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1. Introduction

In the chapter on topologies on algebraic spaces (see Topologies on Spaces, Section
1)) we introduced étale, fppf, smooth, syntomic and fpqc coverings of algebraic
spaces. In this chapter we discuss what kind of structures over algebraic spaces can

be descended through such coverings. See for example [Gro95al, [Gro95b], [Gro95e],
[Gro951], [Gro95¢], and [Gro95d].

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Sch fpp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X xg X for the product of X with itself (in the category of
algebraic spaces over S), instead of X x X.

3. Descent data for quasi-coherent sheaves

This section is the analogue of Descent, Section [2| for algebraic spaces. It makes
sense to read that section first.

Definition 3.1. Let S be a scheme. Let {f; : X; — X}icr be a family of
morphisms of algebraic spaces over S with fixed target X.

(1) A descent datum (F;,@;;) for quasi-coherent sheaves with respect to the
given family is given by a quasi-coherent sheaf F; on X; for each i € I, an
isomorphism of quasi-coherent Ox, x y x,-modules ;; : prgF; — priF; for
each pair (i,5) € I? such that for every triple of indices (i, j, k) € I® the

diagram
proFi - priFi
Pros¥ik
pré‘m 4‘%
E3
prif;

of Ox;xx x;xxx,-modules commutes. This is called the cocycle condition.
(2) A morphism v : (Fi, pij) — (Fi,¢;;) of descent data is given by a family
¥ = (¢4)ier of morphisms of Ox,-modules v, : F; — F/ such that all the

diagrams
profi —5 = prif;
prswii lprf%‘
* T/ Lp;j /
prof; —— prif;
commute.

Lemma 3.2. Let S be a scheme. Let U = {U; = Uticr and V = {V; = V},es
be families of morphisms of algebraic spaces over S with fized targets. Let (g, :
I—J,(g;): U —V be a morphism of families of maps with fized target, see Sites,
Definition , Let (Fj, ;i) be a descent datum for quasi-coherent sheaves with
respect to the family {V; — V},cj. Then
(1) The system
(97 Faiiys (9 X 9i7) Ca(iya))
is a descent datum with respect to the family {U; — U}ier.
(2) This construction is functorial in the descent datum (Fj;, ;).
(3) Given a second morphism (¢',a’ : I — J,(g})) of families of maps with fized
target with g = g’ there exists a functorial isomorphism of descent data

(97 Fatiy (9i X 9ir) " Ca(irain)) = ((91) Fartiyy (95 X Gir) " Par (i)ar (7))
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Proof. Omitted. Hint: The maps g/ Foz) — (9;)*Far(s) Which give the isomor-
phism of descent data in part (3) are the pullbacks of the maps ¢q(ijari) by the
morphisms (g;,9;) : Us — Vay Xv Variy.- O

Let g : U — V be a morphism of algebraic spaces. The lemma above tells us
that there is a well defined pullback functor between the categories of descent data
relative to families of maps with target V' and U provided there is a morphism
between those families of maps which “lives over ¢”.

Definition 3.3. Let S be a scheme. Let {U; — U};cs be a family of morphisms
of algebraic spaces over S with fixed target.

(1) Let F be a quasi-coherent Op-module. We call the unique descent on F
datum with respect to the covering {U — U} the trivial descent datum.

(2) The pullback of the trivial descent datum to {U; — U} is called the canon-
ical descent datum. Notation: (Fly,,can).

(3) A descent datum (F;,;;) for quasi-coherent sheaves with respect to the
given family is said to be effective if there exists a quasi-coherent sheaf F
on U such that (F;, ¢;;) is isomorphic to (F|y,, can).

Lemma 3.4. Let S be a scheme. Let U be an algebraic space over S. Let {U; — U}
be a Zariski covering of U, see Topologies on Spaces, Definition[3.1. Any descent
datum on quasi-coherent sheaves for the family U = {U; — U} is effective. More-
over, the functor from the category of quasi-coherent Oy -modules to the category
of descent data with respect to {U; — U} is fully faithful.

Proof. Omitted. O

4. Fpqc descent of quasi-coherent sheaves

The main application of flat descent for modules is the corresponding descent state-
ment for quasi-coherent sheaves with respect to fpqc-coverings.

Proposition| 4.1. Let S be a scheme. Let {X; — X} be an fpgc covering of
algebraic spaces over S, see Topologies on Spaces, Definition [9.1. Any descent
datum on quasi-coherent sheaves for {X; — X} is effective. Moreover, the functor
from the category of quasi-coherent Ox -modules to the category of descent data with
respect to {X; — X} is fully faithful.

Proof. This is more or less a formal consequence of the corresponding result for
schemes, see Descent, Proposition Here is a strategy for a proof:

(1) The fact that {X; — X} is a refinement of the trivial covering {X — X}
gives, via Lemma a functor QCoh(Ox) — DD({X; — X}) from the
category of quasi-coherent O x-modules to the category of descent data for
the given family.

(2) In order to prove the proposition we will construct a quasi-inverse functor
back : DD({X; — X}) = QCoh(Ox).

(3) Applying again Lemma(3.2|we see that there is a functor DD({X; — X }) —
DD({T; — X}) if {T; — X} is a refinement of the given family. Hence
in order to construct the functor back we may assume that each X; is a
scheme, see Topologies on Spaces, Lemma This reduces us to the case
where all the X; are schemes.
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(4) A quasi-coherent sheaf on X is by definition a quasi-coherent O x-module on
Xetale- Now for any U € Ob(X¢ia1e) we get an fppf covering {U; x x X; —
U} by schemes and a morphism ¢ : {U; xx X; —» U} = {X; — X}
of coverings lying over U — X. Given a descent datum & = (F;, ;;) we
obtain a quasi-coherent Oy-module F¢ ;7 corresponding to the pullback g*¢
of Lemma[3.2] to the covering of U and using effectivity for fppf covering of
schemes, see Descent, Proposition

(5) Check that & — F¢ p is functorial in {. Omitted.

(6) Check that £ — F¢ y is compatible with morphisms U — U’ of the site
Xétale, 50 that the system of sheaves F¢ yy corresponds to a quasi-coherent
Fe on Xgtaie, see Properties of Spaces, Lemma m Details omitted.

(7) Check that back : £ — F is quasi-inverse to the functor constructed in (1).
Omitted.

This finishes the proof. ([

5. Quasi-coherent modules and affines

OHO2 Let S be a scheme. Let X be an algebraic space over S. Recall that X, fine étaie
is the full subcategory of Xgiq;e whose objects are affine turned into a site by
declaring the coverings to be the standard étale coverings. See Properties of Spaces,
Definition By Properties of Spaces, Lemma we have an equivalence
of topoi g : Sh(Xaffineétate) = Sh(Xeétare) whose pullback functor is given by
restriction. Recall that Ox denotes the structure sheaf on Xgiq.. Then we obtain
an equivalence

0HO3 (5'0'1) (Sh(Xaffinevétale)7OX‘Xaffine,étale) — (Sh(XétaltS)’OX)

of ringed topoi. We will often write Ox in stead of Ox|x
this we can compare quasi-coherent modules as well.

Having said

affine,étale”

0H04 Lemma 5.1. Let S be a scheme. Let X be an algebraic space over S. Let F be a
presheaf of Ox-modules on Xy fineétate- The following are equivalent

(1) for every morphism U — U’ of Xf fine,étate the map F(U') @0 wnOx(U) —
F(U) is an isomorphism,

(2) F is a quasi-coherent module on the ringed site (Xaffine)étale,ox) in the
sense of Modules on Sites, Definition |23.1

(3) F corresponds to a quasi-coherent module on X wvia the equivalence ,

Proof. Assume (1) holds. To show that F is a sheaf, let & = {U; — U};=1,..., be
a covering of X, ¢ fine,étale- The sheaf condition for F and U, by our assumption on
F, reduces to showing that

0— FU)— H]:(U) ®ox @) Ox(Us) — H}—(U) ®oy ) Ox (Ui xy Uj)

is exact. This is true because Ox (U) — [[ Ox(U;) is faithfully flat (by Descent,
Lemma and the fact that coverings in X ¢ fine, étale are standard étale coverings)
and we may apply Descent, Lemma Next, we show that F is quasi-coherent
on Xgffine,étale- Namely, for U in Xoffine étate, sSet R = Ox(U) and choose a
presentation

b r— R— F(U) —0
keK leL
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by free R-modules. By property (1) and the right exactness of tensor product we
see that for every morphism U’ — U in X, fine,étaie We Obtain a presentation

D, OxU) — P, , Ox(U) — FU) —0

In other words, we see that the restriction of F to the localized category Xo  fine,etate/U
has a presentation

®keK OX|Xaffme,émLe/U ®16L OX|Xaffme,émz€/U ]:lXaffme,émle/U 0

as required to show that F is quasi-coherent. With apologies for the horrible
notation, this finishes the proof that (1) implies (2).

Since the notion of a quasi-coherent module is intrinsic (Modules on Sites, Lemma
23.2)) we see that the equivalence ((5.0.1)) induces an equivalence between categories
of quasi-coherent modules. Thus we have the equivalence of (2) and (3).

Let us assume (3) and prove (1). Namely, let G be a quasi-coherent module on X
corresponding to F. Let h : U — U’ — X be a morphism of Xaffine,étale- Denote
f:U—= X and f': U" — X the structure morphisms, so that f = f' o h. We have
FUY =10, (f)*G) and F(U) = T(U, f*G) = T'(U,h*(f')*G). Hence (1) holds
by Schemes, Lemma O

6. Descent of finiteness properties of modules

060T This section is the analogue for the case of algebraic spaces of Descent, Section

The goal is to show that one can check a quasi-coherent module has a certain
finiteness conditions by checking on the members of a covering. We will repeatedly
use the following proof scheme. Suppose that X is an algebraic space, and that
{X; — X}isafppf (resp. fpqc) covering. Let U — X be a surjective étale morphism
such that U is a scheme. Then there exists an fppf (resp. fpqc) covering {Y; — X}
such that

(1) {Y; — X} is a refinement of {X; — X},

(2) each Yj is a scheme, and

(3) each morphism Y; — X factors though U, and

(4) {Y; — U} is an fppf (resp. fpqc) covering of U.
Namely, first refine {X; — X} by an fppf (resp. fpqc) covering such that each
X; is a scheme, see Topologies on Spaces, Lemma resp. Lemma Then
set Y; = U xx X;. A quasi-coherent Ox-module F is of finite type, of finite
presentation, etc if and only if the quasi-coherent Oy-module F|y is of finite type, of
finite presentation, etc. Hence we can use the existence of the refinement {Y; — X'}
to reduce the proof of the following lemmas to the case of schemes. We will indicate
this by saying that “the result follows from the case of schemes by étale localization”.

060U |Lemmal 6.1. Let X be an algebraic space over a scheme S. Let F be a quasi-
coherent Ox-module. Let {f; : X; — X }ier be an fpgc covering such that each f*F
is a finite type Ox,-module. Then F is a finite type Ox -module.

Proof. This follows from the case of schemes, see Descent, Lemma by étale
localization. g

060V Lemma 6.2. Let X be an algebraic space over a scheme S. Let F be a quasi-
coherent Ox-module. Let {f; : X; — X}ier be an fpgc covering such that each
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fiF is an Ox,-module of finite presentation. Then F is an Ox-module of finite
presentation.

Proof. This follows from the case of schemes, see Descent, Lemma by étale
localization. 0

Lemmal 6.3. Let X be an algebraic space over a scheme S. Let F be a quasi-
coherent Ox-module. Let {f; : X; — X }ier be an fpgc covering such that each fFF
is a flat Ox,-module. Then F is a flat Ox-module.

Proof. This follows from the case of schemes, see Descent, Lemma by étale
localization. 0

Lemmal 6.4. Let X be an algebraic space over a scheme S. Let F be a quasi-
coherent Ox-module. Let {f; : X; — X }ier be an fpgc covering such that each f}F
is a finite locally free Ox,-module. Then F is a finite locally free Ox-module.

Proof. This follows from the case of schemes, see Descent, Lemma by étale
localization. (I

The definition of a locally projective quasi-coherent sheaf can be found in Properties
of Spaces, Section It is also proved there that this notion is preserved under
pullback.

Lemmal 6.5. Let X be an algebraic space over a scheme S. Let F be a quasi-
coherent Ox -module. Let {f; : X; — X }ier be an fpqc covering such that each f}F
is a locally projective Ox,-module. Then F is a locally projective Ox -module.

Proof. This follows from the case of schemes, see Descent, Lemma by étale
localization. ([l

We also add here two results which are related to the results above, but are of a
slightly different nature.

Lemma 6.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic spaces
over S. Let F be a quasi-coherent Ox-module. Assume f is a finite morphism.
Then F is an Ox-module of finite type if and only if f.F is an Oy -module of finite

type.

Proof. As f is finite it is representable. Choose a scheme V' and a surjective
étale morphism V' — Y. Then U = V xy X is a scheme with a surjective étale
morphism towards X and a finite morphism ¢ : U — V (the base change of f).
Since ¥, (Fly) = f«F|v the result of the lemma follows immediately from the
schemes version which is Descent, Lemma O

Lemmal 6.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. Assume f is finite and of
finite presentation. Then F is an Ox-module of finite presentation if and only if
f«F is an Oy -module of finite presentation.

Proof. As f is finite it is representable. Choose a scheme V and a surjective
étale morphism V. — Y. Then U = V xy X is a scheme with a surjective étale
morphism towards X and a finite morphism v : U — V (the base change of f).
Since ¥.(Fly) = f«F|v the result of the lemma follows immediately from the
schemes version which is Descent, Lemma [7.10] O
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7. Fpqc coverings

This section is the analogue of Descent, Section At the moment we do not know
if all of the material for fpqc coverings of schemes holds also for algebraic spaces.

Lemma 7.1. Let S be a scheme. Let {f; : T; — T}ier be an fpgc covering of
algebraic spaces over S. Suppose that for each i we have an open subspace W; C T;
such that for all i,5 € I we have pry (W;) = pri (W) as open subspaces of
T; x7T;. Then there exists a unique open subspace W C T such that W; = fi_l(W)
for each i.

Proof. By Topologies on Spaces, Lemma [9.5| we may assume each T; is a scheme.
Choose a scheme U and a surjective étale morphism U — T'. Then {T; xp U — U}
is an fpqc covering of U and T; X U is a scheme for each i. Hence we see that
the collection of opens W; xr U comes from a unique open subscheme W/ C U
by Descent, Lemma As U — X is open we can define W C X the Zariski
open which is the image of W', see Properties of Spaces, Section [4. We omit the
verification that this works, i.e., that W; is the inverse image of W for each . 0O

Lemma 7.2. Let S be a scheme. Let {T; — T} be an fpqc covering of algebraic
spaces over S, see Topologies on Spaces, Definition[9.1l Then given an algebraic
space B over S the sequence

Morg(T', B) — [ [, Mors(T;, B) [1; ; Mors(T; x7 T}, B)

is an equalizer diagram. In other words, every representable functor on the category
of algebraic spaces over S satisfies the sheaf condition for fpqc coverings.

Proof. We know this is true if {T; — T} is an fpqc covering of schemes, see
Properties of Spaces, Proposition This is the key fact and we encourage the
reader to skip the rest of the proof which is formal. Choose a scheme U and a
surjective étale morphism U — T. Let U; be a scheme and let U; — T; X7 U be a
surjective étale morphism. Then {U; — U} is an fpqc covering. This follows from
Topologies on Spaces, Lemmas and By the above we have the result for

What this means is the following: Suppose that b; : T; — B is a family of morphisms
with b; o pry = b; o pr; as morphisms T; x7 T; — B. Then we let a; : U; — B
be the composition of U; — T; with b;. By what was said above we find a unique
morphism a : U — B such that a; is the composition of a with U; — U. The
uniqueness guarantees that a o pry = a o pr; as morphisms U X7 U — B. Then
since T = U/(U x1 U) as a sheaf, we find that a comes from a unique morphism
b:T — B. Chasing diagrams we find that b is the morphism we are looking for. [

8. Descent of finiteness and smoothness properties of morphisms

The following type of lemma is occasionally useful.

Lemma 8.1. Let S be a scheme. Let X — Y — Z be morphism of algebraic
spaces. Let P be one of the following properties of morphisms of algebraic spaces
over S: flat, locally finite type, locally finite presentation. Assume that X — Z has
P and that X —Y is a surjection of sheaves on (Sch/S)sppr. ThenY — Z is P.


https://stacks.math.columbia.edu/tag/04P1
https://stacks.math.columbia.edu/tag/04P2
https://stacks.math.columbia.edu/tag/06NR

0AHC

0AHD

DESCENT AND ALGEBRAIC SPACES 8

Proof. Choose a scheme W and a surjective étale morphism W — Z. Choose a
scheme V' and a surjective étale morphism V' — W xz Y. Choose a scheme U and
a surjective étale morphism U — V xy X. By assumption we can find an fppf
covering {V; — V} and lifts V; — X of the morphism V; — Y. Since U — X is
surjective étale we see that over the members of the fppf covering {V; xx U — V'}
we have lifts into U. Hence U — V induces a surjection of sheaves on (Sch/S) ¢pps-
By our definition of what it means to have property P for a morphism of algebraic
spaces (see Morphisms of Spaces, Definition Definition [23.1] and Definition
we see that U — W has P and we have to show V. — W has P. Thus
we reduce the question to the case of morphisms of schemes which is treated in
Descent, Lemma [14.§ O

A more standard case of the above lemma is the following. (The version with “flat”
follows from Morphisms of Spaces, Lemma )

Lemma 8.2. Let S be a scheme. Let
X— =Y
f
B
be a commutative diagram of morphisms of algebraic spaces over S. Assume that f
is surjective, flat, and locally of finite presentation and assume that p is locally of fi-

nite presentation (resp. locally of finite type). Then q is locally of finite presentation
(resp. locally of finite type).

Proof. Since {X — Y} is an fppf covering, it induces a surjection of fppf sheaves
(Topologies on Spaces, Lemma and the lemma is a special case of Lemma
On the other hand, an easier argument is to deduce it from the analogue for
schemes. Namely, the problem is étale local on B and Y (Morphisms of Spaces,
Lemmas and . Hence we may assume that B and Y are affine schemes.
Since |X| — |Y| is open (Morphisms of Spaces, Lemma [30.6), we can choose an
affine scheme U and an étale morphism U — X such that the composition U — Y
is surjective. In this case the result follows from Descent, Lemma [14.3 (I

Lemma 8.3. Let S be a scheme. Let

X —f> Y
N
B
be a commutative diagram of morphisms of algebraic spaces over S. Assume that

(1) f is surjective, and syntomic (resp. smooth, resp. étale),
(2) p is syntomic (resp. smooth, resp. étale).

Then q is syntomic (resp. smooth, resp. étale).

Proof. We deduce this from the analogue for schemes. Namely, the problem is étale
local on B and Y (Morphisms of Spaces, Lemmas [36.4] [37.4] and [39.2)). Hence we
may assume that B and Y are affine schemes. Since |X| — |Y] is open (Morphisms
of Spaces, Lemma , we can choose an affine scheme U and an étale morphism
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U — X such that the composition U — Y is surjective. In this case the result
follows from Descent, Lemma, O

Actually we can strengthen this result as follows.

Lemma 8.4. Let S be a scheme. Let

i

be a commutative diagram of morphisms of algebraic spaces over S. Assume that

(1) f is surjective, flat, and locally of finite presentation,
(2) p is smooth (resp. étale).

Then q is smooth (resp. étale).

Proof. We deduce this from the analogue for schemes. Namely, the problem is
étale local on B and Y (Morphisms of Spaces, Lemmas and . Hence we
may assume that B and Y are affine schemes. Since |X| — |Y] is open (Morphisms
of Spaces, Lemma , we can choose an affine scheme U and an étale morphism
U — X such that the composition U — Y is surjective. In this case the result
follows from Descent, Lemma [14.5 O

Lemmal 8.5. Let S be a scheme. Let
X— =Y
f
\N /
B
be a commutative diagram of morphisms of algebraic spaces over S. Assume that
(1) f is surjective, flat, and locally of finite presentation,

(2) p is syntomic.

Then both q and f are syntomic.

Proof. We deduce this from the analogue for schemes. Namely, the problem is étale
local on B and Y (Morphisms of Spaces, Lemma. Hence we may assume that
B and Y are affine schemes. Since |X| — |Y| is open (Morphisms of Spaces, Lemma
, we can choose an affine scheme U and an étale morphism U — X such that
the composition U — Y is surjective. In this case the result follows from Descent,
Lemma, [T4.7] O

9. Descending properties of spaces
In this section we put some results of the following kind.

Lemma 9.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let x € |X|. If f is flat at © and X is geometrically unibranch at
x, then 'Y is geometrically unibranch at f(x).

Proof. Consider the map of étale local rings Oy sz — Oxz. By Morphisms of
Spaces, Lemma this is flat. Hence if Ox z has a unique minimal prime, so does
Oy, t@) (by going down, see Algebra, Lemma [39.19). (]
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Lemma 9.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is flat and surjective and X is reduced, then Y is reduced.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y. Choose a
scheme U and a surjective étale morphism U — X xy V. As f is surjective and flat,
the morphism of schemes U — V is surjective and flat. In this way we reduce the
problem to the case of schemes (as reducedness of X and Y is defined in terms of
reducedness of U and V', see Properties of Spaces, Section . The case of schemes
is Descent, Lemma [19.1 O

Lemma 9.3. Let f: X — Y be a morphism of algebraic spaces. If f is locally
of finite presentation, flat, and surjective and X is locally Noetherian, then Y is
locally Noetherian.

Proof. Choose a scheme V and a surjective étale morphism V' — Y. Choose a
scheme U and a surjective étale morphism U — X Xy V. As f is surjective, flat,
and locally of finite presentation the morphism of schemes U — V is surjective,
flat, and locally of finite presentation. In this way we reduce the problem to the
case of schemes (as being locally Noetherian for X and Y is defined in terms of
being locally Noetherian of U and V', see Properties of Spaces, Section . In the
case of schemes the result follows from Descent, Lemma [16.1 O

Lemma 9.4. Let f: X — Y be a morphism of algebraic spaces. If f is locally of
finite presentation, flat, and surjective and X is regular, then Y is reqular.

Proof. By Lemma [9.3] we know that Y is locally Noetherian. Choose a scheme V
and a surjective étale morphism V' — Y. It suffices to prove that the local rings of
V' are all regular local rings, see Properties, Lemma Choose a scheme U and a
surjective étale morphism U — X Xy V. As f is surjective and flat the morphism
of schemes U — V is surjective and flat. By assumption U is a regular scheme in
particular all of its local rings are regular (by the lemma above). Hence the lemma
follows from Algebra, Lemma O

Lemma 9.5. Let f: X — Y be a smooth morphism of algebraic spaces. If Y is
reduced, then X is reduced. If f is surjective and X is reduced, then Y is reduced.

Proof. Choose a commutative diagram

U——=V

L

X ——Y

where U and V are schemes, the vertical arrows are surjective and étale, and U —
X xy V is surjective étale. Observe that X is a reduced algebraic space if and only
if U is a reduced scheme by our definition of reduced algebraic spaces in Properties
of Spaces, Section [7] Similarly for Y and V. The morphism U — V is a smooth
morphism of schemes, see Morphisms of Spaces, Lemma Since being reduced
is local for the smooth topology for schemes (Descent, Lemma we see that U
is reduced if V is reduced. On the other hand, if X — Y is surjective, then U — V'
is surjective and in this case if U is reduced, then V is reduced. (]
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10. Descending properties of morphisms

In this section we introduce the notion of when a property of morphisms of algebraic
spaces is local on the target in a topology. Please compare with Descent, Section

Definition 10.1. Let S be a scheme. Let P be a property of morphisms of
algebraic spaces over S. Let 7 € {fpqc, fppf, syntomic, smooth, étale}. We say P
is 7 local on the base, or T local on the target, or local on the base for the T-topology if
for any 7-covering {Y; — Y };cr of algebraic spaces and any morphism of algebraic
spaces f: X — Y we have

f has P < each Y; xy X — Y, has P.

To be sure, since isomorphisms are always coverings we see (or require) that prop-
erty P holds for X — Y if and only if it holds for any arrow X’ — Y isomorphic to
X — Y. If a property is 7-local on the target then it is preserved by base changes
by morphisms which occur in 7-coverings. Here is a formal statement.

Lemma 10.2. Let S be a scheme. Let T € {fpqc, fppf, syntomic, smooth, étale}.
Let P be a property of morphisms of algebraic spaces over S which is T local on
the target. Let f: X — Y have property P. For any morphism Y' — Y which is
flat, resp. flat and locally of finite presentation, resp. syntomic, resp. étale, the base
change ' :Y' xy X =Y’ of f has property P.

Proof. This is true because we can fit Y’ — Y into a family of morphisms which
forms a 7-covering. O

A simple often used consequence of the above is that if f: X — Y has property P
which is 7-local on the target and f(X) C V for some open subspace V' C Y, then
also the induced morphism X — V has P. Proof: The base change f by V — Y
gives X — V.

Lemma 10.3. Let S be a scheme. Let 7 € {fppf, syntomic, smooth, étale}. Let
P be a property of morphisms of algebraic spaces over S which is T local on the
target. For any morphism of algebraic spaces f : X — Y owver S there exists a
largest open subspace W(f) C'Y such that the restriction Xy (s — W(f) has P.
Moreover,

(1) if g : Y = Y is a morphism of algebraic spaces which is flat and locally
of finite presentation, syntomic, smooth, or étale and the base change f :
Xy =Y’ has P, then g factors through W (f),

(2) if g : Y' =Y is flat and locally of finite presentation, syntomic, smooth,
or étale, then W (f') = g~ L (W (f)), and

(3) if {gi : Yi = Y} is a T-covering, then g; *(W(f)) = W(f;), where f; is the
base change of f by Y; = Y.

Proof. Consider the union Wy, C |Y| of the images g(|Y’|) C |Y| of morphisms
g:Y’' — Y with the properties:
(1) g is flat and locally of finite presentation, syntomic, smooth, or étale, and
(2) the base change Y’ x4y X — Y has property P.
Since such a morphism ¢ is open (see Morphisms of Spaces, Lemma we see
that Wit is an open subset of |Y|. Denote W C Y the open subspace whose
underlying set of points is Wy, see Properties of Spaces, Lemma Since P is
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local in the 7 topology the restriction Xy, — W has property P because we are
given a covering {Y’ — W} of W such that the pullbacks have P. This proves the
existence and proves that W (f) has property (1). To see property (2) note that
W(f') D g~ (W(f)) because P is stable under base change by flat and locally of
finite presentation, syntomic, smooth, or étale morphisms, see Lemma On
the other hand, if Y C Y’ is an open such that Xy~ — Y’ has property P,
then Y — Y factors through W by construction, i.e., Y C g~ (W (f)). This
proves (2). Assertion (3) follows from (2) because each morphism Y; — Y is flat
and locally of finite presentation, syntomic, smooth, or étale by our definition of a
T-covering. (I

Lemmal 10.4. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S. Assume

(1) if X; = Y;, i = 1,2 have property P so does X1 11 Xo — Y 11Y5,

(2) a morphism of algebraic spaces f : X — 'Y has property P if and only if for
every affine scheme Z and morphism Z — 'Y the base change Z Xy X — Z
of f has property P, and

(3) for any surjective flat morphism of affine schemes Z' — Z over S and a
morphism f : X — Z from an algebraic space to Z we have

fliZ xz X =7 hasP= f has P.
Then P is fpqc local on the base.

Proof. If P has property (2), then it is automatically stable under any base change.
Hence the direct implication in Definition

Let {Y; — Y}ier be an fpqe covering of algebraic spaces over S. Let f : X — Y be
a morphism of algebraic spaces over S. Assume each base change f; : V; xy X — Y;
has property P. Our goal is to show that f has P. Let Z be an affine scheme, and
let Z — Y be a morphism. By (2) it suffices to show that the morphism of algebraic
spaces Z Xy X — Z has P. Since {Y; — Y }ier is an fpqce covering we know there
exists a standard fpqc covering {Z; — Z};—1, ... » and morphisms Z; — Y;, over Y’
for suitable indices i; € I. Since f;, has P we see that

Zj xy X = Zj Xy, (Yi, xy X) — Z;

has P as a base change of f;; (see first remark of the proof). Set 2" =[[,_, , Z;,
so that Z/ — Z is a flat and surjective morphism of affine schemes over S. By (1)
we conclude that Z’ xy X — Z’ has property P. Since this is the base change of the
morphism Z xy X — Z by the morphism Z’ — Z we conclude that Z xy X — Z
has property P as desired. O

11. Descending properties of morphisms in the fpqc topology

In this section we find a large number of properties of morphisms of algebraic spaces
which are local on the base in the fpqc topology. Please compare with Descent,
Section [23] for the case of morphisms of schemes.

Lemma 11.1. Let S be a scheme. The property P(f) =“f is quasi-compact” is
fpqc local on the base on algebraic spaces over S.
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Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change f’ : Z' xz X — Z’ is quasi-compact.
We have to show that f is quasi-compact. To see this, using Morphisms of Spaces,
Lemma|8.8|again, it is enough to show that for every affine scheme Y and morphism
Y — Z the fibre product Y x 7 X is quasi-compact. Here is a picture:

YXZZ/XZX ZIXZX
Y xz X X
(11.1.1) lf/
Y xz 2’ 4 f

Note that all squares are cartesian and the bottom square consists of affine schemes.
The assumption that f’ is quasi-compact combined with the fact that Y xz Z’ is
affine implies that Y x; Z’ xz X is quasi-compact. Since

YXZZIXZX—>YXZX

is surjective as a base change of Z' — Z we conclude that Y x z X is quasi-compact,
see Morphisms of Spaces, Lemma This finishes the proof. O

Lemma 11.2. Let S be a scheme. The property P(f) =“f is quasi-separated” is
fpqc local on the base on algebraic spaces over S.

Proof. A base change of a quasi-separated morphism is quasi-separated, see Mor-
phisms of Spaces, Lemma [1.4] Hence the direct implication in Definition [T0.1]

Let {Y; — Y}ier be an fpqe covering of algebraic spaces over S. Let f : X — Y bea
morphism of algebraic spaces over S. Assume each base change X; :=Y; xy X — Y}
is quasi-separated. This means that each of the morphisms

Ai:Xi—)XiXini:EXy(XXyX)

is quasi-compact. The base change of a fpqc covering is an fpqc covering, see
Topologies on Spaces, Lemma hence {Y; xy (X xy X) — X xy X} is an fpqc
covering of algebraic spaces. Moreover, each A; is the base change of the morphism
A: X — X xy X. Hence it follows from Lemma that A is quasi-compact,
i.e., f is quasi-separated. (]

Lemma 11.3. Let S be a scheme. The property P(f) =“f is universally closed”
is fpgc local on the base on algebraic spaces over S.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f: X — Z be a morphism of algebraic
spaces, and assume that the base change f' : Z’ xz X — Z’ is universally closed.
We have to show that f is universally closed. To see this, using Morphisms of
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Spaces, Lemma [9.5 again, it is enough to show that for every affine scheme Y and
morphism Y — Z the map |Y Xz X| — |Y] is closed. Consider the cube (11.1.1]).
The assumption that f’ is universally closed implies that |Y x z Z'x z X | — |V x z Z|
is closed. As Y xz Z' — Y is quasi-compact, surjective, and flat as a base change
of Z' — Z we see the map |Y xz Z'| — |Y] is submersive, see Morphisms, Lemma

25.12] Moreover the map
|Y Xzz, XzX‘ — |Y ><2Z,| X‘y| |Y XzX|

is surjective, see Properties of Spaces, Lemma[4.3] It follows by elementary topology
that |Y xz X| — |Y| is closed. O

Lemma 11.4. Let S be a scheme. The property P(f) =“f is universally open” is
fpqc local on the base on algebraic spaces over S.

Proof. The proof is the same as the proof of Lemma [T1.3] O

Lemma 11.5. The property P(f) =“f is universally submersive” is fpqc local on
the base.

Proof. The proof is the same as the proof of Lemma [11.3 (]

Lemma 11.6. The property P(f) =“f is surjective” is fpqc local on the base.
Proof. Omitted. (Hint: Use Properties of Spaces, Lemma [4.3]) O

Lemma 11.7. The property P(f) =“f is universally injective” is fpqc local on the
base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a flat sur-
jective morphism of affine schemes over S and let f : X — Z be a morphism from
an algebraic space to Z. Assume that the base change f/ : X’ — Z’ is universally
injective. Let K be a field, and let a,b : Spec(K) — X be two morphisms such
that foa= fob. As Z' — Z is surjective there exists a field extension K'/K and
a morphism Spec(K') — Z’ such that the following solid diagram commutes

Spec(K")

N

L

Spec(K) L> X——Z

As the square is cartesian we get the two dotted arrows o', b’ making the diagram
commute. Since X’ — Z' is universally injective we get a’ = b’. This forces a = b as
{Spec(K’) — Spec(K)} is an fpqc covering, see Properties of Spaces, Proposition
Hence f is universally injective as desired. O

Lemma 11.8. The property P(f) =“f is a universal homeomorphism” is fpqc
local on the base.
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Proof. This can be proved in exactly the same manner as Lemma Alterna-
tively, one can use that a map of topological spaces is a homeomorphism if and
only if it is injective, surjective, and open. Thus a universal homeomorphism is the
same thing as a surjective, universally injective, and universally open morphism.
See Morphisms of Spaces, Lemma [5.5] and Morphisms of Spaces, Definitions [19.3

Thus the lemma follows from Lemmas [I1.6] [T1.7], and [T1.4] O

Lemma 11.9. The property P(f) =“f is locally of finite type” is fpgc local on the
base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f: X — Z be a morphism of algebraic
spaces, and assume that the base change f’ : Z/ xz X — Z' is locally of finite
type. We have to show that f is locally of finite type. Let U be a scheme and let
U — X be surjective and étale. By Morphisms of Spaces, Lemma again, it
is enough to show that U — Z is locally of finite type. Since f’ is locally of finite
type, and since Z' x z U is a scheme étale over Z’ x z X we conclude (by the same
lemma again) that Z' xz U — Z' is locally of finite type. As {Z' — Z} is an fpqc
covering we conclude that U — Z is locally of finite type by Descent, Lemma [23.10]
as desired. g

Lemma 11.10. The property P(f) =“f is locally of finite presentation” is fpgc
local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change f’ : Z/ x; X — Z’ is locally of finite
presentation. We have to show that f is locally of finite presentation. Let U be a
scheme and let U — X be surjective and étale. By Morphisms of Spaces, Lemma
28.4] again, it is enough to show that U — Z is locally of finite presentation. Since
f! is locally of finite presentation, and since Z’ x z U is a scheme étale over 7' x z X
we conclude (by the same lemma again) that Z’ xz U — Z’ is locally of finite
presentation. As {Z’ — Z} is an fpqc covering we conclude that U — Z is locally
of finite presentation by Descent, Lemma as desired. ([l

Lemma 11.11. The property P(f) =“f is of finite type” is fpqc local on the base.
Proof. Combine Lemmas [[T.1] and O

Lemma 11.12. The property P(f) =“f is of finite presentation” is fpgc local on
the base.

Proof. Combine Lemmas [T1.1] [[T.2] and [T1.10} (]
Lemma 11.13. The property P(f) =“f is flat” is fpqc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f: X — Z be a morphism of algebraic
spaces, and assume that the base change [’ : 7/ xz X — Z' is flat. We have to
show that f is flat. Let U be a scheme and let U — X be surjective and étale. By
Morphisms of Spaces, Lemma [30.5] again, it is enough to show that U — Z is flat.
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Since f’ is flat, and since Z’ x z U is a scheme étale over Z’ x z X we conclude (by
the same lemma again) that Z' x ;U — Z’ is flat. As {Z' — Z} is an fpqc covering
we conclude that U — Z is flat by Descent, Lemma [23.15] as desired. (]

Lemma 11.14. The property P(f) =“f is an open immersion” is fpgc local on
the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Consider a cartesian dia-
gram

X —=X

|

7' ——= 7

of algebraic spaces over S where Z' — Z is a surjective flat morphism of affine
schemes, and X’ — Z’ is an open immersion. We have to show that X — Z is an
open immersion. Note that |X’| C |Z’| corresponds to an open subscheme U’ C Z’
(isomorphic to X’) with the property that pry ' (U”) = pr }(U’) as open subschemes
of Z' xz Z'. Hence there exists an open subscheme U C Z such that X' = (Z' —
Z)~Y(U), see Descent, Lemma m By Properties of Spaces, Proposition we
see that X satisfies the sheaf condition for the fpqc topology. Now we have the
fpqe covering U = {U’ — U} and the element U’ — X’ — X € H°(U, X). By the
sheaf condition we obtain a morphism U — X such that

U ——=U

-

X ——=X

|

7 ——7
is commutative. On the other hand, we know that for any scheme T over S and
T-valued point T — X the composition T — X — Z is a morphism such that
7' x z T — Z' factors through U’. Clearly this means that T — Z factors through
U. In other words the map of sheaves U — X is bijective and we win. ([

Lemma 11.15. The property P(f) =“f is an isomorphism” is fpgc local on the
base.

Proof. Combine Lemmas [I1.6] and [1.141 O
Lemma 11.16. The property P(f) =“f is affine” is fpgc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change f’: Z’ xz X — Z’ is affine. Let X’ be a
scheme representing Z’ x z X. We obtain a canonical isomorphism

gﬁ:X’XZZ/—)Z/XzXI
since both schemes represent the algebraic space Z’ Xz Z’/ x z X. This is a descent
datum for X'/Z’'/Z, see Descent, Definition (verification omitted, compare
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with Descent, Lemma|39.1]). Since X’ — Z’ is affine this descent datum is effective,
see Descent, Lemma [37.1] Thus there exists a scheme ¥ — Z over Z and an
isomorphism 9 : Z' x ;Y — X' compatible with descent data. Of course Y — Z is
affine (by construction or by Descent, Lemma [23.18)). Note that Y = {Z' xz Y —
Y} is a fpqc covering, and interpreting ¢ as an element of X(Z' xz Y) we see
that ¢ € FIO()),X). By the sheaf condition for X with respect to this covering
(see Properties of Spaces, Proposition we obtain a morphism ¥ — X. By
construction the base change of this to Z’ is an isomorphism, hence an isomorphism
by Lemma This proves that X is representable by an affine scheme and we
win. ([

Lemma 11.17. The property P(f) =“f is a closed immersion” is fpgc local on
the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Consider a cartesian dia-
gram

X ——X

,

7 ——Z
of algebraic spaces over S where Z' — Z is a surjective flat morphism of affine
schemes, and X’ — Z’ is a closed immersion. We have to show that X — Z is a
closed immersion. The morphism X’ — Z’ is affine. Hence by Lemma we see
that X is a scheme and X — Z is affine. It follows from Descent, Lemma
that X — Z is a closed immersion as desired. O

Lemma 11.18. The property P(f) =“f is separated” is fpqc local on the base.

Proof. A base change of a separated morphism is separated, see Morphisms of
Spaces, Lemma [£.4] Hence the direct implication in Definition [T0.1}

Let {Y; — Y }ier be an fpqe covering of algebraic spaces over S. Let f : X — Y bea
morphism of algebraic spaces over S. Assume each base change X; :=Y; xy X — Y}
is separated. This means that each of the morphisms

AiZXi—>Xi><ini:Y;Xy(X><yX)

is a closed immersion. The base change of a fpqc covering is an fpqc covering, see
Topologies on Spaces, Lemma hence {Y; xy (X xy X) = X Xy X} is an fpqc
covering of algebraic spaces. Moreover, each A; is the base change of the morphism
A: X — X xy X. Hence it follows from Lemma[I1.17]that A is a closed immersion,
i.e., f is separated. O

Lemma 11.19. The property P(f) =“f is proper” is fpqc local on the base.
Proof. The lemma follows by combining Lemmas [T1.3] [[T.18] and [TT.11] (]

Lemma 11.20. The property P(f) =“f is quasi-affine” is fpqc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f: X — Z be a morphism of algebraic
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spaces, and assume that the base change ' : Z’ xz X — Z’ is quasi-affine. Let X’
be a scheme representing Z’' x z X. We obtain a canonical isomorphism
QO:X’ X2Z/—>Z/><ZX,

since both schemes represent the algebraic space Z’ xz Z’' x z X. This is a descent
datum for X'/Z’'/Z, see Descent, Definition (verification omitted, compare
with Descent, Lemma . Since X' — Z’ is quasi-affine this descent datum
is effective, see Descent, Lemma Thus there exists a scheme Y — Z over
Z and an isomorphism ¢ : Z' Xz Y — X’ compatible with descent data. Of
course Y — Z is quasi-affine (by construction or by Descent, Lemma [23.20)). Note
that Y = {Z' xz Y — Y} is a fpqc covering, and interpreting ¢ as an element of
X(Z'xzY) we see that ¢ € H°(Y, X). By the sheaf condition for X (see Properties
of Spaces, Proposition we obtain a morphism Y — X. By construction the
base change of this to Z’ is an isomorphism, hence an isomorphism by Lemma [11.15
This proves that X is representable by a quasi-affine scheme and we win. ([l

Lemma 11.21. The property P(f) =“f is a quasi-compact immersion” is fpqc
local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemmas and[8.8] Consider a cartesian
diagram

X —X

|

7 ——Z
of algebraic spaces over S where Z' — Z is a surjective flat morphism of affine
schemes, and X' — Z' is a quasi-compact immersion. We have to show that
X — Z is a closed immersion. The morphism X’ — Z’ is quasi-affine. Hence by
Lemma [I1.20] we see that X is a scheme and X — Z is quasi-affine. It follows from
Descent, Lemma that X — Z is a quasi-compact immersion as desired. [

Lemma 11.22. The property P(f) =“f is integral” is fpqc local on the base.

Proof. An integral morphism is the same thing as an affine, universally closed
morphism. See Morphisms of Spaces, Lemma [45.7] Hence the lemma follows on

combining Lemmas [T1.3] and [T1.16] O
Lemma 11.23. The property P(f) =“f is finite” is fpqc local on the base.

Proof. An finite morphism is the same thing as an integral, morphism which is
locally of finite type. See Morphisms of Spaces, Lemma Hence the lemma
follows on combining Lemmas [T1.9) and [1.22] O

Lemma 11.24. The properties P(f) =“f is locally quasi-finite” and P(f) =“f is
quasi-finite” are fpqc local on the base.

Proof. We have already seen that “quasi-compact” is fpqc local on the base, see
Lemma Hence it is enough to prove the lemma for “locally quasi-finite”. We
will use Lemma to prove this. Assumptions (1) and (2) of that lemma follow
from Morphisms of Spaces, Lemma Let Z' — Z be a surjective flat morphism
of affine schemes over S. Let f : X — Z be a morphism of algebraic spaces,
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and assume that the base change [’ : 7/ xz X — Z’ is locally quasi-finite. We
have to show that f is locally quasi-finite. Let U be a scheme and let U — X be
surjective and étale. By Morphisms of Spaces, Lemma [27.6] again, it is enough to
show that U — Z is locally quasi-finite. Since f’ is locally quasi-finite, and since
7' x 7 U is a scheme étale over Z’' x z X we conclude (by the same lemma again) that
7' xz U — Z' is locally quasi-finite. As {Z' — Z} is an fpqc covering we conclude
that U — Z is locally quasi-finite by Descent, Lemma as desired. O

Lemma 11.25. The property P(f) =“f is syntomic” is fpgc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change f/ : Z' xz X — Z’ is syntomic. We
have to show that f is syntomic. Let U be a scheme and let U — X be surjective
and étale. By Morphisms of Spaces, Lemma [36.4] again, it is enough to show that
U — Z is syntomic. Since f’ is syntomic, and since Z’ x z U is a scheme étale over
7' x z X we conclude (by the same lemma again) that Z’ xz U — Z’ is syntomic.
As {Z' — Z} is an fpqc covering we conclude that U — Z is syntomic by Descent,
Lemma [23.26] as desired. O

Lemma 11.26. The property P(f) =“f is smooth” is fpqc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change /' : Z' xz X — Z’ is smooth. We have to
show that f is smooth. Let U be a scheme and let U — X be surjective and étale.
By Morphisms of Spaces, Lemma [37.4] again, it is enough to show that U — Z is
smooth. Since f’ is smooth, and since Z’ x 7z U is a scheme étale over Z’' x 7 X we
conclude (by the same lemma again) that Z' xz U — Z’ is smooth. As {Z' — Z}
is an fpqc covering we conclude that U — Z is smooth by Descent, Lemma [23.27
as desired. |

Lemma 11.27. The property P(f) =“f is unramified” is fpqc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f: X — Z be a morphism of algebraic
spaces, and assume that the base change f' : Z' xz X — Z’ is unramified. We
have to show that f is unramified. Let U be a scheme and let U — X be surjective
and étale. By Morphisms of Spaces, Lemma [38.5] again, it is enough to show that
U — Z is unramified. Since f’ is unramified, and since Z’' xz U is a scheme
étale over Z’ x z X we conclude (by the same lemma again) that Z' xz U — Z' is
unramified. As {Z' — Z} is an fpqc covering we conclude that U — Z is unramified
by Descent, Lemma, as desired. O

Lemma 11.28. The property P(f) =“f is étale” is fpqc local on the base.

Proof. We will use Lemma to prove this. Assumptions (1) and (2) of that
lemma follow from Morphisms of Spaces, Lemma Let Z' — Z be a surjective
flat morphism of affine schemes over S. Let f : X — Z be a morphism of algebraic
spaces, and assume that the base change f' : Z/ xz X — Z' is étale. We have to
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show that f is étale. Let U be a scheme and let U — X be surjective and étale. By
Morphisms of Spaces, Lemma [39.2| again, it is enough to show that U — Z is étale.
Since f’ is étale, and since Z’ x 7 U is a scheme étale over Z' x 7 X we conclude
(by the same lemma again) that Z' xz U — Z’ is étale. As {Z' — Z} is an fpqc
covering we conclude that U — Z is étale by Descent, Lemma as desired. [

Lemma 11.29. The property P(f) =“f is finite locally free” is fpqc local on the
base.

Proof. Being finite locally free is equivalent to being finite, flat and locally of finite
presentation (Morphisms of Spaces, Lemma [46.6)). Hence this follows from Lemmas

1.23] [TT.13] and [TT.10] t

Lemma 11.30. The property P(f) =“f is a monomorphism” is fpqc local on the
base.

Proof. Let f : X — Y be a morphism of algebraic spaces. Let {Y; — Y} be
an fpqc covering, and assume each of the base changes f; : X; — Y; of f is a
monomorphism. We have to show that f is a monomorphism.

First proof. Note that f is a monomorphism if and only if A: X — X Xy X is an
isomorphism. By applying this to f; we see that each of the morphisms

AiZXi—>Xi><YiXZ‘:Y;'Xy(X><yX)

is an isomorphism. The base change of an fpqc covering is an fpqc covering, see
Topologies on Spaces, Lemma hence {Y; xy (X xy X) = X Xy X} is an fpqe
covering of algebraic spaces. Moreover, each A; is the base change of the morphism
A: X — X xy X. Hence it follows from Lemma that A is an isomorphism,
i.e., f is a monomorphism.

Second proof. Let V' be a scheme, and let V' — Y be a surjective étale morphism.
If we can show that V xy X — V is a monomorphism, then it follows that X — Y
is a monomorphism. Namely, given any cartesian diagram of sheaves

]:T>g
bl lc F=HxzG

H—s7T
if ¢ is a surjection of sheaves, and a is injective, then also d is injective. This reduces
the problem to the case where Y is a scheme. Moreover, in this case we may assume
that the algebraic spaces Y; are schemes also, since we can always refine the covering
to place ourselves in this situation, see Topologies on Spaces, Lemma 9.5

Assume {Y; — Y} is an fpqc covering of schemes. Let a,b : T — X be two
morphisms such that foa = f ob. We have to show that ¢ = b. Since f; is a
monomorphism we see that a; = b;, where a;,b; : Y; xy T — X, are the base
changes. In particular the compositions Y; xy T' — T — X are equal. Since
{Y; xy T — T} is an fpqc covering we deduce that a = b from Properties of Spaces,
Proposition [17.1 O
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12. Descending properties of morphisms in the fppf topology

In this section we find some properties of morphisms of algebraic spaces for which
we could not (yet) show they are local on the base in the fpqc topology which,
however, are local on the base in the fppf topology.

Lemma 12.1. The property P(f) =“f is an immersion” is fppf local on the base.

Proof. Let f: X — Y be a morphism of algebraic spaces. Let {Y; — Y };c; be an
fppf covering of Y. Let f; : X; — Y; be the base change of f.

If f is an immersion, then each f; is an immersion by Spaces, Lemma This
proves the direct implication in Definition [TI0.1}

Conversely, assume each f; is an immersion. By Morphisms of Spaces, Lemma
this implies each f; is separated. By Morphisms of Spaces, Lemma this
implies each f; is locally quasi-finite. Hence we see that f is locally quasi-finite and
separated, by applying Lemmas [TT.18|and [I1.24] By Morphisms of Spaces, Lemma
this implies that f is representable!

By Morphisms of Spaces, Lemma it suffices to show that for every scheme Z
and morphism Z — Y the base change Z xy X — Z is an immersion. By Topologies
on Spaces, Lemma we can find an fppf covering {Z; — Z} by schemes which
refines the pullback of the covering {Y; — Y} to Z. Hence we see that Z xy X — Z
(which is a morphism of schemes according to the result of the preceding paragraph)
becomes an immersion after pulling back to the members of an fppf (by schemes)
of Z. Hence Z xy X — Z is an immersion by the result for schemes, see Descent,
Lemma O

Lemma 12.2. The property P(f) =*f is locally separated” is fppf local on the
base.

Proof. A base change of a locally separated morphism is locally separated, see
Morphisms of Spaces, Lemma Hence the direct implication in Definition [10.1

Let {Y; — Y }ier be an fppf covering of algebraic spaces over S. Let f: X — Y bea
morphism of algebraic spaces over S. Assume each base change X; :=Y; xy X — Y}
is locally separated. This means that each of the morphisms

AiZXZ'HXiXYiXi:Y;‘Xy(XXYAXv

is an immersion. The base change of a fppf covering is an fppf covering, see Topolo-
gies on Spaces, Lemma hence {Y; xy (X xy X) — X Xy X} is an fppf cov-
ering of algebraic spaces. Moreover, each A; is the base change of the morphism
A: X — X xy X. Hence it follows from Lemma that A is a immersion, i.e.,
f is locally separated. U

13. Application of descent of properties of morphisms
This section is the analogue of Descent, Section

Lemmal 13.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Let L be an invertible Ox-module. Let {g; : Y; = Y }ier be an fpqc
covering. Let f; : X; — Y; be the base change of f and let L; be the pullback of L
to X;. The following are equivalent

(1) £ is ample on X/Y, and
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(2) L; is ample on X;/Y; for every i € 1.

Proof. The implication (1) = (2) follows from Divisors on Spaces, Lemma [14.3]
Assume (2). To check £ is ample on X/Y we may work étale localy on Y, see
Divisors on Spaces, Lemma Thus we may assume that Y is a scheme and
then we may in turn assume each Y; is a scheme too, see Topologies on Spaces,
Lemma In other words, we may assume that {Y; — Y} is an fpqc covering of
schemes.

By Divisors on Spaces, Lemmawe see that X; — Y; is representable (i.e., X; is
a scheme), quasi-compact, and separated. Hence f is quasi-compact and separated
by Lemmas 11.1| and 11.18} This means that A = @, f«L® is a quasi-coherent
graded Oy-algebra (Morphisms of Spaces, Lemma . Moreover, the formation
of A commutes with flat base change by Cohomology of Spaces, Lemma In
particular, if we set A; = @ 0 fiLO? then we have A; = gfA. Tt follows that
the natural maps vq : f*Aq — L% of Ox pullback to give the natural maps
Yia: [F(A)a — E?d of Ox,-modules. Since £; is ample on X;/Y; we see that for
any point z; € X;, there exists a d > 1 such that ff(A;)q — ﬁ?d is surjective on
stalks at x;. This follows either directly from the definition of a relatively ample
module or from Morphisms, Lemma If 2 € | X|, then we can choose an ¢ and
an x; € X; mapping to z. Since Oxz — Oy, 3, is flat hence faithfully flat, we
conclude that for every z € |X| there exists a d > 1 such that f*A; — L% is
surjective on stalks at x. This implies that the open subset U(¢) C X of Divisors
on Spaces, Lemma corresponding to the map ¢ : f*A — @ -, L% of graded
Ox-algebras is equal to X. Consider the corresponding morphism

Tz X — Proj (A)

It is clear from the above that the base change of 7, 4 to Y is the morphism 7z, 4,
which is an open immersion by Morphisms, Lemma W Hence r. 4 is an open
immersion by Lemma Hence X is a scheme and we conclude £ is ample on
X/Y by Morphisms, Lemma m O

Lemma 13.2. Let S be a scheme. Let f : X — Y be a proper morphism of
algebraic spaces over S. Let L be an invertible Ox-module. There exists an open
subspace V. C 'Y characterized by the following property: A morphism Y' —Y of
algebraic spaces factors through V if and only if the pullback L' of L to X' =Y ' xy X
is ample on X' /Y (as in Divisors on Spaces, Definition .

Proof. Suppose that the lemma holds whenever Y is a scheme. Let U be a scheme
and let U — Y be a surjective étale morphism. Let R = U xy U with projections
t,s : R — U. Denote Xy = U xy X and Ly the pullback. Then we get an
open subscheme V' C U as in the lemma for (Xy — U, Ly). By the functorial
characterization we see that s=1(V’) = ¢t~1(V’). Thus there is an open subspace
V C Y such that V' is the inverse image of V in U. In particular V' — V is
surjective étale and we conclude that Ly is ample on Xy /V (Divisors on Spaces,
Lemma [14.6). Now, if Y/ — Y is a morphism such that £’ is ample on X'/Y”,
then U xy Y’ — Y’ must factor through V'’ and we conclude that Y’ — Y factors
through V. Hence V C Y is as in the statement of the lemma. In this way we
reduce to the case dealt with in the next paragraph.
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Assume Y is a scheme. Since the question is local on Y we may assume Y is an
affine scheme. We will show the following:

(A) If Spec(k) — Y is a morphism such that £y, is ample on Xy /k, then there
is an open neighbourhood V' C Y of the image of Spec(k) — Y such that
Ly is ample on Xy /V.

It is clear that (A) implies the truth of the lemma.

Let X — Y, L, Spec(k) — Y be as in (A). By Lemma we may assume that
k = k(y) is the residue field of a point y of Y.

As'Y is affine we can find a directed set I and an inverse system of morphisms X; —
Y; of algebraic spaces with Y; of finite presentation over Z, with affine transition
morphisms X; — X, and Y; — Y;/, with X; — Y; proper and of finite presentation,
and such that X — Y = lim(X; — Y;). See Limits of Spaces, Lemma After
shrinking I we may assume Y; is an (affine) scheme for all i, see Limits of Spaces,
Lemma After shrinking I we can assume we have a compatible system of
invertible Ox,-modules £; pulling back to £, see Limits of Spaces, Lemma Let
y; € Y; be the image of y. Then k(y) = colimx(y;). Hence X, = lim X; ,, and
after shrinking I we may assume X;,, is a scheme for all 7, see Limits of Spaces,
Lemma Hence for some ¢ we have £, ,, is ample on X, ,, by Limits, Lemma
By Divisors on Spaces, Lemma we find an open neighourhood V; C Y;
of y; such that L; restricted to f[l(Vi) is ample relative to V;. Letting V C Y be
the inverse image of V; finishes the proof (hints: use Morphisms, Lemma m and
the fact that X — Y xy, X, is affine and the fact that the pullback of an ample
invertible sheaf by an affine morphism is ample by Morphisms, Lemma . ([

14. Properties of morphisms local on the source

In this section we define what it means for a property of morphisms of algebraic
spaces to be local on the source. Please compare with Descent, Section

Definition 14.1. Let S be a scheme. Let P be a property of morphisms of
algebraic spaces over S. Let 7 € {fpqc, fppf, syntomic, smooth, étale}. We say P
is 7 local on the source, or local on the source for the T-topology if for any morphism
f: X =Y of algebraic spaces over S, and any 7-covering {X; — X };¢ of algebraic
spaces we have

f has P < each X; — Y has P.

To be sure, since isomorphisms are always coverings we see (or require) that prop-
erty P holds for X — Y if and only if it holds for any arrow X’ — Y’ isomorphic to
X — Y. If a property is 7-local on the source then it is preserved by precomposing
with morphisms which occur in 7-coverings. Here is a formal statement.

Lemma 14.2. Let S be a scheme. Let T € {fpqe, fppf, syntomic, smooth, étale}.
Let P be a property of morphisms of algebraic spaces over S which is T local on the
source. Let f : X — 'Y have property P. For any morphism a : X' — X which is
flat, resp. flat and locally of finite presentation, resp. syntomic, resp. smooth, resp.
étale, the composition foa: X' —Y has property P.

Proof. This is true because we can fit X’ — X into a family of morphisms which
forms a 7-covering. [
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Lemma 14.3. Let S be a scheme. Let T € {fpqc, fppf, syntomic, smooth, étale}.
Suppose that P is a property of morphisms of schemes over S which is étale local on
the source-and-target. Denote Pspaces the corresponding property of morphisms of
algebraic spaces over S, see Morphisms of Spaces, Definition[22.2 If P is local on
the source for the T-topology, then Pgpaces s local on the source for the T-topology.

Proof. Let f : X — Y be a morphism of algebraic spaces over S. Let {X; —
X}ier be a T-covering of algebraic spaces. Choose a scheme V and a surjective
étale morphism V' — Y. Choose a scheme U and a surjective étale morphism
U — X xy V. For each i choose a scheme U; and a surjective étale morphism
U,j — Xl Xx U.

Note that {X; x x U — U};es is a 7-covering. Note that each {U; — X; x x U} is an
étale covering, hence a 7-covering. Hence {U; — U};¢s is a 7-covering of algebraic
spaces over S. But since U and each U; is a scheme we see that {U; — U}er is a
T-covering of schemes over S.

Now we have
f has Pspaces © U — V has P

& each U; — V has P

& each X; =Y has Ppaces-
the first and last equivalence by the definition of Pspgces the middle equivalence
because we assumed P is local on the source in the 7-topology. (I

15. Properties of morphisms local in the fpqc topology on the source

Here are some properties of morphisms that are fpqc local on the source.
Lemma 15.1. The property P(f) =“f is flat” is fpgc local on the source.

Proof. Follows from Lemma using Morphisms of Spaces, Definition and
Descent, Lemma O

16. Properties of morphisms local in the fppf topology on the source
Here are some properties of morphisms that are fppf local on the source.

Lemma 16.1. The property P(f) =“f is locally of finite presentation” is fppf local
on the source.

Proof. Follows from Lemma [14.3| using Morphisms of Spaces, Definition and
Descent, Lemma [28.1 O

Lemma 16.2. The property P(f) =“f is locally of finite type” is fppf local on the
source.

Proof. Follows from Lemma [14.3| using Morphisms of Spaces, Definition and
Descent, Lemma, |28.2 O

Lemma 16.3. The property P(f) =“f is open” is fppf local on the source.

Proof. Follows from Lemma [14.3] using Morphisms of Spaces, Definition and
Descent, Lemma, [28.3 O

Lemma 16.4. The property P(f) =“f is universally open” is fppf local on the
source.
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Proof. Follows from Lemma [14.3] using Morphisms of Spaces, Definition and
Descent, Lemma, O

17. Properties of morphisms local in the syntomic topology on the
source

Here are some properties of morphisms that are syntomic local on the source.

Lemma 17.1. The property P(f) =“f is syntomic” is syntomic local on the
source.

Proof. Follows from Lemma [I4.3] using Morphisms of Spaces, Definition [36.1] and
Descent, Lemma [29.1 O

18. Properties of morphisms local in the smooth topology on the source
Here are some properties of morphisms that are smooth local on the source.
Lemma 18.1. The property P(f) =%f is smooth” is smooth local on the source.

Proof. Follows from Lemma |14.3| using Morphisms of Spaces, Definition [37.1] and
Descent, Lemma [30.1 O

19. Properties of morphisms local in the étale topology on the source
Here are some properties of morphisms that are étale local on the source.
Lemma 19.1. The property P(f) =“f is étale” is étale local on the source.

Proof. Follows from Lemma [I4.3] using Morphisms of Spaces, Definition [39.1] and
Descent, Lemma [31.1 O

Lemma 19.2. The property P(f) =“f is locally quasi-finite” is étale local on the
source.

Proof. Follows from Lemma using Morphisms of Spaces, Definition and
Descent, Lemma [31.2 (I

Lemma 19.3. The property P(f) =“f is unramified” is étale local on the source.

Proof. Follows from Lemma [14.3| using Morphisms of Spaces, Definition and
Descent, Lemma |31.3 O

20. Properties of morphisms smooth local on source-and-target

Let P be a property of morphisms of algebraic spaces. There is an intuitive meaning
to the phrase “P is smooth local on the source and target”. However, it turns out
that this notion is not the same as asking P to be both smooth local on the source
and smooth local on the target. We have discussed a similar phenomenon (for the
étale topology and the category of schemes) in great detail in Descent, Section
(for a quick overview take a look at Descent, Remark . However, there is an
important difference between the case of the smooth and the étale topology. To see
this difference we encourage the reader to ponder the difference between Descent,
Lemma and Lemma [20.2] as well as the difference between Descent, Lemma
and Lemma[20.3] Namely, in the étale setting the choice of the étale “covering”
of the target is immaterial, whereas in the smooth setting it is not.
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Definition 20.1. Let S be a scheme. Let P be a property of morphisms of
algebraic spaces over S. We say P is smooth local on source-and-target if

(1) (stable under precomposing with smooth maps) if f : X — Y is smooth
and g : Y — Z has P, then go f has P,

(2) (stable under smooth base change) if f: X — Y has P and Y’ — Y is
smooth, then the base change f': Y’ xy X — Y’ has P, and

(3) (locality) given a morphism f : X — Y the following are equivalent
(a) f has P,

(b) for every x € | X| there exists a commutative diagram

U——V

h
)
X—Y

with smooth vertical arrows and v € |U| with a(u) = = such that h
has P.

The above serves as our definition. In the lemmas below we will show that this is
equivalent to P being smooth local on the target, smooth local on the source, and
stable under post-composing by smooth morphisms.

Lemmal 20.2. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S which is smooth local on source-and-target. Then

(1) P is smooth local on the source,

(2) P is smooth local on the target,

(3) P is stable under postcomposing with smooth morphisms: if f : X =Y has
P and g:Y — Z is smooth, then go f has P.

Proof. We write everything out completely.

Proof of (1). Let f : X — Y be a morphism of algebraic spaces over S. Let
{X; = X}ier be a smooth covering of X. If each composition h; : X; — Y has
P, then for each |z| € X we can find an ¢ € I and a point x; € |X;| mapping to
. Then (X;,z;) — (X, z) is a smooth morphism of pairs, and idy : ¥ — Y is a
smooth morphism, and h; is as in part (3) of Definition Thus we see that f
has P. Conversely, if f has P then each X; — Y has P by Deﬁnitionpart (1).

Proof of (2). Let f : X — Y be a morphism of algebraic spaces over S. Let
{Y; = Y}ier be a smooth covering of Y. Write X; = Y; xy X and h; : X; = Y;
for the base change of f. If each h; : X; — Y; has P, then for each x € |X| we pick
an i € I and a point z; € |X;| mapping to . Then (X;,z;) — (X, ) is a smooth
morphism of pairs, Y; — Y is smooth, and h; is as in part (3) of Definition m
Thus we see that f has P. Conversely, if f has P, then each X; — Y; has P by
Definition m part (2).

Proof of (3). Assume f: X — Y has P and g : Y — Z is smooth. For every
x € |X| we can think of (X,z) — (X, ) as a smooth morphism of pairs, Y — Z
is a smooth morphism, and h = f is as in part (3) of Definition m Thus we see
that g o f has P. O

The following lemma is the analogue of Morphisms, Lemma,
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Lemma 20.3. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S which is smooth local on source-and-target. Let f : X — Y be a
morphism of algebraic spaces over S. The following are equivalent:
(a) f has property P,
(b) for every x € |X| there exists a smooth morphism of pairs a : (U u) —
(X, z), a smooth morphism b :V — Y, and a morphism h : U — V such
that foa=boh and h has P,
(¢c) for some commutative diagram

U——V
h

|
x—t.ovy

with a, b smooth and a surjective the morphism h has P,
(d) for any commutative diagram

U——=V

h
|
x—1ovy

with b smooth and U — X Xy V' smooth the morphism h has P,

(e) there exists a smooth covering {Y; — Y }icr such that each base change
Y; xy X =Y, has P,

(f) there exists a smooth covering {X; — X }ier such that each composition
X, =Y has P,

(g) there exists a smooth covering {Y; — Y }ier and for each i € I a smooth
covering {X;; — Y; xy X}jey, such that each morphism X;; — Y; has P.

Proof. The equivalence of (a) and (b) is part of Definition The equivalence
of (a) and (e) is Lemma [20.2] part (2). The equivalence of (a) and (f) is Lemma
20.2| part (1). As (a) is now equivalent to (e) and (f) it follows that (a) equivalent

to (g).

It is clear that (c) implies (b). If (b) holds, then for any x € |X| we can choose a
smooth morphism of pairs a,, : (U, u,) — (X, ), a smooth morphism b, : V, = Y,
and a morphism h, : U, — V, such that f oa, = b, o h, and h, has P. Then
h=]1Ths:[[Us = ][ Ve with a = [[ a, and b =[] b, is a diagram as in (¢). (Note
that h has property P as {V,, — [[ Vi } is a smooth covering and P is smooth local
on the target.) Thus (b) is equivalent to (c).

Now we know that (a), (b), (c), (e), (f), and (g) are equivalent. Suppose (a) holds.
Let U,V,a,b,h be as in (d). Then X xy V — V has P as P is stable under smooth
base change, whence U — V has P as P is stable under precomposing with smooth
morphisms. Conversely, if (d) holds, then setting U = X and V =Y we see that f
has P. O

Lemma 20.4. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S. Assume

(1) P is smooth local on the source,
(2) P is smooth local on the target, and
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(3) P is stable under postcomposing with smooth morphisms: if f : X =Y has
P andY — Z is a smooth morphism then X — Z has P.

Then P is smooth local on the source-and-target.

Proof. Let P be a property of morphisms of algebraic spaces which satisfies con-
ditions (1), (2) and (3) of the lemma. By Lemma[14.2] we see that P is stable under
precomposing with smooth morphisms. By Lemma [10.2| we see that P is stable
under smooth base change. Hence it suffices to prove part (3) of Definition [20.1]
holds.

More precisely, suppose that f : X — Y is a morphism of algebraic spaces over S
which satisfies Definition part (3)(b). In other words, for every & € X there
exists a smooth morphism a, : U, — X, a point u, € |U,| mapping to z, a smooth
morphism b, : V, — Y, and a morphism h, : U, — V, such that foa, = b, o h,
and h, has P. The proof of the lemma is complete once we show that f has P.
Set U = [[Us, a = [[as, V = ][V, b = [[bs, and h = []h,. We obtain a
commutative diagram

U——=V

h
|
Xty

with a, b smooth, a surjective. Note that h has P as each h, does and P is smooth
local on the target. Because a is surjective and P is smooth local on the source,
it suffices to prove that b o h has P. This follows as we assumed that P is stable
under postcomposing with a smooth morphism and as b is smooth. O

Remark|20.5. Using Lemma and the work done in the earlier sections of this
chapter it is easy to make a list of types of morphisms which are smooth local on
the source-and-target. In each case we list the lemma which implies the property
is smooth local on the source and the lemma which implies the property is smooth
local on the target. In each case the third assumption of Lemma is trivial to
check, and we omit it. Here is the list:

(1) flat, see Lemmas and [11.13
locally of finite presentation, see Lemmas [16.1] and [T1.10}

)

)

) locally finite type, see Lemmas [16.2| and [11.9
) universally open, see Lemmas [16.4] and [11.4
)
)
)

(2
(3
(4
(5) syntomic, see Lemmas [17.1{and [11.25
(6) smooth, see Lemmas and
(7) add more here as needed.

21. Properties of morphisms étale-smooth local on source-and-target

This section is the analogue of Section [20] for properties of morphisms which are
étale local on the source and smooth local on the target. We give this property a
ridiculously long name in order to avoid using it too much.

Definition 21.1. Let S be a scheme. Let P be a property of morphisms of
algebraic spaces over S. We say P is étale-smooth local on source-and-target if

(1) (stable under precomposing with étale maps) if f : X — Y is étale and
g:Y — Z has P, then go f has P,
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(2) (stable under smooth base change) if f: X — Y has P and Y/ — Y is
smooth, then the base change f' : Y’ xy X — Y’ has P, and

(3) (locality) given a morphism f: X — Y the following are equivalent
(a) f has P,

(b) for every x € |X| there exists a commutative diagram

U——=V

h
|
x—t.oy

with b smooth and U — X xy V étale and u € |U| with a(u) = = such
that h has P.

The above serves as our definition. In the lemmas below we will show that this is
equivalent to P being étale local on the target, smooth local on the source, and
stable under post-composing by étale morphisms.

Lemma 21.2. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S which is étale-smooth local on source-and-target. Then

(1) P is étale local on the source,

(2) P is smooth local on the target,

(3) P is stable under postcomposing with étale morphisms: if f : X — Y has
P andg:Y — Z is étale, then go f has P, and

(4) P has a permanence property: given f: X =Y and g:Y — Z étale such
that g o f has P, then f has P.

Proof. We write everything out completely.

Proof of (1). Let f : X — Y be a morphism of algebraic spaces over S. Let
{X; = X}icsr be an étale covering of X. If each composition h; : X; — Y has P,
then for each |z| € X we can find an ¢ € I and a point z; € |X;| mapping to z.
Then (X;,z;) — (X, z) is an étale morphism of pairs, and idy : ¥ — Y is a smooth
morphism, and h; is as in part (3) of Definition 21.1] Thus we see that f has P.
Conversely, if f has P then each X; — Y has P by Definition part (1).

Proof of (2). Let f : X — Y be a morphism of algebraic spaces over S. Let
{Y; = Y}icr be a smooth covering of Y. Write X; = Y; xy X and h; : X; = Y;
for the base change of f. If each h; : X; — Y; has P, then for each z € | X| we
pick an 7 € I and a point z; € | X;| mapping to x. Then X; — X xy Y; is an étale
morphism (because it is an isomorphism), Y; — Y is smooth, and h; is as in part
(3) of Deﬁnitionm Thus we see that f has P. Conversely, if f has P, then each
X; — Y; has P by Definition part (2).

Proof of (3). Assume f: X — Y has P and g : Y — Z is étale. The morphism
X — Y xz X is étale as a morphism between algebraic spaces étale over X (
Properties of Spaces, Lemma|16.6). Also Y — Z is étale hence a smooth morphism.

Thus the diagram
X Y
o]
X Z
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works for every x € |X]| in part (3) of Definition and we conclude that g o f
has P.

Proof of (4). Let f: X — Y be a morphism and g : Y — Z étale such that go f
has P. Then by Definition 21.1] part (2) we see that pry : Y xz X — Y has P.
But the morphism (f,1) : X = Y xz X is étale as a section to the étale projection
pry : Y xzX — X, see Morphisms of Spaces, Lemma Hence f = pryo(f,1)
has P by Definition part (1). O

Lemma 21.3. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S which is etale-smooth local on source-and-target. Let f : X — Y be
a morphism of algebraic spaces over S. The following are equivalent:
(a) f has property P,
(b) for every x € |X| there exists a smooth morphism b : V. — Y, an étale
morphism a : U — V Xy X, and a point u € |U| mapping to x such that

U—=YV has P,
(¢c) for some commutative diagram
U——V
h
L,k
x—toy

with b smooth, U — V xy X étale, and a surjective the morphism h has P,
(d) for any commutative diagram

U——V

h
|
x—t.ovy

with b smooth and U — X Xy V étale, the morphism h has P,

(e) there exists a smooth covering {Y; — Y }icr such that each base change
Y; xy X =Y, has P,

(f) there exists an étale covering {X; — X}ier such that each composition
X, =Y has P,

(g) there exists a smooth covering {Y; — Y }icr and for each i € I an étale
covering {X;; — Y; xy X}jey, such that each morphism X;; — Y; has P.

Proof. The equivalence of (a) and (b) is part of Definition The equivalence
of (a) and (e) is Lemma part (2). The equivalence of (a) and (f) is Lemma
part (1). As (a) is now equivalent to (e) and (f) it follows that (a) equivalent
to (g).

It is clear that (c) implies (b). If (b) holds, then for any z € |X| we can choose
a smooth morphism a smooth morphism b, : V,, — Y, an étale morphism U, —
V, Xy X, and u, € |U,| mapping to x such that U, — V, has P. Then h =[] h, :
11U, — [[ Ve with a = [Ja, and b = [] b, is a diagram as in (c). (Note that h
has property P as {V, — [[ V.. } is a smooth covering and P is smooth local on the
target.) Thus (b) is equivalent to (c).

Now we know that (a), (b), (c), (e), (f), and (g) are equivalent. Suppose (a) holds.
Let U,V,a,b,h be as in (d). Then X xy V' — V has P as P is stable under smooth
base change, whence U — V has P as P is stable under precomposing with étale
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morphisms. Conversely, if (d) holds, then setting U = X and V =Y we see that f
has P. O

Lemma 21.4. Let S be a scheme. Let P be a property of morphisms of algebraic
spaces over S. Assume

(1) P is étale local on the source,

(2) P is smooth local on the target, and

(3) P is stable under postcomposing with open immersions: if f : X =Y has
P andY C Z is an open embedding then X — Z has P.

Then P is étale-smooth local on the source-and-target.

Proof. Let P be a property of morphisms of algebraic spaces which satisfies con-
ditions (1), (2) and (3) of the lemma. By Lemma[l4.2] we see that P is stable under
precomposing with étale morphisms. By Lemma[10.2] we see that P is stable under
smooth base change. Hence it suffices to prove part (3) of Definition holds.

More precisely, suppose that f: X — Y is a morphism of algebraic spaces over S
which satisfies Definition [20.1] part (3)(b). In other words, for every = € X there
exists a smooth morphism b, : V, — Y, an étale morphism U, — V, xy X, and
a point u, € |U,| mapping to x such that h, : U, — V, has P. The proof of the
lemma is complete once we show that f has P.

Let a; : U, — X be the composition U, — V, xy X — X. Set U = [[U,,
a=]laz, V=1[Vs, b=]]bs, and h =[] h,. We obtain a commutative diagram

U——V

h
)
X—Y

with b smooth, U — V xy X étale, a surjective. Note that h has P as each h, does
and P is smooth local on the target. In the next paragraph we prove that we may
assume U, V, XY are schemes; we encourage the reader to skip it.

Let X,Y,U,V,a,b, f,h be as in the previous paragraph. We have to show f has P.
Let X’ — X be a surjective étale morphism with X; a scheme. Set U' = X' x x U.
Then U’ — X' is surjective and U’ — X' xy V is étale. Since P is étale local on
the source, we see that U’ — V has P and that it suffices to show that X’ — Y has
P. In other words, we may assume that X is a scheme. Next, choose a surjective
étale morphism Y/ — Y with Y/ a scheme. Set V' =V xy Y’ X/ = X xy Y/, and
U =Uxy Y. Then U — X' is surjective and U’ — X’ xy+ V' is étale. Since
P is smooth local on the target, we see that U’ — V' has P and that it suffices to
prove X’ — Y’ has P. Thus we may assume both X and Y are schemes. Choose
a surjective étale morphism V' — V with V' a scheme. Set U’ = U xy V’. Then
U — X is surjective and U’ — X xy V' is étale. Since P is smooth local on
the source, we see that U’ — V' has P. Thus we may replace U,V by U’, V' and
assume X, Y,V are schemes. Finally, we replace U by a scheme surjective étale over
U and we see that we may assume U, V, XY are all schemes.

IfU,V,X,Y are schemes, then f has P by Descent, Lemma |32.11 d

Remark 21.5. Using Lemma and the work done in the earlier sections of this
chapter it is easy to make a list of types of morphisms which are smooth local on
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the source-and-target. In each case we list the lemma which implies the property is
etale local on the source and the lemma which implies the property is smooth local
on the target. In each case the third assumption of Lemma [21.4]is trivial to check,
and we omit it. Here is the list:

(1) étale, see Lemmas [19.1] and [11.28]

(2) locally quasi-finite, see Lemmas [19.2] and [11.24}
(3) unramified, see Lemmas and and
(4) add more here as needed.

Of course any property listed in Remark is a fortiori an example that could be
listed here.

22. Descent data for spaces over spaces

0ADF This section is the analogue of Descent, Section [34] for algebraic spaces. Most of
the arguments in this section are formal relying only on the definition of a descent
datum.

0ADG |Definition 22.1. Let S be a scheme. Let f:Y — X be a morphism of algebraic
spaces over S.

(1) Let V — Y be a morphism of algebraic spaces. A descent datum for V/Y/X
is an isomorphism ¢ : V xx Y — Y xx V of algebraic spaces over Y xx Y
satisfying the cocycle condition that the diagram

VxxYxxY Y xxYxxV

$o2
K %

YXXVXXY

commutes (with obvious notation).
(2) We also say that the pair (V/Y, ¢) is a descent datum relative to Y — X.
(3) A morphism f: (V/Y,p) = (V'/Y,¢') of descent data relative to Y — X
is a morphism f : V' — V' of algebraic spaces over Y such that the diagram

indy\L \Lidyxf

@
[//XX; —Y Xx V/
comimutes.

0ADH Remark 22.2. Let S be a scheme. Let Y — X be a morphism of algebraic spaces
over S. Let (V/Y, ) be a descent datum relative to Y — X. We may think of the
isomorphism ¢ as an isomorphism

(Y Xx Y) Xpro,Y V — (Y Xx Y) Xprhy 1%
of algebraic spaces over Y x x Y. So loosely speaking one may think of ¢ as a map

p:prgV — pr“{VB The cocycle condition then says that pri,¢ = prispoprg . In
this way it is very similar to the case of a descent datum on quasi-coherent sheaves.

1Unf0rtunately, we have chosen the “wrong” direction for our arrow here. In Definitions m
and [22.3] we should have the opposite direction to what was done in Definition [3.1] by the general
principle that “functions” and “spaces” are dual.
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Here is the definition in case you have a family of morphisms with fixed target.

Definition 22.3. Let S be a scheme. Let {X; — X },¢; be a family of morphisms
of algebraic spaces over S with fixed target X.
(1) A descent datum (V;,@;;) relative to the family {X; — X} is given by an
algebraic space V; over X; for each 7 € I, an isomorphism ¢;; : Vi xx X; —
X; X x Vj of algebraic spaces over X; x x X; for each pair (,7) € I? such
that for every triple of indices (7,7, k) € I® the diagram

‘/iXXXjXXXk XiXXXjXXVk

. ProsPik .

Xi XXijX)(Xk

of algebraic spaces over X; X x X x x X}, commutes (with obvious notation).

(2) A morphism ¥ : (Vi,pij) — (V/,pi;) of descent data is given by a family
¥ = (¥;)ier of morphisms v; : V; — V. of algebraic spaces over X; such
that all the diagrams

V;Xij?”-Xi Xx‘/}'

wixidl lidij

Pij
Vvi/ xXXj 4>Xl Xx ij/
commute.

Remark 22.4. Let S be a scheme. Let {X; — X };er be a family of morphisms
of algebraic spaces over S with fixed target X. Let (V;, ¢;;) be a descent datum
relative to {X; — X'}. We may think of the isomorphisms ¢;; as isomorphisms

(X xx Xj) Xprg.x, Vi — (Xi xx Xj) Xpr,x; Vj

of algebraic spaces over X; x x X;. So loosely speaking one may think of ¢;; as an
isomorphism pryV; — priV; over X; xx X;. The cocycle condition then says that
PIiaik = PITa@jk © Pry1@ij- In this way it is very similar to the case of a descent
datum on quasi-coherent sheaves.

The reason we will usually work with the version of a family consisting of a single
morphism is the following lemma.

Lemma 22.5. Let S be a scheme. Let {X; — X }ier be a family of morphisms of
algebraic spaces over S with fived target X. SetY = [[,.; Xi. There is a canonical
equivalence of categories

category of descent data . category of descent data
relative to the family {X; — X }ier relative to Y/ X

which maps (Vi, i5) to (V, @) with V =11,c; Vi and o =[] @sj.

Proof. Observe that Y xx Y = ]_[ij X xx X; and similarly for higher fibre prod-
ucts. Giving a morphism V' — Y is exactly the same as giving a family V; — X;.
And giving a descent datum ¢ is exactly the same as giving a family ¢;;. (]

Lemmal 22.6. Pullback of descent data. Let S be a scheme.
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J 7

X o x

(1) Let

be a commutative diagram of algebraic spaces over S. The construction
(V=oYo)— f1(VoaYe)=V =Y. ¢)

where V! =Y’ Xy V and where ¢ is defined as the composition

%4 XX/Y/:(Y/ va) X x Y/:(Y/ X x Y’) XyxxY (V Xxy)
idX @
Y’ X x/ Vi —=Y"' X x/ (Y’ XyV):(Y/ XXyI) XyYxxY (Y XXV)

defines a functor from the category of descent data relative to Y — X to
the category of descent data relative to Y’ — X'.

(2) Given two morphisms f; : Y — Y, i = 0,1 making the diagram commute
the functors fg and f{ are canonically isomorphic.

Proof. We omit the proof of (1), but we remark that the morphism ¢’ is the
morphism (f X f)*¢ in the notation introduced in Remark[22.2] For (2) we indicate
which morphism fiV — f{'V gives the functorial isomorphism. Namely, since fo
and f; both fit into the commutative diagram we see there is a unique morphism
r:Y' =Y xx Y with f; = pr; or. Then we take

RV = Y xpyV
= Y Xpryory V
Y Xpyuxy (Y XxY) Xpey v V
LY Xeysxy (Y xx Y) Xpr, v V
= Y' Xpory V
= Y'xpyV
= fiV
We omit the verification that this works. O
Definition 22.7. With S, X, X', Y,Y’, f,a,d’,h as in Lemmamthe functor

(Vi) — f7(V, )

constructed in that lemma is called the pullback functor on descent data.
Lemma 22.8. Let S be a scheme. LetU' = {X] — X'}iep andU = {X; = X }ier
be families of morphisms with fized target. Let o : I' — I, g : X' — X and
gi + X{ — Xo@) be a morphism of families of maps with fived target, see Sites,
Definition [8.1]

(1) Let (Vi, ;) be a descent datum relative to the family U. The system

(95 Vatiy» (9i X 95)" Pairali))
(with notation as in Remark is a descent datum relative to U’.
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(2) This construction defines a functor between the category of descent data
relative to U and the category of descent data relative to U'.

(3) Given a second B:1' = I, h: X" = X and hj : X{ — Xg(;) morphism of
families of maps with fized target, then if g = h the two resulting functors
between descent data are canonically isomorphic.

(4) These functors agree, via Lemma with the pullback functors con-
structed in Lemma [22.4.

Proof. This follows from Lemma via the correspondence of Lemma [22.5, O

Definition 22.9. With U’ = {X] — X'} ier, U = {X; = X}ier, o I' = 1,
g:X"—= X, and g; : X] = X,(;) as in Lemma the functor

(Vi i) — (97 Vatiy» (9i X 95)"Patiat))
constructed in that lemma is called the pullback functor on descent data.

If # and U’ have the same target X, and if U’ refines U (see Sites, Definition
but no explicit pair («, g;) is given, then we can still talk about the pullback functor
since we have seen in Lemma that the choice of the pair does not matter (up
to a canonical isomorphism).

Definition 22.10. Let S be a scheme. Let f: Y — X be a morphism of algebraic
spaces over S.

(1) Given an algebraic space U over X we have the trivial descent datum of U
relative to id : X — X, namely the identity morphism on U.

(2) By Lemma we get a canonical descent datum on Y x x U relative to
Y — X by pulling back the trivial descent datum via f. We often denote
(Y xx U, can) this descent datum.

(3) A descent datum (V) relative to Y/X is called effective if (V, ) is iso-
morphic to the canonical descent datum (Y x x U, can) for some algebraic
space U over X.

Thus being effective means there exists an algebraic space U over X and an iso-
morphism ¢ : V' — Y xx U over Y such that ¢ is equal to the composition

xid idy x¢ !
P Yy y X

VXXY—)YXXUXSY:YX)(YXXU YXXV

There is a slight problem here which is that this definition (in spirit) conflicts with
the definition given in Descent, Definition [34.10] in case Y and X are schemes.
However, it will always be clear from context which version we mean.

Definition 22.11. Let S be a scheme. Let {X; — X} be a family of morphisms
of algebraic spaces over S with fixed target X.

(1) Given an algebraic space U over X we have a canonical descent datum on
the family of algebraic spaces X; xx U by pulling back the trivial descent
datum for U relative to {id : S — S}. We denote this descent datum
(X; xx U, can).

(2) A descent datum (V;, p;;) relative to {X; — S} is called effective if there
exists an algebraic space U over X such that (V;,¢;;) is isomorphic to
(Xi xx U, can).
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23. Descent data in terms of sheaves

This section is the analogue of Descent, Section It is slightly different as alge-
braic spaces are already sheaves.

Lemma 23.1. Let S be a scheme. Let {X; — X}icr be an fppf covering of alge-
braic spaces over S (Topologies on Spaces, Definition . There is an equivalence
of categories

descent data (V;, i) o
relative to {X; — X}

sheaves F' on (Sch/S)¢pps endowed
with a map F — X such that each
X, xx F is an algebraic space
Moreover,
(1) the algebraic space X; x x F' on the right hand side corresponds to V; on the
left hand side, and
(2) the sheaf F is an algebraic spaceﬂ if and only if the corresponding descent
datum (X;, ;) is effective.
Proof. Let us construct the functor from right to left. Let FF — X be a map of
sheaves on (Sch/S)fpps such that each V; = X; xx F' is an algebraic space. We
have the projection V; — X;. Then both V; xx X; and X; xx V; represent the
sheaf X; x x F' xx X; and hence we obtain an isomorphism

i 1 Vixx Xj = Xy xx Vj
It is straightforward to see that the maps ¢;; are morphisms over X; x x X; and

satisfy the cocycle condition. The functor from right to left is given by this con-
struction F' — (V;, @;;).

Let us construct a functor from left to right. The isomorphisms ¢;; give isomor-
phisms

wij Vixx Xj — X xx Vj
over X; x X;. Set F equal to the coequalizer in the following diagram

Pry

[T Vi xx X ILVi—F

Priowi;

The cocycle condition guarantees that F' comes with a map F' — X and that X; x x
F' is isomorphic to V;. The functor from left to right is given by this construction

We omit the verification that these constructions are mutually quasi-inverse func-
tors. The final statements (1) and (2) follow from the constructions. O
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