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1. Introduction

This chapter develops some theory concerning simplicial topological spaces, simpli-
cial ringed spaces, simplicial schemes, and simplicial algebraic spaces. The theory
of simplicial spaces sometimes allows one to prove local to global principles which
appear difficult to prove in other ways. Some example applications can be found
in the papers [Fal03], [Kie72], and [Del74].

We assume throughout that the reader is familiar with the basic concepts and
results of the chapter Simplicial Methods, see Simplicial, Section [1} In particular,
we continue to write X and not X, for a simplicial object.

2. Simplicial topological spaces

A simplicial space is a simplicial object in the category of topological spaces where
morphisms are continuous maps of topological spaces. (We will use “simplicial
algebraic space” to refer to simplicial objects in the category of algebraic spaces.)

We may picture a simplicial space X as follows
—_—
Xo——X1=—X,
_

Here there are two morphisms d}, d} : X1 — X, and a single morphism s§ : Xo —
X1, etc. It is important to keep in mind that d} : X,, = X,,_; should be thought of
as a “projection forgetting the ith coordinate” and s : X;, — X;, 41 as the diagonal
map repeating the jth coordinate.

Let X be a simplicial space. We associate a site X ZMH to X as follows.

(1) An object of Xz, is an open U of X,, for some n,
(2) a morphism U — V of Xz, is given by a ¢ : [m] — [n] where n,m are
such that U C X,,, V C X,,, and ¢ is such that X (¢)(U) C V, and
(3) a covering {U; — U} in Xz, means that U,U; C X,, are open, the maps
U; — U are given by id : [n] — [n], and U = J U;.
Note that in particular, if U — V is a morphism of Xz, given by ¢, then X () :
X, — X, does in fact induce a continuous map U — V of topological spaces.
It is clear that the above is a special case of a construction that associates to any
diagram of topological spaces a site. We formulate the obligatory lemma.

Lemma 2.1. Let X be a simplicial space. Then X 74, as defined above is a site.

Proof. Omitted. |

Let X be a simplicial space. Let F be a sheaf on X z,,.. It is clear from the definition
of coverings, that the restriction of F to the opens of X, defines a sheaf F,, on the
topological space X,,. For every ¢ : [m] — [n] the restriction maps of F for pairs
UcCX,,V CX, with X(¢)(U) CV, define an X (¢)-map F(p) : Fm — Fn, see
Sheaves, Definition Moreover, given ¢ : [m] — [n] and 1 : [I] — [m] we have

Flp) o F(¥) = Flpov)
(LHS uses composition of f-maps, see Sheaves, Definition . Clearly, the con-

verse is true as well: if we have a system ({F, }n>0, {F(¥)}pecarrows(a)) as above,
satisfying the displayed equalities, then we obtain a sheaf on Xz,

LThis notation is similar to the notation in Sites, Example and Topologies, Definition
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Lemma 2.2. Let X be a simplicial space. There is an equivalence of categories
between

(1) Sh(Xzar), and

(2) category of systems (Fp, F(p)) described above.

Proof. See discussion above. O

Lemma 2.3. Let f: Y — X be a morphism of simplicial spaces. Then the functor
w: Xgar — Yzar which associates to the open U C X, the open f,Y(U) C Y,
defines a morphism of sites fzar : Yzar — Xzar-

Proof. It is clear that u is a continuous functor. Hence we obtain functors fzq, .« =
u® and f, ;T = ug, see Sites, Section To see that we obtain a morphism of sites
we have to show that u, is exact. We will use Sites, Lemma to see this. Let
V C Y, be an open subset. The category Z{; (see Sites, Section consists of
pairs (U, ¢) where ¢ : [m] — [n] and U C X,,, open such that Y (¢)(V) C f,,2(U).
Moreover, a morphism (U, p) — (U’,¢’) is given by a ¢ : [m/] — [m] such that
X@)(U) c U and potp = ¢'. It is our task to show that Z{: is cofiltered.

We verify the conditions of Categories, Definition Condition (1) holds be-
cause (Xp,idp,) is an object. Let (U, ) be an object. The condition Y (¢)(V) C
Inl(U) is equivalent to V. C f,;1(X(p)"*(U)). Hence we obtain a morphism
(X(cp)*l(U),id[n]) — (U, ) given by setting » = ¢. Moreover, given a pair of
objects of the form (U, idp,)) and (U’,id},)) we see there exists an object, namely
(UNU',idp,)), which maps to both of them. Thus condition (2) holds. To verify
condition (3) suppose given two morphisms a,a’ : (U, p) = (U’,¢’) given by ¢, :
[m/] — [m]. Then precomposing with the morphism (X (¢)~'(U),id,)) — (U, ¢)
given by ¢ equalizes a, a’ because v o) = ¢’ = p o1)’. This finishes the proof. [

Lemma 2.4. Let f :' Y — X be a morphism of simplicial spaces. In terms of
the description of sheaves in Lemma the morphism fzq.. of Lemma can be
described as follows.

(1) If G is a sheaf on Y, then (fzar«G)n = fn,«Gn-
(2) If F is a sheaf on X, then (f;).F)n = fi ' Fn.

Proof. The first part is immediate from the definitions. For the second part, note
that in the proof of Lemma [2.3] we have shown that for a V C Y,, open the category
(Z)°PP contains as a cofinal subcategory the category of opens U C X, with
f71(U) D V and morphisms given by inclusions. Hence we see that the restriction of
upF to opens of Y, is the presheaf f, ,F;, as defined in Sheaves, Lemma [21.3] Since
Iz alr]-' = usF is the sheafification of u,F and since sheafification uses only coverings
and since coverings in Yz, use only inclusions between opens on the same Y,,, the
result follows from the fact that f,1F, is (correspondingly) the sheafification of
fr.pFn, see Sheaves, Section O

Let X be a topological space. In Sites, Example we denoted Xz, the site
consisting of opens of X with inclusions as morphisms and coverings given by open
coverings. We identify the topos Sh(Xz,,) with the category of sheaves on X.

Lemma 2.5. Let X be a simplicial space. The functor X,, zor = Xzar, U — U
is continuous and cocontinuous. The associated morphism of topoi g, : Sh(X,) —

Sh(Xzar) satisfies
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(1) gt associates to the sheaf F on X the sheaf F,, on Xy,
(2) g7t Sh(Xzar) — Sh(X,,) has a left adjoint g3},
(3) g5l commutes with finite connected limits,

(4) gt Ab(X zar) — Ab(X,,) has a left adjoint g1, and
(5) gn! is exact.

Proof. Besides the properties of our functor mentioned in the statement, the cate-
gory X, zqr has fibre products and equalizers and the functor commutes with them
(beware that X z,, does not have all fibre products). Hence the lemma follows from
the discussion in Sites, Sections 20| and [21] and Modules on Sites, Section More
precisely, Sites, Lemmas [21.1] 1.5 and [21.6] and Modules on Sites, Lemmas
and [16.3] O

Lemma 2.6. Let X be a simplicial space. If T is an injective abelian sheaf on
XZar, then I, is an injective abelian sheaf on X, .

Proof. This follows from Homology, Lemma and Lemma |2.5) (]
Lemma 2.7. Let f:Y — X be a morphism of simplicial spaces. Then

Sh(Y,) — Sh(Xy,)
Sh(YZaT) *)fZar Sh(XZar)
is a commutative diagram of topoi.

Proof. Direct from the description of pullback functors in Lemmas[2.4Jand[2.5] O

Lemma 2.8. LetY be a simplicial space and let a :' Y — X be an augmentation
(Simplicial, Definition . Let ap, : Y, — X be the corresponding morphisms of
topological spaces. There is a canonical morphism of topoi

a: Sh(Yzar) — Sh(X)

with the following properties:

(1) a=LF is the sheaf restricting to a; ' F on Yy,

(2) am oY (p) = ay for all ¢ : [m] — [n],

(3) aogn=a, as morphisms of topoi with g, as in Lemma

(4) a.G for G € Sh(Yzqr) is the equalizer of the two maps ag «Go — a1,+G1.
Proof. Part (2) holds for augmentations of simplicial objects in any category. Thus
Y () ta,'F = a,;'F which defines an Y (p)-map from a,'F to a,'F. Thus we
can use (1) as the definition of a=!F (using Lemma and (4) as the definition
of a,. If this defines a morphism of topoi then part (3) follows because we’ll have
gntoa ! = a,! by construction. To check a is a morphism of topoi we have to
show that a~! is left adjoint to a, and we have to show that a~! is exact. The last

fact is immediate from the exactness of the functors a*.

Let F be an object of Sh(X) and let G be an object of Sh(Yz,..). Given 3 : a1 F —
G we can look at the components j3,, : a,,*F — G,,. These maps are adjoint to maps
Bn + F = an «Gn. Compatibility with the simplicial structure shows that Sy maps
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into a,G. Conversely, suppose given a map « : F — a,G. For any n choose a
¢ : [0] = [n]. Then we can look at the composition

G(»)
F i> a*g — aO,*gO — am*gn

These are adjoint to maps a,, ' F — G,, which define a morphism of sheaves a1 F —
G. We omit the proof that the constructions given above define mutually inverse
bijections

Mor gh (v, (@' F,G) = Morgy(x) (F, a.G)
This finishes the proof. An interesting observation is here that this morphism
of topoi does not correspond to any obvious geometric functor between the sites
defining the topoi. O

Lemma 2.9. Let X be a simplicial topological space. The complex of abelian
presheaves on X 74,
co. = Zx, > Zx, — Zx,

with boundary Y (—1)'d? is a resolution of the constant presheaf Z.

Proof. Let U C X,, be an object of Xz,,. Then the value of the complex above
on U is the complex of abelian groups

... = Z[Mora([2],[m])] = Z]Mora([1], [m])] = Z[Mora([0], [m])]

In other words, this is the complex associated to the free abelian group on the sim-
plicial set A[m], see Simplicial, Example Since A[m] is homotopy equivalent
to A[0], see Simplicial, Example and since “taking free abelian groups” is a
functor, we see that the complex above is homotopy equivalent to the free abelian
group on A[0] (Simplicial, Remark and Lemma[27.2)). This complex is acyclic
in positive degrees and equal to Z in degree 0. O

Lemmal 2.10. Let X be a simplicial topological space. Let F be an abelian sheaf
on X. There is a spectral sequence (E,,d;)y>0 with

EYY = HY X, Fp)
converging to HPY9(X z4,, F). This spectral sequence is functorial in F.

Proof. Let F — Z° be an injective resolution. Consider the double complex with
terms

APY = T9(X,)
and first differential given by the alternating sum along the maps d? L _maps i —
77 ., see Lemma Note that

p+1>
AP1 =T'(X,,,T%) = Morpgy(hx,, %) = Morpay(Zx,,Z%)

pr~p

Hence it follows from Lemma and Cohomology on Sites, Lemma that the
rows of the double complex are exact in positive degrees and evaluate to I'(X z4,-, Z9)
in degree 0. On the other hand, since restriction is exact (Lemma [2.5)) the map

Fp —>I;

is a resolution. The sheaves ZJ are injective abelian sheaves on X, (Lemma [2.6).
Hence the cohomology of the columns computes the groups H9(X,, F,). We con-

clude by applying Homology, Lemmas and O
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Lemma 2.11. Let X be a simplicial space and let a : X — Y be an augmentation.
Let F be an abelian sheaf on Xz4-. Then R™a.F is the sheaf associated to the
presheaf

Vi— H"((X Xy V) zars Fl(X xy V) 50r)

Proof. This is the analogue of Cohomology, Lemma|[7.3|or of Cohomology on Sites,
Lemma and we strongly encourge the reader to skip the proof. Choosing an
injective resolution of F on Xz, and using the definitions we see that it suffices
to show: (1) the restriction of an injective abelian sheaf on Xz, to (X Xy V)zar
is an injective abelian sheaf and (2) a.F is equal to the rule

Vi— HY(X Xy V) zar, Fl(X xy V) 70,.)

Part (2) follows from the following facts

(2a) a.F is the equahzer of the two maps ag «Fo — a1,»F1 by Lemma [2.§ .
(2b) ao *]:0( ) HO( (V) fo) and al’*}'l(V) Ho(al ( ) ]‘—1)

(2¢) Xo xy V =ag"(V Y and Xy xy V= ar (V).

(2d) HO((X xy V) zars Fl(x xy V)., is the equalizer of the two maps H°(Xo Xy
V,Fo) — H°(X; xy V, Fy) for example by Lemma-

Part (1) follows after one defines an exact left adjoint 7, : Ab((X Xy V)zar) —
Ab(Xz4r) (extension by zero) to restriction Ab(Xzqr) — Ab((X Xy V)z4r) and
using Homology, Lemma [29.1 (]

Let X be a topological space. Denote X, the constant simplicial topological space
with value X. By Lemma [2.2)a sheaf on X, 74, is the same thing as a cosimplicial
object in the category of sheaves on X.

Lemma 2.12. Let X be a topological space. Let X be the constant simplicial
topological space with value X. The functor

X.,Zar —>XZar7 U—U

is continuous and cocontinuous and defines a morphism of topoi g : Sh(Xe zar) —
Sh(X) as well as a left adjoint g to g=1. We have

(1) g~ associates to a sheaf on X the constant cosimplicial sheaf on X,
(2) g1 associates to a sheaf F on Xe zqr the sheaf Fy, and
(3) g« associates to a sheaf F on Xe zqr the equalizer of the two maps Fo — Fi.

Proof. The statements about the functor are straightforward to verify. The exis-
tence of g and g follow from Sites, Lemmas and The description of g1
is immediate from Sites, Lemma The description of g, and g follows as the
functors given are right and left adjoint to g—*. O

3. Simplicial sites and topoi

It seems natural to define a simplicial site as a simplicial object in the (big) category
whose objects are sites and whose morphisms are morphisms of sites. See Sites,
Definitions [6.2] and with composition of morphisms as in Sites, Lemma [14.4
But here are some variants one might want to consider: (a) we could work with
cocontinuous functors (see Sites, Sections and between sites instead, (b)
we could work in a suitable 2-category of sites where one introduces the notion
of a 2-morphism between morphisms of sites, (¢) we could work in a 2-category
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constructed out of cocontinuous functors. Instead of picking one of these variants
as a definition we will simply develop theory as needed.

Certainly a simplicial topos should probably be defined as a pseudo-functor from
AP°PP into the 2-category of topoi. See Categories, Definition and Sites, Section
and We will try to avoid working with such a beast if possible.

Case A. Let C be a simplicial object in the category whose objects are sites and
whose morphisms are morphisms of sites. This means that for every morphism
@ : [m] — [n] of A we have a morphism of sites f, : C,, = Cp,. This morphism
is given by a continuous functor in the opposite direction which we will denote
Uy : Cp — Cp.

Lemma 3.1. Let C be a simplicial object in the category of sites. With notation
as above we construct a site Ciorar a8 follows.

(1) An object of Ciptar is an object U of C,, for some n,

(2) a morphism (o, f) : U =V of Cotar is given by a map ¢ : [m] — [n] with
U € Ob(Cy), V € Ob(C,,) and a morphism f: U — uy(V) of Cy, and

(3) a covering {(id, f;) : U; = U} in Ciotar is given by an n and a covering
{fz :U; — U} oan

Proof. Composition of (¢, f) : U — V with (¢,g9) : V — W is given by (p o
1, up(g) o f). This uses that uy, 0 Uy = Upoy-

Let {(id, f;) : Uy — U} be a covering as in (3) and let (¢,9) : W — U be a
morphism with W € Ob(C,,). We claim that

W X (o0),0,Gd, 1) Ui = W Xgu (0),up (1) Ue(Ui)

in the category Ciptq;- This makes sense as by our definition of morphisms of
sites, the required fibre products in C,, exist since u, transforms coverings into
coverings. The same reasoning implies the claim (details omitted). Thus we see
that the collection of coverings is stable under base change. The other axioms of a
site are immediate. O

Case B. Let C be a simplicial object in the category whose objects are sites and
whose morphisms are cocontinuous functors. This means that for every morphism
@ : [m] = [n] of A we have a cocontinuous functor denoted u, : C,, = C,,. The
associated morphism of topoi is denoted f, : Sh(C,,) = Sh(Cpn).

Lemmal 3.2. Let C be a simplicial object in the category whose objects are sites
and whose morphisms are cocontinuous functors. With notation as above, assume
the functors u, : C,, = Cp, have property P of Sites, Remark . Then we can
construct a site Ciora; as follows.

(1) An object of Ciptar is an object U of C,, for some n,

(2) a morphism (¢, f) : U =V of Ciotal is given by a map ¢ : [m] — [n] with
U € Ob(Cy), V € Ob(Cy,) and a morphism f :u,(U) =V of Cy,, and

(3) a covering {(id, f;) : Uy — U} in Ciorar s given by an n and a covering
{fz : Ul — U} oan.

Proof. Composition of (¢, f) : U — V with (¢,g) : V' — W is given by (po¢,go
uy(f)). This uses that uy o uy, = Ugoy.
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Let {(id, f;) : U; — U} be a covering as in (3) and let (p,g9) : W — U be a
morphism with W € Ob(C,,,). We claim that

W X (p,9),0,Gd, 1) Ui = W X gu,5, Ui

in the category Ciotq; Where the right hand side is the object of C,, defined in
Sites, Remark which exists by property P. Compatibility of this type of fibre
product with compositions of functors implies the claim (details omitted). Since
the family {W x,u, ¢, U — W} is a covering of C,, by property P we see that the
collection of coverings is stable under base change. The other axioms of a site are
immediate. U

Situation 3.3. Here we have one of the following two cases:

(A) C is a simplicial object in the category whose objects are sites and whose
morphisms are morphisms of sites. For every morphism ¢ : [m] — [n] of A
we have a morphism of sites f, : C,, — C,, given by a continuous functor
Uy : Cpy — C.

(B) C is a simplicial object in the category whose objects are sites and whose
morphisms are cocontinuous functors having property P of Sites, Remark
For every morphism ¢ : [m] — [n] of A we have a cocontinuous functor
Uy : Cp — Cp, which induces a morphism of topoi f,, : Sh(Cy,) — Sh(Cy,).

As usual we will denote f; L and fo,« the pullback and pushforward. We let Ciota
denote the site defined in Lemma (case A) or Lemma (case B).

Let C be as in Situation[3:3] Let F be a sheaf on Cyotq;. It is clear from the definition

of coverings, that the restriction of F to the objects of C,, defines a sheaf F, on

the site C,,. For every ¢ : [m] — [n] the restriction maps of F along the morphisms

(p,f) : U =V with U € Ob(C,,) and V € Ob(C,,) define an element F(p) of
Morsp(c,.) (Fm: foeFn) = Morgpie,) (f5 " Fm, Fn)

Moreover, given ¢ : [m] — [n] and ¥ : [[] — [m] the diagrams

-1
7 F
i F(po) TooueFn Joow T Flpow)
and
% %‘-’(@ fgal% %‘P)
fw,*fm fc;lfm

commute. Clearly, the converse statement is true as well: if we have a system
({Fntnz0, {F(©)}pearows(a)) satisfying the commutativity constraints above, then
we obtain a sheaf on Ciorq;.

Lemma 3.4. In Situatz’on there is an equivalence of categories between

(1) Sh(ctotal): and
(2) the category of systems (Fp, F(p)) described above.

In particular, the topos Sh(Ciotar) only depends on the topoi Sh(C,) and the mor-
phisms of topoi f,.

Proof. See discussion above. O

Lemma 3.5. In Sz'tuation the functor Cp, — Ciotar, U +— U is continuous and
cocontinuous. The associated morphism of topoi gy, : Sh(Cpn) — Sh(Ciotal) satisfies

(1) gt associates to the sheaf F on Ciotar the sheaf F, on Cp,
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(2) gt Sh(Ciotar) — Sh(Cy) has a left adjoint g5,

(3) for g in Sh(Cy,) the restriction of g3'G to Cy, is ooy sl o g,
(4) gn, commutes with finite connected limits,

(5) gt Ab(Ciotar) — Ab(Cr) has a left adjoint gy,

(6)

for G in Ab(C,) the restriction of gmG to Cy, is @ n]—[m] fo 1G, and
(7) gnt is exact.

Proof. Case A. If {U; — U}ier is a covering in C,, then the image {U; — U}er
is a covering in Ciptqr by definition (Lemma . For a morphism V — U of C,,
the fibre product V xy U; in C, is also the fibre product in Cioq; (by the claim in
the proof of Lemma . Therefore our functor is continuous. On the other hand,
our functor defines a bijection between coverings of U in C,, and coverings of U in
Ciotal- Therefore it is certainly the case that our functor is cocontinuous.

Case B. If {U; — U}ier is a covering in C, then the image {U; — Ul}ics is a
covering in Ciorq; by definition (Lemma . For a morphism V' — U of C,, the
fibre product V' xy U; in C,, is also the fibre product in Cipiq; (by the claim in the
proof of Lemma . Therefore our functor is continuous. On the other hand, our
functor defines a bijection between coverings of U in C,, and coverings of U in Ciotq;-
Therefore it is certainly the case that our functor is cocontinuous.

At this point part (1) and the existence of g°!" and g, in cases A and B follows
from Sites, Lemmas and and Modules on Sites, Lemma

Proof of (3). Let G be a sheaf on C,,. Consider the sheaf H on Ciotqr whose degree

m part is the sheaf
Hom = -
Hvz [n]—[m] fo 6

given in part (3) of the statement of the lemma. Given a map ¢ : [m] — [m/] the
map H() : le?lm — H e is given on components by the identifications

155G = Fuap9
Observe that given a map « : H — F of sheaves on Cytq; We obtain a map G — Fp,
corresponding to the restriction of v, to the component G in H,,. Conversely, given
a map 8 : G — F, of sheaves on C,, we can define o : H — F by letting a,,, be the
map which on components
f'G = Fm

uses the maps adjoint to F(p) o fo 13. We omit the arguments showing these two
constructions give mutually inverse maps

Morgp(c,) (G Fn) = Morsn(c,ypu) (H, F)
Thus H = g5{'G as desired.

Proof of (4). If G is an abelian sheaf on C,, then we proceed in exactly the same
ammner as above, except that we define H is the abelian sheaf on Ciptq; Whose

degree m part is the sheaf
D 1519
@:[n]—[m]

with transition maps defined exactly as above. The bijection
MOI"Ab(Cn) (g’ ]:’ﬂ) = MorAb(ctotal) (H’ ]:)

is proved exactly as above. Thus H = ¢,,G as desired.
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The exactness properties of g5/ and g, follow from formulas given for these func-
tors. ([

Lemma 3.6. In Situation . If T is injective in Ab(Ciotar), then I, is injective
in Ab(Cy,). If I® is a K-injective complex in Ab(Ciotar), then I is K-injective in
Ab(C).

Proof. The first statement follows from Homology, Lemma and Lemma (3.5
The second statement from Derived Categories, Lemma and Lemma (3.5 O

4. Augmentations of simplicial sites

We continue in the fashion described in Section [3] working out the meaning of
augmentations in cases A and B treated in that section.

Remark| 4.1. In Situation an augmentation ag towards a site D will mean
(A) ag : Co — D is a morphism of sites given by a continuous functor ug : D —
Co such that for all ¢, : [0] — [n] we have u, 0 ug = uy o ug.
(B) ag : Sh(Cy) — Sh(D) is a morphism of topoi given by a cocontinuous functor
ug : Co — D such that for all ¢, : [0] = [n] we have ug o uy, = ug 0 uy.

Lemmal 4.2. In Situation let ag be an augmentation towards a site D as in
Remark[{-1 Then ay induces

(1) a morphism of topoi ay, : Sh(C,) — Sh(D) for alln >0,

(2) a morphism of topoi a : Sh(Ctotar) — Sh(D)
such that

(1) for all ¢ : [m] — [n] we have am, o f, = an,

(2) if gn : SK(Cr) = Sh(Ctotal) is as in Lemma then a o g, = a,, and

(3) a.F for F € Sh(Ciotar) is the equalizer of the two maps ap «Fo — a1, F1.
Proof. Case A. Let u,, : D — C,, be the common value of the functors u, o ug
for ¢ : [0] — [n]. Then w, corresponds to a morphism of sites a,, : C, — D, see
Sites, Lemma The same lemma shows that for all ¢ : [m] — [n] we have
Qm O fo = an.
Case B. Let u,, : C,, = D be the common value of the functors ug o u, for ¢ : [0] —
[n]. Then u, is cocontinuous and hence defines a morphism of topoi a,, : Sh(C,) —
Sh(D), see Sites, Lemma The same lemma shows that for all ¢ : [m] — [n]
we have an, o fo = ap.

Consider the functor a=! : Sh(D) — Sh(Ciotar) Which to a sheaf of sets G associates
the sheaf F = a~!'G whose components are a,,'G and whose transition maps F(¢)
are the identifications

[ Fm = [l G =a,'G = F,

for ¢ : [m] — [n], see the description of Sh(Cyotai) in Lemma[3.4] Since the functors
a; ! are exact, a~! is an exact functor. Finally, for a. : Sh(Ciotar) — Sh(D) we take
the functor which to a sheaf F on Sh(D) associates

a,.F == Equalizer(ag . Fo ay,+F1)

Here the two maps come from the two maps ¢ : [0] — [1] via

-1 F(p)
aO,*]:O - aO,*fgp,*pr ]:O — aO,*pr,*fl = al,*fl
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where the first arrow comes from 1 — fo, .. fo 1. Let G, denote the constant simplicial
sheaf with value G and let ao.F denote the simplicial sheaf having a, .F, in
degree n. By the usual adjuntion for the morphisms of topoi a,, we see that a map
a~'G — F is the same thing as a map

go I ao,*]:

of simplicial sheaves. By Simplicial, Lemma this is the same thing as a map
G — a.F. Thus a~! and a. are adjoint functors and we obtain our morphism of
topoi aﬂ The equalities a o g, = f,, follow immediately from the definitions. O

5. Morphisms of simplicial sites

We continue in the fashion described in Section [3] working out the meaning of
morphisms of simplicial sites in cases A and B treated in that section.

Remark 5.1. Let Cy, f,, u, and Cy, f7,, uf, be as in Situation A morphism h
between simplicial sites will mean
A) Morphisms of sites h,, : C,, — C/, such that f’ oh, = h,, o f, as morphisms
n @ ®
of sites for all ¢ : [m] — [n].
B) Cocontinuous functors v, : C, — C! inducing morphisms of topoi h, :
n g
Sh(Cy) — Sh(C;,) such that u, o v, = vy, 0 uy, as functors for all ¢ : [m] —
[n].
In both cases we have f:a o hy, = hy o f, as morphisms of topoi, see Sites, Lemma
for case B and Sites, Definition for case A.

Lemma 5.2. Let Cy, fy,u, and Cp, f,,,uy, be as in Situation . Let h be a
morphism between simplicial sites as in Remark[5.1. Then we obtain a morphism
of topoi

htotal : Sh(ctotal) — Sh( zotal>

and commutative diagrams

Sh(C) ——= Sh(CL)

n
9n i \Lg;

htota
Sh(CtOtal) $ Sh(cilfotal)
Moreover, we have (gh) ™" © hiotat,« = B« © gy *.

Proof. Case A. Say h,, corresponds to the continuous functor vy, : C;, — C,. Then
we can define a functor viptar : Cjo — Crotar by using v, in degree m. This
is clearly a continuous functor (see definition of coverings in Lemma . Let
h;}gal = Vtotal,s * Sh(céotal) — Sh(ctotal) and htotal,* = vzfotal = vilf)otal : Sh(ctotal) —
Sh(Ci,y1a1) be the adjoint pair of functors constructed and studied in Sites, Sections
and To see that hiotq; is a morphism of topoi we still have to verify that
h;)ial is exact. We first observe that (g/,) ™! 0 hopar = hn« ©g;, 1; this is immediate
by computing sections over an object U of C!,. Thus, if we think of a sheaf F on
Ctotal a8 a system (F,, F(¢)) as in Lemma then hyogqr,+F corresponds to the
system (R, «Fn, by« F(¢)). Clearly, the functor (Fl,, F'(¢)) — (hy 1 FL, by LF ()
is its left adjoint. By uniqueness of adjoints, we conclude that h;oial is given by

2Tn case B the morphism a corresponds to the cocontinuous functor Ciptq; — D sending U in
Cn to un(U).
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this rule on systems. In particular, h;ﬁal is exact (by the description of sheaves on
Ciotal given in the lemma and the exactness of the functors h;!) and we have our
morphism of topoi. Finally, we obtain g, ' o h, i = h'o(g,)"! as well, which
proves that the displayed diagram of the lemma commutes.

Case B. Here we have a functor viotar : Crotal — Cipp,; Dy using v, in degree n.
This is clearly a cocontinuous functor (see definition of coverings in Lemma .
Let hiotqr be the morphism of topoi associated to viprq;- The commutativity of
the displayed diagram of the lemma follows immediately from Sites, Lemma [21.2
Taking left adjoints the final equality of the lemma becomes

-1 I\Sh _ _Sh -1
htotal © (gn)' =gy © hn

This follows immediately from the explicit description of the functors (g/,)7* and

g3l in Lemma the fact that h, to(f,)~" = f, ' oh,! for ¢ : [m] — [n], and the
fact that we already know h;oi . commutes with restrictions to the degree n parts

of the simplicial sites. O

Lemma 5.3. With notation and hypotheses as in Lemma . For K € D(Ctotar)
we have (g,) " Rhtotat « K = Rhy gy K.

Proof. Let Z® be a K-injective complex on Ciotq; representing K. Then g, 'K
is represented by g, 'Z® = ZI% which is K-injective by Lemma We have
(9,) " hiotar +Z® = hn xg, ' I8 by Lemma which gives the desired equality. [

Remark 5.4. Let Cy, f,,up, and Cy, f/,, ug, be as in Situation Let ag, Tesp.
ay be an augmentation towards a site D, resp. D’ as in Remark Let h be a
morphism between simplicial sites as in Remark We say a morphism of topoi
h_1: Sh(D) — Sh(D') is compatible with h, ag, aj if
(A) h_y comes from a morphism of sites h_; : D — D’ such that aj o hg =
h_1 o ag as morphisms of sites.

(B) h_1 comes from a cocontinuous functor v_; : D — D’ such that uj, o vy =
v_1 o ug as functors.

In both cases we have a(, o hg = h_1 0 ag as morphisms of topoi, see Sites, Lemma
for case B and Sites, Definition for case A.

Lemma 5.5. Let Cp, fy,up, D,ao, Cp, f,,ul, D'say, and hn, n > —1 be as in
Remark[5.7. Then we obtain a commutative diagram

Sh(CtOml) —_— Sh( ! )

hiotal total

Sh(D) ———= Sh(D')

Proof. The morphism h is defined in Lemma The morphisms a and o’ are
defined in Lemma [£2] Thus the only thing is to prove the commutativity of the
diagram. To do this, we prove that a ™' oh~] = ht_oial o(a’)~!. By the commutative

diagrams of Lemma and the description of Sh(Ciotq;) and Sh(C;,,;) in terms of

total
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components in Lemma [3.4] it suffices to show that

Sh(Cn) ——> Sh(C,)

’
@n \L J{an

Sh(D) —= Sh(D)

commutes for all n. This follows from the case for n = 0 (which is an assumption
in Remark and for n > 0 we pick ¢ : [0] — [n] and then the required commu-
tativity follows from the case n = 0 and the relations a,, = ag o f, and a,, = a( o ffp
as well as the commutation relations f;, ohp=hgo f,. O

6. Ringed simplicial sites
Let us endow our simplicial topos with a sheaf of rings.
Lemma 6.1. In Situation . Let O be a sheaf of rings on Ciotar. There is
a canonical morphism of ringed topoi gn : (Sh(Cy), On) — (Sh(Ciotar), O) agree-

ing with the morphism g, of Lemma @ on underlying topoi. The functor g} :
Mod(O) — Mod(O,,) has a left adjoint gni. For G in Mod(O,,)-modules the restric-

tion of gmG to Cy, is
@wi[n]ﬁhﬂ JoG

where f, : (Sh(Crm), Om) = (Sh(Cy), Oy) is the morphism of ringed topoi agreeing
with the previously defined f, on topoi and using the map O(yp) : f;lOn — Oy, on
sheaves of rings.

Proof. By Lemma we have ¢, 1O = O,, and hence we obtain our morphism of
ringed topoi. By Modules on Sites, Lemma[41.1| we obtain the adjoint g,i. To prove
the formula for g, we first define a sheaf of O-modules H on Ciyrq; with degree m
component the O,,-module

Hom = :
D,y 779

Given a map v : [m] — [m/] the map H(v) : f;l’Hm — H e is given on components
by

P16 = F515G = [i0p9
Since this map f, Yo — Honr is O(3) - fo 10,, = O,,-semi-linear, this indeed
does define an O-module (use Lemma . Then one proves directly that

Moron (g, .7:”) = MOI‘O (H, ]:)
proceeding as in the proof of Lemma [3.5] Thus H = g,,G as desired. O

Lemma 6.2. In Situation . Let O be a sheaf of rings on Ciotar- If T is injective
in Mod(Q), then Z,, is a totally acyclic sheaf on C,.

Proof. This follows from Cohomology on Sites, Lemma [37.4] applied to the inclu-
sion functor C,, = Ciotq; and its properties proven in Lemma [3.5 O

Lemmal 6.3. With assumptions as in Lemma the functor g, : Mod(O,,) —
Mod(0) is exact if the maps f;' O, — Oy, are flat for all ¢ : [n] — [m].
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Proof. Recall that g,,1G is the O-module whose degree m part is the O,,-module

D, 749

Here the morphism of ringed topoi f, : (Sh(Cm), Om) — (Sh(Cy), Oy ) uses the map

f;lC’)n — Oy, of the statement of the lemma. If these maps are flat, then f7 is

exact (Modules on Sites, Lemma [31.2)). By definition of the site Ciotq; We see that
these functors have the desired exactness properties and we conclude. (I

Lemma 6.4. In Situation . Let O be a sheaf of rings on Ciora; Such that

[5'On = Oy, is flat for all ¢ : [n] — [m]. If T is injective in Mod(O), then T, is

injective in Mod(O,,).
Proof. This follows from Homology, Lemma and Lemma [6.3 O

7. Morphisms of ringed simplicial sites
We continue the discussion of Section [B

Remark 7.1. Let Cy, fy, u, and Cy,, f7,, ui, be as in Situation Let O and O’ be
a sheaf of rings on Cyoqr and C,,,,;. We will say that (h, ) is a morphism between
ringed simplicial sites if h is a morphism between simplicial sites as in Remark

and At : h;mlfal(’)' — O or equivalently h* : O’ — hyppa1+O is a homomorphism of

sheaves of rings.

Lemma 7.2. Let Cy, fy,u, and Cy,, f/,,u;, be as in Situation . Let O and O’
be a sheaf of rings on Cyotar and Cl,,,;- Let (h, h*) be a morphism between simplicial
sites as in Remark[71 Then we obtain a morphism of ringed topoi

htotal . (Sh(ctotalv O) — (Sh’( éotal)’ O/)
and commutative diagrams
(Sh(Cn), On) (Sh(C}), 05)

.| K

htota
(Sh(Crotat), ©) == (Sh(Ciopar), O")

n

of ringed topoi where g, and g., are as in Lemma , Moreover, we have (gl,)* o
hiotat,x = P« 0 g% as functor Mod(O) — Mod(Oy,).

Proof. Follows from Lemma [5.2] and by keeping track of the sheaves of rings.
A small point is that in order to define h, as a morphism of ringed topoi we
set b = g thf : gthil ,O" — g1O which makes sense because g, 'h; ) 0 =
hyt(gh) 1O = h1O! and g, 'O = O,,. Note that g} F = g,,' F for a sheaf of O-
modules F and similarly for g, and this helps explain why (g},)* © hiotai,+ = hn 09}
follows from the corresponding statement of Lemma [5.2} O

Lemma 7.3. With notation and hypotheses as in Lemma . For K € D(O) we
have (g;z)*Rhtotal,*K = Rhn’*g;K

Proof. Recall that g; = g, because g, 'O = O,, by the construction in Lemma
[6.1} In particular g is exact and Lg;; is given by applying g to any representa-
tive complex of modules. Similarly for g/,. There is a canonical base change map
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(9)* Rhtotal« K — Rhy, g5 K, see Cohomology on Sites, Remark By Coho-
mology on Sites, Lemmathe image of this in D(C},) is the map (g},) ™" Rhiotar, « Kap —
Rhy, g, P Kap where K,y is the image of K in D(Ciotar). This we proved to be an
isomorphism in Lemma [5.3] and the result follows. [

8. Cohomology on simplicial sites

0D76 Let C be as in Situation [3:3] In statement of the following lemmas we will let
gn : Sh(Cn) = Sh(Ciotar) be the morphism of topoi of Lemma 3.5 If ¢ : [m] — [n]
is a morphism of A, then the diagram of topoi

Sh(Cn)

Ny

Sh(ctotal)

is not commutative, but there is a 2-morphism g, — g, © f,, coming from the maps
F(@) : f3 ' Fn — Fun. See Sites, Section

09WI |Lemmal 8.1. In Sz’tuatz’on and with notation as above there is a complex
coo = g0l — g1l — goZ

of abelian sheaves on Cyorq; which forms a resolution of the constant sheaf with value
Z on Ctotal-

Proof. We will use the description of the functors g,,; in Lemmal[3.5 without further
mention. As maps of the complex we take Z(—l)id? where d : gn1Z — gn—117Z is
the adjoint to the map Z — @[nfl]ﬁ[n} Z = g, 9, 1Z corresponding to the factor

labeled with 87 : [n —1] — [n]. Then g,,! applied to the complex gives the complex

— 7 — Z — Z
69ael\/Iom([%[m])] @aeMorA([lL[m])} ®aeMora([0L[mD]

on C,,. In other words, this is the complex associated to the free abelian sheaf
on the simplicial set A[m], see Simplicial, Example Since A[m] is homotopy
equivalent to A[0], see Simplicial, Example and since “taking free abelian
sheaf on” is a functor, we see that the complex above is homotopy equivalent to
the free abelian sheaf on A[0] (Simplicial, Remark and Lemma [27.2). This
complex is acyclic in positive degrees and equal to Z in degree 0. (]

0D77 Lemma 8.2. In Situation . Let F be an abelian sheaf on Ciorq; there is a
canonical complex

0— F(Ctotalaf) — F(Co,]:o) — F(Cl,fl) — F(Cg,fg) — ...
which is exact in degrees —1,0 and exact everywhere if F is injective.

Proof. Observe that Hom(Z, F) = I'(Ciotar, F) and Hom(g,Z, F) = T(Cp, Fpn)-
Hence this lemma is an immediate consequence of Lemma [8.I] and the fact that
Hom(—, F) is exact if F is injective. O

09WJ |Lemmal 8.3. In Situation . For K in DT (Ciotal) there is a spectral sequence
(ET, dr)rZO with

EYY = H(Cp, Kp), dp?: EPT — EPHHY

converging to HPT9(Cyopar, K). This spectral sequence is functorial in K.
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Proof. Let Z° be a bounded below complex of injectives representing K. Consider
the double complex with terms

AP9 =T(C,, I9

Pr=p

where the horizontal arrows come from Lemma [82] and the vertical arrows from the
differentials of the complex Z°. The rows of the double complex are exact in positive
degrees and evaluate to I'(Ctotar, Z%) in degree 0. On the other hand, since restriction
to Cp is exact (Lemma the complex Z3 represents K, in D(C,). The sheaves
T} are injective abelian sheaves on C, (Lemma 3.6). Hence the cohomology of the

columns computes the groups H?(Cp, K,). We conclude by applying Homology,
Lemmas 25.3] and 25.41 O

Remark|8.4. Assumptions and notation as in Lemmaexcept we do not require
K in D(Ciotar) to be bounded below. We claim there is a natural spectral sequence
in this case also. Namely, suppose that Z* is a K-injective complex of sheaves on
Ciotar With injective terms representing K. We have

RT'(Ctotar, K) = RHom(Z, K)
= RHom(... = gaZ — gnZ — gnZ,K)
= ['(Crotar, Hom*(. .. — g21Z — guZ — gnZ,I°))
= Tot,(A**)

where A**® is the double complex with terms A?*? = T'(C,, Z?) and Tot, denotes the
product totalization of this double complex. Namely, the first equality holds in any
site. The second equality holds by Lemma [8:I] The third equality holds because
7Z° is K-injective, see Cohomology on Sites, Sections [34] and The final equality
holds by the construction of Hom® and the fact that Hom(gnZ,Z9) = I'(Cp, Z}).
Then we get our spectral sequence by viewing Tot,(A**®) as a filtered complex with
FiTot?(A%*) = [+ q=n, p>i AP?. The spectral sequence we obtain behaves like the
spectral sequence ("E,,’d,),>0 in Homology, Section (where the case of the direct
sum totalization is discussed) except for regularity, boundedness, convergence, and
abutment issues. In particular we obtain E}"? = H9(C,, K,,) as in Lemma

Lemmal 8.5. In Situation . Let K be an object of D(Ctotal)-

(1) If H?(Cp, Kp,) =0 for all p > 0, then H°(Ciotar, K) = 0.
(2) If RT'(Cp, K;,) =0 for all p > 0, then RI'(Ciotar, K) = 0.

Proof. With notation as in Remarkwe see that RT'(Ctotal, K) is represented by
Tot(A**). The assumption in (1) tells us that H P(AP>*) = 0. Thus the vanishing
in (1) follows from More on Algebra, Lemma Part (2) follows from part (1)
and taking shifts. O

Lemmal 8.6. Let C be as in Situation . Let U € Ob(C,,). Let F € Ab(Crotar)-
Then HP(U, F) = HP(U, g, ' F) where on the left hand side U is viewed as an object
Of Ctotal'

Proof. Observe that “U viewed as object of Ciotq;” is explained by the construction
of Ciotqr in Lemma in case (A) and Lemma in case (B). The equality then
follows from Lemma [3.6] and the definition of cohomology. O
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9. Cohomology and augmentations of simplicial sites

Consider a simplicial site C as in Situation[3.3] Let ag be an augmentation towards
a site D as in Remark By Lemma [4.2] we obtain a morphism of topoi

a : Sh(ctotal) — Sh(D)

and morphisms of topoi g, : Sh(C,) — Sh(Ciota;) as in Lemma The com-
positions a o g, are denoted a,, : Sh(C,) — Sh(D). Furthermore, the simplicial
structure gives morphisms of topoi f,, : Sh(C,) — Sh(Cy,) such that a, o f, = am
for all ¢ : [m] — [n].

Lemmal 9.1. In Situation let ag be an augmentation towards a site D as in
Remark[{-1l For any abelian sheaf G on D there is an exact complex

o= ga(az'G) = gnlaytG) = galagtG) — a7'G — 0
of abelian sheaves on Ciptal-
Proof. We encourage the reader to read the proof of Lemma first. We will use

Lemma [£.2 and the description of the functors g, in Lemma [3.5] without further
mention. In particular g, (a,'G) is the sheaf on Cipq whose restriction to Cp, is

the sheaf
-1 -1 _ —1
@sa:[nh[ml Jo an'6 = @sa:[nh[ml G

As maps of the complex we take 3 (—1)%d} where d?* : gni(a;*G) — gn_n(a;,G) is
the adjoint to the map a,,'G — D115 a;'G = g, 9n_11(a,; 1, G) corresponding
to the factor labeled with 67 : [n — 1] — [n]. The map goi(ag'G) — a~1G is adjoint
to the identity map of ag 'G. Then g} applied to the chain complex in degrees
...,2,1,0 gives the complex

-1 -1

-1
- ®aeMorA<[2J,[m1>] U G = @aeMorA<[1um1>] U G = @aeMom([O],[mJ)] @

on C,,. This is equal to a;,'G tensored over the constant sheaf Z with the complex

— 7 — Z — Z
GBael\/lom([%[m])] @aeMora([IHm])} @aeMom([OHmD]

discussed in the proof of Lemma [8:I] There we have seen that this complex is
homotopy equivalent to Z placed in degree 0 which finishes the proof. O

Lemma 9.2. In Situation let ag be an augmentation towards a site D as in
Remark[{-1. For an abelian sheaf F on Ciotai there is a canonical complex

0— a*}" — (10’*.7:0 — 0',1,*./—'.1 — a27*.F2 — ...
on D which is exact in degrees —1,0 and ezxact everywhere if F is injective.

Proof. To construct the complex, by the Yoneda lemma, it suffices for any abelian
sheaf G on D to construct a complex

0 — Hom(G, a+F) — Hom(G, ap «Fo) = Hom(G, a1+ Fi) — ...

functorially in G. To do this apply Hom(—, F) to the exact complex of Lemma
[0:1) and use adjointness of pullback and pushforward. The exactness properties in
degrees —1,0 follow from the construction as Hom(—, F) is left exact. If F is an
injective abelian sheaf, then the complex is exact because Hom(—, F) is exact. O
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Lemma) 9.3. In Situation let ag be an augmentation towards a site D as in
Remark . For any K in DY (Cioa1) there is a spectral sequence (E,,d,),>o with

Pd _ P.q . P:q p+1.q
EVY = Rlay K, dy*:ET? — E]
converging to RPT9a,. K. This spectral sequence is functorial in K.

Proof. Let Z°® be a bounded below complex of injectives representing K. Consider
the double complex with terms

P.a _ q
AP9 = apy*Ip

where the horizontal arrows come from Lemma and the vertical arrows from
the differentials of the complex Z°®. The rows of the double complex are exact
in positive degrees and evaluate to a,Z? in degree 0. On the other hand, since
restriction to C, is exact (Lemma the complex ZJ represents K, in D(Cp). The
sheaves Z}! are injective abelian sheaves on C, (Lemma|3.6). Hence the cohomology
of the columns computes R?a, . K,. We conclude by applying Homology, Lemmas

25.3 and 5.4 O

10. Cohomology on ringed simplicial sites

This section is the analogue of Section [§ for sheaves of modules.

In Situation [3:3] let O be a sheaf of rings on Ciotqr. In statement of the following
lemmas we will let g, : (Sh(Cy), On) — (Sh(Ctotal), ©) be the morphism of ringed
topoi of Lemma If ¢ : [m] — [n] is a morphism of A, then the diagram of
ringed topoi

(5h(Cn), On)

- (S(Cn). Or)

9n /

(Sh(ctotal ) 5 O)

is not commutative, but there is a 2-morphism g, — g, © f, coming from the maps
F(@) : f3 ' Fn — Fn. See Sites, Section

Lemma 10.1. In Situation let O be a sheaf of rings on Ciota;- There is a
complex

oo = G210 — 91101 — g01Oo
of O-modules which forms a resolution of O. Here gy is as in Lemma [6_1].

Proof. We will use the description of g, given in Lemma As maps of the
complex we take Y (—1)d? where d? : gOn — gn—110n—1 is the adjoint to the
map O, — EB[n_l]_wn] On = g5 gn—110p_1 corresponding to the factor labeled with
8% : [n — 1] — [n]. Then g} applied to the complex gives the complex

@GEMOTA([QHM])] @GEMOYA(HHW])] @QGMOM([OH"L])]

on C,,. In other words, this is the complex associated to the free O,,-module on
the simplicial set A[m], see Simplicial, Example Since A[m] is homotopy
equivalent to A[0], see Simplicial, Example m and since “taking free abelian
sheaf on” is a functor, we see that the complex above is homotopy equivalent to
the free abelian sheaf on A[0] (Simplicial, Remark and Lemma [27.2). This
complex is acyclic in positive degrees and equal to O,, in degree 0. (]
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Lemma 10.2. In Situation let O be a sheaf of rings. Let F be a sheaf of
O-modules. There is a canonical complex

0 = T'(Ctotar, F) = I'(Co, Fo) = T(C1, F1) = T(Cay F2) — ...
which is exact in degrees —1,0 and exact everywhere if F is an injective O-module.

Proof. Observe that Hom(O, F) = I'(Ciotar, F) and Hom(g, Oy, F) = T'(Cp, Frn)-
Hence this lemma is an immediate consequence of Lemma [I0.I] and the fact that
Hom(—, F) is exact if F is injective. O

Lemmal 10.3. In Sz'tuatz'on let O be a sheaf of rings. For K in DY (O) there
is a spectral sequence (Ey,d;)r>0 with

EP' = H(Cy, Kp), d¥7:EPT — EYFHA
converging to HPT9(Ciosar, K). This spectral sequence is functorial in K.

Proof. Let Z°® be a bounded below complex of injective O-modules representing
K. Consider the double complex with terms

AP = T(C,, T7)

P>~p
where the horizontal arrows come from Lemma and the vertical arrows from
the differentials of the complex Z®. Observe that I'(D, —) = Homp, (Op,—) on
Mod(Op). Hence the lemma says rows of the double complex are exact in positive
degrees and evaluate to T'(Ciotal, Z%) in degree 0. Thus the total complex associated
to the double complex computes RT'(Ciotar, ) by Homology, Lemma On the
other hand, since restriction to C, is exact (Lemma the complex Z7 represents
K, in D(C,). The sheaves Z{ are totally acyclic on C, (Lemma . Hence the
cohomology of the columns computes the groups H?(C,, K,) by Leray’s acyclicity
lemma (Derived Categories, Lemma and Cohomology on Sites, Lemma [14.3]
We conclude by applying Homology, Lemma [25.3 O

Lemmal 10.4. In Situation let O be a sheaf of rings. Let U € Ob(C,,). Let
F € Mod(O). Then HP(U,F) = HP(U,g:F) where on the left hand side U is
viewed as an object of Ciotal-

Proof. Observe that “U viewed as object of Cioq;” is explained by the construction
of Ciote; in Lemma in case (A) and Lemma in case (B). In both cases the
functor C,, — C is continuous and cocontinuous, see Lemma and ¢,'0 = O,
by definition. Hence the result is a special case of Cohomology on Sites, Lemma

B7.5 O
11. Cohomology and augmentations of ringed simplicial sites
This section is the analogue of Section [J] for sheaves of modules.

Consider a simplicial site C as in Situation[3.3] Let ag be an augmentation towards
a site D as in Remark Let O be a sheaf of rings on Cyptq;. Let Op be a sheaf
of rings on D. Suppose we are given a morphism

at Op — a, O
where a is as in Lemma Consequently, we obtain a morphism of ringed topoi

a: (Sh(Ciotar), O) — (Sh(D), Op)
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We will think of g,, : (Sh(C,),On) = (Sh(Ciotar), ©) as a morphism of ringed topoi
asin Lemma then taking the composition a,, = aog,, (Lemma as morphisms
of ringed topoi we obtain

an : (Sh(Cyp), On) — (Sh(D), Op)
Using the transition maps f 10,, — O,, we obtain morphisms of ringed topoi

fe : (Sh(Cn), On) = (Sh(Cpm), Om)
such that a, o f, = a,, as morphisms of ringed topoi for all ¢ : [m] — [n].
Lemma 11.1. With notation as above. The morphism a : (Sh(Ciotar), O) —

(Sh(D),Op) is flat if and only if an = (Sh(Cr),On) — (Sh(D),Op) is flat for
n > 0.
Proof. Since g, : (Sh(Cy),On) — (Sh(Ciotar), O) is flat, we see that if a is flat,
then a,, = ao g, is flat as a composition. Conversely, suppose that a,, is flat for all
n. We have to check that O is flat as a sheaf of a1 p-modules. Let F — G be an
injective map of a~!Op-modules. We have to show that

f@a—lop 0O—g Ra-10p O

-1

is injective. We can check this on C,, i.e., after applying g, !. Since g% = g,

because g, 10O = O,, we obtain
-1 -1
9n }—®g[1a*10@ On—9g, 6 ®g;1a*109 O,
which is injective because g, 'a™*Op = a,,'Op and we assume a,, was flat. O

Lemma 11.2. With notation as above. For a Op-module G there is an exact
complex

oo = ga(a3G) — gu(aiG) = gn(alG) — a*G — 0

of sheaves of O-modules on Ciptq;- Here gn is as in Lemma 6.1

Proof. Observe that a*G is the O-module on Ciytq; Whose restriction to C,, is
the Op,-module a} G. The description of the functors g, on modules in Lemma
shows that gn1(a’G) is the O-module on Ciprq; whose restriction to C,, is the

O,,-module
@sa:[nwm} JoanG = @s«»:[n]»[ml g

The rest of the proof is exactly the same as the proof of Lemma replacing a..'G
by a;,G. O

Lemma 11.3. With notation as above. For an O-module F on Ciota; there is a
canonical complex
0— a*}" — (10’*.7:0 — 0',1,*./—'.1 — a27*.F2 — ...

of Op-modules which is exact in degrees —1,0. If F is an injective O-module,
then the complex is exact in all degrees and remains exact on applying the functor
Home, (G, —) for any Op-module G.

Proof. To construct the complex, by the Yoneda lemma, it suffices for any Op-
modules G on D to construct a complex

0 — Homo, (G, axF) — Homoe,, (G, ag «+Fo) = Homo, (G, a1 «Fi) = ...
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functorially in G. To do this apply Homp(—, F) to the exact complex of Lemma
[[1.2) and use adjointness of pullback and pushforward. The exactness properties in
degrees —1,0 follow from the construction as Homep(—, F) is left exact. If F is an
injective O-module, then the complex is exact because Home (—, F) is exact. O

Lemma 11.4. With notation as above for any K in D¥(O) there is a spectral
sequence (E,,d,)r>0 in Mod(Op) with

EYY = Ria, K,
converging to RPTa, K. This spectral sequence is functorial in K.

Proof. Let Z° be a bounded below complex of injective O-modules representing
K. Consider the double complex with terms

Pa _ q
AP9 = apy*Ip

where the horizontal arrows come from Lemma and the vertical arrows from
the differentials of the complex Z°®. The lemma says rows of the double complex
are exact in positive degrees and evaluate to a,Z? in degree 0. Thus the total
complex associated to the double complex computes Ra.K by Homology, Lemma
On the other hand, since restriction to C, is exact (Lemma the complex
I, represents K, in D(Cp). The sheaves Z}! are totally acyclic on C, (Lemma .
Hence the cohomology of the columns are the sheaves R%a,, . K, by Leray’s acyclicity
lemma (Derived Categories, Lemma and Cohomology on Sites, Lemma m
We conclude by applying Homology, Lemma [25.3 (Il

12. Cartesian sheaves and modules

Here is the definition.

Definition 12.1. In Situation

(1) A sheaf F of sets or of abelian groups on Ciutar is cartesian if the maps
F(@) : f5 ' Fin — Fn are isomorphisms for all ¢ : [m] — [n].

(2) If O is a sheaf of rings on Ciotar, then a sheaf F of O-modules is cartesian
if the maps f3F,, — F, are isomorphisms for all ¢ : [m] — [n].

(3) An object K of D(Ciotar) is cartesian if the maps f;le — K, are iso-
morphisms for all ¢ : [m] — [n].

(4) If O is a sheaf of rings on Ciptar, then an object K of D(O) is cartesian if
the maps Lf; K., — K, are isomorphisms for all ¢ : [m] — [n].

Of course there is a general notion of a cartesian section of a fibred category and

the above are merely examples of this. The property on pullbacks needs only be
checked for the degeneracies.

Lemma 12.2. [n Situation .

(1) A sheaf F of sets or abelian groups is cartesian if and only if the maps
(f(;;r)*lfn_l — F, are isomorphisms.

(2) An object K of D(Ciotar) is cartesian if and only if the maps (f(;;x)*lKn,l —
K,, are isomorphisms.

(3) If O is a sheaf of rings on Ciotar a sheaf F of O-modules is cartesian if and
only if the maps (f(;;z)*}‘n_l — Fn are isomorphisms.

(4) If O is a sheaf of rings on Ciotar an object K of D(O) is cartesian if and
only if the maps L(fgjn)*Kn,l — K, are isomorphisms.
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(5) Add more here.

Proof. In each case the key is that the pullback functors compose to pullback
functor; for part (4) see Cohomology on Sites, Lemma We show how the
argument works in case (1) and omit the proof in the other cases. The category A
is generated by the morphisms the morphisms 5? and o7, see Simplicial, Lemma
Hence we only need to check the maps (f(;;l)_l]:n_l — Fp and (fg;_m)_l}"n_ﬂ — Fn
are isomorphisms, see Simplicial, Lemma for notation. Since o7 o 5?“ = idy
the composition

]:n = (fo';l)_l(f(;;‘*'l)_l]:n — (fo’?)_l]:nJrl — ]:n
is the identity. Thus the result for 5}“‘1 implies the result for o7'. O

Lemma 12.3. In Situation let ag be an augmentation towards a site D as in
Remark[{-1]

(1) The pullback a='G of a sheaf of sets or abelian groups on D is cartesian.
(2) The pullback a= 'K of an object K of D(D) is cartesian.

Let O be a sheaf of rings on Ciorar and Op a sheaf of rings on D and a* : Op — a, O
a morphism as in Section [11].

(3) The pullback a*F of a sheaf of Op-modules is cartesian.
(4) The derived pullback La*K of an object K of D(Op) is cartesian.

Proof. This follows immediately from the identities a,, o f, = a,, for all ¢ : [m] —
[n]. See Lemma and the discussion in Section O

Lemma 12.4. In Situation . The category of cartesian sheaves of sets (resp.
abelian groups) is equivalent to the category of pairs (F,«) where F is a sheaf of
sets (resp. abelian groups) on Cy and

a: (fs) ' F — (fg) ' F
is an isomorphism of sheaves of sets (resp. abelian groups) on Cy such that (f(;%)*loz =

(f(;g)_la o (fég)_la as maps of sheaves on Cs.

Proof. We abbreviate df = f Sh(Cp) — Sh(Cp—1). The condition on « in the
statement of the lemma makes sense because

diods=djodi, djodi=djods, dyods=dyod;

as morphisms of topoi Sh(Cy) — Sh(Cy), see Simplicial, Remark Hence we can
picture these maps as follows

(d§)~H(d1) T F —— (d§) " (dg) ™' F

(dg) "

\
/

(d3)~H(dg) ™' F (di)~H(dg) ' F

‘m %

(d3)~H(d}) T F == (d)""(d})"'F
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and the condition signifies the diagram is commutative. It is clear that given a
cartesian sheaf G of sets (resp. abelian groups) on Ciutq we can set F = Gy and «
equal to the composition

(d1)"'Go = G1 + (d}) " Go
where the arrows are invertible as G is cartesian. To prove this functor is an
equivalence we construct a quasi-inverse. The construction of the quasi-inverse is
analogous to the construction discussed in Descent, Section [3| from which we borrow
the notation 7;* : [0] — [n], 0= 7 and 7} : [1] — [n], 04, 1 — j. Namely, given a
pair (F,a) as in the lemma we set G, = (f-n) "' F. Given ¢ : [n] — [m] we define

G(¢) : (fo) 'Gn — G using

(£o) G —— (F) () F —— (o ) F—— (frn )M d) " F
J/(fr;n(n)m)la
G (fu) T (frm )M AT

We omit the verification that the commutativity of the displayed diagram above
implies the maps compose correctly and hence give rise to a sheaf on Ciyqr, see
Lemma [3:4] We also omit the verification that the two functors are quasi-inverse
to each other. (]

Lemmal 12.5. In Situation let O be a sheaf of rings on Ciorqr- The category
of cartesian O-modules is equivalent to the category of pairs (F,«) where F is a
Op-module and

a: (fsr)"F — (fs3)"F
is an isomorphism of O1-modules such that (fs2)*a = (fs2)*a o (fsz)*a as Oa-
module maps.

Proof. The proof is identical to the proof of Lemma with pullback of sheaves
of abelian groups replaced by pullback of modules. ([l

Lemma 12.6. In Situation .

(1) The full subcategory of cartesian abelian sheaves forms a weak Serre sub-
category of Ab(Ciotar). Colimits of systems of cartesian abelian sheaves are
cartesian.

(2) Let O be a sheaf of rings on Ciotar such that the morphisms

fsn - (Sh(Cp), O0pn) = (Sh(Cp=1), On-1)

are flat. The full subcategory of cartesian O-modules forms a weak Serre
subcategory of Mod(O). Colimits of systems of cartesian O-modules are
cartesian.

Proof. To see we obtain a weak Serre subcategory in (1) we check the conditions
listed in Homology, Lemma First, if ¢ : F — G is a map between cartesian
abelian sheaves, then Ker(p) and Coker(y) are cartesian too because the restriction
functors Sh(Ciotar) = Sh(C,) and the functors f ! are exact. Similarly, if

0=+F—=>H—=-G—=0

is a short exact sequence of abelian sheaves on Ciq; with F and G cartesian, then
it follows that H is cartesian from the 5-lemma. To see the property of colimits,
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use that colimits commute with pullback as pullback is a left adjoint. In the case of
modules we argue in the same manner, using the exactness of flat pullback (Modules
on Sites, Lemma and the fact that it suffices to check the condition for fg;t,
see Lemma 0

0D7K Remark 12.7 (Warning). Lemma notwithstanding, it can happen that the
category of cartesian O-modules is abelian without being a Serre subcategory of
Mod(O). Namely, suppose that we only know that fg} and f(;(l) are flat. Then it
follows easily from Lemma[I2.5]that the category of cartesian O-modules is abelian.
But if fs2 is not flat (for example), there is no reason for the inclusion functor from
the category of cartesian O-modules to all O-modules to be exact.

0D7L Lemma 12.8. In Situation .

(1) An object K of D(Ctotal) is cartesian if and only if H1(K) is a cartesian
abelian sheaf for all q.
(2) Let O be a sheaf of rings on Ciorar such that the morphisms fon (Sh(Cyp), Op) —

(Sh(Cp—-1),0n_1) are flat. Then an object K of D(O) is cartesian if and
only if H1(K) is a cartesian O-module for all q.

Proof. Part (1) is true because the pullback functors (f,)~! are exact. Part (2)
follows from the characterization in Lemma and the fact that L(fsn)" = (fsn)"
by flatness. O

0D9E |Lemma 12.9. In Situation .
(1) An object K of D(Ciotal) is cartesian if and only the canonical map
g Kp — gnZ ®% K

is an isomorphism for all n.

(2) Let O be a sheaf of rings on Ciotar such that the morphisms f;lon — Om
are flat for all ¢ : [n] — [m]. Then an object K of D(QO) is cartesian if and
only if the canonical map

gn!Kn — gnlon ®g K

is an isomorphism for all n.

Proof. Proof of (1). Since g, is exact, it induces a functor on derived categories
adjoint to g, 1. The map is the adjoint of the map K,, — (g;, 'gmZ) ®% K,, corre-
sponding to Z — g, 'guZ which in turn is adjoint to id : guZ — gmZ. Using the
description of g, given in Lemma we see that the restriction to C,, of this map

is
-1
K, — K,
G9@:[“]%[771] f‘° EBW[HH[M]
Thus the statement is clear.

Proof of (2). Since g, is exact (Lemma , it induces a functor on derived
categories adjoint to g (also exact). The map is the adjoint of the map K,, —
(97 9n1On) (X%n K,, corresponding to O,, — g} ¢, O, which in turn is adjoint to
id : g0y — g1 O,,. Using the description of g, given in Lemma @ we see that
the restriction to C,, of this map is

K, 0. 90 K, = K,,
eaw:[nw[ml To @sa:[nh[m} feOn 0, @WHW

Thus the statement is clear. O
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0D7M Lemma 12.10. In Situation let O be a sheaf of rings on Ciptqr- Let F be a

0D9F

0D9G

sheaf of O-modules. Then F is quasi-coherent in the sense of Modules on Sites,
Definition if and only if F is cartesian and F, is a quasi-coherent O, -module
for alln.

Proof. Assume F is quasi-coherent. Since pullbacks of quasi-coherent modules are
quasi-coherent (Modules on Sites, Lemma we see that F,, is a quasi-coherent
O,,-module for all n. To show that F is cartesian, let U be an object of C,, for some
n. Let us view U as an object of Cytq;. Because F is quasi-coherent there exists a
covering {U; — U} and for each i a presentation

@jeJ' Octotal/Ui - ®k}EK Octotal/Ui - ‘F|Ctotal/Ui - O

Observe that {U; — U} is a covering of C,, by the construction of the site Ciotqi-
Next, let V' be an object of C,, for some m and let V' — U be a morphism of C;orq;
lying over ¢ : [n] — [m]. The fibre products V; = V xy U, exist and we get an
induced covering {V; — V} in C,,. Restricting the presentation above to the sites
C./U; and C,,,/V; we obtain presentations

@jeh Ocvn/Ui - @kelﬂ Oc'rrL/Ui —Fn

Cn/U; 7 0

and
@jeJi Oc,./vi = @%Ki Oc,,./v; = Fumle,/vi =0

These presentations are compatible with the map F(y) : f5F, — Fp (as this map
is defined using the restriction maps of F along morphisms of C;uq; lying over ¢).
We conclude that F(¢)|c,,/v; is an isomorphism. As {V; — V} is a covering we
conclude F(p)]c,, /v is an isomorphism. Since V' and U were arbitrary this proves
that F is cartesian. (In case A use Sites, Lemma [14.10])

Conversely, assume F,, is quasi-coherent for all n and that F is cartesian. Then for
any n and object U of C,, we can choose a covering {U; — U} of C,, and for each i
a presentation

@jEJi OCm/Ui - @k’EK,; Ocm/Uz — ]:TL|C7L/U1' — 0

Pulling back to Ctotar/U; we obtain complexes

@jeh Octotal/Ui - @keKi OCtoml/Uz‘ - ]:lctot,al/Ui —0

of modules on Ciytqi/U;. Then the property that F is cartesian implies that this is
exact. We omit the details. [l

13. Simplicial systems of the derived category

In this section we are going to prove a special case of [BBD82, Proposition 3.2.9] in
the setting of derived categories of abelian sheaves. The case of modules is discussed
in Section [14l

Definition 13.1. In Situation A simplicial system of the derived category
consists of the following data

(1) for every m an object K,, of D(Cy,),
(2) for every ¢ : [m] — [n] a map K, : f; 'K, — K, in D(C,)
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subject to the condition that

- -1 —1 -1
Kwow = KSD ofap 1K’¢ : fng'L[}Kl = f(plf»L[J Kl — Kn

for any morphisms ¢ : [m] — [n] and ¢ : [I] = [m] of A. We say the simplicial
system is cartesian if the maps K, are isomorphisms for all ¢. Given two simpli-
cial systems of the derived category there is an obvious notion of a morphism of
simplicial systems of the derived category.

We have given this notion a ridiculously long name intentionally. The goal is to
show that a simplicial system of the derived category comes from an object of
D(Ciotqr) under certain hypotheses.

Lemma 13.2. In Situation . If K € D(Ciotar) s an object, then (K, K(p))
1s a simplicial system of the derived category. If K is cartesian, so is the system.

Proof. This is obvious. O
Lemma 13.3. In Situation suppose given Ky € D(Co) and an isomorphism
o fé_llKO — f(;_llKO
1 0

satisfying the cocycle condition. Set 1]* : [0] — [n], 0 — i and set K,, = f;,;lKO,
Then the K,, form a cartesian simplicial system of the derived category.

Proof. Please compare with Lemma and its proof (also to see the cocycle
condition spelled out). The construction is analogous to the construction discussed

in Descent, Section [3|from which we borrow the notation 7/* : [0] — [n], 0 — ¢ and

(1] = [n], 0= i, 1= j. Given ¢ : [n] — [m] we define K, : f7'K, — Ky,
using

-1 —1r-1 -1 -1 -1
[ K, fo Ko It Ko I
fon o«
@(n)m
-1 —1 -1
Km —_— Tm,KO —_— me f51 KO
m w(n)m 0

We omit the verification that the cocycle condition implies the maps compose cor-
rectly (in their respective derived categories) and hence give rise to a simplicial
system in the derived category. (]

Lemma 13.4. In Situation . Let K be an object of D(Ciotar). Set
X, = (gnZ) @3 K and Y, = (gnZ — ... = goZ)[—n] 9% K

as objects of D(Ciotar) where the maps are as in Lemma . With the evident
canonical maps Y, = X,, and Yy — Y1[1] = Y5[2] — ... we have
(1) the distinguished triangles Y, — X, — Y,_1 — Y,[1] define a Postnikov
system (Derived Categories, Definition for ... = X9 = X5 — X,
(2) K = hocolimYy[n] in D(Ciotal)-

Proof. First, if K = Z, then this is the construction of Derived Categories, Exam-
ple [41.2| applied to the complex
coo = gl — gu'l — go'Z

in Ab(Ciotar) combined with the fact that this complex represents K = Z in D(Cyiotar)
by Lemma [8.I] The general case follows from this, the fact that the exact functor
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—®% K sends Postnikov systems to Postnikov systems, and that —®% K commutes
with homotopy colimits. ([
Lemma 13.5. In Situation . If K,K' € D(Ciotar). Assume

(1) K is cartesian,

(2) Hom(K;[i],K]) =0 fori>0, and

(3) Hom(K;[i +1],K!) = 0 fori > 0.
Then any map K — K’ which induces the zero map Ko — K| is zero.
Proof. Consider the objects X,, and the Postnikov system Y, associated to K in
Lemma As K = hocolimY,,[n] the map K — K’ induces a compatible family
of morphisms Y,,[n] — K’. By (1) and Lemma we have X,, = g1 K,,. Since
Yy = X we find that Ky — K|, being zero implies Yy — K’ is zero. Suppose we’ve
shown that the map Y;,[n] — K’ is zero for some n > 0. From the distinguished
triangle

Yaln] = Yopin+1] = Xppn+ 1] = Ya[n+ 1]
we get an exact sequence
Hom(X,,+1[n + 1], K') — Hom(Y,,41[n + 1], K') — Hom(Y,,[n], K')
As Xp11[n+ 1] = gnt11Kpy1[n + 1] the first group is equal to
Hom (K y1[n + 1], K7, 41)

which is zero by assumption (2). By induction we conclude all the maps Y,,[n] — K’
are zero. Consider the defining distinguished triangle

P Yaln] = PVYalnl = K = (@ Yaln))(1]
for the homotopy colimit. Arguing as above, we find that it suffices to show that
Hom((EP Yaln)[1], K') = [ [ Hom(Yn[n + 1], K')
is zero for all n > 0. To see this, arguing as above, it suffices to show that
Hom(K,[n+ 1], K,) =0
for all n > 0 which follows from condition (3). O

Lemma 13.6. In Situation . If K,K' € D(Ciotar). Assume

(1) K is cartesian,

(2) Hom(K;[i — 1], K}) =0 fori > 1.
Then any map {K, — K|} between the associated simplicial systems of K and K’
comes from a map K — K’ in D(Ciotar)-

Proof. Let {K,, — K] },>0 be a morphism of simplicial systems of the derived
category. Consider the objects X,, and Postnikov system Y,, associated to K of
Lemma m By (1) and Lemma we have X,, = g K,. In particular, the
map Ky — K induces a morphism Xy, — K’. Since {K,, — K, } is a morphism of
systems, a computation (omitted) shows that the composition

X1 — Xo— K’
is zero. As Yy = X and as Y fits into a distinguished triangle

Y1 — X1 — Y() — Yl[l]
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we conclude that there exists a morphism Y;[1] — K’ whose composition with
Xo = Yo — Yi[1] is the morphism Xy — K’ given above. Suppose given a map
Y, [n] = K’ for n > 1. From the distinguished triangle

Xn+1[n] — Yn [Tl] — Yn+1[’fl + 1} — Xn+1[n + 1]
we get an exact sequence
Hom(Y,1+1[n + 1], K') — Hom(Y,[n], K') — Hom(X,,11[n], K')
As X, 11[n] = gna11Kpi1[n] the last group is equal to
Hom (K41 [n], K, ;)

which is zero by assumption (2). By induction we get a system of maps Y, [n] —
K’ compatible with transition maps and reducing to the given map on Y. This
produces a map

v : K = hocolimY,,[n] — K’
This map in any case has the property that the diagram

Xo——K

NS

K/
is commutative. Restricting to Cyp we deduce that the map vy : Ko — K| is the
same as the first map Ky — K|, of the morphism of simplicial systems. Since K

is cartesian, this easily gives that {7,} is the map of simplicial systems we started
out with. (]

Lemmal 13.7. In Situation . Let (Ky, K,) be a simplicial system of the derived
category. Assume

(1) (K,, K,) is cartesian,

(2) Hom(K;[t],K;) =0 fori>0 andt> 0.
Then there exists a cartesian object K of D(Ciotar) whose associated simplicial sys-
tem is isomorphic to (K, K,).
Proof. Set X,, = guK,, in D(Ciotar)- For each n > 1 we have
Hom (X, X,—1) = Hom(Ko, g, gn-11Kn—1) = P

Thus we get a map X,, — X,,_1 corresponding to the alternating sum of the maps
K K, — f; K, 1 where ¢ runs over 03,...,d;. We can do this because K,
is invertible by assumption (1). Please observe the similarity with the definition of
the maps in the proof of Lemma [8:I] We obtain a complex

Hom (K, f; ' Kn_1)

p:[n—1]—[n]

o= X = X — X

in D(Ctotar). We omit the computation which shows that the compositions are zero.
By Derived Categories, Lemma if we have

Hom(X;[i — j — 2], X;) =0 for i > j+2
then we can extend this complex to a Postnikov system. The group is equal to
Hom(K;[i — j — 2], 9; "9 K;)

Again using that (K, K,) is cartesian we see that g; 'g;1K; is isomorphic to a
finite direct sum of copies of K;. Hence the group vanishes by assumption (2).
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Let the Postnikov system be given by Yy = Xy and distinguished sequences Y,, —
X, = Y1 = Y,[1] for n > 1. We set

K = hocolimY,,[n]

To finish the proof we have to show that g, 'K is isomorphic to K, for all m
compatible with the maps K. Observe that

g K = hocolimg, 'Y, [n]

and that g,,'V,,[n] is a Postnikov system for g1 X,,. Consider the isomorphisms

K,
_1Xn - _1Kn @ ‘ Km
Im D, 14 D,

These maps define an isomorphism of complexes

g X gt X1 9! Xo

| | |

=D ) K — Do 1)) K —— Do) ) Km

in D(C,,) where the arrows in the bottom row are as in the proof of Lemma The
squares commute by our choice of the arrows of the complex ... = Xy — X7 — Xo;
we omit the computation. The bottom row complex has a postnikov tower given

by

vy, = Z—.. .= Z | [-n| ®F K,
m,n <@cp[n]—>[m] 69805[0]_)[7"] >[ n} z

and hocolimY,, ,, = K, (please compare with the proof of Lemma and Derived
Categories, Example. Applying the second part of Derived Categories, Lemma
the vertical maps in the big diagram extend to an isomorphism of Postnikov
systems provided we have

Hom (g} X;[i — j — 1], @¢;[j]_>[m K,)=0fori>j+1

]

The is true if Hom(K,,[i —j — 1], K;;,) = 0 for ¢ > j + 1 which holds by assumption
(2). Choose an isomorphism given by Y. @ gt Yn — Yélyn of Postnikov systems
in D(C,,). By uniqueness of homotopy colimits, we can find an isomorphism

gm' K = hocolimg,,' Y,,[n] == hocolimYy, , = K,
compatible with v, .
We still have to prove that the maps 7, fit into commutative diagrams

ot K —= g, 'K

K(p)
.f¢1777Li J('Yn
'K L K
m n

©
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for every ¢ : [m] — [n]. Consider the diagram

F B ypo1opm Fy o) == f;lgalXoW 9n' Xo == D, (0)5 [ fx ' Ko

o T e

1 1,1 —1
fv,lw,nl l’yn
K
oY ——— [ K — > K, Yo

The top middle square is commutative as Xy — K is a morphism of simplicial
objects. The left, resp. the right rectangles are commutative as v, resp. v, is
compatible with 7o, resp. 7o, which are the arrows @ Ky and @ K, in the
diagram. Going around the outer rectangle of the diagram is commutative as
(Kn, K,) is a simplical system and the map Xo(y) is given by the obvious iden-
tifications f;lflglKO = f;oleo. Note that the arrow @, Km — Y5, = Km
induces an isomorphism on any of the direct summands (because of our explicit
construction of the Postnikov systems YZ’ j above). Hence, if we take a direct sum-
mand of the upper left and corner, then this maps isomorphically to f_ Lg1K as
Ym is an isomorphism. Working out what the above says, but looking only at this
direct summand we conclude the lower middle square commutes as we well. This
concludes the proof. O

14. Simplicial systems of the derived category: modules

In this section we are going to prove a special case of [BBD82|, Proposition 3.2.9] in
the setting of derived categories of O-modules. The (slightly) easier case of abelian
sheaves is discussed in Section [I3]

Definition 14.1. In Situation Let O be a sheaf of rings on Cyprq;- A simplicial
system of the derived category of modules consists of the following data

(1) for every n an object K,, of D(O,),
(2) for every ¢ : [m] — [n] a map K, : Lf; K, — K, in D(Oy)
subject to the condition that
K¢o¢ = Kap o Lf;Kw : Lf;o¢Kl = Lf;LfJ)Kl — K,

for any morphisms ¢ : [m] — [n] and 9 : [I] — [m] of A. We say the simplicial
system is cartesian if the maps K, are isomorphisms for all ¢. Given two simpli-
cial systems of the derived category there is an obvious notion of a morphism of
simplicial systems of the derived category of modules.

We have given this notion a ridiculously long name intentionally. The goal is to
show that a simplicial system of the derived category of modules comes from an
object of D(O) under certain hypotheses.

Lemma 14.2. In Situation let O be a sheaf of rings on Ciorar- If K € D(O) is
an object, then (K, K(p)) is a simplicial system of the derived category of modules.
If K is cartesian, so is the system.

Proof. This is immediate from the definitions. O
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Lemma 14.3. In Situation let O be a sheaf of rings on Ciotar- Suppose given
Ko € D(Oy) and an isomorphism

a: L(fs1)" Ko — L(f51)" Ko

satisfying the cocycle condition. Set 77" : [0] — [n], 0 — i and set K,, = Lf7» Ko.
The objects K, form the members of a cartesian simplicial system of the derived
category of modules.

Proof. Please compare with Lemmas and and its proof (also to see the
cocycle condition spelled out). The construction is analogous to the construction
discussed in Descent, Section [3|from which we borrow the notation 77 : [0] — [n],
0= diand 7} : [1] = [n], 0= 4, 1 — j. Given ¢ : [n] — [m] we define K, :
L(f,)" K, — K, using

L(fga)*Kn L(fsa)*L(fT];)*KO L(fr;”('n))*KO L(fT;’l(n),m)*L(fzS%)*KO
L(f*;"(nm)*al
Ky =——= L(frn) Ko L(frm  )"L(f53)" Ko

We omit the verification that the cocycle condition implies the maps compose cor-
rectly (in their respective derived categories) and hence give rise to a simplicial
systems of the derived category of modules. O

Lemma 14.4. In Sz’tuatz’on let O be a sheaf of rings on Ciptar- Let K be an
object of D(Ciotar). Set

X, = (gn0,) 5 K and Y, = (guOp — ... = gaOo)[—n] % K
as objects of D(Q) where the maps are as in Lemma . With the evident canonical
maps Y, — X, and Yy — Y1[1] = Y2[2] — ... we have
(1) the distinguished triangles Y, — X, — Yno_1 — Y,[1] define a Postnikov
system (Derived Categories, Definition for ... — X5 — X1 — Xy,
(2) K = hocolimYy[n] in D(O).

Proof. First, if K = O, then this is the construction of Derived Categories, Ex-
ample applied to the complex

oo = 92102 = g1101 — g01Og

in Ab(Ciotar) combined with the fact that this complex represents K = O in
D(Ciotar) by Lemma m The general case follows from this, the fact that the
exact functor — @% K sends Postnikov systems to Postnikov systems, and that
— ®% K commutes with homotopy colimits. O

Lemma/14.5. In Situatz’on let O be a sheaf of rings on Ciotar- If K, K’ € D(O).
Assume

(1) f7'0n = O, is flat for ¢ : [m] — [n],

(2) K is cartesian,

(3) Hom(K;[i], K]) =0 fori >0, and

(4) Hom(K;[i + 1], K!) = 0 fori > 0.
Then any map K — K’ which induces the zero map Ko — K| is zero.
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Proof. The proof is exactly the same as the proof of Lemma except using
Lemma [[4.4] instead of Lemma [13.4] O

Lemma/14.6. In Situation let O be a sheaf of rings on Ciotar- If K, K’ € D(O).
Assume

(1) f;l(’)n — Oy, is flat for ¢ : [m] — [n],
(2) K is cartesian,
(3) Hom(K;[i — 1], K}) =0 fori > 1.
Then any map {K,, — K/} between the associated simplicial systems of K and K’
comes from a map K — K’ in D(O).

Proof. The proof is exactly the same as the proof of Lemma [13.6] except using
Lemma [[4.4] instead of Lemma [[3.4 O

Lemma 14.7. In Situation let O be a sheaf of rings on Ciotar. Let (Kp, Ky)
be a simplicial system of the derived category of modules. Assume

(1) f;'0n = Op, is flat for ¢ : [m] — [n],
(2) (Kn,K,) is cartesian,
(3) Hom(K;[t], K;) =0 fori >0 andt > 0.
Then there exists a cartesian object K of D(O) whose associated simplicial system
is isomorphic to (K, K,).

Proof. The proof is exactly the same as the proof of Lemma[I3.7] with the following
changes

(1) use g = Lg} everywhere instead of g, !,
use f = Lf; everywhere instead of f L

(2)
(3) refer to Lemma instead of Lemma
(4)
()

in the construction of Yy, ,, use O,, instead of Z,

5) compare with the proof of Lemma rather than the proof of Lemma
54
This ends the proof. ([

15. The site associated to a semi-representable object

Let C be a site. Recall that a semi-representable object of C is simply a family
{Ui}ier of objects of C. A morphism {U;}icr — {V;}jcs of semi-representable
objects is given by a map a : I — J and for every ¢ € I a morphism f; : U; —
Vi) of C. The category of semi-representable objects of C is denoted SR(C). See
Hypercoverings, Definition and the enclosing section for more information.

For a semi-representable object K = {U,};cr of C we let

c/K=1]._ ¢/

be the disjoint union of the localizations of C at U;. There is a natural structure of
a site on this category, with coverings inherited from the localizations C/U;. The
site C/K is called the localization of C at K. Observe that a sheaf on C/K is the
same thing as a family of sheaves F; on C/U,, i.e.,

sn(c/K) =], _, snc/v:)

This is occasionally useful to understand what is going on.
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Let C be a site. Let K = {U;};er be an object of SR(C). There is a continuous
and cocontinuous localization functor j : C/K — C which is the product of the
localization functors j; : C/V; — C. We obtain functors j;, 77!, j. exactly as in
Sites, Section In terms of the product decomposition Sh(C/K) = [[,.; Sh(C/U;)
we have

g (Fier —  1ldisFi

it g — (j; ' Gier

Js ¢+ (Fiier — IlJisFi
as the reader easily verifies.

Let f : K — L be a morphism of SR(C). Then we obtain a continuous and
cocontinuous functor

v:C/K —C/L

by applying the construction of Sites, Lemma to the components. More pre-
cisely, suppose f = (a, f;) where K = {Ui}tier, L = {Vj}jes, o : I — J, and
fi : Ui = V(). Then the functor v maps the component C/U; into the component
C/Va) via the construction of the aforementioned lemma. In particular we obtain
a morphism

£ Sh(C/K) — Sh(C/L)

of topoi. In terms of the product decompositions Sh(C/K) = [],c; Sh(C/U;) and
Sh(C/L) = I1,c; Sh(C/V;) the reader verifies that

froo o (Fier — (Wiera@=; finFi)jes
=t o (Gijes — (f7'Gaiy)ier
fo v (Fi)ier — (HieI,a(i):j fisFi)jet

where f; : Sh(C/U;) — Sh(C/V4()) is the morphism associated to the localization
functor C/U; — C/V,(;) corresponding to f; : Uy — Vo).

Lemma 15.1. Let C be a site.

(1) For K in SR(C) the functor j:C/K — C is continuous, cocontinuous, and
has property P of Sites, Remark [20.5

(2) For f : K — L in SR(C) the functor v : C/K — C/L (see above) is
continuous, cocontinuous, and has property P of Sites, Remark[20.5.

Proof. Proof of (2). In the notation of the discussion preceding the lemma, the
localization functors C/U; — C/V,(; are continuous and cocontinuous by Sites,
Section and satisfy P by Sites, Remark It is formal to deduce v is
continuous and cocontinuous and has P. We omit the details. We also omit the
proof of (1). O

Lemma 15.2. Let C be a site and K in SR(C). For F in Sh(C) we have
Jxi ' F = Hom(F(K)#, F)
where F is as in Hypercoverings, Definition[2.2

Proof. Say K = {U;};c;. Using the description of the functors j—*

above we see that

RS - . #
JxJ ‘F_Hielj“*(]:lc/Ui)_HiejHom(hUi"F)

and j, given
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The second equality by Sites, Lemma Since F(K) = ][ hy, in PSh(C, we have
F(K)* = ]_[h’g6 in Sh(C) and since Hom(—,F) turns coproducts into products
(immediate from the construction in Sites, Section , we conclude. ([l

Lemma 15.3. Let C be a site.

(1) For K in SR(C) the functor ji gives an equivalence Sh(C/K) — Sh(C)/F(K)#
where F is as in Hypercoverings, Definition [2.2.

(2) The functor 7' : Sh(C) — Sh(C/K) corresponds via the identification of
(1) with F + (F x F(K)#* — F(K)#).

(3) For f: K — L in SR(C) the functor f~1 corresponds via the identifications
of (1) to the functor Sh(C)/F(L)#* — Sh(C)/F(K)¥, (G — F(L)¥#) ~
(G xpy# F(K)#* — F(K)#).

Proof. Observe that if K = {U,};cs then the category Sh(C/K) decomposes as the
product of the categories Sh(C/U;). Observe that F(K)# =], hﬁ (coproduct in

sheaves). Hence Sh(C)/F(K)# is the product of the categories Sh(C)/hﬁ. Thus (1)
and (2) follow from the corresponding statements for each i, see Sites, Lemmas
and25.7) Similarly, if L = {V;} e and f is given by a: I — Jand f; : Uy = Vi),
then we can apply Sites, Lemma to each of the re-localization morphisms
C/U; — C [V, to get (3). O

Lemmal 15.4. Let C be a site. For K in SR(C) the functor j=' sends injective
abelian sheaves to injective abelian sheaves. Similarly, the functor j—1' sends K-
injective complexes of abelian sheaves to K-injective complexes of abelian sheaves.

Proof. The first statement is the natural generalization of Cohomology on Sites,
Lemma to semi-representable objects. In fact, it follows from this lemma by
the product decomposition of Sh(C/K) and the description of the functor =1 given
above. The second statement is the natural generalization of Cohomology on Sites,
Lemma and follows from it by the product decomposition of the topos.

Alternative: since j induces a localization of topoi by Lemma m part (1) it also
follows immediately from Cohomology on Sites, Lemmas [7.1] and by enlarging
the site; compare with the proof of Cohomology on Sites, Lemma in the case
of injective sheaves. O

Remark 15.5 (Variant for over an object). Let C be a site. Let X € Ob(C). The
category SR(C, X) of semi-representable objects over X is defined by the formula
SR(C, X) = SR(C/X). See Hypercoverings, Definition Thus we may apply the
above discussion to the site C/X. Briefly, the constructions above give

(1) asite C/K for K in SR(C, X),

(2) a decomposition Sh(C/K) =[] Sh(C/U;) it K ={U;/X},

(3) a localization functor j: C/K — C/X,

(4) a morphism f : Sh(C/K) — Sh(C/L) for f: K — L in SR(C, X).
All results of this section hold in this situation by replacing C everywhere by C/X.

Remark 15.6 (Ringed variant). Let C be a site. Let O¢ be a sheaf of rings on C.
In this case, for any semi-representable object K of C the site C/K is a ringed site
with sheaf of rings O = j~'O¢. The constructions above give

(1) a ringed site (C/K,Ok) for K in SR(C),

(2) a decomposition Mod(Ok) = [[ Mod(Oy,) it K = {U,},
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(3) a localization morphism j : (Sh(C/K),Ok) — (Sh(C), O¢) of ringed topoi,
(4) a morphism f : (Sh(C/K),Ok) — (Sh(C/L),OL) of ringed topoi for f :
K — L in SR(C).
Many of the results above hold in this setting. For example, the functor j* has an
exact left adjoint

j! : MOd(OK) — MOd(OC)7

which in terms of the product decomposition given in (2) sends (F;)ier to @ ji, 1 Fi-
Similarly, given f : K — L as above, the functor f* has an exact left adjoint
fi: Mod(Ok) — Mod(Oy,). Thus the functors j* and f* are exact, i.e., j and f are
flat morphisms of ringed topoi (also follows from the equalities O = j71O¢ and
Ok = f_IOL).

Remark 15.7 (Ringed variant over an object). Let C be a site. Let O¢ be a sheaf
of rings on C. Let X € Ob(C) and denote Ox = O¢|¢;u. Then we can combine the
constructions given in Remarks and [15.6] to get
(1) a ringed site (C/K,Ok) for K in SR(C, X),
(2) a decomposition Mod(Ok) =[] Mod(Oy,) if K = {U,},
(3) a localization morphism j : (Sh(C/K),Ok) — (Sh(C/X),Ox) of ringed
topoi,
(4) a morphism f : (Sh(C/K),Ok) — (Sh(C/L),OL) of ringed topoi for f :
K — L in SR(C, X).
Of course all of the results mentioned in Remark hold in this setting as well.

16. The site associate to a simplicial semi-representable object

Let C be a site. Let K be a simplicial object of SR(C). As usual, set K,, = K([n])
and denote K(¢) : K,, = K, the morphism associated to ¢ : [m] — [n]. By the
construction in Section [L5| we obtain a simplicial object n — C/K,, in the category
whose objects are sites and whose morphisms are cocontinuous functors. In other
words, we get a gadget as in Case B of Section [3] The functors satisfy property P
by Lemma Hence we may apply Lemma to obtain a site (C/K)iotai-

We can describe the site (C/K)orq; explicitly as follows. Say K, = {U,;}ier, . For
¢ : [m] = [n] the morphism K(p) : K,, — K,, is given by a map a(y¢) : I, = I,
and morphisms f, ; : Uy i = Uy a(p) @) for @ € I,,. Then we have
(1) an object of (C/K)totar corresponds to an object (U/U,,;) of C/U,; for
some n and some i € I,
(2) amorphism between U/U, ; and V/U,, j is a pair (¢, f) where ¢ : [m] — [n],
j=a(e)(i), and f: U — V is a morphism of C such that

U———V

|

Un,i > Um,j

is commutative, and

(3) coverings of the object U/U,; are constructed by starting with a covering
{fj :U; = U} in C and letting {(id, f;) : U; /Uy, — U/Uy, ;} be a covering
in (C/K)total~
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All of our general theory developed for simplicial sites applies to (C/K)¢otar- Ob-
serve that the obvious forgetful functor

jtotal : (C/K)total — C

is continuous and cocontinuous. It turns out that the associated morphism of topoi
comes from an (obvious) augmentation.

Lemma 16.1. Let C be a site. Let K be a simplicial object of SR(C). The
localization functor jo : C/Ko — C defines an augmentation ag : Sh(C/Ky) —
Sh(C), as in case (B) of Remark[{.1 The corresponding morphisms of topoi

an @ SW(C/K,) — Sh(C), a: Sh((C/K)iotal) — Sh(C)

of Lemma[{.3 are equal to the morphisms of topoi associated to the continuous and
cocontinuous localization functors j, : C/K, — C and jiotal : (C/K)totar — C.

Proof. This is immediate from working through the definitions. See in particular
the footnote in the proof of Lemma[£.2]for the relationship between a and jiotq. O

Lemma 16.2. With assumption and notation as in Lemma we have the
following properties:
(1) there is a functor a;™ : Sh((C/K)otar) — Sh(C) left adjoint to a=' :
Sh(C) = Sh((C/K)iotal),
(2) there is a functor ay : Ab((C/K)totar) — Ab(C) left adjoint to a=1 : Ab(C) —
Ab((c/K)total);
(3) the functor a=! associates to F in Sh(C) the sheaf on (C/K )iotar wich in
degree n is equal to a,'F,
(4) the functor a,. associates to G in Ab((C/K)iotar) the equalizer of the two
maps j(),*go — jl,*gly

Proof. Parts (3) and (4) hold for any augmentation of a simplicial site, see Lemma
Parts (1) and (2) follow as jiota; is continuous and cocontinuous. The functor
a! is constructed in Sites, Lemmaﬁand the functor a, is constructed in Modules
on Sites, Lemma [16.2 O

Lemma 16.3. Let C be a site. Let K be a simplicial object of SR(C). Let U/U,,;
be an object of C/K,,. Let F € Ab((C/K)totar). Then

HP(U,F) = HP(U, Fpn,;)
where
(1) on the left hand side U is viewed as an object of Ciotar, and

(2) on the right hand side F,,; is the ith component of the sheaf F,, on C/K,
in the decomposition Sh(C/Ky) =[] Sh(C/Up.i) of Section [13,

Proof. This follows immediately from Lemma [8.6]and the product decompositions
of Section [[E 0

Remark 16.4 (Variant for over an object). Let C be a site. Let X € Ob(C).
Recall that we have a category SR(C, X)) = SR(C/X) of semi-representable objects
over X, see Remark We may apply the above discussion to the site C/X.
Briefly, the constructions above give

(1) asite (C/K)totar for a simplicial K object of SR(C, X),

(2) a localization functor jiorar : (C/K)totar — C/X,
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(3) localization functors j, : C/K,, — C/X,
(4) a morphism of topoi a : Sh((C/K)totar) — Sh(C/X),
(5) morphisms of topoi a,, : Sh(C/K,) — Sh(C/X),
(6) a functor ap” : Sh((C/K )iotar) — Sh(C/X) left adjoint to a~!, and
(7) a functor a; : Ab((C/K )totar) — Ab(C/X) left adjoint to a1 .
All of the results of this section hold in this setting. To prove this one replaces the
site C everywhere by C/X.

3
4
5
6

Remark 16.5 (Ringed variant). Let C be a site. Let O¢ be a sheaf of rings. Given
a simplicial semi-representable object K of C we set O = a~'O¢, where a is as in
Lemmas and The constructions above, keeping track of the sheaves of
rings as in Remark give

(1) a ringed site ((C/K)totar, O) for a simplicial K object of SR(C),

(2) a morphism of ringed topoi a : (Sh((C/K)otal), O) = (Sh(C), O¢),

(3) morphisms of ringed topoi a,, : (Sh(C/K,),On) — (Sh(C), O¢),

(4) a functor ay : Mod(©Q) — Mod(O¢) left adjoint to a*.
The functor a; exists (but in general is not exact) because a=1O¢ = O and we
can replace the use of Modules on Sites, Lemma in the proof of Lemma [16.2
by Modules on Sites, Lemma As discussed in Remark there are exact
functors a, : Mod(O,) — Mod(O¢) left adjoint to a). Consequently, the mor-
phisms a and a,, are flat. Remark implies the morphism of ringed topoi f, :
(Sh(C/K,), Op) — (Sh(C/Ky,), Op,) for ¢ : [m] — [n] is flat and there exists an ex-
act functor fi,1 : Mod(O,) — Mod(Oy,) left adjoint to f7. This in turn implies that
for the flat morphism of ringed topoi g, : (Sh(C/K,), On) — (Sh((C/K)totar), O)
the functor g, : Mod(O,) — Mod(O) left adjoint to g}, is exact, see Lemma [6.3]

Remark 16.6 (Ringed variant over an object). Let C be a site. Let O¢ be a sheaf
of rings. Let X € Ob(C) and denote Ox = Oc|¢;x. Then we can combine the
constructions given in Remarks [16.4] and [16.5] to get

(1) a ringed site ((C/K)totar, O) for a simplicial K object of SR(C, X),

(2) a morphism of ringed topoi a : (Sh((C/K)totar), O) — (Sh(C/X),Ox),

(3) morphisms of ringed topoi a,, : (Sh(C/K,),O,) — (Sh(C/X),Ox),

(4) a functor ay : Mod(O) — Mod(Ox) left adjoint to a*.
Of course, all the results mentioned in Remark [I6.5] hold in this setting as well.

17. Cohomological descent for hypercoverings

Let C be a site. In this section we assume C has equalizers and fibre products.
We let K be a hypercovering as defined in Hypercoverings, Definition We will
study the augmentation

a: Sh((C/K)totar) — Sh(C)
of Section

Lemma 17.1. Let C be a site with equalizers and fibre products. Let K be a
hypercovering. Then
(1) a=t : Sh(C) — Sh((C/K)tota) is fully faithful with essential image the
cartesian sheaves of sets,
(2) a=t : Ab(C) — Ab((C/K)iotar) is fully faithful with essential image the
cartesian sheaves of abelian groups.
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In both cases a, provides the quasi-inverse functor.

Proof. The case of abelian sheaves follows immediately from the case of sheaves of
sets as the functor a~! commutes with products. In the rest of the proof we work
with sheaves of sets. Observe that a1 F is cartesian for F in Sh(C) by Lemma
It suffices to show that the adjunction map F — a,a~'F is an isomorphism
F in Sh(C) and that for a cartesian sheaf G on (C/K)iotqr the adjunction map
a 'a.G — G is an isomorphism.

Let F be a sheaf on C. Recall that a,a”'F is the equalizer of the two maps
ap«ay ' F — ay .aj ' F, see Lemma By Lemmam

ag «ay *F = Hom(F(Ko)#,F) and a1 .a7 ' F = Hom(F(K,)#, F)
On the other hand, we know that
F(K,)# F(Ky)# —— final object * of Sh(C)

is a coequalizer diagram in sheaves of sets by definition of a hypercovering. Thus
it suffices to prove that Hom(—, F) transforms coequalizers into equalizers which is
immediate from the construction in Sites, Section

Let G be a cartesian sheaf on (C/K)ipta;- We will show that G = a=1F for some
sheaf F on C. This will finish the proof because then ¢ 'a.G = a la,a ' F =
a~'F = G by the result of the previous paragraph. Set K, = F(K,)* for n > 0.
Then we have maps of sheaves

Ko——= K1 —= Ky

coming from the fact that K is a simplicial semi-representable object. The fact
that K is a hypercovering means that

Ki— KogxKg and Ko — (coskl( K1 ==K, ))2

are surjective maps of sheaves. Using the description of cartesian sheaves on
(C/K)totar given in Lemma and using the description of Sh(C/K,) in Lemma
we find that our problem can be entirely formulatecEI in terms of

(1) the topos Sh(C), and

(2) the simplicial object K in Sh(C) whose terms are KC,,.
Thus, after replacing C by a different site C’ as in Sites, Lemma we may
assume C has all finite limits, the topology on C is subcanonical, a family {V; — V'}
of morphisms of C is a covering if and only if [] hy, — V is surjective, and there
exists a simplicial object U of C such that ), = hy,, as simplicial sheaves. Working
backwards through the equivalences we may assume K,, = {U,} for all n.
Let X be the final object of C. Then {Uy — X} is a covering, {U; — Uy x Up}
is a covering, and {Us — (coskyskiU)s} is a covering. Let us use d : U,, — U1
and s} : U, — Up41 the morphisms corresponding to o and o} as in Simplicial,
Definition By abuse of notation, given a morphism c¢: V — W of C we denote

3Even though it does not matter what the precise formulation is, we spell it out: the problem
is to show that given an object Go /Ko of Sh(C)/Ko and an isomorphism

(o3 go X)C(),)C((S%) lCl — go X)C(),)C(éé) lCl

over K1 satisfying a cocycle condtion in Sh(C)/K2, there exists F in Sh(C) and an isomorphism
F x Ko — Go over Ko compatible with a.
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the morphism of topoi ¢ : Sh(C/V') — Sh(C/W) by the same letter. Now G is given
by a sheaf Gy on C/Uy and an isomorphism « : (di) "Gy — (d§)~1Go satisfying the
cocycle condition on C/U, formulated in Lemma[12.4] Since {Us — (coskiskiU)2}
is a covering, the corresponding pullback functor on sheaves is faithful (small detail
omitted). Hence we may replace U by cosksk;U, because this replaces Us by
(coskysk U)s and leaves Uy and Uy unchanged. Then

(d%,d%,d%) : U2 — U1 X U1 X U1

is a monomorphism whose its image on T-valued points is described in Simpli-
cial, Lemma In particular, there is a morphism c fitting into a commutative
diagram

Ut X(ar,ay),UoxUo,(dl,db) Ut — Ua

i (prl,prQ,sgodioprl) i
U1><U1 U1><U1><U1

as going around the other way defines a point of Us. Pulling back the cocycle
condition for v on Us translates into the condition that the pullbacks of « via the
projections to U X (d,db), U x U, (d2,d3) U, are the same as the pullback of o via
s9 o d} o pry is the identity map (namely, the pullback of a by s is the identity).
By Sites, Lemma [26.1] this means that o comes from an isomorphism

o prl_lgo — prglgo

of sheaves on C/Uy x Up. Then finally, the morphism Uy — Uy x Uy x Uy is surjective
on associated sheaves as is easily seen using the surjectivity of U; — Uy x Uy and
the description of U, given above. Therefore o satisfies the cocycle condition on
Uy x Uy x Uy. The proof is finished by an application of Sites, Lemma to the
covering {Uy — X} O

Lemma 17.2. Let C be a site with equalizers and fibre products. Let K be a
hypercovering. The Cech complex of Lemma associated to a=*F

agay ' F — ayway ' F — ag.ay ' F — ...

is equal to the complex Hom(s(Zi’f(K)),f). Here S(Zi’f(K)) is as in Hypercoverings,
Definition [{.1}

Proof. By Lemma [15.2] we have
n way, " F = Hom' (F(K,)#, F)

where Hom' is as in Sites, Section The boundary maps in the complex of Lemma
come from the simplicial structure. Thus the equality of complexes comes from
the canonical identifications Hom'(G, F) = Hom(Zg, F) for G in Sh(C). O

Lemma 17.3. Let C be a site with equalizers and fibre products. Let K be a
hypercovering. For E € D(C) the map

E — Ra,a 'E

is an isomorphism.
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Proof. First, let Z be an injective abelian sheaf on C. Then the spectral sequence
of Lemma for the sheaf a='Z degenerates as (a'Z), = a,'T is injective by
Lemma [15.4] Thus the complex

a0y L — aywa; T — ag a3 ' T — ...

computes Ra,a 'Z. By Lemmathis is equal to the complex Hom(s(fo(K)),I).
Because K is a hypercovering, we see that s(Zﬁ(K)) is exact in degrees > 0 by
Hypercoverings, Lemma applied to the simplicial presheaf F(K). Since T is
injective, the functor Hom(—,Z) is exact and we conclude that %m(s(fo(K)),I)
is exact in positive degrees. We conclude that RPa,a 'Z = 0 for p > 0. On the
other hand, we have Z = a.a™'Z by Lemma [L7.1}

Bounded case. Let E € DT(C). Choose a bounded below complex Z* of injec-
tives representing E. By the result of the first paragraph and Leray’s acyclicity
lemma (Derived Categories, Lemma Ra,a 'Z* is computed by the complex
a,a~'Z® = 7* and we conclude the lemma is true in this case.

Unbounded case. We urge the reader to skip this, since the argument is the same
as above, except that we use explicit representation by double complexes to get
around convergence issues. Let E € D(C). To show the map F — Ra.a 'E is an
isomorphism, it suffices to show for every object U of C that

RT(U,E) = RT(U, Ra.a™ ' E)
We will compute both sides and show the map E — Ra.,a 'FE induces an iso-
morphism. Choose a K-injective complex Z°® representing E. Choose a quasi-
isomorphism a=1Z®* — J* for some K-injective complex J°* on (C/K)otar. We
have
RU(U, E) = RHom(Z},, E)
and
RT(U,Ra,a 'E) = RHom(Zﬁ, Ra,a 'E) = RHom(a*IZi a'E)
By Lemma [0.1] we have a quasi-isomorphism
( — ggg(a;Zﬁ) — gu(al_lZﬁ) — goy(a61Z#)) — a_1Z7[‘7]E
Hence RHom(a_1Z§7 a~1'E) is equal to
RT((C/K ) totat, RHom(.... = gai(a3 " ZF) = gu(ai ' Zf) = go(ag 'Z), T*))

By the construction in Cohomology on Sites, Section |35/and since J* is K-injective,
we see that this is represented by the complex of abelian groups with terms

I1 ., Hom(gn(e,'2). 79 =]

See Cohomology on Sites, Lemmas [34.6] and for more information. Thus we
find that RT'(U, Ra,a~'E) is computed by the product total complex Tot, (B**)
with BP? = Hom(alleﬁ,g;qu). For the other side we argue similarly. First we
note that

o Hom(a; 2,67

$(ZF ) — Z
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is a quasi-isomorphism of complexes on C by Hypercoverings, Lemma Since
Zﬁ is a flat sheaf of Z-modules we see that

s(zﬁ(m) ®g Zh — 27
is a quasi-isomorphism. Therefore RHom(Zﬁ, E) is equal to
RT(C, R Hom(s(Z} ) ©2 Z3;,T°))

By the construction of RHom and since Z°® is K-injective, this is represented by
the complex of abelian groups with terms

# # _
Hp+q:n Hom(ZKp ©z ZU7Iq) - H

The equality of terms follows from the fact that Zﬁp Rz Zﬁ = apa, 12?}’& by Modules
on Sites, Remark [27.10, Thus we find that RT'(U, E) is computed by the product

total complex Tot, (A®*) with AP:9 = Hom(a;lzzf, a,'19).

—lg# -1
S Hom(a, "Z{;,a, 19)

Since Z* is K-injective we see that a, 17* is K-injective, see Lemma Since J°
is K-injective we see that g, ' 7* is K-injective, see Lemma Both represent the
object a, LE. Hence for every p > 0 the map of complexes
. -1 —17e -1 —1 7e J
AP* = Hom(a,, Zﬁ,ap 7°) — Hom(a, Zﬁ,gp J*) =BV
induced by g, I applied to the given map ¢~ 'Z°® — J* is a quasi-isomorphisms as
these complexes both compute
RHom(a;1Z§, a,'E)

By More on Algebra, Lemma [103.2] we conclude that the right vertical arrow in the
commutative diagram

RT(U,E) Tot, (A%*)

| |

RT(U, Raya='E) —— Tot.(B**)

is a quasi-isomorphism. Since we saw above that the horizontal arrows are quasi-
isomorphisms, so is the left vertical arrow. ([l

Lemma 17.4. Let C be a site with equalizers and fibre products. Let K be a
hypercovering. Then we have a canonical isomorphism

RF(C, E) = RF((C/K)totah a_lE)

for E € D(C).
Proof. This follows from Lemma because RT'((C/K)iotal, —) = RT(C, —)oRa,
by Cohomology on Sites, Remark (]

Lemma 17.5. Let C be a site with equalizers and fibre products. Let K be a hyper-
covering. Let A C Ab((C/K)totai) denote the weak Serre subcategory of cartesian
abelian sheaves. Then the functor a~' defines an equivalence

D+ (C) — D;((C/K)total)

with quasi-inverse Ra..
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Proof. Observe that A is a weak Serre subcategory by Lemma [12.6] The equiva-
lence is a formal consequence of the results obtained so far. Use Lemmas [I7.1] and
[I7.3and Cohomology on Sites, Lemma O

We urge the reader to skip the following remark.

Remark| 17.6. Let C be a site. Let G be a presheaf of sets on C. If C has
equalizers and fibre products, then we’ve defined the notion of a hypercovering of
G in Hypercoverings, Definition We claim that all the results in this section
have a valid counterpart in this setting. To see this, define the localization C/G
of C at G exactly as in Sites, Lemma [30.3] (which is stated only for sheaves; the
topos Sh(C/G) is equal to the localization of the topos Sh(C) at the sheaf G#).
Then the reader easily shows that the site C/G has fibre products and equalizers
and that a hypercovering of G in C is the same thing as a hypercovering for the site
C/G. Hence replacing the site C by C/G in the lemmas on hypercoverings above we
obtain proofs of the corresponding results for hypercoverings of G. Example: for a
hypercovering K of G we have

RIU(C/G,E) = RU((C/K)totar,a *E)

for E € DV(C/G) where a : Sh((C/K)totar) — Sh(C/G) is the canonical augmenta-
tion. This is Lemma[17.4] Let RI'(G,—) : D(C) — D(Ab) be defined as the derived
functor of the functor H(G, —) = H°(G#, —) discussed in Hypercoverings, Section
[6] and Cohomology on Sites, Section [I3] We have

RT(G,E) = RT(C/G,j 'E)

by the analogue of Cohomology on Sites, Lemma for the localization fuctor
j :C/G — C. Putting everything together we obtain

RI(G, E) = RU((C/K)tota1, ™' j~ ' E) = RU((C/K)totat, g~ E)
for E € DT (C) where g : Sh((C/K )totar) — Sh(C) is the composition of a and j.

18. Cohomological descent for hypercoverings: modules

Let C be a site. Let O¢ be a sheaf of rings. Assume C has equalizers and fibre
products and let K be a hypercovering as defined in Hypercoverings, Definition
We will study cohomological descent for the augmentation

a: (Sh((C/K)totar), O) — (Sh(C), Oc)
of Remark [16.5

Lemma 18.1. Let C be a site with equalizers and fibre products. Let O¢ be a sheaf
of rings. Let K be a hypercovering. With notation as above

a* : Mod(O¢) — Mod(O)

is fully faithful with essential image the cartesian O-modules. The functor a, pro-
vides the quasi-inverse.

Proof. Since a=!O¢ = O we have a* = a~!. Hence the lemma follows immediately
from Lemma [[7.11 O
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Lemma 18.2. Let C be a site with equalizers and fibre products. Let O¢ be a sheaf
of rings. Let K be a hypercovering. For E € D(O¢) the map

FE — Ra,La*FE

is an isomorphism.

Proof. Since a='O¢ = O we have La* = a* = a~'. Moreover Ra, agrees with
Ra, on abelian sheaves, see Cohomology on Sites, Lemma Hence the lemma
follows immediately from Lemma [I7.3] O

Lemma 18.3. Let C be a site with equalizers and fibre products. Let O¢ be a sheaf
of rings. Let K be a hypercovering. Then we have a canonical isomorphism

RI(C, E) = RU((C/K)totar, La* E)
for E € D(O¢).

Proof. This follows from Lemma because RI'((C/K)total, —) = RT'(C, —)oRa.
by Cohomology on Sites, Remark[I4.4 or by Cohomology on Sites, Lemma (]

Lemmal 18.4. Let C be a site with equalizers and fibre products. Let O¢ be a
sheaf of rings. Let K be a hypercovering. Let A C Mod(O) denote the weak Serre
subcategory of cartesian O-modules. Then the functor La* defines an equivalence

D*(Oc) — D}(0)
with quasi-inverse Ras.

Proof. Observe that A is a weak Serre subcategory by Lemma m (the required
hypotheses hold by the discussion in Remark. The equivalence is a formal con-
sequence of the results obtained so far. Use Lemmas[I8.1]and [I8:2]and Cohomology
on Sites, Lemma [28.5 (]

19. Cohomological descent for hypercoverings of an object

In this section we assume C has fibre products and X € Ob(C). We let K be a
hypercovering of X as defined in Hypercoverings, Definition We will study the
augmentation
a: Sh((C/K)totar) — Sh(C/X)

of Remark Observe that C/X is a site which has equalizers and fibre products
and that K is a hypercovering for the site C/ XH by Hypercoverings, Lemma
This means that every single result proved for hypercoverings in Section [I7) has an
immediate analogue in the situation in this section.

Lemma 19.1. Let C be a site with fibre products and X € Ob(C). Let K be a
hypercovering of X. Then
(1) a=t : Sh(C/X) — Sh((C/K)totar) is fully faithful with essential image the
cartesian sheaves of sets,
(2) a=t: Ab(C/X) — Ab((C/K)totar) is fully faithful with essential image the
cartesian sheaves of abelian groups.

4The converse may not be the case, i.e., if K is a simplicial object of SR(C, X) = SR(C/X)
which defines a hypercovering for the site C/X as in Hypercoverings, Definition then it may
not be true that K defines a hypercovering of X. For example, if Ko = {Uy,;}ic1, then the latter
condition guarantees {Up,; — X} is a covering of C whereas the former condition only requires

H hﬁo = hﬁ to be a surjective map of sheaves.
1
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In both cases a, provides the quasi-inverse functor.

Proof. Via Remarks [[5.5] and [16.4] and the discussion in the introduction to this
section this follows from Lemma [I7.11 O

Lemma 19.2. Let C be a site with fibre product and X € Ob(C). Let K be a
hypercovering of X. For E € D(C/X) the map

E — Ra,a™'E
is an tsomorphism.

Proof. Via Remarks [[5.5] and [16.4] and the discussion in the introduction to this
section this follows from Lemma [17.3] O

Lemma 19.3. Let C be a site with fibre products and X € Ob(C). Let K be a
hypercovering of X. Then we have a canonical isomorphism

RT(X,E) = RT'((C/K)totar, 0 ' E)
for E € D(C/X).
Proof. Via Remarks [[5.5 and [[6.4] this follows from Lemma [I7.4 O

Lemma 19.4. Let C be a site with fibre products and X € Ob(C). Let K be a
hypercovering of X. Let A C Ab((C/K)totar) denote the weak Serre subcategory of
cartesian abelian sheaves. Then the functor a~' defines an equivalence

Dt (C/X) — D;((C/K)total)
with quasi-inverse Ras.

Proof. Via Remarks [I5.5 and [[6.4] this follows from Lemma [I7.5 O

20. Cohomological descent for hypercoverings of an object: modules

In this section we assume C has fibre products and X € Ob(C). We let K be a
hypercovering of X as defined in Hypercoverings, Definition Let O¢ be a sheaf
of rings on C. Set Ox = O¢|¢/x. We will study the augmentation

a: (Sh((C/K)tota), O) — (Sh(C/X),Ox)

of Remark Observe that C/X is a site which has equalizers and fibre products
and that K is a hypercovering for the site C/X. Therefore the results in this section
are immediate consequences of the corresponding results in Section [I8]

Lemma 20.1. Let C be a site with fibre products and X € Ob(C). Let O¢ be a
sheaf of rings. Let K be a hypercovering of X. With notation as above

a* : Mod(Ox) — Mod(O)

is fully faithful with essential image the cartesian O-modules. The functor a, pro-
vides the quasi-inverse.

Proof. Via Remarks [[5.7] and [[6.6] and the discussion in the introduction to this
section this follows from Lemma [I8.1] O

Lemma 20.2. Let C be a site with fibre products and X € Ob(C). Let O¢ be a
sheaf of rings. Let K be a hypercovering of X. For E € D(Ox) the map

F — Ra,La*FE

is an isomorphism.
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Proof. Via Remarks [15.7 and [16.6] and the discussion in the introduction to this
section this follows from Lemma [18.2) O

Lemma 20.3. LetC be a site with fibre products and X € Ob(C). Let O¢ be a sheaf
of rings. Let K be a hypercovering of X. Then we have a canonical isomorphism
RI(X, E) = RU((C/K)totar, La™ E)

for E € D(Oc¢).

Proof. Via Remarks and [16.6] and the discussion in the introduction to this
section this follows from Lemma [18.3] O

Lemma 20.4. Let C be a site with fibre products and X € Ob(C). Let O¢ be
a sheaf of rings. Let K be a hypercovering of X. Let A C Mod(O) denote the
weak Serre subcategory of cartesian O-modules. Then the functor La* defines an
equivalence

D*(Ox) — D}(0)
with quasi-inverse Ra..

Proof. Via Remarks [[5.7] and [[6.6] and the discussion in the introduction to this
section this follows from Lemma [I8.4] O

21. Hypercovering by a simplicial object of the site

Let C be a site with fibre products and let X € Ob(C). In this section we elucidate
the results of Section [19|in the case that our hypercovering is given by a simplicial
object of the site. Let U be a simplicial object of C. As usual we denote U,, = U([n])
and f, : U, — Up, the morphism f, = U(p) corresponding to ¢ : [m] — [n].
Assume we have an augmentation
a:U—X
From this we obtain a simplicial site (C/U)totq; and an augmentation morphism
a: Sh((C/U)totar) — Sh(C/X)

Namely, from U we obtain a simiplical object K of SR(C, X) with degree n part
K, = {U, — X} and we can apply the constructions in Remark More
precisely, an object of the site (C/U)totar is given by a V/U, and a morphism
(¢, f) : V/U, — W/U,, is given by a morphism ¢ : [m] — [n] in A and a morphism
f:V — W such that the diagram

Uni>Um

is commutative. The morphism of topoi a is given by the cocontinuous functor
V/U, — V/X. That’s all folks!

In this section we will say the augmentation a : U — X is a hypercovering of X in
C if the following hold

(1) {Up — X} is a covering of C,

(2) {U1 = Uy xx Uy} is a covering of C,

(3) {Un+1 — (coskpskpU)pt1} is a covering of C for n > 1.
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This is equivalent to the condition that K (as above) is a hypercovering of X, see
Hypercoverings, Example [3.5)

Lemma 21.1. Let C be a site with fibre product and X € Ob(C). Leta : U — X
be a hypercovering of X in C as defined above. Then
(1) a=t : Sh(C/X) — Sh((C/U)totar) is fully faithful with essential image the
cartesian sheaves of sets,
(2) a7t AB(C/X) — Ab((C/U)totar) is fully faithful with essential image the
cartesian sheaves of abelian groups.
In both cases a, provides the quasi-inverse functor.

Proof. This is a special case of Lemma [19.1 g

Lemma 21.2. Let C be a site with fibre product and X € Ob(C). Leta: U — X
be a hypercovering of X in C as defined above. For E € D(C/X) the map

E — Ra.,a 'E
is an isomorphism.

Proof. This is a special case of Lemma [19.2 ([l

Lemma 21.3. LetC be a site with fibre products and X € Ob(C). Leta: U — X be
a hypercovering of X in C as defined above. Then we have a canonical isomorphism

RT(X,E) = RT'((C/U)totar, a ' E)
for E € D(C/X).
Proof. This is a special case of Lemma [19.3 O

Lemma 21.4. Let C be a site with fibre product and X € Ob(C). Leta : U — X
be a hypercovering of X in C as defined above. Let A C Ab((C/U)totar) denote the
weak Serre subcategory of cartesian abelian sheaves. Then the functor a™! defines
an equivalence

D*(C/X) — DE(C/T Y 1otar)
with quasi-inverse Ra..

Proof. This is a special case of Lemma [19.4] (]

Lemmal 21.5. Let U be a simplicial object of a site C with fibre products.

(1) C/U has the structure of a simplicial object in the category whose objects
are sites and whose morphisms are morphisms of sites,

(2) the construction of Lemma applied to the structure in (1) reproduces
the site (C/U)totar above,

(3) ifa: U — X is an augmentation, then ag : C/Uy — C/X 1is an augmen-
tation as in Remark part (A) and gives the same morphism of topoi
a: Sh((C/U)total) — Sh(C/X) as the one above.

Proof. Given a morphism of objects V. — W of C the localization morphism j :
C/V — C/W is a left adjoint to the base change functor C/W — C/V. The base
change functor is continuous and induces the same morphism of topoi as j. See
Sites, Lemma [27.3] This proves (1).

Part (2) holds because a morphism V/U,, — W/U,, of the category constructed in
Lemma @ is a morphism V' — W xy,, ¢, Uy over U, which is the same thing as
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a morphism f : V' — W over the morphism f, : U, — U, i.e., the same thing as
a morphism in the category (C/U)¢otqr defined above. Equality of sets of coverings
is immediate from the definition.

We omit the proof of (3). O

22. Hypercovering by a simplicial object of the site: modules

Let C be a site with fibre products and X € Ob(C). Let O¢ be a sheaf of rings
on C. Let U — X be a hypercovering of X in C as defined in Section 21} In this
section we study the augmentation

a: (Sh((C/U)totar), O) — (Sh(C/X), Ox)

we obtain by thinking of U as a simiplical semi-representable object of C/X whose
degree n part is the singleton element {U,/X} and applying the constructions in
Remark Thus all the results in this section are immediate consequences of
the corresponding results in Section [20]

Lemma 22.1. Let C be a site with fibre products and X € Ob(C). Let O¢ be a
sheaf of rings. Let U be a hypercovering of X in C. With notation as above

a* : Mod(Ox) — Mod(O)

is fully faithful with essential image the cartesian O-modules. The functor a. pro-
vides the quasi-inverse.

Proof. This is a special case of Lemma [20.1 O

Lemma 22.2. Let C be a site with fibre products and X € Ob(C). Let O¢ be a
sheaf of rings. Let U be a hypercovering of X in C. For E € D(Ox) the map

E — Ra,La*FE
is an tsomorphism.

Proof. This is a special case of Lemma [20.2 O

Lemma 22.3. Let C be a site with fibre products and X € Ob(C). Let O¢ be
a sheaf of rings. Let U be a hypercovering of X in C. Then we have a canonical
isomorphism

RT(X, E) = RU((C/U)ota1, La*E)
for E € D(Oc)

Proof. This is a special case of Lemma [20.3 O

Lemma 22.4. Let C be a site with fibre products and X € Ob(C). Let O¢ be a
sheaf of rings. Let U be a hypercovering of X in C. Let A C Mod(Q) denote the
weak Serre subcategory of cartesian O-modules. Then the functor La* defines an
equivalence

DT (Ox) — D4(0)

with quasi-inverse Ras.

Proof. This is a special case of Lemma [20.4] (]
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23. Unbounded cohomological descent for hypercoverings

In this section we discuss unbounded cohomological descent. The results themselves
will be immediate consequences of our results on bounded cohomological descent
in the previous sections and Cohomology on Sites, Lemmas and/or the
real work lies in setting up notation and choosing appropriate assumptions. Our
discussion is motivated by the discussion in [LO08| although the details are a good
bit different.

Let (C,O¢) be a ringed site. Assume given for every object U of C a weak Serre
subcategory Ay C Mod(Oy) satisfying the following properties

(1) given a morphism U — V of C the restriction functor Mod(Oyv) — Mod(Oy)
sends Ay into Ay,

(2) given a covering {U; — U};cs of C an object F of Mod(Oy) is in Ay if and
only if the restriction of F to C/U; is in Ay, for all i € I.

(3) there exists a subset B C Ob(C) such that
(a) every object of C has a covering whose members are in B, and
(b) for every V € B there exists an integer dy and a cofinal system Covy

of coverings of V' such that

HP(V;, F) =0 for {V; = V} € Covy, p>dy, and F € Ob(Ay)

Note that we require this to be true for F in Ay and not just for “global” objects
(and thus it is stronger than the condition imposed in Cohomology on Sites, Sit-
uation . In this situation, there is a weak Serre subcategory A C Mod(Oc¢)
consisting of objects whose restriction to C/U is in Ay for allU € Ob(C). Moreover,
there are derived categories D 4(O¢) and D 4, (Op ) and the restriction functors send
these into each other.

Example| 23.1. Let S be a scheme and let X be an algebraic space over S. Let
C = Xspaces,étale De the étale site on the category of algebraic spaces étale over X,
see Properties of Spaces, Definition [I8.2] Denote O¢ the structure sheaf, i.e., the
sheaf given by the rule U — T'(U, Op). Denote Ay the category of quasi-coherent
Op-modules. Let B = Ob(C) and for V' € B set dy = 0 and let Covy denote the
coverings {V; — V} with V; affine for all ¢. Then the assumptions (1), (2), (3) are
satisfied. See Properties of Spaces, Lemmas and for properties (1) and
(2) and the vanishing in (3) follows from Cohomology of Schemes, Lemma and
the discussion in Cohomology of Spaces, Section

Example| 23.2. Let S be one of the following types of schemes

(1) the spectrum of a finite field,

(2) the spectrum of a separably closed field,

(3) the spectrum of a strictly henselian Noetherian local ring,

(4) the spectrum of a henselian Noetherian local ring with finite residue field,
(5) add more here.

Let A be a finite ring whose order is invertible on S. Let C C (Sch/S)étaie be the
full subcategory consisting of schemes locally of finite type over S endowed with
the étale topology. Let O¢c = A be the constant sheaf. Set Ay = Mod(Oy), in
other words, we consider all étale sheaves of A-modules. Let B C Ob(C) be the set
of quasi-compact objects. For V € B set

dy =1+ 2dim(S) + sup,cy (trdeg, ) (x(v)) + 2dim Oy,,)
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and let Covy denote the étale coverings {V; — V} with V; quasi-compact for
all ¢. Our choice of bound dy comes from Gabber’s theorem on cohomological
dimension. To see that condition (3) holds with this choice, use [ILOT4l Exposé
VIII-A, Corollary 1.2 and Lemma 2.2] plus elementary arguments on cohomological
dimensions of fields. We add 1 to the formula because our list contains cases where
we allow S to have finite residue field. We will come back to this example later
(insert future reference).

Let (C, O¢) be aringed site. Assume given weak Serre subcategories Ay C Mod(Oy)
satisfying condition . Then
(1) given a semi-representable object K = {U;};cr we get a weak Serre sub-
category Ax C Mod(Ok) by taking [[ Ay, C [[ Mod(Oy,) = Mod(Ok),
and
(2) given a morphism of semi-representable objects f : K — L the pullback
map f*: Mod(Or) — Mod(Or) sends Ay, into Ag.
See Remark [I5.0] for notation and explanation. In particular, given a simplicial

semi-representable object K it is unambiguous to say what it means for an object
F of Mod(O) as in Remark to have restrictions J,, in Ag, for all n.

Lemma 23.3. Let (C,O¢) be a ringed site. Assume given weak Serre subcategories
Ay C Mod(Oy) satisfying conditions (1)), (3), and (3) above. Assume C has equal-
izers and fibre products and let K be a hypercovering. Let ((C/K)iotar, O) be as in
Remark . Let Aiotar C Mod(O) denote the weak Serre subcategory of cartesian
O-modules F whose restriction Fy, is in Ag, for all n (as defined above). Then
the functor La* defines an equivalence

Da(Oc) — Daypra (0)
with quasi-inverse Ra..

Proof. The cartesian O-modules form a weak Serre subcategory by Lemma [12.6
(the required hypotheses hold by the discussion in Remark . Since the restric-
tion functor g} : Mod(O) — Mod(O,,) are exact, it follows that Aspee is a weak
Serre subcategory.

Let us show that a* : A — A;oar is an equivalence of categories with inverse given
by La,. We already know that La,a*F = F by the bounded version (Lemma.
It is clear that a*F is in Apte; for F in A. Conversely, assume that G € A;otar-
Because G is cartesian we see that G = a*F for some O¢-module F by Lemma
We want to show that F is in A. Take U € Ob(C). We have to show that
the restriction of F to C/U is in Ay. As usual, write Ko = {U; }icr,. Since K is
a hypercovering, the map ][], 1, Py, — * becomes surjective after sheafification.
This implies there is a covering {U; — U}jes and a map 7 : J — I and for each
J € J amorphism ¢; : U; — Uy ;). Since Go = agF we find that the restriction
of F to C/Uj is equal to the restriction of the 7(j)th component of Gy to C/U; via
the morphism ¢; : U; — Up ;). Hence by we find that ¢y, is in Ay, and in
turn by we find that Fl¢,p is in Ay.

In particular the statement of the lemma makes sense. The lemma now follows from
Cohomology on Sites, Lemma Assumption (1) is clear (see Remark [16.5).
Assumptions (2) and (3) we proved in the preceding paragraph. Assumption (4) is
immediate from . For assumption (5) let Byiotar be the set of objects U/U, ; of the
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site (C/K)iotar such that U € B where B is as in . Here we use the description
of the site (C/K)iotar given in Section Moreover, we set Covy,y, , equal to
Covy and dy,y, , equal dy where Covy and dy are given to us by . Then
we claim that condition (5) holds with these choices. This follows immediately
from Lemma and the fact that F € Ayotqy implies F,, € Ak, and hence
Fni € Au,, ;. (The reader who worries about the difference between cohomology of

abelian sheaves versus cohomology of sheaves of modules may consult Cohomology
on Sites, Lemma [12.4]) O

24. Glueing complexes

This section is the continuation of Cohomology, Section The goal is to prove
a slight generalization of [BBD82, Theorem 3.2.4]. Our method will be a tiny bit
different in that we use the material from Sections [I3]and [I4] We will also reprove
the unbounded version as it is proved in [LOOS].

Advice to the reader: We suggest the reader first look at the statement of Lemma
[24.5] as well as the second proof of this lemma.

Here is the situation we are interested in.

Situation| 24.1. Let (C,O¢) be a ringed site. We are given

(1) a category B and a functor v : B — C,

(2) an object Ey in D(Oy ) for U € Ob(B),

(3) an isomorphism p, : Evlc/uvy — Ev in D(Oyvy) fora:V — U in B
such that whenever we have composable arrows b: W — V and a : V — U of B,
then pgop = pp © pa‘C/u(W)-

We won’t be able to prove anything about this without making more assumptions.
An interesting case is where B is a full subcategory such that every object of C has
a covering whose members are objects of B (this is the case considered in [BBD82]).
For us it is important to allow cases where this is not the case; the main alternative
case is where we have a morphism of sites f : C — D and B is a full subcategory of
D such that every object of D has a covering whose members are objects of B.

In Situation a solution will be a pair (E, py) where E is an object of D(O¢)
and py : Elcjuw) — Ey for U € Ob(B) are isomorphisms such that we have
Pa © pUlc/uvy = pv fora:V — U in B.

Lemma 24.2. [In Situation . Assume negative self-exts of Ey in D(Oy)
are zero. Let L be a simplicial object of SR(B). Consider the simplicial object
K = u(L) of SR(C) and let ((C/K)iotar, ©) be as in Remark[16.5 There exists a
cartesian object E of D(O) such that writing L, = {U,,; }icr, the restriction of E
to D(Ocu(,..)) i Eu, . compatibly (see proof for details). Moreover, E is unique
up to unique isomorphism.

Proof. Recall that Sh(C/K,) = [[;c;, Sh(C/u(Uy,;)) and similarly for the cate-
gories of modules. This product decomposition is also inherited by the derived
categories of sheaves of modules. Moreover, this product decomposition is com-
patible with the morphisms in the simplicial semi-representable object K. See
Section Hence we can set E, = [[;c; Eu,, (“formal” product) in D(O,).
Taking (formal) products of the maps p, of Situation we obtain isomorphisms
Ey i f3Epn — Ep. The assumption about compostions of the maps p, immediately


https://stacks.math.columbia.edu/tag/0DC9
https://stacks.math.columbia.edu/tag/0DCA

SIMPLICIAL SPACES 51

implies that (E,,, E,,) defines a simplicial system of the derived category of modules
as in Definition [[4:1] The vanishing of negative exts assumed in the lemma implies
that Hom(E,[t], E,) = 0 for n > 0 and ¢ > 0. Thus by Lemma [14.7] we obtain E.
Uniqueness up to unique isomorphism follows from Lemmas and O

0DCB Lemma 24.3 (BBD glucing lemma). In Situation |24.1, Assume

(1) C has equalizers and fibre products,
(2) there is a morphism of sites f : C — D given by a continuous functor
u:D — C such that
(a) D has equalizers and fibre products and v commutes with them,
(b) B is a full subcategory of D and u : B — C is the restriction of u,
(c) every object of D has a covering whose members are objects of B,
(3) all negative self-exts of Ey in D(Oywy) are zero, and
(4) there exists at € Z such that H'(Ey) =0 fori <t and U € Ob(B).

Then there exists a solution unique up to unique isomorphism.

Proof. By Hypercoverings, Lemma [12.3] there exists a hypercovering L for the site
D such that L, = {Uy;}ier, with U;,, € Ob(B). Set K = u(L). Apply Lemma
to get a cartesian object E of D(O) on the site (C/K)otar restricting to Ey, |
on C/u(Uy,;) compatibly. The assumption on ¢ implies that E € D*(O). By
Hypercoverings, Lemma we see that K is a hypercovering too. By Lemma
[18.4 we find that E = a*F for some F in D*(Oc).

To prove that F' is a solution we will use the construction of Ly and Ly given in
the proof of Hypercoverings, Lemma m (This is a bit inelegant but there does
not seem to be a completely straightforward way around it.)

Namely, we have Ip = Ob(B) and so Lo = {U}yeon).- Hence the isomorphism
a*F — F restricted to the components C/u(U) of C/Ky defines isomorphisms
pu i Fleuwy — Eu for U € Ob(B) by our choice of E.

To prove that py satisfy the requirement of compatibility with the maps p, of
Situation 24.1] we use that I; contains the set
Q={U,V,W,a,b) | U, V,WeB,a:U—-V,b:U—W}
and that for i = (U,V,W,a,b) in Q we have U ; = U. Moreover, the component
maps f(;é’i and f(;%’i of the two morphisms K; — K are the morphisms
a:U—=V and b:U—-V

Hence the compatibility mentioned in Lemma [24.2] gives that

Pa © pvic/uw) =pu and  py o pwlc/uw) = pu
Taking ¢ = (U,V,U,a,idy) € Q for example, we find that we have the desired

compatibility. The uniqueness of F follows from the uniqueness of F in the previous
lemma (small detail omitted). O

0DCC |Lemma 24.4 (Unbounded BBD glueing lemma). In Situation|24.1 Assume

(1) C has equalizers and fibre products,

(2) there is a morphism of sites f : C — D given by a continuous functor
u:D — C such that
(a) D has equalizers and fibre products and u commautes with them,
(b) B is a full subcategory of D and u : B — C is the restriction of u,
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(¢) every object of D has a covering whose members are objects of B,
(3) all negative self-exts of Ey in D(Oywy) are zero, and
(4) there exist weak Serre subcategories Ay C Mod(Oy) for all U € Ob(C)
satisfying conditions , (@, and @,
(5) Ey e D.AU (OU)
Then there exists a solution unique up to unique isomorphism.

Proof. The proof is exactly the same as the proof of Lemma [24.3] The only
change is that E is an object of D 4, ,.,(O) and hence we use Lemma to obtain
F with E = a*F instead of Lemma [I84l ([

Here is an example application of the general theory above.

Lemma 24.5. Let (C,O¢) be a ringed site. Assume C has fibre products. Let
{Ui = X}ier be a covering in C. Fori € I let E; be an object of D(Oy,) and for
1,5 €I let
pij : Eileyv,; — Ejlesu,,

be an isomorphism in D(Oy,;) where U;j = U; x x Uj. Assume

(1) the pi; satisfy the cocycle condition on U; xx Uj xx Uy for alli,j, k €1,

(2) &Et%Ui (Ei,E;)) =0 forallp <0 andi€ I, and

(3) there exists a t € Z such that HP(E;) =0 forp <t and alli € 1.
Then there exists a unique pair (E,p;) where E is an object of D(Ox) and p; :
E|y, = E; are isomorphisms in D(Oy,) compatible with the p;;.

First proof. In this proof we deduce the lemma from the very general Lemma
[24:3] We urge the reader to look at the second proof in stead.

We may replace C with C/X. Thus we may and do assume X is the final object of
C and that C has all finite limits.

Let B be the full subcategory of C consisting of U € Ob(C) such that there exists
an i(U) € I and a morphism ay : U — Usy. We denote Ey = af; By in D(Oyp)
the pullback (restriction) of E; via ay. Given a morphism a : U — U’ of B we
obtain a HlOI‘phiSHl (CLU/ o a,aU) U — Ui(U’) X x UZ(U) = Ui(U’)i(U) and hence an
isomorphism

(aU’OavaU)*pi(U’)i(U)

pa : " By = a*ag By
in D(Oy). The data B, Ey, p, are as in Situation [24.1} the isomorphisms p,, satisfy

the cocycle condition exactly because of condition (1) in the statement of the lemma
(details omitted).

ar By = By

We are going to apply Lemma 24.3| with B, Ey, p, as above and with D = C and
f : C — D the identity morphism. Assumptions (1) and (2)(a) of Lemma we
have seen above. Assumption (2)(b) of Lemma [24.3]is clear. Assumption (2)(c) of
Lemma holds because {U; — X} is a coverinﬂ Assumption (3) of Lemma
holds because we have assumed the vanishing of all negative Ext sheaves of E;
which certainly implies that for any object U lying over U; the negative self-Exts
of E;|y are zero. Assumption (4) of Lemma holds because we have assumed
the cohomology sheaves of each F; are zero to the left of ¢.

5Tn fact, it would suffice if the map Hie[ hy, — hx becomes surjective on sheafification and

the lemma holds in this case with the same proof.

Email of Martin
Olsson dated Sep 9,
2021.
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We obtain a unique solution (E, py). Setting p; = py, the lemma follows. O

Second proof. We sketch a more direct proof. Denote K the Cech hypercovering
of X associated to the covering {U; — X };c1, see Hypercoverings, Example
Thus for example Ky = {U; = X}ier and K1 = {U; xx U; — X}, jer and so
on. Let ((C/K)totar, O), a, a, be as in Remark The objects E; determine an
object My in D(Oy) = [[D(Oyp,). Similarly, the isomorphisms p;; determine an
isomorphism
ot L(f51)" Mo — L(f51)" Mo

in D(0,) satistying the cocycle condition. By Lemma we obtain a cartesian
simplicial system (M,,) of the derived category. By the assumed vanishing of the
negative Ext sheaves we see that the objects M,, have vanishing negative self-exts.
Thus we find a cartesian object M of D(O) whose associated simplicial system is
isomorphic to (M,,) by Lemma Since the cohomology sheaves of M are zero in
degrees < t we see that by Lemma we have M = La*E for some F in D(Ox).
The isomorphism La*E — M restricted to C/U; produces the isomorphisms p;. We
omit the verification of the compatibility with the isomorphisms p;;. O

25. Proper hypercoverings in topology

Let’s work in the category LC of Hausdorff and locally quasi-compact topological
spaces and continuous maps, see Cohomology on Sites, Section Let X be
an object of LC and let U be a simplicial object of LC. Assume we have an
augmentation
a:U—-X

We say that U is a proper hypercovering of X if

(1) Uy — X is a proper surjective map,

(2) Uy — Uy xx Ug is a proper surjective map,

(3) Upt1 — (coskpsk,U)pt1 is a proper surjective map for n > 1.

The category LC has all finite limits, hence the coskeleta used in the formulation
above exist.

’ Principle: Proper hypercoverings can be used to compute cohomology.

A key idea behind the proof of the principle is to find a topology on LC which is
stronger than the usual one such that (a) a surjective proper map defines a covering,
and (b) cohomology of usual sheaves with respect to this stronger topology agrees
with the usual cohomology. Properties (a) and (b) hold for the qc topology, see
Cohomology on Sites, Section Once we have (a) and (b) we deduce the principle
via the earlier work done in this chapter.

Lemma 25.1. Let U be a simplicial object of LC and let a : U — X be an
augmentation. There is a commutative diagram

Sh((Lch/U)total) T> Sh(UZGT)
Sh(LCye/X) — 1" Sh(X)

where the left vertical arrow is defined in Section[21] and the right vertical arrow is

defined in Lemma[2.8
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Proof. Write Sh(X) = Sh(Xzqr). Observe that both (LCye/U)totar and Uz, fall
into case A of Situation [3.3] This is immediate from the construction of Uz, in
Section 2| and it follows from Lemma for (LCyc/U)totar. Next, consider the
functors Uy, zar — LCyc/Un, U — U/U,, and Xz4 — LCy/X, U — U/X. We
have seen that these define morphisms of sites in Cohomology on Sites, Section
Thus we obtain a morphism of simplicial sites compatible with augmentations as
in Remark [5.4] and we may apply Lemma [5.5] to conclude. O

Lemmal 25.2. Let U be a simplicial object of LC and let a : U — X be an
augmentation. If a : U — X gives a proper hypercovering of X, then

a ' SWX) = Sh(Uzar) and a=': Ab(X) — Ab(Uzqr)

are fully faithful with essential image the cartesian sheaves and quasi-inverse given
by a.. Here a : Sh(Ugzqr) — Sh(X) is as in Lemma[2.8

Proof. We will prove the statement for sheaves of sets. It will be an almost formal
consequence of results already established. Consider the diagram of Lemma [25.1
By Cohomology on Sites, Lemma the functor (h_;)~?! is fully faithful with
quasi-inverse h_; .. The same holds true for the components h, of h. By the
description of the functors h~! and h, of Lemma We conclude that A1 is fully
faithful with quasi-inverse h.. Observe that U is a hypercovering of X in LCg.
(as defined in Section by Cohomology on Sites, Lemma By Lemma
we see that aq_c1 is fully faithful with quasi-inverse a4« and with essential image
the cartesian sheaves on (LCye/U)totar. A formal argument (chasing around the
diagram) now shows that a1 is fully faithful.

Finally, suppose that G is a cartesian sheaf on Uz,,. Then h~'G is a cartesian sheaf
on LCy./U. Hence h™'G = a_ ' for some sheaf H on LCy./X. We compute

(hfl)fl(a*g) = (hfl)ilEQ( ao,*go o al,*gl )

=Eq( (h—1)"'a0Go —_ _ (h—1)"'a1.G1)

= EQ( aqc,O,*halgO s aqc,l,*hflgl )

= EQ( aqc,(],*a;cl’o,H - aqc,l,*a;cl,17'l )

= aqq*aq_cl,H

=H
Here the first equality follows from Lemma the second equality follows as
(h_1)~! is an exact functor, the third equality follows from Cohomology on Sites,
Lemma (here we use that ap : Uy — X and ay : Uy — X are proper), the
fourth follows from a;cl'H = h~1G, the fifth from Lemma and the sixth we’ve

seen above. Since aq_Cl’H = h~!'G we deduce that h~1G = h~la~1a,.G which ends
the proof by fully faithfulness of h~". O

Lemma 25.3. Let U be a simplicial object of LC and let a : U — X be an
augmentation. If a : U — X gives a proper hypercovering of X, then for K €
D*(X)

K — Ra.(a 'K)
is an isomorphism where a : Sh(Uzq,) — Sh(X) is as in Lemma[2.§
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Proof. Consider the diagram of Lemma Observe that Rhy, .h, ! is the iden-
tity functor on D*(U,,) by Cohomology on Sites, Lemma [31.11] Hence Rh,h~! is
the identity functor on D¥(Uz,.) by Lemma We have
Ra,(a™'K) = Ra.Rh.hta 'K

= Rh_l,*Raqc7*agcl(h_1)71K

= Rh_1.(h1) 'K

=K
The first equality by the discussion above, the second equality because of the com-
mutativity of the diagram in Lemma the third equality by Lemma (U is

a hypercovering of X in LC,. by Cohomology on Sites, Lemma [31.4)), and the last
equality by the already used Cohomology on Sites, Lemma [31.11 (]

Lemmal 25.4. Let U be a simplicial object of LC and let a : U — X be an
augmentation. If U is a proper hypercovering of X, then

RT(X,K) = RT(Uzqr,a ' K)
for K € D¥(X) where a: Sh(Uzqr) — Sh(X) is as in Lemma[2.8

Proof. This follows from Lemma because RT'(Uzqr, —) = RI(X, —) o Ra, by
Cohomology on Sites, Remark O

Lemma 25.5. Let U be a simplicial object of LC and let a : U — X be an
augmentation. Let A C Ab(Uz,,) denote the weak Serre subcategory of cartesian
abelian sheaves. If U is a proper hypercovering of X, then the functor a=' defines
an equivalence

DT (X) — D} (Uzar)
with quasi-inverse Ra, where a : Sh(Uzqr) = Sh(X) is as in Lemma[2.8

Proof. Observe that A is a weak Serre subcategory by Lemma [12.6] The equiva-
lence is a formal consequence of the results obtained so far. Use Lemmas [25.2] and
[25.3and Cohomology on Sites, Lemma [28.5] O

Lemma 25.6. Let U be a simplicial object of LC and let a : U — X be an

augmentation. Let F be an abelian sheaf on X. Let F,, be the pullback to U,. If U

is a proper hypercovering of X, then there exists a canonical spectral sequence
Ef’q = Hq(Upa]:p)

converging to HPT4(X, F).

Proof. Immediate consequence of Lemmas and [l

26. Simplicial schemes

A simplicial scheme is a simplicial object in the category of schemes, see Simplicial,
Definition Recall that a simplicial scheme looks like

XQ - Xl < X()
e
Here there are two morphisms dj,d} : X; — X and a single morphism s{ : Xo —
X1, etc. These morphisms satisfy some required relations such as df o s) = idy, =
dio 38, see Simplicial, Lemma It is useful to think of d} : X,, — X,,_1 as the
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“projection forgetting the ith coordinate” and to think of s7 : X,, — X, 41 as the
“diagonal map repeating the jth coordinate”.

A morphism of simplicial schemes h : X — Y is the same thing as a morphism of
simplicial objects in the category of schemes, see Simplicial, Definition Thus h
consists of morphisms of schemes h,, : X,, — Y,, such that h,,_; o d? = d;? o h,, and
hpy10 s}‘ = s;‘ o h,, whenever this makes sense.

An augmentation of a simplicial scheme X is a morphism of schemes ag : Xg — S
such that ag o d} = ag o d}. See Simplicial, Section

Let X be a simplicial scheme. The construction of Section 2] applied to the un-
derlying simplicial topological space gives a site Xz4,.. On the other hand, for
every n we have the small Zariski site X, zqr (Topologies, Definition and for
every morphism ¢ : [m| — [n] we have a morphism of sites f, = X(¢)smau :
Xn zZar — X, zar, associated to the morphism of schemes X(¢) : X,, = X,,
(Topologies, Lemma [3.17)). This gives a simplicial object C in the category of sites.
In Lemma [3.1] we constructed an associated site Cporq;. Assigning to an open im-
mersion its image defines an equivalence Ciprqi — X zar which identifies sheaves,
ie., Sh(Ciotar) = Sh(Xzar). The difference between Ciotqr and Xz, is similar to
the difference between the small Zariski site Sz, and the underlying topological
space of S. We will silently identify these sites in what follows.

Let Xz4- be the site associated to a simplicial scheme X. There is a sheaf of
rings O on Xz, whose restriction to X,, is the structure sheaf Ox . This follows
from Lemma [2.2] or from Lemma [3.4] We will say O is the structure sheaf of the
simplicial scheme X . At this point all the material developed for simplicial (ringed)

sites applies, see Sections [3} @ [5} [} [8 O} [I0} 11} 12} [13] and [[4}

Let X be a simplicial scheme with structure sheaf @. As on any ringed topos, there
is a notion of a quasi-coherent O-module on Xz, see Modules on Sites, Definition
However, a quasi-coherent O-module on Xz, is just a cartesian O-module
F whose restrictions F,, are quasi-coherent on X,,, see Lemma [12.10

Let h : X — Y be a morphism of simplicial schemes. Either by Lemma |2.3| or
by (the proof of) Lemma we obtain a morphism of sites hzqr : Xzar — Yzar-
Recall that hgir and hzgy « have a simple description in terms of the components,
see Lemma or Lemma Let Ox, resp. Oy denote the structure sheaf of X,
resp. Y. We define hﬁZM : hzar«Ox — Oy to be the map of sheaves of rings on
YZar given by hBL thyp «Ox, — Oy, onY,. We obtain a morphism of ringed sites

hzar : (Xzar, Ox) — (Yzar, Oy)

Let X be a simplicial scheme with structure sheaf O. Let S be a scheme and let
ag : Xo — S be an augmentation of X. Either by Lemma [2.8| or by Lemma we
obtain a corresponding morphism of topoi a : Sh(Xz4) — Sh(S). Observe that
a~'G is the sheaf on Xz, with components a,,'G. Hence we can use the maps
al i a;'0g — Ox, to define a map a* : a='Og — O, or equivalently by adjunction

a map a* : Og — a,O (which as usual has the same name). This puts us in the
situation discussed in Section Therefore we obtain a morphism of ringed topoi

a: (Sh(Xzar), O) — (Sh(S), Os)
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A final observation is the following. Suppose we are given a morphism A : X — Y
of simplicial schemes X and Y with structure sheaves Ox, Oy, augmentations
ag: Xo— X_1,bp:Yy — Y_1 and a morphism h_; : X 1 — Y_; such that

X()HYO

ho
agl \Lbo
h_1

X_1 E—— Y_l

commutes. Then from the constructions elucidated above we obtain a commutative
diagram of morphisms of ringed topoi as follows

(Sh(XZar)7 OX) —_- > (Sh(YZar)7 OY)

(Sh(X_1), Ox_,) ——= (Sh(Y_1), Oy )

27. Descent in terms of simplicial schemes

Cartesian morphisms are defined as follows.

Definition 27.1. Let a:Y — X be a morphism of simplicial schemes. We say a
is cartesian, or that Y is cartesian over X, if for every morphism ¢ : [n] — [m] of
A the corresponding diagram

Yo —— X
Y(w)l iX ()
Y, —= X,
is a fibre square in the category of schemes.

Cartesian morphisms are related to descent data. First we prove a general lemma
describing the category of cartesian simplicial schemes over a fixed simplicial scheme.
In this lemma we denote f* : Sch/X — Sch/Y the base change functor associated
to a morphism of schemes f:Y — X.

Lemma 27.2. Let X be a simplicial scheme. The category of simplicial schemes
cartesian over X is equivalent to the category of pairs (V, @) where V is a scheme
over Xo and

@ : 14 XXo,d} X1 — Xy Xdé7XU \%
is an isomorphism over Xy such that (58)*30 = idy and such that
(dD)*e = () po (d3) ¢
as morphisms of schemes over Xs.

Proof. The statement of the displayed equality makes sense because di o d3 =
diod? diodd = diod: and d} o d? = d} o d? as morphisms Xo — X, see
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Simplicial, Remark [3.3] hence we can picture these maps as follows

—_—
/X2 et o v (d®)*p X2 XdéOd?)’XUV\
Xo Xgioaz x, V Xo Xgioa2 x, V
(d3)"¢ (A
Xo Xatoa2,x, V== X2 Xgioa2 x, V

and the condition signifies the diagram is commutative. It is clear that given a
simplicial scheme Y cartesian over X we can set V = Y; and ¢ equal to the
composition

\% XXg,d} Xi1=Y, XXO,d% Xi=Y1=X3 XXO,d(l] Yo=X3 XXo,d(l, 14

of identifications given by the cartesian structure. To prove this functor is an
equivalence we construct a quasi-inverse. The construction of the quasi-inverse is
analogous to the construction discussed in Descent, Section [3| from which we borrow
the notation 7;* : [0] — [n], 0 = 7 and 7} : [1] — [n], 04, 1 j. Namely, given a
pair (V,¢) as in the lemma we set Y,, = X, X x(rn),x, V. Then given 3 : [n] — [m]
we define V() : Y,,, — Y, as the pullback by X (ngn) ) of the map ¢ postcomposed
by the projection X, X x(g),x,, Yn — Y. This makes sense because
X XX (rm %0 X1 Xat x0 V= X XX (rm), X0 V=Y
and
Xm XX (o ).X X1 X x, V=Xm XX (rm )Xo V=X Xx(8),xn Y-

We omit the verification that the commutativity of the displayed diagram above
implies the maps compose correctly. We also omit the verification that the two
functors are quasi-inverse to each other. ([

Definition 27.3. Let f : X — S be a morphism of schemes. The simplicial scheme
associated to f, denoted (X/S),, is the functor AP — Sch, [n] — X xg...xg X
described in Simplicial, Example [3.5

Thus (X/S),, is the (n + 1)-fold fibre product of X over S. The morphism d} :
X xgX — X is the map (w9, 1) — 21 and the morphism d} is the other projection.
The morphism s is the diagonal morphism X — X xg X.

Lemma 27.4. Let f : X — S be a morphism of schemes. Let m: Y — (X/S)
be a cartesian morphism of simplicial schemes. Set V =Y, considered as a scheme
over X. The morphisms d(lhdi : Y1 — Yy and the morphism m 1 Y7 — X xg X
induce isomorphisms

(di,p’l‘l omy) (pTOO‘n'l,dcl))

VXSX Y: XXSV.

Denote ¢ : V xg X — X xgV the resulting isomorphism. Then the pair (V,p) is
a descent datum relative to X — S.

Proof. This is a special case of (part of) Lemma as the displayed equation of
that lemma is equivalent to the cocycle condition of Descent, Definition O
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Lemmal 27.5. Let f: X — S be a morphism of schemes. The construction

category of cartesian . category of descent data
schemes over (X/S)e relative to X/S

of Lemma is an equivalence of categories.

Proof. The functor from left to right is given in Lemma [27.4] Hence this is a
special case of Lemma O

We may reinterpret the pullback of Descent, Lemma as follows. Suppose
given a morphism of simplicial schemes f : X’ — X and a cartesian morphism of
simplicial schemes Y — X. Then the fibre product (viewed as a “pullback”)

Y =Y xx X'

of simplicial schemes is a simplicial scheme cartesian over X’. Suppose given a
commutative diagram of morphisms of schemes

X —X
|
S —— 8.
This gives rise to a morphism of simplicial schemes
fo: (X'/8")e —> (X/S)a.

We claim that the “pullback” fF along the morphism f, : (X'/S")e — (X/S)e
corresponds via Lemma, with the pullback defined in terms of descent data in
the aforementioned Descent, Lemma [34.6

28. Quasi-coherent modules on simplicial schemes

Lemmal 28.1. Let f : V — U be a morphism of simplicial schemes. Given a
quasi-coherent module F on Ugg, the pullback f*F is a quasi-coherent module on
VZa'r‘-

Proof. Recall that F is cartesian with F,, quasi-coherent, see Lemma [12.10] By
Lemma [2.4] we see that (f*F), = fiF, (some details omitted). Hence (f*F), is
quasi-coherent. The same fact and the cartesian property for F imply the cartesian
property for f*F. Thus F is quasi-coherent by Lemma [12.10] again. (]

Lemmal 28.2. Let f : V — U be a cartesian morphism of simplicial schemes.
Assume the morphisms d? : U, — U,_1 are flat and the morphisms V, — U,
are quasi-compact and quasi-separated. For a quasi-coherent module G on Vz,, the
pushforward f.G is a quasi-coherent module on Uzg.

Proof. If F = f.G, then F,, = f, .G, by Lemma The maps F(p) are defined
using the base change maps, see Cohomology, Section The sheaves F,, are
quasi-coherent by Schemes, Lemma and the fact that G,, is quasi-coherent by
Lemma The base change maps along the degeneracies d’} are isomorphisms
by Cohomology of Schemes, Lemma [5.2] and the fact that G is cartesian by Lemma
[[2.10] Hence F is cartesian by Lemma [[2.2] Thus F is quasi-coherent by Lemma
12.10! ([
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Lemma 28.3. Let f : V — U be a cartesian morphism of simplicial schemes.
Assume the morphisms d? : U, — U,_1 are flat and the morphisms V,, — U,
are quasi-compact and quasi-separated. Then f* and f. form an adjoint pair of
functors between the categories of quasi-coherent modules on Uzgqr and Vzgy.

Proof. We have seen in Lemmas 28.1] and 28.2] that the statement makes sense.
The adjointness property follows immediately from the fact that each f; is adjoint
to fr «- O

Lemma 28.4. Let f: X — S be a morphism of schemes which has a sectz’orﬁ. Let
(X/S)e be the simplicial scheme associated to X — S, see Definition[27.3 Then
pullback defines an equivalence between the category of quasi-coherent Og-modules
and the category of quasi-coherent modules on ((X/S)e)zar-

Proof. Let 0 : S — X be a section of f. Let (F, ) be a pair as in Lemma [12.5
Set G = o*F. Consider the diagram

X—=XxsX —>X

(oof,1)
T

S—2 =X
Note that pry, = di and pr; = dj. Hence we see that (0 o f,1)*«a defines an
isomorphism
f*G=(oo f,1)'pryF — (oo f,1)'priF =F
We omit the verification that this isomorphism is compatible with v and the canon-
ical isomorphism pr( f*G — pr} f*G. O

29. Groupoids and simplicial schemes

Given a groupoid in schemes we can build a simplicial scheme. It will turn out that
the category of quasi-coherent sheaves on a groupoid is equivalent to the category
of cartesian quasi-coherent sheaves on the associated simplicial scheme.

Lemma 29.1. Let (U, R, s,t,c,e,i) be a groupoid scheme over S. There exists a
simplicial scheme X over S with the following properties
(1) XO = U, X1 = R, X2 =R Xs,U,t R,
(2) 88:€ZXO—>X1,
(3) d(l)ZSZX1—>X0, d%:t:Xl—)Xo,
(4) s =(eot,1): X1 — Xo, st = (1,eo0t): X1 — Xo,
(5) d3 =pry: Xo — X1, d3 =c: Xo — X1, d3 = pry, and
(6) X = coskopskeX.
For all n we have X, = R X5y ... Xs,ut R with n factors. The map d? X, =
X, _1 1s given on functors of points by

(ri,...smp) — (r1, ..., c(r,7541), -+, )

for 1 < j < n—1 whereas dj(ri,...,1m) = (ra,...,mn) and dl'(ry,...,r,) =

(7"17...,7’”_1).

6In fact, it would be enough to assume that f has fpqc locally on S a section, since we have
descent of quasi-coherent modules by Descent, Section
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Proof. We only have to verify that the rules prescribed in (1), (2), (3), (4), (5)
define a 2-truncated simplicial scheme U’ over S, since then (6) allows us to set
X = coskoU’, see Simplicial, Lemma Using the functor of points approach,
all we have to verify is that if (Ob, Arrows, s,t, ¢, e,) is a groupoid, then

Arrows X op,: Arrows

prli 1,4 l Te,l lpm

Arrows

s

is a 2-truncated simplicial set. We omit the details.

Finally, the description of X,, for n > 2 follows by induction from the description
of Xy, X1, X2, and Simplicial, Remark and Lemma Alternately, one
shows that cosks applied to the 2-truncated simplicial set displayed above gives a
simplicial set whose nth term equals ArTows X ob.t- . . X5,0b,¢t ArrOWs with n factors
and degeneracy maps as given in the lemma. Some details omitted. O

Lemma 29.2. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over
S. Let X be the simplicial scheme over S constructed in Lemma [29.1] Then the
category of quasi-coherent modules on (U, R, s,t,c) is equivalent to the category of
quasi-coherent modules on X 74, .

Proof. This is clear from Lemmas [12.10] and and Groupoids, Definition [14.1]
([l

In the following lemma we will use the concept of a cartesian morphism V — U of
simplicial schemes as defined in Definition [27.1

Lemma 29.3. Let (U, R, s,t,c) be a groupoid scheme over a scheme S. Let X be
the simplicial scheme over S constructed in Lemma . Let (R/U)q be the simpli-
ctal scheme associated to s : R — U, see Definition [27.5 There exists a cartesian
morphism te : (R/U)e — X of simplicial schemes with low degree morphisms given
by

PTi2 N
Rxs,U,sts,U,sRToz)Rxs,U,sR pry R
PTo1 Pro
(7‘g,r1,7’2)b—>(roo'r;1,rlor;1) (7‘07T1)'—>'fo°7’f1 t
e
Rxsut R - R s U
e ¢

Proof. For arbitrary n we define (R/U)s — X,, by the rule
(70, yTn) — (roory .o rn_10myb)

Compatibility with degeneracy maps is clear from the description of the degenera-
cies in Lemma [29.1] We omit the verification that the maps respect the morphisms
s%. Groupoids, Lemma (with the roles of s and ¢ reversed) shows that the two
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right squares are cartesian. In exactly the same manner one shows all the other
squares are cartesian too. Hence the morphism is cartesian. ([

30. Descent data give equivalence relations

In Section 27] we saw how descent data relative to X — S can be formulated in
terms of cartesian simplicial schemes over (X/S),. Here we link this to equivalence
relations as follows.

Lemma 30.1. Let f: X — S be a morphism of schemes. Let m: Y — (X/S)e be
a cartesian morphism of simplicial schemes, see Definitions and [27.3 Then
the morphism

j=(d,d}): Y1 — Yy x5 Yy
defines an equivalence relation on Yy over S, see Groupoids, Definition |3.1].

Proof. Note that j is a monomorphism. Namely the composition Y; — Yy xgYy —
Yy Xg X is an isomorphism as 7 is cartesian.

Consider the morphism
(d3,d3) : Ya = Y1 Xa1 a1 Y1

This works because dg o do = dj o dp, see Simplicial, Remark Also, it is a
morphism over (X/S),. It is an isomorphism because Y — (X/S), is cartesian.
Note for example that the right hand side is isomorphic to Yy Xy x,pr, (X X5 X X g
X) =X xg Yy xg X because 7 is cartesian. Details omitted.

As in Groupoids, Definition we denote t = pryoj = di and s = pr; o j = dp.
The isomorphism above, combined with the morphism d? : Yo — Y; give us a
composition morphism

c: Y1 Xsy, 0 Y1 — Y

over Yy xg Yy. This immediately implies that for any scheme T'/S the relation
Y1(T) C Yo(T) x Yo(T) is transitive.

Reflexivity follows from the fact that the restriction of the morphism j to the
diagonal A : X — X Xg X is an isomorphism (again use the cartesian property of

).
To see symmetry we consider the morphism
(d%,d%) : Y2 — Y1 xdi’yo’d% Yl.

This works because djody = djody, see Simplicial, Remark[3.3] It is an isomorphism
because Y — (X/S), is cartesian. Note for example that the right hand side is
isomorphic to Yo Xy, x pr, (X X5 X x5 X) =¥y x5 X x5 X because 7 is cartesian.
Details omitted.

Let T/ S be a scheme. Let a ~ b for a,b € Yy(T') be synonymous with (a, b) € Y1(T).
The isomorphism (d3,d3) above implies that if a ~ b and a ~ ¢, then b ~ c.
Combined with reflexivity this shows that ~ is an equivalence relation. (I
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31. An example case

In this section we show that disjoint unions of spectra of Artinian rings can be
descended along a quasi-compact surjective flat morphism of schemes.

Lemma 31.1. Let X — S be a morphism of schemes. Suppose Y — (X/S)e is a
cartestan morphism of simplicial schemes. For y € Yy a point define

Ty={y €Yo | Iy € Yi:di(y1) =y, dy(y1) =¥’}
as a subset of Yo. Theny € Ty and T,NTy #0 =T, =T,.

Proof. Combine Lemma and Groupoids, Lemma O

Lemma 31.2. Let X — S be a morphism of schemes. Suppose Y — (X/S)e is
a cartesian morphism of simplicial schemes. Let y € Yy be a point. If X — S is
quasi-compact, then

Ty={y €Yo |3y €Yi:di(y1) =y do(y1) =¥}
s a quasi-compact subset of Yy.

Proof. Let F, be the scheme theoretic fibre of d} 1 Y1 — Yy at y. Then we see
that T}, is the image of the morphism

1
F,——=Y, —=Y,

o,

y—=Yo
Note that F, is quasi-compact. This proves the lemma. O

Lemma 31.3. Let X — S be a quasi-compact flat surjective morphism. Let (V| @)
be a descent datum relative to X — S. IfV is a disjoint union of spectra of Artinian
rings, then (V) is effective.

Proof. Let Y — (X/S)s be the cartesian morphism of simplicial schemes corre-
sponding to (V, ¢) by Lemma Observe that Yy = V. Write V' = [[,.; Spec(4;)
with each A; local Artinian. Moreover, let v; € V' be the unique closed point of
Spec(A;) for all i € I. Write i ~ j if and only if v; € T,;, with notation as in
Lemma [BI.1] above. By Lemmas [B1.1] and [31.2] this is an equivalence relation with
finite equivalence classes. Let I = I/ ~. Then we can write V = [[;.7 V; with
Vz = [1,c; Spec(4;). By construction we see that ¢ : V' xg X — X x5V maps the
open and closed subspaces V5 xg X into the open and closed subspaces X xg V5.
In other words, we get descent data (V5,¢;), and (V,¢) is the coproduct of them
in the category of descent data. Since each of the V5 is a finite union of spectra of
Artinian local rings the morphism V; — X is affine, see Morphisms, Lemma
Since {X — S} is an fpqc covering we see that all the descent data (V;,¢;) are
effective by Descent, Lemma [37.1 (]

To be sure, the lemma above has very limited applicability!
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32. Simplicial algebraic spaces

0DET7 Let S be a scheme. A simplicial algebraic space is a simplicial object in the category
of algebraic spaces over S, see Simplicial, Definition Recall that a simplicial

algebraic space looks like
_—
X2 P X1 I Xo
—_—

Here there are two morphisms dj,d} : X1 — X and a single morphism s{) : Xo —
X1, ete. These morphisms satisfy some required relations such as dj o s§ = idx, =
di o 38, see Simplicial, Lemma It is useful to think of d} : X,, = X,,_1 as the
“projection forgetting the ith coordinate” and to think of s7 : X;, — X, 11 as the
“diagonal map repeating the jth coordinate”.

A morphism of simplicial algebraic spaces h : X — Y is the same thing as a mor-
phism of simplicial objects in the category of algebraic spaces over .S, see Simplicial,
Definition [3.1] Thus & consists of morphisms of algebraic spaces h,, : X,, — Y}, such
that h,_1 0 d? = d? ohy and hy4q1 0 s}l = 5;1 o h,, whenever this makes sense.

An augmentation a : X — X_1 of a simplicial algebraic space X is given by a
morphism of algebraic spaces ag : Xo — X_1 such that ag o d} = ag o d}. See
Simplicial, Section In this situation we always indicate a, : X,, — X_1 the
induced morphisms for n > 0.

Let X be a simplicial algebraic space. For every n we have the site X,, spaces,étaie
(Properties of Spaces, Definition and for every morphism ¢ : [m] — [n] we
have a morphism of sites
fap = X((P)spaces,étale : Xn,spaces,étale — Xm,spaces,étalea

associated to the morphism of algebraic spaces X (¢) : X,, — X,, (Properties of
Spaces, Lemma . This gives a simplicial object in the category of sites. In
Lemma @ we constructed an associated site which we denote Xypaces étale AL
object of the site Xspgces,étale 1S @ an algebraic space U étale over X,, for some n
and a morphism (¢, f) : U/X,, = V/X,, is given by a morphism ¢ : [m] — [n] in
A and a morphism f : U — V of algebraic spaces such that the diagram

U Vv

|,

X,— X,

is commutative. Consider the full subcategories
Xaffine,étale C Xétale C Xspaces,étale

whose objects are U/X,, with U affine, respectively a scheme. Endowing these
categories with their natural topologies (see Properties of Spaces, Lemma m
Definition and Lemma these inclusion functors define equivalences of
topoi

Sh(Xaffine,étale) = Sh(Xétale) = Sh(Xspaces,étale)
In the following we will silently identify these topoi. We will say that X4 is the
small étale site of X and its topos is the small étale topos of X.

Let Xgtqie be the small étale site of a simplicial algebraic space X. There is a
sheaf of rings O on Xetqie whose restriction to X, is the structure sheaf Ox . This
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follows from Lemma [3.4] We will say O is the structure sheaf of the simplicial
algebraic space X. At this point all the material developed for simplicial (ringed)

sites applies, see Sections [3 @ 5 [} [8 O} L0} 11} 12} [13] and [[4}

Let X be a simplicial algebraic space with structure sheaf O. As on any ringed
topos, there is a notion of a quasi-coherent O-module on X¢q1e, see Modules on
Sites, Definition However, a quasi-coherent O-module on Xgzq is just a
cartesian O-module F whose restrictions F,, are quasi-coherent on X,,, see Lemma

M2.10

Let h : X — Y be a morphism of simplicial algebraic spaces over S. By Lemma
applied to the morphisms of sites (hn)spaces,étale : Xspaces,étale — Yspaces,étale
(Properties of Spaces, Lemma we obtain a morphism of small étale topoi
hetate © Sh(Xeétare) = Sh(Yeétaie). Recall that hé_ttlzle and hggle,« have a simple
description in terms of the components, see Lemma [5.2] Let Ox, resp. Oy denote
the structure sheaf of X, resp. Y. We define hgtale t hetale,«Ox — Oy to be the

map of sheaves of rings on Yz given by hgl i hp«Ox, — Oy, onY,. We obtain
a morphism of ringed topoi

hétale : (Sh<Xétale)a OX) — (Sh(yrétale% OY)

Let X be a simplicial algebraic space with structure sheaf O. Let X_; be an alge-
braic space over S and let ag : Xo — X_; be an augmentation of X. By Lemma [£.2]
apphed to the HlOI'phiSIIl of sites (QO)Spaces,étale : XO,spaces,étale — X—l,spaces,étale
we obtain a corresponding morphism of topoi a : Sh(Xetare) = Sh(X_1 étaie). Ob-
serve that a=!G is the sheaf on Xgyqc With components a;,'G. Hence we can use
the maps af, : a;'Ox_, — Ox, to define amap a* : a71Ox_, — O, or equivalently
by adjunction a map a' : Ox_, — a.O (which as usual has the same name). This
puts us in the situation discussed in Section Therefore we obtain a morphism
of ringed topoi

a (Sh(Xétale)y O) — (Sh(X—l)a OX—])

A final observation is the following. Suppose we are given a morphism h : X — Y of
simplicial algebraic spaces X and Y with structure sheaves Ox, Oy, augmentations
ag: Xog— X_1,bp:Yy — Y_1 and a morphism h_; : X_; — Y_; such that

Xo HYO
ho
T
h_1
X_1 H—Y_l

commutes. Then from the constructions elucidated above we obtain a commutative
diagram of morphisms of ringed topoi as follows

(Sh(Xétale)7 OX) - (Sh(yétale); OY)

étale
al ib

(Sh(X 1), Ox )~ (Sh(Y_1), Oy )
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33. Fppf hypercoverings of algebraic spaces

This section is the analogue of Section [25] for the case of algebraic spaces and fppf
hypercoverings. The reader who wishes to do so, can replace “algebraic space”
everywhere with “scheme” and get equally valid results. This has the advantage of
replacing the references to More on Cohomology of Spaces, Section[6] with references
to Etale Cohomology, Section m

We fix a base scheme S. Let X be an algebraic space over S and let U be a simplicial
algebraic space over S. Assume we have an augmentation

a:U—X

See Section We say that U is an fppf hypercovering of X if
(1) Up — X is flat, locally of finite presentation, and surjective,
(2) Uy = Uy xx Uy is flat, locally of finite presentation, and surjective,
(3) Upnt1 — (coskysk,U)n41 is flat, locally of finite presentation, and surjective
for n > 1.
The category of algebraic spaces over S has all finite limits, hence the coskeleta
used in the formulation above exist.

’ Principle: Fppf hypercoverings can be used to compute étale cohomology.

The key idea behind the proof of the principle is to compare the fppf and étale
topologies on the category Spaces/S. Namely, the fppf topology is stronger than
the étale topology and we have (a) a flat, locally finitely presented, surjective map
defines an fppf covering, and (b) fppf cohomology of sheaves pulled back from
the small étale site agrees with étale cohomology as we have seen in More on
Cohomology of Spaces, Section [6]

Lemma) 33.1. Let S be a scheme. Let X be an algebraic space over S. Let U be
a stmplicial algebraic space over S. Let a : U — X be an augmentation. There is
a commutative diagram

Sh((Spaces/U)fppf,total) e Sh(Ucstaie)

afppfl la

h_1
Sh((Spaces/X) tppf) — Sh(Xétaie)

where the left vertical arrow is defined in Section[21] and the right vertical arrow is

defined in Section [33

Proof. The notation (Spaces/U) rppt totar indicates that we are using the construc-
tion of Section [21| for the site (Spaces/S)sppr and the simplicial object U of this
sittﬂ We will use the sites Xspaces,étale and Uspaces,étale fOr the topoi on the right
hand side; this is permissible see discussion in Section [32}

Observe that both (Spaces/U) rpprotat a0 Uspaces,étate fall into case A of Situ-
ation [3.3] This is immediate from the construction of Ugtgre in Section [32] and
it follows from Lemma, for (Spaces/U)fppf.totar- Next, consider the functors
Un,spaces,étale — (Spaces/Un)fppfv U~ U/Un and Xspaces,étale — (Spaces/X)fppf7
U — U/X. We have seen that these define morphisms of sites in More on Co-

homology of Spaces, Section [0 where these were denoted ay, = ey, o m,, and

"We could also use the étale topology and this would be denoted (Spaces/U)¢taie,total-
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ax = €x omx. Thus we obtain a morphism of simplicial sites compatible with
augmentations as in Remark [5.4) and we may apply Lemma [5.5] to conclude. O

Lemma 33.2. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then

a”t: Sh(Xétale) — Sh(Uétale) and a ' Ab(Xétale) — Ab(Uétale>

are fully faithful with essential image the cartesian sheaves and quasi-inverse given

by ax. Here a: Sh(Ugtaie) = Sh(Xetale) is as in Section ,

Proof. We will prove the statement for sheaves of sets. It will be an almost formal
consequence of results already established. Consider the diagram of Lemma [33.1
In the proof of this lemma we have seen that h_; is the morphism ax of More
on Cohomology of Spaces, Section [l Thus it follows from More on Cohomology
of Spaces, Lemma that (h_1)~! is fully faithful with quasi-inverse h_; .. The
same holds true for the components h, of h. By the description of the functors
h~! and h, of Lemma we conclude that A~ is fully faithful with quasi-inverse
h.. Observe that U is a hypercovering of X in (Spaces/S)fpps as defined in Section
By Lemma we see that a;plpf is fully faithful with quasi-inverse afpp¢,«
and with essential image the cartesian sheaves on (Spaces/U)fpps,totar- A formal
argument (chasing around the diagram) now shows that a~! is fully faithful.

Finally, suppose that G is a cartesian sheaf on Ugqe. Then h7'G is a carte-
sian sheaf on (Spaces/U)fppf.totar- Hence h g = a;plpr for some sheaf H on
(Spaces/X) tpps. In particular we find that hglgo = (ao,pig, fppf) "H. Recalling
that hop = ay, and that Uy — X is flat, locally of finite presentation, and surjec-
tive, we find from More on Cohomology of Spaces, Lemma that there exists
a sheaf F on Xgqe and isomorphism H = (h_;)"'F. Since a]Tplpf'H = h1lg
we deduce that h='G = h~la~'F. By fully faithfulness of h~! we conclude that
alFxg.

Fix an isomorphism 6 : ¢ 'F — G. To finish the proof we have to show G =
a~ta.G (in order to show that the quasi-inverse is given by a.; everything else
has been proven above). Because a~! is fully faithful we have id & a.a™! by
Categories, Lemma, Thus F 2 a,a 1 F and a,0 : ara 'F — a.G combine to
an isomorphism F — a,G. Pulling back by a and precomposing by 6! we find the
desired isomorphism. O

Lemmal 33.3. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then for K € D (Xstaie)

K — Ra.(a 'K)
is an isomorphism. Here a : Sh(Ugtare) — Sh(Xetale) @s as in Section .

Proof. Consider the diagram of Lemma Observe that Rhy, .k, ! is the iden-
tity functor on DV (U, ¢tare) by More on Cohomology of Spaces, Lemma Hence
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Rh,h~! is the identity functor on D¥(Ugqare) by Lemma We have
Ra,(a 'K) = Ra,Rh,h ta 'K
= Rh_y.Rapppraapy (h1) 'K
=Rh_y1.(h_1) 'K
=K
The first equality by the discussion above, the second equality because of the com-
mutativity of the diagram in Lemma the third equality by Lemma |21.2] as

U is a hypercovering of X in (Spaces/S)¢pps, and the last equality by the already
used More on Cohomology of Spaces, Lemma [6.2 O

Lemma 33.4. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then

RF(Xétalev K) = RF(Uétalev ailK)
for K € DVY(Xgtare). Here a : Sh(Ugtare) — SM( Xstare) s as in Section .

Proof. This follows from Lemma because RT'(Ustaie, —) = RI(Xetate, —) 0 Ray
by Cohomology on Sites, Remark O

Lemma 33.5. Let S be a scheme. Let X be an algebraic space over S. Let U
be a simplicial algebraic space over S. Let a : U — X be an augmentation. Let
A C Ab(Ugtale) denote the weak Serre subcategory of cartesian abelian sheaves. If
U is an fppf hypercovering of X, then the functor a~' defines an equivalence

D+ (Xétale) — DI(Uétale)
with quasi-inverse Ra,. Here a : Sh(Ugtaie) = Sh(Xstaie) is as in Section .

Proof. Observe that A is a weak Serre subcategory by Lemma The equiva-
lence is a formal consequence of the results obtained so far. Use Lemmas [33.2 and
[33:3]and Cohomology on Sites, Lemma 28.5] O

Lemmal 33.6. Let S be a scheme. Let X be an algebraic space over S. Let U
be a simplicial algebraic space over S. Let a: U — X be an augmentation. Let F
be an abelian sheaf on X¢iqre. Let Fy, be the pullback to Uy ¢taic. If U is an fppf
hypercovering of X, then there exists a canonical spectral sequence

Elqu = Hgtale(UP’ ]:P)
converging to H5M (X, F).

Proof. Immediate consequence of Lemmas [33.4] and B3] O

34. Fppf hypercoverings of algebraic spaces: modules

We continue the discussion of (cohomological) descent for fppf hypercoverings started
in Section [33]but in this section we discuss what happens for sheaves of modules. We
mainly discuss quasi-coherent modules and it turns out that we can do unbounded
cohomological descent for those.
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Lemma 34.1. Let S be a scheme. Let X be an algebraic space over S. Let U be
a sitmplicial algebraic space over S. Let a : U — X be an augmentation. There is
a commutative diagram

(Sh((SpaceS/U)fppf,total)y Obig,total) T> (Sh(Uétale)7 OU)

afppfl \La

(Sh((Spaces/X) fpps); Orig) ———> (Sh(Xétate)s Ox)

of ringed topoi where the left vertical arrow is defined in Section and the right
vertical arrow is defined in Section [33

Proof. For the underlying diagram of topoi we refer to the discussion in the proof
of Lemma The sheaf Oy is the structure sheaf of the simplicial algebraic
space U as defined in Section [32] The sheaf Oy is the usual structure sheaf of the
algebraic space X. The sheaves of rings Oyig totar and Op;q come from the structure
sheaf on (Spaces/S) tpps in the manner explained in Section [22|which also constructs
afpps as a morphism of ringed topoi. The component morphisms h, = ay, and
h_1 = ax are morphisms of ringed topoi by More on Cohomology of Spaces, Section
Finally, since the continuous functor « : Uspgces,étate — (Spaces/U) rppf totar used
to define hE] is given by V/U,, — V/U, we see that h,Obig totai = Oy which is how
we endow h with the structure of a morphism of ringed simplicial sites as in Remark
[71] Then we obtain h as a morphism of ringed topoi by Lemma[7.2] Please observe
that the morphisms h,, indeed agree with the morphisms ar;, described above. We
omit the verification that the diagram is commutative (as a diagram of ringed topoi
— we already know it is commutative as a diagram of topoi). (I

Lemma 34.2. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then

a* 1 QCoh(Ox) — QCoh(Oy)

is an equivalence fully faithful with quasi-inverse given by a.. Here a : Sh(Ugtare) —
Sh(Xeétale) s as in Section .

Proof. Consider the diagram of Lemma In the proof of this lemma we have
seen that h_; is the morphism ax of More on Cohomology of Spaces, Section
Thus it follows from More on Cohomology of Spaces, Lemma that

(h=1)" : QCoh(Ox) — QCoh(Ohiq)

is an equivalence with quasi-inverse h_; . The same holds true for the components
hy, of h. Recall that QCoh(Oy) and QCoh(Opig totar) consist of cartesian modules
whose components are quasi-coherent, see Lemma [12.10] Since the functors A* and
h. of Lemma [7.2] agree with the functors hj, and hy . on components we conclude
that
h* : QCoh(Oy) — QCoh(Oyig totar)

is an equivalence with quasi-inverse h,. Observe that U is a hypercovering of X in
(Spaces/S) ¢pps as defined in Section By Lemma we see that a}, . is fully
faithful with quasi-inverse afppr,« and with essential image the cartesian sheaves of

8This happened in the proof of Lemma via an application of Lemma
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Ofppf.totar-modules. Thus, by the description of QCoh(Oy;ig) and QCoh(Ovig total)
of Lemma [T2.10] we get an equivalence

a;PPf : QCOh(Oblg) — QCOh(Obig,total)

with quasi-inverse given by afppr«. A formal argument (chasing around the dia-
gram) now shows that a* is fully faithful on QCoh(Ox) and has image contained
in QCoh(Oy).

Finally, suppose that G is in QCoh(Op). Then h*G is in QCoh(Opig totar). Hence
h*G = a},,H with H = afppr«h*G in QCoh(Op;g) (see above). In turn we see
that H = (h_1)*F with F = h_; ,H in QCoh(Ox). Going around the diagram we
deduce that h*G = h*a*F. By fully faithfulness of h* we conclude that a*F = G.
Since F = h_1 «afppf«h*G = a,h.h*G = a,.G we also obtain the statement that
the quasi-inverse is given by a.. O

Lemmal 34.3. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then for F a quasi-coherent Ox-module the map

F — Ra.(a*F)
is an isomorphism. Here a : Sh(Ugtare) — Sh(Xetale) @s as in Section .

Proof. Consider the diagram of Lemma Let F,, = a}F be the nth component
of a*F. This is a quasi-coherent Oy, -module. Then F,, = Rh,, .h},F, by More on
Cohomology of Spaces, Lemma Hence a*F = Rh,h*a*F by Lemma [7.3] We
have
Ra,(a*F) = Ra,Rh.h*a*F

= Rh,l’*Rafppf’*a}ppf(h,l)*}'

=Rh_q1.(h_1)"F

=F
The first equality by the discussion above, the second equality because of the com-

mutativity of the diagram in Lemma the third equality by Lemma as U is
a hypercovering of X in (Spaces/S) tpps and La},,» = a},, ¢ as afpps is flat (namely

a;plp f(’)big = Obig,total, See Remark , and the last equality by the already used
More on Cohomology of Spaces, Lemma, O

Lemmal 34.4. Let S be a scheme. Let X be an algebraic space over S. Let
U be a simplicial algebraic space over S. Let a : U — X be an augmentation.
Assume a : U — X is an fppf hypercovering of X. Then QCoh(Oy) is a weak Serre
subcategory of Mod(Oy) and

a*: DQCoh(OX) — DQCoh(OU)

is an equivalence of categories with quasi-inverse given by Ra.. Here a : Sh(Ustare) —
Sh(Xetale) @s as in Section .

Proof. First observe that the maps a,, : U, = X and d} : U, — U,_1 are flat,
locally of finite presentation, and surjective by Hypercoverings, Remark

Recall that an Oy-module F is quasi-coherent if and only if it is cartesian and
Fn is quasi-coherent for all n. See Lemma [12.10, By Lemma m (and flatness of
the maps df : U, — U,_1 shown above) the cartesian modules for a weak Serre
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subcategory of Mod(Oy). On the other hand QCoh(Oy,) C Mod(Oy,) is a weak
Serre subcategory for each n (Properties of Spaces, Lemma [29.7). Combined we
see that QCoh(Oy) C Mod(Oy) is a weak Serre subcategory.

To finish the proof we check the conditions (1) — (5) of Cohomology on Sites, Lemma
28.6| one by one.

Ad (1). This holds since a,, flat (seen above) implies a is flat by Lemma
Ad (2). This is the content of Lemma [34.2]
Ad (3). This is the content of Lemma

Ad (4). Recall that we can use either the site Ustare OF Uspaces,étate to define the
small étale topos Sh(Ugtaie), see Section The assumption of Cohomology on
Sites, Situation holds for the triple (Uspaces,étate, Ou, @Coh(Oy)) and by the
same reasoning for the triple (Ustaie, Ou, QCoh(Oy)). Namely, take

BC Ob(Uétale) C Ob(Uspaces,étale)

to be the set of affine objects. For V/U, € B take dy,y, = 0 and take Covyy,
to be the set of étale coverings {V; — V} with V; affine. Then we get the desired
vanishing because for F € QCoh(Oy) and any V/U,, € B we have

H?(V/U,,F)=HF(V,F,)

by Lemma Here on the right hand side we have the cohomology of the quasi-
coherent sheaf F,, on U,, over the affine obect V' of U, ¢tq1c. This vanishes for p > 0

by the discussion in Cohomology of Spaces, Section [3|and Cohomology of Schemes,
Lemma 2.2

Ad (5). Follows by taking B C Ob(Xspaces,étate) the set of affine objects and the
references given above. O

Lemma 34.5. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is an fppf hypercovering of X, then

RF<Xétaley K) = RP(Uétale7 CL*K)
for K € Dgcon(Ox). Here a: Sh(Ugtaie) = Sh(Xetate) is as in Section .

Proof. This follows from Lemma because RT'(Ugtate, —) = RT'(X¢étate, —) 0 Rax
by Cohomology on Sites, Remark O

Lemmal 34.6. Let S be a scheme. Let X be an algebraic space over S. Let U
be a simplicial algebraic space over S. Let a : U — X be an augmentation. Let F
be quasi-coherent Ox-module. Let F, be the pullback to Uy, ¢taic. If U is an fppf
hypercovering of X, then there exists a canonical spectral sequence

EYY = HE, . (Up, Fp)
converging to HY 9 (X, F).

étale

Proof. Immediate consequence of Lemmas and [l
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35. Fppf descent of complexes

In this section we pull some of the previously shown results together for fppf cov-
erings of algebraic spaces and derived categories of quasi-coherent modules.

Lemma 35.1. Let X be an algebraic space over a scheme S. Let K, E € Dgcon(Ox).
Let a : U — X be an fppf hypercovering. Assume that for all n > 0 we have
Extg,, (La,K, La,E) =0 for i <0
Then we have
(1) Ext’bX(K, E)=0 fori<0, and
(2) there is an exact sequence

0 — Homo (K, E) — Homo,, (La K, LagE) — Homo,, (LaiK, LaiE)

Proof. Write K,, = La} K and E,, = La} E. Then these are the simplicial systems
of the derived category of modules (Definition associated to La*K and La*FE
(Lemma where a : Uggre — Xeétale 1S as in Section Let us prove (2) first.
By Lemma [34.4) we have

Homp, (K, E) = Home,, (La* K, La*E)
Thus the sequence looks like this:
0 — Homo,, (La"K, La™E) — Homo,, (Ko, Eo) — Homoe,, (K1, E1)

The first arrow is injective by Lemma The image of this arrow is the kernel
of the second by Lemma [14.6] This finishes the proof of (2). Part (1) follows by
applying part (2) with K[i] and E for ¢ > 0. O

Lemmal 35.2. Let X be an algebraic space over a scheme S. Let a : U — X be
an fppf hypercovering. Suppose given Ko € Dgcon(Up) and an isomorphism

a: L(fs1)" Ko — L(fs1)" Ko

satisfying the cocycle condition on Uy. Set 7{* : [0] — [n], 0 = i and set K,, =
Lfr.Ko. Assume Exty (K, K,) = 0 for i < 0. Then there exists an object
K € Dgcon(Ox) and an isomorphism LafK — K compatible with «.

Proof. The objects K,, form the members of a simplicial system of the derived cat-
egory of modules by Lemma [14.3] Then we obtain an object K’ € Dgcon(Ouv.,...)

such that (K,, K,) is the system deduced from K’, see Lemma m Finally, we
apply Lemma to see that K’ = La* K for some K € Dgcon(Ox) as desired. O

36. Proper hypercoverings of algebraic spaces

This section is the analogue of Section [25]for the case of algebraic spaces. The reader
who wishes to do so, can replace “algebraic space” everywhere with “scheme” and
get equally valid results. This has the advantage of replacing the references to More
on Cohomology of Spaces, Section [8| with references to Etale Cohomology, Section
102

We fix a base scheme S. Let X be an algebraic space over S and let U be a simplicial
algebraic space over S. Assume we have an augmentation

a:U—X
See Section [32] We say that U is a proper hypercovering of X if
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(1) Uy — X is proper and surjective,

(2) Uy — Uy xx Uy is proper and surjective,

(3) Uny1 — (coskpsk,U)yy1 is proper and surjective for n > 1.
The category of algebraic spaces over S has all finite limits, hence the coskeleta
used in the formulation above exist.

’ Principle: Proper hypercoverings can be used to compute étale cohomology.

The key idea behind the proof of the principle is to compare the ph and étale
topologies on the category Spaces/S. Namely, the ph topology is stronger than the
étale topology and we have (a) a proper surjective map defines a ph covering, and
(b) ph cohomology of sheaves pulled back from the small étale site agrees with étale
cohomology as we have seen in More on Cohomology of Spaces, Section

All results in this section generalize to the case where U — X is merely a “ph
hypercovering”, meaning a hypercovering of X in the site (Spaces/S),n as defined
in Section [2I] If we ever need this, we will precisely formulate and prove this here.

Lemmal 36.1. Let S be a scheme. Let X be an algebraic space over S. Let U be
a simplicial algebraic space over S. Let a : U — X be an augmentation. There is
a commutative diagram

Sh((Spaces/U)ph total) — Sh(Ustaie)

h_1
Sh((Spaces/X)ph) - Sh(Xétale)

where the left vertical arrow is defined in Section[21] and the right vertical arrow is

defined in Section [33

Proof. The notation (Spaces/U)ph. totar indicates that we are using the construction
of Section [21| for the site (Spaces/S),n and the simplicial object U of this siteﬂ We
will use the sites Xpaces,étaie a0d Usgpaces,étate for the topoi on the right hand side;
this is permissible see discussion in Section

Observe that both (Spaces/U)pn totar a0d Uspaces,érale fall into case A of Situa-
tion [3.3] This is immediate from the construction of Ugyq in Section [32 and
it follows from Lemma for (Spaces/U)ph. totar- Next, consider the functors
Un,spaces,étale — (Spaces/Un)pha U~ U/Un and Xspaces,étale — (SPGCCS/X)ph,
U — U/X. We have seen that these define morphisms of sites in More on Co-
homology of Spaces, Section |8 where these were denoted ay, = ey, o m,, and
ax = €x omx. Thus we obtain a morphism of simplicial sites compatible with
augmentations as in Remark [5.4) and we may apply Lemma [5.5] to conclude. O

Lemma 36.2. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Let a : U — X be an augmentation. Ifa : U — X
is a proper hypercovering of X, then

a™ ' Sh(Xstare) = SMUstare) and a™' @ Ab(Xstare) — Ab(Ustare)

are fully faithful with essential image the cartesian sheaves and quasi-inverse given

by ax. Here a: Sh(Ugstare) = Sh(Xetale) is as in Section ,

9To distinguish from (Spaces/U) ¢ppf,totar defined using the fppf topology in Section
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Proof. We will prove the statement for sheaves of sets. It will be an almost formal
consequence of results already established. Consider the diagram of Lemma [36.1]
In the proof of this lemma we have seen that h_; is the morphism ax of More on
Cohomology of Spaces, Section Thus it follows from More on Cohomology of
Spaces, Lemmathat (h—1)~ ! is fully faithful with quasi-inverse h_j .. The same
holds true for the components h,, of h. By the description of the functors h~! and h,
of Lemma we conclude that A~ is fully faithful with quasi-inverse h,. Observe
that U is a hypercovering of X in (Spaces/S)ps as defined in Section 21| since a
surjective proper morphism gives a ph covering by Topologies on Spaces, Lemma
By Lemma we see that a;hl is fully faithful with quasi-inverse app . and
with essential image the cartesian sheaves on (Spaces/U)ph, totar- A formal argument
(chasing around the diagram) now shows that a~! is fully faithful.

Finally, suppose that G is a cartesian sheaf on Ugsqie. Then h™1G is a cartesian sheaf
on (Spaces/U)ph totar- Hence h™1G = a;hl?-l for some sheaf H on (Spaces/X),n. We
compute using somewhat pedantic notation

(h—l)il(a*g) = (h—l)ilEq( aO,small,*gO - al,small,*gl )
= EQ( (h—l)_lao,small,*go . (h—l)_lal,small,*gl )
= Eq( aO,big,ph,*halgO I al,big,ph,*hl_lgl )

=Ea( aobig.ph,« (a0,bigpn) " H __ a1bigph(a1,igpn) T H )

= aph,*a;;hl H

=H
Here the first equality follows from Lemma the second equality follows as
(h_1)~1 is an exact functor, the third equality follows from More on Cohomology

of Spaces, Lemma (here we use that ag : Uy — X and ay : U; — X are proper),
the fourth follows from a;th = h7'G, the fifth from Lemma and the sixth

we’ve seen above. Since a;hl?-[ = h™1G we deduce that h™'G =2 h~'a"'a,G which
ends the proof by fully faithfulness of h~1. O

Lemmal 36.3. Let S be a scheme. Let X be an algebraic space over S. Let U be a
simplicial algebraic space over S. Leta : U — X be an augmentation. Ifa : U — X
is a proper hypercovering of X, then for K € D™ (Xsate)

K — Ra,(a™'K)
is an isomorphism. Here a : Sh(Ugtaie) = Sh(Xstaie) is as in Section .

Proof. Consider the diagram of Lemma Observe that Rhy, .h, ! is the iden-
tity functor on D (U, ¢tare) by More on Cohomology of Spaces, Lemma Hence
Rh,h~1 is the identity functor on D (Ugsae) by Lemma We have

Ra,(a 'K) = Ra,Rh,h ta 'K
= Rh_y «Raph.a, (h-1) 'K

=Rh_1.(h 1) 'K
=K
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The first equality by the discussion above, the second equality because of the com-
mutativity of the diagram in Lemma [25.1] the third equality by Lemma [21.2] as
U is a hypercovering of X in (Spaces/S),n by Topologies on Spaces, Lemma
and the last equality by the already used More on Cohomology of Spaces, Lemma
3.2 ([l

Lemma 36.4. Let S be a scheme. Let X be an algebraic space over S. Let U be a
stmplicial algebraic space over S. Let a : U — X be an augmentation. Ifa: U — X
is a proper hypercovering of X, then

RT(Xetate, ) = R (Ugtate, @™ K)
for K € DY (Xgtare). Here a : Sh(Ugtare) — SM( Xétare) 8 as in Section .

Proof. This follows from Lemma because RT'(Ustaie, —) = RI(Xetate, —) 0 Rax
by Cohomology on Sites, Remark [14.4] O

Lemma 36.5. Let S be a scheme. Let X be an algebraic space over S. Let U
be a simplicial algebraic space over S. Let a : U — X be an augmentation. Let
A C Ab(Ugtale) denote the weak Serre subcategory of cartesian abelian sheaves. If
U is a proper hypercovering of X, then the functor a~' defines an equivalence

Dt (Xétale) — Dj(Uétale)
with quasi-inverse Ray. Here a : Sh(Ugtaie) = Sh(Xstaie) is as in Section .

Proof. Observe that A is a weak Serre subcategory by Lemma [12.6] The equiva-
lence is a formal consequence of the results obtained so far. Use Lemmas [36.2] and
[36.3] and Cohomology on Sites, Lemma [28.5] O

Lemma 36.6. Let S be a scheme. Let X be an algebraic space over S. Let U
be a simplicial algebraic space over S. Let a : U — X be an augmentation. Let
F be an abelian sheaf on Xegqre. Let F,, be the pullback to U, ¢tare. If U is a ph
hypercovering of X, then there exists a canonical spectral sequence

EYY = HE, . (Up, Fp)

converging to HYT (X, F).

étale

Proof. Immediate consequence of Lemmas and [8.3 [
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