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1. Introduction

In this chapter we continue our study of properties of morphisms of algebraic spaces.
A fundamental reference is [Knu71].

2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Schpp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X x g X for the product of X with itself (in the category of
algebraic spaces over 5), instead of X x X.

3. Radicial morphisms

It turns out that a radicial morphism is not the same thing as a universally injective
morphism, contrary to what happens with morphisms of schemes. In fact it is a bit
stronger.

Definition 3.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. We say f is radicial if for any morphism Spec(K) — Y where K
is a field the reduction (Spec(K) Xy X);cq i either empty or representable by the
spectrum of a purely inseparable field extension of K.

Lemma 3.2. A radicial morphism of algebraic spaces is universally injective.
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Proof. Let S be a scheme. Let f: X — Y be a radicial morphism of algebraic
spaces over S. It is clear from the definition that given a morphism Spec(K) — Y
there is at most one lift of this morphism to a morphism into X. Hence we conclude
that f is universally injective by Morphisms of Spaces, Lemma [19.2 O

Example 3.3. It is no longer true that universally injective is equivalent to radi-
cial. For example the morphism

X = [Spec(Q)/Gal(Q/Q)] — S = Spec(Q)

of Spaces, Example is universally injective, but is not radicial in the sense
above.

Nonetheless it is often the case that the reverse implication holds.

Lemma 3.4. Let S be a scheme. Let f : X — Y be a universally injective
morphism of algebraic spaces over S.

(1) If f is decent then f is radicial.
(2) If f is quasi-separated then f is radicial.
(3) If f is locally separated then f is radicial.

Proof. Let P be a property of morphisms of algebraic spaces which is stable under
base change and composition and holds for closed immersions. Assume f: X — Y
has P and is universally injective. Then, in the situation of Definition the
morphism (Spec(K) Xy X)req — Spec(K) is universally injective and has P. This
reduces the problem of proving

P + universally injective = radicial

to the problem of proving that any nonempty reduced algebraic space X over field
whose structure morphism X — Spec(K) is universally injective and P is repre-
sentable by the spectrum of a field. Namely, then X — Spec(K) will be a morphism
of schemes and we conclude by the equivalence of radicial and universally injective
for morphisms of schemes, see Morphisms, Lemma [10.2

Let us prove (1). Assume f is decent and universally injective. By Decent Spaces,
Lemmas [17.4] [17.6] and [17.2] (to see that an immersion is decent) we see that the
discussion in the first paragraph applies. Let X be a nonempty decent reduced
algebraic space universally injective over a field K. In particular we see that |X|
is a singleton. By Decent Spaces, Lemma we conclude that X = Spec(L) for
some extension K C L as desired.

A quasi-separated morphism is decent, see Decent Spaces, Lemma Hence (1)
implies (2).

Let us prove (3). Recall that the separation axioms are stable under base change and
composition and that closed immersions are separated, see Morphisms of Spaces,
Lemmas [4.4] and Thus the discussion in the first paragraph of the proof
applies. Let X be a reduced algebraic space universally injective and locally sepa-
rated over a field K. In particular | X| is a singleton hence X is quasi-compact, see
Properties of Spaces, Lemma We can find a surjective étale morphism U — X
with U affine, see Properties of Spaces, Lemma Consider the morphism of
schemes

j:UXXUHUXSpeC(K)U
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As X — Spec(K) is universally injective j is surjective, and as X — Spec(K) is
locally separated j is an immersion. A surjective immersion is a closed immersion,
see Schemes, Lemma Hence R = U xx U is affine as a closed subscheme of
an affine scheme. In particular R is quasi-compact. It follows that X = U/R is
quasi-separated, and the result follows from (2). O

Remark| 3.5. Let X — Y be a morphism of algebraic spaces. For some applica-
tions (of radicial morphisms) it is enough to require that for every Spec(K) — Y
where K is a field

(1) the space |Spec(K) xy X]| is a singleton,

(2) there exists a monomorphism Spec(L) — Spec(K) xy X, and

(3) K C L is purely inseparable.
If needed later we will may call such a morphism weakly radicial. For example if
X — Y is a surjective weakly radicial morphism then X (k) — Y (k) is surjective
for every algebraically closed field k. Note that the base change X§ — Spec(Q) of
the morphism in Example [3.3]is weakly radicial, but not radicial. The analogue of
Lemma is that if X — Y has property (f) and is universally injective, then it
is weakly radicial (proof omitted).

Lemmal 3.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume

(1) f is locally of finite type,

(2) for every étale morphism V- —'Y the map |X xy V| — |V| is injective.
Then f is universally injective.

Proof. The question is étale local on Y by Morphisms of Spaces, Lemma [19.6
Hence we may assume that Y is a scheme. Then Y is in particular decent and by
Decent Spaces, Lemma [18.9] we see that f is locally quasi-finite. Let y € Y be a
point and let X, be the scheme theoretic fibre. Assume X, is not empty. By Spaces
over Fields, Lemma we see that X, is a scheme which is locally quasi-finite
over £(y). Since |X,| C |X] is the fibre of | X| — |Y| over y we see that X, has a
unique point z. The same is true for X, Xgpec(x(y)) Spec(k) for any finite separable
extension k/k(y) because we can realize k as the residue field at a point lying over
y in an étale scheme over Y, see More on Morphisms, Lemma Thus X, is
geometrically connected, see Varieties, Lemma This implies that the finite
extension k(x)/k(y) is purely inseparable.

We conclude (in the case that Y is a scheme) that for every y € Y either the fibre
X, is empty, or (X,)reqa = Spec(k(z)) with k(y) C k(x) purely inseparable. Hence
f is radicial (some details omitted), whence universally injective by Lemma[3.2l O

4. Monomorphisms

This section is the continuation of Morphisms of Spaces, Section We would
like to know whether or not every monomorphism of algebraic spaces is repre-
sentable. If you can prove this is true or have a counterexample, please email
stacks.project@gmail.com. For the moment this is known in the following cases
(1) for monomorphisms which are locally of finite type (more generally any
separated, locally quasi-finite morphism is representable by Morphisms of
Spaces, Lemma [51.1] and a monomorphism which is locally of finite type is
locally quasi-finite by Morphisms of Spaces, Lemma ,
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(2) if the target is a disjoint union of spectra of zero dimensional local rings
(Decent Spaces, Lemma [19.1]), and
(3) for flat monomorphisms (see below).

Lemma 4.1 (David Rydh). A flat monomorphism of algebraic spaces is repre-
sentable by schemes.

Proof. Let f: X — Y be a flat monomorphism of algebraic spaces. To prove f is
representable, we have to show X xy V is a scheme for every scheme V mapping
to Y. Since being a scheme is local (Properties of Spaces, Lemma , we may
assume V is affine. Thus we may assume Y = Spec(B) is an affine scheme. Next, we
can assume that X is quasi-compact by replacing X by a quasi-compact open. The
space X is separated as X — X Xgpee(p) X is an isomorphism. Applying Limits
of Spaces, Lemma we reduce to the case where B is local, X — Spec(B)
is a flat monomorphism, and there exists a point x € X mapping to the closed
point of Spec(B). Then X — Spec(B) is surjective as generalizations lift along flat
morphisms of separated algebraic spaces, see Decent Spaces, Lemma [7.4. Hence
we see that {X — Spec(B)} is an fpqc cover. Then X — Spec(B) is a morphism
which becomes an isomorphism after base change by X — Spec(B). Hence it is an
isomorphism by fpqc descent, see Descent on Spaces, Lemma [L11.15) [l

The following is (in some sense) a variant of the lemma above.

Lemma 4.2. Let S be a scheme. Let f : X — Y be a quasi-compact monomor-
phism of algebraic spaces such that for every T — Y the map

Or = fr+Oxxyr

is injective. Then f is an isomorphism (and hence representable by schemes).

Proof. The question is étale local on Y, hence we may assume Y = Spec(A4) is
affine. Then X is quasi-compact and we may choose an affine scheme U = Spec(B)
and a surjective étale morphism U — X (Properties of Spaces, Lemma . Note
that U x x U = Spec(B ®4 B). Hence the category of quasi-coherent O x-modules
is equivalent to the category DDp,4 of descent data on modules for A — B.
See Properties of Spaces, Proposition Descent, Definition [3.1] and Descent,
Subsection On the other hand,

A— B

is a universally injective ring map. Namely, given an A-module M we see that
ASM — B®4(ADM) is injective by the assumption of the lemma. Hence DDpg /4
is equivalent to the category of A-modules by Descent, Theorem[4.22] Thus pullback
along f : X — Spec(A) determines an equivalence of categories of quasi-coherent
modules. In particular f* is exact on quasi-coherent modules and we see that f is
flat (small detail omitted). Moreover, it is clear that f is surjective (for example
because Spec(B) — Spec(A) is surjective). Hence we see that {X — Spec(A)} is
an fpqc cover. Then X — Spec(A) is a morphism which becomes an isomorphism
after base change by X — Spec(A). Hence it is an isomorphism by fpqc descent,
see Descent on Spaces, Lemma [11.15 O

Lemmal 4.3. A quasi-compact flat surjective monomorphism of algebraic spaces
is an tsomorphism.

Proof. Such a morphism satisfies the assumptions of Lemma 4.2 (I
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5. Conormal sheaf of an immersion

Let S be a scheme. Let i : Z — X be a closed immersion of algebraic spaces over
S. Let Z C Ox be the corresponding quasi-coherent sheaf of ideals, see Morphisms
of Spaces, Lemma Consider the short exact sequence

072> =T —-T/I* =0

of quasi-coherent sheaves on X. Since the sheaf Z/Z? is annihilated by Z it corre-
sponds to a sheaf on Z by Morphisms of Spaces, Lemma This quasi-coherent
Oz-module is the conormal sheaf of Z in X and is often denoted Z/Z? by the abuse
of notation mentioned in Morphisms of Spaces, Section

In case i : Z — X is a (locally closed) immersion we define the conormal sheaf of
i as the conormal sheaf of the closed immersion ¢ : Z — X \ 0Z, see Morphisms
of Spaces, Remark It is often denoted Z/Z? where T is the ideal sheaf of the
closed immersion i : Z — X \ 0Z.

Definition 5.1. Let i : Z — X be an immersion. The conormal sheaf Cz/x of Z
in X or the conormal sheaf of i is the quasi-coherent Oz-module Z/Z? described
above.

In [DG67, IV Definition 16.1.2] this sheaf is denoted Nz, x. We will not follow this
convention since we would like to reserve the notation A/ z/x for the normal sheaf
of the immersion. It is defined as

NZ/X = Homoz (CZ/X7 Oz) = Homoz (1/127 Oz)

provided the conormal sheaf is of finite presentation (otherwise the normal sheaf
may not even be quasi-coherent). We will come back to the normal sheaf later
(insert future reference here).

Lemmal 5.2. Let S be a scheme. Leti: Z — X be an immersion. Let ¢ : U — X
be an étale morphism where U is a scheme. Set Zy = U xXx Z which is a locally
closed subscheme of U. Then

Cz/x|z0 =Czy v

canonically and functorially in U.

Proof. Let 7" C X be a closed subspace such that i defines a closed immersion
into X \ T. Let Z be the quasi-coherent sheaf of ideals on X \ T' defining Z.
Then the lemma just states that Z|;\,-1() is the sheaf of ideals of the immersion
Zy — U\ @~ Y(T). This is clear from the construction of Z in Morphisms of Spaces,
Lemma O

Lemmal 5.3. Let S be a scheme. Let
Z — X
fl lg
7 X

be a commutative diagram of algebraic spaces over S. Assume i, i’ immersions.
There is a canonical map of Oz-modules

f*CZ//X’ — CZ/X
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Proof. First find open subspaces U’ C X’ and U C X such that g(U) C U’ and
such that i(Z) C U and i(Z") C U’ are closed (proof existence omitted). Replacing
X by U and X’ by U’ we may assume that ¢ and i’ are closed immersions. Let
7' € Ox: and T C Ox be the quasi-coherent sheaves of ideals associated to i’ and
1, see Morphisms of Spaces, Lemma Consider the composition

#
g T = g '0x L Ox = Ox /T =i,05

Since ¢(i(Z)) C Z' we conclude this composition is zero (see statement on factor-
izations in Morphisms of Spaces, Lemma [13.1). Thus we obtain a commutative
diagram

0 z Ox 1.0z 0
0 g 7 g '10x) ——= g1’ Oy —=0

The lower row is exact since ¢~ ! is an exact functor. By exactness we also see that

(97'7")? = g=Y((Z')?). Hence the diagram induces a map g~ *(Z'/(Z')?) — I/1>.
Pulling back (using i~' for example) to Z we obtain i~'g~'(Z'/(Z")?) — Cz/x-
Since i~1g~t = ()" this gives a map f~'Cz,x» — Cz/x, which induces the
desired map. ([

Lemma 5.4. Let S be a scheme. The conormal sheaf of Definition and its
functoriality of Lemma satisfy the following properties:

(1) If Z — X is an immersion of schemes over S, then the conormal sheaf
agrees with the one from Morphisms, Definition|51.1].

(2) Ifin Lemma all the spaces are schemes, then the map [*Cz)xr — Cz/x
is the same as the one constructed in Morphisms, Lemma[31.3

(3) Given a commutative diagram

ok
g X
f/J/ ig/
AU i’ X

then the map (f' o f)*Czu xn — Cz/x 1is the same as the composition of
f*CZ’/X/ — Cz/X with the pullback by f Of (fl)*CZN/X// — CZ’/X’

Proof. Omitted. Note that Part (1) is a special case of Lemma [5.2] O
Lemmal 5.5. Let S be a scheme. Let

Z — X

fl lg

7 X
be a fibre product diagram of algebraic spaces over S. Assume i, i’ immersions.

Then the canonical map [*Cz xr — Cz/x of Lemma@ is surjective. If g is flat,
then it is an isomorphism.
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Proof. Choose a commutative diagram

U——X

|

Ul - o X/
where U, U’ are schemes and the horizontal arrows are surjective and étale, see
Spaces, Lemma Then using Lemmas and we see that the question

reduces to the case of a morphism of schemes. In the schemes case this is Morphisms,
Lemma [3T.41 O

Lemmal 5.6. Let S be a scheme. Let Z — Y — X be immersions of algebraic
spaces. Then there is a canonical exact sequence

i*Cy/X — CZ/X — Cz/y —0
where the maps come from Lemma and i : Z —'Y is the first morphism.

Proof. Let U be a scheme and let U — X be a surjective étale morphism. Via
Lemmas [5.2 and [5.4] the exactness of the sequence translates immediately into the
exactness of the corresponding sequence for the immersions of schemes Z x x U —
Y xx U — U. Hence the lemma follows from Morphisms, Lemma [31.5 ([l

6. The normal cone of an immersion

Let S be a scheme. Let i : Z — X be a closed immersion of algebraic spaces
over S. Let Z C Ox be the corresponding quasi-coherent sheaf of ideals, see
Morphisms of Spaces, Lemma Consider the quasi-coherent sheaf of graded
Ox-algebras @,,-,Z"/Z"*!. Since the sheaves 7" /Z""! are each annihilated by
7T this graded algebra corresponds to a quasi-coherent sheaf of graded Oz-algebras
by Morphisms of Spaces, Lemma [14.1] This quasi-coherent graded Oz-algebra is
called the conormal algebra of Z in X and is often simply denoted €p,, - In /7t
by the abuse of notation mentioned in Morphisms of Spaces, Section

In case i : Z — X is a (locally closed) immersion we define the conormal algebra of
i as the conormal algebra of the closed immersion i : Z — X \ 0Z, see Morphisms
of Spaces, Remark It is often denoted €, -, In/I"*! where T is the ideal
sheaf of the closed immersion i : Z — X \ 9Z.

Definition 6.1. Let i : Z — X be an immersion. The conormal algebra Cz,x .
of Z in X or the conormal algebra of i is the quasi-coherent sheaf of graded Oz-
algebras €D,,-, Z"/Z""* described above.

Thus Cz,x,1 = Cz/x is the conormal sheaf of the immersion. Also Cz/x 0 = Oz
and Cz/x , is a quasi-coherent Oz-module characterized by the property

(6.1.1) i.Cz/xn =1"/T"

where i : Z — X \ 0Z and 7 is the ideal sheaf of i as above. Finally, note that
there is a canonical surjective map

of quasi-coherent graded Oz-algebras which is an isomorphism in degrees 0 and 1.


https://stacks.math.columbia.edu/tag/06BD
https://stacks.math.columbia.edu/tag/09RN

MORE ON MORPHISMS OF SPACES 9

09RR Lemma 6.2. Let S be a scheme. Let i : Z — X be an immersion of algebraic

09RS

09RT

spaces over S. Let ¢ : U — X be an étale morphism where U is a scheme. Set
Zy =U Xx Z which is a locally closed subscheme of U. Then

Cz/xlze =Czy U
canonically and functorially in U.
Proof. Let T'C X be a closed subspace such that 7 defines a closed immersion into
X \T. Let Z be the quasi-coherent sheaf of ideals on X \ T defining Z. Then the

lemma follows from the fact that Z|;\,-1(7) is the sheaf of ideals of the immersion

Zy — U\ @~ Y(T). This is clear from the construction of Z in Morphisms of Spaces,
Lemma [13.1] O

Lemma 6.3. Let S be a scheme. Let
Z——X

|, b
Z/#X/

be a commutative diagram of algebraic spaces over S. Assume i, i’ immersions.
There is a canonical map of graded Oz-algebras

f*CZ//X’,* — CZ/X,*

Proof. First find open subspaces U’ C X’ and U C X such that g(U) C U’ and
such that i(Z) C U and i(Z’) C U’ are closed (proof existence omitted). Replacing
X by U and X’ by U’ we may assume that ¢ and i’ are closed immersions. Let
I’ € Ox: and T C Ox be the quasi-coherent sheaves of ideals associated to i’ and
1, see Morphisms of Spaces, Lemma Consider the composition

#
g T = g '0x L5 Ox = Ox /T =i,04

Since ¢(i(Z)) C Z' we conclude this composition is zero (see statement on factor-
izations in Morphisms of Spaces, Lemma [13.1). Thus we obtain a commutative
diagram

0 7 Ox 1.0z 0
0 g7 g '10x) ——= g1’ Oy —=0

The lower row is exact since g~! is an exact functor. By exactness we also see

that (¢71Z')" = g~ '((Z')") for all n > 1. Hence the diagram induces a map
g (T /()Y — /I L. Pulling back (using i~! for example) to Z we
obtain i 1g~((Z')"/(Z')"*') = Cz/xn- Since i 1g~' = f~1(i')~! this gives maps
f7'Cz/x'.n = Cz/x n, which induce the desired map. O

Lemma 6.4. Let S be a scheme. Let
7 ——X

Z/$_X/
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be a cartesian square of algebraic spaces over S with i, i’ immersions. Then the
canonical map f*Czi/x:« — Cz/x + of Lemma is surjective. If g is flat, then it
is an isomorphism.

Proof. We may check the statement after étale localizing X’. In this case we may
assume X’ — X is a morphism of schemes, hence Z and Z’ are schemes and the
result follows from the case of schemes, see Divisors, Lemma [19.4 O

We use the same conventions for cones and vector bundles over algebraic spaces
as we do for schemes (where we use the conventions of EGA), see Constructions,
Sections [7| and @ In particular, a vector bundle is a very general gadget (and not
locally isomorphic to an affine space bundle).

Definition 6.5. Let S be a scheme. Let ¢ : Z — X be an immersion of algebraic
spaces over S. The normal cone CzX of Z in X is

CzX = Spec,(Cz/x )

see Morphisms of Spaces, Definition The normal bundle of Z in X is the
vector bundle
NzX = Spec, (Sym(Cz/x))

Thus CzX — Z is a cone over Z and NzX — Z is a vector bundle over Z.
Moreover, the canonical surjection (6.1.2)) of graded algebras defines a canonical
closed immersion

of cones over Z.

7. Sheaf of differentials of a morphism

We suggest the reader take a look at the corresponding section in the chapter on
commutative algebra (Algebra, Section, the corresponding section in the chap-
ter on morphism of schemes (Morphisms, Section as well as Modules on Sites,
Section We first show that the notion of sheaf of differentials for a morphism
of schemes agrees with the corresponding morphism of small étale (ringed) sites.

To clearly state the following lemma we temporarily go back to denoting F¢
the sheaf of Ox,,,,.-modules associated to a quasi-coherent Ox-module F on the
scheme X, see Descent, Definition [8.2

Lemma 7.1. Let f: X — Y be a morphism of schemes. Let fsmair : Xeétale —
Yiiaie be the associated morphism of small étale sites, see Descent, Remark [8.].
Then there is a canonical isomorphism

(QX/Y)a = QXétalc/Yétalc
compatible with universal derivations. Here the first module is the sheaf on Xsiale

associated to the quasi-coherent Ox -module Qx/y , see Morphisms, Deﬁnitionm
and the second module is the one from Modules on Sites, Definition[33.5.

Proof. Let h : U — X be an étale morphism. In this case the natural map
h*Qx/y — Qu/y is an isomorphism, see More on Morphisms, Lemma This
means that there is a natural Oy,,,, -derivation

tale

d*: Ox, — (Qx/y)a

étale


https://stacks.math.columbia.edu/tag/09RU
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since we have just seen that the value of (2x/y ) on any object U of X¢taie is canon-
ically identified with I'(U, Qy/y). By the universal property of dx/y : Ox,.... —
QX110 Yerar. there is a unique Ox,,, . -linear map ¢ : Qx,, ., /viru. — (2x/y ) such
that d* = codyy-

étale

Conversely, suppose that F is an Ox,,,,.-module and D : Ox,,,,. =+ Fisa Oy,,,, -
derivation. Then we can simply restrict D to the small Zariski site Xz, of X.
Since sheaves on Xz, agree with sheaves on X, see Descent, Remark we see
that D|x,,,. : Ox — F|x,., is just a “usual” Y-derivation. Hence we obtain a map
Y : Qx/y — Flx,,, such that D|x,, = od. In particular, if we apply this with

F = QX 010/ Yerm. We Obtain a map

C/ : Qx/y — QX

stale/ Yetate | X zar

Consider the morphism of ringed sites idsmair,étate, zar : Xétate = X zar discussed in
Descent, Remark [8.4] and Lemma Since the restriction functor F — F|x,., is
equal to idgmair,étaie, Zar,x, Since 1dsma”7émle,ZM is left adjoint to idsmai,étate, Zzar,«

and since (Qx/y)* = id5,001 6tate, zarx/y We see that ¢’ is adjoint to a map

C” : (Qx/y)a — QX

¢tate/Yetale

We claim that ¢’ and ¢’ are mutually inverse. This claim finishes the proof of the
lemma. To see this it is enough to show that ¢ (d(f)) = dx/y (f) and c(dx,v (f)) =
d(f) if f is a local section of Ox over an open of X. We omit the verification. O

This clears the way for the following definition. For an alternative, see Remark

Definition 7.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. The sheaf of differentials Qx/y of X over Y is sheaf of differentials
(Modules on Sites, Definition [33.10)) for the morphism of ringed topoi

(fsmallv fﬁ) : (Xétalea OX) — (}/étale, OY)
of Properties of Spaces, Lemma The universal Y -derivation will be denoted
dx/y :0x — Qx/y.

By Lemma [7.]] this does not conflict with the already existing notion in case X
and Y are representable. From now on, if X and Y are representable, we no longer
distinguish between the sheaf of differentials defined above and the one defined
in Morphisms, Definition We want to relate this to the usual modules of
differentials for morphisms of schemes. Here is the key lemma.

Lemma 7.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Consider any commutative diagram

U——V
P
| b
f
X——Y
where the vertical arrows are étale morphisms of algebraic spaces. Then
Qx/v |verar. = Quyv

In particular, if U, V' are schemes, then this is equal to the usual sheaf of differen-
tials of the morphism of schemes U — V.
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Proof. By Properties of Spaces, Lemma [18.11| and Equation (18.11.1)) we may
think of the restriction of a sheaf on Xgiaie t0 Ugiare as the pullback by agmair-

Similarly for b. By Modules on Sites, Lemma we have

Oy v, =0 S
X/Y Uetate OUétalc/asmallfa‘7nallOYétu,le

: —1 —1 _ -1 —1 _ -1
Since A small Sma”OYétale - smallbsmallOYétale - smallOVétale we see that the
lemma holds. (]

Lemma 7.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Then Qx vy is a quasi-coherent O x-module.

Proof. Choose a diagram as in Lemma with @ and b surjective and U and V'
schemes. Then we see that Qx/y |y = Qy/y which is quasi-coherent (for example
by Morphisms, Lemma [32.7). Hence we conclude that Qy/y is quasi-coherent by
Properties of Spaces, Lemma [29.6 (]

Remark 7.5. Now that we know that Qy/y is quasi-coherent we can attempt to
construct it in another manner. For example we can use the result of Properties of
Spaces, Section [32]to construct the sheaf of differentials by glueing. For example if
Y is a scheme and if U — X is a surjective étale morphism from a scheme towards
X, then we see that (y7/y is a quasi-coherent Oy-module, and since s,t: R — U
are étale we get an isomorphism

(o7 S*QU/Y — QR/Y — t*QU/y

by using Morphisms, Lemma You check that this satisfies the cocycle condi-
tion and you're done. If Y is not a scheme, then you define {27,y as the cokernel of
the map (U — Y)*Qy/g — Qy,s, and proceed as before. This two step process is a
little bit ugly. Another possibility is to glue the sheaves Qv for any diagram as in
Lemma [7-3 but this is not very elegant either. Both approaches will work however,
and will give a slightly more elementary construction of the sheaf of differentials.

Lemma 7.6. Let S be a scheme. Let

X —X

|

Y —=Y
be a commutative diagram of algebraic spaces. The map f*: Ox — f.Ox: composed
with the map f.dx: )y : f+Ox: — fullx: v+ is a Y -derivation. Hence we obtain a

canonical map of Ox-modules Qx/y — fifdx/y+, and by adjointness of f. and f*
a canonical Ox-module homomorphism

Cy: f*Qx/y — QX//Y’-

It is uniquely characterized by the property that f*dx,y (t) mapsto dx,y:(f*t) for
any local section t of Ox.

Proof. This is a special case of Modules on Sites, Lemma [33.11 a
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0527

05Z8

0529

05ZA

05ZB

MORE ON MORPHISMS OF SPACES 13

Lemma 7.7. Let S be a scheme. Let
(N
Y'—»Y ——Y
be a commutative diagram of algebraic spaces over S. Then we have
Cfog = Cg0 g Cy
as maps (f o g)*Qx/y — Qxrjyn.

Proof. Omitted. Hint: Use the characterization of ¢, ¢y, cfoq in terms of the effect
these maps have on local sections. [

Lemmal 7.8. Let S be a scheme. Let f: X — Y, g:Y — B be morphisms of
algebraic spaces over S. Then there is a canonical exact sequence

f*Qy/B — QX/B — Qx/y —0
where the maps come from applications of Lemma[7.6,

Proof. Follows from the schemes version, see Morphisms, Lemma [32.9] of this
result via étale localization, see Lemma |7.3 O

Lemma 7.9. Let S be a scheme. If X — Y is an immersion of algebraic spaces
over S then Qx /g is zero.

Proof. Follows from the schemes version, see Morphisms, Lemma [32.14] of this
result via étale localization, see Lemma [7.3] ([l

Lemmal 7.10. Let S be a scheme. Let B be an algebraic space over S. Let
1:Z — X be an immersion of algebraic spaces over B. There is a canonical exact
sequence

CZ/X — i*QX/B — QZ/B — 0
where the first arrow is induced by dx,p and the second arrow comes from Lemma
7.0l

Proof. This is the algebraic spaces version of Morphisms, Lemma [32.15| and will
be a consequence of that lemma by étale localization, see Lemmas [7.3] and
However, we should make sure we can define the first arrow globally. Hence we
explain the meaning of “induced by dx,p” here. Namely, we may assume that i
is a closed immersion after replacing X by an open subspace. Let Z C Ox be the
quasi-coherent sheaf of ideals corresponding to Z C X. Then dx/s : Z — Qx/g
maps the subsheaf 7? C T to ZQy,g. Hence it induces a map /7% — Qx,5/IQx/s
which is Ox /Z-linear. By Morphisms of Spaces, Lemma this corresponds to a
map Cz/x — i"Qx/s as desired. [

Lemma 7.11. Let S be a scheme. Let B be an algebraic space over S. Let
i:Z — X be an immersion of algebraic spaces over B, and assume i (étale locally)
has a left inverse. Then the canonical sequence

0— Cz/x — Z*QX/B — QZ/B —0
of Lemma is (étale locally) split exact.


https://stacks.math.columbia.edu/tag/05Z7
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Proof. Clarification: we claim that if g : X — Z is a left inverse of ¢ over B,
then i*c, is a right inverse of the map i*Qx/p — Qz/p. Having said this, the
result follows from the corresponding result for morphisms of schemes by étale
localization, see Lemmas [7.3] and O

Lemma 7.12. Let S be a scheme. Let X — Y be a morphism of algebraic spaces
over S. Let g : Y' — Y be a morphism of algebraic spaces over S. Let X' = Xy
be the base change of X. Denote ¢’ : X' — X the projection. Then the map

(9) Qx)y = Qxr /v
of Lemma is an isomorphism.

Proof. Follows from the schemes version, see Morphisms, Lemma [32.10] and étale
localization, see Lemma [7.3] O

Lemmal 7.13. Let S be a scheme. Let f: X — B and g: Y — B be morphisms
of algebraic spaces over S with the same target. Let p : X xgY — X and q :
X xgY =Y be the projection morphisms. The maps from Lemma[7.0]

P"Qx/B D¢ Uy — Qxx,v/B
give an isomorphism.

Proof. Follows from the schemes version, see Morphisms, Lemma [32.11| and étale
localization, see Lemma [7.3] O

Lemmal 7.14. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is locally of finite type, then Qx,y is a finite type Ox-module.

Proof. Follows from the schemes version, see Morphisms, Lemma [32.12| and étale
localization, see Lemma [7.3] O

Lemmal 7.15. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is locally of finite presentation, then Qx,y is an Ox-module of
finite presentation.

Proof. Follows from the schemes version, see Morphisms, Lemma [32.13| and étale
localization, see Lemma (7.3 ([l

Lemma 7.16. Let S be a scheme. Let f : X — Y be a smooth morphism of
algebraic spaces over S. Then the module of differentials Qx /vy is finite locally free.

Proof. The statement is étale local on X and Y by Lemma|7.3] Hence this follows
from the case of schemes, see Morphisms, Lemma [34.12 O

8. Topological invariance of the étale site

We show that the site Xspaces,étale is @ “topological invariant”. It then follows that
Xétate, which consists of the representable objects in Xgpaces,étate, is a topological
invariant too, see Lemma (8.2

Theorem 8.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Assume f is integral, universally injective and surjective. The
functor

Vi— Vx =X xy V

defines an equivalence of categories Yspaces étale — Xspaces,étale-
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Proof. The morphism f is representable and a universal homeomorphism, see Mor-
phisms of Spaces, Section

We first prove that the functor is faithful. Suppose that V',V are objects of
Yipaces,étale and that a,b : V' — V are distinct morphisms over Y. Since V',V
are étale over Y the equalizer

/
E=V X(a,b),VxyV,Av/y 14

of a,b is étale over Y also. Hence E — V' is an étale monomorphism (i.e., an open
immersion) which is an isomorphism if and only if it is surjective. Since X — Y is
a universal homeomorphism we see that this is the case if and only if Ex = V%,
ie., if and only if ax = bx.

Next, we prove that the functor is fully faithful. Suppose that V',V are objects of
Yipaces,étale and that ¢ : Vi — Vx is a morphism over X. We want to construct a
morphism a : V' — V over Y such that ax = c. Let @’ : VY — V' be a surjective
étale morphism such that V" is a separated algebraic space. If we can construct a
morphism a” : V" — V such that o’y = cod'y, then the two compositions

1"
a

V" xy VI By 2
will be equal by the faithfulness of the functor proved in the first paragraph. Hence
a’ will factor through a unique morphism a : V! — V as V' is (as a sheaf) the
quotient of V' by the equivalence relation V" xy~ V”. Hence we may assume that
V' is separated. In this case the graph

I'. C (V’ Xy V)X

is open and closed (details omitted). Since X — Y is a universal homeomorphism,
there exists an open and closed subspace I' C V'’ xy V such that I'xy = I'.. The
projection I' — V" is an étale morphism whose base change to X is an isomorphism.
Hence I' — V"’ is étale, universally injective, and surjective, so an isomorphism by
Morphisms of Spaces, Lemma[51.2] Thus I is the graph of a morphism a : V! — V
as desired.

Finally, we prove that the functor is essentially surjective. Suppose that U is
an object of Xpaces,étate: We have to find an object V' of Yipeces,étate such that
Vx 2 U. Let U — U be a surjective étale morphism such that U’ = Vi and
U’ xy U =2 V{ for some objects V", V" of Yspyces, étate- Then by fully faithfulness
of the functor we obtain morphisms s,¢ : V"’ — V' with tx = pry and sx = pry
as morphisms U’ xy U’ — U’. Using that (prg,pry) : U xg U’ — U’ xg U’ is an
étale equivalence relation, and that U’ — V' and U’ xy U’ — V" are universally
injective and surjective we deduce that (¢, s) : V" — V' xgV' is an étale equivalence
relation. Then the quotient V = V’/V" (see Spaces, Theorem [10.5)) is an algebraic
space V over Y. There is a morphism V’ — V such that V" =V’ xy, V. Thus we
obtain a morphism V' — Y (see Descent on Spaces, Lemma . On base change
to X we see that we have a morphism U’ — Vx and a compatible isomorphism
U’ xy, U =U’' xy U’, which implies that Vx = U (by the lemma just cited once
more).

Pick a scheme W and a surjective étale morphism W — Y. Pick a scheme U’
and a surjective étale morphism U’ — U x x Wx. Note that U’ and U’ xy U’ are
schemes étale over X whose structure morphism to X factors through the scheme
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Wy. Hence by Etale Cohomology, Theorem there exist schemes V', V" étale
over W whose base change to Wy is isomorphic to respectively U’ and U’ xy U’.
This finishes the proof. O

Lemma 8.2. With assumption and notation as in Theoremm the equivalence of
categories Yspaces, étale — Xspaces,étale TeStricts to equivalences of categories Yerare —
Xétale and Yaffine,étale — Xaffine,étale~

Proof. This is just the statement that given an object V' € Yyp4ces,étale We have V/
is a(n affine) scheme if and only if V' xy X is a(n affine) scheme. Since Vxy X — V
is integral, universally injective, and surjective (as a base change of X — Y) this
follows from Limits of Spaces, Lemma and Proposition [15.2) (]

Remark| 8.3. A universal homeomorphism of algebraic spaces need not be rep-
resentable, see Morphisms of Spaces, Example In fact Theorem [8.I] does not
hold for universal homeomorphisms. To see this, let k be an algebraically closed
field of characteristic 0 and let

Al 5 X — Al

be as in Morphisms of Spaces, Example Recall that the first morphism is
étale and identifies ¢ with —t for ¢t € A} \ {0} and that the second morphism is
our universal homeomorphism. Since A} has no nontrivial connected finite étale
coverings (because k is algebraically closed of characteristic zero; details omitted),
it suffices to construct a nontrivial connected finite étale covering Y — X. To do
this, let Y be the affine line with zero doubled (Schemes, Example . Then
Y =Y, UYs with ¥; = A} glued along A} \ {0}. To define the morphism ¥ — X
we use the morphisms

Yy 5 AL X and Y, =5 AL — X,

These glue over Y7 N Ys by the construction of X and hence define a morphism
Y — X. In fact, we claim that

Y<;Y1HY2

|

X Al

is a cartesian square. We omit the details; you can use for example Groupoids,
Lemma Since A,lC — X is étale and surjective, this proves that ¥ — X is
finite étale of degree 2 which gives the desired example.

More simply, you can argue as follows. The scheme Y has a free action of the group
G = {+1,—1} where —1 acts by swapping Y7 and Y3 and changing the sign of
the coordinate. Then X = Y/G (see Spaces, Definition and hence Y — X is
finite étale. You can also show directly that there exists a universal homeomorphism
X — A}C by using t — t2 on affine spaces. In fact, this X is the same as the X
above.

9. Thickenings
The following terminology may not be completely standard, but it is convenient.

Definition 9.1. Thickenings. Let S be a scheme.

Email by Lenny
Taelman dated May
1, 2016.
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(1) We say an algebraic space X’ is a thickening of an algebraic space X if X
is a closed subspace of X’ and the associated topological spaces are equal.

(2) We say X' is a first order thickening of X if X is a closed subspace of X’
and the quasi-coherent sheaf of ideals Z C Oy’ defining X has square zero.

(3) Given two thickenings X C X' and Y C Y’ a morphism of thickenings
is a morphism f’ : X’ — Y’ such that f(X) C Y, i.e., such that f'|x
factors through the closed subspace Y. In this situation we set f = f'|x :
X — Y and we say that (f, f') : (X € X') —» (Y C Y’) is a morphism of
thickenings.

(4) Let B be an algebraic space. We similarly define thickenings over B, and
morphisms of thickenings over B. This means that the spaces X, X' Y)Y’
above are algebraic spaces endowed with a structure morphism to B, and
that the morphisms X — X', Y — Y’ and f’ : X’ — Y’ are morphisms
over B.

The fundamental equivalence. Note that if X C X’ is a thickening, then X — X’
is integral and universally bijective. This implies that

/
(911) Xspaces,étale = Xspaces,étale

via the pullback functor, see Theorem [8:I] Hence we may think of Oy as a sheaf
on Xgpaces,étale- Thus a canonical equivalence of locally ringed topoi

(9].2) (Sh( gpaces,étale)’ OX’) = (Sh(Xspaces,étale)a OX’)

Below we will frequently combine this with the fully faithfulness result of Prop-

erties of Spaces, Theorem For example the closed immersion iy : X — X’

corresponds to the surjective map 2& :Ox — Ox.

Let S be a scheme, and let B be an algebraic space over S. Let (f,f') : (X C

X') = (Y C Y’) be a morphism of thickenings over B. Note that the diagram of
continuous functors

Xspaces,étale < spaces,étale

| T

-~ Y

spaces,étale

/
Xspaces,étale
is commutative and the vertical arrows are equivalences. Hence fopaces,étate, fomail,

and f! .. all define the same morphism of topoi. Thus we may think

/
fspaces,étale’ smal

of
(f/)ﬁ s f1 Oy — Ox

spaces,étale

as a map of sheaves of Op-algebras fitting into the commutative diagram

-1
spaces,étaleOY #t OX

i T Ti”
Y X
(£*

-1 OY’ HOX’

spaces,étale

Here ix : X — X’ and iy : Y — Y are the names of the given closed immersions.
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Lemmal 9.2. Let S be a scheme. Let B be an algebraic space over S. Let X C X'
and Y C Y’ be thickenings of algebraic spaces over B. Let f : X — Y be a
morphism of algebraic spaces over B. Given any map of Op-algebras

—1
spaces,étale

(o Oyl — OX/

such that

—1
spaces,étale

—1
spaces,étale

OY —>0X
fﬁ

OY/ $ OX/

commutes, there exists a unique morphism of (f, f') of thickenings over B such that
a=(f)~

Proof. To find f’, by Properties of Spaces, Theorem all we have to do is show
that the morphism of ringed topoi

(.fspaces,étale; 05) : (Sh(Xspaces,étale)y OX’) — (Sh()/spaces,étale)v OY’)

is a morphism of locally ringed topoi. This follows directly from the definition of
morphisms of locally ringed topoi (Modules on Sites, Deﬁnition, the fact that
(f, %) is a morphism of locally ringed topoi (Properties of Spaces, Lemma ,
that « fits into the given commutative diagram, and the fact that the kernels of
zﬁX and zg, are locally nilpotent. Finally, the fact that f’ oix =iy o f follows from
the commutativity of the diagram and another application of Properties of Spaces,

Theorem We omit the verification that f’ is a morphism over B. O

Lemmal 9.3. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. For any open subspace U C X there exists a unique open subspace U' C X'
such that U = X xx: U'.

Proof. Let U' — X’ be the object of X[ , ... sta1e corresponding to the object

U — X of Xspaces,étate via (9.1.1). The morphism U’ — X' is étale and universally
injective, hence an open immersion, see Morphisms of Spaces, Lemma [51.2 O

Finite order thickenings. Let ix : X — X’ be a thickening of algebraic spaces. Any
local section of the kernel Z = Ker(iﬁx) C Ox: is locally nilpotent. Let us say that
X C X' is a finite order thickening if the ideal sheaf Z is “globally” nilpotent, i.e.,
if there exists an n > 0 such that Z"*! = 0. Technically the class of finite order
thickenings X C X’ is much easier to handle than the general case. Namely, in this
case we have a filtration

0OcItcIvlc...cITcOx
and we see that X' is filtered by closed subspaces
X=XyCcX;C...CXp,1CXp1 =X

such that each pair X; C X,y is a first order thickening over B. Using simple in-
duction arguments many results proved for first order thickenings can be rephrased
as results on finite order thickenings.
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Lemmal 9.4. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. Let U be an affine object of Xgpaces,étate- Then

F(Ua OX’) — F(U, OX)
is surjective where we think of Ox: as a sheaf on Xgpaces,étale Via .

Proof. Let U’ — X’ be the étale morphism of algebraic spaces such that U =
X xx: U, see Theorem By Limits of Spaces, Lemma[15.1] we see that U’ is an
affine scheme. Hence I'(U, Ox/) =T'(U’,Oy/) — I'(U, Oy) is surjective as U — U’
is a closed immersion of affine schemes. Below we give a direct proof for finite order
thickenings which is the case most used in practice. O

Proof for finite order thickenings. We may assume that X C X’ is a first order
thickening by the principle explained above. Denote Z the kernel of the surjection
Ox» — Ox. As T is a quasi-coherent O x/-module and since Z? = 0 by the definition
of a first order thickening we may apply Morphisms of Spaces, Lemma to see
that Z is a quasi-coherent Ox-module. Hence the lemma follows from the long
exact cohomology sequence associated to the short exact sequence

0—-Z—>0x —-0x —0

and the fact that H},,, (U,Z) = 0 as T is quasi-coherent, see Descent, Proposition

and Cohomology of Schemes, Lemma O

Lemma 9.5. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. If X is (representable by) a scheme, then so is X'.

Proof. Note that X ;, = X,eq. Hence if X is a scheme, then X/ _; is a scheme.
Thus the result follows from Limits of Spaces, Lemma Below we give a direct
proof for finite order thickenings which is the case most often used in practice. [

Proof for finite order thickenings. It suffices to prove this when X’ is a first
order thickening of X. By Properties of Spaces, Lemma there is a largest
open subspace of X’ which is a scheme. Thus we have to show that every point
x of |X’| = |X]| is contained in an open subspace of X’ which is a scheme. Using
Lemmawe may replace X C X’ by U C U’ with 2 € U and U an affine scheme.
Hence we may assume that X is affine. Thus we reduce to the case discussed in
the next paragraph.

Assume X C X' is a first order thickening where X is an affine scheme. Set
A=T(X,0x)and A’ =T(X',0x/). By Lemmathe map A — A’ is surjective.
The kernel I is an ideal of square zero. By Properties of Spaces, Lemma [33.1
we obtain a canonical morphism f : X’ — Spec(A’) which fits into the following
commutative diagram

X—sX

|

Spec(A) — Spec(A’)

Because the horizontal arrows are thickenings it is clear that f is universally injec-
tive and surjective. Hence it suffices to show that f is étale, since then Morphisms
of Spaces, Lemma will imply that f is an isomorphism.
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To prove that f is étale choose an affine scheme U’ and an étale morphism U’ —
X'. Tt suffices to show that U" — X’ — Spec(4’) is étale, see Properties of
Spaces, Definition Write U’ = Spec(B’). Set U = X xx, U’'. Since U
is a closed subspace of U’, it is a closed subscheme, hence U = Spec(B) with
B’ — B surjective. Denote J = Ker(B’ — B) and note that J = I'(U,Z) where
Z =Ker(Ox: — Ox) on Xgpaces,étale @8 in the proof of Lemma The morphism
U’ — X’ — Spec(A’) induces a commutative diagram

0 J B’ B 0
0 1 A A 0

Now, since Z is a quasi-coherent O x-module we have Z = (I)%, see Descent, Defi-

nition [8.2] for notation and Descent, Proposition [8.9] for why this is true. Hence we
see that J = I ® 4 B. Finally, note that A — B is étale as U — X is étale as the
base change of the étale morphism U’ — X’. We conclude that A’ — B’ is étale

by Algebra, Lemma [143.11 O

Lemmal 9.6. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. The functor
Vi— V=X X xr 14

/
étale

defines an equivalence of categories X, — Xeétale-

Proof. The functor V' + V defines an equivalence of categories X7 ,.cq ¢rare —

Xspaces,étale, See Theorem ﬂ Thus it suffices to show that V is a scheme if and
only if V’ is a scheme. This is the content of Lemma O

First order thickening are described as follows.

Lemma 9.7. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Consider a short exact sequence

0-Z—-A—->0x—0
of sheaves on X¢iqre where A is a sheaf of f~'Og-algebras, A — Ox is a surjection
of sheaves of f~'Op-algebras, and T is its kernel. If

(1) Z is an ideal of square zero in A, and
(2) T is quasi-coherent as an Ox-module

then there exists a first order thickening X C X' over B and an isomorphism
Ox: — A of f~1Og-algebras compatible with the surjections to Ox.

Proof. In this proof we redo some of the arguments used in the proofs of Lemmas
and We first handle the case B = S = Spec(Z). Let U be an affine scheme,
and let U — X be étale. Then

0—-ZWU)— AU)—=Ox(U)—0

is exact as Hl(Uétale7I) = 0 as Z is quasi-coherent, see Descent, Proposition
and Cohomology of Schemes, Lemma[2.2] If V' — U is a morphism of affine objects
of Xspaces,étale then

I(V) = I(U) ®0X(U) Ox(V)
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since 7 is a quasi-coherent O x-module, see Descent, Proposition Hence A(U) —
A(V) is an étale ring map, see Algebra, Lemma [143.11] Hence we see that

U+ U’ = Spec(A(D))

is a functor from X fine étate to the category of affine schemes and étale morphisms.
In fact, we claim that this functor can be extended to a functor U — U’ on all of
Xeétate- To see this, if U is an object of Xgtqe, note that

0= Tlug,, — Alvz., = Oxlvuz,, =0

and Z|y,,,. is a quasi-coherent sheaf on U, see Descent, Proposition Hence
by More on Morphisms, Lemma we obtain a first order thickening U C U’ of
schemes such that Oy is isomorphic to Aly,,,.. It is clear that this construction is
compatible with the construction for affines above.

Choose a presentation X = U/R, see Spaces, Definition so that s,t : R — U
define an étale equivalence relation. Applying the functor above we obtain an
étale equivalence relation s',¢ : R’ — U’ in schemes. Consider the algebraic space
X' =U'/R' (see Spaces, Theorem[10.5)). The morphism X = U/R — U’'/R' = X'is
a first order thickening. Consider Oy viewed as a sheaf on Xgtqi.. By construction
we have an isomorphism

v Oxr|vspm. — Al

étale

such that s~!vy agrees with t~!7 on Rgqi.. Hence by Properties of Spaces, Lemma,
this implies that v comes from a unique isomorphism Ox: — A as desired.

To handle the case of a general base algebraic space B, we first construct X' as
an algebraic space over Z as above. Then we use the isomorphism Ox/ — A to
define f~'0Op — Ox/. According to Lemma this defines a morphism X’ — B
compatible with the given morphism X — B and we are done. ([

Lemma 9.8. Let S be a scheme. Let Y C Y’ be a thickening of algebraic spaces
over S. Let X' — Y’ be a morphism and set X =Y Xy X'. Then (X C X') —
(Y C Y') is a morphism of thickenings. If Y C Y’ is a first (resp. finite order)
thickening, then X C X' is a first (resp. finite order) thickening.

Proof. Omitted. (|

Lemmal 9.9. Let S be a scheme. If X C X' and X' C X" are thickenings of
algebraic spaces over S, then so is X C X".

Proof. Omitted. (]

Lemma 9.10. The property of being a thickening is fpqc local. Similarly for first
order thickenings.

Proof. The statement means the following: Let S be a scheme and let X — X’ be
a morphism of algebraic spaces over S. Let {g; : X] — X'} be an fpqc covering of
algebraic spaces such that the base change X; — X/ is a thickening for all i. Then
X — X' is a thickening. Since the morphisms g; are jointly surjective we conclude
that X — X’ is surjective. By Descent on Spaces, Lemma we conclude that
X — X' is a closed immersion. Thus X — X' is a thickening. We omit the proof
in the case of first order thickenings. O
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10. Morphisms of thickenings

If (f,f): (X Cc X') = (Y CY’) is a morphism of thickenings of algebraic spaces,
then often properties of the morphism f are inherited by f’/. There are several
variants.

Lemma 10.1. Let S be a scheme. Let (f,f): (X Cc X') - Y CY') bea
morphism of thickenings of algebraic spaces over S. Then
(1) f is an affine morphism if and only if f' is an affine morphism,
f is a surjective morphism if and only if f' is a surjective morphism,
f is quasi-compact if and only if f' quasi-compact,
f 1s universally closed if and only if [’ is universally closed,
f is integral if and only if f' is integral,
f is (quasi-)separated if and only if f' is (quasi-)separated,
f is universally injective if and only if f' is universally injective,
f is universally open if and only if f' is universally open,
f

is representable if and only if f' is representable, and
(10) add more here.

Proof. Observe that Y — Y’ and X — X’ are integral and universal homeomor-
phisms. This immediately implies parts (2), (3), (4), (7), and (8). Part (1) follows
from Limits of Spaces, Proposition which tells us that there is a 1-to-1 corre-
spondence between affine schemes étale over X and X’ and between affine schemes
étale over Y and Y’. Part (5) follows from (1) and (4) by Morphisms of Spaces,
Lemma Finally, note that

XXyX:XXy/X%XXy/X/—)XIXY/XI

is a thickening (the two arrows are thickenings by Lemma . Hence applying
(3) and (4) to the morphism (X C X') = (X xy X — X’ xy» X’) we obtain
(6). Finally, part (9) follows from the fact that an algebraic space thickening of a
scheme is again a scheme, see Lemma [9.5 (I

Lemma 10.2. Let S be a scheme. Let (f,f): (X Cc X') - (Y CY') bea
morphism of thickenings of algebraic spaces over S such that X =Y xy: X'. If
X C X' is a finite order thickening, then

(1) f is a closed immersion if and only if f' is a closed immersion,

(2) f is locally of finite type if and only if f' is locally of finite type,

(3) f is locally quasi-finite if and only if f' is locally quasi-finite,

(4) f is locally of finite type of relative dimension d if and only if f' is locally
of finite type of relative dimension d,

(5) Qx/v =0 if and only if Qx//yr =0,

(6) f is unramified if and only if f' is unramified,

(7) f is proper if and only if [’ is proper,

(8) f is a finite morphism if and only if [’ is an finite morphism,

(9) f is a monomorphism if and only if f' is a monomorphism,

10) f is an immersion if and only if ' is an immersion, and

11) add more here.

(
(

Proof. Choose a scheme V' and a surjective étale morphism V' — Y’. Choose a
scheme U’ and a surjective étale morphism U’ — X’ xy: V'. Set V =Y xy: V'
and U = X X x+ U’. Then for étale local properties of morphisms we can reduce to
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the morphism of thickenings of schemes (U C U’) — (V C V') and apply More on
Morphisms, Lemma [3.3] This proves (2), (3), (4), (5), and (6).

The properties of morphisms in (1), (7), (8), (9), (10) are stable under base change,
hence if f/ has property P, then so does f. See Spaces, Lemma and Morphisms
of Spaces, Lemmas [40.3] [45.5] and [10.5]

The interesting direction in (1), (7), (8), (9), (10) is to assume that f has the
property and deduce that f/ has it too. By induction on the order of the thickening
we may assume that Y C Y’ is a first order thickening, see discussion on finite
order thickenings above.

Proof of (1). Choose a scheme V' and a surjective étale morphism V' — Y. Set
V=YxywV,U =X"xy V' and U = X xy V. Then U — V is a closed
immersion, which implies that U is a scheme, which in turn implies that U’ is a
scheme (Lemma . Thus we can apply the lemma in the case of schemes (More
on Morphisms, Lemma [3.3) to (U C U’) — (V C V') to conclude.

Proof of (7). Follows by combining (2) with results of Lemma and the fact
that proper equals quasi-compact + separated + locally of finite type + universally
closed.

Proof of (8). Follows by combining (2) with results of Lemma and using the
fact that finite equals integral + locally of finite type (Morphisms, Lemma [44.4]).

Proof of (9). As f is a monomorphism we have X = X xy X. We may apply
the results proved so far to the morphism of thickenings (X C X’) — (X xy X C
X' xy: X"). We conclude X' — X’ xy: X' is a closed immersion by (1). In fact, it is
a first order thickening as the ideal defining the closed immersion X’ — X’ xy/ X'
is contained in the pullback of the ideal Z C Oy cutting out Y in Y’. Indeed,
X =X xy X = (X' Xy X') Xy Y is contained in X’. The conormal sheaf of the
closed immersion A : X" — X' xy+ X’ is equal to Qx/,y+ (this is the analogue of
Morphisms, Lemma [32.7] for algebraic spaces and follows either by étale localization
or by combining Lemmas and some details omitted). Thus it suffices to
show that Qx//y, = 0 which follows from (5) and the corresponding statement for
X/Y.

Proof of (10). If f : X — Y is an immersion, then it factors as X — V — Y where
V — Y is an open subspace and X — V is a closed immersion, see Morphisms
of Spaces, Remark Let V! C Y’ be the open subspace whose underlying
topological space |V’| is the same as |V| C |Y| = |Y’|. Then X’ — Y’ factors
through V' and we conclude that X’ — V' is a closed immersion by part (1). This
finishes the proof. (I

The following lemma is a variant on the preceding one. Rather than assume that
the thickenings involved are finite order (which allows us to transfer the property
of being locally of finite type from f to f’), we instead take as given that each of f
and f’ is locally of finite type.

Lemma 10.3. Let S be a scheme. Let (f,f) : (X € X') - (Y = Y’) be a
morphism of thickenings of algebraic spaces over S. Assume f and f' are locally of
finite type and X =Y Xy X'. Then

(1) f is locally quasi-finite if and only if [’ is locally quasi-finite,

(2) f is finite if and only if [ is finite,
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(3) f is a closed immersion if and only if f' is a closed immersion,

(4) Qx/y =0 Zf and only Zf QX’/Y/ = O,

(5) f is unramified if and only if f' is unramified,

(6) f is a monomorphism if and only if f' is a monomorphism,

(7) [ is an immersion if and only if ' is an immersion,

(8) f is proper if and only if f’ is proper, and

(9) add more here.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y’. Choose a
scheme U’ and a surjective étale morphism U’ — X’ xy: V'. Set V =Y xy, V'
and U = X X x: U’. Then for étale local properties of morphisms we can reduce to
the morphism of thickenings of schemes (U C U’) — (V C V') and apply More on
Morphisms, Lemma [3.4] This proves (1), (4), and (5).

The properties in (2), (3), (6), (7), and (8) are stable under base change, hence if
/' has property P, then so does f. See Spaces, Lemma and Morphisms of
Spaces, Lemmas [40.3] [45.5] and [I0.5] Hence in each case we need only to prove
that if f has the desired property, so does f.

Case (2) follows from case (5) of Lemma and the fact that the finite morphisms
are precisely the integral morphisms that are locally of finite type (Morphisms of

Spaces, Lemma [45.6)).

Case (3). This follows immediately from Limits of Spaces, Lemma

Proof of (6). As f is a monomorphism we have X = X xy X. We may apply
the results proved so far to the morphism of thickenings (X € X’) — (X xy X C
X' xyr X"). We conclude Ax//y+ : X" = X' xy: X' is a closed immersion by (3). In
fact Ax//y+ induces a bijection |X'| — [X’ xy+ X'|, hence Ax/,y/ is a thickening.
On the other hand Ax/,y is locally of finite presentation by Morphisms of Spaces,
Lemma In other words, Ay y/(X’) is cut out by a quasi-coherent sheaf
of ideals J C Ox/x,,x of finite type. Since Qx//y» = 0 by (5) we see that the
conormal sheaf of X’ — X’ xy, X’ is zero. (The conormal sheaf of the closed
immersion Ax//y- is equal to Qx/,y; this is the analogue of Morphisms, Lemma
[32.7] for algebraic spaces and follows either by étale localization or by combining
Lemmas [7.11] and [7.13} some details omitted.) In other words, J/J 2 = 0. This
implies Ax//y~ is an isomorphism, for example by Algebra, Lemma m

Proof of (7). If f: X — Y is an immersion, then it factors as X — V — Y where
V — Y is an open subspace and X — V is a closed immersion, see Morphisms
of Spaces, Remark Let V! C Y’ be the open subspace whose underlying
topological space |V’| is the same as |[V| C |Y| = |[Y/|. Then X' — Y’ factors
through V’ and we conclude that X’ — V’ is a closed immersion by part (3).

Case (8) follows from Lemma and the definition of proper morphisms as being
the quasi-compact, universally closed, and separated morphisms that are locally of
finite type. O

11. Picard groups of thickenings

ODNL Some material on Picard groups of thickenings.
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Lemmal 11.1. Let S be a scheme. Let X C X' be a first order thickening of
algebraic spaces over S with ideal sheaf Z. Then there is a canonical exact sequence

0—= H(X,TI) — HY(X',0%,) — H(X,0%) >

C—>H1(X,I) —— Pic(X’') ———— Pic(X)
)
C—>H2(X,I)

of abelian groups.

Proof. Recall that Xgiqe = X éwle, see Lemma and more generally the discus-
sion in Section[0] The sequence of the lemma is the long exact cohomology sequence
associated to the short exact sequence of sheaves of abelian groups

0-IT—-0% —=0%—0

on X¢qe where the first map sends a local section f of Z to the invertible section
14 f of Ox:. We also use the identification of the Picard group of a ringed site with
the first cohomology group of the sheaf of invertible functions, see Cohomology on
Sites, Lemma [6.1 |

12. First order infinitesimal neighbourhood

A natural construction of first order thickenings is the following. Suppose that
i: Z — X be an immersion of algebraic spaces. Choose an open subspace U C X
such that ¢ identifies Z with a closed subspace Z C U (see Morphisms of Spaces,
Remark . Let Z C Oy be the quasi-coherent sheaf of ideals defining Z in U,
see Morphisms of Spaces, Lemma Then we can consider the closed subspace
Z' C U defined by the quasi-coherent sheaf of ideals Z?2.

Definition 12.1. Let i : Z — X be an immersion of algebraic spaces. The first
order infinitesimal neighbourhood of Z in X is the first order thickening Z C Z’
over X described above.

This thickening has the following universal property (which will assuage any fears
that the construction above depends on the choice of the open U).

Lemma 12.2. Let i : Z — X be an immersion of algebraic spaces. The first
order infinitesimal neighbourhood Z' of Z in X has the following universal property:
Given any commutative diagram

1,
b ’
X<=—T
where T C T’ is a first order thickening over X, there exists a unique morphism
(a'ya) : (T CT')— (Z C Z') of thickenings over X.

Proof. Let U C X be the open subspace used in the construction of Z’, i.e., an
open such that Z is identified with a closed subspace of U cut out by the quasi-
coherent sheaf of ideals Z. Since |T'| = |T”| we see that |b|(|T"]) C |U|. Hence we
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can think of b as a morphism into U, see Properties of Spaces, Lemma Let
J C Ogp be the square zero quasi-coherent sheaf of ideals cutting out 7. By the
commutativity of the diagram we have b|p = ¢ o a where i : Z — U is the closed
immersion. We conclude that b*(b~'Z) C J by Morphisms of Spaces, Lemmam
As T' is a first order thickening of T' we see that J2 = 0 hence b#(b~1(Z?)) = 0. By
Morphisms of Spaces, Lemma this implies that b factors through Z’. Letting
a' : T' — Z' be this factorization we win. O

Lemmal 12.3. Leti: Z — X be an immersion of algebraic spaces. Let Z C Z' be
the first order infinitesimal neighbourhood of Z in X. Then the diagram

Z ——7

L

J——X

induces a map of conormal sheaves Cz;x — Cz;z: by Lemma @ This map is an
isomorphism.

Proof. This is clear from the construction of Z’ above. O

13. Formally smooth, étale, unramified transformations

Recall that a ring map R — A is called formally smooth, resp. formally étale, resp.

formally unramified (see Algebra, Definition [138.1) resp. Definition [150.1} resp.
Definition [148.1)) if for every commutative solid diagram

A4>B/I

N
N
AN
N
R——B

where I C B is an ideal of square zero, there exists a, resp. exists a unique, resp.
exists at most one dotted arrow which makes the diagram commute. This moti-
vates the following analogue for morphisms of algebraic spaces, and more generally
functors.

Definition| 13.1. Let S be a scheme. Let a : F — G be a transformation of
functors F,G : (Sch/S)§" . — Sets. Consider commutative solid diagrams of the
form

F<——T

l ' l
N )
a N 7
AN
G<=—T
where T and T are affine schemes and 7 is a closed immersion defined by an ideal

of square zero.

(1) We say a is formally smooth if given any solid diagram as above there exists
a dotted arrow making the diagram commut

L This is just one possible definition that one can make here. Another slightly weaker condition
would be to require that the dotted arrow exists fppf locally on 7”’. This weaker notion has in
some sense better formal properties.
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(2) We say a is formally étale if given any solid diagram as above there exists
exactly one dotted arrow making the diagram commute.

(3) We say a is formally unramified if given any solid diagram as above there
exists at most one dotted arrow making the diagram commute.

04G4 Lemma 13.2. Let S be a scheme. Let a: F' — G be a transformation of functors
F,G : (Sch/S){r - — Sets. Then a is formally étale if and only if a is both formally
smooth and formally unramified.

Proof. Formal from the definition. O

049T Lemmal 13.3. Composition.

(1) A composition of formally smooth transformations of functors is formally
smooth.

(2) A composition of formally étale transformations of functors is formally
étale.

(3) A composition of formally unramified transformations of functors is for-
mally unramified.

Proof. This is formal. O

049U Lemma 13.4. Let S be a scheme contained in Schyypy. Let F, G, H : (Sch/S){0 » —

Sets. Leta: F — G, b: H— G be transformations of functors. Consider the fibre
product diagram
H Xb,G,a F T> F
|k
b

H———(

(1) If a is formally smooth, then the base change a’ is formally smooth.
(2) If a is formally étale, then the base change a' is formally étale.
(3) If a is formally unramified, then the base change a' is formally unramified.

Proof. This is formal. O

04AL Lemma 13.5. Let S be a scheme. Let F,G : (Sch/S)?" . — Sets. Leta: F — G
be a representable transformation of functors.

(1) If a is smooth then a is formally smooth.
(2) If a is étale, then a is formally étale.
(3) If a is unramified, then a is formally unramified.

Proof. Consider a solid commutative diagram
F<=——T
|

N .

a N 3
N

G<—T

as in Definition m Then F xg T’ is a scheme smooth (resp. étale, resp. unrami-
fied) over T". Hence by More on Morphisms, Lemma m (resp. Lemma resp.
Lemma we can fill in (resp. uniquely fill in, resp. fill in at most one way) the
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dotted arrow in the diagram

T7<—1T

an hence we also obtain the corresponding assertion in the first diagram. O

04CY Lemma13.6. Let S be a scheme contained in Schypyy. Let F,G, H : (Sch/S){? . —
Sets. Leta: F — G, b: G — H be transformations of functors. Assume that a is
representable, surjective, and étale.

(1) If b is formally smooth, then bo a is formally smooth.
(2) If b is formally étale, then bo a is formally étale.
(3) If b is formally unramified, then bo a is formally unramified.

Conwversely, consider a solid commutative diagram
G<—-T
(S
bl AN lz’
N
H<—1T

with T' an affine scheme over S and i : T — T' a closed immersion defined by an
ideal of square zero.

(4) If boa is formally smooth, then for every t € T there exists an étale
morphism of affines U' — T and a morphism U' — G such that

G<7T<7T><T/ U’

| |

H T U’

commutes and t is in the image of U' — T".

(5) If boa is formally unramified, then there exists at most one dotted arrow
in the diagram above, i.e., b is formally unramified.

(6) If boa is formally étale, then there exists exactly one dotted arrow in the
diagram above, i.e., b is formally étale.

Proof. Assume b is formally smooth (resp. formally étale, resp. formally unram-
ified). Since an étale morphism is both smooth and unramified we see that a is
representable and smooth (resp. étale, resp. unramified). Hence parts (1), (2) and
(3) follow from a combination of Lemma and Lemma [13.3]

Assume that b o a is formally smooth. Consider a diagram as in the statement of
the lemma. Let W = F xg T. By assumption W is a scheme surjective étale over
T. By Etale Morphisms, Theorem there exists a scheme W' étale over T” such
that W = T xp W'. Choose an affine open subscheme U’ C W' such that ¢ is
in the image of U’ — T’. Because b o a is formally smooth we see that the exist
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morphisms U’ — F such that

Fe—W=<~—Txp U

H T U’

commutes. Taking the composition U’ — F — G gives a map as in part (5) of the
lemma.

Assume that f,g : T — G are two dotted arrows fitting into the diagram of the
lemma. Let W = F x¢ T. By assumption W is a scheme surjective étale over T
By Etale Morphisms, Theorem there exists a scheme W' étale over T’ such
that W =T x1 W’. Since a is formally étale the compositions

WoT5La and WoT SHG
lift to morphisms f’, ¢’ : W’ — F (lift on affine opens and glue by uniqueness).

Now if boa : F — H is formally unramified, then f’ = ¢’ and hence f = g as
W’ — T" is an étale covering. This proves part (6) of the lemma.

Assume that b o a is formally étale. Then by part (4) we can étale locally on T’
find a dotted arrow fitting into the diagram and by part (5) this dotted arrow is
unique. Hence we may glue the local solutions to get assertion (6). Some details
omitted. ]

Remark| 13.7. It is tempting to think that in the situation of Lemma we
have “b formally smooth” < “b o a formally smooth”. However, this is likely not
true in general.

Lemma 13.8. Let S be a scheme. Let F,G,H : (Sch/S)}? . — Sets. Leta: F —
G, b: G = H be transformations of functors. Assume b is formally unramified.

(1) Ifboa is formally unramified then a is formally unramified.
(2) Ifboa is formally élale then a is formally étale.
(3) Ifboa is formally smooth then a is formally smooth.

Proof. Let T C T” be a closed immersion of affine schemes defined by an ideal
of square zero. Let ¢’ : T/ — G and f : T — F be given such that ¢'|r = ao f.
Because b is formally unramified, there is a one to one correspondence between
{f"T"=F|f=flrandacf =g}
and
{f/"T"—=F|f=/f|randboao f ' =bog'}.

From this the lemma follows formally. (]

14. Formally unramified morphisms

In this section we work out what it means that a morphism of algebraic spaces is
formally unramified.

Definition 14.1. Let S be a scheme. A morphism f : X — Y of algebraic
spaces over S is said to be formally unramified if it is formally unramified as a
transformation of functors as in Definition [3.11
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We will not restate the results proved in the more general setting of formally unram-
ified transformations of functors in Section[[3l It turns out we can characterize this
property in terms of vanishing of the module of relative differentials, see Lemma
4.0l

Lemmal 14.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is formally unramified,

(2) for every diagram

U——=V

L
xtoy
where U and V' are schemes and the vertical arrows are étale the morphism
of schemes 1 is formally unramified (as in More on Morphisms, Definition
, and

(3) for one such diagram with surjective vertical arrows the morphism ¢ is
formally unramified.

Proof. Assume f is formally unramified. By Lemma the morphisms U — X
and V — Y are formally unramified. Thus by Lemma[I3.3]the composition U — Y
is formally unramified. Then it follows from Lemma that U — V is formally
unramified. Thus (1) implies (2). And (2) implies (3) trivially

Assume given a diagram as in (3). By Lemma the morphism V' — Y is formally
unramified. Thus by Lemma the composition U — Y is formally unramified.
Then it follows from Lemma that X — Y is formally unramified, i.e., (1)
holds. (]

Lemmal|14.3. Let S be a scheme. If f : X — Y is a formally unramified morphism
of algebraic spaces over S, then given any solid commutative diagram
X~—T
»
N
N
Y <—1T

where T C T' is a first order thickening of algebraic spaces over S there exists at
most one dotted arrow making the diagram commute. In other words, in Definition
[77-1] the condition that T be an affine scheme may be dropped.

Proof. This is true because there exists a surjective étale morphism U’ — T” where
U’ is a disjoint union of affine schemes (see Properties of Spaces, Lemma [6.1)) and
a morphism 77 — X is determined by its restriction to U’. O

Lemma 14.4. A composition of formally unramified morphisms is formally un-
ramified.

Proof. This is formal. O

Lemma 14.5. A base change of a formally unramified morphism is formally
unramified.

Proof. This is formal. O
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Lemma 14.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is formally unramified, and

(2) Qx/y =0.
Proof. This is a combination of Lemma [[4.2] More on Morphisms, Lemma [6.7]
and Lemma [Z3] O

Lemma 14.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) The morphism f is unramified,

(2) the morphism f is locally of finite type and Qx/y =0, and

(3) the morphism f is locally of finite type and formally unramified.

U——YV
i w i
f
X —Y
where U and V are schemes and the vertical arrows are étale and surjective. Then
we see

Proof. Choose a diagram

f unramified < 9 unramified
< 1 locally finite type and )y =0
< f locally finite type and Qx,y =0
& f locally finite type and formally unramified
Here we have used Morphisms, Lemma and Lemma [14.6) (I

Lemma 14.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is unramified and a monomorphism,

(2) f is unramified and universally injective,

(3) f is locally of finite type and a monomorphism,

(4) f is universally injective, locally of finite type, and formally unramified.

Moreover, in this case f is also representable, separated, and locally quasi-finite.

Proof. We have seen in Lemma that being formally unramified and locally
of finite type is the same thing as being unramified. Hence (4) is equivalent to
(2). A monomorphism is certainly formally unramified hence (3) implies (4). It is
clear that (1) implies (3). Finally, if (2) holds, then A : X — X Xy X is both an
open immersion (Morphisms of Spaces, Lemma and surjective (Morphisms of
Spaces, Lemma hence an isomorphism, i.e., f is a monomorphism. In this
way we see that (2) implies (1). Finally, we see that f is representable, separated,
and locally quasi-finite by Morphisms of Spaces, Lemmas and O

Lemma 14.9. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is a closed immersion,

(2) f is universally closed, unramified, and a monomorphism,

(3) f is universally closed, unramified, and universally injective,
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(4) f is universally closed, locally of finite type, and a monomorphism,
(5) f is universally closed, universally injective, locally of finite type, and for-
mally unramified.

Proof. The equivalence of (2) — (5) follows immediately from Lemma More-
over, if (2) — (5) are satisfied then f is representable. Similarly, if (1) is satisfied

then f is representable. Hence the result follows from the case of schemes, see Etale
Morphisms, Lemma O

15. Universal first order thickenings

Let S be a scheme. Let h: Z — X be a morphism of algebraic spaces over S. A
universal first order thickening of Z over X is a first order thickening Z C Z’ over X
such that given any first order thickening 7' C 7" over X and a solid commutative
diagram

(l

(15.0.1) A /

there exists a unique dotted arrow making the diagram commute. Note that in
this situation (a,a’) : (T' C T') — (Z C Z’) is a morphism of thickenings over
X. Thus if a universal first order thickening exists, then it is unique up to unique
isomorphism. In general a universal first order thickening does not exist, but if A is
formally unramified then it does. Before we prove this, let us show that a universal

first order thickening in the category of schemes is a universal first order thickening
in the category of algebraic spaces.

/ b

Lemmal 15.1. Let S be a scheme. Let h : Z — X be a morphism of algebraic
spaces over S. Let Z C Z' be a first order thickening over X. The following are
equivalent

(1) Z C Z’' is a universal first order thickening,

(2) for any diagram with T' a scheme a unique dotted arrow exists
making the diagram commute, and

(3) for any diagram with T' an affine scheme a unique dotted arrow
exists making the diagram commute.

Proof. The implications (1) = (2) = (3) are formal. Assume (3) a assume given
an arbitrary diagram (15.0.1). Choose a presentation 7 = U’/R’, see Spaces,
Definition We may assume that U’ = J[U/ is a disjoint union of affines,
so R\ = U xp U = ]_[” Ul x7p Uj. For each pair (i,j) choose an affine open
covering U] x/p U’ U, R; ijr- Denote Uj, R;j; the fibre products with T' over
T'. Then each U C U} and R;j, C jok is a first order thickening of affine
schemes. Denote a; : U; — Z, resp. ayji : Rijr — Z the composition of a : T' = Z
with the morphism U; — T, resp. R;ji, — T. By (3) applied to a; : Uy = Z
we obtain unique morphisms a] : U/ — Z’. By (3) applied to a;jx we see that

the two compositions R”k — R’ — Z' and ka — R} — Z' are equal. Hence
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o =1]Ja; : U =]]U/ — Z' descends to the quotient sheaf 7" = U’/R’ and we
win. (]

Lemmal 15.2. Let S be a scheme. Let Z — Y — X be morphisms of algebraic
spaces over S. If Z C Z' is a universal first order thickening of Z over Y and
Y — X is formally étale, then Z C Z' is a universal first order thickening of Z
over X.

Proof. This is formal. Namely, by Lemmal[I5.1]it suffices to consider solid commu-
tative diagrams with 7”7 an affine scheme. The composition T' — Z — Y
lifts uniquely to 7" — Y as Y — X is assumed formally étale. Hence the fact that
Z C Z'is a universal first order thickening over Y produces the desired morphism
a:T — 7. O

Lemma 15.3. Let S be a scheme. Let Z — Y — X be morphisms of algebraic
spaces over S. Assume Z — 'Y is étale.

(1) If Y C Y’ is a universal first order thickening of Y over X, then the unique
étale morphism Z' — Y’ such that Z =Y xy: Z' (see Theorem[8.1]) is a
universal first order thickening of Z over X.

(2) If Z =Y is surjective and (Z C Z') — (Y CY’) is an étale morphism of
first order thickenings over X and Z' is a universal first order thickening
of Z over X, then Y’ is a universal first order thickening of Y over X.

Proof. Proof of (1). By Lemma it suffices to consider solid commutative
diagrams with T” an affine scheme. The composition T — Z — Y lifts
uniquely to 7/ — Y’ as Y’ is the universal first order thickening. Then the fact
that Z’ — Y is étale implies (see Lemma that 7" — Y lifts to the desired
morphism a' : T" — Z'.

Proof of (2). Let T C T” be a first order thickening over X and let a : ' — Y be
a morphism. Set W =T Xy Z and denote ¢ : W — Z the projection Let W/ — T’
be the unique étale morphism such that W = T x7» W/, see Theorem Note
that W’ — T" is surjective as Z — Y is surjective. By assumption we obtain a
unique morphism ¢’ : W/ — Z’ over X restricting to ¢ on W. By uniqueness the
two restrictions of ¢’ to W’ x 1 W' are equal (as the two restrictions of ¢ to W xp W
are equal). Hence ¢’ descends to a unique morphism o’ : 7/ — Y’ and we win. O

Lemmal 15.4. Let S be a scheme. Let h : Z — X be a formally unramified

morphism of algebraic spaces over S. There exists a universal first order thickening
Z C 7" of Z over X.

Proof. Choose any commutative diagram

V—sU

|

J——X

where V' and U are schemes and the vertical arrows are étale. Note that V' — U is a
formally unramified morphism of schemes, see Lemma[l4.2] Combining Lemmal[l5.1
and More on Morphisms, Lemma we see that a universal first order thickening
V C V' of V over U exists. By Lemma [15.2] part (1) V' is a universal first order
thickening of V' over X.
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Fix a scheme U and a surjective étale morphism U — X. The argument above
shows that for any V — Z étale with V' a scheme such that V' — Z — X factors
through U a universal first order thickening V' C V’ of V over X exists (but does
not depend on the chosen factorization of V' — X through U). Now we may choose
V such that V' — Z is surjective étale (see Spaces, Lemma. Then R=VxzV
a scheme étale over Z such that R — X factors through U also. Hence we obtain
universal first order thickenings V' C V' and R C R over X. AsV C V' is a
universal first order thickening, the two projections s,t : R — V lift to morphisms
s',t': R — V'. By Lemma [15.3|as R’ is the universal first order thickening of R
over X these morphisms are étale. Then (,s') : R’ — V' is an étale equivalence
relation and we can set Z' = V'/R’. Since V' — Z’ is surjective étale and v’ is the
universal first order thickening of V over X we conclude from Lemma [15.2] part (2)
that Z’ is a universal first order thickening of Z over X. [

Definition 15.5. Let S be a scheme. Let h : Z — X be a formally unramified
morphism of algebraic spaces over S.

(1) The universal first order thickening of Z over X is the thickening Z C Z’
constructed in Lemma [[5.4]

(2) The conormal sheaf of Z over X is the conormal sheaf of Z in its universal
first order thickening Z’ over X.

We often denote the conormal sheaf Cz,x in this situation.

Thus we see that there is a short exact sequence of sheaves
0—>CZ/X—>OZ/—>02—>O

on Zgale and Cz,x is a quasi-coherent Oz-module. The following lemma proves
that there is no conflict between this definition and the definition in case Z — X
is an immersion.

Lemmal 15.6. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Then

(1) @ is formally unramified,

(2) the universal first order thickening of Z over X is the first order infinites-
imal neighbourhood of Z in X of Definition[12]]

(3) the conormal sheaf of i in the sense of Deﬁm’tion agrees with the conor-
mal sheaf of i in the sense of Definition [15.5

Proof. Animmersion of algebraic spaces is by definition a representable morphism.
Hence by Morphisms, Lemmas [35.7 and an immersion is unramified (via the

abstract principle of Spaces, Lemma @ Hence it is formally unramified by Lemma
The other assertions follow by combining Lemmas and [12.3] and the
definitions. g

Lemmal 15.7. Let S be a scheme. Let Z — X be a formally unramified morphism
of algebraic spaces over S. Then the universal first order thickening Z' is formally
unramified over X.
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Proof. Let T C T’ be a first order thickening of affine schemes over X. Let

ZI'C%T

N

X=~—1T

be a commutative diagram. Set Ty = ¢~ 3(Z) C T and T, = a~(Z) (scheme
theoretically). Since Z' is a first order thickening of Z, we see that T” is a first
order thickening of T),. Moreover, since ¢ = a|r we see that Top = T N 7T, (scheme
theoretically). As T is a first order thickening of T it follows that T, is a first order
thickening of Ty. Now a|r, and b|r, are morphisms of T}, into Z’ over X which agree
on Ty as morphisms into Z. Hence by the universal property of Z’ we conclude
that a|7, = b|7;. Thus a and b are morphism from the first order thickening 7" of
T whose restrictions to 7, agree as morphisms into Z. Thus using the universal
property of Z' once more we conclude that a = b. In other words, the defining
property of a formally unramified morphism holds for Z’ — X as desired. O

Lemma 15.8. Let S be a scheme Consider a commutative diagram of algebraic
spaces over S

I

w LA Y
with h and h' formally unramified. Let Z C Z' be the universal first order thickening
of Z over X. Let W C W' be the universal first order thickening of W over Y.
There exists a canonical morphism (f, f') : (Z,Z") — (W, W') of thickenings over
Y which fits into the following commutative diagram

, 4 lf
=

In particular the morphism (f, f') of thickenings induces a morphism of conormal
sheaves f*Cy/y — Cz/x-

Proof. The first assertion is clear from the universal property of W’. The induced
map on conormal sheaves is the map of Lemma applied to (Z Cc Z') = (W C
w’. |
Lemma 15.9. Let S be a scheme. Let
7 ——X
h
f i ig
h/
W—Y

be a fibre product diagram of algebraic spaces over S with h' formally unramified.
Then h is formally unramified and if W C W’ is the universal first order thickening
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of W overY, then Z = X xy W C X xy W’ is the universal first order thickening
of Z over X. In particular the canonical map f*Cyw/y — Cz/x of Lemma 18
surjective.

Proof. The morphism A is formally unramified by Lemma [14.5] It is clear that
X xy W' is a first order thickening. It is straightforward to check that it has the
universal property because W' has the universal property (by mapping properties
of fibre products). See Lemma for why this implies that the map of conormal
sheaves is surjective. O

Lemma 15.10. Let S be a scheme. Let

A4 — X
ok
h/
W——Y
be a fibre product diagram of algebraic spaces over S with h' formally unramified

and g flat. In this case the corresponding map Z' — W' of universal first order
thickenings is flat, and f*Cyw/y — Cz/x is an isomorphism.

Proof. Flatness is preserved under base change, see Morphisms of Spaces, Lemma
30.4] Hence the first statement follows from the description of W’ in Lemma [15.9
It is clear that X xy W’ is a first order thickening. It is straightforward to check that
it has the universal property because W’ has the universal property (by mapping
properties of fibre products). See Lemma for why this implies that the map of
conormal sheaves is an isomorphism. O

Lemma 15.11. Taking the universal first order thickenings commutes with étale
localization. More precisely, let h : Z — X be a formally unramified morphism of
algebraic spaces over a base scheme S. Let

V—sU

|

J——X

be a commutative diagram with étale vertical arrows. Let Z' be the universal first
order thickening of Z over X. ThenV — U is formally unramified and the universal
first order thickening V' of V' over U is étale over Z'. In particular, Cz/x|v = Cy .

Proof. The first statement is Lemma [14.2] The compatibility of universal first
order thickenings is a consequence of Lemmas [15.2] and [15.3] O

Lemma 15.12. Let S be a scheme. Let B be an algebraic space over S. Let
h: Z — X be a formally unramified morphism of algebraic spaces over B. Let
Z C Z' be the universal first order thickening of Z over X with structure morphism
h :Z"— X. The canonical map

dh, : (h’/)*QX/B — QZ’/B
induces an isomorphism h*Qx/p — Qz/p @ Og.

Proof. The map ¢y is the map defined in Lemma Ifi: Z — Z' is the given
closed immersion, then i*cp/ is a map h*Qx /5 — 2z/,s®0O7z. Checking that it is an
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isomorphism reduces to the case of schemes by étale localization, see Lemma
and Lemma [7.3] In this case the result is More on Morphisms, Lemma ([

Lemma 15.13. Let S be a scheme. Let B be an algebraic space over S. Let
h:Z — X be a formally unramified morphism of algebraic spaces over B. There
is a canonical exact sequence

CZ/X — h*QX/B — QZ/B — 0.

The first arrow is induced by dz/ /g where Z' is the universal first order neighbour-
hood of Z over X.

Proof. We know that there is a canonical exact sequence

Cziz0 = Qz1)s @O0z — Qz/5 — 0.
see Lemma Hence the result follows on applying Lemma [15.12 [l
Lemma 15.14. Let S be a scheme. Let

X

be a commutative diagram of algebraic spaces over S where i and j are formally
unramified. Then there is a canonical exact sequence

Cz/y — CZ/X — i*Qx/y —0
where the first arrow comes from Lemma and the second from Lemma|15.15

Proof. Since the maps have been defined, checking the sequence is exact reduces
to the case of schemes by étale localization, see Lemma [15.11| and Lemma In
this case the result is More on Morphisms, Lemma [7.11 O

Lemmal 15.15. Let S be a scheme. Let Z — Y — X be formally unramified
morphisms of algebraic spaces over S.

(1) If Z C Z' is the universal first order thickening of Z over X andY C Y’ is
the universal first order thickening of Y over X, then there is a morphism
Z' =Y andY xy+ Z' is the universal first order thickening of Z overY .
(2) There is a canonical exact sequence

i*Cy/X — CZ/X — Cz/y —0
where the maps come from Lemma and i : Z —'Y is the first mor-
phism.

Proof. The map h: Z' — Y’ in (1) comes from Lemma The assertion that
Y Xy Z' is the universal first order thickening of Z over Y is clear from the universal
properties of Z’ and Y’. By Lemma [5.6| we have an exact sequence

(") Cyxyzryz0 = Czyz0 = Czyvxy, 22 — 0
where ¢/ : Z — Y Xy Z' is the given morphism. By Lemma there exists a
surjection h*Cy;yr — Cyx,, z//z- Combined with the equalities Cy,y: = Cy/x,
Cz/z» =Cz/x, and Cz/y .,z = Cz/y this proves the lemma.
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16. Formally étale morphisms

In this section we work out what it means that a morphism of algebraic spaces is
formally étale.

Definition 16.1. Let S be a scheme. A morphism f : X — Y of algebraic spaces
over S is said to be formally étale if it is formally étale as a transformation of
functors as in Definition [3.11

We will not restate the results proved in the more general setting of formally étale
transformations of functors in Section [I3

Lemma 16.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:
(1) f is formally étale,
(2) for every diagram
U——V
Lo
x- Loy
where U and V are schemes and the vertical arrows are étale the morphism
of schemes 1 is formally étale (as in More on Morphisms, Definition ,
and
(3) for one such diagram with surjective vertical arrows the morphism ¢ is
formally étale.

Proof. Assume f is formally étale. By Lemma the morphisms U — X and
V' — Y are formally étale. Thus by Lemma the composition U — Y is formally
étale. Then it follows from Lemma that U — V is formally étale. Thus (1)
implies (2). And (2) implies (3) trivially

Assume given a diagram as in (3). By Lemma the morphism V — Y is

formally étale. Thus by Lemma [I3.3] the composition U — Y is formally étale.
Then it follows from Lemma that X — Y is formally étale, i.e., (1) holds. O

Lemma 16.3. Let S be a scheme. Let f: X — Y be a formally étale morphism
of algebraic spaces over S. Then given any solid commutative diagram

X<*-T

k

fl AN Jﬁ
N

Y ~—1T'

where T C T' is a first order thickening of algebraic spaces over Y there exists ex-
actly one dotted arrow making the diagram commute. In other words, in Definition
[1671] the condition that T be affine may be dropped.

Proof. Let U’ — T" be a surjective étale morphism where U’ = [[ U/ is a disjoint
union of affine schemes. Let U; = T x ¢ U/. Then we get morphisms a} : U — X
such that af|y, equals the composition U; — T — X. By uniqueness (see Lemma
we see that a; and a) agree on the fibre product U] x7v U;. Hence []a; :

U’ — X descends to give a unique morphism o’ : 77 — X. (Il

Lemma 16.4. A composition of formally étale morphisms is formally étale.
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Proof. This is formal. O

Lemma 16.5. A base change of a formally étale morphism is formally étale.

Proof. This is formal. O

Lemma 16.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S The following are equivalent:
(1) f is formally étale,
(2) f is formally unramified and the universal first order thickening of X over
Y is equal to X,
(3) f is formally unramified and Cx/y =0, and
(4) Qx/y =0 and Cx/y =0.

Proof. Actually, the last assertion only make sense because {2y ,y = 0 implies that
Cx/y is defined via Lemma and Definition m This also makes it clear that
(3) and (4) are equivalent.

Either of the assumptions (1), (2), and (3) imply that f is formally unramified.
Hence we may assume f is formally unramified. The equivalence of (1), (2), and
(3) follow from the universal property of the universal first order thickening X'
of X over S and the fact that X = X’ < Cx/y = 0 since after all by definition
Cx/y = Cx/x is the ideal sheaf of X in X’. O

Lemmal 16.7. An unramified flat morphism is formally étale.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [8.7] and
étale localization, see Lemmas and and Morphisms of Spaces, Lemma
[30.51 O

Lemma 16.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) The morphism f is étale, and

(2) the morphism f is locally of finite presentation and formally étale.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [8.9]and
étale localization, see Lemma and Morphisms of Spaces, Lemmas and
39.2] O

17. Infinitesimal deformations of maps

In this section we explain how a derivation can be used to infinitesimally move a
map. Throughout this section we use that a sheaf on a thickening X’ of X can be

seen as a sheaf on X, see Equations (9.1.1]) and (9.1.2]).

Lemma 17.1. Let S be a scheme. Let B be an algebraic space over S. Let
X CX andY CY' be two first order thickenings of algebraic spaces over B. Let
(a,a’),(b,b) : (X € X') = (Y C Y') be two morphisms of thickenings over B.
Assume that

(1) a=b, and

(2) the two maps a*Cy )y — Cx/x- (Lemma are equal.
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Then the map (a’)t — (b')? factors as

Oy/ — Oy 2—) a*CX/X/ — a*OX/
where D is an Og-derivation.
Proof. Instead of working on Y we work on X. The advantage is that the pullback
functor a~! is exact. Using (1) and (2) we obtain a commutative diagram with exact

rows

0 Cx/x/ Ox Ox 0

el ]

0—— a’lcy/y/ — a0y —=a 10y —=0

Now it is a general fact that in such a situation the difference of the Op-algebra
maps (a')f and (b')* is an Op-derivation from a=*Oy to Cx,x-. By adjointness of
the functors a~! and a, this is the same thing as an Opg-derivation from Oy into
a+Cx/x. Some details omitted. (I

Note that in the situation of the lemma above we may write D as
(17.1.1) D =dy/gof

where ¢ is an Oy-linear map 6 : Qy,/p — a.Cx,/x/. Of course, then by adjunction
again we may view 6 as an Ox-linear map 0 : a*Qy,;p — Cx/x-

Lemmal 17.2. Let S be a scheme. Let B be an algebraic space over S. Let
(a,a’) : (X € X') = (Y CY’) be a morphism of first order thickenings over B.
Let

0 : a*Qy/B — CX/X’
be an Ox-linear map. Then there exists a unique morphism of pairs (b,b') : (X C

X') = (Y CY') such that (1) and (2) of Lemma hold and the derivation D
and 0 are related by Equation (17.1.1]).

Proof. Consider the map
o = (al)ﬁ -+ D: ailOy/ — OX’

where D is as in Equation . As D is an Op-derivation it follows that « is
a map of sheaves of Op-algebras. By construction we have zg( oa=afo zg/ where
ix : X - X' and iy : Y — Y’ are the given closed immersions. By Lemma [9.2
we obtain a unique morphism (a,b’) : (X € X’') — (Y C Y”) of thickenings over B

such that a = (). Setting b = a we win. O

Remark| 17.3. Assumptions and notation as in Lemma The action of a
local section 6 on a’ is sometimes indicated by 6 - a’. Note that this means nothing
else than the fact that (a’)* and (6 - a’)* differ by a derivation D which is related

to 6 by Equation (17.1.1)).

Lemma 17.4. Let S be a scheme. Let B be an algebraic space over S. Let
X CX andY CY' be first order thickenings over B. Assume given a morphism
a:X =Y and a map A : a*Cy/y, — Cx/x+ of Ox-modules. For an object U’ of
(X" spaces,étate With U = X xx U’ consider morphisms o' : U’ — Y such that

(1) o' is a morphism over B,

(2) |y = aly, and
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(3) the induced map a*Cy/y+|u — Cx/x|u is the restriction of A to U.
Then the rule

(17.4.1) U'—{d :U =Y’ such that (1), (2), (3) hold.}
defines a sheaf of sets on (X')spaces,étate-

Proof. Denote F the rule of the lemma. The restriction mapping F(U’) — F(V')
for V! C U’ C X' of F is really the restriction map a’ — a'|y-. With this definition
in place it is clear that F is a sheaf since morphisms of algebraic spaces satisfy étale
descent, see Descent on Spaces, Lemma ([

Lemma 17.5. Same notation and assumptions as in Lemma m We identify
sheaves on X and X' via . There is an action of the sheaf

Homoy (a*Qy/p,Cx/x7)

on the sheaf (17.4.1). Moreover, the action is simply transitive for any object U’
of (X')spaces,étale over which the sheaf (17.4.1) has a section.

Proof. This is a combination of Lemmas [I7.1}, [I7.2] and [17.4] O

Remark| 17.6. A special case of Lemmas |17.1 |17.2|7 |17.4|, and |17.5| is where
Y =Y’. In this case the map A is always zero. The sheaf of Lemma [17.4]is just
given by the rule

U'w{d :U" =Y over B with d'|y =aly}

and we act on this by the sheaf Homep (a*Qy/B,CX/X/).

Remark|17.7. Another special case of Lemmas|17.1|, |17.2|7 |17.4|, and |17.5| is where
B itself is a thickening Z C Z/ = B and Y = Z x z Y’. Picture

(X CcX) s (YY)

m (h.1")

(ZcZ)

In this case the map A : a*Cy/y+ — Cx/x- is determined by a: the map h*Cz,; —
Cy,y is surjective (because we assumed Y = Z xz Y’), hence the pullback
9*Cz/z0 = a*h*Cz;z0 — a*Cy,y: is surjective, and the composition g*Cz,z —
a*Cy;yr — Cx/x has to be the canonical map induced by g’. Thus the sheaf of
Lemma [17.4]is just given by the rule

U'—{d :U =Y over Z' with d'|y = a|uy}
and we act on this by the sheaf Homo, (a*Qy/z,Cx/x7)-

Lemma 17.8. Let S be a scheme. Consider a commutative diagram of first order
thickenings

(Tg C TQ/) —>(a o) (X2 C Xé) Xé — By
- o e and a commutative
(R (5 diagram

(X1 C X)) X — =B

(a1,a})

(T1 C Tll)
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of algebraic spaces over S with Xo — X3 and Be — By étale. For any Or, -linear
map 01 : a1Qx, /B, — CTI/T{ let 05 be the composition

h* 6,
h*a’{QXl/Bl —_— h*CTl /Tl/ —_— CT2/T2/

a’SQXz/Bz
(equality sign is explained in the proof). Then the diagram

/ /
T2 / X2

.,

, 91-11/1 ’
Tl Xl

commutes where the actions 0 - al, and 01 - a) are as in Remark .

Proof. The equality sign comes from the identification f*Qx, /¢, = Qx,/s, We
get as the construction of the sheaf of differentials is compatible with étale local-
ization (both on source and target), see Lemma Namely, using this we have
a3x,/s5, = a3 f*Qx, /5, = h*ajlx, /s, because f oaz = aj o h. Having said this,
the commutativity of the diagram may be checked on étale locally. Thus we may
assume T, X/, By, and B; are schemes and in this case the lemma follows from
More on Morphisms, Lemma Alternative proof: using Lemma [9.2] it suffices
to show a certain diagram of sheaves of rings on X/ is commutative; then argue
exactly as in the proof of the aforementioned More on Morphisms, Lemma to
see that this is indeed the case. O

18. Infinitesimal deformations of algebraic spaces

The following simple lemma is often a convenient tool to check whether an infini-
tesimal deformation of a map is flat.

Lemma 18.1. Let S be a scheme. Let (f,f): (X Cc X') - (Y CY') bea
morphism of first order thickenings of algebraic spaces over S. Assume that f is
flat. Then the following are equivalent

(1) f"is flat and X =Y xy' X', and
(2) the canonical map f*Cyy+ — Cx/xr is an isomorphism.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y’. Choose a
scheme U’ and a surjective étale morphism U’ — X’ xy/ V. Set U = X xx: U’
and V =Y xy: V'. According to our definition of a flat morphism of algebraic
spaces we see that the induced map g : U — V is a flat morphism of schemes and
that f’ is flat if and only if the corresponding morphism ¢’ : U’ — V"’ is flat. Also,
X=Y Xy’ X' if and only iftU =V Xy V. Finally, the map f*Cy/y/ — Cx/xr
is an isomorphism if and only if ¢*Cy/y» — Cy,ys is an isomorphism. Hence the
lemma follows from its analogue for morphisms of schemes, see More on Morphisms,
Lemma 0.1 O

The following lemma is the “nilpotent” version of the “critere de platitude par
fibres”, see Section 23]
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Lemma 18.2. Let S be a scheme. Consider a commutative diagram

(X c X" (Y cY’)

\ (1.4 /

(Bc B

of thickenings of algebraic spaces over S. Assume
(1) X' is flat over B’,
(2) f is flat,
(3) B C B’ is a finite order thickening, and
(4) X:BXB/ X' andY:BXB/ Y’
Then f' is flat and Y’ is flat over B’ at all points in the image of f'.

Proof. Choose a scheme U’ and a surjective étale morphism U’ — B’. Choose a
scheme V' and a surjective étale morphism V' — U’ x g Y’. Choose a scheme W'
and a surjective étale morphism W’ — V'’ xy: X’. Let U, V, W be the base change
of U, V!, W' by B — B’. Then flatness of f’ is equivalent to flatness of W’ — V'
and we are given that W — V is flat. Hence we may apply the lemma in the case
of schemes to the diagram

(W cw’) (Vcv)
\ /
(U cU)

of thickenings of schemes. See More on Morphisms, Lemma The statement
about flatness of Y'/B’ at points in the image of f follows in the same manner. O

Many properties of morphisms of schemes are preserved under flat deformations.

Lemma 18.3. Let S be a scheme. Consider a commutative diagram

(X cX’) G YY)
(BCc B)

of thickenings of algebraic spaces over S. Assume B C B’ is a finite order thicken-
ing, X' flat over B', X = B xp X', andY = B xg' Y'. Then

1) f is representable if and only if f' is representable,

f is flat if and only if [’ is flat,

(
(
(
(
(5
(
(
(
(
1

(10) f is undversally injective if and only if f' is universally injective,
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(11) f 4s affine if and only if f' is affine,

(12) f is locally of finite type if and only if [’ is locally of finite type,

(13) f is locally quasi-finite if and only if [’ is locally quasi-finite,

(14) f is locally of finite presentation if and only if f' is locally of finite presen-

tation,

(15) f is locally of finite type of relative dimension d if and only if f' is locally
of finite type of relative dimension d,

(16) f is universally open if and only if [’ is universally open,

(17) f is syntomic if and only if f' is syntomic,

(18) f is smooth if and only if [’ is smooth,

(19) f is unramified if and only if f' is unramified,

(20) f is étale if and only if f' is étale,

(21) f is proper if and only if f' is proper,

(22) f is integral if and only if f' is integral,

(23) f is finite if and only if f' is finite,

(24) f is finite locally free (of rank d) if and only if [’ is finite locally free (of

rank d), and

(25) add more here.

Proof. Case follows from Lemma m

Choose a scheme U’ and a surjective étale morphism U’ — B’. Choose a scheme
V'’ and a surjective étale morphism V' — U’ xpg/ Y'. Choose a scheme W' and
a surjective étale morphism W’ — V' xy, X’. Let U, V,W be the base change of
U, V', W' by B— B’. Consider the diagram

(W cw’) (Vcv)

~

(U ct)

23

of thickenings of schemes. For any of the properties which are étale local on the
source-and-target the result follows immediately from the corresponding result for
morphisms of thickenings of schemes applied to the diagram above. Thus cases ,

, , , , , , , follow from the corresponding cases of

More on Morphisms, Lemma

Since X — X’ and Y — Y’ are universal homeomorphisms we see that any question
about the topology of the maps X — Y and X’ — Y” has the same answer. Thus

we see that cases , @, @[), , and hold.

In each of the remaining cases we only prove the implication f has P = f’ has P
since the other implication follows from the fact that P is stable under base change,

see Spaces, Lemma and Morphisms of Spaces, Lemmas [4.4]
and [I6.3

The case . Assume f is an open immersion. Then f’ is étale by and
universally injective by hence f’ is an open immersion, see Morphisms of
Spaces, Lemma You can avoid using this lemma at the cost of first using
to reduce to the case of schemes.

The case (3]). Follows from cases and @
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The case (7). See Lemma [10.1]

The case . Assume f is a monomorphism. Consider the diagonal morphism
Axiyyr + X' — X' xy+ X'. The base change of Ax//y by B — B' is Ay)y
which is an isomorphism by assumption. By we conclude that Ax, vy is an
isomorphism and hence f’ is a monomorphism.

The case . See Lemma m
The case . See Lemma m
The case . See Lemma m

The case . See Lemma m

The case . Assume f finite locally free. By we see that f is finite. By
we see that f/ is flat. By f" is locally of finite presentation. Hence f’ is finite
locally free by Morphisms of Spaces, Lemma O

The following lemma is the “locally nilpotent” version of the “critére de platitude
par fibres”, see Section

Lemma 18.4. Let S be a scheme. Consider a commutative diagram

(X CcX') YY)

\ (f.) /

(BC B)

of thickenings of algebraic spaces over S. Assume

(1) Y/ — B’ is locally of finite type,

(2) X' — B’ is flat and locally of finite presentation,

(3) f is flat, and

(4) X:BXB/ X' andY =B X B Y’
Then [’ is flat and for all y' € |Y'| in the image of |f'| the morphism Y' — B’ is
flat at y'.

Proof. Choose a scheme U’ and a surjective étale morphism U’ — B’. Choose a
scheme V' and a surjective étale morphism V' — U’ x g Y’. Choose a scheme W'
and a surjective étale morphism W’ — V' xy, X’. Let U, V, W be the base change
of U, V!, W' by B — B’. Then flatness of f’ is equivalent to flatness of W’ — V'
and we are given that W — V is flat. Hence we may apply the lemma in the case
of schemes to the diagram

(W cw’) (Vcv)
\ /
(U cU)

of thickenings of schemes. See More on Morphisms, Lemma The statement
about flatness of Y’ /B’ at points in the image of f’ follows in the same manner. O

Many properties of morphisms of schemes are preserved under flat deformations as
in the lemma above.
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Lemma 18.5. Let S be a scheme. Consider a commutative diagram

(X Cc X' YY)

\(fvf/) /

(BC B

of thickenings of algebraic spaces over S. Assume Y' — B’ locally of finite type,
X' — B’ flat and locally of finite presentation, X = Bxpg X', andY = Bxp Y.
Then

) f is representable if and only if f' is representable,
) f s flat if and only if f' is flat,
) f is an isomorphism if and only if ' is an isomorphism,
) f is an open immersion if and only if f' is an open immersion,
) f is quasi-compact if and only if ' is quasi-compact,
) f is universally closed if and only if [’ is universally closed,
7) [ is (quasi-)separated if and only if f' is (quasi-)separated,
) f is @ monomorphism if and only if f' is a monomorphism,
)
)
)
)
)

of finite type of relative dimension d,
(14) f is universally open if and only if [’ is universally open,
(15) f is syntomic if and only if f' is syntomic,
(16) f is smooth if and only if [’ is smooth,
(17) f is unramified if and only if f' is unramified,
(18) f is étale if and only if f' is étale,
(19) f is proper if and only if [’ is proper,
(20) f is finite if and only if f' is finite,
(21) f is finite locally free (of rank d) if and only if [’ is finite locally free (of
rank d), and
(22) add more here.

Proof. Case follows from Lemma

Choose a scheme U’ and a surjective étale morphism U’ — B’. Choose a scheme
V'’ and a surjective étale morphism V' — U’ xp Y'. Choose a scheme W' and
a surjective étale morphism W’ — V' xy+ X’. Let U, V,W be the base change of
U, V' W' by B— B'. Consider the diagram

(W cw’ (Vcvh)

~

U cU)

of thickenings of schemes. For any of the properties which are étale local on the
source-and-target the result follows immediately from the corresponding result for
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morphisms of thickenings of schemes applied to the diagram above. Thus cases ,

, , , , , follow from the corresponding cases of More on

Morphisms, Lemma [10.5]

Since X — X’ and Y — Y are universal homeomorphisms we see that any question
about the topology of the maps X — Y and X’ — Y’ has the same answer. Thus

we see that cases , @, @, , and hold.

In each of the remaining cases we only prove the implication f has P = f’ has P
since the other implication follows from the fact that P is stable under base change,
see Spaces, Lemma and Morphisms of Spaces, Lemmas
and

The case . Assume f is an open immersion. Then f’ is étale by and
universally injective by hence f’ is an open immersion, see Morphisms of
Spaces, Lemma You can avoid using this lemma at the cost of first using
to reduce to the case of schemes.

The case (3]). Follows from cases and @D
The case (7). See Lemma

The case . Assume f is a monomorphism. Consider the diagonal morphism
Axryyr @ X' — X' Xy X'. The base change of Ax//y» by B — B’ is Ax)y
which is an isomorphism by assumption. By we conclude that Ay vy is an
isomorphism and hence f’ is a monomorphism.

The case (11]). See Lemma [10.1]

The case . See Lemma, m
The case (20). See Lemma

The case . Assume f finite locally free. By we see that f’ is finite.
By we see that f’ is flat. Also f’ is locally finite presentation by Morphisms of
Spaces, Lemma Hence f’ is finite locally free by Morphisms of Spaces, Lemma
46.6l O

19. Formally smooth morphisms

In this section we introduce the notion of a formally smooth morphism X — Y of
algebraic spaces. Such a morphism is characterized by the property that T-valued
points of X lift to infinitesimal thickenings of T' provided T is affine. The main
result is that a morphism which is formally smooth and locally of finite presentation
is smooth, see Lemma It turns out that this criterion is often easier to use
than the Jacobian criterion.

Definition 19.1. Let S be a scheme. A morphism f: X — Y of algebraic spaces
over S is said to be formally smooth if it is formally smooth as a transformation of
functors as in Definition [3.11

In the cases of formally unramified and formally étale morphisms the condition that
T’ be affine could be dropped, see Lemmas and This is no longer true in
the case of formally smooth morphisms. In fact, a slightly more natural condition
would be that we should be able to fill in the dotted arrow étale locally on T'. In
fact, analyzing the proof of Lemma [I9.6] shows that this would be equivalent to
the definition as it currently stands. It is also true that requiring the existence of
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the dotted arrow fppf locally on 7" would be sufficient, but that is slightly more
difficult to prove.

We will not restate the results proved in the more general setting of formally smooth
transformations of functors in Section [I3

Lemma 19.2. A composition of formally smooth morphisms is formally smooth.
Proof. Omitted. (]
Lemmal 19.3. A base change of a formally smooth morphism is formally smooth.

Proof. Omitted, but see Algebra, Lemma [138.2] for the algebraic version. O

Lemmal 19.4. Let f : X — S be a morphism of schemes. Then f is formally
étale if and only if f is formally smooth and formally unramified.

Proof. Omitted. O
Here is a helper lemma which will be superseded by Lemma [T19.10]
Lemma 19.5. Let S be a scheme. Let

| 7]

x- Loy

be a commutative diagram of morphisms of algebraic spaces over S. If the vertical
arrows are étale and f is formally smooth, then v is formally smooth.

Proof. By Lemma the morphisms U — X and V — Y are formally étale. By
Lemma the composition U — Y is formally smooth. By Lemma [I3.8] we see
1 : U — V is formally smooth. O

The following lemma is the main result of this section. It implies, combined with
Limits of Spaces, Proposition that we can recognize whether a morphism
of algebraic spaces f : X — Y is smooth in terms of “simple” properties of the
transformation of functors X — Y.

Lemma 19.6 (Infinitesimal lifting criterion). Let S be a scheme. Let f: X =Y
be a morphism of algebraic spaces over S. The following are equivalent:

(1) The morphism f is smooth.
(2) The morphism f is locally of finite presentation, and formally smooth.

Proof. Assume f: X — S is locally of finite presentation and formally smooth.
Consider a commutative diagram

U——V

L

x—toy
where U and V are schemes and the vertical arrows are étale and surjective. By
Lemma [19.5| we see ¢ : U — V is formally smooth. By Morphisms of Spaces,
Lemma the morphism v is locally of finite presentation. Hence by the case of

schemes the morphism ) is smooth, see More on Morphisms, Lemma [11.7, Hence
f is smooth, see Morphisms of Spaces, Lemma [37.4
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Conversely, assume that f : X — Y is smooth. Consider a solid commutative
diagram

S

fl AN J/z
AN

Y <~—1T

as in Definition We will show the dotted arrow exists thereby proving that f
is formally smooth. Let F be the sheaf of sets on (T”)spqces,étale Of Lemma as
in the special case discussed in Remark [I7.6] Let

H = Homo, (a*Qx/y, Crypr)

be the sheaf of Op-modules on Typaces,étale With action H x F — F as in Lemma
The action H x F — F turns F into a pseudo H-torsor, see Cohomology
on Sites, Definition Our goal is to show that F is a trivial H-torsor. There
are two steps: (I) To show that F is a torsor we have to show that F has étale
locally a section. (II) To show that F is the trivial torsor it suffices to show that
HY(T¢ta16,H) = 0, see Cohomology on Sites, Lemma

First we prove (I). To see this choose a commutative diagram

U——V
| ]
f
X—Y
where U and V' are schemes and the vertical arrows are étale and surjective. As f
is assumed smooth we see that v is smooth and hence formally smooth by Lemma
13.5} By the same lemma the morphism V — Y is formally étale. Thus by Lemma

13.3[ the composition U — Y is formally smooth. Then (I) follows from Lemma
13.6| part (4).

Finally we prove (II). By Lemma we see that Qx/g is of finite presenta-
tion. Hence a*Qlx/g is of finite presentation (see Properties of Spaces, Section
. Hence the sheaf H = Homo, (a*Qx/y,Cr/r/) is quasi-coherent by Proper-
ties of Spaces, Lemma Thus by Descent, Proposition and Cohomology of
Schemes, Lemma we have

Hl (Tspaces,étalea H) = Hl (Tétalea H) = Hl (Ta H) =0
as desired. ([l

Smooth morphisms satisfy strong local lifting property, see Lemma If in the
lemma we assume T’ is affine, then we do not know if it is necessary to take an
étale covering. More precisely, if we have a commutative diagram

X<~—T

s
 g—
of algebraic spaces where X — Y is smooth and T' — T” is a thickening of affine

schemes, the does a dotted arrow making the diagram commute always exist? If you
know the answer, or if you have a reference, please email stacks.project@gmail.com.
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Lemma 19.7. Let S be a scheme. Consider a commutative diagram

X<=—T

,

Y ~— 1T

of algebraic spaces over S where X — Y is smooth and T — T’ is a thickening.
Then there exists an étale covering {T! — T'} such that we can find the dotted
arrow in

X%T%TXT/H

Y T =T/

K3

making the diagram commute (for all i).

Proof. Choose an étale covering {Y; — Y} with each Y; affine. After replacing T”
by the induced étale covering we may assume Y is affine.

Assume Y is affine. Choose an étale covering {X; — X}. This gives rise to an
étale covering of T. This étale covering of T' comes from an étale covering of 7" (by
Theorem see discussion in Section |§[) Hence we may assume X is affine.

Assume X and Y are affine. We can do one more étale covering of 77 and assume
T’ is affine. In this case the lemma follows from Algebra, Lemma [138.17 (]

We do a bit more work to show that being formally smooth is étale local on the
source. To begin we show that a formally smooth morphism has a nice sheaf of
differentials. The notion of a locally projective quasi-coherent module is defined in
Properties of Spaces, Section

Lemma 19.8. Let S be a scheme. Let f : X — Y be a formally smooth morphism
of algebraic spaces over S. Then Qx,y is locally projective on X.

Proof. Choose a diagram
U——=YV
P

L,

X ——Y

where U and V are affine(!) schemes and the vertical arrows are étale. By Lemma
we see 1) : U — V is formally smooth. Hence I'(V,0y) — T'(U,Oyp) is
a formally smooth ring map, see More on Morphisms, Lemma Hence by
Algebra, Lemmathe I'(U, Oy )-module Qrv,0,,)/r(v,0,) is projective. Hence
Qu v is locally projective, see Properties, Section Since Qx/yv|v = Qu/v we
see that 2x/y is locally projective too. (Because we can find an étale covering of
X by the affine U’s fitting into diagrams as above — details omitted.) ([l

Lemmal 19.9. Let T be an affine scheme. Let F, G be quasi-coherent Op-modules
on Tsiae. Consider the internal hom sheaf H = Homo, (F,G) on Teiare. If F is
locally projective, then H(Tsta1e,H) = 0.
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Proof. By the definition of a locally projective sheaf on an algebraic space (see
Properties of Spaces, Definition we see that Fzqr = F|r,.,. is a locally pro-
jective sheaf on the scheme 7. Thus Fz,, is a direct summand of a free O, -
module. Whereupon we conclude (as F = (Fzqr)®, see Descent, Proposition
that F is a direct summand of a free Op-module on Tgiq.. Hence we may assume
that 7 = @,.; Or is a free module. In this case H = [];.; G is a product of
quasi-coherent modules. By Cohomology on Sites, Lemma we conclude that
H' = 0 because the cohomology of a quasi-coherent sheaf on an affine scheme is
zero, see Descent, Proposition [9.3] and Cohomology of Schemes, Lemma (]

Lemmal 19.10. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is formally smooth,
(2) for every diagram

U——V
L
x-tovy
where U and V' are schemes and the vertical arrows are étale the morphism
of schemes v is formally smooth (as in More on Morphisms, Definition
, and
(3) for one such diagram with surjective vertical arrows the morphism ¢ is
formally smooth.

Proof. We have seen that (1) implies (2) and (3) in Lemma Assume (3).
The proof that f is formally smooth is entirely similar to the proof of (1) = (2) of
Lemma [19.61

Consider a solid commutative diagram

X$T

v
fl AN le
AN

Y ~— 1T

as in Definition We will show the dotted arrow exists thereby proving that f
is formally smooth. Let F be the sheaf of sets on (T")spqces,étale Of Lemma as
in the special case discussed in Remark [I7.6] Let

H = Homo, (a*Ux/y, Cry7r)

be the sheaf of Or-modules on Typaces,étale With action H x F — F as in Lemma
17.5] The action H x F — F turns F into a pseudo H-torsor, see Cohomology
on Sites, Definition Our goal is to show that F is a trivial H-torsor. There
are two steps: (I) To show that F is a torsor we have to show that F has étale
locally a section. (II) To show that F is the trivial torsor it suffices to show that
HY(T¢ta16,H) = 0, see Cohomology on Sites, Lemma
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First we prove (I). To see this consider a diagram (which exists because we are
U——
i ¥

assuming (3))
\%4
o

X —Y

where U and V are schemes, the vertical arrows are étale and surjective, and v is
formally smooth. By Lemma [[3.5 the morphism V' — Y is formally étale. Thus

by Lemma the composition U — Y is formally smooth. Then (I) follows from
Lemma part (4).

Finally we prove (II). By Lemma we see that Qv locally projective. Hence
Qx/y is locally projective, see Descent on Spaces, Lemma Hence a*Qx/y is
locally projective, see Properties of Spaces, Lemma Hence

H' (Tetare, H) = H (Terate, Homoy (a*Qx )y, Cryrv) = 0
by Lemma [19.9] as desired. O

Lemma 19.11. The property P(f) =“f is formally smooth” is fpgc local on the
base.

Proof. Let f: X — Y be a morphism of algebraic spaces over a scheme S. Choose
an index set I and diagrams

U, ——YV;

N

x— .oy

N

with étale vertical arrows and U;, V; affine schemes. Moreover, assume that [[U; —
X and [[V; = Y are surjective, see Properties of Spaces, Lemma By Lemma
we see that f is formally smooth if and only if each of the morphisms ; are
formally smooth. Hence we reduce to the case of a morphism of affine schemes. In
this case the result follows from Algebra, Lemma Some details omitted. O

Lemma 19.12. Let S be a scheme. Let f : X — Y, g:Y — Z be morphisms of
algebraic spaces over S. Assume f is formally smooth. Then

0— f*Qy/Z — QX/Z — Qx/y —0
Lemma 7.8 is short exact.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [11.11
by étale localization, see Lemmas [19.10] and O

Lemmal 19.13. Let S be a scheme. Let B be an algebraic space over S. Let
h:Z — X be a formally unramified morphism of algebraic spaces over B. Assume
that Z is formally smooth over B. Then the canonical exact sequence

0 —)Cz/x — h*QX/B — QZ/B —0

of Lemma[15.13 is short ezact.
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Proof. Let Z — Z' be the universal first order thickening of Z over X. From the
proof of Lemma [T5.13] we see that our sequence is identified with the sequence

CZ/Z’ — QZ//B Q07 — QZ/B — 0.

Since Z — S is formally smooth we can étale locally on Z’ find a left inverse Z’ — Z
over B to the inclusion map Z — Z’. Thus the sequence is étale locally split, see
Lemma [.1T1 O

Lemma 19.14. Let S be a scheme. Let

N

be a commutative diagram of algebraic spaces over S where i and j are formally
unramified and f is formally smooth. Then the canonical exact sequence

0 —)Cz/y _>CZ/X — i*QX/y —0

of Lemma is exact and locally split.

Proof. Denote Z — Z’ the universal first order thickening of Z over X. Denote
Z — Z" the universal first order thickening of Z over Y. By Lemma [15.13| here is
a canonical morphism Z’ — Z” so that we have a commutative diagram

Z——7'——= X

i’ a
N
J
AL
The sequence above is identified with the sequence

CZ/Z” — Cz/z/ — (il)*QZ//Z// —0

via our definitions concerning conormal sheaves of formally unramified morphisms.
Let U” — Z" be an étale morphism with U” affine. Denote U — Z and U’ — Z’
the corresponding affine schemes étale over Z and Z’. As f is formally smooth
there exists a morphism h : U” — X which agrees with ¢ on U and such that foh
equals b|y~. Since Z’ is the universal first order thickening we obtain a unique
morphism g : U” — Z' such that g = a o h. The universal property of Z” implies
that k o g is the inclusion map U” — Z”. Hence g is a left inverse to k. Picture

U——=27
| 7

k
U/l Z/l

Thus g induces a map Cz/z/|u — Cz/z+|y which is a left inverse to the map
CZ/Z” — CZ/Z/ over U. [
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20. Smoothness over a Noetherian base
This section is the analogue of More on Morphisms, Section

Lemma 20.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let x € |X|. Assume that Y is locally Noetherian and f locally of
finite type. The following are equivalent:

(1) f is smooth at x,
(2) for every solid commutative diagram

X <—— Spec(B)

Ay
~
~

y<-2 Spec(B’)

where B' — B is a surjection of local rings with Ker(B' — B) of square
zero, and o mapping the closed point of Spec(B) to x there exists a dotted
arrow making the diagram commute, and

(3) same as in (2) but with B' — B ranging over small extensions (see Algebra,

Definition|141.1)).

Proof. Condition (1) means there is an open subspace X’ C X such that X' — Y
is smooth. Hence (1) implies conditions (2) and (3) by Lemma Condition (2)
implies condition (3) trivially. Assume (3). Choose a commutative diagram

X<=—U

,

Y~—V

with U and V affine, horizontal arrows étale and such that there is a point © € U
mapping to x. Next, consider a diagram

X <—— U <—— Spec(B)

Lk

Y- v<2 Spec(B’)

as in (3) but for u € U — V. Let 7 : Spec(B’) — X be the arrow we get from our
assumption that (3) holds for X. Because U — X is étale and hence formally étale
(Lemma the morphism v has a unique lift to U compatible with . Then
because V' — Y is étale hence formally étale this lift is compatible with 8. Hence
(3) holds for u € U — V and we conclude that U — V is smooth at u by More
on Morphisms, Lemma This proves that X — Y is smooth at z, thereby
finishing the proof. t

Sometimes it is useful to know that one only needs to check the lifting criterion
for small extensions “centered” at points of finite type (see Morphisms of Spaces,

Section [25)).

Lemma 20.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume Y is locally Noetherian and f locally of finite type. The
following are equivalent:
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(1) f is smooth,
(2) for every solid commutative diagram

X <——Spec(B)

&
A .
fl N lz
y < Spec(B’)

where B’ — B is a small extension of Artinian local rings and B of finite
type (!) there exists a dotted arrow making the diagram commute.

Proof. If f is smooth, then the infinitesimal lifting criterion (Lemma [19.6)) says f
is formally smooth and (2) holds.

Assume f is not smooth. The set of points x € X where f is not smooth forms a
closed subset T of | X|. By Morphisms of Spaces, Lemma there exists a point
x €T C X with € Xg.pts. Choose a commutative diagram

iy

with U and V affine, horizontal arrows étale and such that there is a point u € U
mapping to x. Then u is a finite type point of U. Since U — V is not smooth at
the point u, by More on Morphisms, Lemma there is a diagram

X =<—— U =—— Spec(B)

N

Y <V <— Spec(B’)

with B’ — B a small extension of (Artinian) local rings such that the residue field
of B is equal to x(v) and such that the dotted arrow does not exist. Since U — V
is of finite type, we see that v is a finite type point of V. By Morphisms, Lemma
the morphism  is of finite type, hence the composition Spec(B) — Y is of
finite type also. Arguing exactly as in the proof of Lemma (using that U — X
and V — Y are étale hence formally étale) we see that there cannot be an arrow
Spec(B) — X fitting into the outer rectangle of the last displayed diagram. In
other words, (2) doesn’t hold and the proof is complete. a

Here is a useful application.

Lemmal 20.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f is locally of finite type and Y locally Noetherian. Let
Z C Y be a closed subspace with nth infinitesimal neighbourhood Z, C Y. Set
X, = Z, Xy X.
(1) If X,, — Z, is smooth for all n, then f is smooth at every point of f~1(2).
(2) If X,, — Z, is étale for all n, then f is étale at every point of f~1(Z).

Proof. Assume X, — Z,, is smooth for all n. Let x € X be a point lying over
a point of Z. Given a small extension B’ — B and morphisms «, § as in Lemma
20.1| part (3) the maximal ideal of B’ is nilpotent (as B’ is Artinian) and hence the
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morphism [ factors through Z,, and « factors through X,, for a suitable n. Thus
the lifting property for X,, — Z, kicks in to get the desired dotted arrow in the
diagram. This proves (1). Part (2) follows from (1) and the fact that a morphism
is étale if and only if it is smooth of relative dimension 0. O

21. The naive cotangent complex

0DOU This section is the continuation of Modules on Sites, Section which in turn
continues the discussion in Algebra, Section [134

0DOV  |Definition/ 21.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. The naive cotangent complex of f is the complex defined in Modules
on Sites, Definition for the morphism of ringed topoi fsmqnu between the small
étale sites of X and Y, see Properties of Spaces, Lemma Notation: NLy or

The next lemmas show this definition is compatible with the definition for ring
maps and for schemes and that NLx,y is an object of Dgcon(Ox ).

0DOW Lemma 21.2. Let S be a scheme. Consider a commutative diagram
f
X ——Y

of algebraic spaces over S with p and q étale. Then there is a canonical identification
NLX/Y Ustale — NLU/V n D(OU)

Proof. Formation of the naive cotangent complex commutes with pullback (Mod-
ules on Sites, Lemma [35.3) and we have p_! Ox = Op and g_' Oy,
p;nlm” griallOyétale because q;rrlL(LllOYétale = Ovy,,.,. by Properties of Spaces, Lemma

Tracing through the definitions we conclude that NLx y |u = NLy,y. O

étale

0D0X Lemmal 21.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume X and Y representable by schemes Xo and Yy. Then
there is a canonical identification NLx /vy = ¢* NLx, vy, in D(Ox) where € is as in
Derived Categories of Spaces, Sectz’on and NLx, /vy, is as in More on Morphisms,
Definition [13.1].

Proof. Let fy: Xg — Yy be the morphism of schemes corresponding to f. There
is a canonical map 6_1f0_10y0 — fs_wia”(’)y compatible with €t : e 10x, — Ox
because there is a commutative diagram

XO,Zar < Xétale

€

NI

YO,Zar -~ étale
see Derived Categories of Spaces, Remark Thus we obtain a canonical map

—1 —1
€ NLX()/YO =€ NLOXO/fJIOYO = NL€’10X0/671f510Y0 — NLOX/f;r},aHOY = NLX/Y

by functoriality of the naive cotangent complex. To see that the induced map
€ NLx,/y, — NLx/y is an isomorphism in D(Ox) we may check on stalks at
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geometric points (Properties of Spaces, Theorem [19.12)). Let T : Spec(k) — Xo be
a geometric point lying over x € Xy, with ¥ = f o T lying over y € Y. Then

NLX/Y@ = NLOX,E/OY,g

This is true because taking stalks at T is the same as taking inverse image via
T : Spec(k) — X and we may apply Modules on Sites, Lemma On the other
hand we have

(€" NLx,/vy)7 = NLxo /vy, ®0x,..Ox5 = NLoy, . /0y, ®Ox0.. OX 5

Some details omitted (hint: use that the stalk of a pullback is the stalk at the image
point, see Sites, Lemma [34.2] as well as the corresponding result for modules, see
Modules on Sites, Lemma, . Observe that Ox 7 is the strict henselization of
Ox,,» and similarly for Oy 3 (Properties of Spaces, Lemma . Thus the result
follows from More on Algebra, Lemma [33.8 ]

Lemma 21.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The cohomology sheaves of the complex NLx,y are quasi-coherent,
zero outside degrees —1, 0 and equal to Qx,y in degree 0.

Proof. By construction of the naive cotangent complex in Modules on Sites, Sec-
tion we have that NLx,y is a complex sitting in degrees —1, 0 and that its
cohomology in degree 0 is 2x/y (by our construction of Qx/y in Section . The
sheaf of differentials is quasi-coherent (by Lemma. To finish the proof it suffices
to show that H~'(NLx/y) is quasi-coherent. This follows by checking étale locally
(allowed by Lemma and Properties of Spaces, Lemma reducing to the
case of schemes (Lemma and finally using the result in the case of schemes
(More on Morphisms, Lemma [13.3). O

Lemma 21.5. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is locally of finite presentation, then NLx,y is étale locally on
X quasi-isomorphic to a complex

= 0 F P FO 00—
of quasi-coherent Ox -modules with F° of finite presentation and F~! of finite type.

Proof. Formation of the naive cotangent complex commutes with étale localization
by Lemma This reduces us to the case of schemes by Lemma The result
in the case of schemes is More on Morphisms, Lemma, [13.4] (I

Lemma 21.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent

(1) f is formally smooth,

(2) HY(NLx/y) =0 and H*(NLx,y) = Qx/y is locally projective.

Proof. This follows from Lemma [19.10, Lemma Lemma and the case of
schemes which is More on Morphisms, Lemma [13.5 O

Lemma 21.7. Let f : X — Y be a morphism of schemes. The following are
equivalent

(1) f is formally étale,

(2) H"Y(NLxy) = H*(NLx;y) = 0.
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Proof. Assume (1). A formally étale morphism is a formally smooth morphism.
Thus Hil(NLX/y) = 0 by Lemma On the other hand, a formally étale mor-
phism if formally unramified hence we have {2x/y = 0 by Lemma@ Conversely,
if (2) holds, then f is formally smooth by Lemma and formally unramified by
Lemma and hence formally étale by Lemmas ([l

Lemma 21.8. Let f : X — Y be a morphism of schemes. The following are
equivalent

(1) f is smooth, and
(2) f is locally of finite presentation, H_l(NLx/y) =0, and HO(NLX/Y) =
Qx/y s finite locally free.

Proof. This follows from Lemma [19.10, Lemma Lemma and the case of
schemes which is More on Morphisms, Lemma [13. O

22. Openness of the flat locus

This section is analogue of More on Morphisms, Section Note that we have
defined the notion of flatness for quasi-coherent modules on algebraic spaces in
Morphisms of Spaces, Section

Theorem 22.1. Let S be a scheme. Let f : X — 'Y be a morphism of algebraic
spaces over S. Let F be a quasi-coherent sheaf on X. Assume f is locally of finite

presentation and that F is an Ox-module which is locally of finite presentation.
Then

{z € |X|: F is flat over Y at x}

is open in | X|.
Proof. Choose a commutative diagram

U——=V

X—=Y
with U, V schemes and p, g surjective and étale as in Spaces, Lemma [11.6] By
More on Morphisms, Theorem the set U' = {u € |U| : p*F is flat over V at u}
is open in U. By Morphisms of Spaces, Definition the image of U’ in |X]| is
the set of the theorem. Hence we are done because the map |U| — | X]| is open, see
Properties of Spaces, Lemma [4.6 (]

Lemma 22.2. Let S be a scheme. Let

XIH/X

g
f 'l lf
vy oy
be a cartesian diagram of algebraic spaces over S. Let F be a quasi-coherent Ox -

module. Assume g is flat, f is locally of finite presentation, and F is locally of
finite presentation. Then

{2’ €| X' : (¢')*F is flat over Y’ at 2’}
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is the inverse image of the open subset of Theorem [22.1) under the continuous map
9] = [ X = [X].

Proof. This follows from Morphisms of Spaces, Lemma [31.3 (]

23. Critere de platitude par fibres

Let S be a scheme. Consider a commutative diagram of algebraic spaces over S
X——=Y
f
X /

Z
and a quasi-coherent O x-module F. Given a point « € | X| we consider the question
as to whether F is flat over Y at z. If F is flat over Z at x, then the theorem below
states this question is intimately related to the question of whether the restriction

of F to the fibre of X — Z over g(z) is flat over the fibre of Y — Z over g(z). To
make sense out of this we offer the following preliminary lemma.

Lemmal 23.1. In the situation above the following are equivalent
(1) Pick a geometric point T of X lying over x. Sety= foZ andZ = goT.
Then the module Fz/mzFz is flat over Oy z/mz0y 5.
(2) Pick a morphism x : Spec(K) — X in the equivalence class of x. Set
z =goux, X, = Spec(K) X,z X, Y, = Spec(K) x, 2z Y, and F, the
pullback of F to X,. Then F, is flat at x over Y, (as defined in Morphisms
of Spaces, Definition ,

(3) Pick a commutative diagram
W
X=——=Y w
f
x ///
Z
where U, V, W are schemes, and a,b, c are étale, and a point uw € U mapping

to x. Let w € W be the image of u. Let F,, be the pullback of F to the
fibre Uy, of U > W at w. Then Fy, is flat over V,, at u.

Proof. Note that in (2) the morphism z : Spec(K) — X defines a K-rational
point of X, hence the statement makes sense. Moreover, the condition in (2) is
independent of the choice of Spec(K) — X in the equivalence class of = (details
omitted; this will also follow from the arguments below because the other conditions
do not depend on this choice). Also note that we can always choose a diagram as
in (3) by: first choosing a scheme W and a surjective étale morphism W — Z, then
choosing a scheme V and a surjective étale morphism V' — W xz Y, and finally
choosing a scheme U and a surjective étale morphism U — V xy X. Having made
these choices we set U — W equal to the composition U — V' — W and we can
pick a point u € U mapping to x because the morphism U — X is surjective.

Suppose given both a diagram as in (3) and a geometric point T : Spec(k) — X
as in (1). By Properties of Spaces, Lemma we can choose a geometric point
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7 : Spec(k) — U lying over u such that T = a o u. Denote T : Spec(k) — V
and w : Spec(k) — W the induced geometric points of V and W. In this setting
we know that Oxz = (’)(S]hu and similarly for Y and Z, see Properties of Spaces,
Lemma 227l In the same vein we have

Tz = (a*F)u @0y, O,
see Properties of Spaces, Lemma Note that the stalk of F,, at u is given by
(Fulu = (a"F)u/my(a” F)u
and the local ring of V,,, at v is given by
Oy, » = Ov.p/my,Oy,.
Since mz = m,Ozz = m, Offf,, we see that
Fz/mzFz = (0" F)y ®oy., Oxz/mz0xz
= (Fu)u @0y, . Otfu/muO,
= (]:w)u ®OUw,u 05};@
= (Fuw)w

the penultimate equality by Algebra, Lemma[156.4]and the last equality by Proper-
ties of Spaces, Lemma The same arguments applied to the structure sheaves
of V and Y show that

O 5 = O, /m, O3, = Oy z/mzOy 5.
OK, and now we can use Morphisms of Spaces, Lemma to see that (1) is
equivalent to (3).

Finally we prove the equivalence of (2) and (3). To do this we pick a field extension
K of K and a morphism # : Spec(K) — U which lies over u (this is possible
because u X x , Spec(K) is a nonempty scheme). Set Z : Spec(K) — U — W be
the composition. We obtain a commutative diagram

Up Xuw 2 Vi Xw 2

e

where z = Spec(K) and w = Spec(k(w)). Now it is clear that F,, and F, pull back
to the same module on U,, X, Z. This leads to a commutative diagram

X, < Uy Xop 5 —— Ul

L

}/Z%Vw Xwéﬂvw

both of whose squares are cartesian and whose bottom horizontal arrows are flat:
the lower left horizontal arrow is the composition of the morphism Y xz Z —
Y xzz =Y, (base change of a flat morphism), the étale morphism Vxz2z — Y x 52,
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and the étale morphism V xyw 2 — V xz Z. Thus it follows from Morphisms of
Spaces, Lemma that

F, flat at x over Y, & Fly, x,z flat at & over V,, x,, 2 & Fy, flat at u over V,,

and we win. 0

Definition 23.2. Let S be a scheme. Let X — Y — Z be morphisms of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. Let = € |X| be a point and
denote z € |Z] its image.
(1) We say the restriction of F to its fibre over z is flat at x over the fibre of
Y over z if the equivalent conditions of Lemma [23.1] are satisfied.
(2) We say the fibre of X over z is flat at x over the fibre of Y over z if the
equivalent conditions of Lemma hold with F = Ox.
(3) We say the fibre of X over z is flat over the fibre of Y over z if for all
x € |X]| lying over z the fibre of X over z is flat at x over the fibre of Y’
over z

‘With this definition in hand we can state a version of the criterion as follows. The
Noetherian version can be found in Section

Theorem 23.3. Let S be a scheme. Let f: X —Y and Y — Z be morphisms of
algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X is locally of finite presentation over Z,
(2) F an Ox-module of finite presentation, and
(3) Y is locally of finite type over Z.

Let x € |X| and let y € |Y]| and z € |Z| be the images of x. If Fz # 0, then the
following are equivalent:

(1) F is flat over Z at x and the restriction of F to its fibre over z is flat at x
over the fibre of Y over z, and
(2) Y is flat over Z aty and F is flat overY at x.

Moreover, the set of points x where (1) and (2) hold is open in Supp(F).

Proof. Choose a diagram as in Lemmapart (3). It follows from the definitions
that this reduces to the corresponding theorem for the morphisms of schemes U —
V — W, the quasi-coherent sheaf a*F, and the point v € U. Thus the theorem
follows from the corresponding result for schemes which is More on Morphisms,
Theorem [16.21 O

Lemmal 23.4. Let S be a scheme. Let f : X — Y andY — Z be a morphism of
algebraic spaces over S. Assume

(1) X is locally of finite presentation over Z,

(2) X is flat over Z,

(3) for every z € |Z| the fibre of X over z is flat over the fibre of Y over z, and
(4) Y is locally of finite type over Z.

Then f is flat. If f is also surjective, then'Y is flat over Z.
Proof. This is a special case of Theorem [23.3] O

Lemmal 23.5. Let S be a scheme. Let f : X =Y and Y — Z be morphisms of
algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X is locally of finite presentation over Z,
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(2) F an Ox-module of finite presentation,
(3) F is flat over Z, and
(4) Y s locally of finite type over Z.

t

Then the set

A={xe|X|:F flat at © over Y}.
is open in | X| and its formation commutes with arbitrary base change: If Z' — Z
is a morphism of algebraic spaces, and A’ is the set of points of X' = X x5 7'
where F' = F Xz Z' is flat over Y' =Y xz Z', then A’ is the inverse image of A
under the continuous map | X'| — | X]|.

Proof. One way to prove this is to translate the proof as given in More on Mor-
phisms, Lemmal[I6.4]into the category of algebraic spaces. Instead we will prove this
by reducing to the case of schemes. Namely, choose a diagram as in Lemma [23.1
part (3) such that a, b, and ¢ are surjective. It follows from the definitions that this
reduces to the corresponding theorem for the morphisms of schemes U — V — W,
the quasi-coherent sheaf a*F, and the point w € U. The only minor point to make
is that given a morphism of algebraic spaces Z' — Z we choose a scheme W’ and
a surjective étale morphism W’/ — W xz Z’. Then we set U’ = W’ xw U and
V' =W’ xw V. We write a’, b, ¢ for the morphisms from U’, V', W' to X', Y', Z'.
In this case A, resp. A’ are images of the open subsets of U, resp. U’ associated
to a*F, resp. (a’)*F’. This indeed does reduce the lemma to More on Morphisms,
Lemma, O

Lemma 23.6. Let S be a scheme. Let f : X =Y and Y — Z be a morphism of
algebraic spaces over S. Assume

(1) X is locally of finite presentation over Z,
(2) X is flat over Z, and
(3) Y is locally of finite type over Z.
Then the set
{z € |X|: X flat at x over Y}.

is open in | X| and its formation commutes with arbitrary base change Z' — Z.
Proof. This is a special case of Lemma O

Lemma 23.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is locally of finite presentation. Let F be a finitely presented
Ox-module. Let x € |X| with image y € |Y|. If F is flat at © over Y, then the
following are equivalent

(1) (Fp)z is a flat Ox_ z-module,

(2) (Fy)z is a free Ox‘?g-module,

(3) Fy is finite free in an étale neighbourhood of T in Xy, and

(4) F is finite free in an étale neighbourhood of x in X.

Here T is a geometric point of X lying over x andy = foX.
Proof. Pick a commutative diagram

i

X ——
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where U and V are schemes and the vertical arrows are étale such that there is a
point u € U mapping to z. Let v € V be the image of u. Applying Lemma [23.1] to
id: X — X over Y we see that (1) translates into the condition “F|y, is flat over
U, at u”. In other words, (1) is equivalent to (F|y, ), being a flat Oy, ,-module. By
the case of schemes (More on Morphisms, Lemma , we find that this implies
that F|y is finite free in an open neighbourhood of u. In this way we see that (1)
implies (4). The implications (4) = (3) and (2) = (1) are immediate. For the
implication (3) = (2) use the description of local rings and stalks in Properties of

Spaces, Lemmas and O

Lemma 23.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is locally of finite presentation. Let F be a finitely presented
Ox -module flat over Y. Then the set

{z € |X]|:F free in an étale neighbourhood of x}

is open in | X| and its formation commutes with arbitrary base change Y' — Y.

Proof. Openness holds trivially. Let Y’ — Y be a morphism of algebraic spaces,
set X' =Y’ xy X, and let 2’ € | X’| be a point lying over z € | X|. By Lemma
we see that x is in our set if and only if (F5)z is a flat O X, z-module. Similarly, x’
is in the analogue of our set for the pullback 7’ of 7 to X" if and only if (F,)z is
a flat Ox: z-module (with obvious notation). These two assertions are equivalent
by Lemm% applied to the morphism id : X — X over Y. Thus the statement
on base change holds. O

24. Flatness over a Noetherian base
Here is the “Critere de platitude par fibres” in the Noetherian case.

Theorem 24.1. Let S be a scheme. Let f: X —Y and Y — Z be morphisms of
algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X,Y, Z locally Noetherian, and

(2) F a coherent Ox-module.
Let x € |X| and let y € |Y]| and z € |Z| be the images of x. If Fz # 0, then the
following are equivalent:

(1) F is flat over Z at x and the restriction of F to its fibre over z is flat at x

over the fibre of Y over z, and
(2) Y is flat over Z aty and F is flat overY at x.

Proof. Choose a diagram as in Lemmapart (3). It follows from the definitions
that this reduces to the corresponding theorem for the morphisms of schemes U —
V — W, the quasi-coherent sheaf a*F, and the point u € U. Thus the theorem
follows from the corresponding result for schemes which is More on Morphisms,

Theorem [16.11 O

Lemma 24.2. Let S be a scheme. Let f : X =Y and Y — Z be a morphism of
algebraic spaces over S. Assume

(1) X, Y, Z locally Noetherian,

(2) X is flat over Z,

(3) for every z € |Z| the fibre of X over z is flat over the fibre of Y over z.
Then f is flat. If f is also surjective, then'Y is flat over Z.
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Proof. This is a special case of Theorem [24.1] O

Just like for checking smoothness, if the base is Noetherian it suffices to check
flatness over Artinian rings. Here is a sample statement.

Lemmal 24.3. Let A be a Noetherian ring. Let I C A be an ideal. Let X be
an algebraic space locally of finite presentation over S = Spec(A). Forn > 1 set
Sn = Spec(A/I"™) and X, = S, Xxg X. Let F be coherent Ox-module. If for every
n > 1 the pullback F,, of F to X is flat over S,,, then the (open) locus where F is
flat over X contains the inverse image of V(I) under X — S.

Proof. The locus where F is flat over S is open in |X| by Theorem m The
statement is insensitive to replacing X by the members of an étale covering, hence
we may assume X is an affine scheme. In this case the result follows immediately
from Algebra, Lemma Some details omitted. O

25. Normalization revisited

Normalization commutes with smooth base change.

Lemmal 25.1. Let S be a scheme. Let f :' Y — X be a smooth morphism of
algebraic spaces over S. Let A be a quasi-coherent sheaf of Ox-algebras. The

integral closure of Oy in f*A is equal to f* A" where A" C A is the integral closure
of Ox in A.

Proof. By our construction of the integral closure, see Morphisms of Spaces, Defi-
nition this reduces immediately to the case where X and Y are affine. In this
case the result is Algebra, Lemma [147.4 |

Lemma 25.2 (Normalization commutes with smooth base change). Let S be a
scheme. Let

Yo —Y

L)

X2L>X1

be a fibre square of algebraic spaces over S. Assume f is quasi-compact and quasi-
separated and ¢ is smooth. Let Y; — X! — X, be the normalization of X; in Y;.
Then X5 = X5 xx, X].

Proof. The base change of the factorization Y7 — X| — X7 to X5 is a factorization
Yo = Xo xx, X{ = X; and X3 xx, X] — X; is integral (Morphisms of Spaces,
Lemma [45.5). Hence we get a morphism h : X} — X, xx, X{ by the universal
property of Morphisms of Spaces, Lemma Observe that X is the relative
spectrum of the integral closure of Ox, in f2.Oy,. If A" C f1 .0y, denotes the
integral closure of Oyx,, then X5 X x, X7 is the relative spectrum of ¢*A" as the
construction of the relative spectrum commutes with arbitrary base change. By
Cohomology of Spaces, Lemma [I1.2] we know that f; .Oy, = ¢* f1 .Oy,. Hence the
result follows from Lemma O
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26. Cohen-Macaulay morphisms
This is the analogue of More on Morphisms, Section

Lemma 26.1. The property of morphisms of germs of schemes

P((X,z) — (S,s)) =

the local ring Ox,_ . of the fibre is Noetherian and Cohen-Macaulay
is étale local on the source-and-target (Descent, Definition .

Proof. Given a diagram as in Descent, Definition[33.1]we obtain an étale morphism
of fibres U], — U, mapping v’ to u, see Descent, Lemma Thus the strict
henselizations of the local rings Oy .+ and Oy, . are the same. We conclude by
More on Algebra, Lemma [45.9 ’ ]

Definition 26.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian (Divisors on Spaces,

Definition .
(1) Let z € |X|, and y = f(x). We say that f is Cohen-Macaulay at x if f
is flat at « and the equivalent conditions of Morphisms of Spaces, Lemma
hold for the property P described in Lemma [26.1]
(2) We say f is a Cohen-Macaulay morphism if f is Cohen-Macaulay at every
point of X.

Here is a translation.

Lemma 26.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian. The following are
equivalent

(1) f is Cohen-Macaulay,

(2) f is flat and for some surjective étale morphism V. — Y where V is a
scheme, the fibres of Xyv — V are Cohen-Macaulay algebraic spaces, and

(3) f is flat and for any étale morphism V. — Y where V is a scheme, the
fibres of Xyv — V are Cohen-Macaulay algebraic spaces.

Given x € | X| with image y € |Y| the following are equivalent
(a) f is Cohen-Macaulay at x, and
(b) Oyy — Oxz is flat and Ox z/myOx z is Cohen-Macaulay.

Proof. Given an étale morphism V' — Y where V is a scheme choose a scheme U
and a surjective étale morphism U — X Xy V. Consider the commutative diagram

U——V

o

X —Y

Let v € U with images « € |X|, y € |Y|, and v € V. Then f is Cohen-Macaulay
at x if and only if U — V is Cohen-Macaulay at u (by definition). Moreover
the morphism U, — X, = (Xv), is surjective étale. Hence the scheme U, is
Cohen-Macaulay if and only if the algebraic space X, is Cohen-Macaulay. Thus
the equivalence of (1), (2), and (3) follows from the corresponding equivalence for
morphisms of schemes, see More on Morphisms, Lemma [22.2| by a formal argument.


https://stacks.math.columbia.edu/tag/0E0U
https://stacks.math.columbia.edu/tag/0E0V
https://stacks.math.columbia.edu/tag/0E0W

0E0X

0E0Y

0E0Z

MORE ON MORPHISMS OF SPACES 66

Proof of equivalence of (a) and (b). The corresponding equivalence for flatness is
Morphisms of Spaces, Lemma[30.8] Thus we may assume f is flat at 2 when proving
the equivalence. Consider a diagram and x,y,u,v as above. Then Oyyz — Ox 3z is
equal to the map O, — (’);Jhu on strict henselizations of local rings, see Properties
of Spaces, Lemma Thus we have

Oxz/mzOx 7 = (Oy/myOpa )"

by Algebra, Lemma [156.4] Thus we have to show that the Noetherian local ring
Ouv.u/m, Oy, is Cohen-Macaulay if and only if its strict henselization is. This is
More on Algebra, Lemma [45.9 ]

Lemma 26.4. Let S be a scheme. Let f: X —Y and g:Y — Z be morphisms
of algebraic spaces over S. Assume that the fibres of f, g, and g o f are locally
Noetherian. Let x € | X| with images y € |Y| and z € |Z|.

(1) If f is Cohen-Macaulay at x and g is Cohen-Macaulay at f(x), then go f
is Cohen-Macaulay at x.

(2) If f and g are Cohen-Macaulay, then go f is Cohen-Macaulay.

(3) Ifgof is Cohen-Macaulay at x and f is flat at x, then f is Cohen-Macaulay
at x and g is Cohen-Macaulay at f(x).

(4) If f og is Cohen-Macaulay and f is flat, then f is Cohen-Macaulay and g
is Cohen-Macaulay at every point in the image of f.

Proof. Working étale locally this follows from the corresponding result for schemes,
see More on Morphisms, Lemma Alternatively, we can use the equivalence of
(a) and (b) in Lemma [26.3] Thus we consider the local homomorphism of Noether-
ian local rings
Oyy/mz0yvy — Oxz/mz0x 5
whose fibre is
Oxz/mzOx 5

and we use Algebra, Lemma O

Lemma 26.5. Let S be a scheme. Let f : X — Y be a flat morphism of locally
Noetherian algebraic spaces over S. If X is Cohen-Macaulay, then f is Cohen-
Macaulay and Oy, sy is Cohen-Macaulay for all x € [ X]|.

Proof. After translating into algebra using Lemma (compare with the proof
of Lemma [26.4)) this follows from Algebra, Lemma [163.3 O

Lemma 26.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian. Let Y' — 'Y be locally
of finite type. Let ' : X' — Y’ be the base change of f. Let ' € |X'| be a point
with image x € | X|.
(1) If f is Cohen-Macaulay at x, then f': X' = Y" is Cohen-Macaulay at x'.
(2) If f is flat at x and f' is Cohen-Macaulay at ©', then f is Cohen-Macaulay
at x.
(3) If Y - Y is flat at f'(2') and f’ is Cohen-Macaulay at x', then [ is
Cohen-Macaulay at x.

Proof. Denote y € |Y] and 3 € |Y’| the image of z’. Choose a surjective étale
morphism V' — Y where V is a scheme. Choose a surjective étale morphism U —
X Xy V where U is a scheme. Choose a surjectiev étale morphism V' — Y’ xy V
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where V' is a scheme. Then U’ = U xy V' is a scheme which comes equipped
with a surjective étale morphism U’ — X’. Choose v’ € U’ mapping to z’. Denote
u € U the image of u’. Then the lemma follows from the lemma for U — V and its
base change U’ — V' and the points «’ and wu (this follows from the definitions).
Thus the lemma follows from the case of schemes, see More on Morphisms, Lemma
22.0 O

Lemmal 26.7. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. Let

W ={z € |X]|: f is Cohen-Macaulay at z}

Then W is open in | X | and the formation of W commutes with arbitrary base change
of f: For any morphism g : Y’ — Y, consider the base change f' : X' =Y’ of f
and the projection g’ : X' — X. Then the corresponding set W' for the morphism
I is equal to W' = (¢')~Y(W).

Proof. Choose a commutative diagram

U——V

o

X —Y

with étale vertical arrows and U and V schemes. Let u € U with image z € |X|.
Then f is Cohen-Macaulay at z if and only if U — V is Cohen-Macaulay at u (by
definition). Thus we reduce to the case of the morphism U — V. See More on
Morphisms, Lemma [22.7] O

Lemma 26.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume that f is locally of finite presentation and Cohen-Macaulay.
Then there exist open and closed subschemes Xq C X such that X = Hd>0 Xg4 and
flx, : Xa = Y has relative dimension d. -

Proof. Choose a commutative diagram

U——V

o

X —Y

with étale vertical arrows and U and V schemes. Then U — V is locally of finite
presentation and Cohen-Macaulay (immediate from our definitions). Thus we have
a decomposition U =[], Uq into open and closed subschemes with f|y, : Ug = V
of relative dimension d, see Morphisms, Lemma Let u € U with image z € | X]|.
Then f has relative dimension d at x if and only if U — V has relative dimension
d at u (this follows from our definitions). In this way we see that Uy is the inverse
image of a subset X4 C |X| which is necessarily open and closed. Denoting X, the
corresponding open and closed algebraic subspace of X we see that the lemma is
true. ]
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27. Gorenstein morphisms
This is the analogue of Duality for Schemes, Section

Lemma 27.1. The property of morphisms of germs of schemes
P((X,z) = (S,s)) =
the local ring Ox_  of the fibre is Noetherian and Gorenstein

is étale local on the source-and-target (Descent, Definition .

Proof. Given a diagram as in Descent, Definition[33.I] we obtain an étale morphism
of fibres U, — U, mapping v’ to u, see Descent, Lemma Thus Oy, —
Oy« is the localization of an étale ring map. Hence the first is Noetherian if and
onlgf if the second is Noetherian, see More on Algebra, Lemma Then, since
Ouvt, w /MmOy, = K(u') (Algebra, Lemma is a Gorenstein ring, we see that
Ou, .« is Gorenstein if and only if Oy ./ is Gorenstein by Dualizing Complexes,
Lemma 2.8 : O

Definition 27.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian (Divisors on Spaces,
Definition .
(1) Let = € |X|, and y = f(x). We say that f is Gorenstein at x if f is flat at
z and the equivalent conditions of Morphisms of Spaces, Lemma hold
for the property P described in Lemma 27.1]
(2) We say f is a Gorenstein morphism if f is Gorenstein at every point of X.

Here is a translation.

Lemma 27.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian. The following are
equivalent
(1) f is Gorenstein,
(2) f is flat and for some surjective étale morphism V. — Y where V is a
scheme, the fibres of Xy — V are Gorenstein algebraic spaces, and
(3) f is flat and for any étale morphism V. — Y where V is a scheme, the
fibres of Xyv — V' are Gorenstein algebraic spaces.
Given x € | X| with image y € |Y| the following are equivalent
(a) f is Gorenstein at x, and
(b) Oyy — Oxz is flat and Ox z/myOx 7 is Gorenstein.

Proof. Given an étale morphism V' — Y where V is a scheme choose a scheme U
and a surjective étale morphism U — X Xy V. Consider the commutative diagram

U——V

o

X ——Y

Let u € U with images « € |X|, y € |[Y|, and v € V. Then f is Gorenstein at
if and only if U — V is Gorenstein at u (by definition). Moreover the morphism
U, - X, = (Xv), is surjective étale. Hence the scheme U, is Gorenstein if and
only if the algebraic space X, is Gorenstein. Thus the equivalence of (1), (2),
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and (3) follows from the corresponding equivalence for morphisms of schemes, see
Duality for Schemes, Lemma by a formal argument.

Proof of equivalence of (a) and (b). The corresponding equivalence for flatness is
Morphisms of Spaces, Lemma[30.8] Thus we may assume f is flat at  when proving
the equivalence. Consider a diagram and x,y,u,v as above. Then Oyy — Ox 3z is
equal to the map O, — ijhu on strict henselizations of local rings, see Properties
of Spaces, Lemma Thus we have

OX,I/mQOX,I = (OU,u/vaU,u)Sh

by Algebra, Lemma Thus we have to show that the Noetherian local ring
Ouv.u/m,Oup,,, is Gorenstein if and only if its strict henselization is. This follows
immediately from Dualizing Complexes, Lemma and the definition of a Goren-
stein local ring as a Noetherian local ring which is a dualizing complex over it-
self. (]

Lemma 27.4. Let S be a scheme. Let f: X =Y and g:Y — Z be morphisms
of algebraic spaces over S. Assume that the fibres of f, g, and g o f are locally
Noetherian. Let x € | X| with images y € |Y| and z € |Z|.
(1) If f is Gorenstein at x and g is Gorenstein at f(x), then go f is Gorenstein
at x.
(2) If f and g are Gorenstein, then g o f is Gorenstein.
(3) If go f is Gorenstein at x and f is flat at z, then f is Gorenstein at x and
g is Gorenstein at f(x).
(4) If fog is Gorenstein and f is flat, then f is Gorenstein and g is Gorenstein
at every point in the image of f.

Proof. Working étale locally this follows from the corresponding result for schemes,
see Duality for Schemes, Lemma Alternatively, we can use the equivalence of
(a) and (b) in Lemma [27.3] Thus we consider the local homomorphism of Noether-
ian local rings
Oyy/mz0yy — Oxz/mz0x 5
whose fibre is
Oxz/mzOx 7

and we use Dualizing Complexes, Lemma [21.8 O

Lemma 27.5. Let S be a scheme. Let f : X — Y be a flat morphism of locally
Noetherian algebraic spaces over S. If X is Gorenstein, then f is Gorenstein and
Oy sz is Gorenstein for all x € | X]|.

Proof. After translating into algebra using Lemma (compare with the proof
of Lemma [27.4]) this follows from Dualizing Complexes, Lemma m (]

Lemma 27.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume the fibres of f are locally Noetherian. Let Y' — 'Y be locally
of finite type. Let f' : X' — Y’ be the base change of f. Let 2’ € |X'| be a point
with image x € | X|.

(1) If f is Gorenstein at x, then ' : X' =Y’ is Gorenstein at z’.

(2) If f is flat at x and [’ is Gorenstein at x’, then f is Gorenstein at x.

(3) IfY' =Y is flat at f'(z') and f" is Gorenstein at ', then f is Gorenstein

at x.
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Proof. Denote y € |Y] and 3 € |Y’| the image of z’. Choose a surjective étale
morphism V' — Y where V is a scheme. Choose a surjective étale morphism U —
X Xy V where U is a scheme. Choose a surjectiev étale morphism V' — Y’ xy V
where V' is a scheme. Then U’ = U xy V' is a scheme which comes equipped
with a surjective étale morphism U’ — X’. Choose v’ € U’ mapping to z’. Denote
u € U the image of v/. Then the lemma follows from the lemma for U — V and its
base change U’ — V' and the points v’ and wu (this follows from the definitions).
Thus the lemma follows from the case of schemes, see Duality for Schemes, Lemma
25.8 O

Lemma 27.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. Let

W ={x €|X]|: f is Gorenstein at x}

Then W is open in | X | and the formation of W commutes with arbitrary base change
of f: For any morphism g : Y’ — Y, consider the base change f' : X' =Y’ of f
and the projection g’ : X' — X. Then the corresponding set W’ for the morphism
[ is equal to W' = (¢') =L (W).

Proof. Choose a commutative diagram

U——V

o

X ——Y

Let uw € U with image « € |X|. Then f is Gorenstein at z if and only if U — V'
is Gorenstein at u (by definition). Thus we reduce to the case of the morphism
U — V of schemes. Openness is proven in Duality for Schemes, Lemma and
compatibility with base change in Duality for Schemes, Lemma [25.9 O

28. Slicing Cohen-Macaulay morphisms

Let S be a scheme. Let X be an algebraic space over S. Let fi,..., f. € I'(X,0x).
In this case we denote V(f1,..., f) the closed subspace of X cut out by f1,..., fr.
More precisely, we can define V(f1,..., fr) as the closed subspace of X correspond-
ing to the quasi-coherent sheaf of ideals generated by fi,..., f., see Morphisms of
Spaces, Lemma Alternatively, we can choose a presentation X = U/R and
consider the closed subscheme Z C U cut out by f1|U,..., fr|u. It is clear that Z
is an R-invariant (see Groupoids, Definition closed subscheme and we may
set V(f1,..., fr) = Z/Rz.

Lemma 28.1. Let S be a scheme. Consider a cartesian diagram
X<~—F—F
Y <—— Spec(k)

where X =Y is a morphism of algebraic spaces over S which is flat and locally of
finite presentation, and where k is a field over S. Let f1,...,fr € T'(X,0x) and
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z € |F| such that f1,..., fr map to a regular sequence in the local ring Opz. Then,
after replacing X by an open subspace containing p(z), the morphism

V(fi,- .o fr) =Y
is flat and locally of finite presentation.

Proof. Set Z =V (f1,..., fr). It is clear that Z — X is locally of finite presenta-
tion, hence the composition Z — Y is locally of finite presentation, see Morphisms
of Spaces, Lemma [28.2] Hence it suffices to show that Z — Y is flat in a neigh-
bourhood of p(z). Let k'/k be an extension field. Then F = F' Xgpec(k) Spec(k’) is
surjective and flat over F, hence we can find a point z’ € |F’| mapping to z and the
local ring map Opz — Op 3 is flat, see Morphisms of Spaces, Lemma Hence
the image of fi,...,f, in Op/ 3 is a regular sequence too, see Algebra, Lemma
Thus, during the proof we may replace k by an extension field. In particular,
we may assume that z € |F'| comes from a section z : Spec(k) — F' of the structure
morphism F — Spec(k).

Choose a scheme V and a surjective étale morphism V' — Y. Choose a scheme U
and a surjective étale morphism U — X xy V. After possibly enlarging k& once
more we may assume that Spec(k) — F' — X factors through U (as U — X is
surjective). Let u : Spec(k) — U be such a factorization and denote v € V the
image of u. Note that the morphisms

U, XSpec(k(v)) Spec(k) =U xy Spec(k) — U Xy Spec(k) — F

are étale (the first as the base change of V.— V xy V and the second as the base
change of U — X). Moreover, by construction the point u : Spec(k) — U gives
a point of the left most space which maps to z on the right. Hence the elements
fi,-.., fr map to a regular sequence in the local ring on the right of the following
map

Ou,u = OU, xspectninySpecth), i = OUxy Spec(k)a-

But since the displayed arrow is flat (combine More on Flatness, Lemma
and Morphisms of Spaces, Lemma we see from Algebra, Lemma that
fi,-.., fr maps to a regular sequence in Oy, ,,. By More on Morphisms, Lemma
we conclude that the morphism of schemes

V(fh...,fr) XxU:V(f1|U,...7fT‘U)—)V

is flat in an open neighbourhood U’ of u. Let X’ C X be the open subspace
corresponding to the image of |U’| — |X| (see Properties of Spaces, Lemmas
and. We conclude that V(fy,..., f)NX’ — Y is flat (see Morphisms of Spaces,
Definition as we have the commutative diagram

V(fi,.o oo fr) xx U ——=V
al ib
V(fla”'af’!")leHY

with a, b étale and a surjective. [
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29. Reduced fibres
This section is the analogue of More on Morphisms, Section

Lemma 29.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. The following are equivalent

(1) for some morphism Spec(k) — Y in the equivalence class of y the algebraic
space Xy, is geometrically reduced over k,

(2) for every morphism Spec(k) — Y in the equivalence class of y the algebraic
space Xy, is geometrically reduced over k,

(3) for every morphism Spec(k) — Y in the equivalence class of y the algebraic
space Xy, s reduced.

Proof. This follows immediately from Spaces over Fields, Lemma and the
definition of the equivalence relation defining |X| given in Properties of Spaces,
Section dl O

Definition 29.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. We say the fibre of f : X — Y at y is geometrically
reduced if the equivalent conditions of Lemma [29.1] hold.

Here are the obligatory lemmas.

Lemmal 29.3. Let S be a scheme. Let f: X —Y and g:Y' — Y be morphisms
of algebraic spaces over S. Denote ' : X' — Y’ the base change of f by g. Then

{y € |Y'|: the fibre of f' : X' = Y" aty' is geometrically reduced}
=g '{y €|Y]: the fibre of f : X — Y at y is geometrically reducedy}).

Proof. For y' € |Y’| choose a morphism Spec(k) — Y’ in the equivalence class
of y'. Then ¢(y’) is represented by the composition Spec(k) — Y’ — Y. Hence
X' xyr Spec(k) = X xy Spec(k) and the result follows from the definition. O

Lemmal 29.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is quasi-compact and locally of finite presentation. Then the
set

E={ye|Y]:the fibre of f: X =Y aty is geometrically reduced}
is €tale locally constructible.

Proof. Choose an affine scheme V and an étale morphism V' — Y. The meaning
of the statement is that the inverse image of E in |V is constructible. By Lemma
[29.3 we may replace Y by V, i.e., we may assume that Y is an affine scheme. Then
X is quasi-compact. Choose an affine scheme U and a surjective étale morphism
U — X. For a morphism Spec(k) — Y the morphism between fibres U, — Xj
is surjective étale. Hence Uy is geometrically reduced over k if and only if X is
geometrically reduced over k, see Spaces over Fields, Lemma Thus the set F
for X — Y is the same as the set E for U — Y. In this way we see that the lemma
follows from the case of schemes, see More on Morphisms, Lemma [26.5 (]

Lemma 29.5. Let X be an algebraic space over a discrete valuation ring R whose
structure morphism X — Spec(R) is proper and flat. If the special fibre is reduced,
then both X and the generic fibre X, are reduced.
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Proof. Choose an étale morphism U — X where U is an affine scheme. Then U
is of finite type over R. Let u € U be in the special fibre. The local ring A = Oy,
is essentially of finite type over R, hence Noetherian. Let m € R be a uniformizer.
Since X is flat over R, we see that m € m4 is a nonzerodivisor on A and since the
special fibre of X is reduced, we have that A/7A is reduced. If a € A, a # 0 then
there exists an n > 0 and an element a’ € A such that a = 7"a’ and ' € wA. This
follows from Krull intersection theorem (Algebra, Lemma. If @ is nilpotent, so
is a’, because 7 is a nonzerodivisor. But a’ maps to a nonzero element of the reduced
ring A/mA so this is impossible. Hence A is reduced. It follows that there exists
an open neighbourhood of u in U which is reduced (small detail omitted; use that
U is Noetherian). Thus we can find an étale morphism U — X with U a reduced
scheme, such that every point of the special fibre of X is in the image. Since X is
proper over R it follows that U — X is surjective. Hence X is reduced. Since the
generic fibre of U — Spec(R) is reduced as well (on affine pieces it is computed by
taking localizations), we conclude the same thing is true for the generic fibre. O

Lemma 29.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is flat, proper, and of finite presentation, then the set

E={yel|Y]:the fibre of f : X = Y aty is geometrically reduced}
is open in |Y|.

Proof. By Lemma formation of £ commutes with base change. To check a
subset of |Y'| is open, we may replace Y by the members of an étale covering. Thus
we may assume Y is affine. Then Y is a cofiltered limit of affine schemes of finite
type over Z. Hence we can assume X — Y is the base change of Xy — Y where
Yp is the spectrum of a finite type Z-algebra and Xy — Yj is flat and proper. See
Limits of Spaces, Lemma and Since the formation of E commutes
with base change (see above), we may assume the base is Noetherian.

Assume Y is Noetherian. The set is constructible by Lemma Hence it suf-
fices to show the set is stable under generalization (Topology, Lemma [19.10). By
Properties, Lemma we reduce to the case where Y = Spec(R), R is a discrete
valuation ring, and the closed fibre X, is geometrically reduced. To show: the
generic fibre X, is geometrically reduced.

If not then there exists a finite extension L of the fraction field of R such that
X, is not reduced, see Spaces over Fields, Lemmas m (characteristic zero) and
11.5| (positive characteristic). There exists a discrete valuation ring R’ C L with
fraction field I dominating R, see Algebra, Lemma After replacing R by
R’ we reduce to Lemma 295 O

30. Connected components of fibres

This section is the analogue of More on Morphisms, Section

Lemma 30.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let

nx)y : |Y| — {0,1,2,3,...,00}
be the function which associates to y € Y the number of connected components of
X where Spec(k) — Y is in the equivalence class of y with k algebraically closed.
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This is well defined and if g : Y' — Y is a morphism then

Nx//yr =Nx/y °4g
where X' — Y is the base change of f.

Proof. Suppose that ¢’ € Y’ has image y € Y. Let Spec(k’) — Y” be in the equiv-
alence class of ¢y with k' algebraically closed. Then we can choose a commutative
diagram

Spec(K) —— Spec(k’) —— Y’

~ |

Spec(k) ——=Y

where K is an algebraically closed field. The result follows as the morphisms of
schemes
Xy =— (Xp)k = (Xip)xk — Xi,

induce bijections between connected components, see Spaces over Fields, Lemma
To use this to prove the function is well defined take Y/ =Y. O

31. Dimension of fibres
This section is the analogue of More on Morphisms, Section

Lemma 31.1. Let S be a scheme. Let f : X — Y be a finite type morphism of
algebraic spaces over S. Lety € |Y|. The following quantities are the same

(1) d = —o0 if y is not in the image of |f| and otherwise the minimal integer
d such that f has relative dimension < d at every x € |X| mapping to y,

(2) the dimension of the algebraic space Xy = Spec(k) xy X for any morphism
Spec(k) = Y in the equivalence class defining y.

Proof. To parse this one has to consult Morphisms of Spaces, Definition [33.1
Properties of Spaces, Definition Properties of Spaces, Definition We will
show that the numbers in (1) and (2) are equal for a fixed morphism Spec(k) — Y.
Choose an étale morphism V' — Y where V' is an affine scheme and a point v € V'
mapping to y. Since V' xy Spec(k) — Spec(k) is surjective étale (by Properties of
Spaces, Lemma we can find a finite separable extension k'/k (by Morphisms,
Lemma and a commutative diagram

Spec(k’) —=V

|

Spec(k) ——=Y

We may replace X — Y by V xy X — V and X, by X = Spec(k') xy (V xy X)
because this does not change the dimensions in question by Properties of Spaces,
Lemma [22.5]and Morphisms of Spaces, Lemma Thus we may assume that Y is
an affine scheme. In this case we may assume that k = k(y) because the dimension
of X (y) and X}, are the same by the aforementioned Morphisms of Spaces, Lemma
34.3land the fact that for an algebraic space Z over a field K the relative dimension
of Z at a point z € |Z] is the same as dim,(Z) by definition. Assume Y is affine
and k = k(y). Then X is quasi-compact we can choose an affine scheme U and an
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surjective étale morphism U — X. Then dim(Xy) = dim(Uy) = max dim,, (Uy) is
equal to the number given in (1) by definition. O

Lemmal 31.2. Let S be a scheme. Let f : X — Y be a finite type morphism of
algebraic spaces over S. Let

nx/y : |Y‘ — {—O0,0, 1,2,3,.. }

be the function which associates to y € |Y| the integer discussed in Lemma|31.1} If
g:Y'" =Y is a morphism then

nx/ /)y =Nx/y © g1
where X' — Y’ is the base change of f.

Proof. This follows immediately from Lemma [31.1 d

Lemmal 31.3. Let S be a scheme. Let f : X — Y be a flat morphism of finite
presentation of algebraic spaces over S. Let nx,y be the function on'Y giving the
dimension of fibres of f introduced in Lemma . Then nx y is lower semi-
continuous.

Proof. Let V. — Y be a surjective étale morphism where V is a scheme. If we
can show that the composition nx,y o|g| is lower semi-continuous, then the lemma
follows as |g| is open. Hence we may assume Y is a scheme. Working locally we
may assume V' is an affine scheme. Then we can choose an affine scheme U and a
surjective étale morphism U — X. Then ny,y = ny,y. Hence we may assume X
and Y are both schemes. In this case the lemma follows from More on Morphisms,
Lemma [30.41 O

Lemma 31.4. Let S be a scheme. Let f : X — Y be a proper morphism of
algebraic spaces over S. Let nx;y be the function on'Y giving the dimension of
fibres of f introduced in Lemma @ Then nx/y is upper semi-continuous.

Proof. Let Zy = {x € |X| : the fibre of f at x has dimension > d}. Then Z; is a
closed subset of | X| by Morphisms of Spaces, Lemma Since f is proper f(Z4)
is closed in |Y[. Since y € f(Za) < nx/y(y) > d we see that the lemma is true. [

Lemma 31.5. Let S be a scheme. Let f : X — Y be a proper, flat, finitely
presented morphism of algebraic spaces over S. Let nx,y be the function on Y
giving the dimension of fibres of f introduced in Lemma[31.4 Then nx/y is locally
constant.

Proof. Immediate consequence of Lemmas [31.3] and O

32. Catenary algebraic spaces

This section continues the discussion started in Decent Spaces, Section The
following lemma will be used in the proof of the next one.

Lemma 32.1. Let S be a scheme. Let f : X — Y be an integral morphism of
algebraic spaces over S. Let y € |Y| be a point which can be represented by a closed
immersion y : Spec(k) — Y. Then there exists a factorization X — X' =Y of f
such that

(1) X' =Y is integral,

(2) X — X' is an isomorphism over X'\ X,
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(3) X, has a unique point x' with r(x') = k.
Moreover, if f is finite and Y is locally Noetherian, then X' — 'Y is finite.

Proof. By Morphisms of Spaces, Lemma[l1.2] the sheaves f.Ox, (X, = Y).Ox,,
and y.Ospec(r) are quasi-coherent sheaves of Oy-algebras. Consider the maps

[:Oy — (X, = Y).Ox, +— y«Ospec(k)

The fibre product is a quasi-coherent sheaf of Oy-algebras A’ and we can define
X" =Y as the relative spectrum of A’ over Y, see Morphisms, Lemma [11.5] This
construction commutes with arbitrary change of base. In particular, it is clear that
over the open subspace |Y|\ {y} the morphism X — X’ is an isomorphism and
over |Y|\ {y} the morphism X’ — Y is integral. It remains to prove the statements
in a small neighbourhood of y. Choose an affine scheme V' = Spec(R) and an
étale morphism ¢ : V' — Y such that y is in the image of ¢. Then V,, is a closed
subscheme of V' étale over k, whence consists of finitely many points each with
residue field separable over k (see Decent Spaces, Remark . After shrinking V'
we may assume there is a unique closed point v = Spec(l) — V mapping to y with
l/k finite separable. We may write V' Xy X = Spec(C) with R — C an integral ring
map. The stated compatibility with base change gives us that U x x Y’ = Spec(C")
where
C/ =C XC®grl l

Since R — [ is surjective, also C' — C'®pl is surjective and we see that this is a fibre
product of the kind studied in More on Algebra, Situation (with A, A’ B, B’
corresponding to C ®g I,C,1,C"). Observe that C’ is an R-subalgebra of C' and
hence is integral over R; this proves (1). Finally, More on Algebra, Lemma
shows that V' x x Y’ = Spec(C”) has a unique point y” lying over v with residue I
(this corresponds with the obvious surjective map C" — [). Thus X, Xgpec(x)Spec(l)
has a unique point with residue field I. Since [/ is finite separable, this implies X;/
has a unique point with residue field k, i.e., (3) holds.

To prove the final statement, observe that if Y is locally Noetherian, then R is a
Noetherian ring and if f is finite, then R — C is finite. Then C’ is a finite type
R-algebra by More on Algebra, Lemma This proves that X’ — Y is finite. [

Lemma 32.2. Let S be a scheme. Let B be an algebraic space over S. Let
0:|B| = Z be a function. Assume B is decent, locally Noetherian, and universally
catenary and § is a dimension function. If X is a decent algebraic space over B
whose structure morphism f : X — B is locally of finite type we define 0x : | X| — Z
by the rule

Ox(x) = 6(f(x)) + transcendence degreeof x/ f(x)

(Morphisms of Spaces, Definition . Then dx is a dimension function.

Proof. The problem is local on B. Thus we may assume B is quasi-compact. By
Decent Spaces, Lemma we see B is quasi-separated. By Limits of Spaces,
Proposition we can choose a finite surjective morphism 7 : Y — X where Y is
a scheme. Claim: dy is a dimension function.

The claim implies the lemma. With X — B as in the lemma set Z =Y xp X with
projections p: Z — Y and ¢ : Z — X. Then we have

07(z) = dy (p(z)) + transcendence degreeof z/p(z)
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and 6z(2) = dx(q(z)). This follows from Morphisms of Spaces, Lemma and
the fact that these transcendence degrees are zero for finite morphisms. By Decent
Spaces, Lemma and the claim we find that dz is a dimension function. Then
we find that §x is a dimension function by Decent Spaces, Lemma [25.6

Proof of the claim. Consider a specialization y ~ 3/, y # y' of points of the
Noetherian scheme Y. Then dy (y) > dy (y') because there are no specializations
between points in fibres of Y (see Decent Spaces, Lemma . Using this for a
chain of specializations we find

Jy (y) = oy (y') = codim({y'}, {y})
Our task is to show equality. By Properties, Lemma [5.9] we can choose a special-

ization 3/ ~ yo. It suffices to show dy (y) — 8y (yo) = codim({yo}, {y}) because this
will imply the equality for both y ~ ¢ and y’ ~ yo.

Choose a maximal chain y = y. ~ ye—1 ~> ... ~ yo of specializations in Y. Set
b = 7(y) and by = 7(yo). Choose a maximal chain b = b, ~ be_1 ~> ... ~> by of
specializations in |B|. We have to show e = ¢. Since 7 is closed (Morphisms of
Spaces, Lemma we can find a sequence of specializations y = y, ~> y._; ~

.~ Y mapping to b = be ~» be_1 ~> ... ~» by. Observe that y, ~» y._; ~ ...~
Y4 is a maximal chain as well. If yo = y{,, then because Y is catenary, we conclude
that e = ¢ as desired. In the next paragraph we reduce to this case by sleight of
hand and we conclude in the same manner.

Since 7 is closed we see that by is a closed point of |B|. By Decent Spaces, Lemma
we can represent by by a closed immersion by : Spec(k) — B. By Lemma
we can find a factorization

Y=Y - X

with 7 : Y/ — X finite and Y — Y” a morphism which map yo and y{, to the same
point and is an isomorphism away from the inverse image of by. (Of course Y’ won’t
be a scheme but this doesn’t matter for the argument that follows.) Clearly the
maximal chains of specializations y. ~> ye—1 ~> ...~ yopand Yy, ~> y,_; ~ ...~y
map to maximal chains of specializations in Y’ having the same start and end. Since
B is universally catenary, we see that |Y”| is catenary and we conclude as before. [

33. Etale localization of morphisms
The section is the analogue of More on Morphisms, Section

Lemma 33.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. Let x1,...,2, € | X| mapping to y. Assume that
(1) f is locally of finite type,
(2) f is separated,
(3) f is quasi-finite at x1,...,x,, and

(4) f is quasi-compact or'Y is decent.
Then there exists an étale morphism (U,u) — (Y,y) of pointed algebraic spaces and
a decomposition

Uxy X=WINIOV

into open and closed subspaces such that the morphism V' — U is finite, every point
of the fibre of |V| — |U| over w maps to an x;, and the fibre of |W| — |U| over u
contains no point mapping to an ;.
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Proof. Let (U,u) — (Y,y) be an étale morphism of algebraic spaces and consider
the set of w € |U xy X| mapping to u € |U| and one of the z; € |X|. By Decent
Spaces, Lemma (if f is of finite type) or Decent Spaces, Lemma (ifY
is decent) this set is finite. It follows that we may replace f by the base change
Uxy X - U and z1,...,z, by the set of these w. In particular we may and do
assume that Y is an affine scheme, whence X is a separated algebraic space.

Choose an affine scheme Z and an étale morphism Z — X such that z,...,2,
are in the image of |Z| — | X|. The fibres of |Z| — | X| are finite, see Properties of
Spaces, Lemma (or the more general discussion in Decent Spaces, Section @
Let {z1,...,2m} C |Z] be the preimage of {z1,...,z,}. By More on Morphisms,
Lemma there exists an étale morphism (U,u) — (Y,y) such that U xy Z =
Zy U Zy with Z; — U finite and (Z1)y = {21,...,2m}. We may assume that U is
affine and hence Z; is affine too.

Since f is separated, the image V' of Z; — X is both open and closed (Morphisms
of Spaces, Lemma . Set W = X \ V to get a decomposition as in the lemma.
To finish the proof we have to show that V' — U is finite. As Z; — V is surjective
and étale, V is the quotient of Z; by the étale equivalence relation R = Z; Xy 21,
see Spaces, Lemma [9.1] Since f is separated, V — U is separated and R is closed
in Zy Xy Zy. Since Z; — U is finite, the projections s,t : R — Z; are finite. Thus
V is an affine scheme by Groupoids, Proposition [23.9] By Morphisms, Lemma [41.9
we conclude that V' — U is proper and by Morphisms, Lemma we conclude
that V' — U is finite, thereby finishing the proof. O

Lemmal 33.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let x € | X| with image y € |Y|. Assume that

(1) f is locally of finite type,

(2) f is separated, and

(3) f is quasi-finite at x.
Then there exists an étale morphism (U,u) — (Y,y) of pointed algebraic spaces and
a decomposition

Uxy X=WIHIV

into open and closed subspaces such that the morphism V- — U is finite and there
exists a point v € |V| which maps to x in |X| and u in |U|.

Proof. Pick a scheme U, a point u € U, and an étale morphism U — Y mapping
u to y. There exists a point ' € |U Xy X| mapping to z in |X| and u in |U]|
(Properties of Spaces, Lemma . To finish, apply Lemma to the morphism
U xy X — U and the point z’. It applies because U is a scheme and hence u comes
from the monomorphism Spec(x(u)) — U. O

34. Zariski’s Main Theorem

In this section we apply the results of the previous section to prove Zariski’s main
theorem for morphisms of algebraic spaces. This section is the analogue of More
on Morphisms, Section

Lemma 34.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is of finite type and separated. Let Y’ be the normalization of
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Y in X. Picture:

Then there exists an open subspace U' C Y’ such that
(1) (f)~YU") = U’ is an isomorphism, and
(2) (f)~YU") C X is the set of points at which f is quasi-finite.

Proof. By Morphisms of Spaces, Lemma there is an open subspace U C X
corresponding to the points of | X| where f is quasi-finite. We have to prove

(a) the image of |[U| — |Y”| is |U’| for some open subspace U’ of Y’,

(b) U= f~1(U"), and

(¢) U — U’ is an isomorphism.
Since formation of U commutes with arbitrary base change (Morphisms of Spaces,
Lemma7 since formation of the normalization Y’ commutes with smooth base
change (Lemma, since étale morphisms are open, and since “being an isomor-
phism” is fpqc local on the base (Descent on Spaces, Lemma , it suffices to
prove (a), (b), (c) étale locally on Y (some details omitted). Thus we may assume
Y is an affine scheme. This implies that Y” is an (affine) scheme as well.

Let € |U|. Claim: there exists an open neighbourhood f'(x) € V C Y’ such
that (f')~'V — V is an isomorphism. We first prove the claim implies the lemma.
Namely, then (f/)~1V = V is a scheme (as an open of Y’), locally of finite type
over Y (as an open subspace of X), and for v € V the residue field extension
k(v)/k(v(v)) is algebraic (as V C Y’ and Y” is integral over Y). Hence the fibres of
V — Y are discrete (Morphisms, Lemma and (f')~'V — Y is locally quasi-
finite (Morphisms, Lemma . This implies (f')™'V Cc U and V C U’. Since x
was arbitrary we see that (a), (b), and (c) are true.

Let y = f(x) € [Y]. Let (T,t) — (Y,y) be an étale morphism of pointed schemes.
Denote by a subscript 7 the base change to T. Let z € X1 be a point in the fibre
X; lying over x. Note that Up C X7 is the set of points where fr is quasi-finite,
see Morphisms of Spaces, Lemma Note that

Xp Tyl
is the normalization of T in X7, see Lemma Suppose that the claim holds for
z€Up C Xy - Y] — T, ie., suppose that we can find an open neighbourhood
fr(z) € V! C Y] such that (f})~'V’ — V' is an isomorphism. The morphism
Y] — Y’ is étale hence the image V C Y’ of V' is open. Observe that f'(z) € V
as fi(z) € V'. Observe that

(fr) V' ——(f")"H(V)
l l
Vi— sV

is a fibre square (as Y7 Xy X = X7). Since the left vertical arrow is an isomorphism
and {V' — V} is a étale covering, we conclude that the right vertical arrow is an
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isomorphism by Descent on Spaces, Lemma [11.15] In other words, the claim holds
forreUCX =Y —Y.

By the result of the previous paragraph to prove the claim for z € |U|, we may
replace Y by an étale neighbourhood T of y = f(x) and x by any point lying over
z in T Xy X. Thus we may assume there is a decomposition

X=vaw

into open and closed subspaces where V' — Y is finite and x € V, see Lemma [33.1
Since X is a disjoint union of V and W over Y and since V. — Y is finite we see
that the normalization of Y in X is the morphism

X=vIw —Vviaw — S8

where W is the normalization of Y in W, see Morphisms of Spaces, Lemmas [48.8]
and [48.10] The claim follows and we win. O

The following lemma is a duplicate of Morphisms of Spaces, Lemma The
reason for having two copies of the same lemma is that the proofs are somewhat
different. The proof given below rests on Zariski’s Main Theorem for nonrepre-
sentable morphisms of algebraic spaces as presented above, whereas the proof of
Morphisms of Spaces, Lemma rests on Morphisms of Spaces, Proposition [50.2
to reduce to the case of morphisms of schemes.

Lemmal 34.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic

spaces over S. Assume [ is quasi-finite and separated. Let Y' be the normalization
of Y in X. Picture:

X— >V
f
Y

Then ' is a quasi-compact open immersion and v is integral. In particular f is
quasi-affine.

Proof. This follows from Lemma[34.1] Namely, by that lemma there exists an open
subspace U’ C Y such that (f/)~1(U’) = X (!) and X — U’ is an isomorphism! In
other words, f’ is an open immersion. Note that f’ is quasi-compact as f is quasi-
compact and v : Y’ — Y is separated (Morphisms of Spaces, Lemma . Hence
for every affine scheme Z and morphism Z — Y the fibre product Z xy X is a
quasi-compact open subscheme of the affine scheme Z xy Y. Hence f is quasi-affine
by definition. O

Lemma 34.3 (Zariski’s Main Theorem). Let S be a scheme. Let f : X — Y be
a morphism of algebraic spaces over S. Assume f is quasi-finite and separated and
assume that'Y is quasi-compact and quasi-separated. Then there exists a factoriza-
tion

X——=T
J
Y

where j is a quasi-compact open immersion and w is finite.
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Proof. Let X — Y’ — Y be as in the conclusion of Lemma [34.2] By Limits of
Spaces, Lemma we can write v,Oy, = colim;e; A; as a directed colimit of finite
quasi-coherent O x-algebras A; C v,Oy/. Then 7; : T; = MY (A;) — Y is a finite
morphism for each i. Note that the transition morphisms 7;; — T; are affine and
that Y/ = lim 7;.

By Limits of Spaces, Lemmal5.7]there exists an ¢ and a quasi-compact open U; C T;
whose inverse image in Y’ equals f'(X). For ¢’ > i let U;s be the inverse image of
U; in Ty, Then X = f/(X) = limy>; Uy, see Limits of Spaces, Lemma By
Limits of Spaces, Lemma [5.12| we see that X — Uy is a closed immersion for some
i’ > 4. (In fact X = Uy for sufficiently large i’ but we don’t need this.) Hence
X — Ty is an immersion. By Morphisms of Spaces, Lemma we can factor
this as X — T — T, where the first arrow is an open immersion and the second a
closed immersion. Thus we win. d

Lemma 34.4. With notation and hypotheses as in Lemma , Assume moreover
that f is locally of finite presentation. Then we can choose the factorization such
that T is finite and of finite presentation over Y .

Proof. By Limits of Spaces, Lemma we can write 7" = lim 7; where all T;
are finite and of finite presentation over Y and the transition morphisms T; — T;
are closed immersions. By Limits of Spaces, Lemma there exists an ¢ and an
open subscheme U; C 7T; whose inverse image in T is X. By Limits of Spaces,
Lemma [5.12] we see that X = U; for large enough i. Replacing 7" by 7T; finishes the
proof. O

35. Applications of Zariski’s Main Theorem, I

A first application is the characterization of finite morphisms as proper morphisms
with finite fibres.

Lemma 35.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:
(1) f is finite,
(2) f is proper and locally quasi-finite,
(3) f is proper and | Xy| is a discrete space for every morphism Spec(k) — Y
where k is a field,
(4) f is universally closed, separated, locally of finite type and | X| is a discrete
space for every morphism Spec(k) — Y where k is a field.

Proof. We have (1) = (2) by Morphisms of Spaces, Lemmas We have
(2) = (3) by Morphisms of Spaces, Lemma By definition (3) implies (4).

Assume (4). Since f is universally closed it is quasi-compact (Morphisms of Spaces,
Lemma [9.7). Pick a point y of |[Y'|. We represent y by a morphism Spec(k) — Y.
Note that | X}| is finite discrete as a quasi-compact discrete space. The map | Xi| —
| X | surjects onto the fibre of | X| — |Y| over y (Properties of Spaces, Lemma [4.3).
By Morphisms of Spaces, Lemma we see that X — Y is quasi-finite at all the
points of the fibre of | X| — |Y| over y. Choose an elementary étale neighbourhood
(U,u) — (Y,y) and decomposition Xy = VII W as in Lemma adapted to all
the points of | X| lying over y. Note that W, = () because we used all the points in
the fibre of |X| — |Y| over y. Since f is universally closed we see that the image
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of |W] in |U] is a closed set not containing u. After shrinking U we may assume
that W = ). In other words we see that Xy = V is finite over U. Since y € |Y|
was arbitrary this means there exists a family {U; — Y} of étale morphisms whose
images cover Y such that the base changes Xy, — U; are finite. We conclude that
f is finite by Morphisms of Spaces, Lemma [45.3 O

As a consequence we have the following useful result.

Lemma 35.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. Assume

(1) f is proper, and

(2) f is quasi-finite at all © € |X| lying over y (Decent Spaces, Lemma .
Then there exists an open neighbourhood V- C'Y of y such that f|s—1(y) Yv) —
V' is finite.

Proof. By Morphisms of Spaces, Lemma [34.7] the set of points at which f is quasi-
finite is an open U C X. Let Z = X\ U. Then y € f(Z). Since f is proper the set
f(Z) C Y is closed. Choose any open neighbourhood V C Y of y with ZNV = (.
Then f~1(V) — V is locally quasi-finite and proper. Hence f~1(V) — V is finite
by Lemma [35.1] O

Lemma 35.3. Let S be a scheme. Let

X——— Y
h
\N /
B

be a commutative diagram of morphism of algebraic spaces over S. Let b € B and
let Spec(k) — B be a morphism in the equivalence class of b. Assume
(1) X — B is a proper morphism,
(2) Y — B is separated and locally of finite type,
(3) one of the following is true
(a) the image of | Xi| — |Y&| is finite,
(b) the image of |f|~1({b}) in |Y| is finite and B is decent.
Then there is an open subspace B’ C B containing b such that Xg — Yp/ factors
through a closed subspace Z C Ypg: finite over B'.

Proof. Let Z C Y be the scheme theoretic image of h, see Morphisms of Spaces,
Section By Morphisms of Spaces, Lemma the morphism X — Z is surjec-
tive and Z — B is proper. Thus

{z € | X]| lying over b} — {z € |Z] lying over b}

and | Xy| — |Zk| are surjective. We see that either (3)(a) or (3)(b) imply that
Z — B is quasi-finite all points of | Z| lying over b by Decent Spaces, Lemma [18.10
Hence Z — B is finite in an open neighbourhood of b by Lemma [35.2] O

36. Stein factorization

Stein factorization is the statement that a proper morphism f : X — S with
f+Ox = Og has connected fibres.
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Lemma 36.1. Let S be a scheme. Let f : X — Y be a universally closed and
quasi-separated morphism of algebraic spaces over S. There exists a factorization

A

Y

Y/

with the following properties:

(1) the morphism ' is universally closed, quasi-compact, quasi-separated, and
surjective,

(2) the morphism w:Y' —Y is integral,

(3) we have f.Ox = Oy,

(4) we have Y' = Spec, (f«Ox), and

(5) Y’ is the normalization of Y in X as defined in Morphisms of Spaces,

Definition [48.3

Formation of the factorization f = wo f' commutes with flat base change.

Proof. By Morphisms of Spaces, Lemmal[9.7)the morphism f is quasi-compact. We
just define Y’ as the normalization of Y in X, so (5) and (2) hold automatically.
By Morphisms of Spaces, Lemma we see that (4) holds. The morphism f” is
universally closed by Morphisms of Spaces, Lemma It is quasi-compact by
Morphisms of Spaces, Lemma and quasi-separated by Morphisms of Spaces,

Lemma (.10

To show the remaining statements we may assume the base Y is affine (as taking
normalization commutes with étale localization). Say Y = Spec(R). Then Y’ =
Spec(A) with A = T'(X,Ox) an integral R-algebra. Thus it is clear that f.Ox is
Oy (because f.Ox is quasi-coherent, by Morphisms of Spaces, Lemma and
hence equal to A). This proves (3).

Let us show that f’ is surjective. As f’ is universally closed (see above) the image
of f"is a closed subset V(I) C Y’ = Spec(A). Pick h € I. Then h|x = f*(h) is a
global section of the structure sheaf of X which vanishes at every point. As X is
quasi-compact this means that h|x is a nilpotent section, i.e., h"|X = 0 for some
n > 0. But A = T'(X,0Ox), hence h™ = 0. In other words I is contained in the
Jacobson radical of A and we conclude that V(I) =Y as desired. O

Lemma 36.2. In Lemma assume in addition that f is locally of finite type
and Y affine. Then for y € Y the fibre 7= ({y}) = {v1,...,yn} is finite and the
field extensions k(y;)/k(y) are finite.

Proof. Recall that there are no specializations among the points of 7=1({y}),
see Algebra, Lemma As f’ is surjective, we find that |X,| — 7~ '({y})
is surjective. Observe that X, is a quasi-separated algebraic space of finite type
over a field (quasi-compactness was shown in the proof of the referenced lemma).
Thus |X,| is a Noetherian topological space (Morphisms of Spaces, Lemma .
A topological argument (omitted) now shows that m=*({y}) is finite. For each i
we can pick a finite type point z; € |X,| mapping to y; (Morphisms of Spaces,
Lemma [25.6). We conclude that x(y;)/k(y) is finite: z; can be represented by a
morphism Spec(k;) — X, of finite type (by our definition of finite type points) and
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hence Spec(k;) — y = Spec(k(y)) is of finite type (as a composition of finite type
morphisms), hence k;/k(y) is finite (Morphisms, Lemma |16.1]). O

Let f : X — Y be a morphism of algebraic spaces and let 7 : Spec(k) — Y
be a geometric point. Then the fibre of f over ¥ is the algebraic space Xy =
X xygy Spec(k) over k. If Y is a scheme and y € Y is a point, then we denote
X, = X xy Spec((y)) the fibre as usual.

Lemmal 36.3. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Let 7y be a geometric point of Y. Then Xy is connected, if and only if
for every étale neighbourhood (V,0) — (Y,7) where V is a scheme the base change
Xy — V has connected fibre X,,.

Proof. Since the category of étale neighbourhoods of ¥ is cofiltered and contains a
cofinal collection of schemes (Properties of Spaces, Lemma we may replace Y
by one of these neighbourhoods and assume that Y is a scheme. Let y € Y be the
point corresponding to 7. Then X, is geometrically connected over x(y) if and only
if X7 is connected and if and only if (X, ) is connected for every finite separable
extension k' of k(y). See Spaces over Fields, Sectionand especially Lemmam
By More on Morphisms, Lemma there exists an affine étale neighbourhood
(V,v) — (Y,y) such that x(s) C k(u) is identified with x(s) C k' any given finite
separable extension. The lemma follows. O

Theorem 36.4 (Stein factorization; Noetherian case). Let S be a scheme. Let f :
X =Y be a proper morphism of algebraic spaces over S with Y locally Noetherian.

There exists a factorization
f/
x /
Y

1) the morphism f' is proper with connected geometric fibres,

2) the morphism w:Y' =Y is finite,

3) we have f{Ox = Oy,

4) we have Y' = Spec, (f.Ox), and

(5) Y’ is the normalization of Y in X, see Morphisms, Definition .

X Y’

with the following properties:

(
(
(
(

Proof. Let f = wo f’ be the factorization of Lemma Note that besides the
conclusions of Lemmawe also have that f’ is separated (Morphisms of Spaces,
Lemma and finite type (Morphisms of Spaces, Lemma . Hence [’ is
proper. By Cohomology of Spaces, Lemma we see that f.Ox is a coherent
Oy-module. Hence we see that 7 is finite, i.e., (2) holds.

This proves all but the most interesting assertion, namely that the geometric fibres
of f are connected. It is clear from the discussion above that we may replace Y by
Y’. Then Y is locally Noetherian, f : X — Y is proper, and f,Ox = Oy. Let 7 be
a geometric point of Y. At this point we apply the theorem on formal functions,
more precisely Cohomology of Spaces, Lemma It tells us that

Oy 5 = lim, H’(X,,,0x,,)
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where X,, = Spec(Oy,z/my) xy X. Note that X; = Xz — X,, is a (finite order)
thickening and hence the underlying topological space of X, is equal to that of Xz.
Thus, if X5 = T7 1T, is a disjoint union of nonempty open and closed subspaces,
then similarly X,, = Ty, Il Ty, for all n. And this in turn means H°(X,, Ox,)
contains a nontrivial idempotent e; ,, namely the function which is identically 1
on 11, and identically 0 on T5,. It is clear that e; 41 restricts to e, on X,.
Hence e; = lime; ,, is a nontrivial idempotent of the limit. This contradicts the
fact that (’)Q,y is a local ring. Thus the assumption was wrong, i.e., Xy is connected
as desired. (]

Theorem 36.5 (Stein factorization; general case). Let S be a scheme. Let f : X —
Y be a proper morphism of algebraic spaces over S. There exists a factorization

X— .y
7

x /
Y

(1) the morphism f' is proper with connected geometric fibres,

(2) the morphism w:Y' =Y is integral,

(3) we have f.Ox = Oy,

(4)
)

with the following properties:

we have Y’ = Spec,, (f.Ox), and
(5) Y’ is the normalization of Y in X (Morphisms of Spaces, Definition .

Proof. We may apply Lemma to get the morphism f’ : X — Y”’. Note that
besides the conclusions of Lemmawe also have that f’ is separated (Morphisms
of Spaces, Lemma and finite type (Morphisms of Spaces, Lemma. Hence
f' is proper. At this point we have proved all of the statements except for the
statement that f’ has connected geometric fibres.

It is clear from the discussion that we may replace Y by Y’. Then f: X — Y is
proper and f,Ox = Oy. Note that these conditions are preserved under flat base
change (Morphisms of Spaces, Lemma and Cohomology of Spaces, Lemma
. Let 7 be a geometric point of Y. By Lemma and the remark just made
we reduce to the case where Y is a scheme, y € Y is a point, f : X — Y is a
proper algebraic space over Y with f,Ox = Oy, and we have to show the fibre X,
is connected. Replacing Y by an affine neighbourhood of y we may assume that
Y = Spec(R) is affine. Then f,Ox = Oy signifies that the ring map R — I'(X, Ox)
is bijective.

By Limits of Spaces, Lemma we can write (X — Y) = lim(X; — Y;) with
X; — Y; proper and of finite presentation and Y; Noetherian. For i large enough Y;
is affine (Limits of Spaces, Lemma [5.10). Say Y; = Spec(R;). Let R} = I'(X;, Ox,).
Observe that we have ring maps R; — R; — R. Namely, we have the first because
X, is an algebraic space over R; and the second because we have X — X; and
R =T(X,0Ox). Note that R = colim R} by Limits of Spaces, Lemma Then

|

Y4>Yl'4>Yl
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is commutative with Y/ = Spec(R}). Let y, € Y/ be the image of y. We have
Xy =lim X; ,» because X =limX;, ¥ = limY], and x(y) = colim(y;). Now let
X, =UILV with U and V open and closed. Then U,V are the inverse images of
opens Uy, V; in X; ,r (Limits of Spaces, Lemma . By Theorem the fibres of
X; — Y/ are connected, hence either U or V is empty. This finishes the proof. O

Here is an application.

Lemmal 36.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume

(1) f is proper,
) Y is integral (Spaces over Fields, Deﬁm’tion with generic point &,
) Y is normal,
) X is reduced,
) every generic point of an irreducible component of | X| maps to &,
(6) we have H°(X¢, O) = k(€).
Then f.Ox = Oy and f has geometrically connected fibres.

Proof. Apply Theorem to get a factorization X — Y’ — Y. It is enough
to show that Y/ = Y. It suffices to show that Y’ xy V — V is an isomorphism,
where V' — Y is an étale morphism and V an affine integral scheme, see Spaces
over Fields, Lemma The formation of Y’ commutes with étale base change,
see Morphisms of Spaces, Lemma The generic points of X xy V' lie over the
generic points of X (Decent Spaces, Lemma hence map to the generic point of
V by assumption (5). Moreover, condition (6) is preserved under the base change
by V — Y, for example by flat base change (Cohomology of Spaces, Lemma .
Thus it suffices to prove the lemma in case Y is a normal integral affine scheme.

(2
(3
(4
(5

6

Assume Y is a normal integral affine scheme. We will show Y’ — Y is an iso-
morphism by an application of Morphisms, Lemma Namely, Y’ is reduced
because X is reduced (Morphisms of Spaces, Lemma. The morphism Y’ — Y
is integral by the theorem cited above. Since Y is decent and X — Y is separated,
we see that X is decent too; to see this use Decent Spaces, Lemmas and
By assumption (5), Morphisms of Spaces, Lemma and Decent Spaces, Lemma
we see that every generic point of an irreducible component of |Y’| maps to
£. On the other hand, since Y’ is the relative spectrum of f,Ox we see that the
scheme theoretic fibre Y/ is the spectrum of H%(X¢, O) which is equal to x() by
assumption. Hence Y’ is an integral scheme with function field equal to the function
field of Y. This finishes the proof. (I

Here is another application.

Lemma 36.7. Let S be a scheme. Let X — Y be a morphism of algebraic
spaces over S. If f is proper, flat, and of finite presentation, then the function
nx/y : Y| — Z counting the number of geometric connected components of fibres
of f (Lemmam is lower semi-continuous.

Proof. The question is étale local on Y, hence we may and do assume Y is an affine
scheme. Let y € Y. Set n = nx/s(y). Note that n < oo as the geometric fibre of
X — Y at y is a proper algebraic space over a field, hence Noetherian, hence has
a finite number of connected components. We have to find an open neighbourhood
V of y such that ny,gly > n. Let X = Y’ — Y be the Stein factorization as
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in Theorem [36.5] By Lemma there are finitely many points y{,...,y,, € Y’
lying over y and the extensions (y;)/k(y) are finite. More on Morphisms, Lemma
tells us that after replacing Y by an étale neighbourhood of y we may assume
Y' =V 1I...1IV,, as a scheme with y; € V; and k(y})/x(y) purely inseparable.
Then the algebraic spaces X, are geometrically connected over k(y), hence m = n.
The algebraic spaces X; = (f')71(V;),i = 1,...,n are flat and of finite presentation
over Y. Hence the image of X; — Y is open (Morphisms of Spaces, Lemma .
Thus in a neighbourhood of y we see that ny,y is at least n. O

Lemma 36.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume

(1) f is proper, flat, and of finite presentation, and

(2) the geometric fibres of f are reduced.

Then the function nx,s : |Y| — Z counting the numbers of geometric connected
components of fibres of f (Lemmam) is locally constant.

Proof. By Lemma the function nx/y is lower semincontinuous. Thus it suf-
fices to show it is upper semi-continuous. To do this we may work étale locally on
Y, hence we may assume Y is an affine scheme. For y € Y consider the x(y)-algebra

A=H"(X,,0x,)

By Spaces over Fields, Lemma and the fact that X, is geometrically reduced
A is finite product of finite separable extensions of x(y). Hence A ®,, £(7) is
a product of fo(y) = dim,,) A copies of (7). Thus Xy has By(y) connected
components. In other words, we have nx,s = B as functions on Y. Thus nx,y is
upper semi-continuous by Derived Categories of Spaces, Lemma[26.2] This finishes
the proof. O

Lemma 36.9. Let S be a scheme. Let f : X — Y be a proper morphism of
algebraic spaces over S. Let X —Y' —'Y be the Stein factorization of f (Theorem
36.5). If [ is of finite presentation, flat, with geometrically reduced fibres (Definition
29.2), then Y' —'Y is finite étale.

Proof. Formation of the Stein factorization commutes with flat base change, see
Lemma [36.1] Thus we may work étale locally on ¥ and we may assume Y is an
affine scheme. Then Y’ is an affine scheme and Y’ — Y is integral.

Let y € Y. Set n be the number of connected components of the geometric fibre Xz.
Note that n < co as the geometric fibre of X — Y at y is a proper algebraic space
over a field, hence Noetherian, hence has a finite number of connected components.
By Lemma there are finitely many points v/,...,y,, € Y’ lying over y and
for each ¢ we can pick a finite type point z; € |X,| mapping to y; the extension
k(y!)/k(y) is finite. Thus More on Morphisms, Lemma tells us that after
replacing Y by an étale neighbourhood of y we may assume Y/ =V I1... 11V, as
a scheme with y; € V; and k(y})/k(y) purely inseparable. In this case the algebraic
spaces X, are geometrically connected over k(y), hence m = n. The algebraic
spaces X; = (f')71(V;), i = 1,...,n are proper, flat, of finite presentation, with
geometrically reduced fibres over Y. It suffices to prove the lemma for each of the
morphisms X; — Y. This reduces us to the case where X3 is connected.

Assume that Xy is connected. By Lemma[36.8we see that X — Y has geometrically
connected fibres in a neighbourhood of y. Thus we may assume the fibres of X — Y
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are geometrically connected. Then f,Ox = Oy by Derived Categories of Spaces,
Lemma which finishes the proof. (]

The proof of the following lemma uses Stein factorization for schemes which is why
it ended up in this section.

Lemma 36.10. Let (A,I) be a henselian pair. Let X be an algebraic space sep-
arated and of finite type over A. Set Xo = X Xgpec(a) Spec(A/I). Let Y C
Xo be an open and closed subspace such that Y — Spec(A/I) is proper. Then
there exists an open and closed subspace W C X which is proper over A with
w XSpec(A) Spec(A/I) =Y.

Proof. We will denote T' — T the base change by Spec(A/I) — Spec(A). By
a weak version of Chow’s lemma (in the form of Cohomology of Spaces, Lemma
there exists a surjective proper morphism ¢ : X’ — X such that X’ admits an
immersion into P%. Set Y’ = ¢~ !(Y'). This is an open and closed subscheme of X).
The lemma holds for (X’,Y”) by More on Morphisms, Lemma Let W' C X'
be the open and closed subscheme proper over A such that Y’ = W{. By Morphisms
of Spaces, Lemma [40.6]Q1 = ¢(|W’|) C |X| and Q2 = (| X" \W’|) C |X| are closed
subsets and by Morphisms of Spaces, Lemma any closed subspace structure
on )1 is proper over A. The image of Q1 N Q2 in Spec(A) is closed. Since (A4, 1) is
henselian, if Q1 N Q5 is nonempty, then we find that Q1 N Q2 has a point lying over
Spec(A/I). This is impossible as W} = Y’ = ¢=1(Y)). We conclude that @ is open
and closed in |X|. Let W C X be the corresponding open and closed subspace.
Then W is proper over A with Wy =Y. O

37. Extending properties from an open

In this section we collect a number of results of the form: If f: X — Y is a flat
morphism of algebraic spaces and f satisfies some property over a dense open of
Y, then f satisfies the same property over all of Y.

Lemma 37.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. Let V C Y be an open
subspace. Assume

(1) f is locally of finite presentation,
(2) F is of finite type and flat over Y,
(3) V =Y is quasi-compact and scheme theoretically dense,
(4) Fly-1v is of finite presentation.
Then F is of finite presentation.

Proof. It suffices to prove the pullback of F to a scheme surjective and étale over
X is of finite presentation. Hence we may assume X is a scheme. Similarly, we can
replace Y by a scheme surjective and étale and over Y (the inverse image of V' in
this scheme is scheme theoretically dense, see Morphisms of Spaces, Section .
Thus we reduce to the case of schemes which is More on Flatness, Lemmal|ll.1 [

Lemmal 37.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Let V CY be an open subspace. Assume

(1) f is locally of finite type and flat,

(2) V=Y is quasi-compact and scheme theoretically dense,

(3) flp-1v : [TV = V is locally of finite presentation.
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Then f is of locally of finite presentation.

Proof. The proof is identical to the proof of Lemma except one uses More on
Flatness, Lemma |11.2 O

Lemma 37.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite type. Let V C Y be an open subspace
such that |V| C |Y| is dense and such that Xy — V has relative dimension < d. If
also either

(1) f is locally of finite presentation, or
(2) V =Y is quasi-compact,

then f: X — Y has relative dimension < d.

Proof. We may replace Y by its reduction, hence we may assume Y is reduced.
Then V is scheme theoretically dense in Y, see Morphisms of Spaces, Lemma [17.7]
By definition the property of having relative dimension < d can be checked on an
étale covering, see Morphisms of Spaces, Sections Thus it suffices to prove f
has relative dimension < d after replacing X by a scheme surjective and étale over
X. Similarly, we can replace Y by a scheme surjective and étale and over Y. The
inverse image of V in this scheme is scheme theoretically dense, see Morphisms
of Spaces, Section Since a scheme theoretically dense open of a scheme is in
particular dense, we reduce to the case of schemes which is More on Flatness,
Lemma 1.3 O

Lemma 37.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and proper. Let V. — Y be an open subspace with
[V| C |Y] dense such that Xy — V is finite. If also either f is locally of finite
presentation or V. — 'Y is quasi-compact, then f is finite.

Proof. By Lemma the fibres of f have dimension zero. By Morphisms of
Spaces, Lemma this implies that f is locally quasi-finite. By Morphisms of
Spaces, Lemma this implies that f is representable. We can check whether
f is finite étale locally on Y, hence we may assume Y is a scheme. Since f is
representable, we reduce to the case of schemes which is More on Flatness, Lemma

IT.4 O

Lemmal 37.5. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. Let V C'Y be an open subspace. If

(1) f is separated, locally of finite type, and flat,

(2) f~Y(V) — V is an isomorphism, and

(3) V =Y is quasi-compact and scheme theoretically dense,

then f is an open immersion.

Proof. Applying Lemma we see that f is locally of finite presentation. Ap-
plying Lemma we see that f has relative dimension < 0. By Morphisms of
Spaces, Lemma this implies that f is locally quasi-finite. By Morphisms of
Spaces, Lemma this implies that f is representable. By Descent on Spaces,
Lemma [11.14] we can check whether f is an open immersion étale locally on Y.
Hence we may assume that Y is a scheme. Since f is representable, we reduce to
the case of schemes which is More on Flatness, Lemma [11.5 O
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38. Blowing up and flatness

Instead of redoing the work in More on Flatness, Section [30]we prove an analogue of
More on Flatness, Lemma which tells us that the problem of finding a suitable
blowup is often étale local on the base.

Lemma 38.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let o : W — X be a quasi-compact separated étale mor-
phism. Let U C X be a quasi-compact open subspace. Let T C Ow be a finite type
quasi-coherent sheaf of ideals such that V(Z) N =Y (U) = (0. Then there exists a
finite type quasi-coherent sheaf of ideals J C Ox such that

1) V(I)NU =0, and

(2) =Y T)Ow = TIT' for some finite type quasi-coherent ideal ' C Oyy.

Proof. Choose a factorization W — Y — X where j : W — Y is a quasi-compact
open immersion and 7 : Y — X is a finite morphism of finite presentation (Lemma
34.4). Let V = j(W)Uxn"Y(U) C Y. Note that Z on W = j(W) and O,y
glue to a finite type quasi-coherent sheaf of ideals 7y C Oy . By Limits of Spaces,
Lemma there exists a finite type quasi-coherent sheaf of ideals Zo C Oy such
that Zs|y = Z;. In other words, Zo C Oy is a finite type quasi-coherent sheaf of
ideals such that V(Zy) is disjoint from 7=*(U) and j7'Zy = Z. Denote i : Z — Y
the corresponding closed immersion which is of finite presentation (Morphisms of
Spaces, Lemma . In particular the composition 7 = 7o : Z — X is finite
and of finite presentation (Morphisms of Spaces, Lemmas and [45.4)).

Let F = 7.0z which we think of as a quasi-coherent Ox-module. By Descent on
Spaces, Lemma we see that F is a finitely presented Ox-module. Let J =
Fito(F). (Insert reference to fitting modules on ringed topoi here.) This is a finite
type quasi-coherent sheaf of ideals on X (as F is of finite presentation, see More
on Algebra, Lemmal[8.4)). Part (1) of the lemma holds because |7|(|Z]) N |U| = 0 by
our choice of Z, and because the Oth Fitting ideal of the trivial module equals the
structure sheaf. To prove (2) note that =1 (J)Ow = Fito(¢*F) because taking
Fitting ideals commutes with base change. On the other hand, as ¢ : W — X
is separated and étale we see that (1,5) : W — W xx Y is an open and closed
immersion. Hence W xy Z = V(Z) I Z’ for some finite and finitely presented
morphism of algebraic spaces 7' : Z/ — W. Thus we see that

Fito(p*F) = Fitog((W xy Z = W).Owxyz)
= Fito(Ow /Z) - Fito(1,02')
:I'Fito(T;OZ/)

the second equality by More on Algebra, Lemma [8.4] translated in sheaves on ringed
topoi. Setting Z' = Fitg(7,Oz ) finishes the proof of the lemma. O

Theorem 38.2. Let S be a scheme. Let B be a quasi-compact and quasi-separated
algebraic space over S. Let X be an algebraic space over B. Let F be a quasi-
coherent module on X. Let U C B be a quasi-compact open subspace. Assume

(1) X is quasi-compact,

(2) X is locally of finite presentation over B,

(3) F is a module of finite type,

(4) Fu is of finite presentation, and
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(5) Fu is flat over U.
Then there exists a U-admissible blowup B' — B such that the strict transform F'
of F is an Oxx ,pr-module of finite presentation and flat over B’.

Proof. Choose an affine scheme V' and a surjective étale morphism V' — X. Be-
cause strict transform commutes with étale localization (Divisors on Spaces, Lemma
it suffices to prove the result with X replaced by V. Hence we may assume
that X — B is representable (in addition to the hypotheses of the lemma).

Assume that X — B is representable. Choose an affine scheme W and a surjective
étale morphism ¢ : W — B. Note that X x g W is a scheme. By the case of schemes
(More on Flatness, Theorem we can find a finite type quasi-coherent sheaf of
ideals Z C Ow such that (a) [V(Z)| N e~ 2 (U)| = 0 and (b) the strict transform of
Flxxpw with respect to the blowing up W/ — W in Z becomes flat over W’ and
is a module of finite presentation. Choose a finite type sheaf of ideals J C Op as
in Lemma Let B’ — B be the blowing up of J. We claim that this blowup
works. Namely, it is clear that B’ — B is U-admissible by our choice of ideal 7.
Moreover, the base change B’ xg W — W is the blowup of W in ¢p~'J = IT'
(compatibility of blowup with flat base change, see Divisors on Spaces, Lemma
17.3). Hence there is a factorization

WxgB =W =W

where the first morphism is a blowup as well, see Divisors on Spaces, Lemma
17.10). The restriction of F' (which lives on B’ xg X) to W xp B’ xp X is the
strict transform of F|xx,w (Divisors on Spaces, Lemma and hence is the
twice repeated strict transform of F|xx,w by the two blowups displayed above
(Divisors on Spaces, Lemma . After the first blowup our sheaf is already flat
over the base and of finite presentation (by construction). Whence this holds after
the second strict transform as well (since this is a pullback by Divisors on Spaces,
Lemma. Thus we see that the restriction of 7’ to an étale cover of B’ xg X
has the desired properties and the theorem is proved. ([

39. Applications
In this section we apply the result on flattening by blowing up.

Lemma 39.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let U C B be an open subspace. Assume

(1) B is quasi-compact and quasi-separated,

(2) U is quasi-compact,

(3) f: X — B is of finite type and quasi-separated, and
(4) f~YU) — U is flat and locally of finite presentation.

Then there exists a U-admissible blowup B’ — B such that the strict transform X'
of X is flat and of finite presentation over B’.

Proof. Let B — B be a U-admissible blowup. Note that the strict transform of
X is quasi-compact and quasi-separated over B’ as X is quasi-compact and quasi-
separated over B. Hence we only need to worry about finding a U-admissible blowup
such that the strict transform becomes flat and locally of finite presentation. We
cannot directly apply Theorem [38:2] because X is not locally of finite presentation
over B.
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Choose an affine scheme V' and a surjective étale morphism V' — X. (This is
possible as X is quasi-compact as a finite type space over the quasi-compact space
B.) Then it suffices to show the result for the morphism V' — B (as strict transform
commutes with étale localization, see Divisors on Spaces, Lemma . Hence we
may assume that X — B is separated as well as finite type. In this case we can find
a closed immersion i : X — Y with Y — B separated and of finite presentation,
see Limits of Spaces, Proposition

Apply Theoremto F =14,0x onY/B. We find a U-admissible blowup B’ — B
such that strict transform of F is flat over B’ and of finite presentation. Let X’ be
the strict transform of X under the blowup B’ — B. Let i’ : X’ — Y xg B’ be
the induced morphism. Since taking strict transform commutes with pushforward
along affine morphisms (Divisors on Spaces, Lemma [18.F)), we see that i}, Ox is flat
over B’ and of finite presentation as a Oy x /- module. Thus X — B’ is flat and
locally of finite presentation. This implies the lemma by our earlier remarks. [

Lemma 39.2. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let U C B be an open subspace. Assume
(1) B is quasi-compact and quasi-separated,
(2) U is quasi-compact,
(3) f: X — B is proper, and
(4) f~YU) — U is finite locally free.
Then there exists a U-admissible blowup B’ — B such that the strict transform X'
of X is finite locally free over B’.

Proof. By Lemma |39.1| we may assume that X — B is flat and of finite presen-
tation. After replacing B by a U-admissible blowup if necessary, we may assume
that U C B is scheme theoretically dense. Then f is finite by Lemma Hence
f is finite locally free by Morphisms of Spaces, Lemma [46.6 O

Lemma 39.3. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let U C B be an open subspace. Assume
(1) B is quasi-compact and quasi-separated,
(2) U is quasi-compact,
(3) f: X — B is proper, and

(4) f~Y(U) — U is an isomorphism.
Then there exists a U-admissible blowup B’ — B such that the strict transform X'
of X maps isomorphically to B’.
Proof. By Lemma we may assume that X — B is flat and of finite presenta-
tion. After replacing B by a U-admissible blowup if necessary, we may assume that
U C B is scheme theoretically dense. Then f is finite by Lemma and an open
immersion by Lemma Hence f is an open immersion whose image is closed
and contains the dense open U, whence f is an isomorphism. O

Lemmal 39.4. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let U C B be an open subspace. Assume

(1

(2
(3
(4

) B quasi-compact and quasi-separated,
) U is quasi-compact,
)
) f

f is of finite type
YU) — U is an isomorphism.
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Then there exists a U-admissible blowup B' — B such that U is scheme theoretically
dense in B’ and such that the strict transform X' of X maps isomorphically to an
open subspace of B'.

Proof. This lemma is a generalization of Lemma As the composition of
U-admissible blowups is U-admissible (Divisors on Spaces, Lemma we can
proceed in stages. Pick a finite type quasi-coherent sheaf of ideals Z C Op with
|B|\|U| = |V(Z)|. Replace B by the blowup of B in Z and X by the strict transform
of X. After this replacement B\ U is the support of an effective Cartier divisor D
(Divisors on Spaces, Lemma . In particular U is scheme theoretically dense
in B (Divisors on Spaces, Lemma . Next, we do another U-admissible blowup
to get to the situation where X — B is flat and of finite presentation, see Lemma
Note that U is still scheme theoretically dense in B. Hence X — B is an
open immersion by Lemma [37.5 (]

The following lemma says that a modification can be dominated by a blowup.

Lemma 39.5. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let U C B be an open subspace. Assume

(1) B is quasi-compact and quasi-separated,
(2) U is quasi-compact,
(3) f:X — B is proper,
(4) f~YU) — U us an isomorphism.
Then there exists a U-admissible blowup B’ — B which dominates X, i.e., such
that there exists a factorization B’ — X — B of the blowup morphism.

Proof. By Lemma we may find a U-admissible blowup B’ — B such that the
strict transform X’ maps isomorphically to B’. Then we can use B’ = X’ — X as
the factorization. O

Lemma 39.6. Let S be a scheme. Let X, Y be algebraic spaces over S. Let
UCW CY be open subspaces. Let f : X — W and let s : U — X be morphisms
such that f os = idy. Assume

(1) f is proper,

(2) Y is quasi-compact and quasi-separated, and

(3) U and W are quasi-compact.

Then there exists a U-admissible blowup b : Y' — 'Y and a morphism s’ : b1 (W) —
X eatending s with f o s = bly-1(w.

Proof. We may and do replace X by the scheme theoretic image of s. Then
X — W is an isomorphism over U, see Morphisms of Spaces, Lemma By
Lemmathere exists a U-admissible blowup W’ — W and an extension W/ — X
of s. We finish the proof by applying Divisors on Spaces, Lemma to extend
W' — W to a U-admissible blowup of Y. O

40. Chow’s lemma

In this section we prove Chow’s lemma (Lemma [40.5). We encourage the reader
to take a look at Cohomology of Spaces, Section [I§| for a weak version of Chow’s
lemma that is easy to prove and sufficient for many applications.
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Since we have yet to define projective morphisms of algebraic spaces, the state-
ments of lemmas (see for example Lemma [40.2)) will involve representable proper
morphisms, rather than projective ones.

Lemma 40.1. Let S be a scheme. Let Y be a quasi-compact and quasi-separated
algebraic space over S. Let U — X7 and U — Xo be open immersions of algebraic
spaces over Y and assume U, X1, Xy of finite type and separated over Y. Then
there exists a commutative diagram

X —X<—X]

I\

Xi=—U——= X5

of algebraic spaces over Y where X! — X; is a U-admissible blowup, X! — X is
an open immersion, and X is separated and finite type over Y .

Proof. Throughout the proof all the algebraic spaces will be separated of finite
type over Y. This in particular implies these algebraic spaces are quasi-compact
and quasi-separated and that the morphisms between them will be quasi-compact
and separated. See Morphisms of Spaces, Sections [] and We will use that if
U — W is an immersion of such spaces over Y, then the scheme theoretic image
Z of U in W is a closed subspace of W and U — Z is an open immersion, U C Z
is scheme theoretically dense, and |U| C |Z| is dense. See Morphisms of Spaces,

Lemma 7.7

Let X152 C X7 Xy X5 be the scheme theoretic image of U — X; Xy X5. The
projections p; : X12 — X, induce isomorphisms p; 1(U ) — U by Morphisms of
Spaces, Lemma Choose a U-admissible blowup X! — X; such that the strict
transform X{, of Xi2 is isomorphic to an open subspace of X!, see Lemma m
Let Z; C Ox;, be the corresponding finite type quasi-coherent sheaf of ideals. Recall
that X%, — X5 is the blowup in pi_lIiOXm, see Divisors on Spaces, Lemmam
Let X|, be the blowup of X5 in pl_lllpz_lIz Ox,,, see Divisors on Spaces, Lemma
for what this entails. We obtain a commutative diagram

5 2
12 X12

L

1
Xipg — X12

where all the morphisms are U-admissible blowing ups. Since X1, C X/ is an open
we may choose a U-admissible blowup X — X! restricting to X], — X1,, see
Divisors on Spaces, Lemma Then X, C X/ is an open subspace and the
diagram

Xy — X|

L

i i
Xip — Xj
is commutative with vertical arrows blowing ups and horizontal arrows open immer-

sions. Note that X{, — X{ Xy X} is an immersion and proper (use that X{, — X2
is proper and X152 — X; Xy Xs is closed and X{ xy X} — X Xy X» is separated
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and apply Morphisms of Spaces, Lemma [40.6). Thus X{, — X| xy X} is a closed
immersion. If we define X by glueing X| and X/ along the common open subspace
X1,, then X — Y is of finite type and Separate(fl As compositions of U-admissible
blowups are U-admissible blowups (Divisors on Spaces, Lemma the lemma is
proved. ([l

Lemma 40.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let U C X be an open subspace. Assume

(1

U is quasi-compact,

)
(2) Y is quasi-compact and quasi-separated,
(3) there exists an immersion U — P} over Y,
(4) f is of finite type and separated.
Then there exists a commutative diagram
U \
X X’

N

where the arrows with source U are open immersions, X' — X is a U-admissible
blowup, X' — Z' is an open immersion, Z' — Y is a proper and representable
morphism of algebraic spaces. More precisely, Z' — Z is a U-admissible blowup
and Z — PY. is a closed immersion.

Proof. Let Z C Py be the scheme theoretic image of the immersion U — P¥%.

Since U — P} is quasi-compact we see that U C Z is a (scheme theoretically)
dense open subspace (Morphisms of Spaces, Lemma [17.7)). Apply Lemma to
find a diagram

X’—>Y/<—Z'

I\

X~—U——=Z

with properties as listed in the statement of that lemma. As X’ — X and Z' — Z
are U-admissible blowups we find that U is a scheme theoretically dense open of
both X’ and Z’ (see Divisors on Spaces, Lemmas[17.4and[6.4). Since 2’ — Z —» Y
is proper we see that Z' C X' is a closed subspace (see Morphisms of Spaces, Lemma
[40.6)). It follows that X’ C Z’ (scheme theoretically), hence X’ is an open subspace
of Z' (small detail omitted) and the lemma is proved. O

Lemma 40.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume [ separated, of finite type, and Y Noetherian. Then there

2Because we may check closedness of the diagonal X — X Xy X over the four open parts
X! xy X]/. of X xy X where it is clear.
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exists a dense open subspace U C X and a commutative diagram

S

X X'

N

Y <— P

where the arrows with source U are open immersions, X' — X is a U-admissible
blowup, X' — Z' is an open itmmersion, Z' — Y is a proper and representable
morphism of algebraic spaces. More precisely, Z' — Z is a U-admissible blowup
and Z — PV is a closed immersion.

Proof. By Limits of Spaces, Lemma there exists a dense open subspace U C X
and an immersion U — A{ over Y. Composing with the open immersion Ay — Py
we obtain a situation as in Lemma [40.2] and the result follows. O

Remark| 40.4. In Lemmas and the morphism ¢ : Z’ — Y is a composi-
tion of projective morphisms. Presumably (by the analogue for algebraic spaces of
Morphisms, Lemma there exists a g-ample invertible sheaf on Z’. If we ever
need this, then we will state and prove this here.

The following result is [Knu71l IV Theorem 3.1]. Note that the immersion X’ — P}
is quasi-compact, hence can be factored as X’ — Z’ — P where the first morphism
is an open immersion and the second morphism a closed immersion (Morphisms of

Spaces, Lemma [17.7)).

Lemma 40.5 (Chow’s lemma). Let S be a scheme. Let f : X — Y be a morphism
of algebraic spaces over S. Assume f separated of finite type, and Y separated and
Noetherian. Then there exists a commutative diagram

X<—X/—>P§L,
Y

where X' — X is a U-admissible blowup for some dense open U C X and the
morphism X' — PV is an immersion.

Proof. In this first paragraph of the proof we reduce the lemma to the case where
Y is of finite type over Spec(Z). We may and do replace the base scheme S by
Spec(Z). We can write Y = lim Y; as a directed limit of separated algebraic spaces
of finite type over Spec(Z), see Limits of Spaces, Proposition and Lemma
For all ¢ sufficiently large we can find a separated finite type morphism X; — Y;
such that X =Y xy, X;, see Limits of Spaces, Lemmas and Let n1,...,7n
be the generic points of the irreducible components of |X| (X is Noetherian as a
finite type separated algebraic space over the Noetherian algebraic space Y and
therefore |X| is a Noetherian topological space). By Limits of Spaces, Lemma
we find that the images of n1,...,n, in |X;| are distinct for 7 large enough. We
may replace X; by the scheme theoretic image of the (quasi-compact, in fact affine)
morphism X — X;. After this replacement we see that the images of 71,...,7, in

[Knu71l, IV
Theorem 3.1]


https://stacks.math.columbia.edu/tag/088T
https://stacks.math.columbia.edu/tag/088U

089K

089L

MORE ON MORPHISMS OF SPACES 97

| X;| are the generic points of the irreducible components of | X;|, see Morphisms of
Spaces, Lemma Having said this, suppose we can find a diagram

X, <=—X! — Py

NP4

Y

where X! — X, is a U;-admissible blowup for some dense open U; C X; and the
morphism X — P is an immersion. Then the strict transform X’ — X of X
relative to X! — X, is a U-admissible blowing up where U C X is the inverse image
of U; in X. Because of our carefully chosen index i it follows that ny,...,n, € |U]|
and U C X is dense. Moreover, X’ — P{ is an immersion as X’ is closed in
X] xx, X = X] xy, Y which comes with an immersion into P}. Thus we have
reduced to the situation of the following paragraph.

Assume that Y is separated of finite type over Spec(Z). Then X — Spec(Z) is
separated of finite type as well. We apply Lemma to X — Spec(Z) to find a
dense open subspace U C X and a commutative diagram

/T\
\l//

Spec(Z) <— Py

X

with all the properties listed in the lemma. Note that Z has an ample invertible
sheaf, namely Op~(1)|z. Hence Z' — Z is a H-projective morphism by Morphisms,
Lemma It follows that Z’ — Spec(Z) is H-projective by Morphisms, Lemma
43.71 Thus there exists a closed immersion Z' — Pg;ec(z) for some m > 0. It
ollows that the diagonal morphism

X' —»Y x Py =Py
is an immersion (because the composition with the projection to P} is an immer-
sion) and we win. O
41. Variants of Chow’s Lemma

In this section we prove a number of variants of Chow’s lemma dealing with mor-
phisms between non-Noetherian algebraic spaces. The Noetherian versions are
Lemma 403 and Lemma F0.5]

Lemmal 41.1. Let S be a scheme. Let Y be a quasi-compact and quasi-separated
algebraic space over S. Let f : X — Y be a separated morphism of finite type.
Then there exists a commutative diagram

Xe— X —>X

AN

Y
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where X' — X is proper surjective, X' — X' is an open immersion, and X 5y
is proper and representable morphism of algebraic spaces.

Proof. By Limits of Spaces, Proposition [11.7]we can find a closed immersion X —
X7 where X is separated and of finite presentation over Y. Clearly, if we prove
the assertion for X; — Y, then the result follows for X. Hence we may assume
that X is of finite presentation over Y.

We may and do replace the base scheme S by Spec(Z). Write Y = lim; Y; as a
directed limit of quasi-separated algebraic spaces of finite type over Spec(Z), see
Limits of Spaces, Proposition By Limits of Spaces, Lemma [7.1| we can find an
index ¢ € I and a scheme X; — Y; of finite presentation so that X =Y xy, X;. By
Limits of Spaces, Lemma we may assume that X; — Y; is separated. Clearly,
if we prove the assertion for X; over Y;, then the assertion holds for X. The case
X; —Y; is treated by Lemma [40.3] O

Lemma 41.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f separated of finite type, and Y separated and quasi-
compact. Then there exists a commutative diagram

X<—X’—>P’;,

NS

Y

where X' — X is proper surjective morphism and the morphism X' — PY is an
1mmersion.

Proof. By Limits of Spaces, Proposition [I1.7] we can find a closed immersion X —
X, where X is separated and of finite presentation over Y. Clearly, if we prove
the assertion for X; — Y, then the result follows for X. Hence we may assume
that X is of finite presentation over Y.

We may and do replace the base scheme S by Spec(Z). Write Y = lim; Y; as a
directed limit of quasi-separated algebraic spaces of finite type over Spec(Z), see
Limits of Spaces, Proposition By Limits of Spaces, Lemma [5.9) we may assume
that Y; is separated for all . By Limits of Spaces, Lemma[7.1] we can find an index
¢ € I and a scheme X; — Y; of finite presentation so that X =Y Xy, X;. By
Limits of Spaces, Lemma we may assume that X; — Y; is separated. Clearly,
if we prove the assertion for X; over Y;, then the assertion holds for X. The case
X; —Y; is treated by Lemma [40.5 O

42. Grothendieck’s existence theorem

In this section we discuss Grothendieck’s existence theorem for algebraic spaces.
Instead of developing a theory of “formal algebraic spaces” we temporarily develop
a bit of language that replaces the notion of a “coherent module on a Noetherian
adic formal space”.

Let S be a scheme. Let X be a Noetherian algebraic space over S. Let Z C Ox
be a quasi-coherent sheaf of ideals. Below we will consider inverse systems (F,,) of
coherent O x-modules such that

(1) F, is annihilated by Z™, and
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(2) the transition maps induce isomorphisms Fy,1+1/Z"Fpt1 — Fn-

A morphism « : (F;,) — (G,) of such inverse systems is simply a compatible system
of morphisms «,, : F,, = G,. Let us denote the category of these inverse systems
with Coh(X,Z). We will develop some theory regarding these systems that will
parallel to the corresponding results in the case of schemes, see Cohomology of

Schemes, Sections and

Functoriality. Let f : X — Y be a morphism of Noetherian algebraic spaces over a
scheme S, and let J C Oy be a quasi-coherent sheaf of ideals. Set Z = f~'J70O0x.
In this situation there is a functor

F* 1 Coh(Y, J) — Coh(X,T)

which sends (G,,) to (f*G,). Compare with Cohomology of Schemes, Lemma [23.9]
If f is étale, then we may think of this as simply the restriction of the system to
X, see Properties of Spaces, Equation [26.1.1

Etale descent. Let S be a scheme. Let Uy — X be a surjective étale morphism of
Noetherian algebraic spaces. Set U; = Uy X x Uy and Us = Uy xx Uy X x Uy. Let
T C Ox be a quasi-coherent sheaf of ideals. Set Z; = Z|y,. In this situation we
obtain a diagram of categories

Coh(X,T) — Coh(Uy, Ty) === Coh(Uy,T,) —= Coh(Us, T»)

an the first arrow presents Coh(X,Z) as the homotopy limit of the right part of
the diagram. More precisely, given a descent datum, i.e., a pair ((G,), ) where
(Gn) is an object of Coh(Uy,Zy) and ¢ : pr§(Gn) — pri(Gn) is an isomorphism
in Coh(Uy,Z) satisfying the cocycle condition in Coh(Usz,Zs), then there exists
a unique object (F,) of Coh(X,Z) whose associated canonical descent datum is
isomorphic to ((Gn), ¢). Compare with Descent on Spaces, Deﬁnition The proof
of this statement follows immediately by applying Descent on Spaces, Proposition
to the descent data (G, ¢,) for varying n.

Lemma 42.1. Let S be a scheme. Let X be a Noetherian algebraic space over S
and let T C Ox be a quasi-coherent sheaf of ideals.

(1) The category Coh(X,T) is abelian.
(2) Ezactness in Coh(X,T) can be checked étale locally.

(3) For any flat morphism f : X' — X of Noetherian algebraic spaces the
functor f* : Coh(X,T) — Coh(X', f1IOx/) is exact.

Proof. Proof of (1). Choose an affine scheme Uy and a surjective étale mor-
phism U() — X. Set Uy = Uy Xx Uo and U; = Uo Xx Uy Xx Uo as in our
discussion of étale descent above. The categories Coh(U;,Z;) are abelian (Co-
homology of Schemes, Lemma and the pullback functors are exact func-
tors Coh(Uy,Zy) — Coh(Uy,Z7) and Coh(Uy,Z,) — Coh(Usz,Z3) (Cohomology of
Schemes, Lemma . The lemma then follows formally from the description of
Coh(X,T) as a category of descent data. Some details omitted; compare with the
proof of Groupoids, Lemma [14.6
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Part (2) follows immediately from the discussion in the previous paragraph. In the
situation of (3) choose a commutative diagram

U ——=U

|

X —=X

where U’ and U are affine schemes and the vertical morphisms are surjective étale.
Then U’ — U is a flat morphism of Noetherian schemes (Morphisms of Spaces,
Lemma whence the pullback functor Coh(U,ZOy) — Coh(U',ZOy) is ex-
act by Cohomology of Schemes, Lemma Since we can check exactness in
Coh(X,0x) on U and similarly for X', U’ the assertion follows. O

Lemmal 42.2. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let T C Ox be a quasi-coherent sheaf of ideals. A map (Fp) — (Gn) is
surjective in Coh(X,T) if and only if F1 — G1 is surjective.

Proof. We can check on an affine étale cover of X by Lemma Thus we reduce
to the case of schemes which is Cohomology of Schemes, Lemma [23.3 (]

Let S be a scheme. Let X be a Noetherian algebraic space over S and let Z C Ox
be a quasi-coherent sheaf of ideals. There is a functor

(42.2.1) Coh(Ox) — Coh(X,T), Fw+— F"
which associates to the coherent Ox-module F the object F" = (F/I"F) of
Coh(X,T).

Lemmal 42.3. The functor (42.2.1)) is exact.

Proof. It suffices to check this étale locally on X, see Lemma Thus we reduce
to the case of schemes which is Cohomology of Schemes, Lemma O

Lemma 42.4. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let T C Ox be a quasi-coherent sheaf of ideals. Let F, G be coherent Ox -
modules. Set H = Homoy (F,G). Then

lim H°(X, H/I"H) = Mor con(x,7) (F",G").

Proof. Since H is a sheaf on X4 and since we have étale descent for objects
of Coh(X,T) it suffices to prove this étale locally. Thus we reduce to the case of
schemes which is Cohomology of Schemes, Lemma [23.5 (]

We introduce the setting that we will focus on throughout the rest of this section.

Situation 42.5. Here A is a Noetherian ring complete with respect to an ideal 1.
Also f: X — Spec(A) is a finite type separated morphism of algebraic spaces and
Z=10x%.

In this situation we denote

Cbhsupport proper over A(OX)

be the full subcategory of Coh(Ox) consisting of those coherent O x-modules whose
support is proper over Spec(A), or equivalently whose scheme theoretic support is
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proper over Spec(A), see Derived Categories of Spaces, Lemma Similarly, we
let

C’Ohsupport proper over A(X;I)

be the full subcategory of Coh(X,T) consisting of those objects (F,) such that the
support of Fj is proper over Spec(A). Since the support of a quotient module is
contained in the support of the module, it follows that (42.2.1]) induces a functor

(4251) Co}lsupport proper over A(OX) — C’Ohsupport proper over A(sz)
Our first result is that this functor is fully faithful.

Lemma 42.6. In Situation . Let F, G be coherent Ox-modules. Assume that
the intersection of the supports of F and G is proper over Spec(A). Then the map

Mor cono ) (F,G) — Mor conx.,z)(F",G")
coming from is a bijection. In particular, is fully faithful.

Proof. Let H = Homo, (G, F). This is a coherent Ox-module because its restric-
tion of schemes étale over X is coherent by Modules, Lemma By Lemma [42.4
the map

lim, H(X, H/I"H) — Morgon(x,1)(G", F")

is bijective. Let ¢ : Z — X be the scheme theoretic support of H. It is clear that Z
is a closed subspace such that |Z| is contained in the intersection of the supports
of F and G. Hence Z — Spec(A) is proper by assumption (see Derived Categories
of Spaces, Section . Write H = 1, H’ for some coherent Oz-module H’. We have
i«(H'/T"H') = H/I™H. Hence we obtain

lim, H*(X,H/I"H) = lim,, H*(Z,H'/T"H)
=H(Z,H)
= H(X,H)
= Mor conioy)(F,G)

the second equality by the theorem on formal functions (Cohomology of Spaces,
Lemma [22.6]). This proves the lemma. O

Remark| 42.7. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let Z, K C Ox be quasi-coherent sheaves of ideals. Let a: (F,) — (Gp) be
a morphism of Coh(X,T). Given an affine scheme U = Spec(A) and a surjective
étale morphism U — X denote I, K C A the ideals corresponding to the restrictions
T|y,K|u. Denote ayy : M — N of finite A”-modules which corresponds to |y via
Cohomology of Schemes, Lemma We claim the following are equivalent

(1) there exists an integer ¢ > 1 such that Ker(a,,) and Coker(c,) are annihi-
lated by Kt for all n > 1,

(2) for any (or some) affine open Spec(A) = U C X as above the modules
Ker(ay) and Coker(ay) are annihilated by K* for some integer ¢ > 1.

If these equivalent conditions hold we will say that « is a map whose kernel and
cokernel are annihilated by a power of K. To see the equivalence we refer to Coho-
mology of Schemes, Remark
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Lemma 42.8. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let T C Ox be a quasi-coherent sheaf of ideals. Let G be a coherent Ox-
module, (F,) an object of Coh(X,I), and v : (F,) — G a map whose kernel and
cokernel are annihilated by a power of Z. Then there exists a unique (up to unique
isomorphism) triple (F,a, ) where

(1) F is a coherent Ox-module,

(2) a:F — G is an Ox-module map whose kernel and cokernel are annihilated

by a power of T,
(3) B:(Fn) — F" is an isomorphism, and
(4) a=a"op.

Proof. The uniqueness and étale descent for objects of Coh(X,Z) and Coh(Ox)
implies it suffices to construct (F,a, 3) étale locally on X. Thus we reduce to the
case of schemes which is Cohomology of Schemes, Lemma [23.6 d

Lemma 42.9. In Situation . Let K C Ox be a quasi-coherent sheaf of ideals.
Let X, C X be the closed subspace cut out by K¢. Let T, = ZOx,. Let (F,) be an
object of Cohsypport proper over A(X,T). Assume
(1) the functor COhsupport proper over A(OXS) — OOhsupport proper over A(Xeyze)
s an equivalence for all e > 1, and
(2) there exists an object H of Cohgupport proper over A(Ox) and a map « :
(Fn) — H” whose kernel and cokernel are annihilated by a power of K.

Then (F,) is in the essential image of (42.5.1).

Proof. During this proof we will use without further mention that for a closed
immersion ¢ : Z — X the functor i, gives an equivalence between the category of
coherent modules on Z and coherent modules on X annihilated by the ideal sheaf
of Z, see Cohomology of Spaces, Lemma In particular we think of

COhsupport proper over A(OXe) C C’Ohsupport proper over A(OX)

as the full subcategory of consisting of modules annihilated by K¢ and

COhsupport proper over A(Xe»Ie) C COhsupport proper over A(X; I)

as the full subcategory of objects annihilated by K¢. Moreover (1) tells us these
two categories are equivalent under the completion functor (42.5.1]).

Applying this equivalence we get a coherent Ox-module G, annihilated by K¢ cor-
responding to the system (F,,/K°F,) of Cohsupport proper over 4(X,Z). The maps
Fn/KTrF, — F./K¢F, correspond to canonical maps G.y1 — G, which in-
duce isomorphisms Ge11/K¢Ge11 — G.. We obtain an object (G.) of the category
Cohsupport proper over A(X,K). The map « induces a system of maps

Fn/KEF, — H/(Z" + K)H

whence maps G, — H/K®H (by the equivalence of categories again). Let t > 1
be an integer, which exists by assumption (2), such that X! annihilates the kernel
and cokernel of all the maps F,, — H/Z"H. Then K?' annihilates the kernel and
cokernel of the maps F,, /KC°F,, = H /(2" +K°)H (details omitted; see Cohomology
of Schemes, Remark . Whereupon we conclude that K% annihilates the kernel
and the cokernel of the maps

Ge — H/KH,
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(details omitted; see Cohomology of Schemes, Remark [25.1). We apply Lemma
[ 428 to obtain a coherent Ox-module F, a map a : F — H and an isomor-
phism 8 : (G.) = (F/K°F) in Coh(X,K). Working backwards, for a given n the
triple (F/Z"F,a mod I", 8 mod Z") is a triple as in the lemma for the morphism
oy, mod K¢ 1 (F,/KeF,) — (H/(Z™ + K¢)H) of Coh(X,K). Thus the uniqueness
in Lemma m gives a canonical isomorphism F/I"F — F, compatible with all
the morphisms in sight.

To finish the proof of the lemma we still have to show that the support of F is
proper over A. By construction the kernel of a : F — H is annihilated by a power
of IC. Hence the support of this kernel is contained in the support of G;. Since Gy
is an object of Cohsupport proper over 4(Ox, ) We see this is proper over A. Combined
with the fact that the support of H is proper over A we conclude that the support
of F is proper over A by Derived Categories of Spaces, Lemma [7.6] ([

Lemmal 42.10. Let S be a scheme. Let f : X — Y be a representable proper
morphism of Noetherian algebraic spaces over S. Let J,K C Oy be quasi-coherent
sheaves of ideals. Assume f is an isomorphism over V.= Y \ V(K). Set T =
71T Ox. Let (Gn) be an object of Coh(Y,T), let F be a coherent Ox-module, and
let B:(f*Gn) — F" be an isomorphism in Coh(X,T). Then there exists a map

a:(Gn) — (foF)"
in Coh(Y,J) whose kernel and cokernel are annihilated by a power of K.

Proof. Since f is a proper morphism we see that f.F is a coherent Oy-module
(Cohomology of Spaces, Lemma [20.2). Thus the statement of the lemma makes
sense. Consider the compositions

Yo i Gn = fouf G — fu(F/I™F).

Here the first map is the adjunction map and the second is f.5,. We claim that
there exists a unique « as in the lemma such that the compositions

Go = [ F|T" foF = fu(F/T"F)

equal v, for all n. Because of the uniqueness and étale descent for Coh(Y,T) it
suffices to prove this étale locally on Y. Thus we may assume Y is the spectrum of
a Noetherian ring. As f is representable we see that X is a scheme as well. Thus
we reduce to the case of schemes, see proof of Cohomology of Schemes, Lemma
25.3] O

Theorem 42.11 (Grothendieck’s existence theorem). In Situation the func-
tor (42.5.1) is an equivalence.

Proof. We will use the equivalence of categories of Cohomology of Spaces, Lemma
without further mention in the proof of the theorem. By Lemma the
functor is fully faithful. Thus we need to prove the functor is essentially surjective.

Consider the collection = of quasi-coherent sheaves of ideals I C Ox such that the
statement holds for every object (Fy,) of Cohsupport proper over 4(X,Z) annihilated
by K. We want to show (0) is in Z. If not, then since X is Noetherian there
exists a maximal quasi-coherent sheaf of ideals K not in =, see Cohomology of
Spaces, Lemmal[I3.1] After replacing X by the closed subscheme of X corresponding
to K we may assume that every nonzero K is in E. Let (F,) be an object of
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Cohsupport proper over 4(X,Z). We will show that this object is in the essential image,
thereby completing the proof of the theorem.

Apply Chow’s lemma (Lemma to find a proper surjective morphism f:Y —
X which is an isomorphism over a dense open U C X such that Y is H-quasi-
projective over A. Note that Y is a scheme and f representable. Choose an open
immersion j : Y — Y’ with Y’ projective over A, see Morphisms, Lemma[43.11] Let
T,, be the scheme theoretic support of F,,. Note that |T,,| = |T}], hence T,, is proper
over A for all n (Morphisms of Spaces, Lemma[40.7). Then f*F,, is supported on the
closed subscheme f~1T;, which is proper over A (by Morphisms of Spaces, Lemma
and properness of f). In particular, the composition f =T}, — Y — Y is closed
(Morphisms, Lemma . Let T, C Y’ be the corresponding closed subscheme; it
is contained in the open subscheme Y and equal to f~'T), as a closed subscheme
of Y. Let F| be the coherent Oy-module corresponding to f*F, viewed as a
coherent module on Y’ via the closed immersion f~'T,, = T/, C Y’. Then (F})
is an object of Coh(Y’,IOy/). By the projective case of Grothendieck’s existence
theorem (Cohomology of Schemes, Lemma there exists a coherent Oy/-module
F' and an isomorphism (F')" = (F)) in Coh(Y',IOy+). Let Z' C Y’ be the
scheme theoretic support of F'. Since F'/IF' = F| we see that Z' NV (IOy:) =T}
set-theoretically. The structure morphism p’ : Y’ — Spec(A) is proper, hence
P (Z'N(Y'\Y)) is closed in Spec(A). If nonempty, then it would contain a point
of V(I) as I is contained in the Jacobson radical of A (Algebra, Lemma [96.6]). But
we’'ve seen above that Z' N (p/) "'V (I) = T{ C Y hence we conclude that Z’ C Y.
Thus F’|y is supported on a closed subscheme of Y proper over A.

Let K be the quasi-coherent sheaf of ideals cutting out the reduced complement
X \ U. By Cohomology of Spaces, Lemma the Ox-module H = f,F' is
coherent and by Lemma there exists a morphism « : (F,) — H”" in the
category Cohsupport proper over 4(X,Z) whose kernel and cokernel are annihilated by
a power of . Let Zy C X be the scheme theoretic support of H. It is clear that
|Zo| € f(|Z']). Hence Zy — Spec(A) is proper (Morphisms of Spaces, Lemmal[40.7)).
Thus #H is an object of Cohsupport proper over A(Ox). Since each of the sheaves of
ideals K¢ is an element of = we see that the assumptions of Lemma[2.9] are satisfied
and we conclude. O

Remark 42.12 (Unwinding Grothendieck’s existence theorem). Let A be a Noe-
therian ring complete with respect to an ideal I. Write S = Spec(A4) and S,, =
Spec(A/I™). Let X — S be a morphism of algebraic spaces that is separated and
of finite type. For n > 1 we set X,, = X xg S,. Picture:

Xl P X2 ; X3 X
Sl 52 Sg S

In this situation we consider systems (F,, ¢, ) where
(1) F, is a coherent Ox, -module,
(2) @n ik Fny1 — Fn is an isomorphism, and
(3) Supp(F1) is proper over Si.
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Theorem [42.11] says that the completion functor

coherent O x-modules F systems (F,,)
. —
with support proper over A as above

is an equivalence of categories. In the special case that X is proper over A we can
omit the conditions on the supports.

43. Grothendieck’s algebraization theorem

This section is the analogue of Cohomology of Schemes, Section However, this
section is missing the result on algebraization of deformations of proper algebraic
spaces endowed with ample invertible sheaves, as a proper algebraic space which
comes with an ample invertible sheaf is already a scheme. We do have an alge-
braization result on proper algebraic spaces of relative dimension 1. Our first result
is a translation of Grothendieck’s existence theorem in terms of closed subschemes
and finite morphisms.

Lemma 43.1. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S, = Spec(A/I™). Let X — S be a morphism of algebraic
spaces that is separated and of finite type. Forn > 1 we set X,, = X xgS,,. Suppose
given a commutative diagram

A Zy Zs
X — Xy — s X

of algebraic spaces with cartesian squares. Assume that

(1) Z1 — Xy is a closed immersion, and
(2) Zy — S is proper.

Then there exists a closed immersion of algebraic spaces Z — X such that Z, =
Z Xg Sy for alln > 1. Moreover, Z is proper over S.

Proof. Let’s write j, : Z, — X, for the vertical morphisms. As the squares in the
statement are cartesian we see that the base change of j,, to X7 is j;. Thus Limits
of Spaces, Lemma shows that j,, is a closed immersion. Set F,, = j, Oz, ,
so that j# is a surjection Oy, — F,. Again using that the squares are cartesian
we see that the pullback of F,4+1 to X, is F,,. Hence Grothendieck’s existence
theorem, as reformulated in Remark [A2.12] tells us there exists a map Ox — F of
coherent Ox-modules whose restriction to X, recovers Ox, — F,. Moreover, the
support of F is proper over S. As the completion functor is exact (Lemma
we see that Ox — F is surjective. Thus F = Ox/J for some quasi-coherent sheaf
of ideals J. Setting Z = V(J) finishes the proof. O

Lemma 43.2. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S,, = Spec(A/I™). Let X — S be a morphism of algebraic
spaces that is separated and of finite type. Forn > 1 we set X,, = X xgS,,. Suppose
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given a commutative diagram

Yi Y, Ys
X —1s Xy —2 s Xy

of algebraic spaces with cartesian squares. Assume that

(1) Y1 — Xy is a finite morphism, and

(2) Y1 — Sy is proper.
Then there exists a finite morphism of algebraic spaces Y — X such that Y, =
Y x5Sy for alln > 1. Moreover, Y is proper over S.

Proof. Let’s write f, : Y,, — X, for the vertical morphisms. As the squares in the
statement are cartesian we see that the base change of f,, to X; is f;. Thus Lemma
shows that f,, is a finite morphism. Set F,, = f,, Oy, . Using that the squares
are cartesian we see that the pullback of F, 11 to X,, is F,,. Hence Grothendieck’s
existence theorem, as reformulated in Remark [I2.12] tells us there exists a coherent
Ox-module F whose restriction to X,, recovers JF,. Moreover, the support of F
is proper over S. As the completion functor is fully faithful (Theorem we
see that the multiplication maps F,, ®o, Fn — Fp fit together to give an algebra
structure on F. Setting Y = %X(]—") finishes the proof. O

Lemma 43.3. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S, = Spec(A/I™). Let X, Y be algebraic spaces over S.
Forn>1 we set X, =X xgS, andY,, =Y XxgS,. Suppose given a compatible
system of commutative diagrams

n+1

/ >/ o
n+1
Assume that

(1) X — S is proper, and

(2) Y — S is separated of finite type.
Then there exists a unique morphism of algebraic spaces g : X — Y over S such
that g, is the base change of g to Sy,.

Proof. The morphisms (1,g,) : X, — X, Xg Y, are closed immersions because
Y, — S, is separated (Morphisms of Spaces, Lemma [4.7). Thus by Lemma
there exists a closed subspace Z C X xgY proper over S whose base change to S,
recovers X, C X,, Xg Y,. The first projection p : Z — X is a proper morphism
(as Z is proper over S, see Morphisms of Spaces, Lemma [40.6)) whose base change
to S, is an isomorphism for all n. In particular, p : Z — X is quasi-finite on
an open subspace of Z containing every point of Zj for example by Morphisms of
Spaces, Lemma As Z is proper over S this open neighbourhood is all of Z.
We conclude that p : Z — X is finite by Zariski’s main theorem (for example apply
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Lemma [34.3] and use properness of Z over X to see that the immersion is a closed
immersion). Applying the equivalence of Theorem we see that p, Oz = Ox
as this is true modulo I™ for all n. Hence p is an isomorphism and we obtain the
morphism g as the composition X = Z — Y. We omit the proof of uniqueness. [

Remark 43.4. We can ask if in Grothendieck’s algebraization theorem (in the
form of Lemma , we can get by with weaker separation axioms on the target.
Let us be more precise. Let A, I, S, S,, X, Y, X,, Y,, and g, be as in the
statement of Lemma and assume that

(1) X — S is proper, and

(2) Y — S is locally of finite type.
Does there exist a morphism of algebraic spaces g : X — Y over S such that g, is
the base change of g to S,,7 We don’t know the answer in general; if you do please
email stacks.project@gmail.com. If Y — S is separated, then the result holds by
the lemma (there is an immediate reduction to the case where X is finite type
over S, by choosing a quasi-compact open containing the image of ¢1). If we only
assume Y — S is quasi-separated, then the result is true as well. First, as before we
may assume Y is quasi-compact as well as quasi-separated. Then we can use either
[Bhal6] or from [HR19] to algebraize (g, ). Namely, to apply the first reference, we
use

lim Lg;,

Dyer s (X) = 1 Dyer (X)) 22222 Yim Dy (Yi) = Dyer s (¥)
where the last step uses a Grothendieck existence result for the derived category
of the proper algebraic space Y over R (compare with Flatness on Spaces, Remark
. The paper cited shows that this arrow determines a morphism Y — X as
desired. To apply the second reference we use the same argument with coherent
modules:

Coh(Ox) — lim Coh(Ox., ) 9, lim Coh(Oy,) = Coh(Oy)

where the final equality is a consequence of Grothendieck’s existence theorem (The-
orem . The second reference tells us that this functor corresponds to a mor-
phism Y — X over R. If we ever need this generalization we will precisely state
and carefully prove the result here.

Lemma 43.5. Let (A, m, k) be a complete local Noetherian ring. Set S = Spec(A)
and S,, = Spec(A/m™). Consider a commutative diagram

X —= Xy — Xy
Sy Ss Ss

of algebraic spaces with cartesian squares. If dim(X;) < 1, then there exists a pro-
jective morphism of schemes X — S and isomorphisms X, =2 X xg S, compatible
with iy,.

Proof. By Spaces over Fields, Lemma the algebraic space X7 is a scheme.
Hence X; is a proper scheme of dimension < 1 over k. By Varieties, Lemma [43.4
we see that X, is H-projective over k. Let £ be an ample invertible sheaf on X;.

We are going to show that £ lifts to a compatible system {£,,} of invertible sheaves
on {X,}. Observe that X, is a scheme too by Lemma Recall that X7 — X,
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induces homeomorphisms of underlying topological spaces. In the rest of the proof
we do not distinguish between sheaves on X, and sheaves on X;. Suppose, given
a lift £,, to X,,. We consider the exact sequence

1—-(1+m"0x,,,)" = 0%, , =0, =1

of sheaves on X, y1. The class of £, in H'(X,, (’)}n) (see Cohomology, Lemma

can be lifted to an element of H!(X,, 1, 0%, ,,) if and only if the obstruction

in H*(X,41, (14 m"Ox,,,,)*) is zero. As X is a Noetherian scheme of dimension
< 1 this cohomology group vanishes (Cohomology, Proposition [20.7]).

By Grothendieck’s algebraization theorem (Cohomology of Schemes, Theorem [28.4))
we find a projective morphism of schemes X — S = Spec(A) and a compatible
system of isomorphisms X,, =5, xg X. O

Lemma 43.6. Let (A,m, k) be a complete Noetherian local ring. Let X be an
algebraic space over Spec(A). If X — Spec(A) is proper and dim(X,) < 1, then X
is a scheme projective over A.

Proof. Set X,, = X Xgpec(a)Spec(A/m”™). By Lemmathere exists a projective
morphism Y — Spec(A) and compatible isomorphisms Y Xgpec(a) Spec(A/m™) =
X Xgpec(a) Spec(A/m™). By Lemma we see that X = Y and the proof is
complete. O

44. Regular immersions

This section is the analogue of Divisors, Section for morphisms of algebraic
spaces. The reader is encouraged to read up on regular immersions of schemes in
that section first.

In Divisors, Section [21] we defined four types of regular immersions for morphisms
of schemes. Of these only three are (as far as we know) local on the target for the
étale topology; as usual plain old regular immersions aren’t. This is why for mor-
phisms of algebraic spaces we cannot actually define regular immersions. (These
kinds of annoyances prompted Grothendieck and his school to replace original no-
tion of a regular immersion by a Koszul-regular immersions, see [BGI71, Exposee
VII, Definition 1.4].) But we can define Koszul-regular, H;-regular, and quasi-
regular immersions. Another remark is that since Koszul-regular immersions are
not preserved by arbitrary base change, we cannot use the strategy of Morphisms
of Spaces, Section [3| to define them. Similarly, as Koszul-regular immersions are
not étale local on the source, we cannot use Morphisms of Spaces, Lemma to
define them either. We replace this lemma instead by the following.

Lemma 44.1. Let P be a property of morphisms of schemes which is étale local
on the target. Let S be a scheme. Let f: X — Y be a representable morphism of
algebraic spaces over S. Consider commutative diagrams

XXyV4>V
L,
X ———Y

where V' is a scheme and V' — 'Y 1is étale. The following are equivalent
(1) for any diagram as above the projection X Xy V' — V has property P, and
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(2) for some diagram as above with V- — Y surjective the projection X Xy V —
V' has property P.
If X and Y are representable, then this is also equivalent to f (as a morphism of
schemes) having property P.

Proof. Let us prove the equivalence of (1) and (2). The implication (1) = (2) is
immediate. Assume

XxyV——V X xyV —=V'

P

X ——=Y X Y

are two diagrams as in the lemma. Assume V — Y is surjective and X xy V — V
has property P. To show that (2) implies (1) we have to prove that X xy V' — V'
has P. To do this consider the diagram

XXYV%(X XyV) X x (X XyV’)HX XyV’

| | |

|4 V xy V/ v’

By our assumption that P is étale local on the source, we see that P is preserved
under étale base change, see Descent, Lemma Hence if the left vertical arrow
has P the so does the middle vertical arrow. Since U x x U’ — U’ is surjective and
étale (hence defines an étale covering of U’) this implies (as P is assumed local for
the étale topology on the target) that the left vertical arrow has P.

If X and Y are representable, then we can take idy : Y — Y as our étale covering
to see the final statement of the lemma is true. |

Note that “being a Koszul-regular (resp. Hi-regular, resp. quasi-regular) immer-
sion” is a property of morphisms of schemes which is fpqc local on the target, see
Descent, Lemma [23.32] Hence the following definition now makes sense.

Definition 44.2. Let S be a scheme. Let i : X — Y be a morphism of algebraic
spaces over S.

(1) We say i is a Koszul-regular immersion if i is representable and the equiv-
alent conditions of Lemma hold with P(f) =“f is a Koszul-regular
immersion”.

(2) We say i is an Hy-regular immersion if i is representable and the equivalent
conditions of Lemmahold with P(f) =“f is an H;-regular immersion”.

(3) Wesay i is a quasi-regular immersion if i is representable and the equivalent
conditions of Lemma hold with P(f) =“f is a quasi-regular immer-

sion”.

Lemmal 44.3. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. We have the following implications: i is Koszul-reqular = 1 is H;-
reqular = i is quasi-regular.

Proof. Via the definition this lemma immediately reduces to Divisors, Lemma

212 O
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Lemma 44.4. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Assume X 1is locally Noetherian. Then i is Koszul-reqular < i is
Hy-reqular < i is quasi-reqular.

Proof. Via Definition (and the definition of a locally Noetherian algebraic
space in Properties of Spaces, Section |7)) this immediately translates to the case of
schemes which is Divisors, Lemma [21.3 ([

Lemmal 44.5. Let S be a scheme. Leti : Z — X be a Koszul-reqular, Hi-
reqular, or quasi-regular immersion of algebraic spaces over S. Let X' — X be a
flat morphism of algebraic spaces over S. Then the base change i’ : Z x x X' — X'
is a Koszul-regular, Hy-reqular, or quasi-reqular immersion.

Proof. Via Definition (and the definition of a flat morphism of algebraic spaces
in Morphisms of Spaces, Section this lemma reduces to the case of schemes, see
Divisors, Lemma ([

Lemmal 44.6. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Then i is a quasi-reqular immersion if and only if the following
conditions are satisfied

(1) @ is locally of finite presentation,
(2) the conormal sheaf Cz/x is finite locally free, and

(3) the map is an tsomorphism.

Proof. Follows from the case of schemes (Divisors, Lemma [21.5) via étale local-
ization (use Definition and Lemma [6.2)). O

Lemmal 44.7. Let S be a scheme. Let Z — Y — X be immersions of algebraic
spaces over S. Assume that Z — Y is Hy-regular. Then the canonical sequence of
Lemma 5.4

0— i*Cy/X _>CZ/X — Cz/y —0

is exact and (étale) locally split.

Proof. Since Cz/y is finite locally free (see Lemmaand Lemma it suffices
to prove that the sequence is exact. It suffices to show that the first map is injective
as the sequence is already right exact in general. After étale localization on X this
reduces to the case of schemes, see Divisors, Lemma [21.6 ]

A composition of quasi-regular immersions may not be quasi-regular, see Algebra,
Remark The other types of regular immersions are preserved under composi-
tion.

Lemma 44.8. Let S be a scheme. Leti: Z —Y and j:Y — X be immersions
of algebraic spaces over S.
(1) If i and j are Koszul-reqular immersions, so is j o i.
(2) If i and j are Hy-regular immersions, so is j o i.
(3) If i is an Hy-regular immersion and j is a quasi-regular immersion, then
j o1 is a quasi-reqular immersion.

Proof. Immediate from the case of schemes, see Divisors, Lemma [21. O
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Lemma 44.9. Let S be a scheme. Leti:Z —Y and j:Y — X be immersions
of algebraic spaces over S. Assume that the sequence

0— i*Cy/X — CZ/X — Cz/y —0
of Lemma[5.6 is exact and locally split.
(1) If j oi is a quasi-regular immersion, so is i.

(2) If joi is a Hy-regular immersion, so is i.
(3) If both j and j o i are Koszul-regular immersions, so is .

Proof. Immediate from the case of schemes, see Divisors, Lemma [21.8 ([

Lemmal 44.10. Let S be a scheme. Leti:Z —Y and j:Y — X be immersions
of algebraic spaces over S. Assume X is locally Noetherian. The following are
equivalent

(1) ¢ and j are Koszul regular immersions,
(2) ¢ and j oi are Koszul regular immersions,
(3) joi is a Koszul reqular immersion and the conormal sequence

0— i*Cy/X — CZ/X — CZ/Y —0
is exact and locally split.

Proof. Immediate from the case of schemes, see Divisors, Lemma [21.9 O

45. Relative pseudo-coherence

This section is the analogue of More on Morphisms, Section However, in the
treatment of this material for algebraic spaces we have decided to work exclusively
with objects in the derived category whose cohomology sheaves are quasi-coherent.
There are two reasons for this: (1) it greatly simplifies the exposition and (2) we
currently have no use for the more general notion.

Remark|/45.1. Let S be a scheme. Let f : X — Y be a morphism of representable
algebraic spaces over S which is locally of finite type. Let fy : Xg — Yy be a
morphism of schemes representing f (awkward but temporary notation). Then fy
is locally of finite type. If E is an object of Dgcon(Ox), then E is the pullback of
a unique object Ey in Dgcon(Ox, ), see Derived Categories of Spaces, Lemma
In this situation the phrase “FE is m-pseudo-coherent relative to Y” will be taken to
mean “FEj is m-pseudo-coherent relative to Y;” as defined in More on Morphisms,
Section (9l

Lemma 45.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is locally of finite type. Let m € Z. Let E € Dgcon(Ox).
With notation as explained in Remark[{5.1] the following are equivalent:

(1) for every commutative diagram
U——V
X —Y

where U, V are schemes and the vertical arrows are étale, the complex E|y
is m-pseudo-coherent relative to V.,
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(2) for some commutative diagram as in (1) with U — X surjective, the com-
plex E|y is m-pseudo-coherent relative to V,

(3) for every commutative diagram as in (1) with U and V affine the complex
RT(U, E) of Ox(U)-modules is m-pseudo-coherent relative to Oy (V).

Proof. Part (1) implies (3) by More on Morphisms, Lemma [59.7

Assume (3). Pick any commutative diagram as in (1) with U — X surjective.

Choose an affine open covering V = |J V; and affine open coverings (U — V)~1(V;) =
UUs;. By (3) and More on Morphisms, Lemma [59.7 we sce that E|y is m-pseudo-

coherent relative to V. Thus (3) implies (2).

Assume (2). Choose a commutative diagram

U——V

o

X —Y

where U, V are schemes, the vertical arrows are étale, the morphism U — X is
surjective, and E|y is m-pseudo-coherent relative to V. Next, suppose given a
second commutative diagram

U,HV/

L

X——Y

with étale vertical arrows and U’, V' schemes. We want to show that El|y: is m-
pseudo-coherent relative to V/. The morphism U"” = U xx U’ — U’ is surjective
étale and U” — V' factors through V" = V'’ xy V which is étale over V’. Hence
it suffices to show that E|y~ is m-pseudo-coherent relative to V", see More on
Morphisms, Lemmas and Using the second lemma once more it suffices
to show that E|y~ is m-pseudo-coherent relative to V. This is true by More on
Morphisms, Lemma[59.16|and the fact that an étale morphism of schemes is pseudo-
coherent by More on Morphisms, Lemma O

Definition 45.3. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S which is locally of finite type. Let E be an object of Dgcon(Ox).
Let F be a quasi-coherent Ox-module. Fix m € Z.

(1) We say E is m-pseudo-coherent relative to Y if the equivalent conditions of
Lemma [45.2] are satisfied.

(2) Wesay F is pseudo-coherent relative to Y if E is m-pseudo-coherent relative
to Y for all m € Z.

(3) We say F is m-pseudo-coherent relative to Y if F viewed as an object of
D gcon(Ox) is m-pseudo-coherent relative to Y.

(4) We say F is pseudo-coherent relative to Y if F viewed as an object of
D gcon(Ox) is pseudo-coherent relative to Y.

Most of the properties of pseudo-coherent complexes relative to a base will follow
immediately from the corresponding properties in the case of schemes. We will add
the relevant lemmas here as needed.
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Lemma 45.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let E in Dgcon(Ox). If f is flat and locally of finite presentation,
then the following are equivalent

(1) E is pseudo-coherent relative to Y, and

(2) E is pseudo-coherent on X.

Proof. By étale localization and the definitions we may assume X and Y are
schemes. For the case of schemes this follows from More on Morphisms, Lemma
09.18) O

46. Pseudo-coherent morphisms

This section is the analogue of More on Morphisms, Section [60] for morphisms of
schemes. The reader is encouraged to read up on pseudo-coherent morphisms of
schemes in that section first.

The property “pseudo-coherent” of morphisms of schemes is étale local on the
source-and-target. To see this use More on Morphisms, Lemmas and
and Descent, Lemma[32.6] By Morphisms of Spaces, Lemma [22.1 we may define the
notion of a pseudo-coherent morphism of algebraic spaces as follows and it agrees
with the already existing notion defined in More on Morphisms, Section [60| when
the algebraic spaces in question are representable.

Definition 46.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is pseudo-coherent if the equivalent conditions of Morphisms of
Spaces, Lemma, hold with P =“pseudo-coherent”.

(2) Let x € |X|. We say f is pseudo-coherent at x if there exists an open
neighbourhood X’ C X of x such that f|x/ : X’ — Y is pseudo-coherent.

Beware that a base change of a pseudo-coherent morphism is not pseudo-coherent
in general.

Lemmal 46.2. A flat base change of a pseudo-coherent morphism is pseudo-
coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [60.3 O

Lemma 46.3. A composition of pseudo-coherent morphisms is pseudo-coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma O
Lemma 46.4. A pseudo-coherent morphism is locally of finite presentation.

Proof. Immediate from the definitions. O

Lemma 46.5. A flat morphism which is locally of finite presentation is pseudo-
coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-

phisms, Lemma O

Lemma 46.6. Let f: X — Y be a morphism of algebraic spaces pseudo-coherent
over a base algebraic space B. Then f is pseudo-coherent.
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Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-

phisms, Lemma, O

Lemma 46.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If Y is locally Noetherian, then f is pseudo-coherent if and only if
f s locally of finite type.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-

phisms, Lemma O

47. Perfect morphisms

This section is the analogue of More on Morphisms, Section for morphisms of
schemes. The reader is encouraged to read up on perfect morphisms of schemes in
that section first.

The property “perfect” of morphisms of schemes is étale local on the source-and-
target. To see this use More on Morphisms, Lemmas and and Descent,
Lemma [32.6f By Morphisms of Spaces, Lemma [22.1] we may define the notion of
a perfect morphism of algebraic spaces as follows and it agrees with the already
existing notion defined in More on Morphisms, Section[6I]when the algebraic spaces
in question are representable.

Definition 47.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is perfect if the equivalent conditions of Morphisms of Spaces,
Lemma hold with P =“perfect”.

(2) Let z € | X|. We say f is perfect at x if there exists an open neighbourhood
X' C X of x such that f|x : X’ = Y is perfect.

Note that a perfect morphism is pseudo-coherent, hence locally of finite presenta-
tion. Beware that a base change of a perfect morphism is not perfect in general.

Lemmal 47.2. A flat base change of a perfect morphism is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [61.3 (I

Lemmal 47.3. A composition of perfect morphisms is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma |61.4 [

Lemma 47.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent

(1) f is flat and perfect, and

(2) f is flat and locally of finite presentation.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [61.5 O

Lemmal 47.5. Let S be a scheme. Let Y be a Noetherian algebraic space over S.
Let f: X =Y be a perfect proper morphism of algebraic spaces. Let E € D(Ox)
be perfect. Then Rf.E is a perfect object of D(Oy).
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Proof. We claim that Derived Categories of Spaces, Lemma applies. Condi-
tions (1) and (2) are immediate. Condition (3) is local on X. Thus we may assume
X and Y affine and F represented by a strictly perfect complex of Ox-modules.
Thus it suffices to show that Ox has finite tor dimension as a sheaf of f~1Oy-
modules on the étale site. By Derived Categories of Spaces, Lemma it suffices
to check this on the Zariski site. This is equivalent to being perfect for finite type
morphisms of schemes by More on Morphisms, Lemma [61.11 (|

48. Local complete intersection morphisms

This section is the analogue of More on Morphisms, Section for morphisms
of schemes. The reader is encouraged to read up on local complete intersection
morphisms of schemes in that section first.

The property “being a local complete intersection morphism” of morphisms of
schemes is étale local on the source-and-target. To see this use More on Mor-
phisms, Lemmas [62.19 and [62.20] and Descent, Lemma [32.6, By Morphisms of
Spaces, Lemma [22.1] we may define the notion of a local complete intersection mor-
phism of algebraic spaces as follows and it agrees with the already existing notion
defined in More on Morphisms, Section when the algebraic spaces in question
are representable.

Definition 48.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is a Koszul morphism, or that f is a local complete intersection
morphism if the equivalent conditions of Morphisms of Spaces, Lemma [22.1
hold with P(f) =“f is a local complete intersection morphism”.

(2) Let x € | X|. We say f is Koszul at x if there exists an open neighbourhood
X' € X of z such that f|x : X’ — Y is a local complete intersection
morphism.

In some sense the defining property of a local complete intersection morphism is
the result of the following lemma.

Lemma 48.2. Let S be a scheme. Let f : X — Y be a local complete intersection
morphism of algebraic spaces over S. Let P be an algebraic space smooth over
Y. Let U — X be an étale morphism of algebraic spaces and let i : U — P an
immersion of algebraic spaces over Y. Picture:

X=—U——>P

ANV

Y

Then i is a Koszul-regular immersion of algebraic spaces.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y. Choose a
scheme W and a surjective étale morphism W — P xy V. Set U' = U xp W,
which is a scheme étale over U. We have to show that U’ — W is a Koszul-regular
immersion of schemes, see Definition [{4.2] By Definition above the morphism
of schemes U’ — V is a local complete intersection morphism. Hence the result
follows from More on Morphisms, Lemma [62.3 (]
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It seems like a good idea to collect here some properties in common with all Koszul
morphisms.

Lemma 48.3. Let S be a scheme. Let f : X — Y be a local complete intersection
morphism of algebraic spaces over S. Then

(1) f is locally of finite presentation,
(2) f is pseudo-coherent, and

(3) f is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [62.4 [

Beware that a base change of a Koszul morphism is not Koszul in general.

Lemmal 48.4. A flat base change of a local complete intersection morphism is a
local complete intersection morphism.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [62.6 (]

Lemma 48.5. A composition of local complete intersection morphisms is a local
complete intersection morphism.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma O

Lemma 48.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent

(1) f is flat and a local complete intersection morphism, and
(2) f is syntomic.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [62.8 (]

Lemma 48.7. Let S be a scheme. A Koszul-regular immersion of algebraic spaces
over S s a local complete intersection morphism.

Proof. Let i : X — Y be a Koszul-regular immersion of algebraic spaces over S.
By definition there exists a surjective étale morphism V' — Y where V is a scheme
such that X xy V is a scheme and the base change X xy V — V is a Koszul-
regular immersion of schemes. By More on Morphisms, Lemma we see that
X xy V = V is a local complete intersection morphism. From Definition we
conclude that ¢ is a local complete intersection morphism of algebraic spaces. [

Lemma 48.8. Let S be a scheme. Let
X— =Y
\ f /
Z
be a commutative diagram of morphisms of algebraic spaces over S. AssumeY — Z

is smooth and X — Z is a local complete intersection morphism. Then f: X —Y
is a local complete intersection morphism.
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Proof. Choose a scheme W and a surjective étale morphism W — Z. Choose a
scheme V and a surjective étale morphism V. — W xz Y. Choose a scheme U
and a surjective étale morphism U — V xy X. Then U — W is a local complete
intersection morphism of schemes and V' — W is a smooth morphism of schemes.
By the result for schemes (More on Morphisms, Lemma we conclude that
U — V is a local complete intersection morphism. By definition this means that f
is a local complete intersection morphism. (I

Lemma 48.9. The property P(f) =“f is a local complete intersection morphism”
1s fpqc local on the base.

Proof. Let S be a scheme. Let f : X — Y be a morphism of algebraic spaces
over S. Let {Y; — Y} be an fpqc covering (Topologies on Spaces, Definition .
Let f; : X; — Y; be the base change of f by Y; — Y. If f is a local complete
intersection morphism, then each f; is a local complete intersection morphism by

Lemma [48.4]

Conversely, assume each f; is a local complete intersection morphism. We may
replace the covering by a refinement (again because flat base change preserves the
property of being a local complete intersection morphism). Hence we may assume
Y; is a scheme for each i, see Topologies on Spaces, Lemma Choose a scheme
V and a surjective étale morphism V' — Y. Choose a scheme U and a surjective
étale morphism U — V xy X. We have to show that U — V is a local complete
intersection morphism of schemes. By Topologies on Spaces, Lemma we have
that {Y; xy V' — V} is an fpqc covering of schemes. By the case of schemes (More
on Morphisms, Lemma it suffices to prove the base change

UXyY;':UX\/(VXY Z)—)V

of U -V by V xyY; — V is a local complete intersection morphism. We can
write this as the composition

UXyYé—>(V><yX) Xy Y; =V xy X, — VxyY;

The first arrow is an étale morphism of schemes (as a base change of U — V xy X)
and the second arrow is a local complete intersection morphism of schemes as a
flat base change of f;. The result follows as being a local complete intersection
morphism is syntomic local on the source and since étale morphisms are syntomic

(More on Morphisms, Lemma [62.20[ and Morphisms, Lemma [36.10)). O

Lemma 48.10. The property P(f) =“f is a local complete intersection morphism”
is syntomic local on the source.

Proof. This follows from Descent on Spaces, Lemma and More on Morphisms,
Lemma [62.201 O

Lemma 48.11. Let S be a scheme. Consider a commutative diagram

N

of algebraic spaces over S. Assume that both p and q are flat and locally of finite
presentation. Then there exists an open subspace U(f) C X such that |U(f)| C | X|
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is the set of points where f is Koszul. Moreover, for any morphism of algebraic
spaces Z' — Z, if f': X' — Y’ is the base change of f by Z' — Z, then U(f’) is
the inverse image of U(f) under the projection X' — X.

Proof. This lemma is the analogue of More on Morphisms, Lemma [62.21] and in
fact we will deduce the lemma from it. By Definition the set {z € |X| :
f is Koszul at z} is open in | X| hence by Properties of Spaces, Lemma it cor-
responds to an open subspace U(f) of X. Hence we only need to prove the final
statement.

Choose a scheme W and a surjective étale morphism W — Z. Choose a scheme V'
and a surjective étale morphism V' — W x 2 Y. Choose a scheme U and a surjective
étale morphism U — V Xy X. Finally, choose a scheme W' and a surjective étale
morphism W/ — WxzZ'. Set V! = W/ xwV and U’ = W’ x U, so that we obtain
surjective étale morphisms V' — Y’ and U’ — X’'. We will use without further
mention an étale morphism of algebraic spaces induces an open map of associated
topological spaces (see Properties of Spaces, Lemma . Note that by definition
U(f) is the image in | X| of the set T of points in U where the morphism of schemes
U — V is Koszul. Similarly, U(f’) is the image in |X’| of the set T” of points in
U’ where the morphism of schemes U’ — V'’ is Koszul. Now, by construction the
diagram
U——=U

L

Vi —V
is cartesian (in the category of schemes). Hence the aforementioned More on Mor-
phisms, Lemma [62.21| applies to show that 7" is the inverse image of T. Since
|U'| — | X’] is surjective this implies the lemma. O

Lemmal48.12. Let S be a scheme. Let f : X =Y be a local complete intersection
morphism of algebraic spaces over S. Then f is unramified if and only if f is
formally unramified and in this case the conormal sheaf Cx,y is finite locally free
on X.

Proof. This follows from the corresponding result for morphisms of schemes, see
More on Morphisms, Lemma by étale localization, see Lemma (Note
that in the situation of this lemma the morphism V — U is unramified and a local
complete intersection morphism by definition.) O

Lemma 48.13. Let S be a scheme. Let Z — Y — X be formally unramified
morphisms of algebraic spaces over S. Assume that Z — Y s a local complete
intersection morphism. The exact sequence

0— Z*Cy/X — Cz/x — Cz/y —0
of Lemma[5.6 is short exact.

Proof. Choose a scheme U and a surjective étale morphism U — X. Choose a
scheme V" and a surjective étale morphism V' — U x x Y. Choose a scheme W and a
surjective étale morphism W — V xy Z. By Lemma the morphisms W — V/
and V' — U are formally unramified. Moreover the sequence i*Cy,x — Cz/x —
Cz/y — 0 restricts to the corresponding sequence i*Cy,y — Cw/uv — Cwyy — 0
for W — V — U. Hence the result follows from the result for schemes (More
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on Morphisms, Lemma [62.23)) as by definition the morphism W — V is a local
complete intersection morphism. ([

49. When is a morphism an isomorphism?

More generally we can ask: “When does a morphism have property P?” A more
precise question is the following. Suppose given a commutative diagram

X— =Y
f
\N\\ /
Z
of algebraic spaces. Does there exist a monomorphism of algebraic spaces W — Z
with the following two properties:
(1) the base change fw : Xy — Yy has property P, and
(2) any morphism Z’ — Z of algebraic spaces factors through W if and only if
the base change fz : Xz — Yz has property P.

In many cases, if W — Z exists, then it is an immersion, open immersion, or closed
immersion.

The answer to this question may depend on auxiliary properties of the morphisms
f, p,and ¢. An example is P(f) =“f is flat” which we have discussed for morphisms
of schemes in the case Y = S in great detail in the chapter “More on Flatness”,
starting with More on Flatness, Section

Lemma 49.1. Consider a commutative diagram
X Y
f
\N /
Z
of algebraic spaces. Assume that p is locally of finite type and closed. Then there

exists an open subspace W C Z such that a morphism Z' — 7 factors through W
if and only if the base change fz : Xz — Yz is unramified.

Proof. By Morphisms of Spaces, Lemma there exists an open subspace
U(f) € X which is the set of points where f is unramified. Moreover, formation of
U(f) commutes with arbitrary base change. Let W C Z be the open subspace (see
Properties of Spaces, Lemma with underlying set of points

(WI=1ZI\ [pl (IXI\[U(H])

i.e., z € |Z| is a point of W if and only if f is unramified at every point of X above
z. Note that this is open because we assumed that p is closed. Since the formation
of U(f) commutes with arbitrary base change we immediately see (using Properties
of Spaces, Lemma that W has the desired universal property. O

Lemmal 49.2. Consider a commutative diagram

X— Y

N
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of algebraic spaces. Assume that

(1) p is locally of finite type,

(2) p is closed, and

(3) p2: X xy X — Z is closed.
Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is unramified and
universally injective.

Proof. After replacing Z by the open subspace found in Lemma we may
assume that f is already unramified; note that this does not destroy assumption (2)
or (3). By Morphisms of Spaces, Lemmawe see that Ax/y : X — X xy X is
an open immersion. This remains true after any base change. Hence by Morphisms
of Spaces, Lemma [19.2] we see that fz/ is universally injective if and only if the base
change of the diagonal X — (X xy X)z/ is an isomorphism. Let W C Z be the
open subspace (see Properties of Spaces, Lemma with underlying set of points

(W= 1Z|\ Ip2| (I1X xy X[\ Im(|Ax/y]))

i.e., z € |Z| is a point of W if and only if the fibre of | X xy X| — |Z| over z is in
the image of | X| — |X xy X|. Then it is clear from the discussion above that the
restriction p~! (W) — ¢~ (W) of f is unramified and universally injective.

Conversely, suppose that fz/ is unramified and universally injective. In order to
show that Z' — Z factors through W it suffices to show that |Z'| — |Z| has
image contained in |W|, see Properties of Spaces, Lemma Hence it suffices to
prove the result when Z’ is the spectrum of a field. Denote z € |Z| the image of
|Z'| = |Z|. The discussion above shows that

|XZ/| — ‘(X Xy X)Z/|
is surjective. By Properties of Spaces, Lemma [4.3] in the commutative diagram

|XZ’| —_— |(X Xy X)Z’|

| !

P~ ({2}) ——= Ip2l 7" ({z})
the vertical arrows are surjective. It follows that z € |[W| as desired. d
Lemmal 49.3. Consider a commutative diagram

X——=Y
f
\& /
Z
of algebraic spaces. Assume that

(1) p is locally of finite type,
(2) p is universally closed, and
(3) ¢:Y — Z is separated.

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is a closed immersion.
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Proof. We will use the characterization of closed immersions as universally closed,
unramified, and universally injective morphisms, see Lemma [T4.9] First, note that
since p is universally closed and ¢ is separated, we see that f is universally closed,
see Morphisms of Spaces, Lemma It follows that any base change of f is
universally closed, see Morphisms of Spaces, Lemma Thus to finish the proof
of the lemma it suffices to prove that the assumptions of Lemma [9.2] are satisfied.
The projection pry : X xy X — X is universally closed as a base change of f, see
Morphisms of Spaces, Lemma Hence X xy X — Z is universally closed as
a composition of universally closed morphisms (see Morphisms of Spaces, Lemma
. This finishes the proof of the lemma. (I

Lemma 49.4. Consider a commutative diagram

X—Y
f

\N\\ /
A

(1) p is locally of finite presentation,
(2) p is flat,

(3) p is closed, and

(4) q is locally of finite type.

of algebraic spaces. Assume that

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is flat.

Proof. By Lemma the set
A={ze|X|: X flat at x over Y}.

is open in | X| and its formation commutes with arbitrary base change. Let W C Z
be the open subspace (see Properties of Spaces, Lemma with underlying set of
points

W[ =12\ |pl (| X[\ 4)
ie, z € |Z| is a point of W if and only if the whole fibre of |X| — |Z| over z
is contained in A. This is open because p is closed. Since the formation of A
commutes with arbitrary base change it follows that W works. O

Lemmal 49.5. Consider a commutative diagram

X—Y
f

\N\ /
A

(1) p is locally of finite presentation,

(2) p is flat,

(3) p is closed,

(4) q is locally of finite type, and

(5) q is closed.
Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is surjective and flat.

of algebraic spaces. Assume that
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Proof. By Lemma we may assume that f is flat. Note that f is locally of finite
presentation by Morphisms of Spaces, Lemma[28.9] Hence f is open, see Morphisms
of Spaces, Lemma Let W C Z be the open subspace (see Properties of Spaces,
Lemma with underlying set of points

(W= 12\ al (Y T\ 1FI0XT]) -

in other words for z € |Z| we have z € |W]| if and only if the whole fibre of
Y| — |Z] over z is in the image of |X| — |Y|. Since ¢ is closed this set is open
in |Z|. The morphism Xy — Yy is surjective by construction. Finally, suppose
that Xz — Yz is surjective. In order to show that Z' — Z factors through W
it suffices to show that |Z'| — |Z| has image contained in |W|, see Properties of
Spaces, Lemma Hence it suffices to prove the result when Z’ is the spectrum
of a field. Denote z € |Z| the image of |Z’| — |Z]|. By Properties of Spaces, Lemma
in the commutative diagram

Xz | ————[Yz/|
|7 ({z}) —lal ' ({z})

the vertical arrows are surjective. It follows that z € |[W| as desired. (]

Lemma 49.6. Consider a commutative diagram

X— =Y
I
DN
Z

(1) p is locally of finite presentation,
2) p is flat,

) p is universally closed,

) q is locally of finite type,

) q is closed, and

(6) g is separated.

of algebraic spaces. Assume that
(
(3
(4
(5

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is an isomorphism.

Proof. By Lemma there exists an open subspace W7 C Z such that fz is
surjective and flat if and only if Z' — Z factors through W;. By Lemma [49.3| there
exists an open subspace Wy C Z such that fz/ is a closed immersion if and only if
7! — 7 factors through Ws. We claim that W = Wy N W5 works. Certainly, if fz/
is an isomorphism, then Z’ — Z factors through W. Hence it suffices to show that
fw is an isomorphism. By construction fy is a surjective flat closed immersion. In
particular fy is representable. Since a surjective flat closed immersion of schemes
is an isomorphism (see Morphisms, Lemma we win. (Note that actually fy is
locally of finite presentation, whence open, so you can avoid the use of this lemma
if you like.) O
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Lemma 49.7. Consider a commutative diagram

X— Y
I
DN
Z

(1) p is flat and locally of finite presentation,
(2) p is closed, and
(3) q is flat and locally of finite presentation,

of algebraic spaces. Assume that

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is a local complete
intersection morphism.

Proof. By Lemma there exists an open subspace U(f) C X which is the set
of points where f is Koszul. Moreover, formation of U(f) commutes with arbitrary
base change. Let W C Z be the open subspace (see Properties of Spaces, Lemma
4.8) with underlying set of points

(W= 12\ Ip[ (IXT\ U]

i.e., z € |Z] is a point of W if and only if f is Koszul at every point of X above z.
Note that this is open because we assumed that p is closed. Since the formation of
U(f) commutes with arbitrary base change we immediately see (using Properties
of Spaces, Lemma that W has the desired universal property. O

50. Exact sequences of differentials and conormal sheaves

In this section we collect some results on exact sequences of conormal sheaves and
sheaves of differentials. In some sense these are all realizations of the triangle of
cotangent complexes associated to composable morphisms of algebraic spaces.

In the sequences below each of the maps are as constructed in either Lemma [7.6] or
Lemma Let S be a scheme. Let g: Z — Y and f: Y — X be morphisms of
algebraic spaces over S.

(1) There is a canonical exact sequence
Q*QY/X = Qz/x = Qz/y =0,

see Lemma [7.8] If g : Z — Y is formally smooth, then this sequence is a
short exact sequence, see Lemma [19.12
(2) If g is formally unramified, then there is a canonical exact sequence

Czy = 9 Qy/x = Qz/x — 0,

see Lemma[I5.13] If fog:Z — X is formally smooth, then this sequence
is a short exact sequence, see Lemma [19.13]
(3) if g and f o g are formally unramified, then there is a canonical exact
sequence
Cz/x = Cz)y = 9" Qy/x — 0,
see Lemma [I5.14] If f : Y — X is formally smooth, then this sequence is
a short exact sequence, see Lemma [19.14]
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(4) if g and f are formally unramified, then there is a canonical exact sequence
g*Cy/X — CZ/X — Cz/y — 0.

see Lemma [15.15] If g : Z — Y is a local complete intersection morphism,
then this sequence is a short exact sequence, see Lemma

51. Characterizing pseudo-coherent complexes, I1

In this section we discuss a characterization of pseudo-coherent complexes in terms
of cohomology. Earlier material on pseudo-coherent complexes on algebraic spaces
may be found in Derived Categories of Spaces, Section and in Derived Cate-
gories of Spaces, Section The analogue of this section for schemes is More on
Morphisms, Section A Dbasic tool will be to reduce to the case of projective
space using a derived version of Chow’s lemma, see Lemma [51.2]

Lemmal 51.1. Let S be a scheme. Consider a commutative diagram of algebraic
spaces

7 ——=Y'

L

X ——= B
over S. Let B — B’ be a morphism. Denote by X and Y the base changes of X'
and Y' to B. AssumeY' — B’ and Z' — X' are flat. Then X xgY and Z' are
Tor independent over X' xp Y.

Proof. By Derived Categories of Spaces, Lemma we may check tor indepen-
dence étale locally on X xg Y and Z'. Thiﬂ reduces the lemma to the case of
schemes which is More on Morphisms, Lemma [69.1 a

Lemma 51.2 (Derived Chow’s lemma). Let A be a ring. Let X be a separated
algebraic space of finite presentation over A. Let x € |X|. Then there exist an
n >0, a closed subspace Z C X x4 P, a point z € |Z|, an open V C P, and an
object E in D(OXXAP';,) such that
(1) Z — X x4 P7% is of finite presentation,

(2) ¢: Z — P is a closed immersion over V, set W = ¢ 1(V),
(3) the restriction of b: Z — X to W is étale, z € W, and b(z) = =z,

)

(4) Elxxav = (b,0):0z|xx v,
(5) E is pseudo-coherent and supported on Z.

Proof. We can find a finite type Z-subalgebra A’ C A and an algebraic space X’
separated and of finite presentation over A’ whose base change to A is X. See
Limits of Spaces, Lemmas and Let ' € |X’| be the image of z. If we

3Here is the argument in more detail. Choose a surjective étale morphism W’ — B’ with
W’ a scheme. Choose a surjective étale morphism W — B X g W/ with W a scheme. Choose a
surjective étale morphism U’ — X’ X g W' with U’ a scheme. Choose a surjective étale morphism
V' = Y’ xpgs W with V'’ a scheme. Observe that U’ xy» V! — X’ X, Y’ is surjective étale.
Choose a surjective étale morphism T’ — Z’ XX/x g Y U’ Xy V! with T’ a scheme. Denote U
and V the base changes of U’ and V'’ to W. Then the lemma says that X xg Y and Z’ are Tor
independent over X’ X g/ Y’ as algebraic spaces if and only if U Xy V and T are Tor independent
over U’ xy» V' as schemes. Thus it suffices to prove the lemma for the square with corners
T, U", V', W' and base change by W — W'. The flatness of Y/ — B’ and Z’ — X’ implies
flatness of V/ — W' and T — U’.
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can prove the lemma for (X'/A’, 2"), then the lemma follows for (X/A, z). Namely,
itn',Z' 2/, V' E’ provide the solution for (X’/A’,z’), then we can let n = n/, let
Z C X x P™ be the inverse image of Z’, let z € Z be the unique point mapping
to x, let V. C P be the inverse image of V', and let E be the derived pullback of
E’. Observe that F is pseudo-coherent by Cohomology on Sites, Lemma It
only remains to check (5). To see this set W = ¢~ (V) and W' = (¢/)~}(V’) and
consider the cartesian square

W—mWw

(byc)l i(bﬂc’)

XXAVHXIXA/V/

By Lemma X x4V and W' are tor-independent over X’ x 4- V’. Thus the
derived pullback of (b',¢').Ow to X x4 V is (b, ¢)«Ow by Derived Categories of
Spaces, Lemma[20.4] This also uses that R(V,c').Oz = (V/,).Oz because (V, )
is a closed immersion and similarly for (b,¢).Oz. Since E'|y:« ,, v = (b, ¢').Ow
we obtain Flyx,v = (b,¢)«Ow and (5) holds. This reduces us to the situation
described in the next paragraph.

Assume A is of finite type over Z. Choose an étale morphism U — X where U is
an affine scheme and a point © € U mapping to . Then U is of finite type over A.
Choose a closed immersion U — A" and denote j : U — P the immersion we get
by composing with the open immersion A% — P%. Let Z be the scheme theoretic
closure of

(idy,j) 1 U — X x4 P7

Let z € Z be the image of u. Let Y C P} be the scheme theoretic closure of j. Then
it is clear that Z C X x 4Y is the scheme theoretic closure of (idy,j) : U — X x4Y.
As X is separated, the morphism X x 4 Y — Y is separated as well. Hence we see
that Z — Y is an isomorphism over the open subscheme j(U) C Y by Morphisms
of Spaces, Lemma Choose V' C P7 open with V NY = j(U). Then we see
that (2) holds, that W = (idy, j)(U), and hence that (3) holds. Part (1) holds
because A is Noetherian.

Because A is Noetherian we see that X and X x4 P7 are Noetherian algebraic
spaces. Hence we can take E = (b,¢),Oz in this case: (4) is clear and for (5) see
Derived Categories of Spaces, Lemma This finishes the proof. O

Lemma 51.3. Let X/A, x € |X|, andn,Z,z,V, E be as in Lemma . For any
K € Dgcoon(Ox) we have

Rq.(Lp*K @ E)|y = ROW — V). K|w

where p: X x4 P — X and q : X x4 Py — P are the projections and where the
morphism W — V is the finitely presented closed immersion cly : W — V.

Proof. Since W = ¢~}(V) and since ¢ is a closed immersion over V, we see that
clw is a closed immersion. It is of finite presentation because W and V are of finite
presentation over A, see Morphisms of Spaces, Lemma First we have

Rq.(Lp*K @" E)|v = R, (Lp*K ®" E)|xx ,v)
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where ¢/ : X x4V — V is the projection because formation of total direct image
commutes with localization. Denote ¢ = (b,c)|w : W — X x4 V the given closed
immersion. Then

Rq. (Lp*K @" E)|xx,v) = Rg.(Lp" K| x x ,v " i.0w)

by property (5). Since 7 is a closed immersion we have i,Ow = Ri.Ow. Using
Derived Categories of Spaces, Lemma [20.1] we can rewrite this as

RG.Ri, Li*Lp*K | xx ,v = R(q' 04).Lb*K|w = R(W = V). K|w

which is what we want. (Note that restricting to W and derived pulling back via
W — X is the same thing as W is étale over X.) (]

Lemma 51.4. Let A be a ring. Let X be an algebraic space separated and of finite

presentation over A. Let K € Dgcon(Ox). If RU(X, E @" K) is pseudo-coherent
in D(A) for every pseudo-coherent E in D(Ox), then K is pseudo-coherent relative

to A (Definition [45.5).

Proof. Assume K € Dgcon(Ox) and RT(X, E ®" K) is pseudo-coherent in D(A)
for every pseudo-coherent E in D(Ox). Let z € |X|. We will show that K is
pseudo-coherent relative to A in an étale neighbourhood of z. This will prove the
lemma by our definition of relative pseudo-coherence.

Choose n, Z,z,V, E as in Lemma[51.2] Denote p: X x P" — X and ¢ : X x P" —
P’ the projections. Then for any ¢ € Z we have

RU(P, R (Lp"K @" E) @ Opy (i)

= RI(X x P", Lp*K @" E @ Lq*Opn (i))

= RI(X, K @" Rq.(E ®" Lq*Opn (i)))
by Derived Categories of Spaces, Lemma By Derived Categories of Spaces,
Lemma @ the complex Rq.(E & Lq*Opr (i)) is pseudo-coherent on X. Hence

the assumption tells us the expression in the displayed formula is a pseudo-coherent

object of D(A). By Derived Categories of Schemes, Lemma we conclude that
Rq.(Lp*K @ E) is pseudo-coherent on P". By Lemma we have

Rq.(Lp*K @ E)|xx ,v = ROW — V). K|w

Since W — V is a closed immersion into an open subscheme of P’ this means
K|w is pseudo-coherent relative to A for example by More on Morphisms, Lemma

b9.18 O

Lemma 51.5. Let A be a ring. Let X be an algebraic space separated and of finite
presentation over A. Let K € Dgcon(Ox). If RU(X, E @ K) is pseudo-coherent
in D(A) for every perfect E € D(Ox), then K is pseudo-coherent relative to A.

Proof. In view of Lemma it suffices to show RT(X,E ®' K) is pseudo-
coherent in D(A) for every pseudo-coherent E € D(Ox). By Derived Categories of
Spaces, Proposition it follows that K € Décoh(O x ). Now the result follows
by Derived Categories of Spaces, Lemma [25. g
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52. Relatively perfect objects

In this section we introduce a notion from [Lie06]. This notion has been discussed
for morphisms of schemes in Derived Categories of Schemes, Section

Definition 52.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. An object E of D(Ox)
is perfect relative to Y or Y -perfect if E is pseudo-coherent (Cohomology on Sites,
Definition and E locally has finite tor dimension as an object of D(f~1Oy)
(Cohomology on Sites, Definition [46.1]).

Please see Derived Categories of Schemes, Remark for a discussion; here we
just mention that F being pseudo-coherent is the same thing as E being pseudo-
coherent relative to Y by Lemma [45.4] Moreover, pseudo-coherence of E implies
E € Dgcon(Ox), see Derived Categories of Spaces, Lemma m

Example 52.2. Let k be a field. Let X be an algebraic space of finite presentation
over k (in particular X is quasi-compact). Then an object E of D(Ox) is k-perfect
if and only if it is bounded and pseudo-coherent (by definition), i.e., if and only
if it is in DY, (X) (by Derived Categories of Spaces, Lemma [13.7). Thus being
relatively perfect does not mean “perfect on the fibres”.

The corresponding algebra concept is studied in More on Algebra, Section We
can link the notion for algebraic spaces with the algebraic notion as follows.

Lemma 52.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. Let E € Dgcon(Ox).
The following are equivalent:

(1) E is Y -perfect,

(2) for every commutative diagram

| 7]
x-tovy
where U, V are schemes and the vertical arrows are étale, the complex E|y
is V -perfect in the sense of Derived Categories of Schemes, Definition|35.1
(3) for some commutative diagram as in (2) with U — X surjective, the com-
plex E|y is V-perfect in the sense of Derived Categories of Schemes, Defi-
nition [35.1),
(4) for every commutative diagram as in (2) with U and V affine the complex
RT(U, E) is Oy (V)-perfect.

Proof. To make sense of parts (2), (3), (4) of the lemma, observe that the object
E|y of Dgcon(Ov) corresponds to an object Ey of Dgcon(Ou,) where Uy denotes
the scheme underlying U, see Derived Categories of Spaces, Lemma Moreover,
in this case Ey is pseudo-coherent if and only if E|y is pseudo-coherent, see Derived
Categories of Spaces, Lemma Also, E|y locally has finite tor dimension over
f~ 'Oy |y = g~ 'Oy if and only if Ey locally has finite tor dimension over gy 'Oy,
by Derived Categories of Spaces, Lemma Here gg : Uy — V} is the morphism
of schemes representing g : U — V (notation as in Derived Categories of Spaces,
Remark . Finally, observe that “being pseudo-coherent” is étale local and of
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course “having locally finite tor dimension” is étale local. Thus we see that it
suffices to check Y-perfectness étale locally and by the above discussion we see that
(1) implies (2) and (3) implies (1). Since part (4) is equivalent to (2) and (3) by
Derived Categories of Schemes, Lemma the proof is complete. O

Lemma 52.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. The full subcategory
of D(Ox) consisting of Y -perfect objects is a satumtecﬁ triangulated subcategory.

Proof. This follows from Cohomology on Sites, Lemmas[45.4] [45.6], [46.6] and [46.8]
O

Lemma 52.5. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. A perfect object of
D(Ox) is Y-perfect. If K,M € D(Ox), then K®%X M is 'Y -perfect if K is perfect
and M is 'Y -perfect.

Proof. Reduce to the case of schemes using Lemma and then apply Derived
Categories of Schemes, Lemma [35.5 O

Lemma 52.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. Let g : Y' —'Y be a
morphism of algebraic spaces over S. Set X' =Y’ xy X and denote ¢’ : X' — X
the projection. If K € D(Ox) is Y -perfect, then L(¢')*K is Y'-perfect.

Proof. Reduce to the case of schemes using Lemma [52.3| and then apply Derived
Categories of Schemes, Lemma [35.6 (]

Situation 52.7. Let S be a scheme. Let Y = lim;c; Y; be a limit of a directed
system of algebraic spaces over S with affine transition morphisms g;/; : Yy — Y.
We assume that Y; is quasi-compact and quasi-separated for all ¢ € I. We denote
g; 'Y — Y, the projection. We fix an element 0 € I and a flat morphism of finite
presentation Xy — Yy. We set X; =Y; Xy, Xp and X =Y Xy, Xy and we denote
the transition morphisms f;;; : X; — X; and f; : X — X; the projections.

Lemma 52.8. In Situation , Let Ky and Lo be objects of D(Ox,). Set
K; = LfyKo and L; = LfjjLo fori > 0 and set K = LfiKy and L = Lf§Ly.
Then the map

COlimiZO HomD((’)X.)(Kia Ll) — HOmD(OX)(K, L)

is an isomorphism if Ko is pseudo-coherent and Ly € Dgcon(Ox,) has (locally)
finite tor dimension as an object of D((Xo — Y5) 1Oy,)

Proof. For every quasi-compact and quasi-separated object Uy of (Xo)spaces,étale
consider the condition P that

COlimiZO HomD(OUj)(Ki‘U,: R LZ|U1) — HOHID(OU)(K|U, L|U)
is an isomorphism where U = X xx, Up and U; = X; xx, Up. We will prove P

holds for each Uj.

4Derived Categories, Deﬁnition
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Suppose that (Uy € Wy, Vy — Wp) is an elementary distinguished square in
(Xo0) spaces,étate and P holds for Uy, Vo, Uy xw, Vo. Then P holds for Wy by Mayer-
Vietoris for hom in the derived category, see Derived Categories of Spaces, Lemma

104

We first consider Uy = Wy Xy, Xo with Wy a quasi-compact and quasi-separated
object of (Yp)spaces,étate- By the induction principle of Derived Categories of Spaces,
Lemma, applied to these Wy and the previous paragraph, we find that it is
enough to prove P for Uy = Wy Xy, Xo with Wy affine. In other words, we have
reduced to the case where Yj is affine. Next, we apply the induction principle again,
this time to all quasi-compact and quasi-separated opens of Xy, to reduce to the
case where X is affine as well.

If Xy and Y, are affine, then we are back in the case of schemes which is proved
in Derived Categories of Schemes, Lemma The reader may use Derived Cat-
egories of Spaces, Lemmas [13.6] [13.2] and [13.4] to accomplish the translation
of the statement into a statement involving only schemes and derived categories of
modules on schemes. O

Lemmal 52.9. In Situation the category of Y -perfect objects of D(Ox) is the
colimit of the categories of Y;-perfect objects of D(Ox,).

Proof. For every quasi-compact and quasi-separated object Uy of (Xo)spaces,étale
consider the condition P that the functor

COlimiZO DYi—perfect(OUi) — DY—perfect(OU)
is an equivalence where U = X xx, Uy and U; = X; xx, Up. We observe that we

already know this functor is fully faithful by Lemma [52.8] Thus it suffices to prove
essential surjectivity.

Suppose that (Uy C Wy, Vo — W) is an elementary distinguished square in
(X0)spaces,étate and P holds for Uy, Vo, Uy xw, Vo. We claim that P holds for
Woy. We will use the notation U; = X; xx, Uy, U = X xx, Uy, and similarly for
Vo and Wy. We will abusively use the symbol f; for all the morphisms U — Uj,
V-V, UxwV —=U; xw, Vi, and W — W,. Suppose E is an Y-perfect object
of D(Ow). Goal: show F is in the essential image of the functor. By assumption,
we can find ¢ > 0, an Y;-perfect object Ey; on U;, an Y;-perfect object Ey; on V;,
and isomorphisms LfEy,; — E|y and Lf}Ey; — Ely. Let

a: EUJ‘ — (Rfl,*EHU, and b: EV,i — (Rfi,*E)‘Vi
the maps adjoint to the isomorphisms LfEy,; — E|y and LffEy,; — E|y. By
fully faithfulness, after increasing i, we can find an isomorphism ¢ : Ey ;|v, x w,Vi =
Ey; Ui xw, Vi which pulls back to the identifications

LffEuiluxwv = Eluxwv = LfiEviluxwv-
Apply Derived Categories of Spaces, Lemma to get an object E; on W; and a
map d : E; = Rf; «E which restricts to the maps a and b over U; and V;. Then
it is clear that E; is Yj-perfect (because being relatively perfect is an étale local
property) and that d is adjoint to an isomorphism Lf}FE; — E.

By exactly the same argument as used in the proof of Lemma using the in-
duction principle (Derived Categories of Spaces, Lemma [9.3]) we reduce to the case
where both X and Y;, are affine: first work with quasi-compact and quasi-separated
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objects in (Y()spaces,étale t0 reduce to Yy affine, then work with quasi-compact and
quasi-separated object in (X¢)spaces,étate to reduce to Xy affine. In the affine case
the result follows from the case of schemes which is Derived Categories of Schemes,
Lemma[35.9] The translation into the case for schemes is done by Lemma[52.3] O

Lemma 52.10. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat, proper, and of finite presentation. Let E € D(Ox) be
Y -perfect. Then Rf.E is a perfect object of D(Oy) and its formation commutes
with arbitrary base change.

Proof. The statement on base change is Derived Categories of Spaces, Lemma
(with G* equal to Ox in degree 0). Thus it suffices to show that Rf.E is a
perfect object. We will reduce to the case where Y is Noetherian affine by a limit
argument.

The question is étale local on Y, hence we may assume Y is affine. Say Y = Spec(R).
We write R = colim R; as a filtered colimit of Noetherian rings R;. By Limits of
Spaces, Lemmal|7.1] there exists an ¢ and an algebraic space X; of finite presentation
over R; whose base change to R is X. By Limits of Spaces, Lemmas [6.13| and
we may assume X; is proper and flat over R;. By Lemma [52.9] we may assume
there exists a R;-perfect object E; of D(Ox,) whose pullback to X is E. Applying
Derived Categories of Spaces, Lemma to X; — Spec(R;) and E; and using the
base change property already shown we obtain the result. (I

Lemma 52.11. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let E, K € D(Ox). Assume

(1) Y is quasi-compact and quasi-separated,

(2) f is proper, flat, and of finite presentation,

(3) E is Y -perfect,

(4) K is pseudo-coherent.

Then there exists a pseudo-coherent L € D(Qy) such that

Rf.RHom(K,E) = RHom(L,Oy)

and the same is true after arbitrary base change: given

X —=X .
g cartesian, then we have
I P e T e
= RI?"LO?’I?/(L‘(]*L7 Oy/)

A v

Proof. Since Y is quasi-compact and quasi-separated, the same is true for X. By
Derived Categories of Spaces, Lemma we can write K = hocolimK,, with K,
perfect and K,, — K inducing an isomorphism on truncations 7>_,. Let KY be the
dual perfect complex (Cohomology on Sites, Lemma . We obtain an inverse
system ... = Ky — Ky — K of perfect objects. By Lemma we see that
K ®0, E is Y-perfect. Thus we may apply Lemma to K,) o, E and we
obtain an inverse system
.= M3z — My — M

of perfect complexes on Y with

M, = Rf(KY ©%, F) = Rf.RHom(K,, E)
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Moreover, the formation of these complexes commutes with any base change, namely
Lg*Mn = RfL((L(g')* Kn)" ®6, L(¢')*E) = Rf.RHom(L(g')* Kn, L(¢')* E).

As K, — K induces an isomorphism on 7>_,,, we see that K, — K, induces an
isomorphism on 7>_,. It follows that KY, | — K,/ induces an isomorphism on 7<,,
as K\ = RHom(K,,Ox). Suppose that E has tor amplitude in [a, b] as a complex
of f71Oy-modules. Then the same is true after any base change, see Derived
Categories of Spaces, Lemma We find that K/, ®o F — K Qo E
induces an isomorphism on 7<jy, and the same is true after any base change.
Applying the right derived functor Rf, we conclude the maps M, ; — M, induce
isomorphisms on 7<p4, and the same is true after any base change. Choose a
distinguished triangle

Myi1 — M, — Cp, = Mp41[1]

Pick y € |Y|. Choose an elementary étale neighbourhood (U,u) — (Y,y); this is
possible by Decent Spaces, Lemma Take Y’ equal to the spectrum of the
residue field at . Pull back to see that Cy,|y ®, #(u) has nonzero cohomology
only in degrees > n + a. By More on Algebra, Lemma we see that the perfect
complex C,|y has tor amplitude in [n + a,m,] for some integer m,, and after
possibly shrinking U. Thus C,, has tor amplitude in [n 4+ a,m,,] for some integer
my, (because Y is quasi-compact). In particular, the dual perfect complex C has
tor amplitude in [—m,, —n — a).

Let L, = M, be the dual perfect complex. The conclusion from the discussion in
the previous paragraph is that L,, = L,,11 induces isomorphisms on 7>_,,_,. Thus
L = hocolimL,, is pseudo-coherent, see Derived Categories of Spaces, Lemma [18.1
Since we have

RHom(K, E) = RHom(hocolimK,,, E) = Rlim R Hom(K,,, E) = Rlim K, ®¢, E

(Cohomology on Sites, Lemma [48.8) and since Rlim commutes with Rf. we find
that

Rf.RHom(K,E) = Rlim M,, = Rlim R Hom(L,,Oy) = R Hom(L, Oy)

This proves the formula over Y. Since the construction of M, is compatible with
base chance, the formula continues to hold after any base change. ([

Remark| 52.12. The reader may have noticed the similarity between Lemma
and Derived Categories of Spaces, Lemma Indeed, the pseudo-coherent
complex L of Lemma may be characterized as the unique pseudo-coherent
complex on Y such that there are functorial isomorphisms

Exty, (L, F) — Exty, (K, E®g, Lf*F)

compatible with boundary maps for F ranging over QCoh(Oy). If we ever need
this we will formulate a precise result here and give a detailed proof.

Lemmal 52.13. Let S be a scheme. Let X be an algebraic space over S such that
the structure morphism f : X — S is flat and locally of finite presentation. Let E
be a pseudo-coherent object of D(Ox). The following are equivalent
(1) E is S-perfect, and
(2) E is locally bounded below and for every point s € S the object L(Xs —
X)*E of D(Ox,) is locally bounded below.
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Proof. Since everything is local we immediately reduce to the case that X and S
are affine, see Lemma[52.3] This case is handled by Derived Categories of Schemes,
Lemma [35.13 O

Lemma 52.14. Let A be a ring. Let X be an algebraic space separated, of finite
presentation, and flat over A. Let K € Dgcon(Ox). If RT(X, E @™ K) is perfect
in D(A) for every perfect E € D(Ox), then K is Spec(A)-perfect.

Proof. By Lemma K is pseudo-coherent relative to A. By Lemma K
is pseudo-coherent in D(Ox). By Derived Categories of Spaces, Proposition
we see that K is in D~ (Ox). Let p be a prime ideal of A and denote i : ¥ — X
the inclusion of the scheme theoretic fibre over p, i.e., Y is a scheme over x(p).
By Lemma we will be done if we can show Li*(K) is bounded below. Let
G € Dyperr(Ox) be a perfect complex which generates Dgcon(Ox), see Derived
Categories of Spaces, Theorem We have

RHome, (Li*(G), Li*(K)) = RI(Y, Li*(GY @Y K))
= RI'(X,GY @" K) @4 x(p)

The first equality uses that Li* preserves perfect objects and duals and Cohomology
on Sites, Lemma we omit some details. The second equality follows from
Derived Categories of Spaces, Lemma as X is flat over A. It follows from
our hypothesis that this is a perfect object of D(x(p)). The object Li*(G) €
Dyper(Oy) generates Dgcoon(Oy) by Derived Categories of Spaces, Remark
Hence Derived Categories of Spaces, Proposition now implies that Li*(K) is
bounded below and we win. O

53. Theorem of the cube

This section is the analogue of More on Morphisms, Section The following
lemma tells us that the diagonal of the Picard functor is representable by locally
closed immersions under the assumptions made in the lemma.

Lemma 53.1. Let S be a scheme. Let f: X — Y be a flat, proper morphism
of finite presentation of algebraic spaces over S. Let € be a finite locally free Ox -
module. For a morphism g:Y' — Y consider the base change diagram

X/H/X

g
f’l lf
vy 2oy

Assume Oy — f1Ox: is an isomorphism for all g : Y' — Y. Then there exists
an immersion j : Z — 'Y of finite presentation such that a morphism g :Y' —'Y
factors through Z if and only if there exists a finite locally free Oy -module N with
(fYN=(g)L.

Proof. Let y : Spec(k) — Y be a field valued point. Then the fibre X, of f at
y is connected by our assumption that H°(X,,Ox,) = k. Thus the rank of & is
constant on the fibres. Since f is open (Morphisms of Spaces, Lemma and
closed we conclude that there is a decomposition ¥ = J]Y, of Y into open and
closed subspaces such that £ has constant rank r on the inverse image of Y,.. Thus


https://stacks.math.columbia.edu/tag/0GFL
https://stacks.math.columbia.edu/tag/0D23

0DLO

0DL1

MORE ON MORPHISMS OF SPACES 133

we may assume & has constant rank r. We will denote £¥ = Hom/(E, Ox) the dual
rank r module.

By cohomology and base change (more precisely by Derived Categories of Spaces,
Lemma we see that F = Rf.€ is a perfect object of the derived category of
Y and that its formation commutes with arbitrary change of base. Similarly for
E' = Rf.EV. Since there is never any cohomology in degrees < 0, we see that E and
FE’ have (locally) tor-amplitude in [0, b] for some b. Observe that forany g: Y’ — Y
we have f1((¢')*€) = H°(Lg*E) and f.((¢')*€Y) = H°(Lg*E'). Let j : Z = Y
and j' : Z' — Y be the locally closed immersions constructed in Derived Categories
of Spaces, Lemma for E and E’ with a = 0 and r = r; these are characterized
by the property that H°(Lj*E) and H°((j’)*E’) are locally free modules of rank r
compatible with pullback.

Let g : Y/ — Y be a morphism. If there exists an A as in the lemma, then, using
the projection formula Cohomology on Sites, Lemma [50.1] we see that the modules

FLU@)E) 2 FL(f)YN) = N®o,, fLlOx 2N and similarly  f1((g')*EY) XNV

are locally free of rank r and remain locally free of rank r after any further base
change Y” — Y’. Hence in this case g : Y’ — Y factors through j and through j'.
Thus we may replace Y by Z xy Z’ and assume that f.€ and f.EV are locally free
Oy-modules of rank r whose formation commutes with arbitrary change of base.

In this situation if g : Y’ — Y is a morphism and there exists an A as in the lemma,
then the map (cup product in degree 0)

fi(g)E) ®oy,., fillg)EY) — Oy

is a perfect pairing. Conversely, if this cup product map is a perfect pairing, then
we see that locally on Y’ we have a basis of sections o4,...,0,. in f.((¢")*£) and
Ti,..., 7 in fL((¢')*€Y) whose products satisfy o;7; = 6;;. Thinking of o; as a
section of (¢’)*L£ on X’ and 7; as a section of (¢’)*£LY on X', we conclude that

0100t O — (g)*E
is an isomorphism with inverse given by

Tty 7 (6)°E — OFF

In other words, we see that (f')*fi(¢')*E = (¢')*E. But the condition that the
cupproduct is nondegenerate picks out a retrocompact open subscheme (namely,
the locus where a suitable determinant is nonzero) and the proof is complete.

54. Descent of finiteness properties of complexes

This section is the analogue of More on Morphisms, Section [70] and Derived Cate-
gories of Schemes, Section

Lemma 54.1. Let S be a scheme. Let {f; : X; — X} be an fpge covering of
algebraic spaces over S. Let E € Dgcoon(Ox). Let m € Z. Then E is m-pseudo-
coherent if and only if each Lf}E is m-pseudo-coherent.

Proof. Pullback always preserves m-pseudo-coherence, see Cohomology on Sites,
Lemma Thus it suffices to assume LfE is m-pseudo-coherent and to prove
that E is m-pseudo-coherent. Then first we may assume X; is a scheme for all 7,
see Topologies on Spaces, Lemma Next, choose a surjective étale morphism
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U — X where U is a scheme. Then U; = U x x X; is a scheme and we obtain an fpqc
covering {U; — U} of schemes, see Topologies on Spaces, Lemma We know
the result is true for {U; — U};er by the case for schemes, see Derived Categories
of Schemes, Lemma On the other hand, the restriction F|y comes from an
object of D gcoon(Ov) (defined using the Zariski topology and the “usual” structure
sheaf of U), see Derived Categories of Spaces, Lemma The lemma follows as
the two notions of pseudo-coherent (étale and Zariski) agree by Derived Categories
of Spaces, Lemma [13.2 (]

Lemma 54.2. Let S be a scheme. Let {g; : Y; — Y} be an fpgc covering of
algebraic spaces over S. Let f: X — 'Y be a morphism of algebraic spaces and set
X; =Y, xy X with projections f; : X; — Y; and g} : X; = X. Let E € Dgcon(Ox).
Let a,b € Z. Then the following are equivalent

(1) E has tor amplitude in [a,b] as an object of D(f~*Oy), and

(2) L(g})*E has tor amplitude in [a,b] as a object of D(f;*Oy,) for alli.
Also true if “tor amplitude in [a,b]” is replaced by “locally finite tor dimension”.

Proof. Pullback preserves “tor amplitude in [a, b]” by Derived Categories of Spaces,
Lemma Observe that Y; and X are tor independent over Y as Y; — Y is flat.
Let us assume (2) and prove (1). We can compute tor dimension at stalks, see
Cohomology on Sites, Lemma [46.10] and Properties of Spaces, Theorem Let
T be a geometric point of X. Choose an i and a geometric point Z; in X; with
image = in X. Then
(L(9i)"E)z, = Bz ®éx,§, Ox z,

Lety, in Y; and y in Y be the image of Z; and Z. Since X and Y; are tor independent
over Y, we can apply More on Algebra, Lemma [61.2]to see that the right hand side
of the displayed formula is equal to Ez @%Y,@ Oy, 5, in D(Oy, 3,). Since we have
assume the tor amplitude of this is in [a, b], we conclude that the tor amplitude of
Ez in D(Oyy) is in [a, b] by More on Algebra, Lemma Thus (1) follows.

Using some elementary topology the case “locally finite tor dimension” follows
too. U

The following lemmas do not really belong in this section.

Lemmal 54.3. Let S be a scheme. Leti: X — X' be a finite order thickening of
algebraic spaces. Let K' € D(Ox:) be an object such that K = Li*K' is pseudo-
coherent. Then K' is pseudo-coherent.

Proof. We first prove K’ has quasi-coherent cohomology sheaves; we urge the
reader to skip this part. To do this, we may reduce to the case of a first order
thickening, see Section[d] Let Z C Ox- be the quasi-coherent sheaf of ideals cutting
out X. Tensoring the short exact sequence

0—-7Z—0x —1i,0x —0
with K’ we obtain a distinguished triangle
K'og ,T—K =K g, i.0x = (K @6, I)1]

Since i, = Ri, and since we may view Z as a quasi-coherent Ox-module (as we
have a first order thickening) we may rewrite this as

i(Kop, I) > K —i.K—i(Keg, I
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Please use Cohomology of Spaces, Lemma [4.4] to identify the terms. Since K is in
Dgcon(Ox) we conclude that K’ is in Dgcon(Ox); this uses Derived Categories

of Spaces, Lemmas [13.6] and

Assume K’ is in Dgcon(Ox). The question is étale local on X’ hence we may
assume X' is affine. In this case the result follows from the case of schemes (More
on Morphisms, Lemma . The translation into the language of schemes uses
Derived Categories of Spaces, Lemmas and and Remark O

Lemma 54.4. Let S be a scheme. Consider a cartesian diagram

XHX/

i
1T
y Loy

of algebraic spaces over S. Assume X' — Y is flat and locally of finite presentation

andY — Y’ is a finite order thickening. Let E' € D(Ox/). If E = Li*(E') is Y-
perfect, then E' is Y'-perfect.

Proof. Recall that being Y-perfect for £ means F is pseudo-coherent and locally
has finite tor dimension as a complex of f~!Oy-modules (Definition . By
Lemmawe find that E’ is pseudo-coherent. In particular, E' is in Dgcon(Ox-),
see Derived Categories of Spaces, Lemma By Lemma this reduces us to
the case of schemes. The case of schemes is More on Morphisms, Lemma O

Lemma 54.5. Let (R, 1) be a pair consisting of a ring and an ideal I contained in
the Jacobson radical. Set S = Spec(R) and So = Spec(R/I). Let X be an algebraic
space over R whose structure morphism f : X — S is proper, flat, and of finite
presentation. Denote Xo = Sg xg X. Let E € D(Ox) be pseudo-coherent. If the
derived restriction Eg of E to Xg is Sg-perfect, then E is S-perfect.

Proof. Choose a surjective étale morphism U — X with U affine. Choose a closed
immersion U — A%. Set Uy = Sp xs U. The complex Ep|y, has tor amplitude
in [a,b] for some a,b € Z. Let T be a geometric point of X. We will show that
the tor amplitude of Ez over R is in [a — d,b]. This will finish the proof as the tor
amplitude can be read off from the stalks by Cohomology on Sites, Lemma [46.10
and Properties of Spaces, Theorem

Let « € |X| be the point determined by Z. Recall that |X| — |S] is closed (by
definition of proper morphisms). Since I is contained in the Jacobson radical, any
nonempty closed subset of S contains a point of the closed subscheme Sy. Hence we
can find a specialization x ~» x¢ in |X| with 2y € |X(|. Choose uy € Uy mapping
to zg. By Decent Spaces, Lemma (or by Decent Spaces, Lemma which
applies directly to étale morphisms) we find a specialization u ~» ug in U such that
u maps to x. We may lift T to a geometric point w of U lying over u. Then we have
Ez = (Elv)w

Write U = Spec(A). Then A is a flat, finitely presented R-algebra which is a quo-
tient of a polynomial R-algebra in d-variables. The restriction E|y corresponds (by
Derived Categories of Spaces, Lemmas and and Derived Categories
of Schemes, Lemma and to a pseudo-coherent object K of D(A). Ob-
serve that Ey corresponds to K @% A/TA. Let q C qo C A be the prime ideals
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corresponding to u ~~» ug. Then
Ez = (BElv)n = By ©5,,, Ova = K, ©%, A

(some details omitted). Since A; — Aflh is flat, the tor amplitude of this as an R-
module is the same as the tor amplitude of K as an R-module (More on Algebra,
Lemma [66.18)). Also, K, is a localization of Kg,. Hence it suffices to show that
K4, has tor amplitude in [a — d,b] as a complex of R-modules.

Let I C pp C R be the prime ideal corresponding to f(z¢). Then we have
K @} i(po) = (K @} R/I) %1 #(po)
= (K &% A/IA) &%, #(po)

the second equality because R — A is flat. By our choice of a, b this complex has
cohomology only in degrees in the interval [a,b]. Thus we may finally apply More
on Algebra, Lemma to R — A, qo, po and K to conclude. O

55. Families of nodal curves

This section is the continuation of Algebraic Curves, Section Please also see
that section for our choice of terminology.

The property “at-worst-nodal of relative dimension 1”7 of morphisms of schemes is
étale local on the source-and-target, see Descent, Lemma and Algebraic Curves,
Lemmas [20.8] 20.9] and 20.7] It is also stable under base change and fpqc local on
the target, see Algebraic Curves, Lemmas and Hence, by Morphisms of
Spaces, Lemma we may define the notion of an at-worst-nodal morphism of
relative dimension 1 for algebraic spaces as follows and it agrees with the already
existing notion defined in Morphisms of Spaces, Section [3| when the morphism is
representable.

Definition 55.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. We say f is at-worst-nodal of relative dimension 1 if the equivalent
conditions of Morphisms of Spaces, Lemma hold with P =“at-worst-nodal of
relative dimension 1.

Lemma 55.2. The property of being at-worst-nodal of relative dimension 1 is
preserved under base change.

Proof. See Morphisms of Spaces, Remark and Algebraic Curves, Lemma|[20.4]
([l

Lemmal 55.3. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is at-worst-nodal of relative dimension 1,

(2) for every scheme Z and any morphism Z —'Y the morphism Z xy X — Z
s at-worst-nodal of relative dimension 1,

(3) for every affine scheme Z and any morphism Z — Y the morphism Z Xy
X — Z is at-worst-nodal of relative dimension 1,

(4) there exists a scheme V and a surjective étale morphism V-—'Y such that
V xy X — V is at-worst-nodal of relative dimension 1,

(5) there exists a scheme U and a surjective étale morphism ¢ : U — X such
that the composition f o ¢ is at-worst-nodal of relative dimension 1,
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(6) for every commutative diagram

U——V

o

X——Y

where U, V are schemes and the vertical arrows are étale the top horizontal
arrow s at-worst-nodal of relative dimension 1,
(7) there exists a commutative diagram

U——V

o

X —Y

where U, V are schemes, the vertical arrows are étale, and U — X is
surjective such that the top horizontal arrow is at-worst-nodal of relative
dimension 1, and

(8) there exist Zariski coverings Y = J,c; i, and f~1(Y;) = U Xi; such that
each morphism X;; — Y; is at-worst-nodal of relative dimension 1.

Proof. Omitted. O

The following lemma tells us that we can check whether a morphism is at-worst-
nodal of relative dimension 1 on the fibres.

0DSH Lemma 55.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is flat and locally of finite presentation. Then there is a maz-
imal open subspace X' C X such that f|x : X' — Y is at-worst-nodal of relative
dimension 1. Moreover, formation of X' commutes with arbitrary base change.

Proof. Choose a commutative diagram

U——V
h

L,

X ——Y

where U, V are schemes, the vertical arrows are étale, and U — X is surjective.
By the lemma for the case of schemes (Algebraic Curves, Lemma we find a
maximal open subscheme U’ C U such that hly : U — V is at-worst-nodal of
relative dimension 1 and such that formation of U’ commutes with base change.
Let X’ C X be the open subspace whose points correspond to the open subset
Im(JU’| = |X|). By Lemma we see that X’ — Y is at-worst-nodal of relative
dimension 1 and that X’ is the largest open subspace with this property (this also
implies that U’ is the inverse image of X’ in U, but we do not need this). Since the
same is true after base change the proof is complete. O

56. The resolution property
0GUX We continue the discussion in Derived Categories of Spaces, Section
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0GUY |Situation 56.1. Let S be a scheme. Let X be a quasi-compact and quasi-

0GUZ

separated algebraic space over S. Let V. — X be a surjective étale morphism
where V' is an affine scheme (such a thing exists by Properties of Spaces, Lemma
6.3). Choose a commutative diagram

N4

where j is an open immersion and 7 is a finite morphism of algebraic spaces (such a
diagram exists by Lemma . Let Z C Oy be a finite type quasi-coherent sheaf
of ideals on Y with V(Z) = Y \ 4(V) (such a sheaf of ideals exists by Limits of
Spaces, Lemma [14.1)).

Lemmal 56.2. [n Situation assume X is Noetherian. Then for any coherent
Ox -module F there exist r > 0, integers nq,...,n, >0, and a surjection

@Z_Zl Mm@ — F

v Y

of Ox-modules.
Proof. Denote wy,x the coherent Oy-module such that there is an isomorphism
TxWy /X = %mOX (ﬂ-* Oy, OX)

of m,Oy-modules, see Morphisms of Spaces, Lemma [20.10] and Descent on Spaces,
Lemma The canonical map Ox — m.Oy produces a canonical map

TI‘,T P TWy/ X — OX
Since V is Noetherian affine we may choose sections
51,...,8 € N(V, 7" F ®0, wy/x)

generating the coherent module 7*F ®o wy,x over V. By Cohomology of Spaces,
Lemma we can choose integers n; > 0 such that s; extends to a map s : Z" —
m*F ®o, wy,x- Pushing to X we obtain maps

) W*S; Tr,
;LM — 7T*(7T*.7: Koy LUy/X) = .F@OX TxWy /X > F

where the equality sign is Cohomology of Spaces, Lemma To finish the proof
we will show that the sum of these maps is surjective.

Let « € | X| be a point of X. Let v € |V| be a point mapping to . We may choose
an étale neighbourhood (U, u) — (X, z) such that

UxXY:WHW’

(disjoint union of algebraic spaces) such that W — U is an isomorphism and such
that the unique point w € W lying over u maps to v in V' C Y. To see this is true
use Lemma and Etale Morphisms, Lemma m After shrinking U further
if necessary we may assume W maps into V' C Y by the projection. Since the
formation of wy,x commutes with étale localization we see that

mwy,x|v = (Tlw)sww/u @ (Tlw)sww /v
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We have (7|w ).ww v = Oy and this isomorphism is given by the trace map Trr|u
restricted to the first summand in the decomposition above. Since W maps into V'
we see that 7" |y = Ow . Hence

W*(Inl) U= OU D (Wl — U)*(Inl
Chasing diagrams the reader sees (details omitted) that o;|y on the summand Oy
is the map Oy — F corresponding to the section
silw € (W, " F ®o, wy,x) = T(W, Flw ®@oy, wwv) = T(U, F)

Since the sections s; generate the module 7*F ® o, wy, x over V and since W maps
into V' we conclude that the restriction of @ o; to U is surjective. Since z was an
arbitrary point the proof is complete. O

Lemmal 56.3. In Situation assume X is Noetherian. Then X has the
resolution property if and only if m.Z is the quotient of a finite locally free Ox -
module.

Proof. The module 7,7 is coherent by Cohomology of Spaces, Lemma[12.9] Hence
if X has the resolution property then 7,7 is the quotient of a finite locally free O x-
module. Conversely, assume given a surjection & — 7,Z for some finite locally free
Ox-module €. Observe that for all n > 1 there is a surjection

w’)

L Qoy TI" — P A

Hence £9™ surjects onto 7, Z" for all n > 1. We conclude that X has the resolution
property if we combine this with the result of Lemma [56.2 O

Lemma 56.4. In Situation the algebraic space X has the resolution property
if and only if . T is the quotient of a finite locally free Ox-module.

Proof. The pushforward .G of a finite type quasi-coherent Oy-module G is a finite
type quasi-coherent O x-module by Descent on Spaces, Lemma In particular,
if X has the resolution property, then w,Z is the quotient of a finite locally free
Ox-module by Derived Categories of Spaces, Definition [28.1

Assume that we have a surjection & — 7, Z for some finite locally free O x-module
E. In the rest of the proof we show that X has the resolution property by reducing
to the Noetherian case handled in Lemma[56.3] We suggest the reader skip the rest
of the proof.

A first reduction is that we may view X as an algebraic space over Spec(Z), see
Spaces, Definition [16.2] (This doesn’t affect the conditions nor the conclusion of
the lemma.)

By Limits of Spaces, Lemma[I1.3|we can write Y = lim ¥; with Y; finite and of finite
presentation over X and where the transition maps are closed immersions. Consider
the closed subspace Z = V(Z) of Y. Since 7 is of finite type, the morphism Z — Y
is of finite presentation. Hence we can find an ¢ and a morphism Z; — Y; of finite
presentation whose base change to Y is Z — Y, see Limits of Spaces, Lemma [7.1
For i’ > i denote Z;; = Z; Xy, Y;r. After increasing ¢ we may assume Z; — Y; is a
closed immersion (of finite presentation), see Limits of Spaces, Lemma Denote
Z; C Oy, the ideal sheaf of Z; and denote m; : ¥; — X the structure morphism.
Similarly for ¢ > 4. Since Z = lim; >; Z;; we have

mL = colim my Ly
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The transition maps in the system are all surjective as follows from the surjectivity
of the maps m; Oy, — 7y «Oy,, and the fact that Z;; = Z; Xy, Y. By Cohomology
of Spaces, Lemma for some i’ > ¢ the map & — m.Z lifts to a map & — m; Ly
After increasing ¢’ this map & — m;/ .Zy becomes surjective (since if not the colimit
of the cokernels, having surjective transition maps, is nonzero). This reduces us to
the case discussed in the next paragraph.

Assume X is an algebraic space over Z and that Y — X is of finite presentation.
By absolute Noetherian approximation we can write X = lim X; as a directed
limit, where each X, is a quasi-separated algebraic space of finite type over Z and
the transition morphisms are affine, see Limits of Spaces, Proposition Since
m:Y — X is of finite presentation we can find an ¢ and a morphism w; : ¥; — X;
of finite presentation whose base change to X is 7, see Limits of Spaces, Lemma
After increasing ¢ we may assume m; is finite, see Limits of Spaces, Lemma
Next, we may assume there exists a finite locally free Ox,-module &; whose
pullback to X is &, see Limits of Spaces, Lemma We may also assume there
is a map & — m; «Oy, whose pullback to X is the composition £ = 7,7 — 7.0y,
see Limits of Spaces, Lemma The cokernel

EZ' — Wi,*OYi — QZ' — 0

is a coherent Oy,-module whose pullback to X is the (finitely presented) cokernel
Q of the map & — m.Oy. In other words, we have Q = m,.(Oy /Z). Consider the
map
&; ®OX7L 7'('1',*0)/1. —_— 7T1-7*Oyi ®OX1‘ 7TZ-’*OY1. — Wiy*Oyi — Q;

where the second arrow is given by the algebra structure on 7; .Oy,. The pullback
of this map to Y is zero because the image of £ — m,0Oy is the ideal 7,Z. Hence
by Limits of Spaces, Lemma after increasing ¢ we may assume the displayed
composition is zero. This exactly means that the imag of & — m; .Oy, is of the
form ; ,Z; for some coherent ideal sheaf Z; C Oy,. Since & — m; .Oy; pulls back
to &€ — m.Oy we see that the pullback of Z; to Y generates Z. Denote V; C Y; the
open subspace whose complement is V(Z;) C Y;. Then V is the inverse image of
V; by the comments above. After increasing ¢ we may assume that V; is affine and
that m;|y, : V; — X is étale, see Limits of Spaces, Lemmas and Having
said all of this, we may apply Lemma [56.3| to conclude that X; has the resolution
property. Since X — X; is affine we conclude that X has the resolution property
too by Derived Categories of Spaces, Lemma [28.3 (]

Lemma 56.5. Let S be a scheme. Let X = lim X; be a limit of a direct system
of quasi-compact and quasi-separated algebraic spaces over S with affine transition
morphisms. Then X has the resolution property if and only if X; has the resolution
properties for some i.

Proof. If X; has the resolution property, then X does by Derived Categories of
Spaces, Lemma[28.3] Assume X has the resolution property. Choose i € I. We may
choose an affine scheme V; and a surjective étale morphism V; — X, (Properties
of Spaces, Lemma . We may choose an embedding j : V; — Y; with Y; finite
and finitely presented over X; (Lemma [34.4). We may choose a finite type quasi-
coherent ideal Z; C Oy, such that V; =Y; \ V(Z;) (Limits of Spaces, Lemma [14.1]).
Denote V. — Y — X the base changes of V; — Y; — X, to X. Denote Z C Oy
the pullback of the ideal Z;,. By the easy direction of Lemma [56.4] there exists


https://stacks.math.columbia.edu/tag/0GV2

0GV3

0GV4
0GV5

MORE ON MORPHISMS OF SPACES 141

a finite locally free Ox-module £ and a surjection & — w,Z. Note that since
m; : Y; — X, is finite and of finite presentation we also have that 7 : ¥ — X is
finite and of finite presentation and that the Ox,-modules m; Oy, and 7; .(Oy, /I;)
are of finite presentation and pullback to X to give m.Oy and 7, (Oy/Z). Thus
by Limits of Spaces, Lemma after increasing ¢ we can find a finite locally free
Ox,-module & and a map & — m; .0y, whose base change to X recovers the
composition & — m.Z — m,Oy. The pullbacks of the finitely presented Ox,-
modules Coker(&; — m; .Oy;) and m; .(Oy,/Z;) to X agree as quotients of 7, Oy.
Hence by Limits of Spaces, Lemma we may assume that these agree, in other
words that the image of & — 7; .Ox;, is equal to 7; .Z;. Then we conclude that X;
has the resolution property by Lemma O

Lemma 56.6. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space with the resolution property. Then X has affine diagonal over Z (as
in Properties of Spaces, Definition .

Proof. We could prove this as in the case of schemes, but instead we will deduce
the lemma from the case of schemes. First, we may and do assume S = Spec(Z).
Next, we choose a scheme Y and a surjective integral morphism f : Y — X, see
Decent Spaces, Lemma [9.2] Then f is affine, hence Y has the resolution property
by Derived Categories of Spaces, Lemma Hence by the case of schemes, the
scheme Y has affine diagonal, see Derived Categories of Schemes, Lemma [36.10)
Next, we consider the commutative diagram

Y — =Y xzY

‘L R l
Ax

X —— = X xz X

Observe that the right vertical arrow is integral, in particular affine. Let W —
X Xz X be a morphism with W affine. Then we see that
Y Xxuzgx W=Y Xa, vxzy (Y xz2Y) Xxy,x W
is affine. On the other hand, Y — X is integral and surjective hence
Y Xxxzx W— X Xxxx W

is integral surjective as the base change of Y — X to W. We conclude that the
target of this arrow is affine by Limits of Spaces, Proposition It follows that
Ax is affine as desired. O

57. Blowing up and the resolution property
We prove that the resolution property is satisfied after a blowing up.

Lemma 57.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Assume that |X| has finitely many irreducible components.
There exists a dense quasi-compact open U C X and a U-admissible blowing up
X' — X such that the algebraic space X' has the resolution property.

Proof. By Limits of Spaces, Lemma there exists a surjective, finite, and
finitely presented morphism f:Y — X where Y is a scheme and a quasi-compact
dense open U C X such that f~1(U) — U is finite étale. By More on Morphisms,
Lemmal[80.2]there is a quasi-compact dense open V' C Y and a V-admissible blowing
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up Y’ — Y such that Y’ has an ample family of invertible modules. After shrinking
U we may assume that f~1(U) C V (details omitted). Hence f’': Y’ — X is finite
étale over U and in particular, the morphism (f')~*(U) — U is finite locally free.
By Lemma there is a U-admissible blowing up X’ — X such that the strict
transform Y of Y” is finite locally free over X'. Picture

Y” — Y —=Y

X' X
Since g : Y — Y is a blowing up (Divisors on Spaces, Lemma [18.3)) in the inverse
image of the center of X’ — X, we see that g : Y” — Y’ is projective and that
there exists some g-ample invertible module on Y”. Hence by More on Morphisms,
Lemma we see that Y” has an ample family of invertible modules. Hence
Y” has the resolution property, see Derived Categories of Schemes, Lemma [36.7}

We conclude that X’ has the resolution property by Derived Categories of Spaces,
Lemma 28.41 O

Lemma 57.2. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. There exists a t > 0 and closed subspaces

XD>ZyDZ1D...0Z =0

such that Z; — X is of finite presentation, Zy C X is a thickening, and for each
i=0,...t —1 there exists a (Z; \ Zi—1)-admissible blowing up Z| — Z; such that
Z! has the resolution property.

Proof. In this paragraph we use absolute Noetherian approximation to reduce to
the case of algebraic spaces of finite presentation over Spec(Z). We may view X
as an algebraic space over Spec(Z), see Spaces, Definition and Properties of
Spaces, Definition Thus we may apply Limits of Spaces, Proposition It
follows that we can find an affine morphism X — Xg with X of finite presentation
over Z. If we can prove the lemma for X, then we can pull back the stratification
and the centers of the blowing ups to X and get the result for X; this uses that the
resolution property goes up along affine morphisms (Derived Categories of Spaces,
Lemma and that the strict transform of an affine morphism is affine — details
omitted. This reduces us to the case discussed in the next paragraph.

Assume X is of finite presentation over Z. Then X is Noetherian and |X]| is a
Noetherian topological space (with finitely many irreducible components) of finite
dimension. Hence we may use induction on dim(|X|). By Lemma there exists
a dense open U C X and a U-admissible blowing up X’ — X such that X’ has the
resolution property. Set Zy = X and let Z; C X be the reduced closed subspace
with |Z1] = | X| \ |U|. By induction we find an integer ¢ > 0 and a filtration

ZlDZL()DZLlD...DZLt:Q)

by closed subspaces, where Z1 g — Z; is a thickening and there exist (Z1 ;\ Z1,i+1)-
admissible blowing ups Zi’i — Z1,5 such that Zii has the resolution property. Since
Z is reduced, we have Z; = Z; 9. Hence we can set Z; = Z7 ;-1 and Z] = Z{J-_l
for i > 1 and the lemma is proved. O
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