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1. Introduction

In this chapter continues the discussion started in Cohomology of Spaces, Section [I]
One can also view this chapter as the analogue for algebraic spaces of the chapter
on étale cohomology for schemes, see Etale Cohomology, Section

In fact, we intend this chapter to be mainly a translation of the results already
proved for schemes into the language of algebraic spaces. Some of our results can

be found in [Knu71].

2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Schtpp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X x g X for the product of X with itself (in the category of
algebraic spaces over 5), instead of X x X.

3. Transporting results from schemes

In this section we explain briefly how results for schemes imply results for (repre-
sentable) algebraic spaces and (representable) morphisms of algebraic spaces. For
quasi-coherent modules more is true (because étale cohomology of a quasi-coherent
module over a scheme agrees with Zariski cohomology) and this has already been
discussed in Cohomology of Spaces, Section [3]

This is a chapter of the Stacks Project, version 74af77a7, compiled on Jun 27, 2023.
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Let S be a scheme. Let X be an algebraic space over S. Now suppose that X is
representable by the scheme X, (awkward but temporary notation; we usually just
say “X is a scheme”). In this case X and X have the same small étale sites:

Xétale = (XO)étale
This is pointed out in Properties of Spaces, Section Moreover, if f: X — Y
is a morphism of representable algebraic spaces over S and if fy : Xg — Yy is a
morphism of schemes representing f, then the induced morphisms of small étale
topoi agree:
Sh(Xétale) —_— Sh(Yétale)

fsmall

(fO)sma
Sh((XO)étale) 4”> Sh((YO)étale)

See Properties of Spaces, Lemma and Topologies, Lemma [4.17]

Thus there is absolutely no difference between étale cohomology of a scheme and
the étale cohomology of the corresponding algebraic space. Similarly for higher
direct images along morphisms of schemes. In fact, if f : X — Y is a morphism
of algebraic spaces over S which is representable (by schemes), then the higher
direct images R’f.F of a sheaf F on Xgqe can be computed étale locally on Y
(Cohomology on Sites, Lemma hence this often reduces computations and
proofs to the case where Y and X are schemes.

We will use the above without further mention in this chapter. For other topologies
the same thing is true; we state it explicitly as a lemma for cohomology here.

Lemma 3.1. Let S be a scheme. Let T € {étale, fppf,ph} (add more here). The
inclusion functor

(Sch/S); — (Spaces/S)-
is a special cocontinuous functor (Sites, DeﬁnitiOn and hence identifies topoi.

Proof. The conditions of Sites, Lemma|29.1|are immediately verified as our functor
is fully faithful and as every algebraic space has an étale covering by schemes. [

4. Proper base change

The proper base change theorem for algebraic spaces follows from the proper base
change theorem for schemes and Chow’s lemma with a little bit of work.

Lemma 4.1. Let S be a scheme. Let f:Y — X be a surjective proper morphism
of algebraic spaces over S. Let F be a sheaf on Xgqre. Then F — fof 7V F is
injective with image the equalizer of the two maps f.f~'F — g.g ' F where g is
the structure morphism g:Y xx Y — X.

Proof. For any surjective morphism f : Y — X of algebraic spaces over S, the
map F — f.f 'F is injective. Namely, if T is a geometric point of X, then we
choose a geometric point i of Y lying over T and we consider

Fe= (fof " F)e = (1 F)y=F=
See Properties of Spaces, Lemma for the last equality.

The second statement is local on X in the étale topology, hence we may and do
assume Y is an affine scheme.
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Choose a surjective proper morphism Z — Y where Z is a scheme, see Cohomology
of Spaces, Lemma [18.1] The result for Z — X implies the result for ¥ — X.
Since Z — X is a surjective proper morphism of schemes and hence a ph covering
(Topologies, Lemma the result for Z — X follows from Etale Cohomology,
Lemma (in fact it is in some sense equivalent to this lemma). O

Lemma 4.2. Let (A,I) be a henselian pair. Let X be an algebraic space over A
such that the structure morphism f : X — Spec(A) is proper. Let i : Xog — X
be the inclusion of X Xgpec(a) Spec(A/I). For any sheaf F on Xsae we have
['(X,F) =T(Xg,i ' F).

Proof. Choose a surjective proper morphism Y — X where Y is a scheme, see
Cohomology of Spaces, Lemma Consider the diagram

['(Xo, Fo) —=T(Y0,G0) —___ T((Y xx Y)o, Ho)

—_—

! | |

I(X,F) —=T(Y,G) T(Y xx Y, H)

-

Here G, resp. H is the pullbackf or F to Y, resp. Y X x Y and the index 0 indicates
base change to Spec(A/I). By the case of schemes (Etale Cohomology, Lemma
we see that the middle and right vertical arrows are bijective. By Lemma
it follows that the left one is too. O

Lemma 4.3. Let A be a henselian local ring. Let X be an algebraic space over A
such that f : X — Spec(A) is a proper morphism. Let Xo C X be the fibre of f
over the closed point. For any sheaf F on X¢tare we have T'(X, F) = T'(Xo, Flx,)-

Proof. This is a special case of Lemma [4.2 O

Lemma 4.4. Let S be a scheme. Let f : X =Y and g:Y' — Y be a morphisms
of algebraic spaces over S. Assume f is proper. Set X' =Y’ xy X with projections
f': X =Y and g : X' = X. Let F be any sheaf on Xgqe. Then g L f F =
filg) ' F.

Proof. The question is étale local on Y’. Choose a scheme V and a surjective
étale morphism V' — Y. Choose a scheme V' and a surjective étale morphism
V' — V xy Y’. Then we may replace Y/ by V' and Y by V. Hence we may assume
Y and Y’ are schemes. Then we may work Zariski locally on Y and Y’ and hence
we may assume Y and Y’ are affine schemes.

Assume Y and Y’ are affine schemes. Choose a surjective proper morphism h; :
X7 — X where X; is a scheme, see Cohomology of Spaces, Lemma Set
X5 = X1 xx X1 and denote hy : Xo — X the structure morphism. Observe this is
a scheme. By the case of schemes (Etale Cohomology, Lemma we know the

lemma is true for the cartesian diagrams

X{4>X1 Xé4>X2

Lol

Y ——=Y Y ——=Y
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and the sheaves F; = (X; — X)“'F. By Lemma we have an exact sequence
0 — F — hy.F1 — ho . Fo and similarly for (¢/)~!F because X5 = X| xx/ X].
Hence we conlude that the lemma is true (some details omitted). ]

Let S be a scheme. Let f : Y — X be a morphism of algebraic spaces over S.
Let T : Spec(k) — S be a geometric point. The fibre of f at Z is the algebraic
space Yz = Spec(k) xz, x Y over Spec(k). If F is a sheaf on Y41, then denote
Fz = p~LF the pullback of F to (Yz)etate- Here p : Yz — Y is the projection. In
the following we will consider the set T'(Yz, Fz).

Lemmal4.5. Let S be a scheme. Let f 1Y — X be a proper morphism of algebraic
spaces over S. Let T — X be a geometric point. For any sheaf F on Ygiqe the
canonical map

(fF)z — T(Yz, Fz)
is bijective.
Proof. This is a special case of Lemma [4.4 O

Theorem 4.6. Let S be a scheme. Let

XIH/X

g
f 'l lf
vy
be a cartesian square of algebraic spaces over S. Assume f is proper. Let F be an
abelian torsion sheaf on Xgiqie- Then the base change map

9 'Rf.F — Rfl(¢)'F
is an isomorphism.

Proof. This proof repeats a few of the arguments given in the proof of the proper
base change theorem for schemes. See Etale Cohomology, Section for more
details.

The statement is étale local on Y’ and Y, hence we may assume both Y and Y’
are affine schemes. Observe that this in particular proves the theorem in case f is
representable (we will use this below).

For every n > 1 let F[n| be the subsheaf of sections of F annihilated by n. Then
F = colim F[n|. By Cohomology of Spaces, Lemma the functors g~ 'RPf, and
RPfl(g")~! commute with filtered colimits. Hence it suffices to prove the theorem
if F is killed by n.

Let F — Z*® be a resolution by injective sheaves of Z/nZ-modules. Observe that
g~ f.Z* = f.(¢')"'Z* by Lemma[d.4 Applying Leray’s acyclicity lemma (Derived
Categories, Lemma [16.7) we conclude it suffices to prove RPf.(¢/)"1Z™ = 0 for
p>0and m € Z.

Choose a surjective proper morphism h : Z — X where Z is a scheme, see Co-
homology of Spaces, Lemma Choose an injective map h='Z™ — J where
J is an injective sheaf of Z/nZ-modules on Zgq1.. Since h is surjective the map
™ — h,J is injective (see Lemma . Since Z™ is injective we see that Z™ is a
direct summand of h,J. Thus it suffices to prove the desired vanishing for h,.J.
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Denote I/ the base change by g and denote ¢ : Z’ — Z the projection. There is a
spectral sequence

BT = R fLRIN(9") T
converging to RPTI(f" o h').(¢”)"1J. Since h and f o h are representable (by
schemes) we know the result we want holds for them. Thus in the spectral sequence
we see that ED? = 0 for ¢ > 0 and RPTI(f' o h/).(¢")"*T =0 for p+¢q > 0. It
follows that E5® = 0 for p > 0. Now

B} = RPfIN(g") T = RV fil9)) e
by Lemma [£:4] This finishes the proof. O
Lemma 4.7. Let S be a scheme. Let

X/ H[ X
g
I ’l lf
vi_ 9.y
be a cartesian square of algebraic spaces over S. Assume f is proper. Let E €

DT (X¢tare) have torsion cohomology sheaves. Then the base change map g 'Rf.E —
RfL(¢")"LE is an isomorphism.

Proof. This is a simple consequence of the proper base change theorem (Theorem
using the spectral sequences
EYY = RPL.HYE) and E'S" = RO fL(g) " HY(E)

converging to R"f,E and R"f.(g')"'E. The spectral sequences are constructed in
Derived Categories, Lemma Some details omitted. O

Lemma 4.8. Let S be a scheme. Let f : X — Y be a proper morphism of algebraic
spaces. Let y — Y be a geometric point.

(1) For a torsion abelian sheaf F on Xe¢iqie we have (R" fo F )y = HZ, 1 ( Xy, Fy).
(2) For E € D" (X¢iare) with torsion cohomology sheaves we have (R" foE)g =
Hgtale(Xy’ Eﬂ)

Proof. In the statement, 73 denotes the pullback of F to Xj = 7 xy X. Since
pulling back by 7 — Y produces the stalk of F, the first statement of the lemma is
a special case of Theorem The second one is a special case of Lemma [£.7] [

Lemma 4.9. Let k'/k be an extension of separably closed fields. Let X be a
proper algebraic space over k. Let F be a torsion abelian sheaf on X. Then the
map HY, (X, F) = HY, (X, Flx,,) is an isomorphism for q > 0.

étale étale

Proof. This is a special case of Theorem O

5. Comparing big and small topoi

Let S be a scheme and let X be an algebraic space over S. In Topologies on Spaces,
Lemma we have introduced comparison morphisms 7x : (Spaces/X)etare —
KXopaces,étate and ix 1 Sh(Xeare) — Sh((Spaces/X)eétare) with mx o ix = id as
morphisms of topoi and 7x . = i}l. More generally, if f:Y — X is an object of
(Spaces/X)étate, then there is a morphism i¢ : Sh(Yerare) — Sh((Spaces/ X )etaie)
such that fsnau = mx o iy, see Topologies on Spaces, Lemmas and In
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Topologies on Spaces, Remark [4.14] we have extended these to a morphism of ringed
sites

mx : ((Spaces/X)etate; O) = (Xspaces,étates Ox)
and morphisms of ringed topoi

ix : (Sh(Xetate), Ox) — (Sh((Spaces/X)staie), O)
and

if : (Sh(Yétale),Oy) — (Sh((spaCCS/X)étale, O))
Note that the restriction i)_(l = mx,+ (see Topologies, Definition transforms
O into Ox. Similarly, i;l transforms O into Oy. See Topologies on Spaces,
Remark Hence i%F = iy F and G F = i;l]: for any O-module F on
(Spaces/ X )¢tare- In particular % and i} are exact functors. The functor i is often

denoted F — Flx,,,,. (and this does not conflict with the notation in Topologies
on Spaces, Definition [4.9).

Lemma 5.1. Let S be a scheme. Let X be an algebraic space over S. Let F be a
sheaf on Xgiare. Then W;(lf is given by the rule

(mx' FIY) = T (Yerate, fomanF)

for f:Y — X in (Spaces/ X )¢tale- Moreover, 71'{,1]-" satisfies the sheaf condition
with respect to smooth, syntomic, fppf, fpqc, and ph coverings.

Proof. Since pullback is transitive and fsmen = mx 0 i (see above) we see that

7;;171')_(1]: = f. 1, F. This shows that 7' has the description given in the lemma.

To prove that w;(l]-' is a sheaf for the ph topology it suffices by Topologies on Spaces,
Lemma to show that for a surjective proper morphism V — U of algebraic
spaces over X we have (75" F)(U) is the equalizer of the two maps (73 F)(V) —
(7% F)(V xy V). This we have seen in Lemma

The case of smooth, syntomic, fppf coverings follows from the case of ph coverings
by Topologies on Spaces, Lemma [8.2

Let U = {U; — U};er be an fpqe covering of algebraic spaces over X. Let s; €
(7% F)(U;) be sections which agree over U; x¢r U;. We have to prove there exists
a unique s € (7' F)(U) restricting to s; over U;. Case I: U and U; are schemes.
This case follows from Etale Cohomology, Lemma Case II: U is a scheme.
Here we choose surjective étale morphisms 7; — U; where T; is a scheme. Then
T = {T; — U} is an fpqc covering by schemes and by case I the result holds for
T. We omit the verification that this implies the result for ¢4. Case III: general
case. Let W — U be a surjective étale morphism, where W is a scheme. Then
W ={U; xy W — W} is an fpqc covering (by algebraic spaces) of the scheme W.
By case II the result hold for WW. We omit the verification that this implies the
result for U. O

Lemma 5.2. Let S be a scheme. Let Y — X be a morphism of (Spaces/S)eétaie-
(1) If T is injective in Ab((Spaces/X)etale), then
(a) iJIlI is injective in Ab(Yerate),
(b) T|x.,.,. s injective in Ab(Xstaie),
(2) IfZ°* is a K-injective complex in Ab((Spaces/X)staie), then
(a) i;lI' is a K-injective complex in Ab(Yetale),
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(b) Z°|x.,,... is a K-injective complex in Ab(X¢tale),
The corresponding statements for modules do not hold.

Proof. Parts (1)(b) and (2)(b) follow formally from the fact that the restriction

functor mx . = i}l is a right adjoint of the exact functor 7r)_<17 see Homology, Lemma
and Derived Categories, Lemma [31.9

Parts (1)(a) and (2)(a) can be seen in two ways. First proof: We can use that i;l is
a right adjoint of the exact functor iy,;. This functor is constructed in Topologies,
Lemma[£.13] for sheaves of sets and for abelian sheaves in Modules on Sites, Lemma
It is shown in Modules on Sites, Lemma that it is exact. Second proof.
We can use that iy = iy o fuiy as is shown in Topologies, Lemma Since fuig
is a localization, we see that pullback by it preserves injectives and K-injectives,
see Cohomology on Sites, Lemmas and Then we apply the already proved
parts (1)(b) and (2)(b) to the functor iy to conclude.

To see a counter example for the case of modules we refer to Etale Cohomology,
Lemma, [99.7] O

Let S be a scheme. Let f : Y — X be a morphism of algebraic spaces over S.
The commutative diagram of Topologies on Spaces, Lemma m (3) leads to a
commutative diagram of ringed sites

(Yspaces,étalea OY) — ((Spaces/y)étal67 O)

Yy

fspaces,étalel/ lfbig

(Xspaces,étala OX) DAL ((Spaces/x)étale7 O)

as one easily sees by writing out the definitions of fﬁma”, fgfig, 7r§(, and 7r§/. In
particular this means that

(5'2'1) (fbigv*F)|Xétale = fsmall7*(f|yétale)

for any sheaf F on (Spaces/Y )state and if F is a sheaf of O-modules, then (5.2.1))
is an isomorphism of Ox-modules on X¢qie.

Lemma 5.3. Let S be a scheme. Let f :' Y — X be a morphism of algebraic
spaces over S.

(1) For K in D((Spaces/Y )etare) we have (R fuig «F)| X s = Rfsmatt«(Kl|viia.)
mn D(Xétale).

(2) For K in D((Spaces/Y )e¢ate, O) we have (R frig + K)| X srore = Rfsmatt,x(K|vipare)

mn D(MOd(Xétale, Ox))
More generally, let g : X' — X be an object of (Spaces/X)¢tate. Consider the fibre
product
Y/ H] Y
g
f/l lf
x' —2sx
Then
(3) For K in D((Spaces/Y )érare) we have iy (R frig K) = Rf;7nall7*(i;,1K) in
D(Xétale) .
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(4) For K in D((Spaces/Y )étate, O) we have iy (RfpigK) = Rféan
in D(Mod(Xly,q,. Ox))-
(5) For K in D((Spaces/Y )etale) we have gl;;(beig7*K) = Rfl;ig’*((géig)_ll()
in D((Spaces/ X" )étate)-
(6) For K in D((Spaces/Y )¢tate, O) we have gy (Rfpig«I) = Rfy;, . ((94:,)" K)
in D(Mod(Xly,1,. Ox).
Proof. Part (1) follows from Lemma and on choosing a K-injective
complex of abelian sheaves representing K.

Part (3) follows from Lemma and Topologies, Lemma on choosing a K-
injective complex of abelian sheaves representing K.

Part (5) is Cohomology on Sites, Lemma [21.1}
Part (6) is Cohomology on Sites, Lemma

Part (2) can be proved as follows. Above we have seen that mx o fyig = fsman © Ty
as morphisms of ringed sites. Hence we obtain Rmx . 0 R fyig« = R femaii,« © Ry «
by Cohomology on Sites, Lemma Since the restriction functors mx , and 7y
are exact, we conclude.

Part (4) follows from part (6) and part (2) applied to f: Y’ — X'. O

(i3 )

Let S be a scheme. Let X be an algebraic space over S. Let ‘H be an abelian sheaf
on (Spaces/X )¢tare. Recall that HY, ;. (U, H) denotes the cohomology of H over an
object U of (Spaces/ X )¢tale-

Lemmal 5.4. Let S be a scheme. Let f :' Y — X be a morphism of algebraic
spaces over S. Then

For K in D(Xétale) we have Hgfale

For K in D(X¢tate, Ox) we have HY,

) (X, 7' K) = H"(X¢tate, K).
2) étale
3) For K in D(Xstare) we have HY,

4)

)

)

(X, L7 K) = H"(Xeétate, K).
(Y, 7' K) = H"(Yetate, fo, K-

(

( étale small

(4) For K in D(Xegate, Ox) we have HY, (Y, L% K) = H"(Yerate, L2, K) -
(5) For M in D((Spaces/X)eétare) we have HY, , (Y, M) = H"(Yémle,i;lM).
(6) For M in D((Spaces/X)¢tate, O) we have Hpy (Y, M) = H" (Yetate, i3 M).

Proof. To prove (5) represent M by a K-injective complex of abelian sheaves
and apply Lemma and work out the definitions. Part (3) follows from this

as i;lw)}l = f 1 .. Part (1) is a special case of (3).

Part (6) follows from the very general Cohomology on Sites, Lemma Then
part (4) follows because Lf},,,; =i} o Lrx. Part (2) is a special case of (4). [

Lemmal 5.5. Let S be a scheme. Let X be an algebraic space over S. For
K € D(X¢tare) the map

K — Rrx.ny' K
is an isomorphism where wx : Sh((Spaces/X)etare) = Sh( Xétate) is as above.

Proof. This is true because both w;(l and Tx . = i}l are exact functors and the
composition Tx , © 77;(1 is the identity functor. O

Lemma 5.6. Let S be a scheme. Let f : Y — X be a proper morphism of algebraic
spaces over S. Then we have

(1) ﬂ_)—(l o fsmall,* - fbig,* o 77—)_/1 as f’LLTLCtOT’S Sh(Y’étale) — Sh((spaces/X)étale)7
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(2) W}lRfsma”,*K = beig,*ﬂ'}_/lK for K in DT (Ysare) whose cohomology
sheaves are torsion, and
(3) 7' Rfsmai« K = Rfvig«my K for all K in D(Yeare) if f is finite.
Proof. Proof of (1). Let F be a sheaf on Ygq.. Let g : X’ — X be an object of
(Spaces/ X ) étate- Consider the fibre product

Y/ HX/
f/

g/l \Lg
!

Y —X

Then we have

(fbig,*ﬂ—;’l]:)(X/) = (ﬂ—;/l]:)(yl) = ((g;mall)_l]:)(yl) = (f;mall,*(g./small)_l]:)(X/)
the second equality by Lemma [5.1} On the other hand

(Tr;(lfsma”,*f)(X/) = (g;nlLallfsmall,*f)(X/)

again by Lemma Hence by proper base change for sheaves of sets (Lemma
4.4) we conclude the two sets are canonically isomorphic. The isomorphism is
compatible with restriction mappings and defines an isomorphism 77)_(1 fematt «F =
fbigv*w;l]:. Thus an isomorphism of functors w;(l O fsmail,x = foigx © w;l.

Proof of (2). There is a canonical base change map ﬂ';(lRfsmau’*K — beig,*w;lK
for any K in D(Yzqie), see Cohomology on Sites, Remark To prove it is
an isomorphism, it suffices to prove the pull back of the base change map by i, :
Sh( X% ae) = Sh((Sch/X)eétare) is an isomorphism for any object g : X’ — X of
(Sch/X)étare- Let T',g', f be as in the previous paragraph. The pullback of the
base change map is

GomauRfsmat K =i 7" Rfman « K
=iy 'R frigamy K
= Rfjman iy 7y K)
= Rftmatt e (Geman) " K)

where we have used 7x © iy = gemail, Ty 0ty = g;ma”, and Lemma This map
is an isomorphism by the proper base change theorem (Lemma provided K is
bounded below and the cohomology sheaves of K are torsion.

Proof of (3). If f is finite, then the functors fsmau « and fuig« are exact. This
follows from Cohomology of Spaces, Lemma for femau. Since any base change
f' of f is finite too, we conclude from Lemma part (3) that fug « is exact too
(as the higher derived functors are zero). Thus this case follows from part (1). O

6. Comparing fppf and étale topologies

This section is the analogue of Etale Cohomology, Section m

Let S be a scheme. Let X be an algebraic space over S. On the category Spaces/X
we consider the fppf and étale topologies. The identity functor (Spaces/X)stare —
(Spaces/X) rppy is continuous and defines a morphism of sites

ex : (Spaces/X) rppy — (Spaces/ X )étaie
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by an application of Sites, Proposition [I4.7] Please note that ey . is the identity
functor on underlying presheaves and that e;{l associates to an étale sheaf the fppf
sheafification. Consider the morphism of sites

TX : (SpaceS/X)étale — Xspaces,étale

comparing big and small étale sites, see Section 5] The composition determines a
morphism of sites

ax =Tx O€x : (Spaces/X)fppf — Xspaces,étale

If H is an abelian sheaf on (Spaces/X) fppy, then we will write H7 (U, H) for the
cohomology of H over an object U of (Spaces/X) ¢pps-

Lemma 6.1. Let S be a scheme. Let X be an algebraic space over S.

(1) For F € Sh(X¢taie) we have eX7*a;{1}' = 71';{1]: and aX,*agl]: =F.
(2) For F € Ab(Xetale) we have Riex7*(a}1.7-") =0 fori>0.

Proof. We have a;}' = 6;(171';(1]: . By Lemma the étale sheaf 7T;(1.7: is a sheaf
for the fppf topology and therefore is equal to a F (as pulling back by ex is given
by fppf sheafification). Recall moreover that ex . is the identity on underlying

presheaves. Now part (1) is immediate from the explicit description of w;(l in
Lemma [5.11

We will prove part (2) by reducing it to the case of schemes — see part (1) of Etale
Cohomology, Lemma This will “clearly work” as every algebraic space is
étale locally a scheme. The details are given below but we urge the reader to skip
the proof.

For an abelian sheaf H on (Spaces/X)fppy the higher direct image RPex ,H is the
sheaf associated to the presheaf U — Hffppf(U,’H) on (Spaces/X)estare. See Coho-
mology on Sites, Lemma Since every object of (Spaces/X )¢tale has a covering
by schemes, it suffices to prove that given U/X a scheme and £ € H?ppf(U, a;(l}")
we can find an étale covering {U; — U} such that £ restricts to zero on U;. We
have

H?ppf(U’ a;(l}-) = H?((Spaces/U) ppf, (a;(lf)‘Spaces/U)
= H"((Sch/U) fppy, (ax" F)l sensv)

where the second identification is Lemma [3.I] and the first is a general fact about
restriction (Cohomology on Sites, Lemma . Looking at the first paragraph and
the corresponding result in the case of schemes (Etale Cohomology, Lemma
we conclude that the sheaf (a;(l}" )| sen su matches the pullback by the “schemes
version of ay”. Therefore we can find an étale covering {U; — U} such that our
class dies in HP((Sch/U;) fppss (a}lfﬂsch/m) for each i, see Etale Cohomology,
Lemma (the precise statement one should use here is that V;, holds for all
n which is the statement of part (2) for the case of schemes). Transporting back
(using the same formulas as above but now for U;) we conclude & restricts to zero
over U; as desired. O

The hard work done in the case of schemes now tells us that étale and fppf coho-
mology agree for sheaves coming from the small étale site.
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Lemma 6.2. Let S be a scheme. Let X be an algebraic space over S. For
K € D (X¢tate) the maps

7T;(1K — ReX,*a;(lK and K — Rax,*aglK
are isomorphisms with ax : Sh((Spaces/X ) fpps) = Sh(Xetare) as above.

Proof. We only prove the second statement; the first is easier and proved in exactly
the same manner. There is an immediate reduction to the case where K is given by
a single abelian sheaf. Namely, represent K by a bounded below complex F*. By
the case of a sheaf we see that F" = aX’*a;(l]-'” and that the sheaves Rqax’*a;{l]-"”
are zero for ¢ > 0. By Leray’s acyclicity lemma (Derived Categories, Lemma
applied to a;(l]:' and the functor ax . we conclude. From now on assume K = F.

By Lemmawe have ax,*a;{l}' = F. Thus it suffices to show that Rqaxy*a;(l]: =
0 for ¢ > 0. For this we can use ax = e€x o mx and the Leray spectral sequence

(Cohomology on Sites, Lemma|14.7). By Lemma|6.1|we have Riex .(ay'F) = 0 for
i > 0. We have ex .ay'F = 7 F and by Lemma [5.5 we have Ri7x . (7' F) =0
for 5 > 0. This concludes the proof.

Lemma 6.3. Let S be a scheme and let X be an algebraic space over S. With
ax : Sh((Spaces/X) fppt) = Sh(Xeétate) as above:

(1) HY(Xgtate, F) = H}ppf(X, a;(l}") for an abelian sheaf F on Xepaie,

(2) HYXsta1e, K) = HE (X, a5 K) for K € DY (Xgpaie).-

foof
Ezample: if A is an abelian group, then Hf,, (X,A) = H}, (X, A).

étale
Proof. This follows from Lemma [6.2] by Cohomology on Sites, Remark O

Lemma 6.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Then there are commutative diagrams of topoi

Sh((Spaces/X)fppf) Fore tont Sh((Spaces/Y)fppf)
exl iey
Sh((Spaces/ X )etaie) fotgetate Sh((Spaces/Y )etate)
and
Sh((Spaces/X) tppf) Foe o Sh((Spaces/Y) tpps)
Sh(Xétale) Joman Sh(Yrétale)

with ax =Tx oex and ay = Tx O €x.

Proof. This follows immediately from working out the definitions of the morphisms
involved, see Topologies on Spaces, Section 7] and Section ([l

Lemma 6.5. In Lemma if f is proper, then we have

(1) a;‘l o fsnLall,* = fbig7fppf7* © Cl)_(l, and
(2) a;l(Rfsma”,*K) = be,-gyfppf,*(a;(lK) for K in DT (Xgsare) with torsion
cohomology sheaves.
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Proof. Proof of (1). You can prove this by repeating the proof of Lemma part
(1); we will instead deduce the result from this. As ey is the identity functor
on underlying presheaves, it reflects isomorphisms. Lemma @ shows that ey, o
a;l = 71';1 and similarly for X. To show that the canonical map a;l fsmatl«F —

fvig. fppf.x@x F is an isomorphism, it suffices to show that

—1 -1
Ty fsmall,*]:: €Y, x Uy~ fsmall,*f
—1
= ev,xSoig fopfrax F
—1
= fbig,étale,*GX,*aX F

= fbig,étale,*ﬂ)_(lf
is an isomorphism. This is part (1) of Lemma

To see (2) we use that

Rey . Rfvig topf<ax K = Rifvig étate «Rex sax' K
= beig,étale,*ﬂ-)_(lK
= 7T-)7/1Rfsmall,»l(
= Rey.ay' Rfsman K

The first equality by the commutative diagram in Lemma [6.4] and Cohomology on
Sites, Lemma Then second equality is Lemma [6.2] The third is Lemma [5.0]
part (2). The fourth is Lemmaagain. Thus the base change map a;l (Rfsmali «K) —

Rfvig.tpps.(ax' K) induces an isomorphism
R€y7*a;1Rfsma”,*K — Rey «Rfvig, fppf.» a)_(lK

The proof is finished by the following remark: a map « : a;lL — M with L in
D (Yerare) and M in DV ((Spaces/Y) rppyr) such that Rey . is an isomorphism,
is an isomorphism. Namely, we show by induction on i that H'(«) is an isomor-
phism. This is true for all sufficiently small ¢. If it holds for i < iy, then we see that
Riey ,H'(M) =0 for j >0 and i < iy by Lemma [6.1| because H*(M) = ay' H'(L)
in this range. Hence ey HT1 (M) = H!(Rey M) by a spectral sequence ar-
gument. Thus ey HoFY (M) = 7y  HoTY(L) = ey .ay  Ho+(L). This implies
Ho%1(q) is an isomorphism (because ey, reflects isomorphisms as it is the identity
on underlying presheaves) as desired. O

0DGK Lemma 6.6. In Lemmaiff is finite, then a;l(Rfsma”’*K) = beig,fppfv*(a)_(lK)
for K in DT (Xstaie)-

Proof. Let V — Y be a surjective étale morphism where V' is a scheme. It suffices
to prove the base change map is an isomorphism after restricting to V. Hence we
may assume that Y is a scheme. As the morphism is finite, hence representable, we
conclude that we may assume both X and Y are schemes. In this case the result
follows from the case of schemes (Etale Cohomology, Lemma part (2)) using
the comparison of topoi discussed in Section [3] and in particular given in Lemma
Bl Some details omitted. O
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Lemma 6.7. In Lemma assume f is flat, locally of finite presentation, and
surjective. Then the functor

Sh(Yétale) — {(g, H, Oé)

ge Sh(Xétale)7 H e Sh((SCh/Y)fppf)7
«: a;(lg — f,)_i;fppr an isomorphism

sending F to (fs_wia”]:, a{,l]-', can) is an equivalence.

Proof. The functor a)_(l is fully faithful (as a X,*a)_(1 = id by Lemma . Hence
the forgetful functor (G,H,«) — H identifies the category of triples with a full
subcategory of Sh((Sch/Y)fppy). Moreover, the functor ay ' is fully faithful, hence
the functor in the lemma is fully faithful as well.

Suppose that we have an étale covering {Y; — Y'}. Let f; : X; — Y; be the base
change of f. Denote fi; = f; X f;j : X; xx X; = Y; xy Y;. Claim: if the lemma is
true for f; and f;; for all 4, j, then the lemma is true for f. To see this, note that the
given étale covering determines an étale covering of the final object in each of the
four sites Yeiqie, Xetate, (Sch/Y) ppps, (Sch/X) gpps. Thus the category of sheaves is
equivalent to the category of glueing data for this covering (Sites, Lemma in
each of the four cases. A huge commutative diagram of categories then finishes the
proof of the claim. We omit the details. The claim shows that we may work étale
locally on Y. In particular, we may assume Y is a scheme.

Assume Y is a scheme. Choose a scheme X’ and a surjective étale morphism
s: X' — X. Set f/ = fos: X" — Y and observe that f’ is surjective, locally
of finite presentation, and flat. Claim: if the lemma is true for f/, then it is true
for f. Namely, given a triple (G,H,a) for f, we can pullback by s to get a triple
(S_1 g, H, sb_i;fppfa) for f/. A solution for this triple gives a sheaf F on Ygqe

small
with a;,l]: = H. By the first paragraph of the proof this means the triple is in the
essential image. This reduces us to the case where both X and Y are schemes. This
case follows from Etale Cohomology, Lemma via the discussion in Section
and in particular Lemma [3.1] O

7. Comparing fppf and étale topologies: modules

We continue the discussion in Section [f] but in this section we briefly discuss what
happens for sheaves of modules.

Let S be a scheme. Let X be an algebraic space over S. The morphisms of sites €y,
7x, and their composition ax introduced in Section [6] have natural enhancements
to morphisms of ringed sites. The first is written as

ex : ((Spaces/X) fppr, O) — ((Spaces/ X )étate, O)

Note that we can use the same symbol for the structure sheaf as indeed the sheaves
have the same underlying presheaf. The second is

7x : ((Spaces/ X)etate; O) — (Xetate; Ox)
The third is the morphism
ax : ((Spaces/X) fppt, O) — (Xeétate, Ox)
Let us review what we already know about quasi-coherent modules on these sites.

Lemmal 7.1. Let S be a scheme. Let X be an algebraic space over S. Let F be a
quasi-coherent Ox -module.
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(1) The rule
F¢ : (Spaces/ X)stare —> Ab, (f:Y — X)) —T(Y, f*F)

satisfies the sheaf condition for fpqc and a fortiori fppf and étale coverings,

(2) F =n%F on (Spaces/X )¢taies

(3) F* =aF on (Spaces/X) tpps,

(4) the rule F — F* defines an equivalence between quasi-coherent Ox -modules
and quasi-coherent modules on ((Spaces/X)etaie, O),

(5) the rule F — F* defines an equivalence between quasi-coherent Ox -modules
and quasi-coherent modules on ((Spaces/X) tpps, O),

(6) we have ex wa%x F =% F and ax axF = F,

(7) we have Rlex .(a%F) =0 and Rlax .(a%F) =0 fori> 0.

Proof. Part (1) is a consequence of fppf descent of quasi-coherent modules. Namely,
suppose that {f; : U; — U} is an fpqc covering in (Spaces/X)stare- Denote
g : U — X the structure morphism. Suppose that we have a family of sections
s; € D(Uy, ffg*F) such that s;|u,x,u, = Sjlu,xyv;- We have to find the cor-
respond section s € T'(U,g*F). We can reinterpret the s; as a family of maps
;i fXOu = Oy, = fFg*F compatible with the canonical descent data associated
to the quasi-coherent sheaves Oy and ¢*F on U. Hence by Descent on Spaces,
Propositionwe see that we may (uniquely) descend these to a map Oy — g*F
which gives us our section s.

We will deduce (2) — (7) from the corresponding statement for schemes. Choose an
étale covering { X; — X };c; where each X is a scheme. Observe that X x x Xjisa
scheme too. This covering induces a covering of the final object in each of the three
sites (Spaces/X) rpps, (Spaces/X)state, and Xeiqe- Hence we see that the category
of sheaves on these sites are equivalent to descent data for these coverings, see Sites,
Lemma[26.5] Parts (2), (3) are local (because we have the glueing statement). Being
quasi-coherent is a local property, hence parts (4), (5) are local. Clearly (6) and
(7) are local. Tt follows that it suffices to prove parts (2) — (7) of the lemma when
X is a scheme.

Assume X is a scheme. The embeddings (Sch/X)stare C (Spaces/X)etare and
(Sch/X) rppr C (Spaces/X) rppy determine equivalences of ringed topoi by Lemma

We conclude that (2) — (7) follows from the case of schemes. Etale Coho-

mology, Lemma [I01.1] To transport the property of being quasi-coherent via this
equivalence use that being quasi-coherent is an intrinsic property of modules as
explained in Modules on Sites, Section Some minor details omitted. (]

Lemma 7.2. Let S be a scheme. Let X be an algebraic space over S. For F a
quasi-coherent Ox -module the maps

7xF — Rex .« (axF) and F — Rax.(axF)
are isomorphisms.

Proof. This is an immediate consequence of parts (6) and (7) of Lemma O

Lemma 7.3. Let S be a scheme. Let X be an algebraic space over S. Let F1 —
Fo — F3 be a complex of quasi-coherent Ox-modules. Set

Hetale = Ker(nk Fo — 7% F3)/ Im(nx F1 — 7 F2)
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on (Spaces/ X )¢tale and set
Hippy = Ker(ax Fo — ax F3)/ Im(ax F1 — ax F2)
on (Spaces/X) rpps- Then Herale = €x,«H pppy and
Hgtale(U7 Hetate) = H?ppf(U7 prpf) =0
for p > 0 and any affine object U of (Spaces/X)etaie-

More is true, namely the collection of modules on (Spaces/X) fpps which fppf locally
look like those in the lemma are called adquate modules. They form a weak Serre
subcategory of the category of all O-modules and their cohomology is studied in
Adequate Modules, Section

Proof. For any object f : U — X of (Spaces/X )staie consider the restriction
Hetate|Usrar. Of Hetale t0 Ugtale via the functor z} = i;l discussed in Section The
sheaf Hstaie|v.,,,. is equal to the homology of complex f*F, in degree 1. This is
true because iy omx = f as morphisms of ringed sites Ugiate — Xeétate- In particular
we see that Hetae|v,,,,. 18 a quasi-coherent Op-module. Next, let g : V — U be a
flat morphism in (Spaces/ X )étate. Since

ifog0Tx = (fog) =g of"
as morphisms of sites Vizq1e — Xerate and since g is flat hence g* is exact, we obtain

HetatelVirae = 9 Hetate|Usrare)
With these preparations we are ready to prove the lemma.

Let U = {g; : U; = U}ier be an fppf covering with f : U — X as above. The
sheaf propery holds for Hetare and the covering U by (1) of Lemma applied
to Hetate|v.,,,. and the above. Therefore we see that Hetare is already an fppf
sheaf and this means that H,,r is equal to Herare as a presheaf. In particular
Hetale = €x«Hpppf-

Finally, to prove the vanishing, we use Cohomology on Sites, Lemma We let
B be the affine objects of (Spaces/X)fpps and we let Cov be the set of finite fppf
coverings U = {U; — U};=1,..., with U, U; affine. We have

ﬁp(uv Hétale) = Iv{p(uv (Hétale |Uétale )a)
because the values of H¢sqre on the affine schemes Uy, xpr. .. Xy U;, flat over U agree
with the values of the pullback of the quasi-coherent module Hetaielv,,,,. by the

first paragraph. Hence we obtain vanishing by Descent, Lemma This finishes
the proof. 0

Lemma 7.4. Let S be a scheme. Let X be an algebraic space over S. For
K € Dgcon(Ox) the maps

Lnx K — Rex «(LaxK) and K — Rax.(LaxK)
are isomorphisms. Here ax : Sh((Spaces/X) fppr) = Sh(Xétate) is as above.
Proof. The question is étale local on X hence we may assume X is affine. Say
X = Spec(A). Then we have Dgcon(Ox) = D(A) by Derived Categories of Spaces,
Lemmal4.2]and Derived Categories of Schemes, Lemma[3.5] Hence we can choose an

K-flat complex of A-modules K® whose corresponding complex K® of quasi-coherent
Ox-modules represents K. We claim that K® is a K-flat complex of Ox-modules.
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Proof of the claim. By Derived Categories of Schemes, Lemma we see that K*
is K-flat on the scheme (Spec(A), Ogpec(a)). Next, note that £® = e K*® where e is
as in Derived Categories of Spaces, Lemma [4.2] whence K* is K-flat by Cohomology
on Sites, Lemma [18.7]and the fact that the étale site of a scheme has enough points
(Etale Cohomology, Remarks .

By the claim we see that La% K = a\K® and L7i K = 75 K°®. Since the first
part of the proof shows that the pullback a% K" of the quasi-coherent module is
acyclic for ex ., resp. ax «, surely the proof is done by Leray’s acyclicity lemma?
Actually..., no because Leray’s acyclicity lemma only applies to bounded below
complexes. However, in the next paragraph we will show the result does follow
from the bounded below case because our complex is the derived limit of bounded
below complexes of quasi-coherent modules.

The cohomology sheaves of 7% K® and a%/X*® have vanishing higher cohomology
groups over affine objects of (Spaces/X)staie by Lemma Therefore we have

Ly K = Rlim7>_,(L7x K) and LaxK = Rlim7s_,(La%xK)
by Cohomology on Sites, Lemma
Proof of L1% K = Rex .(La% F). By the above we have
Rex «Lax K = Rlim Rex .(T>_n(Lax K))

by Cohomology on Sites, Lemma Note that 7>_,(La% K) is represented by
T>_n(a%K*) which may not be the same as a’% (7>_,K*). But clearly the systems

{TZ—n(ai‘;(K:.)}nzl and {a}(TZ—nIC.)}nzl

are isomorphic as pro-systems. By Leray’s acyclicity lemma (Derived Categories,
Lemma [16.7)) and the first part of the lemma we see that

Rex »(ax (7>-nK?)) = 75 (7> -nK*)
Then we can use that the systems
{72 n(mx %) }nz1 and {7y (720 K®) bnxa
are isomorphic as pro-systems. Finally, we put everything together as follows
Rex «Lax K = Rex (Rlim7>_,(La%x K))

= Rlim Rex .(7>_n(La%x K))

= Rlim Rex .(T>_n(aXx K*))

= Rlim Rex .(a% (T>-,K*))

= Rlim ¥ (1>-,K*)

= Rlim 7> _, (7% K*)

= Rlim7>_,(L7x K)

=Ly K
Here in equalities four and six we have used that isomorphic pro-systems have the
same Rlim (small detail omitted). You can avoid this step by using more about

cohomology of the terms of the complex 7>_,a%K® proved in Lemma @ as this
will prove directly that Rex .(7>_n(a%K®)) = 7>_p, (7% K*).

The equality K = Rax «(La%F) is proved in exactly the same way using in the
final step that K’ = Rlim 7> _, K by Derived Categories of Spaces, Lemma[5.7, O
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8. Comparing ph and étale topologies

This section is the analogue of Etale Cohomology, Section m

Let S be a scheme. Let X be an algebraic space over S. On the category Spaces/X
we consider the ph and étale topologies. The identity functor (Spaces/X)estare —
(Spaces/X)pn is continuous as every étale covering is a ph covering by Topologies
on Spaces, Lemma Hence it defines a morphism of sites

ex : (Spaces/X)pn — (Spaces/ X)etale
by an application of Sites, Proposition Please note that ex . is the identity

functor on underlying presheaves and that e)_(l associates to an étale sheaf the ph
sheafification. Consider the morphism of sites

TX : (SpaceS/X)étale — Xspaces,étale

comparing big and small étale sites, see Section 5] The composition determines a
morphism of sites

ax =Tx O€x : (SPGCES/X)ph ” Xspaces,étale

If H is an abelian sheaf on (Spaces/X)pn, then we will write HJ, (U, H) for the
cohomology of H over an object U of (Spaces/X)pp.

Lemmal 8.1. Let S be a scheme. Let X be an algebraic space over S.

(1) For F € Sh(X¢taie) we have eX7*a;{1}' = 71';{1]: and aX,*agl]: =F.
(2) For F € Ab(X¢tale) torsion we have Riex,*(a)_(l]:) =0 fori>D0.

Proof. We have a,'F = e 'mx'F. By Lemma the étale sheaf w3 ' F is a
sheaf for the ph topology and therefore is equal to a3 F (as pulling back by ex is
given by ph sheafification). Recall moreover that ex . is the identity on underlying

presheaves. Now part (1) is immediate from the explicit description of 7r)_(1 in
Lemma [511

We will prove part (2) by reducing it to the case of schemes — see part (1) of Etale
Cohomology, Lemma This will “clearly work” as every algebraic space is
étale locally a scheme. The details are given below but we urge the reader to skip
the proof.

For an abelian sheaf H on (Spaces/X ), the higher direct image RPex .H is the
sheaf associated to the presheaf U — th(U, H) on (Spaces/ X )étate- See Cohomol-
ogy on Sites, Lemma Since every object of (Spaces/X)¢taie has a covering by
schemes, it suffices to prove that given U/X a scheme and & € Hﬁh(U, a;(l]-') we
can find an étale covering {U; — U} such that & restricts to zero on U;. We have

H]Z;h(U’ a‘;(l}-) = Hp(<Spaces/U)Ph7 (a;(l}-”Spaces/U)

= HP((Sch/U)pn, (ax" F)lsenjvr)
where the second identification is Lemma [3.1] and the first is a general fact about
restriction (Cohomology on Sites, Lemma . Looking at the first paragraph and
the corresponding result in the case of schemes (Etale Cohomology, Lemma
we conclude that the sheaf (a)_(l]-")\ sen/u matches the pullback by the “schemes
version of ay”. Therefore we can find an étale covering {U; — U} such that

our class dies in H?((Sch/U;)pn, (ax' F)|sen/v,) for each 4, see Etale Cohomology,
Lemma [102.5| (the precise statement one should use here is that V;, holds for all
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n which is the statement of part (2) for the case of schemes). Transporting back
(using the same formulas as above but now for U;) we conclude & restricts to zero
over U; as desired. O

The hard work done in the case of schemes now tells us that étale and ph cohomology
agree for torsion abelian sheaves coming from the small étale site.

Lemma 8.2. Let S be a scheme. Let X be an algebraic space over S. For
K € D™ (Xgpa1e) with torsion cohomology sheaves the maps

'K — Rex.ayx'K and K — Rax.ay'K
are isomorphisms with ax : Sh((Spaces/X)pn) = Sh(Xeétate) as above.

Proof. We only prove the second statement; the first is easier and proved in exactly
the same manner. There is a reduction to the case where K is given by a single
torsion abelian sheaf. Namely, represent K by a bounded below complex F* of
torsion abelian sheaves. This is possible by Cohomology on Sites, Lemma By
the case of a sheaf we see that F™* = aX7*a)_(1]-'” and that the sheaves Rqax7*a;(1.7-""
are zero for ¢ > 0. By Leray’s acyclicity lemma (Derived Categories, Lemma
applied to a}l}' * and the functor ax . we conclude. From now on assume K = F
where F is a torsion abelian sheaf.

By Lemmawe have aX,*a;(l]-' = F. Thus it suffices to show that Rqax’*a;(l}' =
0 for ¢ > 0. For this we can use ax = €x o wx and the Leray spectral sequence

(Cohomology on Sites, Lemma|14.7). By Lemma 8.1 we have Riex .(ay'F) = 0 for
i > 0. We have ex .ay'F = 7 F and by Lemma [5.5 we have Ri7x . (7' F) =0
for 5 > 0. This concludes the proof.

Lemmal 8.3. Let S be a scheme and let X be an algebraic space over S. With
ax : Sh((Spaces/X)pn) — S Xetare) as above:
(1) HY(Xstate, F) = th(X7 aglf) for a torsion abelian sheaf F on X¢tale,
(2) HY(X¢tate, K) = H}, (X, ax'K) for K € DY (Xsta1e) with torsion cohomol-
ogy sheaves

Ezample: if A is a torsion abelian group, then H{,, (X, A) = H}, (X, A).

Proof. This follows from Lemma by Cohomology on Sites, Remark a

Lemma 8.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Then there are commutative diagrams of topoi

Sh((Spaces/X)pn) B Sh((Spaces/Y )pn)
Sh((Spaces/ X )etate) Toig.ctate Sh((Spaces/Y )eétate)

and
Sh((Spaces/ X)pr,) ——— Sh((Spaces/Y )pn)

big,ph

Sh(Xétale) Jematt Sh(Yétale)

withax = Tx oex and ay = Tx O €x.
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Proof. This follows immediately from working out the definitions of the morphisms
involved, see Topologies on Spaces, Section [8] and Section [5] (]

Lemma 8.5. In Lemma if f is proper, then we have
(1) a)_/l © fsmall,* == fbig,ph,* o a)_(ly and
(2) a;,l(Rmea”,*K) = beigyph’*(a}lK) for K in DV (Xsare) with torsion co-
homology sheaves.

Proof. Proof of (1). You can prove this by repeating the proof of Lemma part
(1); we will instead deduce the result from this. As ey . is the identity functor

on underlying presheaves, it reflects isomorphisms. Lemma @ shows that ey, o

a;l = 77;1 and similarly for X. To show that the canonical map a;l fsmatl« F —

b big,ph,*a;(l}" is an isomorphism, it suffices to show that
Ty fsmatl«F = €vuay fsmatt «F
— GY,*fbig,ph,*a;(lf
= fbig,étale,*GX,*a}lf
= foig.ctatexTx F
is an isomorphism. This is part (1) of Lemma
To see (2) we use that
Rey R fvig phsax' K = Rfvig ctate s Rex sax' K
= Rfyig.ctatesTx K
=1y Rfsman K
= Rey.ay' Rfsman K
The first equality by the commutative diagram in Lemma [8:4] and Cohomology on
Sites, Lemma Then second equality is Lemma [8.2] The third is Lemma [5.6

part (2). The fourth is Lemmaagain. Thus the base change map a{,l (Rfsmaun,«K) —
R fvig.ph, (a}lK ) induces an isomorphism

—1 —1
REY,*GY Rfsmall,*K — REY,*beig,ph,*aX K

The proof is finished by the following remark: consider a map « : a;,lL — M with
L in D*(Ygq41e) having torsion cohomology sheaves and M in D ((Spaces/Y )pp). If
Rey, .« is an isomorphism, then « is an isomorphism. Namely, we show by induction
on i that H'(«) is an isomorphism. This is true for all sufficiently small 4. If it holds
for i < ig, then we see that Rjﬁy’*Hi(M) =0for j > 0and i < ip by Lemma/8.1|be-
cause H'(M) = ay" H'(L) in this range. Hence ey, H o+t (M) = H+(Rey . M) by
a spectral sequence argument. Thus ey ,H0+ (M) = 7y  HoF (L) = ey .ay HOT(L).
This implies H!(a) is an isomorphism (because ey . reflects isomorphisms as it
is the identity on underlying presheaves) as desired. (I
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