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1. Introduction

The main result of this chapter is the following:

’ A regular map of Noetherian rings is a filtered colimit of smooth ones.

This theorem is due to Popescu, see [Pop90|. A readable exposition of Popescu’s
proof was given by Richard Swan, see [Swa98] who used notes by André and a paper
of Ogoma, see [Ogo94].

Our exposition follows Swan’s, but we first prove an intermediate result which lets
us work in a slightly simpler situation. Here is an overview. We first solve the
following “lifting problem”: A flat infinitesimal deformation of a filtered colimit of
smooth algebras is a filtered colimit of smooth algebras. This result essentially says
that it suffices to prove the main theorem for maps between reduced Noetherian
rings. Next we prove two very clever lemmas called the “lifting lemma” and the
“desingularization lemma”. We show that these lemmas combined reduce the main
theorem to proving a Noetherian, geometrically regular algebra A over a field k is a
filtered colimit of smooth k-algebras. Next, we discuss the necessary local tricks that
go into the Popescu-Ogoma-Swan-André proof. Finally, in the last three sections
we give the proof.

This is a chapter of the Stacks Project, version 150ef3f2, compiled on Sep 15, 2019.
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We end this introduction with some pointers to references. Let A be a henselian
Noetherian local ring. We say A has the approzimation propertyif for any f1,..., fm €
Alxy,...,z,] the system of equations f; =0, ..., f;; = 0 has a solution in the com-
pletion of A if and only if it has a solution in A. This definition is due to Artin.
Artin first proved the approximation property for analytic systems of equations,
see [Art68]. In [Art69] Artin proved the approximation property for local rings
essentially of finite type over an excellent discrete valuation ring. Artin conjec-
tured (page 26 of [Art69]) that every excellent henselian local ring should have the
approximation property.

At some point in time it became a conjecture that every regular homomorphism of
Noetherian rings is a filtered colimit of smooth algebras (see for example [Ray72|,
[Pop81], [Art82], [AD83]). We're not sure who this conjectureﬂ is due to. The
relationship with the approximation property is that if A — A" is a colimit of
smooth algebras with A as above, then the approximation property holds (insert
future reference here). Moreover, the main theorem applies to the map A — A"
if A is an excellent local ring, as one of the conditions of an excellent local ring
is that the formal fibres are geometrically regular. Note that excellent local rings
were defined by Grothendieck and their definition appeared in print in 1965.

In [Art82] it was shown that R — R” is a filtered colimit of smooth algebras for
any local ring R essentially of finite type over a field. In [AR88] it was shown that
R — R” is a filtered colimit of smooth algebras for any local ring R essentially of
finite type over an excellent discrete valuation ring. Finally, the main theorem was
shown in [Pop85|, [Pop86], [Pop90], [Ogo94], and [Swa9§| as discussed above.

Conversely, using some of the results above, in [Rot90] it was shown that any
Noetherian local ring with the approximation property is excellent.

The paper [Spi99] provides an alternative approach to the main theorem, but it
seems hard to read (for example [Spi99, Lemma 5.2] appears to be an incorrectly
reformulated version of [EIK73, Lemma 3]). There is also a Bourbaki lecture about
this material, see [Tei95)].

2. Singular ideals

07C4 Let R — A be a ring map. The singular ideal of A over R is the radical ideal in
A cutting out the singular locus of the morphism Spec(A4) — Spec(R). Here is a
formal definition.

07C5 |Definition 2.1. Let R — A be a ring map. The singular ideal of A over R,
denoted H 4/ is the unique radical ideal H,,r C A with

V(Ha/r) = {q € Spec(A) | R — A not smooth at q}

This makes sense because the set of primes where R — A is smooth is open, see
Algebra, Definition [I35.11] In order to find an explicit set of generators for the
singular ideal we first prove the following lemma.

07C6 Lemma 2.2. Let R be a ring. Let A= Rlx1,...,2n]/(f1,-- ., fm). Letq C A bea
prime ideal. Assume R — A is smooth at q. Then there exists an a € A, a € q, an

IThe question/conjecture as formulated in [Art82], [AD83], and [Pop8i] is stronger and was
shown to be equivalent to the original version in [CP84].


https://stacks.math.columbia.edu/tag/07C5
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integer ¢, 0 < ¢ < min(n, m), subsets U C {1,...,n}, V. C {1,...,m} of cardinality
¢ such that
a = a’ det(afj/axi)jev7ie[]
for some a’ € A and
afp € (fj,j S V) + (fl,. . .,fm)2
foralll e {1,...,m}.

Proof. Set I = (f1,..., fm) so that the naive cotangent complex of A over R
is homotopy equivalent to I/I? — @ Adx;, see Algebra, Lemma We will
use the formation of the naive cotangent complex commutes with localization, see
Algebra, Section especially Algebra, Lemma, By Algebra, Definitions
[135.1|and [135.11|we see that (I/1%), — € A.dz; is a split injection for some a € A,
a & q. After renumbering z1,...,x, and fi,..., f,, we may assume that fi,..., f.
form a basis for the vector space I/I2 ®4 k(q) and that dze4q,...,dz, map to a
basis of 04,z ®4 £(q). Hence after replacing a by aa’ for some o’ € A, o' & g
we may assume f1,..., f. form a basis for (I/I?), and that dz.i1,...,dz, map
to a basis of (24/r)q. In this situation a® for some large integer N satisfies the
conditions of the lemma (with U =V = {1,...,c}). O

We will use the notion of a strictly standard element in A over R. Our notion is
slightly weaker than the one in Swan’s paper [Swa98|. We also define an elementary
standard element to be one of the type we found in the lemma above. We compare
the different types of elements in Lemma

Definition 2.3. Let R — A be a ring map of finite presentation. We say an
element a € A is elementary standard in A over R if there exists a presentation
A=Rlxy,...,z5)/(f1,--., fm) and 0 < ¢ < min(n, m) such that

(231) a = a' det(@f]—/axi)i,jzl ,,,,, c

for some a’ € A and

(232) CLfc+j S (fl,...,fc) +(f1,...,fm)2

for j=1,...,m—c. Wesay a € A is strictly standard in A over R if there exists
a presentation A = R[z1,...,2,]/(f1,---, fm) and 0 < ¢ < min(n,m) such that
(233) a = Z[C{l,...,n}, = ar det(afj/axi)jzl ,,,,, c, i€l

for some ay € A and

(2.3.4) aferj € (fiseoosfo) + (fryeeoy fn)?

forj=1,...,m—c.

The following lemma is useful to find implications of (2.3.3)).

Lemma 2.4. Let R be a ring. Let A = Rlx1,...,x,]/(f1,..., fm) and write
I=(f1,--.,fm). Leta € A. Then implies there exists an A-linear map
P ®i=17---7" Adx; — A®€ such that the composition

A®c (1, fe) I/IQ J=df @;1 Adz; &A@C

is multiplication by a. Conversely, if such a 1) exists, then a¢ satisfies .

Proof. This is a special case of Algebra, Lemma [14.5 (]
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Lemma 2.5 (Elkik). Let R — A be a ring map of finite presentation. The singular
ideal H /R is the radical of the ideal generated by strictly standard elements in A
over R and also the radical of the ideal generated by elementary standard elements
in A over R.

Proof. Assume « is strictly standard in A over R. We claim that A, is smooth
over R, which proves that a € H,/r. Namely, let A = R[x1,...,2,]/(f1,--., fm)s
¢, and ¢’ € A be as in Definition Write I = (f1,..., fm) so that the naive
cotangent complex of A over R is given by I/I? — @ Adz;. Assumption (2.3.4
implies that (I/I?), is generated by the classes of fi,..., f.. Assumption (2.3.3
implies that the differential (I/1?), — € A,dx; has a left inverse, see Lemma [2.4
Hence R — A, is smooth by definition and Algebra, Lemma [132.13

Let He, H; C A be the radical of the ideal generated by elementary, resp. strictly
standard elements of A over R. By definition and what we just proved we have
H, C Hy C Hy/g. The inclusion Hy r C H, follows from Lemma O

Example| 2.6. The set of points where a finitely presented ring map is smooth
needn’t be a quasi-compact open. For example, let R = klz,y1,y2,¥s, - -]/ (2y;)
and A = R/(x). Then the smooth locus of R — A is |J D(y;) which is not quasi-
compact.

Lemmal 2.7. Let R — A be a ring map of finite presentation. Let R — R’ be a
ring map. If a € A is elementary, resp. strictly standard in A over R, then a ® 1
is elementary, resp. strictly standard in A ®r R’ over R'.

Proof. If A= R[z1,...,2,])/(f1,.-., fm) Is a presentation of A over R, then AQpg
R = R'[z1,...,2,]/(f1,---, fi,) is a presentation of A®@pg R' over R'. Here f} is
the image of f; in R'[z1,...,x,]. Hence the result follows from the definitions. O

Lemma 2.8. Let R — A — A be ring maps with A of finite presentation over R.
Assume that HyjrA = A. Then there evists a factorization A — B — A with B
smooth over R.

Proof. Choose fi,..., fr € Hy/g and A1,..., A € A such that S fidxi=11in A.
Set B = Alzy,...,z.)/(fiz1 + ...+ frz, — 1) and define B — A by mapping z; to
A;. Details omitted. O

3. Presentations of algebras

Some of the results in this section are due to Elkik. Note that the algebra C in the
following lemma is a symmetric algebra over A. Moreover, if R is Noetherian, then
C is of finite presentation over R.

Lemmal 3.1. Let R be a ring and let A be a finitely presented R-algebra. There
exists finite type R-algebra map A — C which has a retraction with the following
two properties

(1) for each a € A such that R — A, is a local complete intersection (More
on Algebra, Definition the ring C, is smooth over A, and has a
presentation Cy = Rly1,...,Ym]/J such that J/J? is free over C,, and

(2) for each a € A such that A, is smooth over R the module Q¢ g is free
over Cj.


https://stacks.math.columbia.edu/tag/07CA
https://stacks.math.columbia.edu/tag/07CB
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https://stacks.math.columbia.edu/tag/07CE
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Proof. Choose a presentation A = R[z1,...,x,]/I and write I = (f1,..., fn)-
Define the A-module K by the short exact sequence

0— K —A® 5 1/I* -0
where the jth basis vector e; in the middle is mapped to the class of f; on the
right. Set

C = Sym’y (I/1?).

The retraction is just the projection onto the degree 0 part of C. We have a
surjection R[x1,...,%n,Y1,--.,Ym] — C which maps y; to the class of f; in I/I?.
The kernel J of this map is generated by the elements fi,..., f,, and by elements
> hjy; with hj € R[z1,...,2z,] such that ) hje; defines an element of K. By
Algebra, Lemma [132.4] applied to R — A — C' and the presentations above and
More on Algebra, Lemma there is a short exact sequence

(3.1.1) I/IP@,C —J/J? - K®4C =0

of C-modules. Let h € R[z1,...,x,] be an element with image a € A. We will use
as presentations for the localized rings

Ay = Rlzo,21,...,2,]/I' and Cy = Rlxo, %1, Tn, Y1, -+ Ym]/J
where I’ = (hxg — 1,1) and J' = (hzg — 1,J). Hence I'/(I')? = A, ® (I/1?), as
Ag-modules and J'/(J")? = C, @ (J/J?)a as Cy-modules. Thus we obtain
(3.1.2) Co®I/I?24Cy = Co@®(J)J*)g = K®4Cq =0
as the sequence of Algebra, Lemma corresponding to R — A, — C, and the

presentations above.

Next, assume that a € A is such that A, is a local complete intersection over R.
Then (I/1?), is finite projective over A,, see More on Algebra, Lemma Hence
we see K, @ (I/1?), = AP™ is free. In particular K, is finite projective too. By
More on Algebra, Lemma the sequence is exact on the left. Hence

JNI)2ZCo@I/T*®4Co® K ®4 Cq =2 CIMH

This proves (1). Finally, suppose that in addition A, is smooth over R. Then the
same presentation shows that ()¢, /g is the cokernel of the map

J ()2 — @i Codz; ® @j Cody;

The summand C, of J'/(J’)? in the decomposition above corresponds to hzg — 1
and hence maps isomorphically to the summand C,dzg. The summand /I 2040,
of J'/(J')? maps injectively to @i:l,...,n Cqdz; with quotient Q4,/r ®4, Co. The
summand K ®4 C, maps injectively to @@ i>1 Cqdy; with quotient isomorphic to
I/I? ®4 C,. Thus the cokernel of the last displayed map is the module I/I? ® 4
Co ®Q4,/p®a, Ca. Since (I/1?)q ®Qa, /g is free (from the definition of smooth
ring maps) we see that (2) holds. O

The following proposition was proved for smooth ring maps over henselian pairs by
Elkik in [EIk73]. For smooth ring maps it can be found in [Ara0l], where it is also
proven that ring maps between smooth algebras can be lifted.

Proposition| 3.2. Let R — Ry be a surjective ring map with kernel I.

(1) If Ry — Ag is a syntomic ring map, then there exists a syntomic ring map

R — A such that AJTA = Ay.


https://stacks.math.columbia.edu/tag/07M8
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(2) If Ry — Ao is a smooth ring map, then there exists a smooth ring map
R — A such that AJTA = Ay.

Proof. Assume Ry — Ap syntomic, in particular a local complete intersection
(More on Algebra, Lemma [32.5). Choose a presentation Ay = Ro[z1, ..., z,]/Jo.
Set Cy = Sym% (Jo/J2). Note that Jo/J2 is a finite projective Ag-module (Al-
gebra, Lemma . By Lemma the ring map Ay — Cj is smooth and
we can find a presentation Co = Rg[y1,-..,Ym]/Ko with Ko/KZ free over Cy.
By Algebra, Lemma we can assume Cy = Ro[y1,- -, Ym]/(f1,- -, f.) where
fi,---, f. maps to a basis of Ko/K2 over Cy. Choose fi,...,f. € R[y1,...,Yc
lifting f,..., f. and set

C=Rlyt,- s yml/(f1,-- s fe)

By counstruction Cy = C/IC. By Algebra, Lemma we can after replacing C'
by C, assume that C' is a relative global complete intersection over R. We conclude
that there exists a finite projective Ag-module Py such that Cy = Symi,O (Po) is
isomorphic to C/IC for some syntomic R-algebra C.

Choose an integer n and a direct sum decomposition ASG" = Py ® Q- By More
on Algebra, Lemma we can find an étale ring map C — C’ which induces an
isomorphism C'/IC — C’/IC" and a finite projective C’-module @ such that Q/IQ
is isomorphic to Qo ® 4, C/IC. Then D = Symg(Q) is a smooth C’-algebra (see
More on Algebra, Lemma . Picture

R
R/I Ao C/IC —==C'/IC' —= D/ID

Observe that our choice of @ gives
D/ID = Symg¢,;c(Qo ®4, C/10)

= Sym},(Qo) ®4, C/IC

= Symj, (Qo) ®4, Symj, (Fo)

= Sym} (Qo ® Po)

= Sym, (A5")

= Ao[z1,. .., Tn]
Choose fi,..., fn € D which map to x1,...,2, in D/ID = Ap[z1,...,z,]. Set
A=D/(f1,..., fn). Note that Ag = A/TA. We claim that R — A is syntomic in

a neighbourhood of V(I 4). If the claim is true, then we can find a f € A mapping
to 1 € Ap such that Ay is syntomic over R and the proof of (1) is finished.

Proof of the claim. Observe that R — D is syntomic as a composition of the
syntomic ring map R — C, the étale ring map C — C’ and the smooth ring map
C' — D (Algebra, Lemmas [134.17] and [135.10). The question is local on Spec(D),
hence we may assume that D is a relative global complete intersection (Algebra,

Lemmall134.15). Say D = Rly1,---,Ym)/(g1,---,9s). Let fi,.... fI € Rly1,.-.,Ym]
be lifts of f1,..., fn. Then we can apply Algebra, Lemma [134.11]to get the claim.

Proof of (2). Since a smooth ring map is syntomic, we can find a syntomic ring
map R — A such that Ag = A/IA. By assumption the fibres of R — A are smooth
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over primes in V(I) hence R — A is smooth in an open neighbourhood of V(I A)
(Algebra, Lemma [135.16)). Thus we can replace A by a localization to obtain the
result we want. (]

We know that any syntomic ring map R — A is locally a relative global complete
intersection, see Algebra, Lemma([I34.15] The next lemma says that a vector bundle
over Spec(A) is a relative global complete intersection.

Lemmal 3.3. Let R — A be a syntomic ring map. Then there exists a smooth
R-algebra map A — C with a retraction such that C is a global relative complete
intersection over R, i.e.,

C=Rlzy,...,z0)/ (1, f2)

flat over R and all fibres of dimension n — c.

Proof. Apply Lemma [3.] to get A — C. By Algebra, Lemma we can write
C = Rlx1,...,7,]/(f1,..., f.) with f; mapping to a basis of J/J?. The ring map
R — C is syntomic (hence flat) as it is a composition of a syntomic and a smooth
ring map. The dimension of the fibres is n — ¢ by Algebra, Lemma (the fibres
are local complete intersections, so the lemma applies). O

Lemmal 3.4. Let R — A be a smooth ring map. Then there exists a smooth
R-algebra map A — B with a retraction such that B is standard smooth over R,
i.e.,

B = R[fl?l,--.,l'n]/(fl,...,fc)

¢ 18 tnvertible in B.

and det(afj/al'i)i,j:L

ey

Proof. Apply Lemmal[3.3]to get a smooth R-algebra map A — C with a retraction
such that C' = Rlxy,...,2,]/(f1,..., fc) is a relative global complete intersection
over R. As C is smooth over R we have a short exact sequence

0— @j:L...,c ij — ®i:1,...,n Cdxl — QC/R —0

Since §2¢ /R is a projective C-module this sequence is split. Choose a left inverse ¢
to the first map. Say t(dz;) = )" ¢;; f; so that ), %Cif = J;¢ (Kronecker delta).
Let

B = C[ylv-uvyc] = R[xlv~'~7mn,y17~'~7yc]/(f17~~7fc)

The R-algebra map C' — B’ has a retraction given by mapping y; to zero. We
claim that the map

R[zl,...,zn] — B/7 Zi /> X; —Zj CijY;

is étale at every point in the image of Spec(C') — Spec(B’). In Qp//g[.,.... 2, We

have

OFf: oFf.
0=df; — Zl af dz; = Zi,l a—f_cmdyg =dy; mod (y1,.--,¥e) 2B/ /R[z1 .. 2]

Since 0 = dz; = da; modulo Y~ B'dy; + (y1,- - -, Ye)2B//R]z.....2,) We conclude that

nl

QB Rzt o)/ (Y153 Ye) 2B Rz ... 2] = O
As Qpi/Rz,,...z,] is @ finite B’-module by Nakayama’s lemma there exists a g €
L+ (Y1, -+, 9Ye) that (Qpi/Rpz ... 2,))g = 0. This proves that R[zy,...,2,] — By is
unramified, see Algebra, Definition For any ring map R — k where k is a


https://stacks.math.columbia.edu/tag/07CG
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field we obtain an unramified ring map k[z1, . .., z,] = (Bj)®@rk between smooth k-
algebras of dimension n. It follows that k[z1, ..., 2,] — (By)®rk is flat by Algebra,
Lemmas and By the critére de platitude par fibre (Algebra, Lemma
we conclude that R[z1, ..., 2,] — By is flat. Finally, Algebra, Lemma
implies that R[z1,...,2,] — By is étale. Set B = B;. Note that C' — B is smooth
and has a retraction, so also A — B is smooth and has a retraction. Moreover,
R[z1,...,2,] — B is étale. By Algebra, Lemma we can write

B = R[zl,...,zn,wl,...,wc]/(gl,...,gc)
with det(dg;/0w;) invertible in B. This proves the lemma. O

07CI Lemma 3.5. Let R — A be a ring map. If A is a filtered colimit of smooth
R-algebras, then A is a filtered colimit of standard smooth R-algebras.

Proof. Let A — A be an R-algebra map with A of finite presentation over R.
According to Algebra, Lemma we have to factor this map through a standard
smooth algebra, and we know we can factor it as A — B — A with B smooth
over R. Choose an R-algebra map B — C' with a retraction C' — B such that
C is standard smooth over R, see Lemma [3:4 Then the desired factorization is

A—-B—C—B—A. O

07TEY Lemma/3.6. Let R — A be a standard smooth ring map. Let E C A be a finite sub-
set of order |E| = n. Then there exists a presentation A = R[x1, ..., Tonym]/(f1,---, fe)
with ¢ > n, with det(0f;/0x;)i j=1,....c invertible in A, and such that E is the set
of congruence classes of x1,...,Ty.

Proof. Choose a presentation A = Rly1,...,Ym)/(g1,...,94) such that the im-
age of det(0g¢;/0y;)i j=1,...a is invertible in A. Choose an enumerations £ =
{a1,...,a,} and choose h; € R[y1,...,Ym| whose image in A is a;. Consider the
presentation

A:R[Ila"'axnvyla"'aym]/(zl7h17"'7xnihnagla"'7gd)
and set c=n+d. (]

07EZ Lemma 3.7. Let R — A be a ring map of finite presentation. Let a € A. Consider
the following conditions on a:

(1) Ag is smooth over R,

(2) Aq is smooth over R and Qyu, /g is stably free,
(3) Aq is smooth over R and Qg4 /g is free,

(4) Ag is standard smooth over R,

(5) a is strictly standard in A over R,

(6) a is elementary standard in A over R.

3
4
5)

Then we have

(@) (4)= (3)= (2)= (1),
(b) (6) = (5),

(©) (6) = (4),

(d) (5) = (2),

(e) (2) = the elements a®, e > eq are strictly standard in A over R,

(f) (4) = the elements a®, e > ey are elementary standard in A over R.


https://stacks.math.columbia.edu/tag/07CI
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Proof. Part (a) is clear from the definitions and Algebra, Lemma [135.7} Part (b)
is clear from Definition 2.3l

Proof of (¢). Choose a presentation A = R[z1,...,2,]/(f1,. .., fm) such that (2.3.1)
and (2.3.2) hold. Choose h € R[xy,...,2,] mapping to a. Then

Aa = R[l‘o,l‘l,...,xn]/(moh— 1,f1,...,fm).

Write J = (zoh — 1, f1,..., fm). By (2.3.2) we see that the A,-module J/J? is
generated by xoh—1, f1,..., f. over A,. Hence, as in the proof of Algebra, Lemma
we can choose a g € 1+ J such that

Aa = R[!L‘(), s 7$n7xn+1]/(x0h - 17f1a .. ~7fm7gxn+1 - 1)

At this point (2.3.1) implies that R — A, is standard smooth (use the coordinates
X0, X1, .-, Te, Tpy1 to take derivatives).

Proof of (d). Choose a presentation A = R[z1,...,z,]/(f1,--., fm) such that
and hold. Write I = (f1,...,fm). We already know that A,
is smooth over R, see Lemma By Lemma we see that (I/I?), is free
on fi,...,f. and maps isomorphically to a direct summand of @ A,dz;. Since
Qa,/r = (R4/Rr)a is the cokernel of the map (I/1?), — @ A,dx; we conclude that
it is stably free.

Proof of (e). Choose a presentation A = R[z1,...,z,]/] with I finitely generated.
By assumption we have a short exact sequence
0— (I/1%)q — @1:1,..‘,” Agdz; = Qa, g — 0

which is split exact. Hence we see that (I/1%), & Qa, /g is a free Ag-module.
Since Q 4,/ is stably free we see that (1/1 2), is stably free as well. Thus replac-
ing the presentation chosen above by A = R[x1,...,Zpn, Tnil,- .-, Tntr)/J with
J = (I,2n41,-,Tns,) for some r we get that (J/J?), is (finite) free. Choose
fi,---, f. € J which map to a basis of (J/J?),. Extend this to a list of genera-
tors fi1,..., fm € J. Consider the presentation A = R[x1,...,Tntr]/(f1,-- s fim)-
Then holds for a® for all sufficiently large e by construction. Moreover,
since (J/J?), — @Di—1. n4rAcdz; is a split injection we can find an Ag-linear

left inverse. Writing this left inverse in terms of the basis fi,..., f. and clearing
denominators we find a linear map 1)y : A9"T" — A%¢ such that
@c (frofe) o frdf Yo yéc
A J/J @izl,...,n+r Adz; 25 A

is multiplication by a® for some ey > 1. By Lemma [2.4] we see (2.3.3)) holds for all
a®® and hence for a® for all e with e > ceg.

Proof of (f). Choose a presentation A4, = Rlx1,...,2,]/(f1,...,fe) such that
det(9f;/0x;)i j=1,.. c is invertible in A,. We may assume that for some m < n
the classes of the elements 1, ...,x,, correspond a;/1 where ay,...,a,, € A are
generators of A over R, see Lemma After replacing x; by aVz; form <i <n
we may assume the class of z; is a;/1 € A, for some a; € A. Consider the ring map

U:Rlxy,...,zn] — A, x;— a;.

This is a surjective ring map. By replacing f; by a'¥ f; we may assume that f; €
R[z1,...,z,] and that U(f;) = 0 (since after all f;(a1/1,...,a,/1) = 0 in A,).
Let J = Ker(¥). Then A = R[z1,...,z,]/J is a presentation and fi,...,f. € J
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are elements such that (J/J?), is freely generated by fi,...,f. and such that
det(9f;/0x;)i j=1,..,. maps to an invertible element of A,. It follows that (2.3.1)
and ([2.3.2)) hold for a® and all large enough e as desired. O

4. Intermezzo: Néron desingularization

We interrupt the attack on the general case of Popescu’s theorem to an easier but
already very interesting case, namely, when R — A is a homomorphism of discrete
valuation rings. This is discussed in [Art69, Section 4].

Situation|/4.1. Here R C A is an extension of discrete valuation rings with ramifi-
cation index 1 (More on Algebra, Definition [99.1)). We assume given a factorization

R—ASA
with R — A flat and of finite type. Let q = Ker(¢) and p = ¢~ (my).

In Situation L1l let @ € R be a uniformizer. Recall that flatness of A over R
signifies that 7 is a nonzerodivisor on A (More on Algebra, Lemma . By our
assumption on R C A we see that m maps to a uniformizer of A. Since 7 € p we
can consider Néron’s affine blowup algebra (see Algebra, Section

oA =AE] — A

which comes endowed with an induced map to A sending a/7"™, a € p™ to 7~ "¢(a)
in A. We will denote ¢’ C p’ C A’ the corresponding prime ideals of A’. Observe
that the isomorphism class of A’ does not depend on our choice of uniformizer.
Repeating the construction we obtain a sequence

A—-A A" ... 5 A

Lemmal 4.2. In Situation Néron’s blowup is functorial in the following sense
(1) ifa € A, a &p, then Néron’s blowup of A, is A.,, and
(2) if B — A is a surjection of flat finite type R-algebras with kernel I, then
A’ is the quotient of B'/IB’ by its w-power torsion.

Proof. Both (1) and (2) are special cases of Algebra, Lemma In fact, when-
ever we have A7 — Ay — A such that p; Ay = po, we have that A} is the quotient
of A} ®4, As by its m-power torsion. O

Lemma/4.3. In Situation assume that R — A is smooth at p and that R/mR C
A/mA is a separable field extension. Then R — A’ is smooth at p’ and there is a
short exact sequence

QA/R XA A;J/ — QA’/R,p’ — (A//’]TA/)?/C —0
where ¢ = dim((A/7A),).
Proof. By Lemma [£.2] we may replace A by a localization at an element not in p;
we will use this without further mention. Write x = R/mR. Since smoothness is

stable under base change (Algebra, Lemma [135.4)) we see that A/mA is smooth over
x at p. Hence (A/mA), is a regular local ring (Algebra, Lemma [138.3). Choose

g1,---,9c € p which map to a regular system of parameters in (A/7A),. Then we
see that p = (7, ¢91,...,9.) after possibly replacing A by a localization. Note that
7,91, -, g is aregular sequence in A, (first 7 is a nonzerodivisor and then Algebra,

Lemma [105.3| for the rest of the sequence). After replacing A by a localization we
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may assume that 7, g1, ..., gc is a regular sequence in A (Algebra, Lemma [67.6)). It
follows that

A" = Alyr, -yl /(Tyr — g1y -+ - TYe — Ge)
by More on Algebra, Lemma The exact sequence of Algebra, Lemma
for the surjection Aly,...,y.] = A’ produces an exact sequence

(AN¥¢ — Qures A ® @

where the ithe basis element in the first module is mapped to —dg; + wdy; in the
second. To finish the proof it therefore suffices to show that dgi,...,dg. forms
part of a basis for 2,4/ ,. Since Q4/p, is a finite free A,-module (part of the
definition of smoothness) it suffices to show that the images of dg; are x(p)-linearly
independent in Qu/p /T = Qa/ra)/xp (equality by Algebra, Lemma .
Since k C k(p) C A/mA we see that x(p) is separable over x (Algebra, Definition
[41.1)). The desired linear independence now follows from Algebra, Lemma[138.4 [

Lemmal 4.4. In Situation assume that R — A is smooth at q and that we
have a surjection of R-algebras B — A with kernel I. Assume R — B smooth at
pp = (B — A)~p. If the cokernel of

]'/I2 ®AA—)QB/R®BA

A/dyl — QA//R —0

i=1,...,c

is a free A-module, then R — A is smooth at p.

Proof. The cokernel of the map I/I% — Qp/r®p Ais Qa/R, see Algebra, Lemma
Let d = dimg(A/R) be the relative dimension of R — A at g, i.e., the
dimension of Spec(A[1/7]) at q. See Algebra, Definition [124.1] Then Q4 g q is free
over Aq of rank d (Algebra, Lemma [138.3). Thus if the hypothesis of the lemma
holds, then Q4,r®4 A is free of rank d. It follows that 24,z ® 4 £(p) has dimension
d (as it is true upon tensoring with A/mA). Since R — A is flat and since p is a
specialization of q, we see that dimy(A/R) > d by Algebra, Lemma [124.6] Then it
follows that R — A is smooth at p by Algebra, Lemmas [135.16] and [138.3] O

Lemmal4.5. In Situation assume that R — A is smooth at q and that R/mR C
A/mA is a separable extension of fields. Then after a finite number of affine Néron
blowups the algebra A becomes smooth over R at p.

Proof. We choose an R-algebra B and a surjection B — A. Set pp = (B —
A)~Y(p) and denote r the relative dimension of R — B at pg. We choose B such
that R — B is smooth at pg. For example we can take B to be a polynomial
algebra in r variables over R. Consider the complex

I/I2 ®AA—>QB/R®BA

of Lemma By the structure of finite modules over A (More on Algebra, Lemma
110.9)) we see that the cokernel looks like

®d €q
AMefD,, | AmA

for some d > 0, n > 0, and e; > 1. Observe that d is the relative dimension of A/R
at q (Algebra, Lemma [138.3). If the defect e = >°,_;  e; is zero, then we are
done by Lemma[4:4]

Next, we consider what happens when we perform the Néron blowup. Recall that
A’ is the quotient of B'/IB’ by its m-power torsion (Lemma[f.2) and that R — B’


https://stacks.math.columbia.edu/tag/0BJ5
https://stacks.math.columbia.edu/tag/0BJ6

SMOOTHING RING MAPS 12

is smooth at pp (Lemma4.3). Thus after blowup we have exactly the same setup.
Picture

0 r B’ A 0
0 I B A 0

Since I C pp, we see that I — I’ factors through wI’. Hence if we look at the
induced map of complexes we get

I'/(I'? @4 A ——=Qp/ g @p A =——=M"
I/I2®AA%QB/R®BA:M

Let ¢ = dim((B/7B)y,). Observe that M C M’ are free A-modules of rank 7. The
quotient M’ /M has length at most ¢ by Lemma[4.3] Let N C M and N’ C M’ be
the images of the horizontal maps. Then N C N’ are free A-modules of rank r — d.
Since I maps into w1’ we see that N C wN’. Hence N’/N has length at least r — d.
We conclude by a simple lemma with modules over discrete valuation rings that e
decreases by at least r — d — ¢ (we will see below this quantity is > 0).

Since B is smooth over R of relative dimension r at pgp we see that r = ¢ +
trdeg,.(k(pp)) by Algebra, Lemma Let J = Ker(A — A,) so that A/J is
a domain with Ay = (A/J)q. It follows that A, = (A/J), for some g € A, g € q
and hence dimq((A/J)/R) is d as this is true for A. By the same lemma as before
applied twice, the fraction field of A/J has transcendence degree d over the field
R[1/7]. Applying the dimension formula (Algebra, Lemma[l12.1) to R — A/J we
find
1 <dim((A/J)p) <1+4d—trdeg,(k(p)) =14+d—1r+c

First inequality as (A/J), has at least two primes. Equality as x(p) = x(pg). Thus
we see that r —d — ¢ > 0 and zero if and only if r =d + c.

To finish the proof we have to show that N’ is strictly bigger than 7—'N; this is
the key computation one has to do in Néron’s argument. To do this, we consider
the exact sequence

I/T? ®p k(pp) = Qp/r @5 K(PB) = Qa/r ®a K(p) = 0

(follows from Algebra, Lemma [130.9). Since we may assume that R — A is not
smooth at p we see that the dimension s of 24,z ®4 #(p) is bigger than d. On the
other hand the first arrow factors through the injective map

pB,/p*By — Qp/r @5 K(pB)

of Algebra, Lemma note that x(p) is separable over k by our assumption on
R/mR C A/wA. Hence we conclude that we can find generators g1, ..., g, € I such
that g; € p? for j > r — s. Then the images of g; in A" are in 721’ for j > r — s.
Since r—s < r—d we find that at least one of the minimal generators of N becomes
divisible by 72 in N’. Thus we see that e decreases by at least 1 and we win. O

If R — A is an extension of discrete valuation rings, then R — A is regular if and
only if (a) the ramification index is 1, (b) the extension of fraction fields is separable,
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and (¢) R/mpr C A/my is separable. Thus the following result is a special case of
general Néron desingularization in Theorem [121]

Lemmal4.6. Let R C A be an extension of discrete valuation rings which has ram-
ification inder 1 and induces a separable extension of residue fields and of fraction
fields. Then A is a filtered colimit of smooth R-algebras.

Proof. By Algebra, Lemma it suffices to show that any R — A — A as in
Situation can be factored as A — B — A with B a smooth R-algebra. After
replacing A by its image in A we may assume that A is a domain whose fraction
field K is a subfield of the fraction field of A. In particular, A is separable over
the fraction field of R by our assumptions. Then R — A is smooth at ¢ = (0) by
Algebra, Lemma After a finite number of Néron blowups, we may assume
R — A is smooth at p, see Lemma[4.5] Then, after replacing A by a localization at
an element a € A, a ¢ p it becomes smooth over R and the lemma is proved. [

5. The lifting problem

The goal in this section is to prove (Proposition that the collection of algebras
which are filtered colimits of smooth algebras is closed under infinitesimal flat de-
formations. The proof is elementary and only uses the results on presentations of
smooth algebras from Section

Lemma 5.1. Let R — A be a ring map. Let I C R be an ideal. Assume that
(1) I? =0, and
(2) A/IA is a filtered colimit of smooth R/I-algebras.

Let ¢ : A — A be an R-algebra map with A of finite presentation over R. Then
there exists a factorization
A— B/J— A

where B is a smooth R-algebra and J C IB is a finitely generated ideal.

Proof. Choose a factorization
A/IA — B — AJIA

with B standard smooth over R/I; this is possible by assumption and Lemma
Write -

B=A/IAlty,...,t.]/(G1,---,3s)
and say B — A/TA maps t; to the class of \; modulo TA. Choose ¢g1,...,9s €
Altq, ..., t;] lifting g1,...,gs. Write ©(g;)(A1,..., A\r) = D €45 for some ¢;; € T
and p;; € A. Define

A= Altr, oty 805]/ (90 = Y €3j0i5)
and consider the map
A'— A, ar— p(a), ti— N, Gij — pij
We have -
A//IA/ = A/IA[tla s 7tT]/(g17 s 7.@8)[67/]] = B[él]]
This is a standard smooth algebra over R/I as ]:Ei is standard smooth. Choose a
presentation A'/TA" = R/I[z1,...,z,]/(f1,..., fe) with det(0f;/0xi)i j=1,. . in-
vertible in A’/TA’. Choose lifts fi,..., fc € R[x1,...,2,] of f1,..., fe. Then

B = R[xlv ceoy Ty In+1]/(f1a LR fca Tn+41 det(afj/axi)i,jzl,...,c - 1)
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is smooth over R. Since smooth ring maps are formally smooth (Algebra, Proposi-
tion there exists an R-algebra map B — A’ which is an isomorphism modulo
I. Then B — A’ is surjective by Nakayama’s lemma (Algebra, Lemma. Thus
A’ = B/J with J C IB finitely generated (see Algebra, Lemma [6.3)). O

Lemma 5.2. Let R — A be a ring map. Let I C R be an ideal. Assume that

(1) =0,

(2) A/IA is a filtered colimit of smooth R/I-algebras, and

(3) R— A is flat.
Let ¢ : B — A be an R-algebra map with B smooth over R. Let J C IB be a
finitely generated ideal such that p(J) = 0. Then there exists R-algebra maps

BB LA
such that B’ is smooth over R, such that a(J) = 0 and such that Soa = ¢ mod TA.
Proof. If we can prove the lemma in case J = (h), then we can prove the lemma
by induction on the number of generators of J. Namely, suppose that J can be
generated by n elements hq,...,h, and the lemma holds for all cases where J is
generated by n—1 elements. Then we apply the case n = 1 to produce B —+ B’ — A
where the first map kills of h,,. Then we let J’ be the ideal of B’ generated by the

images of hi,...,h,_1 and we apply the case for n — 1 to produce B’ — B"” — A.
It is easy to verify that B — B — A does the job.

Assume J = (h) and write h = > ¢;b; for some ¢; € I and b; € B. Note that
0 = ¢(h) = > ep(b;). As A is flat over R, the equational criterion for flatness
(Algebra, Lemma implies that we can find A\; € A, j=1,...,mand a;; € R
such that p(b;) = Zj a;j\; and ), €;a;; = 0. Set

C= B[!E1, v ,LITm]/(bz - Zaijxj)
with C' — A given by ¢ and z; — A;. Choose a factorization
C—B')J] —A

as in Lemma Since B is smooth over R we can lift the map B — C — B’/J’
to a map ¢ : B — B’. We claim that ¢(h) = 0. Namely, the fact that ¢ agrees
with B — C — B’/J’ mod I implies that

Y(bi) = Z a;;€5 + 0;

for some &; € B’ and 6; € IB’. Hence we see that

Y(h) = w(z €ibi) = Zeiaijfj + Z €0; =0
because of the relations above and the fact that 12 = 0. O

Proposition 5.3. Let R — A be a ring map. Let I C R be an ideal. Assume that

(1) I is nilpotent,
(2) A/IA is a filtered colimit of smooth R/I-algebras, and
(3) R— A is flat.

Then A is a filtered colimit of smooth R-algebras.
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Proof. Since I™ = 0 for some n, it follows by induction on n that it suffices to
consider the case where I? = 0. Let ¢ : A — A be an R-algebra map with A of
finite presentation over R. We have to find a factorization A — B — A with B
smooth over R, see Algebra, Lemma [126.40 By Lemma we may assume that
A = B/J with B smooth over R and J C IB a finitely generated ideal. By Lemma
we can find a (possibly noncommutative) diagram

B - B’
X %
A
of R-algebras which commutes modulo I and such that a(J) = 0. The map

D:B—1IA, b— go(b) — B(a(b))

is a derivation over R hence we can write it as D = { odp g for some B-linear
map § : Qg — IA. Since Qp/p is a finite prOJectlve B-module we can write
§ =21 n€E for some ¢; € I and B-linear maps Z; : Qp/g — A. (Details

omitted. Hlnt write Qp/r as a direct sum of a finite free module to reduce to the
finite free case.) We define

B" = Symyp, <@i:1 ..... n QB/R @B, Bl)
and we define 5’ : B” — A by 8 on B’ and by

ﬁ/|ith summand Qp/r®B,o B’ = = ® ﬁ
and o/ : B — B” by
(b)@zfidB/R(b)®l€B0@...

At this point the diagram
B

BII
X %
A

does commute. Moreover, it is direct from the definitions that o/(J) = 0 as I? = 0.
Hence the desired factorization. (]

6. The lifting lemma

Here is a fiendishly clever lemma.

Lemmal 6.1. Let R be a Noetherian ring. Let A be an R-algebra. Let m € R and
assume that Anng(m) = Anng(7®) and Anny(m) = Anny(7?). Suppose we have
R-algebra maps R/m?R — C — A/7%A with C of finite presentation. Then there
exists an R-algebra homomorphism D — A and a commutative diagram

R/mR C A/m2A
]
R/mR— D/mD —> A/mA

with the following properties
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(a) D is of finite presentation,

(b) R — D is smooth at any prime q with 7 & q,

(c) R — D is smooth at any prime q with ™ € q lying over a prime of C where
R/m*R — C is smooth, and

(d) C/aC — D/nD is smooth at any prime lying over a prime of C where
R/7?R — C is smooth.

Proof. We choose a presentation

C=Rlzy,...,zn]/(f15--- )

We also denote I = (fi,..., fm) and I the image of I in R/m?R[z1,...,x,]. Since
R is Noetherian, so is C. Hence the smooth locus of R/72R — C is quasi-compact,
see Topology, Lemma Applying Lemma [2.2] we may choose a finite list of
elements a1,...,a, € R[x1,...,x,] such that

(1) the union of the open subspaces Spec(C,,) C Spec(C) cover the smooth
locus of R/m?R — C, and
(2) for each k =1,...,r there exists a finite subset Ej C {1,...,m} such that
(I/1?%),, is freely generated by the classes of f;, j € Ej.
Set I, = (f;,7 € Ex) C I and denote I, the image of Iy in R/m?R[z1,...,x,]. By
(2) and Nakayama’s lemma we see that (I/I})q, is annihilated by 1 + b} for some
b}, € I,,. Suppose b}, is the image of by /(ax) for some by € I and some integer N.
After replacing ap by arbi we get
) I)ar = (Day-
Thus, after possibly replacing ax by a high power, we may write

(4) arfe=2>jcn, hi,efj + 72
for any ¢ € {1,...,m} and some hie,gi,e € Rlz1,...,z,]. If £ € Ej we choose
th = axdr,; (Kronecker delta) and g = 0. Set
D =R[z1,...,%Tn, 21, 2m]/ (i — T2}, Dk.0)-
Here j € {1,...,m}, ke {l,...,r}, L€ {l,...,m}, and

_ _ i,
Dkt = Qr2p ZjeEk Py 0% — TGk0-
Note that for £ € Ej we have pi ¢ = 0 by our choices above.

The map R — D is the given one. Say C' — A/m?A maps x; to the class of \;
modulo 72. For an element f € R[zi,...,7,] we denote f(\) € A the result of
substituting \; for z;. Then we know that f;(\) = 72u; for some p; € A. Define
D — A by the rules 2; — X; and z; — wp;. This is well defined because

Pr = ar(A)Tpe — ZjEEk
= (@ =Y, ks = g9reV)

Substituting x; = A; in (4) above we see that the expression inside the brackets
is annihilated by 72, hence it is annihilated by 7 as we have assumed Anny (1) =
Anny (72). The map C — D/nD is determined by z; — z; (clearly well defined).
Thus we are done if we can prove (b), (¢), and (d).

hl, (N7 — mgr.e(N)
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Using (4) we obtain the following key equality

2 : J 2
TPke = TAEZy ) why, ,z; T Gk
p o k070 g

= —ap(fo—mz) Fanfor Y W(fi =) = )
—ae(fe=ma) £ 3y, Mhell = 75)

J 2
iem, Thefi =T gne

The end result is an element of the ideal generated by f; — mz;. In particular, we
see that D[1/7] is isomorphic to R[1/7][z1, ..., Zn, 21, ..., 2m]/(f; — m2z;) which is
isomorphic to R[1/7|[z1,...,x,] hence smooth over R. This proves (b).

For fixed k € {1,...,7} consider the ring
Dk - R[fEl, vy Ty 21, - 7zm}/(fj - 7TZj,j € Ekvpk,f)

The number of equations is m = |Ey| + (m — |Ex|) as pg ¢ is zero if £ € Ej. Also,
note that

(Dk/ﬂ—Dk)ak = R/’/TR[xla sy Ty l/akazla .. 7Zm}/(fja‘7 € Ekapk,i)
= (C/nC)a,[21,- - 2m])/ (arze — Z
= (O/Wé)ak[Zj,j S Ek}

Jo
JeEy hk,ezj)

In particular (Dy/7Dg)qa, is smooth over (C/7C),,. By our choice of aj we have
that (C/mC),, is smooth over R/mR of relative dimension n — | Ej|, see (2). Hence
for a prime q; C Dy, containing 7 and lying over Spec(C,, ) the fibre ring of R — Dj,
is smooth at q; of dimension n. Thus R — Dy, is syntomic at qj by our count of the
number of equations above, see Algebra, Lemma Hence R — Dy, is smooth

at qi, see Algebra, Lemma [135.16

To finish the proof, let ¢ C D be a prime containing 7 lying over a prime where
R/m®R — C is smooth. Then ay ¢ q for some k by (1). We will show that the
surjection Dy — D induces an isomorphism on local rings at q. Since we know that
the ring maps C_’/WC_' — Dy /nDy and R — Dy, are smooth at the corresponding
prime gy by the preceding paragraph this will prove (c¢) and (d) and thus finish the
proof.

First, note that for any ¢ the equation mpy ¢ = —ax(fe—720) + 3 cp, hi,e(fj —Tzj)
proved above shows that fy—7z, maps to zero in (Dy),, and in particular in (Dy)q, -
The relations (4) imply that axfr = Y hi:,zfj in I/I%. Since (I1./1?)a, is free
on f;, j € B} we see that

JEE

J J J
ap by, , — E hy, hy .
k' e JEBy k0" 5

is zero in C,,, for every k,k’,¢ and j € Ej. Hence we can find a large integer N

such that
N J i3
a ap b g hy, ol .
k < k' 0 JEE k'l k,]’)
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is in Iy + m?R[z1,...,2,]. Computing modulo 7 we have
j/
akPr’ ¢ — Q' Pre + E P 4Pk,
v . . . .
= —an ) Wz taw YRzt ) W garzy =YY W iz
, L
_ j Y ,
=2 <a’f’hk,£ -2 hk/,zhk,j’) &

with Einstein summation convention. Combining with the above we see afcv +1pk1)g
is contained in the ideal generated by I, and « in R[z1,...,Zp, 21,...,2m]. Thus
Piks,e maps into m(Dy)g, . On the other hand, the equation

k0 = —ag (fo — m20) + Zj hf]i/’z(fj/ — mzjr)

<O

shows that mpy ¢ is zero in (Dg),,. Since we have assumed that Anng(m) =
Anng(7?) and since (Dy)q, is smooth hence flat over R we see that Amnp,), (7) =

Annp,),, (m2). We conclude that pis ¢ maps to zero as well, hence Dy = (Dy)q,
and we win. 0

7. The desingularization lemma
Here is another fiendishly clever lemma.

Lemmal 7.1. Let R be a Noetherian ring. Let A be an R-algebra. Let m € R and
assume that Annp(m) = Anna(n?). Let A — A be an R-algebra map with A of
finite presentation. Assume

(1) the image of 7 is strictly standard in A over R, and
(2) there exists a section p : A/7*A — R/m*R which is compatible with the
map to A/T*A.

Then we can find R-algebra maps A — B — A with B of finite presentation such
that aB C Hp g where a = Anng(Anng(7?)/Anng(r)).

Proof. Choose a presentation

A=Rlx1,...,zn]/(f1,- s fm)
and 0 < ¢ < min(n,m) such that holds for m and such that
(7.1.1) Tfesj € (froeo s o)+ (froeo s fm)?

for j =1,...,m—c. Say p maps x; to the class of r; € R. Then we can replace x; by
z; — ;. Hence we may assume p(z;) = 0 in R/7*R. This implies that f;(0) € m*R
and that A — A maps x; to 7\, for some \; € A. Write

fj = fj (O) + Zi:l o riiT; + h.o.t.

This implies that the constant term of df;/0x; is r;;. Apply p to (2.3.3) for 7 and
we see that

.....

for some r; € R. Thus we have

um = rydet(rj;);= ;
I X L (T P
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for some u € 1+ 73 R. By Algebra, Lemma this implies there exists a n x ¢
matrix (s;;) such that

umdjp = Zi: | TiSik forall j,k=1,...,c

(Kronecker delta). We introduce auxiliary variables vq,...,v., w1,...,w, and we
set

hi:(Ei—’sz E i SijUj—’7T3w7;
J=1,...c

In the following we will use that

Rz, ... Zp, 01,y Ve Wi,y Wr|/ (B, hy) = Rv1, ..., 0, w1, . .., Wy
without further mention. In R[xi,...,Zn,v1,...,0c,w1,...,wy]/(h1,..., hy) we
have

szfj(xl—hl,...,l‘n—hn)
c n n
_ .2 ( ) 3 4
=7 E E TiiSik | Uk + T E riw; mod T
k=1 i1 JI71k ) TR i=1 7"
- n
:7‘(31)]' + 73 E Ly i mod 7

for 1 < j < c¢. Hence we can choose elements g; € R[vi,...,0q,W1,..., W)
such that g; = v; + > 7;;w; mod 7w and such that f; = 7r39j in the R-algebra
Ry, .. Zp, U1,y Ve Wy ey wy]/ (R, .o hy). We set

B:R[xlw"7x’n7v17--~71)07w1a"'7wn]/(f17"'7fmah1a"-7hn7gl7"'7gc>-

The map A — B is clear. We define B — A by mapping x; — 7%\, v; — 0, and
w; — wA;. Then it is clear that the elements f; and h; are mapped to zero in A.
Moreover, it is clear that g; is mapped to an element ¢ of wA such that w3t = 0
(as f; = m3g; modulo the ideal generated by the h’s). Hence our assumption that
Annp (1) = Anny(7?) implies that ¢ = 0. Thus we are done if we can prove the
statement about smoothness.

Note that B, = A;[v1,...,v.] because the equations g; = 0 are implied by f; = 0.
Hence Bj is smooth over R as A, is smooth over R by the assumption that 7 is
strictly standard in A over R, see Lemma [2.5

Set B’ = R[v1, ..., Ve, W1, ..., Wn]/(g1;---,9c)- As g; = v; + > rj;w; mod m we see
that B'/nB’ = R/mR[wy,...,wy,]. Hence R — B’ is smooth of relative dimension
n at every point of V(m) by Algebra, Lemmas [134.11] and [135.16| (the first lemma
shows it is syntomic at those primes, in particular flat, whereupon the second lemma
shows it is smooth).

Let g C B be a prime with 7 € q and for some r € a, r € q. Denote ¢’ = B'Ng. We
claim the surjection B’ — B induces an isomorphism of local rings (B’)q — By.
This will conclude the proof of the lemma. Note that B, is the quotient of (B')y
by the ideal generated by f.ij, j = 1,...,m —c. We observe two things: first
the image of f.+; in (B')q is divisible by 72 and second the image of 7 f.;; in
(B')q can be written as > b, j, fetj, fetso Dy (7.1.1). Thus we see that the image
of each 7 f.;; is contained in the ideal generated by the elements 7% f., . Hence
Tfet; = 0in (B')4 as this is a Noetherian local ring, see Algebra, Lemma As
R — (B')y is flat we see that
(Anng(n?)/Anng(m)) @ (B')q = Ann g (ﬁz)/Ann(B/)q,(ﬂ')

q’
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Because r € a is invertible in (B’)q we see that this module is zero. Hence we see
that the image of f.y; is zero in (B’)y as desired. O

Lemmal 7.2. Let R be a Noetherian ring. Let A be an R-algebra. Let m € R and
assume that Anngp(m) = Anng(n?) and Annp(r) = Annp(n?). Let A — A and
D — A be R-algebra maps with A and D of finite presentation. Assume

(1) 7 is strictly standard in A over R, and
(2) there exists an R-algebra map A/m*A — D/7*D compatible with the maps
to A/m*A.
Then we can find an R-algebra map B — A with B of finite presentation and
R-algebra maps A — B and D — B compatible with the maps to A such that
HD/RB - HB/D and HD/RB C HB/R-

Proof. We apply Lemma [7.1] to
D—A®rD— A

and the image of 7 in D. By Lemma we see that 7 is strictly standard in
A®p D over D. As our section p : (A ®p D)/7n*(A ®r D) — D/m*D we take
the map induced by the map in (2). Thus Lemma applies and we obtain a
factorization A ® g D — B — A with B of finite presentation and aB C Hp/p
where

a = Annp(Annp(7?)/Annp(r)).

For any prime q of D such that D is flat over R we have Annp,_ (72)/Annp, (7) =0
because annihilators of elements commutes with flat base change and we assumed
Anng(m) = Anng(7?). Because D is Noetherian we see that Annp(72)/Annp ()
is a finite D-module, hence formation of its annihilator commutes with localization.
Thus we see that a ¢ q. Hence we see that D — B is smooth at any prime of B
lying over g. Since any prime of D where R — D is smooth is one where Dy is flat
over R we conclude that Hp,rB C Hp,p. The final inclusion Hp,rB C Hp/p
follows because compositions of smooth ring maps are smooth (Algebra, Lemma

[35.11). 0

Lemma 7.3. Let R be a Noetherian ring. Let A be an R-algebra. Let m € R and
assume that Anng(r) = Anng(m?) and Annp(m) = Anna(n?). Let A — A be an
R-algebra map with A of finite presentation and assume 7 is strictly standard in A
over R. Let

A/mPA — C — A/mBA
be a factorization with C of finite presentation. Then we can find a factorization
A — B — A with B of finite presentation such that R, — By is smooth and such

that
Hejr/nemy - A7 € \[HppA mod 784,

Proof. Apply Lemma to get R — D — A with a factorization C/7*C —
D/m*D — A/7*A such that R — D is smooth at any prime not containing 7 and
at any prime lying over a prime of C/7*C where R/7®R — C is smooth. By Lemma
[72] we can find a finitely presented R-algebra B and factorizations A — B — A
and D — B — A such that Hp rB C Hp,r. We omit the verification that this is
a solution to the problem posed by the lemma. [
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8. Warmup: reduction to a base field

In this section we apply the lemmas in the previous sections to prove that it suffices
to prove the main result when the base ring is a field, see Lemma [8.4

Situation| 8.1. Here R — A is a regular ring map of Noetherian rings.

Let R — A be as in Situation B} We say PT holds for R — A if A is a filtered
colimit of smooth R-algebras.

Lemmal 8.2. Let R; — A;, i = 1,2 be as in Situation . If PT holds for
Ri — Ai; = 172, then PT holds fOT R1 X RQ — Al X AQ.

Proof. Omitted. Hint: A product of colimits is a colimit. O

Lemma 8.3. Let R — A — A be ring maps with A of finite presentation over R.
Let S C R be a multiplicative set. Let ST'A — B’ — S™'A be a factorization with
B’ smooth over ST'R. Then we can find a factorization A — B — A such that
some s € S maps to an elementary standard element in B over R.

Proof. We first apply Lemma to ST'R — B’. Thus we may assume B’ is
standard smooth over S~'R. Write A = R[x1,...,2,]/(g1,---,9¢) and say z; — \;
in A. We may write B’ = S 'R[z1,...,%pim]/(f1,. .., fe) for some ¢ > n where
det(0f;/0x;)i j=1,..c is invertible in B" and such that A — B’ is given by x; — x;,
see Lemma[3.6] After multiplying x;, ¢ > n by an element of S and correspondingly
modifying the equations f; we may assume B’ — S™!A maps z; to A;/1 for some
X; € A for ¢ > n. Choose a relation

1= ap det(afj/axi)iyjzl ,,,,, c+ Zj:l . ajfj

for some a; € ST'R[z1,...,2ptm]. Since each element of S is invertible in B’ we
may (by clearing denominators) assume that f;,a; € R[z1,...,Zynqm] and that

s0 = ao det(0f;/0xi)i j=1,...c + Z]‘:l . a;fj

for some sy € S. Since g; maps to zero in ST R[z1,...,Tnim]/(f1,...,Tc) We can
find elements s; € S such that s;g; = 0 in R[z1,...,Zntm]/(f1,.-., fc). Since f;
maps to zero in ST'A we can find s} € S such that s} f;(A1,..., Auym) = 0 in A.
Consider the ring

B=R[z1,. . s Tpim]/(S1f1, -y Sefers g1y -5 Gt)

and the factorization A - B — A with B — A given by z; — A;. We claim that
S = 8081 ...8¢8) ...8. is elementary standard in B over R which finishes the proof.
Namely, s;g; € (f1,..., fc) and hence sg; € (s} f1,...,s.f.). Finally, we have

ao det(3$;fj/3$i)i,j=1,...,c + ZFl

which divides s as desired. O

Lemma 8.4. If for every Situation where R is a field PT holds, then PT holds
i general.

Proof. Assume PT holds for any Situation [B.I] where R is a field. Let R — A be
as in Situation arbitrary. Note that R/I — A/IA is another regular ring map
of Noetherian rings, see More on Algebra, Lemma Consider the set of ideals

IZ={ICR|R/I— AJIA does not have PT}

(s’l...sA; ...8.)a;sfj = s08) ...,

.....
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We have to show that 7 is empty. If this set is nonempty, then it contains a maximal
element because R is Noetherian. Replacing R by R/I and A by A/I we obtain a
situation where PT holds for R/I — A/IA for any nonzero ideal of R. In particular,
we see by applying Proposition that R is a reduced ring.

Let A — A be an R-algebra homomorphism with A of finite presentation. We have
to find a factorization A — B — A with B smooth over R, see Algebra, Lemma
126.4)

Let S C R be the set of nonzerodivisors and consider the total ring of fractions
Q = S7'R of R. We know that Q = K x...x K, is a product of fields, see Algebra,
Lemmas and By Lemma [8.2] and our assumption PT holds for the ring
map S™'R — S~'A. Hence we can find a factorization S™14 — B’ — S~!'A with
B’ smooth over S™'R.

We apply Lemma and find a factorization A — B — A such that some 7 € S is
elementary standard in B over R. After replacing A by B we may assume that 7 is
elementary standard, hence strictly standard in A. We know that R/78R — A/78A
satisfies PT. Hence we can find a factorization R/78R — A/m8A — C — A/7®A
with R/7®R — C smooth. By Lemma we can find an R-algebra map D — A
with D smooth over R and a factorization R/m*R — A/n*A — D/m*D — A/m*A.
By Lemma [7.2] we can find A — B — A with B smooth over R which finishes the
proof. ([

9. Local tricks

Situation| 9.1. We are given a Noetherian ring R and an R-algebra map A — A
and a prime q C A. We assume A is of finite presentation over R. In this situation

we denote ha = /H 4 rA.

Let R -+ A — A D q be as in Situation [0.]] We say R — A — A D q can be
resolved if there exists a factorization A — B — A with B of finite presentation
and h4 C hp ¢ q. In this case we will call the factorization A — B — A a resolution
of R-A—ADaq.

Lemma 9.2. Let R - A — A D q be as in Situation . Let r > 1 and
T, ..., T € R map to elements of q. Assume

(1) fori=1,...,r we have

Anng(es, x5 r(T) = Anngyas s R(T7)

and
Anny s, x5 a(mi) = Anng yes s A (TF)
(2) fori=1,...,r the element m; maps to a strictly standard element in A
over R.
Then, if

R/(n¥,.. ., TR — A/(7},...,7)A = A/(rS, ..., mHA D q/(7%,..., THA

sy y y

can be resolved, so can R — A — A D q.


https://stacks.math.columbia.edu/tag/07F7
https://stacks.math.columbia.edu/tag/07F8

SMOOTHING RING MAPS 23

Proof. We are going to prove this by induction on r.

The case r = 1. Here the assumption is that there exists a factorization A/7$ —
C — A/m§ which resolves the situation modulo 7$. Conditions (1) and (2) are the
assumptions needed to apply Lemma Thus we can “lift” the resolution C to a
resolution of R -+ A — A D q.

The case 7 > 1. In this case we apply the induction hypothesis for » — 1 to the
situation R/7§ — A/n% — A/7$ D q/7A. Note that property (2) is preserved by
Lemma 2.7 (I

07F9 Lemma 9.3. Let R — A — A D q be as in Situation . Letp=RNq. Assume [Swa98, Lemma
that q is minimal over h4 and that R, — Ay, — Aq D qAq can be resolved. Then 12.2] or [Pop85,
there exists a factorization A — C — A with C of finite presentation such that Lemma 2]
Heo/rA € g.

Proof. Let A, - C — A4 be a resolution of R, = A, — Aq D gA,. By our
assumption that q is minimal over b, this means that Ho/r,Aq = Aq. By Lemma
E we may assume that C' is smooth over R,. By Lemma we may assume
that C is standard smooth over R,. Write A = R[x1,...,2,]/(91,...,9¢) and say
A — A is given by x; — A;. Write C = Rp[x1,. .., Zptm])/(f1,. .., fc) for some
¢ > n such that A — C maps z; to z; and such that det(9f;/0x;); j=1,... . is invert-
ible in C, see Lemma After clearing denominators we may assume f1,..., f.
are elements of R[x1, ..., Znim]. Of course det(9f;/0x;); j=1,..c is not invertible in
Rlx1, ..., Zpn+m]/(f1,- .., f) but it becomes invertible after inverting some element
so € R, so € p. As g; maps to zero under R[zq,...,z,] - A — C we can find
sj € R, s; & p such that s;g; is zero in R[x1,...,Zntm]/(f1,..., fc). Write f; =
Fj(x1,...,%n4m, 1) for some polynomial F; € R[z1,...,Tn, Xnt1, ..., Xntmy1] ho-
mogeneous in X, y1,..., Xy ymy1. Pick A € Ayi=1,...,m+1with A\yime1 € q
such that 2,4; maps to A\p1i/Aptm+1 in Ag. Then

)\n+1 )\ner

Fj(>\17"'7>\n+m+1) = ()\n+m+1)deg(Fj)Fj()\la~"a)"n7 yerey 71)
/\n+m+1 /\n+m+1
A’rL )\n m
- ()\n-i—m—&-l)deg(Fj)fj(Al,...7)\7“ +1 P * )
)\n+m+1 )\n+m+1

=0
in Agq. Thus we can find X\g € A, Ao & q such that A\gFj(A1,..., Ayms1) =0 in A.
Now we set B equal to
R[Qfo, .. ,$n+m+1]/(917 cs gty Z’OFl(.Tl, cee 7xn+m+1)7 .. 7xOFc($17 .. a-rn+7rL+1))
which we map to A by mapping z; to A;. Let b be the image of ZoZn4+m+15081 - - - St
in B. Then B, is isomorphic to
RSosl---St ['7;0’ L1y Tntm+1, 1/$0$n+7n+1]/(f1, sy fc)

which is smooth over R by construction. Since b does not map to an element of q,
we win. ([

07TFA Lemma 9.4. Let R — A — A D q be as in Situation . Let p = RNq. Assume

(1) q is minimal over b4,
(2) Ry = Ay = Aq D qAq can be resolved, and
(3) dim(Aq) =0.


https://stacks.math.columbia.edu/tag/07F9
https://stacks.math.columbia.edu/tag/07FA

07FB

07FC

07FD

SMOOTHING RING MAPS 24

Then R — A — A D q can be resolved.

Proof. By (3) the ring A is Artinian local hence qA, is nilpotent. Thus (h4)V A4 =
0 for some N > 0. Thus there exists a A € A, A € q such that A(h4)" = 0 in A.
Say Ha/r = (a1,...,a,) so that Aa) = 0 in A. By Lemma we can find a
factorization A — C' — A with C of finite presentation such that ho ¢ q. Write
C = A[.Tl,...,{En]/(fl,...,fm). Set

B=Alz1,...,Tn, Y1, Yr: 2, tiz] [ (f5 — Zyitij,zyi)

where ¢;; is a set of rm variables. Note that there is a map B — Cly;, z]/(y:z)
given by setting ¢;; equal to zero. The map B — A is the composition B —
Clyi, 2]/ (yiz) — A where Cly;, z]/(y;z) — A is the given map C' — A, maps z to A,
and maps y; to the image of a? in A.

We claim that B is a solution for R - A — A D q. First note that B, is iso-
morphic to C[yi,...,¥r, 2,2 '] and hence is smooth. On the other hand, B, =
Alzi, i, y[l, tij,% # ] which is smooth over A. Thus we see that z and a,y, (com-
positions of smooth maps are smooth) are all elements of Hg,r. This proves the
lemma. (]

10. Separable residue fields

In this section we explain how to solve a local problem in the case of a separable
residue field extension.

Lemma 10.1 (Ogoma). Let A be a Noetherian ring and let M be a finite A-
module. Let S C A be a multiplicative set. If 1 € A and Ker(r : S™IM —
STIM) = Ker(n? : ST*M — S='M) then there exists an s € S such that for any
n > 0 we have Ker(s"m: M — M) = Ker((s"7)? : M — M).

Proof. Let K = Ker(m: M — M) and K' = {m € M | 7®>m = 0 in S™'M} and
Q = K'/K. Note that S~1Q = 0 by assumption. Since A is Noetherian we see
that @ is a finite A-module. Hence we can find an s € S such that s annihilates Q.
Then s works. U

Lemmal 10.2. Let A be a Noetherian ring. Let I C A be an ideal. Let I C q be
a prime. Let n,e be positive integers Assume that q"Aqy C IAg and that Ay is a

reqular local ring of dimension d. Then there exists an n > 0 and 71,...,mq € A
such that

(1) (71, ma)Aq = gy,

(2) nf,...,my €1, and

(3) fori=1,...,d we have
Anng (a,.me_ A (T0) = Anng g me (7).

Proof. Set S = A\ g so that Ay = S™'A. First pick 7y, ..., mg with (1) which is
possible as A is regular. By assumption 7' € IA,. Thus we can find s1,...,54 € S
such that s;77 € I. Replacing m; by s;m; we get (2). Note that (1) and (2) are
preserved by further multiplying by elements of S. Suppose that (3) holds for
i =1,...,t for some t € {0,...,d}. Note that my,...,74 is a regular sequence
in S7'A, see Algebra, Lemma In particular ={,...,7¢, 41 is a regular
sequence in ST'A = A, by Algebra, Lemmam Hence we see that

AnnS—lA/(ﬂf,...,ﬂfil)(7Ti) = Anns—lA/(wf,...,ﬂgﬂ)(W?)~
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Thus we get (3) for ¢ = t+1 after replacing 741 by smy11 for some s € S by Lemma
By induction on ¢ this produces a sequence satisfying (1), (2), and (3). O

Lemmal 10.3. Letk — A — A D q be as in Situation where
(1) k is a field,
(2) A is Noetherian,
(3) q is minimal over b4,
(4) Ay is a regular local ring, and
(5) the field extension k C k(q) is separable.

Then k — A — A D q can be resolved.

Proof. Set d = dimA,. Set R = k[zy,...,z4]. Choose n > 0 such that q"Aq C
haAq which is possible as q is minimal over §4. Choose generators aq,...,a, of
HA/R- Set

B = A[.’El, e 71@,2@']/(%? — Zzijaj)

Each B,; is smooth over R it is a polynomial algebra over Aaj [1,...,24] and Aa].
is smooth over k. Hence B,, is smooth over R. Let B — C' be the R-algebra map
constructed in Lemma which comes with a R-algebra retraction C' — B. In
particular a map C — A fitting into the diagram above. By construction Cj, is
a smooth R-algebra with QCm,»/R free. Hence we can find ¢ > 0 such that zf is
strictly standard in C'/R, see Lemma Now choose 71, ...,7q € A as in Lemma
[10.2 where n = n, e = 8¢, g = q and I = ha. Write 7" = 3_ Ajja; for some m;; € A.
There is a map B — A given by x; — m; and z;; — \;;. Set R = k[z1,...,z4].
Diagram
R——1B

I\

k——=A——>A

Now we apply Lemma [9.2) to R — C — A D q and the sequence of elements
x§,...,z5 of R. Assumption (2) is clear. Assumption (1) holds for R by inspection
and for A by our choice of 7y, ..., m4. (Note that if Ann(7) = Anny(7?), then we
have Anny (7) = Annp (7¢) for all ¢ > 0.) Thus it suffices to resolve

R/(af,... xq) = C/(af,...,xq) = A/(n], ..., mq) D a/(ni,. .., 7g)

for e = 8c. By Lemma it suffices to resolve this after localizing at q. But since
x1,...,Tq map to a regular sequence in Ay we see that R, — A4 is flat, see Algebra,
Lemma [127.21 Hence

Ry /(xf,...,xq) = Aq/(77,...,7G)

is a flat ring map of Artinian local rings. Moreover, this map induces a separable
field extension on residue fields by assumption. Thus this map is a filtered colimit
of smooth algebras by Algebra, Lemma and Proposition [5.3] Existence of
the desired solution follows from Algebra, Lemma [126.4] O

11. Inseparable residue fields

In this section we explain how to solve a local problem in the case of an inseparable
residue field extension.
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07FG |Lemma 11.1. Let k be a field of characteristic p > 0. Let (A, m, K) be an Artinian
local k-algebra. Assume that dim Hy(Lg /) < oo. Then A is a filtered colimit of
Artinian local k-algebras A with each map A — A flat, with ma A = m, and with A
essentially of finite type over k.

Proof. Note that the flatness of A — A implies that A — A is injective, so the
lemma really tells us that A is a directed union of these types of subrings A C A.
Let n be the minimal integer such that m” = 0. We will prove this lemma by
induction on n. The case n = 1 is clear as a field extension is a union of finitely
generated field extensions.

Pick A1,...,A¢ € m which generate m. As K is formally smooth over F, (see
Algebra, Lemma [152.7]) we can find a ring map o : K — A which is a section of the
quotient map A — K. In general ¢ is not a k-algebra map. Given o we define

U, : Kl[zy,...,xq] — A

using o on elements of K and mapping z; to A;. Claim: there exists a 0 : K — A
and a subfield £k C F' C K finitely generated over k such that the image of k in A
is contained in U, (F[z1,...,xq]).

We will prove the claim by induction on the least integer n such that m™ = 0. It is
clear forn = 1. If n > 1set I = m"~! and A’ = A/I. By induction we may assume
given ¢’ : K — A’ and k C F' C K finitely generated such that the image of k —
A — A’ is contained in A’ = U,/ (F'[z1,...,24]). Denote 7/ : k — A’ the induced
map. Choose a lift o : K — A of ¢’ (this is possible by the formal smoothness
of K/F, we mentioned above). For later reference we note that we can change o
to o + D for some derivation D : K — I. Set A = Flzy,...,zq]/(21,...,24)"
Then ¥, induces a ring map ¥, : A — A. The composition with the quotient
map A — A’ induces a surjective map A — A’ with nilpotent kernel. Choose a lift
T:k — A of 7 (possible as k/F), is formally smooth). Thus we obtain two maps
k — A, namely U, o7 : k — A and the given map i : K — A. These maps agree
modulo I, whence the difference is a derivation § =i — ¥, o7 : kK — I. Note that
if we change o into o + D then we change 6 into 6 — D|y.

Choose a set of elements {y;}jcs of k whose differentials dy; form a basis of /g, .
The Jacobi-Zariski sequence for F, C k C K is

0— Hl(LK/k) — Qk/Fp QK — QK/F,, — QK/k —0

As dim Hy (L) < oo we can find a finite subset Jy C .J such that the image of the
first map is contained in @jeJo Kdy;. Hence the elements dy;, j € J\ Jo map to
K-linearly independent elements of (/g . Therefore we can choose a D : K — [
such that § — D|; = £ o d where ¢ is a composition

U, =D, kdy; — D, kdy; — 1

Let f; = &(dy;) € I for j € Jy. Change o into o + D as above. Then we see
that 0(a) = >, a;f; for a € k where da = } a;dy; in Q4 /p,. Note that I is
generated by the monomials \¥ = X{* ... A5 of total degree |E| = > e; =n —1
in Ap,...,A\g. Write f; =Y, ¢; gAF with ¢j g € K. Replace F' by F = F'(c;j g).
Then the claim holds.

Choose ¢ and F' as in the claim. The kernel of ¥, is generated by finitely many
polynomials g1,...,9;: € K[x1,...,24] and we may assume their coefficients are in


https://stacks.math.columbia.edu/tag/07FG

07FH

07FI

SMOOTHING RING MAPS 27

F after enlarging F' by adjoining finitely many elements. In this case it is clear that
the map A = Flxy,...,24]/(01,---,9t) = K[z1,...,z4]/(91,.-.,9:) = Ais flat. By
the claim A is a k-subalgebra of A. It is clear that A is the filtered colimit of these
algebras, as K is the filtered union of the subfields F'. Finally, these algebras are
essentially of finite type over k£ by Algebra, Lemma [53.4] O

Lemmal 11.2. Let k be a field of characteristic p > 0. Let A be a Noetherian
geometrically regular k-algebra. Let ¢ C A be a prime ideal. Let n > 1 be an
integer and let E C Aq/q"Aq be a finite subset. Then we can find m > 0 and
0 klyi, ..., ym] = A with the following properties

(1) setting p = ¢~ (q) we have qAq = pAq and kly1, ..., ymlp — Aq is flat,

(2) there is a factorization by homomorphisms of local Artinian rings

Ky, - ymlp /P Y1, - ymlp = D — Aq/a"Aq

where the first arrow is essentially smooth and the second is flat,
(3) E is contained in D modulo q"Aq.

Proof. Set A = Aq/q"Ay. Note that dim Hy(Ly(q) /%) < oo by More on Algebra,
Proposition Pick A C A containing F such that A is local Artinian, essentially
of finite type over k, the map A — A is flat, and m 4 generates the maximal ideal of
A, see Lemma Denote F' = A/m4 the residue field so that k C F C K. Pick
Al,..., A € A which map to elements of A in A such that moreover the images
of dA1,...,d)\; form a basis of Qp/,. Consider the map ¢’ : kfy1,...,y] — A
sending y; to A;. Set p’ = (¢')7!(q). By More on Algebra, Lemma m the
ring map k[yi,...,ylpr — Aq is flat and Aq/p’Aq is regular. Thus we can choose
further elements A;i1,...,A\m € A which map into A C A and which map to
a regular system of parameters of Aq/p’Ay. We obtain ¢ : E[y1,...,um] = A
having property (1) such that k[y1, ..., Ymlp/P kY1, ., Ym]p — A factors through
A. Thus klyi, ..., Umlp/p"k[Y1, ..., ym]y — A is flat by Algebra, Lemma m
By construction the residue field extension x(p) C F is finitely generated and
Qp /) = 0. Hence it is finite separable by More on Algebra, Lem Thus
Elyi, .. Umlp/P" kY1, ..., Ymlp — A is finite by Algebra, Lemma Finally,
we conclude that it is étale by Algebra, Lemma Since an étale ring map is
certainly essentially smooth we win. O

Lemma 11.3. Let ¢ : kly1,...,ym] = A, n, q, p and

k[yla cee 7ym]p/pn - D — Aq/anq

be as in Lemma m Then for any A € A\ q there exists an integer ¢ > 0 and a
factorization

Elyi, - ymlp/p" = D — D" — Ag/q"Aq
such that D — D’ is an essentially smooth map of local Artinian rings, the last
arrow 1s flat, and \? is in D’.

Proof. Set A = Aq/q"Aq. Let A be the image of A in A. Let € x(q) be the image
of A in the residue field. Let k¥ C F' C x(q) be the residue field of D. If « is in
F then we can find an x € D such that 2\ = 1 mod q. Hence (zA)? = 1 mod (q)?
if ¢ is divisible by p. Hence A? is in D. If « is transcendental over F, then we
can take D’ = (D[\])m equal to the subring generated by D and A localized at
m = D[\ N gA. This works because D[)] is in fact a polynomial algebra over D
in this case. Finally, if A mod q is algebraic over F', then we can find a p-power ¢


https://stacks.math.columbia.edu/tag/07FH
https://stacks.math.columbia.edu/tag/07FI

07FJ

07FK
07FL
07FM
07FN
07FP

07FQ
07FR

07FS
07FT

07FU

07FV
07TFW

07FX

07FY

07FZ

SMOOTHING RING MAPS 28

such that a? is separable algebraic over F', see Fields, Section Note that D and
A are henselian local rings, see Algebra, Lemma Let D — D’ be a finite
étale extension whose residue field extension is F' C F(a?), see Algebra, Lemma
Since A is henselian and F'(a?) is contained in its residue field we can find a
factorization D’ — A. By the first part of the argument we see that A% € D’ for
some ¢’ > 0. O

Lemma 11.4. Letk— A— A D q be as in Situation where
(1) k is a field of characteristic p > 0,
(2) A is Noetherian and geometrically regular over k,
(3) q is minimal over hu.

Then k — A — A D q can be resolved.

Proof. The lemma is proven by the following steps in the given order. We will
justify each of these steps below.

(1) Pick an integer N > 0 such that ¢~ Aq C Ha /1A,
(2) Pick generators ay,...,a; € A of the ideal Hy,g.
(3) Set d = dim(Ay).
(4) Set B = Alz1, ..., x4, 2i] /(N = zi5a;).
(5) Consider B as a k[z1,...,z4]-algebra and let B — C be as in Lemma
We also obtain a section C' — B.
Choose ¢ > 0 such that each z§ is strictly standard in C over k[z1,...,z4].
Set n = N + dc and e = 8c.
Let E C Aq/q™ A4 be the images of generators of A as a k-algebra.
Choose an integer m and a k-algebra map ¢ : k[y1,...,ym] — A and a
factorization by local Artinian rings

Ky, - s ymlp /P kY1, - umlp = D — Aq/q" Ay

such that the first arrow is essentially smooth, the second is flat, F is
contained in D, with p = ¢~'(q) the map k[y1,...,Ymlp — Aq is flat, and

pAq = qlq.

(10) Choose 71,...,mq € p which map to a regular system of parameters of
Elyi, ... Ymlp-

(11) Let R=EK[y1,.--,Ym,t1,.-.,tm] and v; = mt;.

(12) If necessary modify the choice of m; such that for i =1,...,d we have

Anng e, ne r(Vi) = Anngsye 4o r(V])

(13) There exist d1,...,0q € A, ; € q and a factorization D — D" — Aq/q™"Aq
with D’ local Artinian, D — D’ essentially smooth, the map D" — A,/q™" A,
flat such that, with n} = §;m;, we have for i =1,...,d

(a) (m))*N =3>"ajN; in A where \;; mod q"Ay is an element of D',
(b) AHHA/(ﬂ./%,_“’ﬂ./fil)(’/T/i) = AnnA/(ﬂ./i,_“’ﬂ./fil)(ﬂ'/?),
(c) §; mod q"A4 is an element of D’.

(14) Define B — A by sending z; to 7 and z;; to A;; found above. Define
C — A by composing the map B — A with the retraction C' — B.

(15) Map R — A by pon k[y1, ..., ym] and by sending ¢; to §;. Further introduce
a map

k[xlv"'7xd] — R= k[yla"'aym7t17'~-atd}
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by sending z; to v; = m;t;.
(16) It suffices to resolve

R — C®k[$1,u.,zd} R—AD q

(17) Set I = (vf,...,75) C R.
(18) It suffices to resolve

R/I = C @play,....0q) B/T = A/TA D q/IA

(19) We denote t C R = k[y1,- -, Ym,t1,-.-,tq] the inverse image of q.
(20) It suffices to resolve

(R/I)e = C @pay,...wq] (R/T)e = Ng/INg D qAq/TA,

(21) Set J = (w§,...,75) in k[y1, ..., Ym)-
(22) It suffices to resolve

(R/JR)y = C @play,....cq) (R/TR)p — Ng/JNq D qlq/JAq

.....

(23) It suffices to resolve

(R/p"R)p = C @play..wa] (R/P"R)p = Aq/a"Ag D qAq/q"Aq
(24) It suffices to resolve

(R/p"R)p = B @kfoy,....0q) (R/P"R)p = Aq/q"Ng D qlq/q"Aq

(25) The ring D'[t1,...,tq] is given the structure of an R, /p™ R,-algebra by the
given map k[y1, ..., Ymlp/9" kY1, ..., Ymlp — D’ and by sending ¢; to ¢;. It
suffices to find a factorization

z4] (R/an)p — D/[tl, A ,td} — Aq/anq

,,,,,

where the second arrow sends t; to §; and induces the given homomorphism
D" — Ag/q"Ay.
(26) Such a factorization exists by our choice of D’ above.
We now give the justification for each of the steps, except that we skip justifying
the steps which just introduce notation.

Ad . This is possible as g is minimal over ha = /H 4/, A.

Ad @ Note that A, is smooth over k. Hence B, , which is isomorphic to a polyno-
mial algebra over A, [71, ..., 4], is smooth over k[zy,...,24]. Thus B,, is smooth
over k[z1,...,z4). By Lemma[3.1] we see that C,, is smooth over k[z1, ..., z4] with
finite free module of differentials. Hence some power of z; is strictly standard in C'
over k[z1,...,x,] by Lemma

Ad @D This follows by applying Lemmam

Ad (10). Since k[y1,...,ymlp — Aq is flat and pAq = gqAq by construction we
see that dim(k[y1,...,¥Ym]p) = d by Algebra, Lemma [111.7, Thus we can find

Ti,...,Tq € A which map to a regular system of parameters in A,.
Ad . By Algebra, Lemma [105.3| any permutation of the sequence my, ..., 74 is
a regular sequence in k[y1,...,Ym]p. Hence v = mit1,...,vq4 = matq is a regular

sequence in Ry, = k[y1,...,Ymlp[t1,...,ta], see Algebra, Lemma [67.10 Let S =
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klyi,- .., ym] \ p so that R, = ST'R. Note that 7,...,m4 and 71,..., 74 remain
regular sequences if we multiply our m; by elements of S. Suppose that

Anng)(he, o ve r(v) = Amngye e R(V)

holds for ¢ = 1,...,¢ for some t € {0,...,d}. Note that 7¢,...,7¢, 241 is a regular
sequence in S™'R by Algebra, Lemma Hence we see that

Anng-ip)(ye,ne (1) = Ag-igy(he e ) ()
Thus we get
AnnR/(“/?...,vf)R(%-Fl) = AnnR/(Wf,~.wf)R(%2+1)

after replacing w41 by sm4q for some s € S by Lemma [I0.1} By induction on ¢
this produces the desired sequence.

Ad . Let S = A\ g so that A; = S71A. Set A = A;/q"A,. Suppose that
we have a t € {0,...,d} and d1,...,0; € S and a factorization D — D’ — A as
in such that (a), (b), (¢) hold for i = 1,...,t. We have ﬂﬁl € Hyhq as
qVAq C Ha/iAq by . Hence 7Y, € Ha/iA. Hence 7, € HyyD' as D' — A
is faithfully flat, see Algebra, Lemma Recall that H4/;, = (a1,...,a:). Say
T, = > a;d; in D" and choose ¢; € Aq lifting d; € D'. Then 7%, = Y cja; + ¢
with € € q"Aq C q" N Hy pAq. Write € = > a;c; for some ¢ € q" NA,. Hence
7t = Y (maej + 7 ¢))a;. Note that ¢} maps to zero in A; this trivial but
key observation will ensure later that (a) holds. Now we choose s € S such that
there exist p¢41; € A such that on the one hand Wﬁ_lcj + ﬂﬁ_lc; = pr41;/5*N in
S~1A and on the other (sm4+1)?Y = 3 pt1;a; in A (minor detail omitted). We
may further replace s by a power and enlarge D’ such that s maps to an element of
D’. With these choices p;11; maps to s2Vd; which is an element of D’. Note that
m1,...,Tq are a regular sequence of parameters in S~'A by our choice of . Hence
T1,...,Tq forms a regular sequence in A, by Algebra, Lemma It follows that
7', ..., 7y, Ty is a regular sequence in ST!A by Algebra, Lemma Thus we
get
AnnS*lA/(w’ff,...,Tr’f)(Sﬂ't+1) = AnnS*lA/(w'ff,...,Tr’f)((87Tt+1)2)'
Hence we may apply Lemma to find an s’ € S such that

AnnA/(ﬂ"f ’’’’’ w/g)((s/)qsﬂ't+1) = AnnA/(,r/i ’’’’’ ,n-/s)(((s/)qSﬂ',H,l)g).

for any ¢ > 0. By Lemma[11.3| we can choose ¢ and enlarge D’ such that (s')? maps
to an element of D’. Setting ;11 = (s')%s and we conclude that (a), (b), (c) hold
fori=1,...,t+1. For (a) note that A;1; = (s')?¥9u;41; works. By induction on
t we win.

Ad li By construction the radical of H(C®k[m1‘...,zd]3)/RA contains h4. Namely,
the elements a; € H, /), map to elements of Hp/i[s,,... 2,1, hence map to elements
of Hoyk[a,,....x,,]» hence a; @ 1 map to elements of HC@k[ml,...,deR/R' Moreover, if
we have a solution C ®(y,,... 0, B — T — A of

R — C®k[a:1,...,xd} R—ADq

then Hy/r C Hyy as R is smooth over k. Hence T will also be a solution for the
original situation £ - A — A D q.

Ad . Follows on applying Lemmato R — C ®pa,,....2q) B = A D q and the
sequence of elements ~¢,...,v5. We note that since z{ are strictly standard in C
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over k[zi,...,xq] the elements 7§ are strictly standard in C ®y[a, ... .»,] @ over R
by Lemma [2.7] The other assumption of Lemma [9.2) holds by steps and (13).

Ad . Apply Lemmato the situation in . In the rest of the arguments the
target ring is local Artinian, hence we are looking for a factorization by a smooth
algebra T over the source ring.

Ad (22). Suppose that C @ga, ... 2, (R/JR)p — T — Aq/JAq is a solution to
(B/JR)p = C @pfa,....aq] (B/TR)p = Nq/TAq D qhq/TAq
Then C ®pz,,... 24 (R/I)e = Ty — Aq/IAq is a solution to the situation in .

Ad . Our n = N + dc is large enough so that p"kly1,...,yml, C Jp and
q"Aq C JA4. Hence if we have a solution C ®p[g, ... 0, (R/P"R)p = T — Ag/q" A4
of then we can take T/JT as the solution for (23).

Ad . This is true because we have a section C — B in the category of R-
algebras.

Ad . This is true because D’ is essentially smooth over the local Artinian ring
Elyr, - ymlp/P"Elys, - ym]p and

Rp/anp = k[yh e aym]p/pnk[yla e aym]p[tla e ;td]-

Hence D'[ty, ..., t4] is a filtered colimit of smooth Ry, /p" Ry-algebras and B[y, ... z4]
(Rp/p"R)) factors through one of these.

Ad . The final twist of the proof is that we cannot just use the map B — D’
which maps z; to the image of 7} in D" and z;; to the image of A;; in D" because
we need the diagram

B s D'[ty,... 1]

| |

klz1,...,zq) — Ry /p" R,

to commute and we need the composition B — D'[t1,...,t45] = Aq/q" A4 to be the
map of . This requires us to map z; to the image of 7;t; in D'[ty, ..., t4]. Hence
we map z;; to the image of \;;jt? 62V in D'[ty,...,t4] and everything is clear. [J

12. The main theorem
In this section we wrap up the discussion.

Theorem 12.1 (Popescu). Any regular homomorphism of Noetherian rings is a
filtered colimit of smooth ring maps.

Proof. By Lemma[8:4]it suffices to prove this for K — A where A is Noetherian and
geometrically regular over k. Let k — A — A be a factorization with A a finite type
k-algebra. It suffices to construct a factorization A — B — A with B of finite type
such that hp = A, see Lemma [2.8] Hence we may perform Noetherian induction on
the ideal h4. Pick a prime q D b4 such that q is minimal over h4. It now suffices
to resolve k — A — A D q (as defined in the text following Situation . If the
characteristic of k is zero, this follows from Lemma [I0.3] If the characteristic of k
is p > 0, this follows from Lemma [TT.4] O
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13. The approximation property for G-rings

Let R be a Noetherian local ring. In this case R is a G-ring if and only if the
ring map R — R” is regular, see More on Algebra, Lemma In this case it is
true that the henselization R" and the strict henselization R*" of R are G-rings, see
More on Algebra, Lemma[49.8] Moreover, any algebra essentially of finite type over
a field, over a complete local ring, over Z, or over a characteristic zero Dedekind
ring is a G-ring, see More on Algebra, Proposition This gives an ample
supply of rings to which the result below applies.

Let R be a ring. Let f1,..., fm € R[z1,...,2,]. Let S be an R-algebra. In this
situation we say a vector (ai,...,a,) € S™ is a solution in S if and only if

filar,...,a,)=0in S, for j=1,...,m

Of course an important question in algebraic geometry is to see when systems of
polynomial equations have solutions. The following theorem tells us that having
solutions in the completion of a local Noetherian ring is often enough to show there
exist solutions in the henselization of the ring.

Theorem 13.1. Let R be a Noetherian local ring. Let fi,..., fm € Rlx1,...,zp].
Suppose that (ay,...,a,) € (R™)™ is a solution in R". If R is a henselian G-ring,
then for every integer N there exists a solution (by,...,b,) € R™ in R such that
a; —b; € mV RN,

Proof. Let ¢; € R be an element such that a; — ¢; € m”. Choose generators

mY = (dy,...,dy). Write a; = ¢; + Y a;d;. Consider the polynomial ring R[z;]
and the elements

gj = fj (C1 + Z -Tl,ldb oo, Cn + Z xn’ldn,l) S R[wi’l]

The system of equations g; = 0 has the solution (a,;). Suppose that we can show
that g; as a solution (b;;) in R. Then it follows that b; = ¢; + ) b; ;d; is a solution
of f; = 0 which is congruent to a; modulo m¥. Thus it suffices to show that
solvability over R” implies solvability over R.

Let A C R be the R-subalgebra generated by aq,...,a,. Since we've assumed R
is a G-ring, i.e., that R — R” is regular, we see that there exists a factorization

A— B— R"

with B smooth over R, see Theorem Denote k = R/m the residue field. It is
also the residue field of R", so we get a commutative diagram

B > R/

I\,

R——&

Since the vertical arrow is smooth, More on Algebra, Lemma[0.14]implies that there
exists an étale ring map R — R’ which induces an isomorphism R/m — R'/mR’
and an R-algebra map B — R’ making the diagram above commute. Since R is
henselian we see that R — R’ has a section, see Algebra, Lemma Let b; € R
be the image of a; under the ring maps A — B — R’ — R. Since all of these maps
are R-algebra maps, we see that (b1,...,b,) is a solution in R. O
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Given a Noetherian local ring (R, m), an étale ring map R — R’, and a maximal
ideal m" C R’ lying over m with x(m) = x(m’), then we have inclusions

RC Rw C R" C R,
by Algebra, Lemma [150.5) and More on Algebra, Lemma

Theorem 13.2. Let R be a Noetherian local ring. Let f1,..., fm € Rlx1,...,zy].
Suppose that (a1,...,a,) € (RM)™ is a solution. If R is a G-ring, then for every
integer N there exist

(1) an étale ring map R — R/,

(2) a mazimal ideal m" C R’ lying over m

(3) a solution (by,...,b,) € (R)™ in R’
such that k(m) = k(m') and a; — b; € (m")NR".

Proof. We could deduce this theorem from Theorem using that the henseliza-
tion R" is a G-ring by More on Algebra, Lemmawriting R" as a directed
colimit of étale extension R’. Instead we prove this by redoing the proof of the
previous theorem in this case.

Let ¢; € R be an element such that a; — ¢; € m™. Choose generators m" =

(dv,...,dpy). Write a; = ¢; + > a;,d;. Consider the polynomial ring R[x; ;] and
the elements

gj = fj (Cl + Z .%‘lel, ey Cp Z x’mldn,l) € R[:L‘i7l]

The system of equations g; = 0 has the solution (a,;). Suppose that we can show
that g; as a solution (b;;) in R’ for some étale ring map R — R’ endowed with a
maximal ideal m’ such that x(m) = x(m’). Then it follows that b; = ¢; + 3 b;1d;
is a solution of f; = 0 which is congruent to a; modulo (m’)". Thus it suffices
to show that solvability over R implies solvability over some étale ring extension
which induces a trivial residue field extension at some prime over m.

Let A C R" be the R-subalgebra generated by a1, ...,a,. Since we've assumed R
is a G-ring, i.e., that R — R” is regular, we see that there exists a factorization

A— B— R"

with B smooth over R, see Theorem Denote x = R/m the residue field. It is
also the residue field of R, so we get a commutative diagram

B > R/

I\,

R——=«k

Since the vertical arrow is smooth, More on Algebra, Lemma[0.14]implies that there
exists an étale ring map R — R’ which induces an isomorphism R/m — R'/mR’
and an R-algebra map B — R’ making the diagram above commute. Let b; € R’
be the image of a; under the ring maps A — B — R’. Since all of these maps are
R-algebra maps, we see that (by,...,b,) is a solution in R’. O

Example 13.3. Let (R, m) be a Noetherian local ring with henselization R". The

map on completions R — (R")" is an isomorphism, see More on Algebra, Lemma
Since also R" is Noetherian (ibid.) we may think of R" as a subring of its
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completion (because the completion is faithfully flat). In this way we see that we
may identify R" with a subring of R".

Let us try to understand which elements of R" are in R". For simplicity we assume
R is a domain with fraction field K. Clearly, every element f of R" is algebraic over
R, in the sense that there exists an equation of the form a, f"+...+a1f+a9 =0
for some a; € R with n > 0 and a,, # 0.

Conversely, assume that f € R, n € N, and ao,...,a, € R with a, # 0 such
that a, f™" + ...+ a1f + a9 = 0. If R is a G-ring, then, for every N > 0 there
exists an element g € R" with ap,g™ + ... +a19+ap =0 and f — g € mVR", see
Theorem We'd like to conclude that f = g when N > 0. If this is not true,
then we find infinitely many roots g of P(T) in R". This is impossible because
(1) R" ¢ R" ®z K and (2) R" ®g K is a finite product of field extensions of K.
Namely, R — K is injective and R — R" is flat, hence R" — R" @ K is injective
and (2) follows from More on Algebra, Lemma

Conclusion: If R is a Noetherian local domain with fraction field K and a G-ring,
then R" C R” is the set of all elements which are algebraic over K.

Here is another variant of the main theorem of this section.

Lemma 13.4. Let R be a Noetherian ring. Let p C R be a prime ideal. Let
fisoo s fm € Rlz1,...,x,]. Suppose that (a1, ...,a,) € ((Ry)")" is a solution. If
R, is a G-ring, then for every integer N there exist

(1) an étale ring map R — R/,

(2) a prime ideal p’ C R’ lying over p

(3) a solution (by,...,b,) € (R)™ in R
such that k(p) = r(p’) and a; — b; € (p)N (R)".

Proof. By Theorem we can find a solution (b, ...,b)) in some ring R" étale
over R, which comes with a prime ideal p” lying over p such that x(p) = k(p”)
and a; — b} € (p”)N(RgH)A. We can write R” = R’ ®g R, for some étale R-algebra
R’ (see Algebra, Lemma [141.3)). After replacing R’ by a principal localization
if necessary we may assume (bf,...,b)) come from a solution (by,...,b,) in R’
Setting p’ = R' N p” we see that R, = R, which finishes the proof. O

14. Approximation for henselian pairs

We can generalize the discussion of Section [I3] to the case of henselian pairs.
Henselian pairs where defined in More on Algebra, Section

Lemmal 14.1. Let (A, I) be a henselian pair with A Noetherian. Let A" be the
I-adic completion of A. Assume at least one of the following conditions holds

(1) A— A" is a regular ring map,

(2) A is a Noetherian G-ring, or

(3) (A, 1) is the henselization (More on Algebra, Lemma of a pair (B, J)

where B is a Noetherian G-ring.

Gwen fi1,..., fm € Alz1,...,2,] and a1, ..., 4, € A™ such that fj(a,...,a,) =0
forj=1,...,m, for every N > 1 there exist ay,...,a, € A such that a; —a; € IN
and such that fj(a1,...,a,) =0 forj=1,...,m.
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Proof. By More on Algebra, Lemma we see that (3) implies (2). By More
on Algebra, Lemma we see that (2) implies (1). Thus it suffices to prove the
lemma in case A — A" is a regular ring map.

Let ay,...,a4, be as in the statement of the lemma. By Theorem [[2.1] we can
find a factorization A — B — A" with A — P smooth and bq,...,b, € B with
fi(b1,...,by) =0 in B. Denote o : B — A" — A/IV the composition. By More
on Algebra, Lemma [9.14] we can find an étale ring map A — A’ which induces an
isomorphism A/IY — A’/IV A’ and an A-algebra map & : B — A’ lifting 0. Since
(A, I) is henselian, there is an A-algebra map y : A’ — A, see More on Algebra,
Lemma [I1.6] Then setting a; = x(5(b;)) gives a solution. O
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