor¢ (U, Up)

HU0—>...—>UH,1—>Un
This simplicial set is homotopy equivalent to the constant simplicial set on a sin-
gleton {x}. Namely, the map X, — {*} is obvious, the map {*} — X, is given by
mapping * to (U — ... = U,idy), and the maps

hn,i : Xn — Xn

(Simplicial, Lemma [26.2)) defining the homotopy between the two maps X, — X,
are given by the rule

iUy = ... 25U, f)— U—...5U0—->U,—... > U,,id)

for i > 0 and h,, o = id. Verifications omitted. Since Map(—, A) is a contravariant
functor, implies that K°®(py «A) has trivial cohomology in positive degrees (by the
functoriality of Simplicial, Remark and the result of Simplicial, Lemma .
This implies that K*(F) is acyclic in positive degrees also if F is a product of
sheaves of the form py . A. As every abelian sheaf on C embeds into such a product
we conclude that K*(F) computes the left derived functors H"(C,—) of H°(C, —)
for example by Homology, Lemma and Derived Categories, Lemma [16.6

Example 42.2 (Computing Exts). In Example assume we are moreover given
a sheaf of rings @ on C. Let F, G be O-modules. Consider the complex K*(G, F)
with degree n term

HUO—)UIHW*)U” Homo v,y (G(Un), F(Uo))

and transition map given by

(PU=t,) — (Uo = U1 = Uz) = @uy—u, © PY° — PuosUs + POL © UL =T
and similarly in other degrees. Here the p’s indicate restriction maps. By construc-
tion

Homo (G, F) = H(K*(G, F))
for all pairs of O-modules F,G. The assignment (G, F) — K*(G,F) is a bifunctor

which transforms direct sums in the first variable into products and commutes with
products in the second variable. We claim that

Extl (G, F) = H(K*(G,F))

for i > 0 provided either

(1) G(U) is a projective O(U)-module for all U € Ob(C), or

(2) F(U) is an injective O(U)-module for all U € Ob(C).
Namely, case (1) the functor K*(G,—) is an exact functor from the category of
O-modules to the category of cochain complexes of abelian groups. Thus, arguing
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as in Example 42.1] it suffices to show that K*(G,F) is acyclic in positive degrees
when F is py A for an O(U)-module A. Choose a short exact sequence

(42.2.1) 0= G = EPivaOv, -G =0

see Modules on Sites, Lemma Since (1) holds for the middle and right sheaves,
it also holds for G’ and evaluating (42.2.1)) on an object of C gives a split exact
sequence of modules. We obtain a short exact sequence of complexes

0— K*(G,F) = [[ K*(jvaOuv,. F) = K*(G', F) = 0
for any F, in particular F = py.A. On H° we obtain
0 — Hom(G,py . A) — Hom(H JjuaOu,,pu+A) = Hom(G', py . A) = 0

which is exact as Hom(H, py,»A) = Home ) (H(U), A) and the sequence of sections
of over U is split exact. Thus we can use dimension shifting to see that
it suffices to prove K*(juOuyr,pu+A) is acyclic in positive degrees for all U, U’ €
Ob(C). In this case K" (juOur,pu«A) is equal to

HU—>U0—>U1—>...—>U”—>U’
In other words, K*(junOur,pu,«A) is the complex with terms Map(X,, A) where
— !
X, = ]_[UH__%UWﬁUn Morc (U, Up) x More (U, U’)
This simplicial set is homotopy equivalent to the constant simplicial set on a single-

ton {x} as can be proved in exactly the same way as the corresponding statement
in Example [42.1] This finishes the proof of the claim.

The argument in case (2) is similar (but dual).

43. Modules on a category

The material in this section will be used to define a variant of the derived category
of quasi-coherent modules on a stack in groupoids over the category of schemes.
See Sheaves on Stacks, Section

Let C be a category. We think of C as a site with the chaotic topology. As in
Example [12.2] we let O be a sheaf of rings on C. In other words, O is a presheaf of
rings on the category C, see Categories, Definition

Definition 43.1. In the situation above, we denote QC(C,O) or simply QC(O)
the full subcategory of D(O) = D(C, ) consisting of objects K such that for all
U — V in C the canonical map

RT(V, K) @6y O(U) — RT(U, K)
is an isomorphism in D(O(U)).

Lemma 43.2. In the situation above, the subcategory QC(O) is a strictly full,
saturated, triangulated subcategory of D(O) preserved by arbitrary direct sums.

Proof. Let U be an object of C. Since the topology on C is chaotic, the functor
F — F(U) is exact and commutes with direct sums. Hence the exact functor
K — RI(U, K) is computed by representing K by any complex F* of O-modules
and taking F*(U). Thus RT'(U,—) commutes with direct sums, see Injectives,
Lemma Similarly, given a morphism U — V of C the derived tensor product
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functor — ®é(v) O(U) : D(O(V)) — D(O(U)) is exact and commutes with direct
sums. The lemma follows from these observations in a straightforward manner;
details omitted. O

Lemma 43.3. In the situation above, suppose that M is an object of QC(O) and
b € Z such that H'(M) =0 for all i > b. Then H*(M) is a quasi-coherent module
on (C,0) in the sense of Modules on Sites, Definition |23. 1]

Proof. By Modules on Sites, Lemma [24.2] it suffices to show that for every mor-
phism U — V of C the map

HP(M)(V) ®o(v) OU) = H*(M)(U)
is an isomorphism. We are given that the map
RT(V, M) @6y O(U) = RT(U, M)

is an isomorphism. Thus the result by the Tor spectral sequence for example.
Details omitted. O

Lemmal 43.4. In the situation above, suppose that C has a final object X. Set
R = O(X) and denote f : (C,0) — (pt, R) the obvious morphism of sites. Then
QC(O) = D(R) given by Lf* and Rf..

Proof. Omitted. O

Lemma 43.5. In the situation above, suppose that K is an object of QC(O) and
M arbitrary in D(QO). For every object U of C we have

HOInD(@U) (I(|U7 M‘U) = RHOHlo(U) (RP(U, K), RF(U, M))
Proof. We may replace C by C/U. Thus we may assume U = X is a final object

of C. By Lemma we see that K = Lf*P where P = RI'(U,K) = RI'(X, K) =
Rf.K. Thus the result because Lf* is the left adjoint to Rf.(—) = RI'(U,—). O

Let (C,O) be as above. For a complex F* of O-modules we define the size |F*| of
F* as
7| =

HiEZ, UcOob(C) FU)

For an object K of D(O) we define the size |K| of K to be the cardinal
| K| = min {|F*| where F* represents K}

By properties of cardinals the minimum exists.

Lemma 43.6. In the situation above, there exists a cardinal Kk with the following

property: given a complex F* of O-modules and subsets Q@ C FY(U) there exists a
subcomplex H® C F* with Qf;, C H'(U) and |H®| < max(x, | |JQ]).

Proof. Define H*(U) to be the O(U)-submodule of F¢(U) generated by the images
of Q% and d(Qé‘l) by restriction along any morphism f : U — V. The cardinality
of H'(U) is bounded by the maximum of Rg, the cardinality of the O(U), the
cardinality of Arrows(C), and ||J%;|. Details omitted. O

Lemma 43.7. In the situation above, there exists a cardinal k with the following
property: given a complexr F* of O-modules representing an object K of D(O) there
exists a subcompler H® C F* such that H® represents K and such that |H®| <
max(k, | K]).
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Proof. First, for every ¢ and U we choose a subset Qi C Ker(d : F/(U) —
FH(U)) mapping bijectively onto H*(K)(U) = H*(F*(U)). Hence |Q},| < |K| as
we may represent K by a complex whose size is |K|. Applying Lemmawe find
a subcomplex §* C F* of size at most max(x, |K|) containing i, and hence such
that H'(S®) — H'(F®) is a surjection of sheaves.

We are going to inductively construct subcomplexes
S*=8scScsSc...cF*
of size < max(k, |K|) such that the kernel of H*(S%) — H*(F*®) is the same as the

kernel of H'(Sy) — H'(S5,,). Once this is done we can take H® = (JS5 as our
solution.

Construction of St given S5. For ever U and i let Qi ' € F*~"}(U) be a subset
such that d : F*=1(U) — F/(U) maps Q" bijectively onto

SLU)NIm(d : F©HU) — FL(U))

Observe that |Q2};| < |K| because S (U) is so bounded. Then we get S5 by an
application of Lemma to the subsets

SYUYUQL, Cc FYU)
and everything is clear. ([l

Lemma 43.8. In the situation above, there exists a cardinal Kk with the following
properties:
(1) for every monzero object K of QC(O) there exists a nonzero morphism
E — K of QC(O) such that |E| < &,
(2) for every morphism o : E — @, K, of QC(O) such that |E| < &, there
exist morphisms E, — K, in QC(O) with |E,| < k such that o factors
through @ E,, — P K,.

Proof. Let x be an upper bound for the following set of cardinals:

(1) |11y jurOu (V)| for all U € Ob(C),

(2) the cardinals K(O(V) — O(U)) found in More on Algebra, Lemma
for all morphisms U — V in C,

(3) the cardinal found in Lemma [43.7]

We claim that for any complex F* representing an object of QC(O) and any sub-
complex §* C F* with |S®| < & there exists a subcomplex H® of F* containing S*
such that H® represents an object of QC(O) and such that |H®| < k. In the next
two paragraphs we show that the claim implies the lemma.

Asin (1) let K be a nonzero object of QC(O). Say K is represented by the complex
of O-modules F*. Then H*(F*®) is nonzero for some i. Hence there exists an object
U of C and a section s € F*(U) with d(s) = 0 which determines a nonzero section of
H'(F*) over U. Then the image of s : jy1Oy[—i] — F* is a subcomplex S* C F*
with |S®| < k. Applying the claim we get H* — F* in QC(O) nonzero with
|H*| < k. Thus (1) holds.

Let o : E — @K, be as in (2). Choose any complexes K? representing K.
Then @ K, represents @ K,,. By the construction of the derived category we can
represent E by a complex £° such that « is represented by a morphism a : £* —
P K of complexes. By Lemma and our choice of kK above we may assume
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|€¢] < k. By the claim we get subcomplexes £2 C K? representing objects E,, of
QC(0) with |E,| < k containing the image of a,, : £* — K? as desired.

Proof of the claim. Let F*® be a complex representing an object of QC(QO) and
let S®* C F* be a subcomplex of size < k. We are going to inductively construct
subcomplexes
S*=scScsSc...cF*
of size < k such that for every morphism f: U — V of C and every ¢ € Z
(1) the kernel of the arrow H*(S2(V) @%(V) O(U)) — H(S2(U)) maps to zero
in H'(Sp,1(V) @%(V) O(U)A)» ‘
(2) the image of the arrow H'(Sp(U)) — H*(Sn,.1(U)) is contained in the
image of H'(Sp 1 (V) ® ) OU)) = H'(Sp 11 (V)),
Once this is done we can set H* = |JS5. Namely, since derived tensor product
and taking cohomology of complexes of modules over rings commute with filtered
colimits, the conditions (1) and (2) together will guarantee that
HO (V) @) O(U) — H*(U)

is an isomorphism on cohomology in all degrees and hence an isomorphism in
D(O(U)) for all f : U — V in C. Hence H® represents an object of QC(O) as
desired.

Construction of S,,41 given S,,. For every morphism f : U — V of C we consider
the commutative diagram

Sp(V) —=83(U)

L

FH (V) ——=F*(U)
This is a diagram as in More on Algebra, Lemma for the ring map O(V) —
O(U), i.e., the bottom row induces an isomorphism
F* (V) @5y, OU) — F*(U)
in D(O(U)). Thus we may choose subcomplexes
Sp(V)yc My cF(V) and S3(U)C Ny cCF*(U)

as in More on Algebra, Lemma [102.5{and in particular we see that [N7|,[M}| < k.
Next, we apply Lemma [43.6] using the subsets

S(U) I Hf:U—»V N;II ngw_w M} c F(U)
to find a subcomplex
SycSy,CF
with containing those subsets and such that |S; ;| < . Conditions (1) and (2) hold

because the corresponding statements hold for S;(V) C M} and S;(U) C N} by
the construction in More on Algebra, Lemmal[l02.5] Thus the proof is complete. [

Proposition 43.9. Let C be a category viewed as a site with the chaotic topology.
Let O be a sheaf of rings on C. With QC(O) as in Definition we have

(1) QC(O) is a strictly full, saturated, triangulated subcategory of D(O) pre-
served by arbitrary direct sums,
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(2) any contravariant cohomological functor H : QC(O) — Ab which trans-
forms direct sums into products is representable,

(3) any exact functor F : QC(O) — D of triangulated categories which trans-
forms direct sums into direct sums has an exact right adjoint, and

(4) the inclusion functor QC(O) — D(O) has an exact right adjoint.

Proof. Part (1) is Lemma Part (2) follows from Lemma and Derived
Categories, Lemma Part (3) follows from Lemma and Derived Categories,
Proposition Part (4) is a special case of (3). O

Let u : C' — C be a functor between categories. If we view C and C’ as sites with the
chaotic topology, then u is a continuous and cocontinuous functor. Hence we obtain
a morphism ¢ : Sh(C') — Sh(C) of topoi, see Sites, Lemma Additionally,
suppose given sheaves of rings O on C and @’ on C’ and a map ¢ : g71O — O'.
We denote the corresponding morphism of ringed topoi simply g : (Sh(C ),0) =
(Sh(C), O), see Modules on Sites, Section

Lemma 43.10. Let g : (Sh(C"),0") — (Sh(C),O) be as above. Then the functor
Lg* : D(O) — D(O’) maps QC(O) into QC(O').

Proof. Let U' € Ob(C’') with image U = w(U’) in C. Let pt denote the cat-
egory with a single object and a single morphism. Denote (Sh(pt), O'(U’)) and
(Sh(pt),O(U)) the ringed topoi as indicated. Of course we identify the derived
category of modules on these ringed topoi with D(O’(U’)) and D(O(U)). Then we
have a commutative diagram of ringed topoi

(Sh(pt), O(U")) — (Sh(C"), O")
! lg
(Sh(pt), O(U) —— (Sh(C),0)
Pullback along the lower horizontal morphism sends K in D(O) to RT'(U, K). Pull-
back by the left vertical arrow sends M to M ®5(U) o'\u’). Going around the

diagram either direction produces the same result (Lemma and hence we
conclude

Finally, let f: U’ — V' be a morphism in C’ and denote f = u(f’): U = u(U’) —
V = w(V’) the image in C. If K is in QC(O) then we have

RL(V', Lg"K) @y O'(U") = RL(V. K) @) O' (V') @&y O'(U')
= RI(V, K) @@y O'(U')
= RI(V, K) ® ) O(U) @) O'(U')
= RI(U, K) @) O'(U")
= RI(U', Lg*K)
as desired. Here we have used the observation above both for U’ and V'. (]

Lemma 43.11. Let C be a category viewed as a site with the chaotic topology. Let
O be a sheaf of rings on C. Assume for allU — V in C the restriction map O(V) —
OWU) is a flat ring map. Then QC(O) agrees with the subcategory Dgcon(O) C
D(0) of complexes whose cohomology sheaves are quasi-coherent.
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Proof. Recall that QCoh(O) C Mod(O) is a weak Serre subcategory under our
assumptions, see Modules on Sites, Lemma Thus taking the full subcategory
Dgcon(0) = Dgcono)(Mod(O))

of D(O) makes sense, see Derived Categories, Section (Strictly speaking we
don’t need this in the proof of the lemma.)

Let M be an object of QC(O). Since for every morphism U — V in C the restriction
map O(V) — O(U) is flat, we see that

H(M)(U) = H'(RT(U, M))
= H'(RT(V,M) @5y, O(U))
= H'(RT(V,M)) ®o(v) O(U)

= H'(M)(V) @o(v) O(U)

and hence H*(M) is quasi-coherent by Modules on Sites, Lemma The first
and last equality above follow from the fact that taking sections over an object of
C is an exact functor due to the fact that the topology on C is chaotic.

Conversely, if M is an object of Dgcon(O), then due to Modules on Sites, Lemma

we see that the map RT'(V, M) — RI'(U, M) induces isomorphisms H*(M)(U) —

H'(M)(V)®ov) OU). Whence RT'(V, K) ®g(v) O(U) — RI'(U, K) is an isomor-
phism in D(O(U)) by the flatness of O(V) — O(U) and we conclude that M is in
QC(0). O
Lemma 43.12. Let e : (C;,0;) = (Crr,Op) be as in Section |27 Assume

(1) 7" is the chaotic topology on the category C,

(2) for all U € Ob(C) and all K-flat complezes of O(U)-modules M*® the map

M* — RT((C/U), (M* @o(w) Ov)¥)
is a quasi-isomorphism (see proof for an explanation).

Then €* and Re, define mutually quasi-inverse equivalences between QC(O) and
the full subcategory of D(Cr,O;) consisting of objects K such that Re,K is in
QC(oM

Proof. We will use the observations made in Section 27 without further mention.
Since Re, is fully faithful and €* o Re, = id, to prove the lemma it suffices to
show that for M in QC(O) we have Re.(¢*M) = M. Condition (2) is exactly
the condition needed to see this. Namely, we choose a K-flat complex M*® of O-

modules with flat terms representing M. Then we see that ¢*M is represented by
the 7-sheafification (M®)# of M®. Let U € Ob(C). By Leray we get

RL(U, Re.(¢*M)) = RU((C/U)7, (M®*)¥|c/v) = RL((C/U)~, (M®lej0)¥)
The last equality since sheafification commutes with restriction to C/U. As usual,
denote Oy the restriction of O to C/U. Consider the map
M*(U) ®@ow) Ov — M®|c/v

of complexes of Op-modules (in 7'-topology). By our choice of M® the com-
plex M*(U) is a K-flat complex of O(U)-modules; see Lemma and use that
the inclusion of U into C defines a morphism of ringed topoi (Sh(pt), O(U)) —

10This means that RI(V, K) O(U) — RT'(U, K) is an isomorphism for all U — V in C.

L
®ov)
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(Sh(C:+),0). Since M is in QC(O) we conclude that the displayed arrow is a
quasi-isomorphism. Since sheafification is exact, we see that the same remains true
after sheafification. Hence

RL(U, Re. (¢ M)) = RT((C/U), (M* 90(), Ov)¥)
and assumption (2) tells us this is equal to RT'(U, M) = M*(U) as desired. O

Lemma 43.13. Notation and assumptions as in Lemma . Suppose that K
is an object of QC(O) and M arbitrary in D(O;). For every object U of C we have

Homp oy, (€ K|v, M|y) = RHome ) (RT(U, K), RU'(U, M))
Proof. We have
Homp oy, (€ Klv, M|y) = Hompo,). ) (Klu, Re.M|v)
by adjunction. Hence the result by Lemma and the fact that
RT(U,M) = RT(U, Re.M)
by Leray. O

44. Strictly perfect complexes
This section is the analogue of Cohomology, Section [46]

Definition 44.1. Let (C, Q) be a ringed site. Let £° be a complex of O-modules.
We say E°® is strictly perfect if £ is zero for all but finitely many i and £° is a direct
summand of a finite free O-module for all i.

Let U be an object of C. We will often say “Let £° be a strictly perfect complex
of Oy-modules” to mean £° is a strictly perfect complex of modules on the ringed
site (C/U, Oy ), see Modules on Sites, Definition [19.1]

Lemma 44.2. The cone on a morphism of strictly perfect complexes is strictly
perfect.

Proof. This is immediate from the definitions. O

Lemmal 44.3. The total complex associated to the tensor product of two strictly
perfect complexes is strictly perfect.

Proof. Omitted. U

Lemma 44.4. Let (f,f*) : (C,Oc) — (D,Op) be a morphism of ringed topoi.
If F* is a strictly perfect complex of Op-modules, then f*F*® is a strictly perfect
complex of O¢-modules.

Proof. We have seen in Modules on Sites, Lemma that the pullback of a finite
free module is finite free. The functor f* is additive functor hence preserves direct
summands. The lemma follows. O

Lemma 44.5. Let (C,O) be a ringed site. Let U be an object of C. Given a solid
diagram of Oy -modules
&E——F

N

g
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with € a direct summand of a finite free Oy-module and p surjective, then there
exists a covering {U; — U} such that a dotted arrow making the diagram commute
exists over each Uj;.

Proof. We may assume & = OF" for some n. In this case finding the dotted
arrow is equivalent to lifting the images of the basis elements in T'(U, F). This is
locally possible by the characterization of surjective maps of sheaves (Sites, Section
T1). 0
Lemma 44.6. Let (C,0) be a ringed site. Let U be an object of C.

(1) Leta: E* — F* be a morphism of complexes of Oy -modules with £® strictly
perfect and F* acyclic. Then there exists a covering {U; — U} such that
each a|y, is homotopic to zero.

(2) Leta: E* — F* be a morphism of complexes of Oy -modules with £ strictly
perfect, £ = 0 for i < a, and H'(F®*) = 0 for i > a. Then there exists a
covering {U; — U} such that each oy, is homotopic to zero.

Proof. The first statement follows from the second, hence we only prove (2). We
will prove this by induction on the length of the complex £°. If £* = £[—n] for
some direct summand £ of a finite free O-module and integer n > a, then the result
follows from Lemma and the fact that F"~1 — Ker(F™ — F"*1) is surjective
by the assumed vanishing of H™(F®). If £ is zero except for i € [a,b], then we
have a split exact sequence of complexes

0— E[—b] = E° = o<y 1E° =0
which determines a distinguished triangle in K(Oy ). Hence an exact sequence
HOHlK(oU)(Ugb—lé",]:') — HOmK(OU)((C/‘.,]‘—.) — HOmK(OU)((C;b[—b],]‘—.)

by the axioms of triangulated categories. The composition £Y[—b] — F* is homo-
topic to zero on the members of a covering of U by the above, whence we may
assume our map comes from an element in the left hand side of the displayed ex-
act sequence above. This element is zero on the members of a covering of U by
induction hypothesis. O

Lemma 44.7. Let (C,0) be a ringed site. Let U be an object of C. Given a solid
diagram of complexes of Oy -modules

g —>F

EN
g.
with £ strictly perfect, & =0 for j < a and H’(f) an isomorphism for j > a and

surjective for j = a, then there exists a covering {U; — U} and for each i a dotted
arrow over U; making the diagram commute up to homotopy.

Proof. Our assumptions on f imply the cone C(f)® has vanishing cohomology
sheaves in degrees > a. Hence Lemma guarantees there is a covering {U; — U}
such that the composition £* — F* — C(f)* is homotopic to zero over U;. Since

g* = F* = C(f) =G
restricts to a distinguished triangle in K (Oy,) we see that we can lift ay, up to
homotopy to a map «; : £°%|y, = G®|uy, as desired. (]
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Lemma 44.8. Let (C,0) be a ringed site. Let U be an object of C. Let £°, F* be
complexes of Oy-modules with £* strictly perfect.

(1) For any element a € Homp o, )(E®, F*) there exists a covering {U; — U}
such that a|y, is given by a morphism of complezes o : E® |y, — F°|u,.

(2) Given a morphism of complexzes o : £* — F* whose image in the group
Homp o, )(E®, F*) is zero, there exists a covering {U; — U} such that a|y,
is homotopic to zero.

Proof. Proof of (1). By the construction of the derived category we can find a
quasi-isomorphism f : F* — G*® and a map of complexes § : £* — G*® such that
a = f~13. Thus the result follows from Lemma We omit the proof of (2). O

Lemma 44.9. Let (C,0) be a ringed site. Let £*, F* be complexes of O-modules
with £* strictly perfect. Then the internal hom RHom(E®,F*®) is represented by
the complex H® with terms

H = Homo (£, FP
D, Homole 1. 57)
and differential as described in Section[35

Proof. Choose a quasi-isomorphism F*®* — Z° into a K-injective complex. Let
(H')® be the complex with terms

(H)" = Hn:pﬂ Homo (L9, 1P)

which represents R Hom(E®, F*) by the construction in Section It suffices to
show that the map

H — (H)®
is a quasi-isomorphism. Given an object U of C we have by inspection
H(H*(U)) = Homp (0, (E*|v, K*|u) — HO(H')*(U)) = Homp(o,)(E* v, £*[v)
By Lemma the sheafification of U — HY(H*(U)) is equal to the sheafification

of U+ HO°((H")*(U)). A similar argument can be given for the other cohomology
sheaves. Thus H*® is quasi-isomorphic to (H’)® which proves the lemma. O

Lemma 44.10. Let (C,O) be a ringed site. Let E*, F* be complexes of O-modules
with

(1) F* =0 forn <0,

(2) &" =0 forn >0, and

(3) &™ isomorphic to a direct summand of a finite free O-module.
2

Then the internal hom RHom(E®, F*®) is represented by the complex H® with terms
H" = Ho ETIFP
@n:p+q mo( )
and differential as described in Section[35

Proof. Choose a quasi-isomorphism F* — Z® where Z*® is a bounded below com-
plex of injectives. Note that Z* is K-injective (Derived Categories, Lemma .
Hence the construction in Section [35| shows that R Hom(E®, F*) is represented by
the complex (H')® with terms

) =1],_, Homo(€ " T") =D, _ , Homo(e™",1")
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(equality because there are only finitely many nonzero terms). Note that H® is the
total complex associated to the double complex with terms Home (€79, FP) and
similarly for (#')®. The natural map (H')®* — H*® comes from a map of double
complexes. Thus to show this map is a quasi-isomorphism, we may use the spectral
sequence of a double complex (Homology, Lemma

'EP? = HP(Homo (E79, F*))

converging to HPT4(H*) and similarly for (#')®. To finish the proof of the lemma
it suffices to show that F* — Z* induces an isomorphism

HP (Homo (€, F*)) — H?(Homo(€,1%))

on cohomology sheaves whenever £ is a direct summand of a finite free O-module.
Since this is clear when £ is finite free the result follows. O

45. Pseudo-coherent modules

In this section we discuss pseudo-coherent complexes.

Definition 45.1. Let (C,O) be a ringed site. Let £° be a complex of O-modules.
Let m € Z.

(1) We say £° is m-pseudo-coherent if for every object U of C there exists a
covering {U; — U} and for each i a morphism of complexes a; : £ — E°|y,
where &; is a strictly perfect complex of Op,-modules and H’(q;) is an
isomorphism for j > m and H™(q;) is surjective.

(2) We say £° is pseudo-coherent if it is m-pseudo-coherent for all m.

(3) We say an object E of D(O) is m-pseudo-coherent (resp. pseudo-coherent)
if and only if it can be represented by a m-pseudo-coherent (resp. pseudo-
coherent) complex of @-modules.

If C has a final object X which is quasi-compact (for example if every covering of
X can be refined by a finite covering), then an m-pseudo-coherent object of D(O)
is in D~ (O). But this need not be the case in general.

Lemma 45.2. Let (C,O) be a ringed site. Let E be an object of D(O).

(1) If C has a final object X and if there exist a covering {U; — X}, strictly
perfect complezes E? of Oy, -modules, and maps «; : E? — E|y, in D(Oy,)
with H7(o;) an isomorphism for j > m and H™ (o) surjective, then E is
m-pseudo-coherent.

(2) If E is m-pseudo-coherent, then any complex of O-modules representing E
is m-pseudo-coherent.

(3) If for every object U of C there exists a covering {U; — U} such that E|y,
is m-pseudo-coherent, then E is m-pseudo-coherent.

Proof. Let F* be any complex representing E and let X, {U; — X}, and «; :
& — E|y, be as in (1). We will show that F* is m-pseudo-coherent as a complex,
which will prove (1) and (2) in case C has a final object. By Lemma we can
after refining the covering {U; — X} represent the maps «; by maps of complexes
a; : EP — F*|y,. By assumption H’(q;) are isomorphisms for j > m, and H™(c;)
is surjective whence F* is m-pseudo-coherent.

Proof of (2). By the above we see that F*|y is m-pseudo-coherent as a complex
of Opy-modules for all objects U of C. It is a formal consequence of the definitions
that F* is m-pseudo-coherent.
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Proof of (3). Follows from the definitions and Sites, Definition [6.2] part (2). O

Lemmal 45.3. Let (f, f*) : (C,Oc) — (D,0p) be a morphism of ringed sites.
Let E be an object of D(O¢). If E is m-pseudo-coherent, then Lf*E is m-pseudo-
coherent.

Proof. Say f is given by the functor v : D — C. Let U be an object of C. By
Sites, Lemma we can find a covering {U; — U} and for each ¢ a morphism
U; — u(V;) for some object V; of D. By Lemma it suffices to show that
Lf*E|y, is m-pseudo-coherent. To do this it is enough to show that Lf*El,v;)
is m-pseudo-coherent, since Lf*E|y, is the restriction of Lf*E|,,) to C/U; (via
Modules on Sites, Lemma . By the commutative diagram of Modules on
Sites, Lemma it suffices to prove the lemma for the morphism of ringed sites
(C/u(Vi), Ouvy)) — (D) Vi, Oy, ). Thus we may assume D has a final object Y such
that X = u(Y) is a final object of C.

Let {V; — Y} be a covering such that for each i there exists a strictly perfect
complex F? of Oy,-modules and a morphism «; : Ff — Ely, of D(Oy,) such
that H’(q;) is an isomorphism for j > m and H™(q;) is surjective. Arguing as
above it suffices to prove the result for (C/u(V;), Oyv,y) — (D/Vi, Oy;). Hence we
may assume that there exists a strictly perfect complex F* of Op-modules and a
morphism « : F* — E of D(Op) such that H7(a) is an isomorphism for j > m

and H™(«a) is surjective. In this case, choose a distinguished triangle
F* = E—=C— F°*1]

The assumption on o means exactly that the cohomology sheaves H7(C) are zero
for all j > m. Applying Lf* we obtain the distinguished triangle

Lf*F® — Lf*E — Lf*C — Lf*F*[1]

By the construction of Lf* as a left derived functor we see that H/(Lf*C) = 0
for j > m (by the dual of Derived Categories, Lemma . Hence H/(Lf*a) is
an isomorphism for j > m and H™(Lf*«) is surjective. On the other hand, since
F* is a bounded above complex of flat Op-modules we see that Lf*F® = f*F°.
Applying Lemma [14.4) we conclude. O

Lemma 45.4. Let (C,0) be a ringed site and m € Z. Let (K, L, M, f,g,h) be a
distinguished triangle in D(O).
(1) If K is (m + 1)-pseudo-coherent and L is m-pseudo-coherent then M is
m-pseudo-coherent.
(2) If K and M are m-pseudo-coherent, then L is m-pseudo-coherent.
(3) If L is (m + 1)-pseudo-coherent and M is m-pseudo-coherent, then K is
(m + 1)-pseudo-coherent.

Proof. Proof of (1). Let U be an object of C. Choose a covering {U; — U} and
maps «; : K — K|y, in D(Oyp,) with K¢ strictly perfect and H7 () isomorphisms
for j > m 4 1 and surjective for j = m + 1. We may replace K} by 0> +1K7
and hence we may assume that IC? = 0 for j < m + 1. After refining the covering
we may choose maps §3; : L — L|y, in D(Oy,) with L strictly perfect such that
H7(p) is an isomorphism for j > m and surjective for j = m. By Lemma we
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can, after refining the covering, find maps of complexes ; : ®* — L® such that the
diagrams

K|Ui - L|U1

Ky —" L2

are commutative in D(Oy,) (this requires representing the maps «;, 5; and K|y, —
L|y, by actual maps of complexes; some details omitted). The cone C(~;)® is strictly
perfect (Lemma [44.2). The commutativity of the diagram implies that there exists
a morphism of distinguished triangles

(K3, £7,C(7)°) — (Klu,, Llv,, Mo, ).

It follows from the induced map on long exact cohomology sequences and Homology,
Lemmas and that C(v;)®* — M|y, induces an isomorphism on cohomology
in degrees > m and a surjection in degree m. Hence M is m-pseudo-coherent by
Lemma

Assertions (2) and (3) follow from (1) by rotating the distinguished triangle. O

Lemma 45.5. Let (C,0) be a ringed site. Let K, L be objects of D(O).
(1) If K is n-pseudo-coherent and H*(K) = 0 for i > a and L is m-pseudo-
coherent and HI(L) = 0 for j > b, then K ®% L is t-pseudo-coherent with
t =max(m+a,n+0b).
(2) If K and L are pseudo-coherent, then K ®% L is pseudo-coherent.

Proof. Proof of (1). Let U be an object of C. By replacing U by the members
of a covering and replacing C by the localization C/U we may assume there exist
strictly perfect complexes K® and £* and maps a : £K* — K and S : L* — L with
H(a) and isomorphism for i > n and surjective for i = n and with H*(3) and
isomorphism for ¢ > m and surjective for 4 = m. Then the map

a®@" B : Tot(K® ®0 L*) — K @% L
induces isomorphisms on cohomology sheaves in degree i for i > ¢ and a surjection

for ¢ = t. This follows from the spectral sequence of tors (details omitted).

Proof of (2). Let U be an object of C. We may first replace U by the members of
a covering and C by the localization C/U to reduce to the case that K and L are
bounded above. Then the statement follows immediately from case (1). O

Lemma 45.6. Let (C,0) be a ringed site. Let m € Z. If K & L is m-pseudo-
coherent (resp. pseudo-coherent) in D(O) so are K and L.

Proof. Assume that K @ L is m-pseudo-coherent. Let U be an object of C. After
replacing U by the members of a covering we may assume K @ L € D~ (Oy ), hence
L € D~ (Oy). Note that there is a distinguished triangle

(KoL, KoL LaeL[l])=(K,K,0)® (L,L,L$ L[1])

see Derived Categories, Lemma [4.10, By Lemma we see that L @ L[1] is
m-pseudo-coherent. Hence also L[1] @ L[2] is m-pseudo-coherent. By induction
L[n] ® L[n+ 1] is m-pseudo-coherent. Since L is bounded above we see that L[n] is
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m-pseudo-coherent for large n. Hence working backwards, using the distinguished
triangles

(L{n], Lin] @ L[n — 1], L{n — 1))

we conclude that Lin — 1], L[n — 2],..., L are m-pseudo-coherent as desired. O

Lemma 45.7. Let (C,O) be a ringed site. Let K be an object of D(O). Let m € Z.

(1) If K is m-pseudo-coherent and H'(K) = 0 for i > m, then H™(K) is a
finite type O-module.

(2) If K is m-pseudo-coherent and H'(K) = 0 for i > m + 1, then H™!(K)
is a finitely presented O-module.

Proof. Proof of (1). Let U be an object of C. We have to show that H™(K) is can
be generated by finitely many sections over the members of a covering of U (see
Modules on Sites, Definition [23.1)). Thus during the proof we may (finitely often)
choose a covering {U; — U} and replace C by C/U; and U by U;. In particular,
by our definitions we may assume there exists a strictly perfect complex £°® and a
map « : £* — K which induces an isomorphism on cohomology in degrees > m
and a surjection in degree m. It suffices to prove the result for £°. Let n be the
largest integer such that €™ # 0. If n = m, then H™(E®) is a quotient of £™ and
the result is clear. If n > m, then E"~1 — £" is surjective as H"(E®) = 0. By
Lemma We can (after replacing U by the members of a covering) find a section
of this surjection and write £"~1 = & @ £". Hence it suffices to prove the result
for the complex (£’)® which is the same as £° except has £’ in degree n — 1 and 0
in degree n. We win by induction on n.

Proof of (2). Pick an object U of C. As in the proof of (1) we may work locally
on U. Hence we may assume there exists a strictly perfect complex £°* and a map
a : £* — K which induces an isomorphism on cohomology in degrees > m and a
surjection in degree m. As in the proof of (1) we can reduce to the case that £ = 0
for i > m + 1. Then we see that H™t1(K) = H™+1(£*) = Coker(£™ — £m+1)
which is of finite presentation. O

46. Tor dimension
In this section we take a closer look at resolutions by flat modules.

Definition 46.1. Let (C,O) be a ringed site. Let F be an object of D(O). Let
a,b € Z with a <b.
(1) We say E has tor-amplitude in [a,b] if H'(E ®% F) = 0 for all O-modules
F and all i & [a, b].
(2) We say E has finite tor dimension if it has tor-amplitude in [a, b] for some
a,b.
(3) We say E locally has finite tor dimension if for any object U of C there
exists a covering {U; — U} such that F|y, has finite tor dimension for all
1.
An O-module F has tor dimension < d if F[0] viewed as an object of D(O) has
tor-amplitude in [—d, 0].

Note that if F as in the definition has finite tor dimension, then F is an object of
D®(0) as can be seen by taking F = O in the definition above.
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Lemma 46.2. Let (C,0) be a ringed site. Let £* be a bounded above complex of
flat O-modules with tor-amplitude in [a,b]. Then Coker(d%.') is a flat O-module.

Proof. As £° is a bounded above complex of flat modules we see that £®* R F =
E* @% F for any O-module F. Hence for every O-module F the sequence

ga—2 ®(9.7:—>5a_1 Qo F = E*Q0 F

is exact in the middle. Since £272 — £971 — £% — Coker(d®~1) — 0 is a flat
resolution this implies that Tor{ (Coker(d*~!), F) = 0 for all O-modules F. This
means that Coker(d®~!) is flat, see Lemma [17.15 O

Lemma 46.3. Let (C,O) be a ringed site. Let E be an object of D(O). Let a,b € Z
with a < b. The following are equivalent

(1) E has tor-amplitude in [a,b].

(2) E is represented by a complex £ of flat O-modules with £ = 0 fori & |a, b].

Proof. If (2) holds, then we may compute E @5 F = £* ®o F and it is clear that
(1) holds.

Assume that (1) holds. We may represent E by a bounded above complex of flat
O-modules K*, see Section Let n be the largest integer such that K™ #£ 0. If
n > b, then K"~1 — K" is surjective as H"(K®) = 0. As K" is flat we see that
Ker(K"~! — K") is flat (Modules on Sites, Lemma [28.10). Hence we may replace
K* by 7<p—1K®. Thus, by induction on n, we reduce to the case that K* is a
complex of flat O-modules with X! = 0 for i > b.

Set £° = 7>,K°. Everything is clear except that £ is flat which follows immediately
from Lemma 6.2 and the definitions. O

Lemma 46.4. Let (C,O) be a ringed site. Let E be an object of D(O). Let a € Z.
The following are equivalent
(1) E has tor-amplitude in [a, co].
(2) E can be represented by a K-flat complez E* of flat O-modules with £ = 0
fori & [a, o0].
Moreover, we can choose £° such that any pullback by a morphism of ringed sites
is a K-flat complex with flat terms.

Proof. The implication (2) = (1) is immediate. Assume (1) holds. First we
choose a K-flat complex K® with flat terms representing F, see Lemma For
any O-module M the cohomology of

KrlooM—K@o M — K" 0o M

computes H"(E ®% M). This is always zero for n < a. Hence if we apply
Lemma to the complex ... — K% ! — K* — K*"! we conclude that N =
Coker(K*~! — K%) is a flat O-module. We set

E =1k =(.. 20N = KT = )
The kernel £® of £®* — £° is the complex
Lo=(.. oK =T —0—..)

where Z C K¢ is the image of KX2~! — K?. Since we have the short exact sequence
07— K*— N — 0 we see that Z is a flat O-module. Thus £L® is a bounded
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above complex of flat modules, hence K-flat by Lemma [I7.8] It follows that £* is
K-flat by Lemma [T7.7}

Proof of the final assertion. Let f : (C',O') — (C, O) be a morphism of ringed sites.
By Lemma the complex f*K*® is K-flat with flat terms. The complex f*£® is
K-flat as it is a bounded above complex of flat O’-modules. We have a short exact
sequence of complexes of O’-modules

0— f*L* = ffK* = f*E* =0
because the short exact sequence 0 — Z — K% — N — 0 of flat modules pulls back

to a short exact sequence. By Lemma [I7.7] the complex f*£* is K-flat and the
proof is complete. O

Lemma 46.5. Let (f, f!) : (C,Oc) — (D,Op) be a morphism of ringed sites.
Let E be an object of D(Op). If E has tor amplitude in [a,b], then Lf*E has tor
amplitude in [a, b].

Proof. Assume E has tor amplitude in [a,b]. By Lemma we can represent
E by a complex of £° of flat O-modules with £ = 0 for i & [a,b]. Then Lf*FE is
represented by f*£°®. By Modules on Sites, Lemma the module f*£% are flat.
Thus by Lemma we conclude that Lf*FE has tor amplitude in [a, b]. O

Lemma 46.6. Let (C,O) be a ringed site. Let (K, L, M, f,g,h) be a distinguished
triangle in D(O). Let a,b € Z.
(1) If K has tor-amplitude in [a + 1,b + 1] and L has tor-amplitude in [a,b]
then M has tor-amplitude in [a,b].
(2) If K and M have tor-amplitude in [a,b], then L has tor-amplitude in [a,b].
(3) If L has tor-amplitude in [a + 1,b + 1] and M has tor-amplitude in [a,b],
then K has tor-amplitude in [a + 1,0+ 1].

Proof. Omitted. Hint: This just follows from the long exact cohomology sequence
associated to a distinguished triangle and the fact that — ®@L F preserves distin-
guished triangles. The easiest one to prove is (2) and the others follow from it by
translation. |

Lemma 46.7. Let (C,0) be a ringed site. Let K, L be objects of D(O). If K
has tor-amplitude in [a,b] and L has tor-amplitude in [c,d] then K ®% L has tor
amplitude in [a + ¢,b + d].

Proof. Omitted. Hint: use the spectral sequence for tors. O

Lemma 46.8. Let (C,O) be a ringed site. Let a,b € Z. For K, L objects of D(O)
if K ® L has tor amplitude in [a,b] so do K and L.

Proof. Clear from the fact that the Tor functors are additive. O

Lemma 46.9. Let (C,0) be a ringed site. Let T C O be a sheaf of ideals. Let K
be an object of D(O).
(1) If K&gO/T is bounded above, then K@% O /I™ is uniformly bounded above
for alln.
(2) If K ®% O/ as an object of D(O/I) has tor amplitude in [a,b], then
K ®% O/I™ as an object of D(O/I™) has tor amplitude in [a,b] for all n.
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Proof. Proof of (1). Assume that K ®% O/Z is bounded above, say H (K ®%
O/I) =0 for i > b. Note that we have distinguished triangles
K ®gI"/I" — K @ 0/I" - K @4 0/I" — K @6 I"/I" 1]
and that
K@ I /T" = (K @6 O/T) @7 T" /T
By induction we conclude that H (K @% O/Z™) = 0 for i > b for all n.

Proof of (2). Assume K ®% O/Z as an object of D(O/Z) has tor amplitude in [a, b].
Let F be a sheaf of O/Z™-modules. Then we have a finite filtration

0ocI"'Fc..CcIFCF
whose successive quotients are sheaves of O/Z-modules. Thus to prove that K ®{‘9
O/I™ has tor amplitude in [a, b] it suffices to show H'(K ®§ O/I" ®g/zn G) is zero
for i ¢ [a, b] for all O/Z-modules G. Since
(K ©6 O/1") @82+ G = (K ©5 O/T) @61 G
for every sheaf of O/Z-modules G the result follows. O

Lemma 46.10. Let (C,0) be a ringed site. Let E be an object of D(O). Let
a,beZ.
(1) If E has tor amplitude in [a,b], then for every point p of the site C the
object E, of D(O,) has tor amplitude in [a,D].
(2) If C has enough points, then the converse is true.

Proof. Proof of (1). This follows because taking stalks at p is the same as pulling
back by the morphism of ringed sites (p,Op) — (C,O) and hence we can apply
Lemma [46.9)

Proof of (2). If C has enough points, then we can check vanishing of H!(E ®% F)
at stalks, see Modules on Sites, Lemma Since H'(E @@ F), = H'(E, @8 Fp)
we conclude. ]

47. Perfect complexes

In this section we discuss properties of perfect complexes on ringed sites.

Definition 47.1. Let (C, Q) be a ringed site. Let £° be a complex of O-modules.
We say £ is perfect if for every object U of C there exists a covering {U; — U}
such that for each i there exists a morphism of complexes £ — £°|y, which is a
quasi-isomorphism with ? strictly perfect. An object E of D(O) is perfect if it can
be represented by a perfect complex of O-modules.

Lemma 47.2. Let (C,O) be a ringed site. Let E be an object of D(O).

(1) If C has a final object X and there exist a covering {U; — X}, strictly
perfect complexes £ of Oy,-modules, and isomorphisms o; : £ — Ely, in
D(Oy,), then E is perfect.

(2) If E is perfect, then any complex representing E is perfect.

Proof. Identical to the proof of Lemma [45.2 O

Lemma 47.3. Let (C,0) be a ringed site. Let E be an object of D(O). Leta <b
be integers. If E has tor amplitude in [a,b] and is (a — 1)-pseudo-coherent, then E
is perfect.
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Proof. Let U be an object of C. After replacing U by the members of a covering
and C by the localization C/U we may assume there exists a strictly perfect complex
E* and a map a : £* — E such that H'(«) is an isomorphism for i > a. We may
and do replace £° by 0>,-1£°. Choose a distinguished triangle

E* > E—C— &1
From the vanishing of cohomology sheaves of E and £° and the assumption on o we
obtain C' = K[a — 2] with K = Ker(£2~! — £9). Let F be an O-module. Applying
— ®§ F the assumption that E has tor amplitude in [a,b] implies K ®o F —
£ 1 ®p F has image Ker(£9 ' ®o F — £*®@¢ F). It follows that TorY (£, F) =0
where £ = Coker(£971 — £%). Hence £’ is flat (Lemma . Thus there exists

a covering {U; — U} such that &'|y, is a direct summand of a finite free module
by Modules on Sites, Lemma Thus the complex

gl|U¢ — 5a—1|Ui — .. 5b

U

is quasi-isomorphic to E|y, and E is perfect. ([l

Lemma 47.4. Let (C,0) be a ringed site. Let E be an object of D(O). The
following are equivalent

(1) E is perfect, and

(2) E is pseudo-coherent and locally has finite tor dimension.

Proof. Assume (1). Let U be an object of C. By definition there exists a covering
{U; — U} such that E|y, is represented by a strictly perfect complex. Thus E is
pseudo-coherent (i.e., m-pseudo-coherent for all m) by Lemma Moreover, a
direct summand of a finite free module is flat, hence E|y, has finite Tor dimension
by Lemma Thus (2) holds.

Assume (2). Let U be an object of C. After replacing U by the members of a covering
we may assume there exist integers a < b such that E|y has tor amplitude in [a, b].
Since E|y is m-pseudo-coherent for all m we conclude using Lemma O

Lemma 47.5. Let (f, f!) : (C,Oc) = (D,Op) be a morphism of ringed sites.
Let E be an object of D(Op). If E is perfect in D(Op), then Lf*E is perfect in
D(O¢).

Proof. This follows from Lemma [A7.4] [46.5 and [45.3] O

Lemma 47.6. Let (C,O) be a ringed site. Let (K, L, M, f,g,h) be a distinguished
triangle in D(O). If two out of three of K, L, M are perfect then the third is also
perfect.

Proof. First proof: Combine Lemmas [47.4] [45.4] and [46.6] Second proof (sketch):
Say K and L are perfect. Let U be an object of C. After replacing U by the members
of a covering we may assume that K|y and L|y are represented by strictly perfect
complexes K® and L°®. After replacing U by the members of a covering we may
assume the map K|y — L|y is given by a map of complexes « : K* — L°®, see
Lemma [44.8] Then M|y is isomorphic to the cone of a which is strictly perfect by
Lemma 144.2 (]

Lemma 47.7. Let (C,0) be a ringed site. If K, L are perfect objects of D(O),
then so is K ®% L.
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Proof. Follows from Lemmas [47.4] [45.5] and [46.7] O

Lemma 47.8. Let (C,0) be a ringed site. If K & L is a perfect object of D(O),
then so are K and L.

Proof. Follows from Lemmas [47.4] [45.6] and [46.8] O

48. Duals

In this section we characterize the dualizable objects of the category of complexes
and of the derived category. In particular, we will see that an object of D(Q) has a
dual if and only if it is perfect (this follows from Example and Lemma [48.7)).

Lemma 48.1. Let (C,0) be a ringed space. The category of complexes of O-
modules with tensor product defined by F* ® G* = Tot(F*® ®o G°*) is a symmetric
monoidal category.

Proof. Omitted. Hints: as unit 1 we take the complex having O in degree 0
and zero in other degrees with obvious isomorphisms Tot(1 ®» G*) = G* and
Tot(F*® ®p 1) = F°. to prove the lemma you have to check the commutativity of
various diagrams, see Categories, Definitions and The verifications are
straightforward in each case. O

Example 48.2. Let (C,O) be a ringed site. Let F* be a complex of O-modules
such that for every U € Ob(C) there exists a covering {U; — U} such that F*|y, is
strictly perfect. Consider the complex

G®* = Hom®*(F*,0)

as in Section B4l Let
n:0 — Tot(F*®0 G*) and €:Tot(G* ®p F*) — O

ben=> n,and e=> ¢, wheren, : O > F" Q0 G " and ¢, : G" Qo F"* — O
are as in Modules on Sites, Example Then G°®,7, € is a left dual for 7* as in
Categories, Definition We omit the verification that (1 ® €) o (n® 1) = idre
and (e® 1) o (1 ®mn) =idgs. Please compare with More on Algebra, Lemma

Lemma 48.3. Let (C,0) be a ringed site. Let F* be a complex of O-modules. If
F* has a left dual in the monoidal category of complexes of O-modules (Categories,
Deﬁm’tion then for every object U of C there exists a covering {U; — U} such
that F*®|u, is strictly perfect and the left dual is as constructed in Example .

Proof. By uniqueness of left duals (Categories, Remark we get the final
statement provided we show that F* is as stated. Let G®,n, € be a left dual. Write
n=>.n,ande=> €, wheren, : O = F"®0G "and ¢, : G "®oF" — O. Since
(1®€)o(n®1) = idre and (e®1)o(1®n) = idgs by Categories, Definition[43.5|we see
immediately that we have (1®€,)o(n,®1) = idz» and (e, ®1)o(1®n,) = idg-~. In
other words, we see that G~ is a left dual of F™ and we see that Modules on Sites,
Lemma applies to each F™. Let U be an object of C. There exists a covering
{U; — U} such that for every i only a finite number of 7,|y, are nonzero. Thus
after replacing U by U; we may assume only a finite number of 7,|y are nonzero
and by the lemma cited this implies only a finite number of F™|y are nonzero.
Using the lemma again we can then find a covering {U; — U} such that each ™|y,
is a direct summand of a finite free O-module and the proof is complete. g
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Lemma 48.4. Let (C, Q) be a ringed site. Let K be a perfect object of D(O). Then
KY = RHom(K,O) is a perfect object too and (KV)¥V = K. There are functorial
isomorphisms
M @Y% KV = RHomo (K, M)

and

H(C,M % K") = Homp o) (K, M)
for M in D(O).
Proof. We will us without further mention that formation of internal hom com-
mutes with restriction (Lemma |35.3). Let U be an arbitrary object of C. To check

that KV is perfect, it suffices to show that there exists a covering {U; — U} such
that KV|y, is perfect for all 4. There is a canonical map

K = RHom(Ox,0x) @4, K — RHom(RHom(K,Ox),0x) = (K¥)¥

see Lemma It suffices to prove there is a covering {U; — U} such that the
restriction of this map to C/U; is an isomorphism for all ¢. By Lemma to see
the final statement it suffices to check that the map (35.9.1))

M ®% KV — RHom(K, M)

is an isomorphism. This is a local question as well (in the sense above). Hence it
suffices to prove the lemma when K is represented by a strictly perfect complex.

Assume K is represented by the strictly perfect complex £°. Then it follows from
Lemma that KV is represented by the complex whose terms are (€)Y =
Homo(E™,0) in degree —n. Since £ is a direct summand of a finite free O-
module, so is (£™)V. Hence KV is represented by a strictly perfect complex too and
we see that KV is perfect. The map K — (K")Y is an isomorphism as it is given
up to sign by the evaluation maps £" — ((£™)Y)Y which are isomorphisms. To see
that is an isomorphism, represent M by a K-flat complex F°*. By Lemma
the complex R Hom(K, M) is represented by the complex with terms
& Homo (£79, FP)

n=p+q

On the other hand, the object M ®I(5 KV is represented by the complex with terms

S%) Fr oo (E71)7
n=p+q

Thus the assertion that (35.9.1) is an isomorphism reduces to the assertion that
the canonical map

F @0 Home (E,0) — Home (€, F)
is an isomorphism when £ is a direct summand of a finite free O-module and F is

any O-module. This follows immediately from the corresponding statement when
£ is finite free. O

Lemma 48.5. Let (C,O) be a ringed site. The derived category D(O) is a symmet-
ric monoidal category with tensor product given by derived tensor product with usual
associativity and commutativity constraints (for sign rules, see More on Algebra,

Section @)

Proof. Omitted. Compare with Lemma [48.1 g
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Example 48.6. Let (C,O) be a ringed site. Let K be a perfect object of D(O).
Set KV = RHom(K, ©) as in Lemma [48.4] Then the map
K@% K — RHom(K, K)

is an isomorphism (by the lemma). Denote

n:0— Kb KY
the map sending 1 to the section corresponding to idg under the isomorphism
above. Denote

e: KV ®'g) K—O
the evaluation map (to construct it you can use Lemma for example). Then
KV, n,eis a left dual for K as in Categories, Definition We omit the verifica-
tion that (1®€)o(n® 1) =idx and (e® 1) o (1 ®@n) =idgv.

Lemma 48.7. Let (C,O) be a ringed site. Let M be an object of D(O). If M has
a left dual in the monoidal category D(O) (Categories, Definition[{3.5) then M is
perfect and the left dual is as constructed in Example [[8.6

Proof. Let N,n, e be a left dual. Observe that for any object U of C the restriction
Nlu,nlu,€lu is a left dual for M|y.

Let U be an object of C. It suffices to find a covering {U; — U}ier fo C such
that M|y, is a perfect object of D(Oy,). Hence we may replace C, O, M, N,n, e by
C/U,Ouy, M|y, N|u,n|u, €lv and assume C has a final object X. Moreover, during
the proof we can (finitely often) replace X by the members of a covering {U; — X}
of X.

We are going to use the following argument several times. Choose any complex M*®
of O-modules representing M. Choose a K-flat complex N'® representing N whose
terms are flat O-modules, see Lemma [I7.11] Consider the map

n: 0O — Tot(M® @0 N°*)

After replacing X by the members of a covering, we can find an integer N and for
i=1,..., N integers n; € Z and sections f; and g; of M™ and N =™ such that

n(1) = 21 fi ®gi
Let K* C M*® be any subcomplex of O-modules containing the sections f; for
i=1,...,N. Since Tot(K®* ®o N*) C Tot(M* @ N*) by flatness of the modules
N™, we see that 7 factors through
7: 0 — Tot(K®* @0 N°*)
Denoting K the object of D(O) represented by K® we find a commutative diagram

M—— s MUNQ*M —— M

n®1 1Qe
K@l N el M —25 K
Since the composition of the upper row is the identity on M we conclude that M

is a direct summand of K in D(0O).

As a first use of the argument above, we can choose the subcomplex ® = 0> ,7<pM*
with @ < n; < bfori = 1,...,N. Thus M is a direct summand in D(O) of a
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bounded complex and we conclude we may assume M is in D*(O). (Recall that
the process above involves replacing X by the members of a covering.)

Since M is in D*(Q) we may choose M* to be a bounded above complex of flat
modules (by Modules, Lemma and Derived Categories, Lemma . Then
we can choose K® = 0>, M® with a < n; fori=1,..., N in the argument above.
Thus we find that we may assume M is a direct summand in D(O) of a bounded
complex of flat modules. In particular, we find M has finite tor amplitude.

Say M has tor amplitude in [a,b]. Assuming M is m-pseudo-coherent we are going
to show that (after replacing X by the members of a covering) we may assume M
is (m — 1)-pseudo-coherent. This will finish the proof by Lemma and the fact
that M is (b+ 1)-pseudo-coherent in any case. After replacing X by the members
of a covering we may assume there exists a strictly perfect complex £* and a map
a:E* — M in D(O) such that H'(«) is an isomorphism for i > m and surjective
for i = m. We may and do assume that £ = 0 for i < m. Choose a distinguished
triangle
E* > M — L — &%)

Observe that H*(L) = 0 for i > m. Thus we may represent L by a complex £*
with £! = 0 for i > m. The map L — £°[1] is given by a map of complexes
L* — £°[1] which is zero in all degrees except in degree m — 1 where we obtain a
map L™ — £™, see Derived Categories, Lemma Then M is represented by
the complex

M s LmE o pmTh gm  emtl

Apply the discussion in the second paragraph to this complex to get sections f; of
MM for i =1,...,N. For n < m let K" C L" be the O-submodule generated
by the sections f; for n; = n and d(f;) for n; = n— 1. For n > m set K™ = £".
Clearly, we have a morphism of distinguished triangles

g M® ce &1

L]

E*—K* —— O'SHL—IIC. - 5.[1]

where all the morphisms are as indicated above. Denote K the object of D(O)
corresponding to the complex K®. By the arguments in the second paragraph of
the proof we obtain a morphism s : M — K in D(O) such that the composition
M — K — M is the identity on M. We don’t know that the diagram

E*——=K*——=K
1T
£ M ——M

commutes, but we do know it commutes after composing with the map K — M.
By Lemma after replacing X by the members of a covering, we may assume
that soi is given by a map of complexes ¢ : £* — K®. By the same lemma we may
assume the composition of ¢ with the inclusion ®* C M?* is homotopic to zero by
some homotopy {h : £ — M*~1}. Thus, after replacing K™=t by K™~ +Im(h™)
(note that after doing this it is still the case that K™~ ! is generated by finitely
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many global sections), we see that o itself is homotopic to zero! This means that
we have a commutative solid diagram
e M L E*1]

]

S —> K —— O-Sm—llc. - g.[l]

]

& M ce £[1]

By the axioms of triangulated categories we obtain a dotted arrow fitting into the
diagram. Looking at cohomology sheaves in degree m — 1 we see that we obtain

H™ (M) —— H™(L*) —— H™(E*)

T T T
H™ 1 (K) —> H™ (04 1K*) —= H™(E*)
T T .

Hm_l(ﬁ') Hm(E®

Hm_l(M)

Since the vertical compositions are the identity in both the left and right column, we
conclude the vertical composition H™~1(£®) — H™ Y(0<,,_1K®) — H™ (L) in
the middle is surjective! In particular H™ (o<, 1K®) — H™ 1(L®) is surjective.
Using the induced map of long exact sequences of cohomology sheaves from the
morphism of triangles above, a diagram chase shows this implies H*(K) — H*(M)
is an isomorphism for 7 > m and surjective for ¢ = m — 1. By construction we can
choose an 7 > 0 and a surjection O®" — K™~ Then the composition

O gm s gmtl 5 ) K —M

induces an isomorphism on cohomology sheaves in degrees > m and a surjection in
degree m — 1 and the proof is complete. O

Lemma 48.8. Let (C,0) be a ringed site. Let (K,)nen be a system of perfect
objects of D(O). Let K = hocolimK,, be the derived colimit (Derived Categories,
Definition . Then for any object E of D(O) we have

RHom(K,E) = Rlim E @ K,/
where (K)) is the inverse system of dual perfect complexes.

Proof. By Lemma we have Rlim E @5 KY = Rlim R Hom(K,, E) which fits
into the distinguished triangle

Rlim RHom(Ky, E) — [ [ RHom(K, E) — [[ R Hom(K ., E)

Because K similarly fits into the distinguished triangle P K,, - P K, — K
it suffices to show that [[ R Hom(K,, E) = RHom(@P K,,E). This is a formal
consequence of and the fact that derived tensor product commutes with
direct sums. (]
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49. Invertible objects in the derived category

We characterize invertible objects in the derived category of a ringed space (both
in the case of a locally ringed topos and in the general case).

Lemma 49.1. Let (C,O) be a ringed space. Set R =T'(C,O). The category of O-
modules which are summands of finite free O-modules is equivalent to the category
of finite projective R-modules.

Proof. Observe that a finite projective R-module is the same thing as a summand
of a finite free R-module. The equivalence is given by the functor £ — T'(C,E).
The inverse functor is given by the following construction. Consider the morphism
of topoi f : Sh(C) — Sh(pt) with f. given by taking global sections and f~! by
sending a set S, i.e., an object of Sh(pt), to the constant sheaf with value S. We
obtain a morphism (f, f*) : (Sh(C),O) — (Sh(pt), R) of ringed topoi by using the
identity map R — f.O. Then the inverse functor is given by f*. ]

Lemma 49.2. Let (C,0) be a ringed site. Let M be an object of D(O). The
following are equivalent

(1) M is invertible in D(O), see Categories, Definition and
(2) there is a locally ﬁm’tE direct product decomposition

o=1I,_,0
and for each n there is an invertible O,-module H™ (Modules on Sites,
Definition[32.1) and M = @ H"[—n] in D(O).
If (1) and (2) hold, then M is a perfect object of D(O). If (C,O) is a locally ringed
site these condition are also equivalent to

(3) for every object U of C there exists a covering {U; — U} and for each i an
integer n; such that M|y, is represented by an invertible Oy, -module placed
in degree n;.

Proof. Assume (2). Consider the object R Hom (M, ©O) and the composition map
RHom(M,0) @4 M — O

To prove this is an isomorphism, we may work locally. Thus we may assume

O =1locn<y On and M =@, -, <, H"[-n]. Then it suffices to show that
RHom(H™,0) @% H"

is zero if n # m and equal to O, if n = m. The case n # m follows from the

fact that O, and O, are flat O-algebras with O, ®» O,, = 0. Using the local

structure of invertible O-modules (Modules on Sites, Lemma [32.2) and working

locally the isomorphism in case n = m follows in a straightforward manner; we

omit the details. Because D(O) is symmetric monoidal, we conclude that M is
invertible.

Assume (1). The description in (2) shows that we have a candidate for O,,, namely,
Home (H™(M), H*(M)). If this is a locally finite family of sheaves of rings and
if O = []0O,, then we immediately obtain the direct sum decomposition M =
@ H"(M)[—n] using the idempotents in O coming from the product decomposition.

1 This means that for every object U of C there is a covering {U; — U} such that for every ¢
the sheaf On|Ui is nonzero for only a finite number of n.
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This shows that in order to prove (2) we may work locally in the following sense.
Let U be an object of C. We have to show there exists a covering {U; — U} of U
such that with O,, as above we have the statements above and those of (2) after
restriction to C/U;. Thus we may assume C has a final object X and during the
proof of (2) we may finitely many times replace X by the members of a covering of
X.

Choose an object N of D(O) and an isomorphism M ®% N = O. Then N is a
left dual for M in the monoidal category D(QO) and we conclude that M is perfect
by Lemma By symmetry we see that N is perfect. After replacing X by
the members of a covering, we may assume M and N are represented by a strictly
perfect complexes £* and F*. Then M ®% N is represented by Tot(£® ®o F*).
After replacing X by the members of a covering of X we may assume the mutually
inverse isomorphisms O — M ®% N and M ®% N — O are given by maps of
complexes

a:0 — Tot(E* ®p F*) and f:Tot(E®* ®p F*) — O

See Lemma Then Soa = 1 as maps of complexes and o8 = 1 as a morphism
in D(O). After replacing X by the members of a covering of X we may assume the
composition « o § is homotopic to 1 by some homotopy 6 with components
0" : Tot™(£* ®p F*) — Tot" 1(E* @0 F*)

by the same lemma as before. Set R = I'(C,0). By Lemma we find that we
obtain

(1) M* =T(X,&"*) is a bounded complex of finite projective R-modules,

(2) N* =T(X,F*) is a bounded complex of finite projective R-modules,

(3) @ and B correspond to maps of complexes a : R — Tot(M*® @z N°®) and

b: Tot(M®* ®r N*) = R,

(4) 6™ corresponds to a map h” : Tot"(M®®g N®) — Tot" ' (M*®r N*), and

(5) boa=1and boa—1=dh+ hd,
It follows that M* and N°® define mutually inverse objects of D(R). By More
on Algebra, Lemma [126.4] we find a product decomposition R = Hagngb R,, and
invertible R,-modules H™ such that M* = @, -, H"[-n]. This isomorphism in
D(R) can be lifted to an morphism

P H"[-n] — M*

of complexes because each H™ is projective as an R-module. Correspondingly, using
Lemma, again, we obtain an morphism

PH"©rOl-n] = £°

which is an isomorphism in D(O). Here M ®pr O denotes the functor from fi-
nite projective R-modules to O-modules constructed in the proof of Lemma [£9.1]
Setting O,, = R, ® g O we conclude (2) is true.

If (C,0) is a locally ringed site, then given an object U and a finite product decom-
position Ol = [[,<,,<; Onlu we can find a covering {U; — U} such that for every
i there is at most one n with O, |y, nonzero. This follows readily from part (2) of
Modules on Sites, Lemma and the definition of locally ringed sites as given
in Modules on Sites, Definition From this the implication (2) = (3) is easily
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seen. The implication (3) = (2) holds without any assumptions on the ringed site.
We omit the details. (]

50. Projection formula

Let f : (Sh(C),O¢) — (Sh(D),Op) be a morphism of ringed topoi. Let E € D(O¢)
and K € D(Op). Without any further assumptions there is a map

(50.0.1) Rf.E®, K — Rf.(E®p, Lf*K)
Namely, it is the adjoint to the canonical map
Lf*(Rf.E®p, K)=Lf*Rf.E®p, Lf*K — E®, Lf*K

coming from the map Lf*Rf.E — F and Lemmas and A reasonably
general version of the projection formula is the following.

Lemma 50.1. Let f: (Sh(C),O¢) — (Sh(D),Op) be a morphism of ringed topoi.
Let E € D(O¢) and K € D(Op). If K is perfect, then

Ri.E&h, K = RL(Ee), LK)

Proof. To check is an isomorphism we may work locally on D, i.e., for any
object V' of D we have to find a covering {V; — V'} such that the map restricts to an
isomorphism on Vj;. By definition of perfect objects, this means we may assume K
is represented by a strictly perfect complex of Op-modules. Note that, completely
generally, the statement is true for K = K; & Ko, if and only if the statement is
true for K7 and K. Hence we may assume K is a finite complex of finite free Op-
modules. In this case a simple argument involving stupid truncations reduces the
statement to the case where K is represented by a finite free Op-module. Since the
statement is invariant under finite direct summands in the K variable, we conclude
it suffices to prove it for K = Op|n| in which case it is trivial. O

Remark| 50.2. The map (50.0.1) is compatible with the base change map of
Remark [19.3]in the following sense. Namely, suppose that

(Sh(C"), Oc') ——

g/
r|

(Sh(C), Oc)
(Sh(D'), Op) —~—= (Sh(D), Op)

f


https://stacks.math.columbia.edu/tag/0944
https://stacks.math.columbia.edu/tag/0E48

0945

0946

0947

COHOMOLOGY ON SITES 127

is a commutative diagram of ringed topoi. Let E € D(O¢) and K € D(Op). Then
the diagram

p
l b

Lg*Rf.E®g,, Ly K Rf.L(g')*(E ®, Lf*K)
bl :
Rf.L(g)'E®p,, Lg"K Rf(L(g)' E®p,, L(g')"Lf*K)

\ .

Rf(L(9')"E @5, L(f') Ly K)

is commutative. Here arrows labeled t are gotten by an application of Lemma
18.4) arrows labeled b by an application of Remark arrows labeled p by an
application of , and ¢ comes from L(g')* o Lf* = L(f')* o Lg*. We omit the
verification.

51. Weakly contractible objects

An object U of a site is weakly contractible if every surjection F — G of sheaves of
sets gives rise to a surjection F(U) — G(U), see Sites, Definition [40.2]

Lemmal 51.1. Let C be a site. Let U be a weakly contractible object of C. Then

(1) the functor F — F(U) is an exact functor Ab(C) — Ab,
(2) HP(U,F) =0 for every abelian sheaf F and allp > 1, and
(3) for any sheaf of groups G any G-torsor has a section over U.

Proof. The first statement follows immediately from the definition (see also Ho-
mology, Section . The higher derived functors vanish by Derived Categories,
Lemma Let F be a G-torsor. Then F — * is a surjective map of sheaves.
Hence (3) follows from the definition as well. O

It is convenient to list some consequences of having enough weakly contractible
objects here.

Proposition| 51.2. Let C be a site. Let B C Ob(C) such that every U € B is
weakly contractible and every object of C has a covering by elements of B. Let O be
a sheaf of rings on C. Then

(1) A complex Fi — Fo — F3 of O-modules is exact, if and only if F1(U) —
Fo(U) — F3(U) is exact for all U € B.

(2) Ewvery object K of D(O) is a derived limit of its canonical truncations:
K = Rlims_, K.

(3) Given an inverse system ... — F3 — Fo — JFi with surjective transition
maps, the projection lim F,, — F1 is surjective.

(4) Products are exact on Mod(O).

(5) Products on D(O) can be computed by taking products of any representative
complezxes.
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(6) If (Fn) is an inverse system of O-modules, then RP lim F,, = 0 for allp > 1
and

R'lim F,, = Coker([ [ 7. — [[ Fn)

where the map is () — (T — f(@Xni1)).
(7) If (K,) is an inverse system of objects of D(O), then there are short exact
sequences
0 — R'lim H?"Y(K,,) — HP(Rlim K,,) — lim H?(K,) — 0

Proof. Proof of (1). If the sequence is exact, then evaluating at any weakly con-
tractible element of C gives an exact sequence by Lemma [51.1] Conversely, assume
that F1(U) — F2(U) — F3(U) is exact for all U € B. Let V be an object of C
and let s € Fo(V) be an element of the kernel of 75 — F3. By assumption there
exists a covering {U; — V} with U; € B. Then s|y, lifts to a section s; € F1(U;).
Thus s is a section of the image sheaf Im(F; — F»). In other words, the sequence
F1 — Fo — F3 is exact.

Proof of (2). This holds by Lemma 23.10] with d = 0.

Proof of (3). Let (F,) be a system as in (2) and set F = limF,,. If U € B,
then F(U) = lim F,,(U) surjects onto F;(U) as all the transition maps F,,11(U) —
F,(U) are surjective. Thus F — Fj is surjective by Sites, Definition and the
assumption that every object has a covering by elements of B.

Proof of (4). Let F;1 — F; 2 — F; 3 be a family of exact sequences of O-modules.
We want to show that [[Fi1 — [[Fi2 — [[Fi3 is exact. We use the criterion of
(1). Let U € B. Then

(JI70@) = ([ F20) = ([ Fs)©)
is the same as
Hfi,l(U) — Hfi,z(U) — H]:i,3(U)

Each of the sequences F;1(U) — Fi2(U) — F; 3(U) are exact by (1). Thus the
displayed sequences are exact by Homology, Lemma We conclude by (1) again.

Proof of (5). Follows from (4) and (slightly generalized) Derived Categories, Lemma
4.2

Proof of (6) and (7). We refer to Section[23|for a discussion of derived and homotopy
limits and their relationship. By Derived Categories, Definition we have a
distinguished triangle

Rlim K, — HKn — HK,L — Rlim K, [1]
Taking the long exact sequence of cohomology sheaves we obtain
H Y] Kn) = H (][ Kn) = HP(Rlim K,) — HY ([ [ Kn) = H(] ] K»)
Since products are exact by (4) this becomes
[[a (%) = [[H ' (K,) = HP(RIm K,) — [[ HP(K) = [[ HP (K2)

Now we first apply this to the case K,, = F,,[0] where (F,,) is as in (6). We conclude
that (6) holds. Next we apply it to (K,) as in (7) and we conclude (7) holds. [
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52. Compact objects

In this section we study compact objects in the derived category of modules on
a ringed site. We recall that compact objects are defined in Derived Categories,
Definition B7.11

Lemma 52.1. Let A be a Grothendieck abelian category. Let S C Ob(A) be a set
of objects such that

(1) any object of A is a quotient of a direct sum of elements of S, and

(2) for any E € S the functor Hom 4 (E, —) commutes with direct sums.
Then every compact object of D(A) is a direct summand in D(A) of a finite complex
of finite direct sums of elements of S.

Proof. Assume K € D(A) is a compact object. Represent K by a complex K*

and consider the map
K* — @nzo TZnK

where we have used the canonical truncations, see Homology, Section This
makes sense as in each degree the direct sum on the right is finite. By assumption
this map factors through a finite direct sum. We conclude that K — 7>, K is zero
for at least one n, i.e., K is in D™ (R).

We may represent K by a bounded above complex K*® each of whose terms is a
direct sum of objects from S, see Derived Categories, Lemma Note that we
have
o °
K “LjngoUZ"}(

where we have used the stupid truncations, see Homology, Section Hence by
Derived Categories, Lemmas and we see that 1 : K* — K* factors through
o>, K®* — K*® in D(R). Thus we see that 1 : K* — K* factors as

K* 510 % K.
in D(A) for some complex L® which is bounded and whose terms are direct sums
of elements of S. Say L' is zero for i & [a,b]. Let c be the largest integer < b+ 1
such that L’ a finite direct sum of elements of S for i < c¢. Claim: if ¢ < b+ 1,
then we can modify L*® to increase c¢. By induction this claim will show we have a
factorization of 1x as
K5 LY K
in D(A) where L can be represented by a finite complex of finite direct sums of
elements of S. Note that e = p 09 € Endp(4)(L) is an idempotent. By Derived

Categories, Lemma we see that L = Ker(e) @ Ker(1 —e). The map ¢ : K — L
induces an isomorphism with Ker(1 — e) in D(R) and we conclude.

Proof of the claim. Write L® = @,., Ex. Since L¢! is a finite direct sum of
elements of S we can by assumption (2) find a finite subset A’ C A such that
L¢~! — L¢ factors through € xenr Ex C L¢. Consider the map of complexes

”:‘L"_*(G}BXGA\A/Ek)L_ﬂ

given by the projection onto the factors corresponding to A\ A’ in degree i. By our
assumption on K we see that, after possibly replacing A’ by a larger finite subset,
we may assume that 7o = 0in D(A). Let (L')* C L*® be the kernel of 7. Since m
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is surjective we get a short exact sequence of complexes, which gives a distinguished
triangle in D(A) (see Derived Categories, Lemma . Since Homp4) (K, —) is
homological (see Derived Categories, Lemma and mo ¢ = 0, we can find a
morphism ¢’ : K* — (L')* in D(A) whose composition with (L')®* — L® gives
©. Setting ¢’ equal to the composition of ¢ with (L')* — L*® we obtain a new
factorization. Since (L')® agrees with L® except in degree ¢ and since (L')¢ =
@D cas Ex the claim is proved. O

Lemma 52.2. Let (C,O) be a ringed site. Assume every object of C has a covering
by quasi-compact objects. Then every compact object of D(O) is a direct summand
in D(O) of a finite complex whose terms are finite direct sums of O-modules of the
form §1Oy where U is a quasi-compact object of C.

Proof. Apply Lemma where S C Ob(Mod(0O)) is the set of modules of the
form 5Oy with U € Ob(C) quasi-compact. Assumption (1) holds by Modules
on Sites, Lemma and the assumption that every U can be covered by quasi-
compact objects. Assumption (2) follows as

Hom@(ngU7.7:) = ]:(U)
which commutes with direct sums by Sites, Lemma (]

In the situation of the lemma above it is not always true that the modules 5Oy
are compact objects of D(QO) (even if U is a quasi-compact object of C). Here are
two lemmas addressing this issue.

Lemma 52.3. Let (C,0) be a ringed site. Let U be an object of C. Assume
the functors F — HP(U,F) commute with direct sums. Then O-module Oy is
a compact object of DT (O) in the following sense: if M = @,.; M; in D(O) is
bounded below, then Hom(jinOp, M) = @, ; Hom(jin Oy, M;).

Proof. Since Hom(jy1Oy, —) is the same as the functor F — F(U) by Modules
on Sites, Equation (19.2.1)) it suffices to prove that HP(U, M) = €@ HP (U, M;). Let
Zi, i € I be a collection of injective O-modules. By assumption we have

Hp(Uv @iGIIi) = @iGI Hp(Uaz’i) =0

for all p. Since M = @ M; is bounded below, we see that there exists an a € Z such
that H™(M;) = 0 for n < a. Thus we can choose complexes of injective O-modues
Z? representing M; with I = 0 for n < a, see Derived Categories, Lemma m
By Injectives, Lemma we see that the direct sum complex €D Z? represents M.
By Leray acyclicity (Derived Categories, Lemma we see that

RO(UM) =T(UEPI)=Pru.@Pz) =PRI, M)
as desired. 0

Lemma 52.4. Let (C,0) be a ringed site with set of coverings Cove. Let B C
Ob(C), and Cov C Cove be subsets. Assume that
(1) For every U € Cov we have U = {U; — U}ier with I finite, U,U; € B and
every Uy, xy ... xy Uy, € B.
(2) For every U € B the coverings of U occurring in Cov is a cofinal system of
coverings of U.


https://stacks.math.columbia.edu/tag/094C
https://stacks.math.columbia.edu/tag/0G21
https://stacks.math.columbia.edu/tag/0G22

094D

094E

09JC

COHOMOLOGY ON SITES 131

Then for U € B the object j;nOy is a compact object of DV(O) in the follow-
ing sense: if M = @,;c; M; in D(O) is bounded below, then Hom(jinOy, M) =
D;c; Hom(ju Oy, M;).

Proof. This follows from Lemma [52.3 and Lemma [I6.1] O

Lemma 52.5. Let (C,0) be a ringed site. Let U be an object of C. The O-module
710y is a compact object of D(O) if there exists an integer d such that

(1) H?(U,F) =0 for allp > d, and

(2) the functors F — HP(U,F) commute with direct sums.

Proof. Assume (1) and (2). Recall that Hom(5Oy, K) = RI(U,K) for K in
D(O). Thus we have to show that RT'(U, —) commutes with direct sums. The first
assumption means that the functor F' = H°(U, —) has finite cohomological dimen-
sion. Moreover, the second assumption implies any direct sum of injective modules
is acyclic for F'. Let K; be a family of objects of D(O). Choose K-injective represen-
tatives I with injective terms representing K;, see Injectives, Theorem Since
we may compute RF by applying F' to any complex of acyclics (Derived Categories,
Lemma and since @ K; is represented by @ I? (Injectives, Lemma we
conclude that RT'(U, @ K;) is represented by @ H°(U, I?). Hence RT (U, —) com-
mutes with direct sums as desired. (]

Lemma 52.6. Let (C,0) be a ringed site. Let U be an object of C which is
quasi-compact and weakly contractible. Then 5Oy is a compact object of D(O).

Proof. Combine Lemmas and with Modules on Sites, Lemma O

Lemma 52.7. Let (C,0) be a ringed site. Assume C has the following properties

(1) C has a quasi-compact final object X,

(2) every quasi-compact object of C has a cofinal system of coverings which are
finite and consist of quasi-compact objects,

(3) for a finite covering {U; — U}ier with U, U; quasi-compact the fibre prod-
ucts U; Xy U are quasi-compact.

Let K be a perfect object of D(O). Then

(a) K is a compact object of D*(O) in the following sense: if M = @,.; M;
is bounded below, then Hom(K, M) = @, ; Hom (K, M;).

(b) If (C,0) has finite cohomological dimension, i.e., if there exists a d such
that H(X,F) = 0 for i > d for any O-module F, then K is a compact
object of D(O).

Proof. Let KV be the dual of K, see Lemma Then we have
Homp o) (K, M) = H(X, K" % M)

functorially in M in D(0O). Since KV ®% — commutes with direct sums it suffices
to show that RI'(X, —) commutes with the relevant direct sums.

Proof of (a). After reformulation as above this is a special case of Lemma with
U=X.

Proof of (b). Since RI'(X, K) = RHom(O, K) and since H?(X, —) commutes with
direct sums by Lemma [I6.1] this is a special case of Lemma [52.5] O
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53. Complexes with locally constant cohomology sheaves

Locally constant sheaves are introduced in Modules on Sites, Section Let C be
a site. Let A be a ring. We denote D(C,A) the derived category of the abelian
category of A-modules on C.

Lemmal 53.1. Let C be a site with final object X. Let A be a Noetherian ring.
Let K € D°(C,A) with H'(K) locally constant sheaves of A-modules of finite type.
Then there exists a covering {U; — X} such that each K|y, is represented by a
complex of locally constant sheaves of A-modules of finite type.

Proof. Let a < b be such that HY(K) = 0 for i ¢ [a,b]. By induction on b — a we
will prove there exists a covering {U; — X} such that K|y, can be represented by a
complex M*;; with MP? a finite type A-module and M? = 0 for p & [a,b]. If b = a,
then this is clear. In general, we may replace X by the members of a covering and
assume that H°(K) is constant, say H°(K) = M. By Modules on Sites, Lemma
the module M is a finite A-module. Choose a surjection A®" — M given by
generators x1,...,x, of M.

By a slight generalization of Lemma (details omitted) there exists a covering
{U; — X} such that ; € H°(X, H*(K)) lifts to an element of H®(U;, K). Thus,
after replacing X by the U; we reach the situation where there is a map A®"[—b] —
K inducing a surjection on cohomology sheaves in degree b. Choose a distinguished
triangle
A9"[—b] - K — L — A®"[~b+1]

Now the cohomology sheaves of L are nonzero only in the interval [a,b — 1], agree
with the cohomology sheaves of K in the interval [a,b—2] and there is a short exact
sequence

0— H Y (K)— H (L) = Ker(A®" — M) — 0
in degree b — 1. By Modules on Sites, Lemma we see that H*~1(L) is locally
constant of finite type. By induction hypothesis we obtain an isomorphism M*® — L
in D(C,A) with M? a finite A-module and M? = 0 for p ¢ [a,b — 1]. The map
L — A®"[—b+ 1] gives a map M?~! — A®" which locally is constant (Modules on
Sites, Lemma . Thus we may assume it is given by a map M?~1 — A®". The
distinguished triangle shows that the composition M®~2 — M®~! — A®" is zero
and the axioms of triangulated categories produce an isomorphism

M — .. = M S AP K

in D(C, A). O
Let C be a site. Let A be a ring. Using the morphism Sh(C) — Sh(pt) we see that
there is a functor D(A) — D(C,A), K — K.
Lemmal 53.2. Let C be a site with final object X. Let A be a ring. Let

(1) K a perfect object of D(A),

(2) a finite complex K* of finite projective A-modules representing K,

(3) L* a complex of sheaves of A-modules, and

(4) ¢: K — L* a map in D(C,A).
Then there exists a covering {U; — X} and maps of complezes a; : K*|y, = L*|u,
representing ¢

Proof. Follows immediately from Lemma [44.8 (]
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Lemmal 53.3. Let C be a site with final object X. Let A be a ring. Let K, L be
objects of D(A) with K perfect. Let ¢ : K — L be map in D(C,A). There exists
a covering {U; — X} such that |y, is equal to a; for some map oy : K — L in
D(A).

Proof. Follows from Lemma and Modules on Sites, Lemma O

Lemma 53.4. Let C be a site. Let A be a Noetherian ring. Let K, L € D~ (C, A).
If the cohomology sheaves of K and L are locally constant sheaves of A-modules of
finite type, then the cohomology sheaves of K ®% L are locally constant sheaves of
A-modules of finite type.

Proof. We'll prove this as an application of Lemma Note that H* (K ®k L)is
the same as H* (i1 K ®k 7>;—1L). Thus we may assume K and L are bounded.
By Lemma we may assume that K and L are represented by complexes of
locally constant sheaves of A-modules of finite type. Then we can replace these
complexes by bounded above complexes of finite free A-modules. In this case the
result is clear. ([

Lemmal 53.5. Let C be a site. Let A be a Noetherian ring. Let I C A be an ideal.
Let K € D~(C,A). If the cohomology sheaves of K ®k A/I are locally constant
sheaves of A/I-modules of finite type, then the cohomology sheaves of K @% A/I™
are locally constant sheaves of AJI™-modules of finite type for alln > 1. o

Proof. Recall that the locally constant sheaves of A-modules of finite type form a
weak Serre subcategory of all A-modules, see Modules on Sites, Lemma [43.5} Thus
the subcategory of D(C, A) consisting of complexes whose cohomology sheaves are
locally constant sheaves of A-modules of finite type forms a strictly full, saturated
triangulated subcategory of D(C,A), see Derived Categories, Lemma Next,
consider the distinguished triangles

KoY/t 5 Kok A1 —» Kok A/I" — K % 1" /17H1]
and the isomorphisms - -
K&k /1 = (K ek a/T) <k, /1!
Combined with Lemma [53.4] we obtain the result. (]
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