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2. Basic notions

The following is a list of basic notions in topology. Some of these notions are
discussed in more detail in the text that follows and some are defined in the list,
but others are considered basic and will not be defined. If you are not familiar with
most of the italicized concepts, then we suggest looking at an introductory text on
topology before continuing.

(1) X is a topological space,

(2) z € X is a point,

(3) E C X is a locally closed subset,

(4) x € X is a closed point,

(5) E C X is a dense subset,

(6) f:X1 — X5 is continuous,

(7) an extended real function f: X — R U {oo, —oo} is upper semi-continuous
if {r € X | f(z) <a} is open for all a € R,

(8) an extended real function f: X — R U {00, —oo} is lower semi-continuous
if {r € X | f(z) > a} is open for all a € R,

(9) a continuous map of spaces f : X — Y is open if f(U) is open in Y for
U C X open,

(10) a continuous map of spaces f: X — Y is closed if f(Z) is closed in Y for
Z C X closed,

(11) a neighbourhood of x € X is any subset F C X which contains an open
subset that contains z,

(12) the induced topology on a subset E C X,

(13) U : U = U;c; Ui is an open covering of U (note: we allow any U; to be
empty and we even allow, in case U is empty, the empty set for I),

(14) a subcover of a covering as in is an open covering U’ : U = U, Us
where I' C I,

(15) the open covering V is a refinement of the open covering U (if V : U =
Ujes Vi and U : U = [U;c; Us this means each Vj is completely contained
in one of the U;),

(16) {FE;}icr is a fundamental system of neighbourhoods of x in X,

(17) a topological space X is called Hausdorff or separated if and only if for every
distinct pair of points z,y € X there exist disjoint opens U,V C X such
that r e U,y €V,

(18) the product of two topological spaces,

(19) the fibre product X Xy Z of a pair of continuous maps f : X — Y and
g:Z =Y,

(20) the discrete topology and the indiscrete topology on a set,

(21) etc.

3. Hausdorff spaces

The category of topological spaces has finite products.

Lemma 3.1. Let X be a topological space. The following are equivalent:

(1) X is Hausdorff,
(2) the diagonal A(X) C X x X is closed.
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Proof. We suppose that X is Hausdorff. Let (z,y) € A(X), i.e., z # y. There
are U and V disjoint open sets of X such that x € U and y € V. This implies
that U x V C (X x X)\ A(X). This shows that (X x X)\ A(X) is an open set
of X x X which is equivalent to say that the diagonal A(X) C X x X is closed in
X x X. The converse is similar: The complement (X x X)\ A(X) consist precisely
of (z,y) € X x X with z # y. Thus, if A(X) C X x X is closed, then, by the
definition of the product topology, for every such (z,y), there are opens U,V C X
with (z,y) € U x V and (U x V) NA(X) = 0. In other words, with z € U and
y € V such that UNV = 0. O

Lemma 3.2. Let f: X — Y be a continuous map of topological spaces. IfY is
Hausdorff, then the graph of f is closed in X X Y.

Proof. The graph is the inverse image of the diagonal under the map X x Y —
Y x Y. Thus the lemma follows from Lemma (]

Lemma 3.3. Let f : X — Y be a continuous map of topological spaces. Let
s:Y — X be a continuous map such that fos = idy. If X is Hausdorff, then
s(Y) is closed.

Proof. This follows from Lemma [3.1las s(Y) ={z € X | z = s(f(2))}. O

Lemma 3.4. Let X = Z and Y — Z be continuous maps of topological spaces.
If Z is Hausdorff, then X Xz Y is closed in X X Y.

Proof. This follows from Lemma[3.1las X x 7Y is the inverse image of A(Z) under
XxY = 2ZxZ. O

4. Separated maps
Just the definition and some simple lemmas.

Definition 4.1. A continuous map f : X — Y of topological spaces is called
separated if and only if the diagonal A : X — X xy X is a closed map.

Lemma 4.2. Let f : X — Y be continuous map of topological spaces. The
following are equivalent:
(1) f is separated,
(2) A(X) C X xy X is a closed subset,
(3) given distinct points x,x’ € X mapping to the same point of Y, there exist
disjoint open neighbourhoods of x and z’.

Proof. If f is separated, by Definition A is a closed map. The fact that X is
closed in X gives us that A(X) is closed in X xy X. Thus (1) implies (2).

Assune A(X) C X xy X is a closed subset and denote U the complementary open.
This means we have an open set W C X x X such that W N (X xy X) = U.
However, by definition of the product topology, if (x,2') € W N (X xy X), we
have V and V' open sets of X such that x € V, 2’ € V' and V x V' c W. If
we had VNV’ # 0, we would have z € V N V’. However, (z,2) € X xy X, so
(2,2) € (Vx V)N (X xy X) C U, which is absurd. Therefore VNV’ = (), and we
have two disjoint open neighborhoods for z and z’. It proves that (2) implies (3).

Finally, we suppose that given distinct points x, 2’ € X mapping to the same point
of Y, there exist disjoint open neighbourhoods of z and z’. Let I be a closed set
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of X. We will show that A(F) is a closed subset of X xy X. Let (z,2’) € X xy X
be a point not contained in A(F'). Then either z # 2’ or x ¢ F. In the first
case, we choose disjoint open neighbourhoods V,V’ C X of z,2’ and we see that
(V x V)N X xy X is an open neighbourood of (z,2’) not meeting A(F'). In the
second case, we see that ((X \ F) x X)NX xy X is an open neighbourood of (z, z’)
not meeting A(F'). We have shown that (3) implies (1). O

Lemma 4.3. Let f : X — Y be continuous map of topological spaces. If X is
Hausdorff, then f is separated.

Proof. Clear from Lemmas and as A(X) closed in X x X implies A(X)
closed in X xy X. O

Lemma 4.4. Let f : X =Y and Y — Y be continuous maps of topological
spaces. If [ is separated, then f':Y’' xy X — Z is separated.

Proof. Follows from characterization (3) of Lemma[f.2] Namely, with X’ =Y’ xy
X the image A(X’) of the diagonal in the fibre product X’ Xy X’ is the inverse
image of A(X) in X xy X. O

5. Bases
Basic material on bases for topological spaces.

Definition 5.1. Let X be a topological space. A collection of subsets B of X is
called a base for the topology on X or a basis for the topology on X if the following
conditions hold:

(1) Every element B € B is open in X.
(2) For every open U C X and every x € U, there exists an element B € B
such that x € B C U.

The following lemma is sometimes used to define a topology.

Lemma 5.2. Let X be a set and let B be a collection of subsets. Assume that
X = Upep B and that given x € By N By with By, By € B there is a Bz € B with
x € B3 C By N By. Then there is a unique topology on X such that B is a basis for
this topology.

Proof. Let o(B) be the set of subsets of X which can be written as unions of
elements of B. We claim o (B) is a topology. Namely, the empty set is an element of
o(B) (as an empty union) and X is an element of o(53) (as the union of all elements
of B). It is clear that o(B) is preserved under unions. Finally, if U,V € o(B) then
write U = U,c; Ui and V =, ; V; with U;, V; € Bfor alli € I and j € J. Then

Uunv = Uiel,je] U;NV;

The assumption in the lemma tells us that U; NV, € o(B) hence we see that UNV is
too. Thus o (B is a topology. Properties (1) and (2) of Definition [5.1] are immediate
for this topology. To prove the uniqueness of this topology let T be a topology on
X such that B is a base for it. Then of course every element of B is in 7 by (1)
of Definition and hence (B C T. Conversely, part (2) of Definition tells us
that every element of T is a union of elements of B, i.e., 7 C o(B). This finishes
the proof. O
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Lemma 5.3. Let X be a topological space. Let B be a basis for the topology on X.
LetU : U = U, U; be an open covering of U C X. There exists an open covering
U =V, which is a refinement of U such that each V; is an element of the basis
B.

Proof. If x € U = Uie] Ui, there is an i, € I such that € U;,. Thus we have
a B; € B verifying x € B;, C U;,. Set J = {ig|z € U} and for j = i, € J set
V; = B,,. This gives the desired open covering of U by {V;},c. O

Definition 5.4. Let X be a topological space. A collection of subsets B of X is
called a subbase for the topology on X or a subbasis for the topology on X if the
finite intersections of elements of B form a basis for the topology on X.

In particular every element of B is open.

Lemma 5.5. Let X be a set. Given any collection B of subsets of X there is a
unique topology on X such that B is a subbase for this topology.

Proof. By convention ()y B = X. Thus we can apply Lemma to the set of
finite intersections of elements from B. O

Lemma 5.6. Let X be a topological space. Let B be a collection of opens of X.
Assume X = UyepU and for U,V € B we have UNV = Uwepwcuny W- Then
there is a continuous map f : X — 'Y of topological spaces such that

(1) for U € B the image f(U) is open,

(2) for U € B we have f~X(f(U)) =U, and

(3) the opens f(U), U € B form a basis for the topology on Y.

Proof. Define an equivalence relation ~ on points of X by the rule
x~yes VU eB:ixeUswyel)

Let Y be the set of equivalence classes and f : X — Y the natural map. Part (2)
holds by construction. The assumptions on B exactly mirror the assumptions in
Lemma on the set of subsets f(U), U € B. Hence there is a unique topology on
Y such that (3) holds. Then (1) is clear as well. O

6. Submersive maps

If X is a topological space and E C X is a subset, then we usually endow E with
the induced topology.

Lemma 6.1. Let X be a topological space. Let'Y be a set and let f:Y — X be
an injective map of sets. The induced topology on Y is the topology characterized
by each of the following statements:

(1) it is the weakest topology on'Y such that f is continuous,

(2) the open subsets of Y are f~Y(U) for U C X open,

(3) the closed subsets of Y are the sets f~Y(Z) for Z C X closed.

Proof. Theset T = {f~1(U)|U C X open} is a topology on Y. Firstly, § = f~1(0)
and f~1(X) =Y. So T contains ) and Y.

Now let {V; };c1 be a collection of open subsets where V; € T and write V; = f~1(U;)
where U; is an open subset of X, then

UiEI ‘/1 - UiGI f_1<Ui) - f_l <Ui61 UZ)
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So U,er Vi € T as U;¢; Us is open in X. Now let Vi, V5 € T. We have Uy, Us open
in X such that V4 = f~1(Uy) and Vo = f~(Uz). Then

VinVy=f-H(U)Nf 1 (Us) = f1({UL N Ua)
So Vi NV, €T because Uy N Us is open in X.
Any topology on Y such that f is continuous contains 7 according to the definition
of a continuous map. Thus 7 is indeed the weakest topology on Y such that f is
continuous. This proves that (1) and (2) are equivalent.

The equivalence of (2) and (3) follows from the equality f~*(X \ E) =Y \ f~1(E)
for all subsets £ C X. g

Dually, if X is a topological space and X — Y is a surjection of sets, then Y can
be endowed with the quotient topology.

Lemma 6.2. Let X be a topological space. Let'Y be a set and let f : X — Y be
a surjective map of sets. The quotient topology on Y is the topology characterized
by each of the following statements:

(1) it is the strongest topology on'Y such that f is continuous,
(2) a subset V of Y is open if and only if f~1(V) is open,
(3) a subset Z of Y is closed if and only if f~(Z) is closed.

Proof. The set T = {V C Y|f~}(V) is open} is a topology on Y. Firstly () =
f71(0) and f~1(Y) = X. So T contains () and Y.

Let (V;)ier be a family of elements V; € 7. Then

-1 L) — -1 .
U, v=r(U_")
Thus U;c; Vi € T as U;c; f~1(Vi) is open in X. Furthermore if V1, V5 € T then

)N (V) = (VN V)
So ViNVy € T because f~1(V1) N f~1(V3) is open in X.
Finally a topology on Y such that f is continuous is included in 7 according to the
definition of a continuous function, so 7 is the strongest topology on Y such that
f is continuous. It proves that (1) and (2) are equivalent.
Finally, (2) and (3) equivalence follows from f~1(X\E) = Y\ f~}(E) for all subsets
FcCX. d
Let f: X — Y be a continuous map of topological spaces. In this case we obtain
a factorization X — f(X) — Y of maps of sets. We can endow f(X) with the

quotient topology coming from the surjection X — f(X) or with the induced
topology coming from the injection f(X) — Y. The map

(f(X), quotient topology) — (f(X),induced topology)
is continuous.

Definition 6.3. Let f: X — Y be a continuous map of topological spaces.

(1) We say f is a strict map of topological spaces if the induced topology and
the quotient topology on f(X) agree (see discussion above).
(2) We say f is submemz’vcﬂ if f is surjective and strict.

IThis is very different from the notion of a submersion between differential manifolds! It is
probably a good idea to use “strict and surjective” in stead of “submersive”.
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Thus a continuous map f : X — Y is submersive if f is a surjection and for any
T C Y we have T is open or closed if and only if f~1(T) is so. In other words, Y’
has the quotient topology relative to the surjection X — Y.

Lemma 6.4. Let f : X — Y be surjective, open, continuous map of topological
spaces. Let T CY be a subset. Then
(1) f1T) = T,
(2) T CY is closed if and only if f~1(T) is closed,
(3) T CY is open if and only if f~1(T) is open, and
(4) T CY is locally closed if and only if f=(T) is locally closed.

In particular we see that f is submersive.

Proof. It is clear that f~1(T) C f~(T). If x € X, and « ¢ f~1(T), then there
exists an open neighbourhood x € U C X with U N f~Y(T) = 0. Since f is
open we see that f(U) is an open neighbourhood of f(z) not meeting 7. Hence
x ¢ f~Y(T). This proves (1). Part (2) is an easy consequence of (1). Part (3) is
obvious from the fact that f is open and surjective. For (4), if f=(T) is locally
closed, then f~! H(T) c f-HT) = f7X(T) is open, and hence by (3) applied to the
map f~Y(T) — T we see that T is open in T, i.e., T is locally closed. O

Lemma 6.5. Let f: X — Y be surjective, closed, continuous map of topological
spaces. Let T CY be a subset. Then
(1) T = f(f1(1)),
(2) T C Y is closed if and only if f~1(T) is closed,
(3) T CY is open if and only if f=1(T) is open, and
(4) T CY is locally closed if and only if f=1(T) is locally closed.

In particular we see that f is submersive.

Proof. It is clear that f~1(T) c f~Y(T). Then T C f(f~Y(T)) C T is a closed
subset, hence we get (1). Part (2) is obvious from the fact that f is closed and
surjective. Part (3) follows from (2) applied to the complement of T. For (4), if
f~Y(T) is locally closed, then f~Y(T) C f~1(T) is open. Since the map f~1(T) — T
is surjective by (1) we can apply part (3) to the map f~(7) — T induced by f to
conclude that T is open in T, i.e., T is locally closed. ([l

7. Connected components

Definition 7.1. Let X be a topological space.
(1) We say X is connected if X is not empty and whenever X = T; I1 Ty with
T; C X open and closed, then either 77 = () or Ty = (.
(2) Wesay T' C X is a connected component of X if T is a maximal connected
subset of X.

The empty space is not connected.

Lemma 7.2. Let f: X = Y be a continuous map of topological spaces. If E C X
is a connected subset, then f(E) CY is connected as well.

Proof. Let A C f(E) an open and closed subset of f(F). Because f is continuous,
f71(A) is an open and closed subset of E. As E is connected, f~'(A) = () or
f71(A) = E. However, A C f(E) implies that A = f(f~!(A)). Indeed, if z €
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f(f71(A)) then there is y € f~1(A) such that f(y) = x and because y € f~1(A),
we have f(y) € Ai.e. x € A. Reciprocally, if x € A, A C f(F) implies that there is
y € E such that f(y) = x. Therefore y € f~!(A), and then x € f(f~!(A)). Thus
A=0or A= f(F) proving that f(F) is connected. O

Lemma 7.3. Let X be a topological space.

(1) If T C X is connected, then so is its closure.

(2) Any connected component of X is closed (but not necessarily open).

(3) Ewery connected subset of X is contained in a unique connected component
of X.

(4) Every point of X is contained in a unique connected component, in other
words, X is the disjoint union of its connected components.

Proof. Let T be the closure of the connected subset T. Suppose T = Ty I1 T, with
T; C T open and closed. Then T'= (T'NTy) I (T NT5). Hence T equals one of the
two, say T =Ty NT. Thus T C Ty. This implies (1) and (2).

Let A be a nonempty set of connected subsets of X such that Q = (., T is
nonempty. We claim E = (J;., T is connected. Namely, £ is nonempty as it
contains ). Say F = E; II F; with F; closed in E. We may assume F; meets )
(after renumbering). Then each T € A meets F; and hence must be contained in
F1 as T is connected. Hence E C Fy which proves the claim.

Let W C X be a nonempty connected subset. If we apply the result of the previous
paragraph to the set of all connected subsets of X containing W, then we see that
E is a connected component of X. This implies existence and uniqueness in (3).

Let © € X. Taking W = {z} in the previous paragraph we see that x is contained
in a unique connected component of X. Any two distinct connected components
must be disjoint (by the result of the second paragraph).

To get an example where connected components are not open, just take an infinite
product [],cn{0,1} with the product topology. Its connected components are
singletons, which are not open. ([l

Remark| 7.4. Let X be a topological space and z € X. Let Z C X be the
connected component of X passing through x. Consider the intersection E of all
open and closed subsets of X containing x. It is clear that Z C E. In general
Z # E. For example, let X = {x,y, 21, 22, .. .} with the topology with the following
basis of opens, {z,, }, {z, zn, 2Zn+1, .- -}, and {y, 2n, 2n41, . ..} for all n. Then Z = {z}
and E = {z,y}. We omit the details.

Lemma 7.5. Let f: X — Y be a continuous map of topological spaces. Assume
that

(1) all fibres of f are connected, and
(2) a set T CY is closed if and only if f~1(T) is closed.

Then f induces a bijection between the sets of connected components of X and Y .

Proof. Let T'C Y be a connected component. Note that T is closed, see Lemma
m The lemma follows if we show that f~1(T') is connected because any connected
subset of X maps into a connected component of ¥ by Lemma [7.2] Suppose that
f~YT) = Z; I Zy with Z;, Zy closed. For any t € T we see that f=1({t}) =
ZiN ) U Ze N f71({t}). By (1) we see f~1({t}) is connected we conclude

|[Eng77, Example
6.1.24]
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that either f=1({t}) C Z; or f~1({t}) C Z,. In other words T = Ty II Ty with
f~UT;) = Z;. By (2) we conclude that Tj is closed in Y. Hence either Ty = ) or
Ty = () as desired. O

Lemma 7.6. Let f: X — Y be a continuous map of topological spaces. Assume
that (a) f is open, (b) all fibres of f are connected. Then f induces a bijection
between the sets of connected components of X and Y .

Proof. This is a special case of Lemma O

Lemma 7.7. Let f: X — Y be a continuous map of nonempty topological spaces.
Assume that (a) Y is connected, (b) f is open and closed, and (c) there is a point
y € Y such that the fiber f~1(y) is a finite set. Then X has at most |f~1(y)|
connected components. Hence any connected component T’ of X is open and closed,
and f(T) is a nonempty open and closed subset of Y, which is therefore equal to 'Y .

Proof. If the topological space X has at least N connected components for some
N € N, we find by induction a decomposition X = X;II...II Xy of X as a disjoint
union of N nonempty open and closed subsets X1,..., Xy of X. As f is open and
closed, each f(X;) is a nonempty open and closed subset of Y and is hence equal
to Y. In particular the intersection X; N f~!(y) is nonempty for each 1 <4 < N.
Hence f~!(y) has at least N elements. O

Definition 7.8. A topological space is totally disconnected if the connected com-
ponents are all singletons.

A discrete space is totally disconnected. A totally disconnected space need not be
discrete, for example Q C R is totally disconnected but not discrete.

Lemma 7.9. Let X be a topological space. Let mo(X) be the set of connected
components of X. Let X — mo(X) be the map which sends x € X to the connected
component of X passing through x. Endow mo(X) with the quotient topology. Then
mo(X) is a totally disconnected space and any continuous map X —'Y from X to
a totally disconnected space Y factors through mo(X).

Proof. By Lemma the connected components of mo(X) are the singletons. We
omit the proof of the second statement. ([l

Definition 7.10. A topological space X is called locally connected if every point
x € X has a fundamental system of connected neighbourhoods.

Lemma 7.11. Let X be a topological space. If X is locally connected, then

(1) any open subset of X is locally connected, and
(2) the connected components of X are open.

So also the connected components of open subsets of X are open. In particular,
every point has a fundamental system of open connected neighbourhoods.

Proof. For all z € X let write N'(z) the fundamental system of connected neigh-
bourhoods of z and let U C X be an open subset of X. Then for all x € U, U is
a neighbourhood of z, so the set {V € N(z)|V C U} is not empty and is a funda-
mental system of connected neighbourhoods of x in U. Thus U is locally connected
and it proves (1).
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Let x € C C X where C is the connected component of x. Because X is locally
connected, there exists A a connected neighbourhood of x. Therefore by the def-
inition of a connected component, we have A" C C and then C is a neighbourhood
of z. It implies that C is a neighbourhood of each of his point, in other words C is
open and (2) is proven. O

8. Irreducible components

Definition 8.1. Let X be a topological space.

(1) We say X is irreducible, if X is not empty, and whenever X = Z; U Z, with
Z; closed, we have X = Z; or X = Z>.

(2) Wesay Z C X is an irreducible component of X if Z is a maximal irreducible
subset of X.

An irreducible space is obviously connected.

Lemma 8.2. Let f: X — Y be a continuous map of topological spaces. If E C X
is an irreducible subset, then f(E) CY is irreducible as well.

Proof. Clearly we may assume F = X (i.e., X irreducible) and f(E) =Y (ie., f
surjective). First, Y # () since X # (. Next, assume Y = Y, UY; with Y7, Y5 closed.
Then X = X; U X, with X; = f~1(Y;) closed in X. By assumption on X, we must
have X = X7 or X = X5, hence Y =Y; or Y =Y, since f is surjective. O

Lemma 8.3. Let X be a topological space.

(1) If T C X is irreducible so is its closure in X.

(2) Any irreducible component of X is closed.

(3) Any irreducible subset of X is contained in an irreducible component of X.

(4) Ewery point of X is contained in some irreducible component of X, in other
words, X is the union of its irreducible components.

Proof. Let T be the closure of the irreducible subset T. If T = Z; U Z, with
Z; C T closed, then T = (T'N Z;) U (T N Z3) and hence T equals one of the two, say
T = Z;NT. Thus clearly T C Z;. This proves (1). Part (2) follows immediately
from (1) and the definition of irreducible components.

Let T' C X be irreducible. Consider the set A of irreducible subsets T' C T, C X.
Note that A is nonempty since T' € A. There is a partial ordering on A coming
from inclusion: o < o’ & T, C T,. Choose a maximal totally ordered subset
A"C A, and let 7" = |J,car To- We claim that T is irreducible. Namely, suppose
that T = Z; U Z5 is a union of two closed subsets of T’. For each o € A’ we have
either T, C Z1 or T, C Zs, by irreducibility of T,. Suppose that for some ag € A’
we have Ty, ¢ Z; (say, if not we’re done anyway). Then, since A’ is totally ordered
we see immediately that T, C Z, for all « € A’. Hence T = Z,. This proves (3).
Part (4) is an immediate consequence of (3) as a singleton space is irreducible. O

Lemma 8.4. Let X be a topological space and suppose X = Ui:lm.,n X; where
each X; is an irreducible closed subset of X and no X; is contained in the union
of the other members. Then each X; is an irreducible component of X and each
irreducible component of X is one of the X;.
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Proof. Let Y be an irreducible component of X. Write Y = {J,_; (Y N X;)
and note that each Y N X is closed in Y since X; is closed in X. By irreducibility
of Y we see that Y is equal to one of the Y N X, i.e., Y C X;. By maximality of
irreducible components we get Y = X;.

Conversely, take one of the X; and expand it to an irreducible component Y, which
we have already shown is one of the X;. So X; C X, and since the original union
does not have redundant members, X; = X}, which is an irreducible component. ]

Lemma 8.5. Let f : X — Y be a surjective, continuous map of topological
spaces. If X has a finite number, say n, of irreducible components, then Y has <n
irreducible components.

Proof. Say Xi,..., X, are the irreducible components of X. By Lemmas 3.2 and
the closure Y; C Y of f(X;) is irreducible. Since f is surjective, we see that Y’

is the union of the Y;. We may choose a minimal subset I C {1,...,n} such that
Y = U,¢; Yi- Then we may apply Lemma to see that the Y; for ¢ € I are the
irreducible components of Y. O

A singleton is irreducible. Thus if 2 € X is a point then the closure {z} is an
irreducible closed subset of X.

Definition 8.6. Let X be a topological space.

(1) Let Z C X be an irreducible closed subset. A generic point of Z is a point
¢ € Z such that Z = {€}.

(2) The space X is called Kolmogorou, if for every z, 2’ € X, x # ' there exists
a closed subset of X which contains exactly one of the two points.

(3) The space X is called quasi-sober if every irreducible closed subset has a
generic point.

(4) The space X is called sober if every irreducible closed subset has a unique
generic point.

A topological space X is Kolmogorov, quasi-sober, resp. sober if and only if the
map T +— m from X to the set of irreducible closed subsets of X is injective,
surjective, resp. bijective. Hence we see that a topological space is sober if and only
if it is quasi-sober and Kolmogorov.

Lemma 8.7. Let X be a topological space and let Y C X.
(1) If X 14s Kolmogorov then so is Y.

(2) SupposeY is locally closed in X. If X is quasi-sober then so is Y.
(3) Suppose Y is locally closed in X. If X is sober then so is Y.

Proof. Proof of (1). Suppose X is Kolmogorov. Let z,y € Y with « # y. Then
{e}nY ={z} # {y} = {y} NY. Hence {x} NY # {y} NY. This shows that Y is
Kolmogorov.

Proof of (2). Suppose X is quasi-sober. It suffices to consider the cases Y is closed
and Y is open. First, suppose Y is closed. Let Z be an irreducible closed subset
of Y. Then Z is an irreducible closed subset of X. Hence there exists z € Z with
{z} = Z. Tt follows {z} NY = Z. This shows Y is quasi-sober. Second, suppose
Y is open. Let Z be an irreducible closed subset of Y. Then Z is an irreducible
closed subset of X. Hence there exists € Z with {z} = Z. If 2 ¢ Y we get the
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contradiction Z = ZNY C ZNY = {z}NnY = (. Therefore 2 € Y. Tt follows
Z =27ZNY ={z}NY. This shows Y is quasi-sober.

Proof of (3). Immediately from (1) and (2). O

Lemma 8.8. Let X be a topological space and let (X;);er be a covering of X.

(1) Suppose X; is locally closed in X for every i € I. Then, X is Kolmogorov
if and only if X; is Kolmogorov for every i € 1.

(2) Suppose X; is open in X for every i € I. Then, X is quasi-sober if and
only if X; is quasi-sober for every i € I.

(3) Suppose X; is open in X for every i € I. Then, X is sober if and only if
X, is sober for every i€ I.

Proof. Proof of (1). If X is Kolmogorov then so is X; for every i € I by Lemma
Suppose X; is Kolmogorov for every ¢ € I. Let xz,y € X with m = @
There exists ¢ € I with x € X;. There exists an open subset U C X such that X; is
a closed subset of U. If y ¢ U we get the contradiction = € {z}NU = {y}NU = 0.
Hence y € U. It follows y € @ﬂU = mﬂU C X;. This shows y € X;. It
follows m nx; = m N X;. Since X; is Kolmogorov we get x = y. This shows X
is Kolmogorov.

Proof of (2). If X is quasi-sober then so is X; for every ¢ € I by Lemma
Suppose X; is quasi-sober for every ¢ € I. Let Y be an irreducible closed subset of
X. AsY # 0 there exists ¢ € I with X; NY # (. As X, is open in X it follows
X;NY is non-empty and open in Y, hence irreducible and dense in Y. Thus X;NY
is an irreducible closed subset of X;. As X; is quasi-sober there exists r € X; NY
with X; NY = @ﬁX,- C m Since X; NY is dense in Y and Y is closed in X it
follows Y = X, NY NY C X;NY C {z} C Y. Therefore Y = {x}. This shows X
is quasi-sober.

Proof of (3). Immediately from (1) and (2). O

Example 8.9. Let X be an indiscrete space of cardinality at least 2. Then X is
quasi-sober but not Kolmogorov. Moreover, the family of its singletons is a covering
of X by discrete and hence Kolmogorov spaces.

Example 8.10. Let Y be an infinite set, furnished with the topology whose closed
sets are Y and the finite subsets of Y. Then Y is Kolmogorov but not quasi-sober.
However, the family of its singletons (which are its irreducible components) is a
covering by discrete and hence sober spaces.

Example| 8.11. Let X and Y be as in Example and Example Then,
X IT'Y is neither Kolmogorov nor quasi-sober.

Example| 8.12. Let Z be an infinite set and let z € Z. We furnish Z with the
topology whose closed sets are Z and the finite subsets of Z \ {z}. Then Z is sober
but its subspace Z \ {z} is not quasi-sober.

Example 8.13. Recall that a topological space X is Hausdorff iff for every distinct
pair of points x,y € X there exist disjoint opens U,V C X such that x € U, y € V.
In this case X is irreducible if and only if X is a singleton. Similarly, any subset of
X is irreducible if and only if it is a singleton. Hence a Hausdorff space is sober.
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Lemmal 8.14. Let f: X =Y be a continuous map of topological spaces. Assume
that (a) Y is irreducible, (b) f is open, and (c) there exists a dense collection of
points y € Y such that f~1(y) is irreducible. Then X is irreducible.

Proof. Suppose X = Z,UZ, with Z; closed. Consider the open sets Uy = Z1\ Zs =
X\ Zyand Uy = Z5\ Z1 = X \ Z;. To get a contradiction assume that Uy and Us
are both nonempty. By (b) we see that f(U;) is open. By (a) we have Y irreducible
and hence f(Uy)N f(Usz) # 0. By (c) there is a point y which corresponds to a point
of this intersection such that the fibre X,, = f~!(y) is irreducible. Then X, N U;
and X, NUs; are nonempty disjoint open subsets of X, which is a contradiction. [

Lemma 8.15. Let f: X = Y be a continuous map of topological spaces. Assume
that (a) f is open, and (b) for every y € Y the fibre f~*(y) is irreducible. Then f
induces a bijection between irreducible components.

Proof. We point out that assumption (b) implies that f is surjective (see Definition
. Let T' C Y be an irreducible component. Note that T is closed, see Lemma
The lemma follows if we show that f~1(T) is irreducible because any irreducible
subset of X maps into an irreducible component of ¥ by Lemma [8:2] Note that
f~YT) — T satisfies the assumptions of Lemma Hence we win. O

The construction of the following lemma is sometimes called the “soberification”.

Lemma 8.16. Let X be a topological space. There is a canonical continuous map
c: X — X'

from X to a sober topological space X' which is universal among continuous maps
from X to sober topological spaces. Moreover, the assignment U' +— ¢~ Y(U') is a
bijection between opens of X' and X which commutes with finite intersections and
arbitrary unions. The image ¢(X) is a Kolmogorov topological space and the map
c¢: X — ¢(X) is universal for maps of X into Kolmogorov spaces.

Proof. Let X’ be the set of irreducible closed subsets of X and let
c: X =X, zw {2}

For U C X open, let U’ € X’ denote the set of irreducible closed subsets of X
which meet U. Then ¢~ 1(U’) = U. In particular, if U; # U, are open in X, then
U; # U}. Hence c induces a bijection between the subsets of X’ of the form U’ and
the opens of X.

Let Uy, Uy be open in X. Suppose that Z € U] and Z € US. Then Z NU; and
Z NUs are nonempty open subsets of the irreducible space Z and hence ZNU; NU;
is nonempty. Thus (U3 NUz) = U NUj. The rule U — U’ is also compatible with
arbitrary unions (details omitted). Thus it is clear that the collection of U’ form a
topology on X’ and that we have a bijection as stated in the lemma.

Next we show that X’ is sober. Let T C X’ be an irreducible closed subset. Let
U C X be the open such that X'\ T = U’. Then Z = X \ U is irreducible because
of the properties of the bijection of the lemma. We claim that Z € T is the unique
generic point. Namely, any open of the form V/ C X’ which does not contain Z
must come from an open V' C X which misses Z, i.e., is contained in U.

Finally, we check the universal property. Let f: X — Y be a continuous map to
a sober topological space. Then we let f’ : X’ — Y be the map which sends the
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irreducible closed Z C X to the unique generic point of f(Z). It follows immediately
that ' oc = f as maps of sets, and the properties of ¢ imply that f’ is continuous.
We omit the verification that the continuous map f’ is unique. We also omit the
proof of the statements on Kolmogorov spaces. [

Lemma 8.17. Let X be a connected topological space with a finite number of
irreducible components Xq,...,X,. If n > 1 there is an 1 < j < n such that
X' = Ujp; Xi is connected.

Proof. This is a graph theory problem. Let I' be the graph with vertices V =
{1,...,n} and an edge between ¢ and j if and only if X; N X, is nonempty. Con-
nectedness of X means that I" is connected. Our problem is to find 1 < j < n such
that T'\ {j} is still connected. You can do this by choosing j,j’ € F with maximal
distance and then j works (choose a leaf!). Details omitted. ]

9. Noetherian topological spaces

Definition 9.1. A topological space is called Noetherian if the descending chain
condition holds for closed subsets of X. A topological space is called locally Noe-
therian if every point has a neighbourhood which is Noetherian.

Lemma 9.2. Let X be a Noetherian topological space.

(1) Any subset of X with the induced topology is Noetherian.
(2) The space X has finitely many irreducible components.
(3) Fach irreducible component of X contains a nonempty open of X.

Proof. Let T'C X be a subset of X. Let T3 D 15 D ... be a descending chain of
closed subsets of T'. Write T; = T'NZ; with Z; C X closed. Consider the descending
chain of closed subsets Z1 D Z1NZy D Z1NZ3NZ3 ... This stabilizes by assumption
and hence the original sequence of T; stabilizes. Thus T is Noetherian.

Let A be the set of closed subsets of X which do not have finitely many irreducible
components. Assume that A is not empty to arrive at a contradiction. The set A
is partially ordered by inclusion: a < o/ & Z, C Z,. By the descending chain
condition we may find a smallest element of A, say Z. As Z is not a finite union of
irreducible components, it is not irreducible. Hence we can write Z = Z' U Z” and
both are strictly smaller closed subsets. By construction Z’ = |J Z] and Z" = {J Z7
are finite unions of their irreducible components. Hence Z = |J Z;UJ Z7 is a finite
union of irreducible closed subsets. After removing redundant members of this
expression, this will be the decomposition of Z into its irreducible components
(Lemma , a contradiction.

Let Z C X be an irreducible component of X. Let Zy,...,Z, be the other irre-
ducible components of X. Consider U = Z \ (Z; U...U Z,). This is not empty
since otherwise the irreducible space Z would be contained in one of the other Z;.
Because X = ZU Z1 U...Z, (see Lemma7 alsoU =X\ (Z1U...UZ,) and
hence open in X. Thus Z contains a nonempty open of X. U

Lemma 9.3. Let f: X =Y be a continuous map of topological spaces.

(1) If X is Noetherian, then f(X) is Noetherian.
(2) If X is locally Noetherian and f open, then f(X) is locally Noetherian.
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Proof. In case (1), suppose that Z; D Zy D Z3 D ... is a descending chain of
closed subsets of f(X) (as usual with the induced topology as a subset of Y'). Then
F74Z1) 2 f74(Z2) D f~Y(Z3) D ... is a descending chain of closed subsets of X.
Hence this chain stabilizes. Since f(f~1(Z;)) = Z; we conclude that Z; D Zy D
Z3 D ... stabilizes also. In case (2),let y € f(X). Choose z € X with f(x) =y. By
assumption there exists a neighbourhood F C X of x which is Noetherian. Then
f(E) C f(X) is a neighbourhood which is Noetherian by part (1). O

Lemma 9.4. Let X be a topological space. Let X; C X, i =1,...,n be a finite
collection of subsets. If each X; is Noetherian (with the induced topology), then
Uiz1....n Xi is Noetherian (with the induced topology).

Proof. Let {F,}men a decreasing sequence of closed subsets of X' =J,_; , Xi
with the induced topology. Then we can find a decreasing sequence {G,, }men of
closed subsets of X verifying F,,, = G,, N X’ for all m (small detail omitted). As
X, is noetherian and {G,, N X; }men a decreasing sequence of closed subsets of X,
there exists m; € N such that for all m > m; we have G, N X; = G, N X;. Let
Mo = MaxX;=1,...nM;. Then clearly

Fro=GnNX =G,N(X1U..UX,)=(GnNX)U...(GnNX,)
stabilizes for m > mg and the proof is complete. O

Example 9.5. Any nonempty, Kolmogorov Noetherian topological space has a
closed point (combine Lemmas and . Let X = {1,2,3,...}. Define a
topology on X with opens (), {1,2,...,n}, n > 1 and X. Thus X is a locally
Noetherian topological space, without any closed points. This space cannot be the
underlying topological space of a locally Noetherian scheme, see Properties, Lemma
5.0

Lemma 9.6. Let X be a locally Noetherian topological space. Then X is locally
connected.

Proof. Let x € X. Let E be a neighbourhood of . We have to find a connected
neighbourhood of x contained in E. By assumption there exists a neighbourhood
E’ of z which is Noetherian. Then E N E’ is Noetherian, see Lemma Let
ENE =Y, U...UY, be the decomposition into irreducible components, see
Lemma Let E” = J,cy, Yi- This is a connected subset of £N E’ containing z.
It contains the open ENE"\ (U, gy, ¥i) of ENE’ and hence it is a neighbourhood
of x in X. This proves the lemma. (I

10. Krull dimension

Definition 10.1. Let X be a topological space.

(1) A chain of irreducible closed subsets of X is a sequence Zy C Z; C ... C
Z, C X with Z; closed irreducible and Z; # Z; 41 for i =0,...,n — 1.

(2) The length of a chain Zy C Z; C ... C Z,, C X of irreducible closed subsets
of X is the integer n.

(3) The dimension or more precisely the Krull dimension dim(X) of X is the
element of {—00,0,1,2,3,...,00} defined by the formula:

dim(X) = sup{lengths of chains of irreducible closed subsets}
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Thus dim(X) = —oo if and only if X is the empty space.
(4) Let x € X. The Krull dimension of X at x is defined as

dim, (X) = min{dim(U),x € U C X open}

the minimum of dim(U) where U runs over the open neighbourhoods of z
in X.

Note that if U’ C U C X are open then dim(U’) < dim(U). Hence if dim,(X) =
d then z has a fundamental system of open neighbourhoods U with dim(U) =
dim, (X).

Lemma 10.2. Let X be a topological space. Then dim(X) = sup dim,(X) where
the supremum Tuns over the points x of X.

Proof. It is clear that dim(X) > dim,(X) for all € X (see discussion following
Definition . Thus an inequality in one direction. For the converse, let n > 0
and suppose that dim(X) > n. Then we can find a chain of irreducible closed
subsets Zyp C Z; C ... C Z, C X. Pick z € Z,. For every open neighbourhood U
of x we get a chain of irreducible closed subsets

ZoNUczinUc...czZ,NnU

in U. Namely, the sets U N Z; are irreducible closed in U and the inclusions are
strict (details omitted; hint: the closure of U N Z; is Z;). In this way we see that
dim, (X) > n which proves the other inequality. O

Example| 10.3. The Krull dimension of the usual Euclidean space R is 0.

Example 10.4. Let X = {s,n} with open sets given by {0,{n},{s,n}}. In
this case a maximal chain of irreducible closed subsets is {s} C {s,n}. Hence
dim(X) = 1. It is easy to generalize this example to get a (n+1)-element topological
space of Krull dimension n.

Definition 10.5. Let X be a topological space. We say that X is equidimensional
if every irreducible component of X has the same dimension.

11. Codimension and catenary spaces
We only define the codimension of irreducible closed subsets.

Definition 11.1. Let X be a topological space. Let ¥ C X be an irreducible
closed subset. The codimension of Y in X is the supremum of the lengths e of
chains

Y=YychicCc...CcY.CX
of irreducible closed subsets in X starting with Y. We will denote this codim(Y, X).
The codimension is an element of {0,1,2,...} U {oo}. If codim(Y, X) < oo, then

every chain can be extended to a maximal chain (but these do not all have to have
the same length).

Lemma 11.2. Let X be a topological space. Let Y C X be an irreducible closed
subset. Let U C X be an open subset such that Y NU is nonempty. Then

codim(Y, X) = codim(Y NU,U)
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Proof. The rule T — T defines a bijective inclusion preserving map between the
closed irreducible subsets of U and the closed irreducible subsets of X which meet
U. Using this the lemma easily follows. Details omitted. O

Example 11.3. Let X = [0, 1] be the unit interval with the following topology:
The sets [0,1], (1—1/n,1] for n € N, and @) are open. So the closed sets are 0, {0},
[0,1—1/n] for n > 1 and [0, 1]. This is clearly a Noetherian topological space. But
the irreducible closed subset Y = {0} has infinite codimension codim(Y, X) = occ.
To see this we just remark that all the closed sets [0,1 — 1/n] are irreducible.

Definition 11.4. Let X be a topological space. We say X is catenary if for every
pair of irreducible closed subsets T C T' we have codim(T,T’") < oo and every
maximal chain of irreducible closed subsets

T=Tychhc...cT,=1T
has the same length (equal to the codimension).

Lemma 11.5. Let X be a topological space. The following are equivalent:

(1) X is catenary,
(2) X has an open covering by catenary spaces.

Moreover, in this case any locally closed subspace of X is catenary.
Proof. Suppose that X is catenary and that U C X is an open subset. The rule
T — T defines a bijective inclusion preserving map between the closed irreducible

subsets of U and the closed irreducible subsets of X which meet U. Using this the
lemma easily follows. Details omitted. ]

Lemma 11.6. Let X be a topological space. The following are equivalent:
(1) X is catenary, and
(2) for every pair of irreducible closed subsets Y C'Y' we have codim(Y,Y") <
oo and for every triple Y CY' CY" of irreducible closed subsets we have
codim(Y,Y") = codim(Y,Y") + codim(Y',Y").

Proof. Let suppose that X is catenary. According to Definition for every pair
of irreducible closed subsets Y C Y’ we have codim(Y,Y"’) < oo. Let Y CY' C Y”
be a triple of irreducible closed subsets of X. Let
Y=YycYiC..CY, =Y
be a maximal chain of irreducible closed subsets between Y and Y’ where e; =
codim(Y,Y”). Let also
Y =Y, CYe11Co. CVYeite,=Y"

be a maximal chain of irreducible closed subsets between Y’ and Y where ey =
codim(Y’,Y"). As the two chains are maximal, the concatenation

Y=YoCY1C..CY,, =Y =Y, CYe,11C .. CYe ye,=Y"

is maximal too (between Y and Y”) and its length equals to e; + es. As X is
catenary, each maximal chain has the same length equals to the codimension. Thus
the point (2) that codim(Y,Y”) = e;+e2 = codim(Y,Y”)+codim(Y”’,Y") is verified.

For the reciprocal, we show by induction that : if Y =Y; C ... C Y, =Y, then
codim(Y,Y”’) = codim(Y7,Y3) + ... + codim(Y;,_1, Y},). Therefore, it forces maximal
chains to have the same length. O
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12. Quasi-compact spaces and maps

The phrase “compact” will be reserved for Hausdorff topological spaces. And many
spaces occurring in algebraic geometry are not Hausdorff.

Definition| 12.1. Quasi-compactness.

(1) We say that a topological space X is quasi-compact if every open covering
of X has a finite subcover.

(2) We say that a continuous map f : X — Y is quasi-compact if the inverse
image f~!(V) of every quasi-compact open V C Y is quasi-compact.

(3) We say a subset Z C X is retrocompact if the inclusion map Z — X is
quasi-compact.

In many texts on topology a space is called compact if it is quasi-compact and
Hausdorff; and in other texts the Hausdorff condition is omitted. To avoid confu-
sion in algebraic geometry we use the term quasi-compact. The notion of quasi-
compactness of a map is very different from the notion of a “proper map”, since
there we require (besides closedness and separatedness) the inverse image of any
quasi-compact subset of the target to be quasi-compact, whereas in the definition
above we only consider quasi-compact open sets.

Lemma 12.2. A composition of quasi-compact maps is quasi-compact.
Proof. This is immediate from the definition. (I

Lemmal 12.3. A closed subset of a quasi-compact topological space is quasi-
compact.

Proof. Let E C X be a closed subset of the quasi-compact space X. Let E = JV;
be an open covering. Choose U; C X open such that V; = ENU;. Then X =
(X \E)UUU;j is an open covering of X. Hence X = (X \ E)UU;, U...UU;, for
some n and indices j;. Thus E =V; U...UV; as desired. g

Lemma 12.4. Let X be a Hausdorff topological space.

(1) If E C X is quasi-compact, then it is closed.
(2) If E1,Ey C X are disjoint quasi-compact subsets then there exists opens
E;, CU; withU, NUy = 0.

Proof. Proof of (1). Let x € X, x ¢ E. For every e € E we can find disjoint
opens V. and U, with e € V, and z € U.. Since E C |JV. we can find finitely
many ey, ...,e, such that £ C V., U...UV, . Then U =U,, N...NU,, is an open
neighbourhood of z which avoids Ve, U... UV, . In particular it avoids £. Thus
FE is closed.

Proof of (2). In the proof of (1) we have seen that given x € F; we can find an
open neighbourhood x € U, and an open Es C V, such that U, NV, = (). Because
E; is quasi-compact we can find a finite number x; € E; such that £y C U =
Uy, U...UU,,. Wetake V =V, N...NV,, to finish the proof. O

Lemma 12.5. Let X be a quasi-compact Hausdorff space. Let E C X. The
following are equivalent: (a) E is closed in X, (b) E is quasi-compact.

Proof. The implication (a) = (b) is Lemma [12.3] The implication (b) = (a) is
Lemma [[2.4 O
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The following is really a reformulation of the quasi-compact property.

Lemma 12.6. Let X be a quasi-compact topological space. If {Z,}aca is a col-
lection of closed subsets such that the intersection of each finite subcollection is

nonempty, then ﬂaeA Zq 1S nonempty.

Proof. We suppose that (),c4 Za = 0. So we have J,c4(X \ Za) = X by
complementation. As the subsets Z, are closed, | J,¢ 4(X\Z,) is an open covering of
the quasi-compact space X. Thus there exists a finite subset J C A such that X =
Uacs(X\ Zs). The complementary is then empty, which means that (), ; Zo = 0.
It proves there exists a finite subcollection of { Z, } e verifying (¢ ; Zo = 0, which
concludes by contraposition. (Il

Lemma 12.7. Let f: X — Y be a continuous map of topological spaces.
(1) If X is quasi-compact, then f(X) is quasi-compact.
(2) If f is quasi-compact, then f(X) is retrocompact.

Proof. If f(X) = V; is an open covering, then X = |Jf~'(V;) is an open
covering. Hence if X is quasi-compact then X = f~1(V;,)uU...U f~4(V; ) for
some iy,...,i, € I and hence f(X) =V, U...UV; . This proves (1). Assume f
is quasi-compact, and let V' C Y be quasi-compact open. Then f~1(V) is quasi-
compact, hence by (1) we see that f(f~1(V)) = f(X)NV is quasi-compact. Hence
f(X) is retrocompact. O

Lemmal 12.8. Let X be a topological space. Assume that
(1) X is nonempty,
(2) X is quasi-compact, and
(3) X is Kolmogorov.

Then X has a closed point.

Proof. Consider the set
T={Zc X |Z={x} for some z € X}

of all closures of singletons in X. It is nonempty since X is nonempty. Make T
into a partially ordered set using the relation of inclusion. Suppose Z,, o € A is
a totally ordered subset of 7. By Lemma we see that (o4 Za 7# 0. Hence
there exists some = € () ,c4 Zo and we see that Z = {2z} € T is a lower bound
for the family. By Zorn’s lemma there exists a minimal element Z € 7. As X is
Kolmogorov we conclude that Z = {z} for some z and x € X is a closed point. O

Lemma 12.9. Let X be a quasi-compact Kolmogorov space. Then the set Xo of
closed points of X is quasi-compact.

Proof. Let Xo = JU, o be an open covering. Write U; o = Xo N U; for some open
U; C X. Consider the complement Z of | JU;. This is a closed subset of X, hence
quasi-compact (Lemma [12.3)) and Kolmogorov. By Lemma[12.8]if Z is nonempty it
would have a closed point which contradicts the fact that X C |JU;. Hence Z = ()
and X = [JU;. Since X is quasi-compact this covering has a finite subcover and
we conclude. (Il

Lemma 12.10. Let X be a topological space. Assume

(1) X is quasi-compact,
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(2) X has a basis for the topology consisting of quasi-compact opens, and
(3) the intersection of two quasi-compact opens is quasi-compact.

For any x € X the connected component of X containing x is the intersection of
all open and closed subsets of X containing x.

Proof. Let T be the connected component containing x. Let S = [ ,c 4 Za be the
intersection of all open and closed subsets Z, of X containing x. Note that S is
closed in X. Note that any finite intersection of Z,’s is a Z,. Because T is connected
and z € T we have T' C S. It suffices to show that S is connected. If not, then there
exists a disjoint union decomposition S = BII C with B and C' open and closed in
S. In particular, B and C are closed in X, and so quasi-compact by Lemma [12.3]
and assumption (1). By assumption (2) there exist quasi-compact opens U,V C X
with B=SNU and C = SNV (details omitted). Then UNV NS = (). Hence
N, UNVNZ,=0. By assumption (3) the intersection U NV is quasi-compact.
By Lemma [12.6] for some o’ € A we have U NV N Zy = (. Since X \ (UUV) is
disjoint from S and closed in X hence quasi-compact, we can use the same lemma
to see that Z,» C U UV for some o € A. Then Z, = Z, N Z,» is contained in
U UV and disjoint from UNV. Hence Z, =UNZ, 11V N Z, is a decomposition
into two open pieces, hence U N Z, and V N Z, are open and closed in X. Thus, if
2 € B say, then we see that S C U N Z, and we conclude that C' = ). O

Lemma 12.11. Let X be a topological space. Assume X is quasi-compact and
Hausdorff. For any x € X the connected component of X containing x is the
intersection of all open and closed subsets of X containing x.

Proof. Let T' be the connected component containing x. Let S = (1 ,c4 Za be
the intersection of all open and closed subsets Z, of X containing x. Note that
S is closed in X. Note that any finite intersection of Z,’s is a Z,. Because T is
connected and x € T we have T C S. It suffices to show that S is connected. If not,
then there exists a disjoint union decomposition S = B II C' with B and C open
and closed in S. In particular, B and C are closed in X, and so quasi-compact
by Lemma [12.3] By Lemma [I2.4] there exist disjoint opens U,V C X with B C U
and C C V. Then X \ U UV is closed in X hence quasi-compact (Lemma .
It follows that (X \ U U V)N Z, = 0 for some o by Lemma In other words,
Zo cUUV. Thus Z, = Z, NV I Z,NU is a decomposition into two open pieces,
hence U N Z,, and V N Z, are open and closed in X. Thus, if x € B say, then we
see that S C U N Z, and we conclude that C = 0. O

Lemma 12.12. Let X be a topological space. Assume
(1) X is quasi-compact,
(2) X has a basis for the topology consisting of quasi-compact opens, and
(3) the intersection of two quasi-compact opens is quasi-compact.

For a subset T C X the following are equivalent:

(a) T is an intersection of open and closed subsets of X, and
(b) T is closed in X and is a union of connected components of X.

Proof. It is clear that (a) implies (b). Assume (b). Let x € X, x ¢ T. Let
x € C C X be the connected component of X containing x. By Lemma we
see that C' = [V, is the intersection of all open and closed subsets V, of X which
contain C. In particular, any pairwise intersection V, NV occurs as a V,,. As T is
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a union of connected components of X we see that CNT = ). Hence TNV, = 0.
Since T is quasi-compact as a closed subset of a quasi-compact space (see Lemma
we deduce that TNV, = 0 for some «, see Lemma m For this a we see
that U, = X \ V, is an open and closed subset of X which contains T" and not z.
The lemma follows. O

Lemma 12.13. Let X be a Noetherian topological space.

(1) The space X is quasi-compact.
(2) Any subset of X is retrocompact.

Proof. Suppose X = (JU; is an open covering of X indexed by the set I which
does not have a refinement by a finite open covering. Choose i1, i3, ... elements of
I inductively in the following way: Choose i, 1 such that U, is not contained in
Ui, U...UU;, . Thus we see that X D (X \U;,) D (X\U;; UU,,) D ... is a strictly
decreasing infinite sequence of closed subsets. This contradicts the fact that X is
Noetherian. This proves the first assertion. The second assertion is now clear since
every subset of X is Noetherian by Lemma[9.2 (]

Lemmal 12.14. A quasi-compact locally Noetherian space is Noetherian.

Proof. The conditions imply immediately that X has a finite covering by Noether-
ian subsets, and hence is Noetherian by Lemma [0.4] a

Lemma 12.15 (Alexander subbase theorem). Let X be a topological space. Let B
be a subbase for X. If every covering of X by elements of B has a finite refinement,
then X is quasi-compact.

Proof. Assume there is an open covering of X which does not have a finite refine-
ment. Using Zorn’s lemma we can choose a maximal open covering X = J;; Us
which does not have a finite refinement (details omitted). In other words, if U C X
is any open which does not occur as one of the U;, then the covering X = UUJ,; U;
does have a finite refinement. Let I’ C I be the set of indices such that U; € B.
Then (J,c Ui # X, since otherwise we would get a finite refinement covering X
by our assumption on B. Pick z € X, v & (J,c;, U;. Pick i € I with o € U;. Pick
Vi,...,V, € Bsuch that x € ViN...NV,, C U;. This is possible as B is a subbasis for
X. Note that V; does not occur as a U;. By maximality of the chosen covering we
see that for each j there exist ij,1,...,%jn, € I such that X =V;UU;; ,U...UU; , .

Since V1 N...NV, C U; we conclude that X = U; U|J Ui, , a contradiction. O
13. Locally quasi-compact spaces

Recall that a neighbourhood of a point need not be open.

Definition 13.1. A topological space X is called locally quasi—compacﬂ if every
point has a fundamental system of quasi-compact neighbourhoods.

The term locally compact space in the literature often refers to a space as in the
following lemma.

2This may not be standard notation. Alternative notions used in the literature are: (1) Every
point has some quasi-compact neighbourhood, and (2) Every point has a closed quasi-compact
neighbourhood. A scheme has the property that every point has a fundamental system of open
quasi-compact neighbourhoods.
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Lemmal13.2. A Hausdorff space is locally quasi-compact if and only if every point
has a quasi-compact neighbourhood.

Proof. Let X be a Hausdorff space. Let x € X and let x € E C X be a quasi-
compact neighbourhood. Then FE is closed by Lemma [12.4] Suppose that x € U C
X is an open neighbourhood of . Then Z = E'\ U is a closed subset of E not
containing . Hence we can find a pair of disjoint open subsets W,V C E of E
such that x € V and Z C W, see Lemma It follows that V' C E is a closed
neighbourhood of x contained in ENU. Also V is quasi-compact as a closed subset
of E (Lemma[12.3). In this way we obtain a fundamental system of quasi-compact
neighbourhoods of x. d

Lemma 13.3 (Baire category theorem). Let X be a locally quasi-compact Haus-
dorff space. Let U, C X, n > 1 be dense open subsets. Then (1, ~, Up is dense in
X. -

Proof. After replacing U, by (),_; _, U; we may assume that Uy D Uz D ...
Let z € X. We will show that z is in the closure of (),,~; Un. Thus let E be a
neighbourhood of x. To show that EN(, <, Uy is nonempty we may replace E by
a smaller neighbourhood. After replacing E by a smaller neighbourhood, we may
assume that F is quasi-compact.

Set xg = x and Ey = E. Below, we will inductively choose a point x; € E;_1 NU;
and a quasi-compact neighbourhood FE; of z; with E; C E;_1 NU;. Because X
is Hausdorff, the subsets F; C X are closed (Lemma . Since the E; are also
nonempty we conclude that (),~; F; is nonempty (Lemma . Since (;»; Ei C
ENM),>; Un this proves the lemma.

The base case @ = 0 we have done above. Induction step. Since F;_; is a neigh-
bourhood of x; 1 we can find an open x;_y € W C E;_1. Since U; is dense in X we
see that W NU; is nonempty. Pick any z; € W NU;. By definition of locally quasi-
compact spaces we can find a quasi-compact neighbourhood F; of x; contained in
W NU;. Then E; C E;_1 NU; as desired. O

Lemma 13.4. Let X be a Hausdorff and quasi-compact space. Let X = J;c; Us
be an open covering. Then there exists an open covering X = .., Vi such that

Vi c U; for all i.

Proof. Let » € X. Choose an i(xz) € I such that € Uj,). Since X \ Uj
and {z} are disjoint closed subsets of X, by Lemmas and there exists
an open neighbourhood U, of & whose closure is disjoint from X \ Uj). Thus

i€l

U, C Ui(z)- Since X is quasi-compact, there is a finite list of points z1, ..., z,, such
that X = Uy, U...UU,,,. Setting V; = U,_;(,,) Uz, the proof is finished. O
Lemma 13.5. Let X be a Hausdorff and quasi-compact space. Let X = J;c; Us
be an open covering. Suppose given an integer p > 0 and for every (p + 1)-tuple
i0, - --,ip of I an open covering U;; N...NU;, = UWi0~..ip7k' Then there exists an
open covering X = UjeJ Vi and a map o : J — I such that Vj C Uq(y) and such
that each Vi, N ... NV, is contained in Wy(jy)...a(5,).k for some k.

Proof. Since X is quasi-compact, there is a reduction to the case where [ is finite
(details omitted). We prove the result for I finite by induction on p. The base
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case p = 0 is immediate by taking a covering as in Lemma [I3.4] refining the open
covering X = W, .

Induction step. Assume the lemma proven for p — 1. For all p-tuples ig, ..., i, ;
of I let Ugn...n Ui;%l =U Wi’ou-i;,l,k be a common refinement of the coverings
UpN...0U;, = UWi,. i, for those (p + 1)-tuples such that {i,...,i, ;} =
{i0,...,ip} (equality of sets). (There are finitely many of these as I is finite.) By
induction there exists a solution for these opens, say X =JVj and av: J — I. At
this point the covering X = (J, ; V; and asatisfy V; C U,(j) and each Vj,N...NVj,
is contained in Wy (jy)...a(j,),x for some k if there is a repetition in a(jo), . . ., a(jp)-
Of course, we may and do assume that J is finite.

Fix dg,...,i, € I pairwise distinct. Consider (p + 1)-tuples jo,...,j5, € J with
io = a(jo), - - -,ip = a(jp) such that V;,N...NVj is not contained in We(jo)...a(j,).k
for any k. Let N be the number of such (p+1)-tuples. We will show how to decrease
N. Since

Wﬁ...ﬁ@c Uio ﬂ...ﬂUip = UWZ'O‘-ipak
we find a finite set K = {k1,..., k;} such that the LHS is contained in (¢ o Wi,...i, k-
Then we consider the open covering

Vjo = (‘/}o \ (Wﬂ ce QW};)) U (UkEK Vjo N Wiou.ip,k)

The first open on the RHS intersects V;, N...NVj in the empty set and the other
opens Vj, r of the RHS satisfy Vj, NV, ...N0V;, C Waijo)...a(,) k- Set J = JILK.
For j € J set V] = Vjif j # jo and set V] = V;, \ (V;,; N...NVj,). For k € K
set V) = Vj, k. Finally, the map o/ : J* — I is given by « on J and maps every
element of K to ig. A simple check shows that IV has decreased by one under this
replacement. Repeating this procedure N times we arrive at the situation where

N =0.

To finish the proof we argue by induction on the number M of (p + 1)-tuples
i0,...,4p € I with pairwise distinct entries for which there exists a (p + 1)-tuple
Jos---»Jp € J with 49 = a(jo),...,ip = a(jp) such that V; N ...NV; is not
contained in We(jo)...a(j,)x for any k. To do this, we claim that the operation
performed in the previous paragraph does not increase M. This follows formally
from the fact that the map o/ : J' — I factors through a map S : J' — J such that
Vir C Vs O

Lemmal 13.6. Let X be a Hausdorff and locally quasi-compact space. Let Z C X
be a quasi-compact (hence closed) subset. Suppose given an integer p > 0, a set I,
for every i € I an open U; C X, and for every (p + 1)-tuple io, ... ,i, of I an open
Wio...ip C Uio n...N Uip such that

(1) Zc U, and

(2) for every ig, ... i, we have Wy, 5, N Z =U;; N...NU;, N Z.
Then there exist opens V; of X such that we have Z C UVi, for all i we have
Vi C Ui, and we have Vi, 0 ...NOV; C Wi, i, for all (p+ 1)-tuples i, . .., ip.

Proof. Since Z is quasi-compact, there is a reduction to the case where I is finite
(details omitted). Because X is locally quasi-compact and Z is quasi-compact, we
can find a neighbourhood Z C E which is quasi-compact, i.e., F is quasi-compact
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and contains an open neighbourhood of Z in X. If we prove the result after replacing
X by E, then the result follows. Hence we may assume X is quasi-compact.

We prove the result in case [ is finite and X is quasi-compact by induction on p.
The base case is p = 0. In this case we have X = (X \ Z) UJW,. By Lemma
we can find a covering X =V U|JV; by opens V; C W; and V C X \ Z with
V; C W; for all i. Then we see that we obtain a solution of the problem posed by
the lemma.

Induction step. Assume the lemma proven for p — 1. Set Wj, . _, equal to the
intersection of all Wi, ;, with {jo,...,jp—1} = {d0,...,4p} (equality of sets). By
induction there exists a solution for these opens, say V; C U;. It follows from our
choice of Wj,. ; _, that we have Vi; Nn...NV; C Wy, 4, for all (p + 1)-tuples
i0,...,1p where i, = % for some 0 < a < b < p. Thus we only need to modify our
choice of V; if Viy N...NV; & Wi, 4, for some (p+1)-tuple i, ..., 4, with pairwise
distinct elements. In this case we have

T:Vioﬁ---mvip\wio...ip CVTOD...HVT,)\WM._%

is a closed subset of X contained in U;, N...NU;, not meeting Z. Hence we can
replace V;, by Vi, \ T to “fix” the problem. After repeating this finitely many times
for each of the problem tuples, the lemma is proven. ([

Lemma 13.7. Let X be a topological space. Let Z C X be a quasi-compact subset
such that any two points of Z have disjoint open neighbourhoods in X. Suppose
giwven an integer p > 0, a set I, for every i € I an open U; C X, and for every
(p 4 1)-tuple ig, . .. iy of I an open Wi, 5, C Uy N ...NU;, such that

(1) Zc U, and

(2) for every ig, ..., i, we have Wy, 5, N Z =U;, N...NU;, N Z.
Then there exist opens V; of X such that

(1) ZcUVv,

(2) Vi C U for alli,

(3) VinZ C U for all i, and

4) Vipn...NVi, C Wiy, for all (p+ 1)-tuples ig, ..., ip.

Proof. Since Z is quasi-compact, there is a reduction to the case where I is finite
(details omitted). We prove the result in case [ is finite by induction on p.

The base case is p = 0. For z € ZNU; and 2’ € Z\ U; there exist disjoint opens
z €V, and 2’ € W, ,» of X. Since Z \ U; is quasi-compact (Lemma, we can
choose a finite nunber 21,..., 2, such that Z\ U; C W, ., U...UW, ;. Then we
see that V, = VZ’Zi N...NV, . NU; is an open neighbourhood of z contained in
U; with the property that V, N Z C U;. Since z and i where arbitrary and since Z
is quasi-compact we can find a finite list 21,41,...,2¢,4; and opens V., C U;, with
Wjﬁ Z CcU;; and Z C JV.,. Then we can set V; = W; N (J V.,) to solve the
problem for p = 0.

jri=ij

Induction step. Assume the lemma proven for p — 1. Set Wj, . _, equal to the
intersection of all Wi, ;, with {jo,...,jp—1} = {d0,...,4p} (equality of sets). By
induction there exists a solution for these opens, say V; C U;. It follows from our
choice of Wj,. ; _, that we have Vi; Nn...NV; C Wy, 4, for all (p + 1)-tuples
i, ...,%p where i, = 4 for some 0 < a < b < p. Thus we only need to modify our
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choice of V; if Viy N...NV; & Wi, 4, for some (p+1)-tuple i, ..., 4, with pairwise
distinct elements. In this case we have

T=VioN...0NV;y \Wig.ip, CVigN.o.NVi \ Wiy,

is a closed subset of X not meeting Z by our property (3) of the opens V;. Hence
we can replace Vi, by Vi, \ T to “fix” the problem. After repeating this finitely
many times for each of the problem tuples, the lemma is proven. (I

14. Limits of spaces

The category of topological spaces has products. Namely, if I is a set and for
i € I we are given a topological space X; then we endow [[,.; X; with the product
topology. As a basis for the topology we use sets of the form [[U; where U; C X,
is open and U; = X; for almost all 1.

The category of topological spaces has equalizers. Namely, if a,b : X — Y are
morphisms of topological spaces, then the equalizer of a and b is the subset {x €
X | a(z) = b(z)} C X endowed with the induced topology.

Lemma 14.1. The category of topological spaces has limits and the forgetful func-
tor to sets commutes with them.

Proof. This follows from the discussion above and Categories, Lemma It
follows from the description above that the forgetful functor commutes with lim-
its. Another way to see this is to use Categories, Lemma and use that the
forgetful functor has a left adjoint, namely the functor which assigns to a set the
corresponding discrete topological space. (Il

Lemma 14.2. Let T be a cofiltered category. Leti — X; be a diagram of topological
spaces over L. Let X = lim X; be the limit with projection maps f; : X — X;.
(1) Any open of X is of the form ;¢ ; fj_l(Uj) for some subset J C I and
opens U; C X;.
(2) Any quasi-compact open of X is of the form f; *(U;) for some i and some
U; C X, open.

Proof. The construction of the limit given above shows that X C []X; with the
induced topology. A basis for the topology of [[X; are the opens [[U; where
U, C X; is open and U; = X; for almost all i. Say i1,...,%, € Ob(Z) are the
objects such that U;, # X;,. Then

xn[lui= 000 gt UL)

For a general limit of topological spaces these form a basis for the topology on X.
However, if Z is cofiltered as in the statement of the lemma, then we can pick a
j € Ob(Z) and morphisms j — i, Il =1,...,n. Let

Uj=(X; = X)) ' Us)N...0 (X = Xi,) ' (Us,)
Then it is clear that X N[[U; = f; 1(U;). Thus for any open W of X there is a set

A and a map o : A — Ob(Z) and opens U, C X,(q) such that W = Ufa(a)( )

Set J =Im(«) and for j € J set U; =Y U, to see that W = U;c; f; Luy).
This proves (1).

a(a)=j
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To see (2) suppose that |J;c; fj_l(Uj) is quasi-compact. Then it is equal to
fj_l(Ujl) U...u f;nl(Ujm) for some ji,...,jm € J. Since Z is cofiltered, we can
pick a i € Ob(Z) and morphisms ¢ — j;, L =1,...,m. Let

Ui = (Xi = X;,) " (Uj) U U (X = X5,) 71 (Us,,)
Then our open equals fi_l(Ui) as desired. O

Lemma 14.3. LetZ be a cofiltered category. Leti— X; be a diagram of topological
spaces over L. Let X be a topological space such that
(1) X =lim X; as a set (denote f; the projection maps),
(2) the sets f71(U;) for i € Ob(Z) and U; C X; open form a basis for the
topology of X.
Then X s the limit of the X; as a topological space.

Proof. Follows from the description of the limit topology in Lemma [14.2 O
Theorem 14.4 (Tychonov). A product of quasi-compact spaces is quasi-compact.

Proof. Let I be a set and for ¢ € I let X; be a quasi-compact topological space.
Set X = [[ X;. Let B be the set of subsets of X of the form U; x Hi/el,i’;ﬂ Xy
where U; C X; is open. By construction this family is a subbasis for the topology
on X. By Lemma it suffices to show that any covering X = (J e B; by
elements B; of B has a finite refinement. We can decompose J = [[J; so that if
J € J;, then B; = U; x Hi,# X with U; C X, open. If X; = UjeJi Uj, then there
is a finite refinement and we conclude that X = cs Bj has a finite refinement. If
this is not the case, then for every i we can choose an point x; € X; which is not
in UjeJi U;. But then the point © = (2;);cs is an element of X not contained in

U;es Bj, a contradiction. O

The following lemma does not hold if one drops the assumption that the spaces X;
are Hausdorff, see Examples, Section [4

Lemma 14.5. Let T be a category and let i — X; be a diagram over I in the
category of topological spaces. If each X; is quasi-compact and Hausdorff, then
lim X; is quasi-compact.

Proof. Recall that lim X; is a subspace of [[ X;. By Theorem this product is
quasi-compact. Hence it suffices to show that lim X; is a closed subspace of [] X;
(Lemma . If ¢ : j — k is a morphism of Z, then let I', C X; x X} denote the
graph of the corresponding continuous map X; — X;. By Lemma this graph
is closed. It is clear that lim X; is the intersection of the closed subsets

T, x Hl#k x c[[x
Thus the result follows. O

The following lemma generalizes Categories, Lemma and partially generalizes
Lemma [12.6]

Lemma 14.6. Let Z be a cofiltered category and let i — X; be a diagram over T
in the category of topological spaces. If each X; is quasi-compact, Hausdorff, and
nonempty, then lim X; is nonempty.
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Proof. In the proof of Lemma we have seen that X = lim Xj is the intersection

of the closed subsets
Z, =T, x Hl#,k X,

inside the quasi-compact space [[ X; where ¢ : j — k is a morphism of Z and
I'y € X; x X}, is the graph of the corresponding morphism X; — Xj. Hence by
Lemma [12.6] it suffices to show any finite intersection of these subsets is nonempty.
Assume ¢y : j; — kg, t = 1,...,n is a finite collection of morphisms of Z. Since 7
is cofiltered, we can pick an object j and a morphism v; : j — j; for each ¢t. For
each pair ¢,¢ such that either (a) j; = jy, or (b) j; = ky/, or (c) k; = ky we obtain
two morphisms j — [ with { = j; in case (a), (b) or | = k; in case (c¢). Because 7 is
cofiltered and since there are finitely many pairs (¢,t') we may choose a map j' — j
which equalizes these two morphisms for all such pairs (¢,¢'). Pick an element
x € X; and for each t let z;,, resp. 3, be the image of x under the morphism
Xy — X; = Xj,, resp. Xjv - X; = X, — Xj,. For any index | € Ob(Z) which
is not equal to j; or k; for some t we pick an arbitrary element z; € X, (using the
axiom of choice). Then (x;);con(z) is in the intersection

ZpO...N 2y,

by construction and the proof is complete. O

15. Constructible sets

Definition 15.1. Let X be a topological space. Let E C X be a subset of X.

(1) Wesay E is constructz’blfﬂ in X if E is a finite union of subsets of the form
U NV where U,V C X are open and retrocompact in X.

(2) We say FE is locally constructible in X if there exists an open covering
X =V such that each ENV; is constructible in V;.

Lemma 15.2. The collection of constructible sets is closed under finite intersec-
tions, finite unions and complements.

Proof. Note that if Uy, Us are open and retrocompact in X then so is Uy U Uy
because the union of two quasi-compact subsets of X is quasi-compact. It is also
true that U; N Uy is retrocompact. Namely, suppose U C X is quasi-compact
open, then U, NU is quasi-compact because Us is retrocompact in X, and then we
conclude Uy N (U NU) is quasi-compact because Uy is retrocompact in X. From
this it is formal to show that the complement of a constructible set is constructible,
that finite unions of constructibles are constructible, and that finite intersections
of constructibles are constructible. O

Lemma 15.3. Let f: X — Y be a continuous map of topological spaces. If the
inverse image of every retrocompact open subset of Y is retrocompact in X, then
inverse images of constructible sets are constructible.

Proof. This is true because f~1(UNV¢) = f~1(U)N f~1(V)¢, combined with the
definition of constructible sets. O

3In the second edition of EGA I [GDT1] this was called a “globally constructible” set and a

the terminology “constructible” was used for what we call a locally constructible set.


https://stacks.math.columbia.edu/tag/005G
https://stacks.math.columbia.edu/tag/005H
https://stacks.math.columbia.edu/tag/005I

005J

09YD

053W

09YE

09YF

09YG

TOPOLOGY 28

Lemma 15.4. Let U C X be open. For a constructible set E C X the intersection
ENU is constructible in U.

Proof. Suppose that V' C X is retrocompact open in X. It suffices to show that
V' NU is retrocompact in U by Lemma [I5.3] To show this let W C U be open and
quasi-compact. Then W is open and quasi-compact in X. Hence VNW = VNUNW
is quasi-compact as V is retrocompact in X. O

Lemma 15.5. LetU C X be a retrocompact open. Let E C U. If E is constructible
in U, then E is constructible in X.

Proof. Suppose that VW C U are retrocompact open in U. Then V,W are
retrocompact open in X (Lemma [12.2). Hence VN (U\W) = VN (X \ W) is
constructible in X. We conclude since every constructible subset of U is a finite
union of subsets of the form V N (U \ W). O

Lemma 15.6. Let X be a topological space. Let E C X be a subset. Let X =
ViU...UV,, be a finite covering by retrocompact opens. Then E is constructible in
X if and only if ENV; is constructible in V; for each j =1,...,m.

Proof. If E is constructible in X, then by Lemma we see that ENV; is
constructible in V; for all j. Conversely, suppose that £ N Vj is constructible in Vj
for each j =1,...,m. Then E = |JE NV; is a finite union of constructible sets by
Lemma and hence constructible. O

Lemma 15.7. Let X be a topological space. Let Z C X be a closed subset such
that X \ Z is quasi-compact. Then for a constructible set E C X the intersection
ENZ is constructible in Z.

Proof. Suppose that V' C X is retrocompact open in X. It suffices to show that
V' N Z is retrocompact in Z by Lemma [I5.3] To show this let W C Z be open
and quasi-compact. The subset W/ = W U (X \ Z) is quasi-compact, open, and
W =ZNW'. Hence VNZNW = VNZNW'is a closed subset of the quasi-compact
open VN W' as V is retrocompact in X. Thus V N Z N W is quasi-compact by
Lemma [12.3] ([l

Lemma 15.8. Let X be a topological space. Let T C X be a subset. Suppose
(1) T is retrocompact in X,
(2) quasi-compact opens form a basis for the topology on X.

Then for a constructible set E C X the intersection ENT is constructible in T'.

Proof. Suppose that V' C X is retrocompact open in X. It suffices to show that
V' N T is retrocompact in T by Lemma [15.3] To show this let W C T be open
and quasi-compact. By assumption (2) we can find a quasi-compact open W' C X
such that W =T N W’ (details omitted). Hence VAT NW =V NT NW' is the
intersection of T' with the quasi-compact open V N W’ as V is retrocompact in X.
Thus VNT NW is quasi-compact. (Il

Lemma 15.9. Let Z C X be a closed subset whose complement is retrocompact
open. Let E C Z. If E is constructible in Z, then E is constructible in X.

Proof. Suppose that V' C Z is retrocompact open in Z. Consider the open subset
V=VU(X\Z)of X. Let W C X be quasi-compact open. Then

WnV=VnWu(X\2)nw).
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The first part is quasi-compact as VW =V N (ZNW) and (Z N W) is quasi-
compact open in Z (Lemma and V is retrocompact in Z. The second part
is quasi-compact as (X \ Z) is retrocompact in X. In this way we see that V is
retrocompact in X. Thus if Vi, Vo C Z are retrocompact open, then

Vin(Z\Va) =Vin(X\Va)

is constructible in X. We conclude since every constructible subset of Z is a finite
union of subsets of the form Vi N (Z\ V2). O

Lemma 15.10. Let X be a topological space. Every constructible subset of X is
retrocompact.

Proof. Let F = Ui:l,...,n U;NV,E with U;, V; retrocompact open in X. Let W C X
be quasi-compact open. Then ENW = Uz’:l,...,n U; nVeENW. Thus it suffices
to show that U N V¢ N W is quasi-compact if U,V are retrocompact open and W
is quasi-compact open. This is true because U N V¢ N W is a closed subset of the
quasi-compact U N W so Lemma applies. (Il

Question: Does the following lemma also hold if we assume X is a quasi-compact
topological space? Compare with Lemma [T5.7}

Lemma 15.11. Let X be a topological space. Assume X has a basis consisting
of quasi-compact opens. For E | E' constructible in X, the intersection E N E’ is
constructible in E.

Proof. Combine Lemmas [[5.8 and [[5.10 O

Lemma 15.12. Let X be a topological space. Assume X has a basis consisting of
quasi-compact opens. Let E be constructible in X and F C E constructible in E.
Then F is constructible in X.

Proof. Observe that any retrocompact subset T of X has a basis for the induced
topology consisting of quasi-compact opens. In particular this holds for any con-
structible subset (Lemma. Write £ = Ey1U...UE, with E; = U; NV where
U;,V; C X are retrocompact open. Note that F; = E N E; is constructible in F
by Lemma [I5.11] Hence F N E; is constructible in E; by Lemma [I5.11] Thus it
suffices to prove the lemma in case £ = U NV¢ where U,V C X are retrocompact
open. In this case the inclusion £ C X is a composition

E=UNVe=U—=X

Then we can apply Lemma [I5.9] to the first inclusion and Lemma [I5.5] to the
second. ]

Lemma 15.13. Let X be a quasi-compact topological space having a basis con-
sisting of quasi-compact opens such that the intersection of any two quasi-compact
opens is quasi-compact. Let T C X be a locally closed subset such that T is quasi-
compact and TC is retrocompact in X. Then T is constructible in X.

Proof. Note that T is quasi-compact and open in 7. Using our basis of quasi-
compact opens we can write T = UNT where U is quasi-compact open in X. Then
V =U\T =UnNTe¢ is retrocompact in U as T is retrocompact in X. Hence V
is quasi-compact. Since the intersection of any two quasi-compact opens is quasi-
compact any quasi-compact open of X is retrocompact. Thus T'=U N V¢ with U
and V = U \ T retrocompact opens of X. A fortiori, T is constructible in X. O
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Lemma 15.14. Let X be a topological space which has a basis for the topology
consisting of quasi-compact opens. Let E C X be a subset. Let X = E1U...UFE,,
be a finite covering by constructible subsets. Then E is constructible in X if and
only if EN E; is constructible in E; for each j =1,...,m.

Proof. Combine Lemmas [[5.11] and [[5.12 O

Lemma 15.15. Let X be a topological space. Suppose that Z C X is irreducible.
Let E C X be a finite union of locally closed subsets (e.g. E is constructible). The
following are equivalent

(1) The intersection E N Z contains an open dense subset of Z.

(2) The intersection ENZ is dense in Z.

If Z has a generic point &, then this is also equivalent to
(3) We have £ € E.

Proof. The implication (1) = (2) is clear. Assume (2). Note that ENZ is a finite
union of locally closed subsets Z; of Z. Since Z is irreducible, one of the Z; must
be dense in Z. Then this Z; is dense open in Z as it is open in its closure. Hence
(1) holds.

Suppose that £ € Z is a generic point. If the equivalent conditions (1) and (2) hold,
then £ € E. Conversely, if £ € E then £ € ENZ and hence ENZ is dense in Z. [

16. Constructible sets and Noetherian spaces

Lemma 16.1. Let X be a Noetherian topological space. The constructible sets in
X are precisely the finite unions of locally closed subsets of X .

Proof. This follows immediately from Lemma [12.13 (]

Lemma 16.2. Let f : X — Y be a continuous map of Noetherian topological
spaces. If E CY is constructible in Y, then f~1(E) is constructible in X.

Proof. Follows immediately from Lemma and the definition of a continuous
map. O

Lemma 16.3. Let X be a Noetherian topological space. Let E C X be a subset.
The following are equivalent:

(1) E is constructible in X, and
(2) for every irreducible closed Z C X the intersection ENZ either contains a
nonempty open of Z or is not dense in Z.

Proof. Assume F is constructible and Z C X irreducible closed. Then F N Z is
constructible in Z by Lemma [16.2l Hence E N Z is a finite union of nonempty
locally closed subsets T; of Z. Clearly if none of the T; is open in Z, then EN Z is
not dense in Z. In this way we see that (1) implies (2).

Conversely, assume (2) holds. Consider the set S of closed subsets Y of X such that
ENY is not constructible in Y. If S # (), then it has a smallest element Y as X
is Noetherian. Let Y = Y7 U...UY,. be the decomposition of Y into its irreducible
components, see Lemma [0.2] If 7 > 1, then each Y; N E is constructible in Y; and
hence a finite union of locally closed subsets of ¥;. Thus ENY is a finite union of
locally closed subsets of Y too and we conclude that ENY is constructible in Y by
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Lemma This is a contradiction and so r = 1. If r = 1, then Y is irreducible,
and by assumption (2) we see that £ NY either (a) contains an open V of Y or
(b) is not dense in Y. In case (a) we see, by minimality of Y, that EN (Y \ V) is a
finite union of locally closed subsets of Y\ V. Thus ENY is a finite union of locally
closed subsets of Y and is constructible by Lemmal[I6.1] This is a contradiction and
so we must be in case (b). In case (b) we see that ENY = ENY’ for some proper
closed subset Y’ C Y. By minimality of Y we see that £ NY" is a finite union of
locally closed subsets of Y/ and we see that ENY’ = ENY is a finite union of
locally closed subsets of Y and is constructible by Lemma [I6.1} This contradiction
finishes the proof of the lemma. O

Lemma 16.4. Let X be a Noetherian topological space. Let x € X. Let E C X
be constructible in X. The following are equivalent:

(1) E is a neighbourhood of x, and
(2) for every irreducible closed subset’ Y of X which contains x the intersection
ENY is dense in Y.

Proof. It is clear that (1) implies (2). Assume (2). Consider the set S of closed
subsets Y of X containing = such that ENY is not a neighbourhood of z in Y. If
S # 0, then it has a minimal element Y as X is Noetherian. Suppose Y = Y; U Y5
with two smaller nonempty closed subsets Y7, Y5. If z € Y, for i = 1,2, then V;NE
is a neighbourhood of z in Y; and we conclude Y N E is a neighbourhood of = in Y
which is a contradiction. If z € Y7 but « ¢ Y3 (say), then Y1 N E is a neighbourhood
of x in Y7 and hence also in Y, which is a contradiction as well. We conclude that Y
is irreducible closed. By assumption (2) we see that ENY is dense in Y. Thus ENY
contains an open V of Y, see Lemma[16.3] If 2 € V then ENY is a neighbourhood
of z in Y which is a contradiction. If x ¢ V, then Y’ =Y \ V is a proper closed
subset of Y containing z. By minimality of Y we see that £ NY" contains an open
neighbourhood V' C Y’ of  in Y’. But then V' UV is an open neighbourhood of
z in Y contained in F, a contradiction. This contradiction finishes the proof of the
lemma. d

Lemma 16.5. Let X be a Noetherian topological space. Let E C X be a subset.
The following are equivalent:
(1) E is open in X, and
(2) for every irreducible closed subset Y of X the intersection ENY is either
empty or contains a nonempty open of Y.

Proof. This follows formally from Lemmas and O

17. Characterizing proper maps

We include a section discussing the notion of a proper map in usual topology. We
define a continuous map of topological spaces to be proper if it is universally closed
and separated. Although this matches well with the definition of a proper morphism
in algebraic geometry, this is different from the definition in Bourbaki. With our
definition of a proper map of topological spaces, the proper base change theorem
(Cohomology, Theorem holds without any further assumptions. Furthermore,
given a morphism f : X — Y of finite type schemes over C one has: f is proper
as a morphism of schemes if and only if the continuous map f: X(C) — Y (C) on
C-points with the classical topology is proper. This is explained in [Gro71, Exp.
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XII, Prop. 3.2(v)] which also has a footnote pointing out that they take properness
in topology to be Bourbaki’s notion with separatedness added on.

We find it useful to have names for three distinct concepts: separated, universally
closed, and both of those together (i.e., properness). For a continuous map f : X —
Y of locally compact Hausdorff spaces the word “proper” has long been used for the
notion “f~!(compact) = compact” and this is equivalent to universal closedness for
such nice spaces. In fact, we will see the preimage condition formulated for clarity
using the word “quasi-compact” is equivalent to universal closedness in general, if
one includes the assumption of the map being closed. See also [Lan93| Exercises 22-
26 in Chapter II] but beware that Lang uses “proper” as a synonym for “universally
closed”, like Bourbaki does.

Lemma 17.1 (Tube lemma). Let X and Y be topological spaces. Let A C X and
B CY be quasi-compact subsets. Let Ax BCW C X xY with W open in X xY.
Then there exists opens A CU C X and BCV CY such that U xV C W.

Proof. For every a € A and b € B there exist opens U, ) of X and V(44 of ¥V
such that (a,b) € Ua,p) X Viap)y C W. Fix b and we see there exist a finite number
ai,...,an such that A C Ugg, ) U...UU(q, 1) Hence

A x {b} C (U(al,b) Uu...u U(amb)) X (‘/(ahb) n... ﬂV(amb)) cWw.

Thus for every b € B there exists opens U, C X and V;, C Y such that A x {b} C
U, x V, € W. As above there exist a finite number by,...,b,, such that B C
Vp, U. ..UV, . Then we win because Ax B C (Up, N...NUp, ) X (Vp,U.. .UV, ). O

The notation in the following definition may be slightly different from what you are
used to.

Definition 17.2. Let f : X — Y be a continuous map between topological spaces.

(1) We say that the map f is closed if the image of every closed subset is closed.

(2) We say that the map f is Bourbaki—propeﬁ ifthemap Z x X - Z xY is
closed for any topological space Z.

(3) We say that the map f is quasi-proper if the inverse image f~(V) of every
quasi-compact subset V C Y is quasi-compact.

(4) We say that f is universally closed if the map f': Z xy X — Z is closed
for any continuous map g: Z — Y.

(5) We say that f is proper if f is separated and universally closed.

The following lemma is useful later.

Lemma 17.3. A topological space X is quasi-compact if and only if the projection
map Z X X — Z is closed for any topological space Z .

Proof. (See also remark below.) If X is not quasi-compact, there exists an open
covering X = Uiel U; such that no finite number of U; cover X. Let Z be the
subset of the power set P(I) of I consisting of I and all nonempty finite subsets of
I. Define a topology on Z with as a basis for the topology the following sets:

(1) All subsets of Z \ {I}.
(2) For every finite subset K of I theset Ux :={JCI|J€ Z, K CJ}).

4This is the terminology used in [BouTl]. Sometimes this property may be called “universally
closed” in the literature.

Combination of
[Bou”ll I, p. 75,
Lemme 1] and
[Bou7ll I, p. 76,
Corrolaire 1].


https://stacks.math.columbia.edu/tag/005N
https://stacks.math.columbia.edu/tag/005O
https://stacks.math.columbia.edu/tag/005P

005Q

005R

TOPOLOGY 33

It is left to the reader to verify this is the basis for a topology. Consider the subset
of Z x X defined by the formula

M={(a)| ez zc)_ U}

If (J,x) ¢ M, then x € U; for some i € J. Hence Up;y x U; C Z x X is an open
subset containing (J, z) and not intersecting M. Hence M is closed. The projection
of M to Z is Z — {I} which is not closed. Hence Z x X — Z is not closed.

Assume X is quasi-compact. Let Z be a topological space. Let M C Z x X be
closed. Let z € Z be a point which is not in pr,(M). By the Tube Lemma [17.1]
there exists an open U C Z such that U x X is contained in the complement of M.
Hence pry (M) is closed. O

Remark 17.4. Lemma is a combination of [Bou71l I, p. 75, Lemme 1] and
[Bou71l I, p. 76, Corollaire 1].

Theorem 17.5. Let f: X — Y be a continuous map between topological spaces.
The following conditions are equivalent:

(1) The map f is quasi-proper and closed.

(2) The map f is Bourbaki-proper.

(3) The map f is universally closed.

(4) The map f is closed and f~'(y) is quasi-compact for any y € Y.

Proof. (See also the remark below.) If the map f satisfies (1), it automatically
satisfies (4) because any single point is quasi-compact.

Assume map f satisfies (4). We will prove it is universally closed, i.e., (3) holds.
Let g : Z — Y be a continuous map of topological spaces and consider the diagram

ZXYX,HX

g
f/l lf
zZ— 9 vy

During the proof we will use that Z xy X — Z x X is a homeomorphism onto its
image, i.e., that we may identify Zxy X with the corresponding subset of Z x X with
the induced topology. The image of f' : Zxy X — ZisIm(f') = {z: g(z) € f(X)}.
Because f(X) is closed, we see that Im(f’) is a closed subspace of Z. Consider a
closed subset P C Z Xy X. Let z € Z, 2 & f'(P). If z & Im(f’), then Z \ Im(f")
is an open neighbourhood which avoids f/(P). If z is in Im(f’) then (f')~!{z} =
{2} x f~Hg(2)} and f~{g(2)} is quasi-compact by assumption. Because P is a
closed subset of Z xy X, we have a closed P’ of Z x X such that P = P'NZ xy X.
Since (f")71{z} is a subset of P¢ = P’“U(Z xy X)¢, and since (f’)~{z} is disjoint
from (Z xy X)¢ we see that (f')~'{z} is contained in P’°. We may apply the Tube
Lemmato ()" Yzt ={2} x fHyg(2)} C (P")¢ C Z x X. This gives V x U
containing (f’)~'{z} where U and V are open sets in X and Z respectively and
V x U has empty intersection with P’. Then the set V N g~ (Y — f(U¢)) is open
in Z since f is closed, contains z, and has empty intersection with the image of P.
Thus f/(P) is closed. In other words, the map f is universally closed.

The implication (3) = (2) is trivial. Namely, given any topological space Z consider
the projection morphism g : Z x Y — Y. Then it is easy to see that f’ is the map
Z x X — Z x Y, in other words that (Z xY) xy X = Z x X. (This identification

In [Bou©ll I, p. 75,
Theorem 1] you can
find: (2) & (4). In
[Bou7ll I, p. 77,
Proposition 6] you
can find: (2) = (1).
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is a purely categorical property having nothing to do with topological spaces per
se.)

Assume f satisfies (2). We will prove it satisfies (1). Note that f is closed as
f can be identified with the map {pt} x X — {pt} x Y which is assumed closed.
Choose any quasi-compact subset K C Y. Let Z be any topological space. Because
Z x X — Z x Y is closed we see the map Z x f~1(K) — Z x K is closed (if T is
closed in Z x f~YK), write T = Z x f~1(K) N T’ for some closed T’ C Z x X).
Because K is quasi-compact, K x Z — Z is closed by Lemma [I7.3] Hence the
composition Z x f~YK) — Z x K — Z is closed and therefore f~!(K) must be
quasi-compact by Lemma [I7.3] again. O

Remark 17.6. Here are some references to the literature. In [Bou7l, I, p. 75,
Theorem 1] you can find: (2) < (4). In [Bou7ll I, p. 77, Proposition 6] you can
find: (2) = (1). Of course, trivially we have (1) = (4). Thus (1), (2) and (4) are
equivalent. The equivalence of (3) and (4) is [Lan93, Chapter II, Exercise 25].

Lemma 17.7. Let f: X =Y be a continuous map of topological spaces. If X is
quasi-compact and Y is Hausdorff, then f is universally closed.

Proof. Since every point of Y is closed, we see from Lemma that the closed
subset f~1(y) of X is quasi-compact for all y € Y. Thus, by Theorem it
suffices to show that f is closed. If £ C X is closed, then it is quasi-compact

(Lemma [12.3)), hence f(F) C Y is quasi-compact (Lemma [12.7)), hence f(E) is
closed in Y (Lemma [12.4)). O

Lemma 17.8. Let f: X — Y be a continuous map of topological spaces. If f is
bijective, X is quasi-compact, and Y is Hausdorff, then f is a homeomorphism.

Proof. It suffices to prove f is closed, because this implies that f~! is continuous.
If T C X is closed, then T is quasi-compact by Lemma hence f(T) is quasi-
compact by Lemma hence f(T) is closed by Lemma O

18. Jacobson spaces

Definition 18.1. Let X be a topological space. Let X be the set of closed points
of X. We say that X is Jacobson if every closed subset Z C X is the closure of
Z N Xo.

Note that a topological space X is Jacobson if and only if every nonempty locally
closed subset of X has a point closed in X.

Let X be a Jacobson space and let Xg be the set of closed points of X with the
induced topology. Clearly, the definition implies that the morphism X, — X
induces a bijection between the closed subsets of X and the closed subsets of X.
Thus many properties of X are inherited by Xy. For example, the Krull dimensions
of X and X, are the same.

Lemma 18.2. Let X be a topological space. Let X be the set of closed points of

X. Suppose that for every point x € X the intersection Xo N {x} is dense in {x}.
Then X is Jacobson.
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Proof. Let Z be closed subset of X and U be and open subset of X such that
UNZ is nonempty. Then for z € UNZ we have that {x} NU is a nonempty subset
of ZNU, and by hypothesis it contains a point closed in X as required. [l

Lemma 18.3. Let X be a Kolmogorov topological space with a basis of quasi-
compact open sets. If X is not Jacobson, then there exists a non-closed point x € X
such that {x} is locally closed.

Proof. As X is not Jacobson there exists a closed set Z and an open set U in X
such that Z N U is nonempty and does not contain points closed in X. As X has
a basis of quasi-compact open sets we may replace U by an open quasi-compact
neighborhood of a point in Z NU and so we may assume that U is quasi-compact
open. By Lemma there exists a point x € ZNU closed in ZNU, and so {z}
is locally closed but not closed in X. O

Lemma 18.4. Let X be a topological space. Let X = |JU; be an open covering.
Then X is Jacobson if and only if each U; is Jacobson. Moreover, in this case
XO = U Ui,O-

Proof. Let X be a topological space. Let X be the set of closed points of X. Let
Ui,o be the set of closed points of U;. Then Xo NU; C U; o but equality may not
hold in general.

First, assume that each U; is Jacobson. We claim that in this case Xo NU; = U, .
Namely, suppose that « € U, g, i.e., x is closed in U;. Let m be the closure in X.
Consider {x} NU;. If ¢ U, then {x} NU; = . If z € Uj, then U; NU; C Uj is
an open subset of U; containing z. Let 7" = U; \ U; NU; and T' = {z} II T". Then
T, T' are closed subsets of U; and T' contains z. As Uj is Jacobson we see that the
closed points of U; are dense in T'. Because T = {«} II 7" this can only be the case
if 2 is closed in U;. Hence {x}NU; = {z}. We conclude that {} = {z} as desired.

Let Z C X be a closed subset (still assuming each U; is Jacobson). Since now we
know that Xo N Z NU; = U; 0N Z are dense in Z N U; it follows immediately that
XoN Z is dense in Z.

Conversely, assume that X is Jacobson. Let Z C U; be closed. Then X NZ is dense
in Z. Hence also XoN Z is dense in Z, because Z \ Z is closed. As XoNU; C U,
we see that U; o N Z is dense in Z. Thus U; is Jacobson as desired. O

Lemma 18.5. Let X be Jacobson. The following types of subsets T C X are
Jacobson:
(1) Open subspaces.
) Closed subspaces.
) Locally closed subspaces.
) Unions of locally closed subspaces.
) Constructible sets.
(6) Any subset T C X which locally on X is a union of locally closed subsets.

In each of these cases closed points of T are closed in X.
Proof. Let X, be the set of closed points of X. For any subset T' C X we let (x)
denote the property:

(*) Every nonempty locally closed subset of T has a point closed in X.
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Note that always Xo NT C Ty. Hence property () implies that T is Jacobson. In
addition it clearly implies that every closed point of T is closed in X.

Suppose that 7' = |J, T; with T; locally closed in X. Take A C T a locally closed
nonempty subset in T, then there exists a T; such that A NT; is nonempty, it is
locally closed in T; and so in X. As X is Jacobson A has a point closed in X. [O

Lemmal 18.6. A finite Jacobson space is discrete.

Proof. If X is finite Jacobson, Xg C X the subset of closed points, then, on the
one hand, Xy = X. On the other hand, X, and hence Xj is finite, so X, =
{z1,.. 20} = U2y {2} is a finite union of closed sets, hence closed, so X =
X = Xy. Every point is closed, and by finiteness, every point is open. (I

Lemma 18.7. Suppose X is a Jacobson topological space. Let Xy be the set of
closed points of X. There is a bijective, inclusion preserving correspondence

{finite unions loc. closed subsets of X} <> {finite unions loc. closed subsets of Xy}

given by E — E N Xq. This correspondence preserves the subsets of locally closed,
of open and of closed subsets.

Proof. We just prove that the correspondence E — E N Xj is injective. Indeed if
E # E’' then without loss of generality E'\ E’ is nonempty, and it is a finite union of
locally closed sets (details omitted). As X is Jacobson, we see that (E\ E')N Xy =
ENnXo\ E'N Xy is not empty. O

Lemmal 18.8. Suppose X is a Jacobson topological space. Let Xq be the set of
closed points of X. There is a bijective, inclusion preserving correspondence

{constructible subsets of X} <> {constructible subsets of Xo}

given by E — E N Xo. This correspondence preserves the subset of retrocompact
open subsets, as well as complements of these.

Proof. From Lemma above, we just have to see that if U is open in X then
U N Xy is retrocompact in X if and only if U is retrocompact in X. This follows
if we prove that for U open in X then U N Xj is quasi-compact if and only if U
is quasi-compact. From Lemma [I8F] it follows that we may replace X by U and
assume that U = X. Finally notice that any collection of opens U of X cover X if
and only if they cover X, using the Jacobson property of X in the closed X \ U
to find a point in X if it were nonempty. O

19. Specialization

Definition 19.1. Let X be a topological space.
(1) If z, 2’ € X then we say z is a specialization of x’, or 2’ is a generalization
of x if x € {z’}. Notation: z’ ~~ x.
(2) A subset T C X is stable under specialization if for all ' € T and every
specialization 2’ ~ x we have x € T.
(3) A subset T' C X is stable under generalization if for all x € T and every
generalization 2’ ~ x we have =’ € T.

Lemma 19.2. Let X be a topological space.
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(1) Any closed subset of X is stable under specialization.

(2) Any open subset of X is stable under generalization.

(3) A subset T C X is stable under specialization if and only if the complement
T¢ is stable under generalization.

Proof. Let F be a closed subset of X, if y € F then {y} C F, so {y} C F = F as
F is closed. Thus for all specialization z of y, we have x € F.

Let z,y € X such that x € @ and let T be a subset of X. Saying that T is stable
under specialization means that y € T implies « € T and reciprocally saying that
T is stable under generalization means that = € T implies y € T. Therefore (3) is
proven using contraposition.

The second property follows from (1) and (3) by considering the complement. O

Lemmal 19.3. Let T C X be a subset of a topological space X. The following are
equivalent

(1) T is stable under specialization, and
(2) T is a (directed) union of closed subsets of X.

Proof. Suppose that T is stable under specialization, then for all y € T" we have
{y} € T. Thus T' = U,er {y} which is an union of closed subsets of X. Recipro-
cally, suppose that T' = | J;o; F; where F; are closed subsets of X. If y € T' then
there exists ¢ € I such that y € F;. As F; is closed, we have @ C F; C T, which
proves that T is stable under specialization. (I

Definition 19.4. Let f: X — Y be a continuous map of topological spaces.

(1) We say that specializations lift along f or that f is specializing if given
y ~yinY and any 2’ € X with f(2') = ¢/ there exists a specialization
a2’ ~ x of ' in X such that f(z) =y.

(2) We say that generalizations lift along f or that f is generalizing if given
y ~ yinY and any x € X with f(x) = y there exists a generalization
2’ ~» x of z in X such that f(2') =y'.

Lemma 19.5. Suppose f : X = Y and g : Y — Z are continuous maps of
topological spaces. If specializations lift along both f and g then specializations lift
along g o f. Similarly for “generalizations lift along”

Proof. Let 2z’ ~» z be a specialization in Z and let 2’ € X such as go f(2') = 2/
Then because specializations lift along g, there exists a specialization f(a’) ~ y
of f(¢') in Y such that g(y) = z. Likewise, because specializations lift along f,
there exists a specialization ' ~» x of 2’ in X such that f(z) = y. It provides a
specialization ' ~» x of 2’ in X such that gof(z) = z. In other words, specialization
lift along go f. O

Lemma 19.6. Let f: X — Y be a continuous map of topological spaces.

(1) If specializations lift along f, and if T C X is stable under specialization,
then f(T) CY is stable under specialization.

(2) If generalizations lift along f, and if T C X is stable under generalization,
then f(T') C Y is stable under generalization.
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Proof. Let 3’ ~» y be a specialization in Y where 3’ € f(T) and let 2’ € T such
that f(a') = y'. Because specialization lift along f, there exists a specialization
a’ ~ x of 2’ in X such that f(z) = y. But T is stable under specialization so z € T
and then y € f(T). Therefore f(T') is stable under specialization.

The proof of (2) is identical, using that generalizations lift along f. O

Lemma 19.7. Let f: X — Y be a continuous map of topological spaces.

(1) If f is closed then specializations lift along f.

(2) If f is open, X is a Noetherian topological space, each irreducible closed
subset of X has a generic point, and Y is Kolmogorov then generalizations
lift along f.

Proof. Assume f is closed. Let ¢ ~ y in Y and any 2/ € X with f(a') = ¢/
be given. Consider the closed subset T' = {2’} of X. Then f(T) C Y is a closed
subset, and 3y’ € f(T). Hence also y € f(T'). Hence y = f(z) with x € T, i.e,
a .

Assume f is open, X Noetherian, every irreducible closed subset of X has a generic
point, and Y is Kolmogorov. Let 3’ ~~ y in Y and any « € X with f(z) = y be
given. Consider T'= f~!({y'}) C X. Take an open neighbourhood z € U C X of
. Then f(U) C Y is open and y € f(U). Hence also y' € f(U). In other words,
TNU # (). This proves that z € T. Since X is Noetherian, T is Noetherian (Lemma
9.2)). Hence it has a decomposition T'=T; U...UT, into irreducible components.
Then correspondingly T = Ty U ... UT,. By the above x € T; for some i. By
assumption there exists a generic point 2’ € T;, and we see that o/ ~ z. As 2’ € T
we see that f(z) € {y'}. Note that f(T;) = f({z'}) C {f(a/)}. If f(2') # ¢/, then
since Y is Kolmogorov f(z') is not a generic point of the irreducible closed subset
{y'} and the inclusion {f(z")} C {y'} is strict, i.e., v ¢ f(T;). This contradicts the
fact that f(T;) = {y'}. Hence f(2’) = ¢ and we win. O

Lemma 19.8. Suppose that s,t: R — U and 7 : U — X are continuous maps of
topological spaces such that

(1) 7 is open,

(2) U is sober,

(3) s,t have finite fibres,

(4) generalizations lift along s,t,

(5) (t,s)(R) CU x U is an equivalence relation on U and X is the quotient of

U by this equivalence relation (as a set).

Then X is Kolmogorov.

Proof. Properties (3) and (5) imply that a point = corresponds to an finite equiv-
alence class {uy,...,u,} C U of the equivalence relation. Suppose that ' € X is
a second point corresponding to the equivalence class {u],...,u},} C U. Suppose
that u; ~ u’; for some 4, j. Then for any 7" € R with s(r’) = u; by (4) we can find
7~ 7! with s(r) = u;. Hence t(r) ~ t(r'). Since {u},...,up,} = t(s~'({u}})) we
conclude that every element of {u],...,u,,} is the specialization of an element of
{u1,...,un}. Thus {u1}U...U{u,} is a union of equivalence classes, hence of the
form 771(Z) for some subset Z C X. By (1) we see that Z is closed in X and in
fact Z = {x} because ({u;}) C {x} for each i. In other words, = ~» ' if and only
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if some lift of x in U specializes to some lift of 2’ in U, if and only if every lift of z’
in U is a specialization of some lift of x in U.

Suppose that both z ~» 2’ and z’ ~» z. Say x corresponds to {uy,...,u,} and
a2’ corresponds to {u},...,ul,} as above. Then, by the results of the preceding
paragraph, we can find a sequence

!/

/ /

. Uj:j ~ uig ~ u]2 ~ UiQ s u]l ~ Uz'l
which must repeat, hence by (2) we conclude that {uy,...,u,} = {u},...,ul,},
i.e., z = 2’. Thus X is Kolmogorov. (]

Lemma 19.9. Let f : X — Y be a morphism of topological spaces. Suppose
that Y is a sober topological space, and f is surjective. If either specializations or
generalizations lift along f, then dim(X) > dim(Y).

Proof. Assume specializations lift along f. Let Zy C Z; C ... Z. C Y be a chain of
irreducible closed subsets of X. Let &, € X be a point mapping to the generic point
of Z.. By assumption there exists a specialization &, ~ &._1 in X such that &4
maps to the generic point of Z._;. Continuing in this manner we find a sequence
of specializations
A T

with & mapping to the generic point of Z;. This clearly implies the sequence of
irreducible closed subsets

{6} c{&} .. {&}

is a chain of length e in X. The case when generalizations lift along f is similar. [

Lemma 19.10. Let X be a Noetherian sober topological space. Let E C X be a
subset of X.

(1) If E is constructible and stable under specialization, then E is closed.
(2) If E is constructible and stable under generalization, then E is open.

Proof. Let E be constructible and stable under generalization. Let Y C X be an
irreducible closed subset with generic point € € Y. If ENY is nonempty, then
it contains £ (by stability under generalization) and hence is dense in Y, hence it
contains a nonempty open of Y, see Lemma [16.3] Thus E is open by Lemma [16.5
This proves (2). To prove (1) apply (2) to the complement of E in X. O

20. Dimension functions

It scarcely makes sense to consider dimension functions unless the space considered
is sober (Definition . Thus the definition below can be improved by considering
the sober topological space associated to X. Since the underlying topological space
of a scheme is sober we do not bother with this improvement.

Definition 20.1. Let X be a topological space.

(1) Let x,y € X, x # y. Suppose x ~> y, that is y is a specialization of x. We
say y is an immediate specialization of x if there is no z € X \ {z, y} with
x~ zand z ~ y.

(2) Amap d:X — Zis called a dimension functiorﬁ if

(a) whenever x ~» y and x # y we have d(z) > §(y), and

5This is likely nonstandard notation. This notion is usually introduced only for (locally)
Noetherian schemes, in which case condition (a) is implied by (b).
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(b) for every immediate specialization z ~ y in X we have d(z) = 6(y)+1.

It is clear that if § is a dimension function, then so is § + ¢ for any ¢ € Z. Here is a
fun lemma.

Lemma 20.2. Let X be a topological space. If X is sober and has a dimension
function, then X is catenary. Moreover, for any x ~» y we have

0(x) — 6(y) = codim (@, @) :

Proof. Suppose Y C Y’ € X are irreducible closed subsets. Let £ € Y, £ €
Y’ be their generic points. Then we see immediately from the definitions that
codim(Y,;Y") < 6(£) —6(¢’) < oo. In fact the first inequality is an equality. Namely,
suppose

Y=YycYiCc...CcY.=Y'

is any maximal chain of irreducible closed subsets. Let &; € Y; denote the generic
point. Then we see that & ~» £;41 is an immediate specialization. Hence we see that
e =10(&) — (&) as desired. This also proves the last statement of the lemma. O

Lemmal 20.3. Let X be a topological space. Let §, ¢’ be two dimension functions
on X. If X is locally Noetherian and sober then § — &' is locally constant on X.

Proof. Let x € X be a point. We will show that § — ¢’ is constant in a neigh-
bourhood of . We may replace X by an open neighbourhood of x in X which is
Noetherian. Hence we may assume X is Noetherian and sober. Let Z1,...,Z, be
the irreducible components of X passing through . (There are finitely many as X
is Noetherian, see Lemma ) Let & € Z; be the generic point. Note Z; U...UZ,.
is a neighbourhood of = in X (not necessarily closed). We claim that § — ¢’ is
constant on Z; U...U Z,. Namely, if y € Z;, then

3(x) —d(y) = 8(x) — 6(&) +6(&) — d(y) = —codim({z}, Z;) + codim({y}, Z,)
by Lemma Similarly for ¢’. Whence the result. ]

Lemma 20.4. Let X be locally Noetherian, sober and catenary. Then any point
has an open neighbourhood U C X which has a dimension function.

Proof. We will use repeatedly that an open subspace of a catenary space is cate-
nary, see Lemma and that a Noetherian topological space has finitely many
irreducible components, see Lemma [0.2] In the proof of Lemma [20.3] we saw how
to construct such a function. Namely, we first replace X by a Noetherian open
neighbourhood of x. Next, we let Z1,...,Z,. C X be the irreducible components of
X. Let

Z; ﬂZj = UZ”k

be the decomposition into irreducible components. We replace X by

* \ (ngzi ZiJ Ux€Zm‘k Zijk)

so that we may assume x € Z; for all ¢ and x € Z;j, for all 4, j, k. For y € X choose
any % such that y € Z; and set

8(y) = —codim({z}, Z;) + codim({y}, Z;).
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We claim this is a dimension function. First we show that it is well defined, i.e.,
independent of the choice of 7. Namely, suppose that y € Z;;;, for some i, j, k. Then
we have (using Lemma [11.6))

§(y) = —codim({z}, Z;) 4+ codim({y}, Z;)
= —codim({z}, Zij1) — codim(Z;jx, Z;) + codim({y}, Zi;1) + codim(Z;jx, Z;)
= —codim({z}, Zi;1.) + codim({y}, Zi;x)

which is symmetric in ¢ and j. We omit the proof that it is a dimension function. [J

Remark| 20.5. Combining Lemmas and [20.4] we see that on a catenary,
locally Noetherian, sober topological space the obstruction to having a dimension
function is an element of H!(X,Z).

21. Nowhere dense sets

Definition| 21.1. Let X be a topological space.

(1) Given a subset T' C X the interior of T is the largest open subset of X
contained in 7.

(2) A subset T C X is called nowhere dense if the closure of T has empty
interior.

Lemma 21.2. Let X be a topological space. The union of a finite number of
nowhere dense sets is a nowhere dense set.

Proof. Omitted. (]

Lemma 21.3. Let X be a topological space. Let U C X be an open. Let T C U
be a subset. If T is nowhere dense in U, then T is nowhere dense in X.

Proof. Assume T is nowhere dense in U. Suppose that € X is an interior point
of the closure T of T in X. Say x € V C T with V C X open in X. Note that
T NU is the closure of T in U. Hence the interior of T N U being empty implies
VNU = . Thus x cannot be in the closure of U, a fortiori cannot be in the closure
of T, a contradiction. O

Lemma 21.4. Let X be a topological space. Let X = |JU; be an open covering.
Let T C X be a subset. If TNU; is nowhere dense in U; for alli, then T is nowhere
dense in X.

Proof. Denote T; the closure of T NU; in U;. We have T NU; = T;. Taking the
interior commutes with intersection with opens, thus

(interior of T') N U; = interior of (T N U;) = interior in U; of T);
By assumption the last of these is empty. Hence T is nowhere dense in X. (Il

Lemma 21.5. Let f : X — Y be a continuous map of topological spaces. Let
T C X be a subset. If f is a homeomorphism of X onto a closed subset of Y and
T is nowhere dense in X, then also f(T') is nowhere dense in'Y.

Proof. Omitted. O
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Lemma 21.6. Let f : X — Y be a continuous map of topological spaces. Let
T CY be a subset. If f is open and T is a closed nowhere dense subset of Y, then
also f~Y(T) is a closed nowhere dense subset of X. If f is surjective and open,
then T is closed nowhere dense if and only if f~(T) is closed nowhere dense.

Proof. Omitted. (Hint: In the first case the interior of f~!(7) maps into the
interior of T, and in the second case the interior of f~!(7") maps onto the interior
of T.) O

22. Profinite spaces
Here is the definition.

Definition 22.1. A topological space is profinite if it is homeomorphic to a limit
of a diagram of finite discrete spaces.

This is not the most convenient characterization of a profinite space.

Lemmal 22.2. Let X be a topological space. The following are equivalent
(1) X is a profinite space, and
(2) X is Hausdorff, quasi-compact, and totally disconnected.

If this is true, then X is a cofiltered limit of finite discrete spaces.

Proof. Assume (1). Choose a diagram ¢ — X; of finite discrete spaces such that
X =lim X;. As each X; is Hausdorff and quasi-compact we find that X is quasi-
compact by Lemma [14.5] If x,2’ € X are distinct points, then x and z’ map to
distinct points in some X;. Hence x and z’ have disjoint open neighbourhoods, i.e.,
X is Hausdorff. In exactly the same way we see that X is totally disconnected.

Assume (2). Let Z be the set of finite disjoint union decompositions X = [],.; Us
with U; nonempty open (and closed) for all ¢ € I. For each I € T there is a
continuous map X — [ sending a point of U; to i. We define a partial ordering:
I < I for I,I' € T if and only if the covering corresponding to I’ refines the
covering corresponding to I. In this case we obtain a canonical map I’ — I. In
other words we obtain an inverse system of finite discrete spaces over Z. The maps
X — I fit together and we obtain a continuous map

X — lim[ez I

We claim this map is a homeomorphism, which finishes the proof. (The final as-
sertion follows too as the partially ordered set Z is directed: given two disjoint
union decompositions of X we can find a third refining both.) Namely, the map is
injective as X is totally disconnected and hence {z} is the intersection of all open
and closed subsets of X containing x (Lemma and the map is surjective by
Lemma [12.6] By Lemma [I7.8] the map is a homeomorphism. O

Lemma 22.3. A limit of profinite spaces is profinite.

Proof. Let i — X, be a diagram of profinite spaces over the index category Z. Let
us use the characterization of profinite spaces in Lemma[22.2] In particular each X;
is Hausdorff, quasi-compact, and totally disconnected. By Lemma the limit
X = lim X; exists. By Lemma the limit X is quasi-compact. Let z,2’ € X
be distinct points. Then there exists an 7 such that x and z’ have distinct images
x; and z} in X; under the projection X — X;. Then z; and z} have disjoint open
neighbourhoods in X;. Taking the inverse images of these opens we conclude that
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X is Hausdorff. Similarly, z; and z} are in distinct connected components of X;
whence necessarily x and 2’ must be in distinct connected components of X. Hence
X is totally disconnected. This finishes the proof. O

Lemma 22.4. Let X be a profinite space. Every open covering of X has a refine-
ment by a finite covering X = [[U; with U; open and closed.

Proof. Write X = lim X; as a limit of an inverse system of finite discrete spaces
over a directed set I (Lemma [22.2)). Denote f; : X — X; the projection. For every
point z = (z;) € X a fundamental system of open neighbourhoods is the collection
fi_l({xi}). Thus, as X is quasi-compact, we may assume we have an open covering

X = £ {zah U U F  ({a))
Choose i € I with ¢ > ¢; for j = 1,...,n (this is possible as I is a directed set).
Then we see that the covering

_ -1
X =], 7@
refines the given covering and is of the desired form. O

Lemma 22.5. Let X be a topological space. If X is quasi-compact and every con-
nected component of X is the intersection of the open and closed subsets containing
it, then mo(X) is a profinite space.

Proof. We will use Lemma to prove this. Since mo(X) is the image of a
quasi-compact space it is quasi-compact (Lemma . It is totally disconnected
by construction (Lemma . Let C,D C X be distinct connected components
of X. Write C = (U, as the intersection of the open and closed subsets of X
containing C. Any finite intersection of U,’s is another. Since (U, N D = () we
conclude that U, N D = @ for some a (use Lemmas and Since U, is
open and closed, it is the union of the connected components it contains, i.e., U,
is the inverse image of some open and closed subset V,, C mo(X). This proves that
the points corresponding to C' and D are contained in disjoint open subsets, i.e.,
mo(X) is Hausdorff. O

23. Spectral spaces

The material in this section is taken from [Hoc69] and [Hoc67]. In his thesis
Hochster proves (among other things) that the spectral spaces are exactly the topo-
logical spaces that occur as the spectrum of a ring.

Definition 23.1. A topological space X is called spectral if it is sober, quasi-
compact, the intersection of two quasi-compact opens is quasi-compact, and the
collection of quasi-compact opens forms a basis for the topology. A continuous
map f : X — Y of spectral spaces is called spectral if the inverse image of a
quasi-compact open is quasi-compact.

In other words a continuous map of spectral spaces is spectral if and only if it is
quasi-compact (Definition [12.1]).

Let X be a spectral space. The constructible topology on X is the topology which
has as a subbase of opens the sets U and U® where U is a quasi-compact open of
X. Note that since X is spectral an open U C X is retrocompact if and only if
U is quasi-compact. Hence the constructible topology can also be characterized as
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the coarsest topology such that every constructible subset of X is both open and
closed (see Section [15|for definitions and properties of constructible sets). It follows
that a subset of X is open, resp. closed in the constructible topology if and only
if it is a union, resp. intersection of constructible subsets. Since the collection of
quasi-compact opens is a basis for the topology on X we see that the constructible
topology is stronger than the given topology on X.

Lemma 23.2. Let X be a spectral space. The constructible topology is Hausdorff,
totally disconnected, and quasi-compact.

Proof. Let z,y € X with z # y. Since X is sober, there is an open subset U
containing exactly one of the two points x,y. Say x € U. We may replace U by a
quasi-compact open neighbourhood of « contained in U. Then U and U* are open
and closed in the constructible topology. Hence X is Hausdorff in the constructible
topology because x € U and y € U€ are disjoint opens in the constructible topology.
The existence of U also implies = and y are in distinct connected components in
the constructible topology, whence X is totally disconnected in the constructible
topology.

Let B be the collection of subsets B C X with B either quasi-compact open or
closed with quasi-compact complement. If B € B then B¢ € B. It suffices to
show every covering X = (J,.; B; with B; € B has a finite refinement, see Lemma
Taking complements we see that we have to show that any family {B;};cr
of elements of B such that B;, N...N B;, # 0 for all n and all 41,...,i, € I has a
common point of intersection. We may and do assume B; # By for i # i'.

To get a contradiction assume {B; };cr is a family of elements of B having the finite
intersection property but empty intersection. An application of Zorn’s lemma shows
that we may assume our family is maximal (details omitted). Let I’ C I be those
indices such that B; is closed and set Z = ﬂiE 5+ Bi. This is a closed subset of X
which is nonempty by Lemma If Z is reducible, then we can write Z = Z'UZ"
as a union of two closed subsets, neither equal to Z. This means in particular that
we can find a quasi-compact open U’ C X meeting Z’ but not Z”. Similarly, we
can find a quasi-compact open U” C X meeting Z” but not Z’'. Set B’ = X \ U’
and B” = X \ U”. Note that Z” C B’ and Z' C B”. If there exist a finite
number of indices i1, ...,4, € I such that B'NB;, N...NB;, =0 as well as a finite
number of indices ji, ..., jm € I such that B”NB;, N...NB;, = 0 then we find that
ZNB;,N...NB;, NBj,N...NB;, = (0. However, the set B;,N...NB; NB;,N...NB;
is quasi-compact hence we would find a finite number of indices #},...,4, € I’ with
B N...NB;, NBj, N...NBj, NBy N...N By =0, a contradiction. Thus we
see that we may add either B’ or B” to the given family contradicting maximality.
We conclude that Z is irreducible. However, this leads to a contradiction as well,
as now every nonempty (by the same argument as above) open ZN B; for i € I\ I’
contains the unique generic point of Z. This contradiction proves the lemma. [

m

Lemma 23.3. Let f: X — Y be a spectral map of spectral spaces. Then
(1) f is continuous in the constructible topology,
(2) the fibres of f are quasi-compact, and
(3) the image is closed in the constructible topology.

Proof. Let X’ and Y’ denote X and Y endowed with the constructible topology
which are quasi-compact Hausdorfl spaces by Lemmam Part (1) says X' — Y’
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is continuous and follows immediately from the definitions. Part (3) follows as
f(X') is a quasi-compact subset of the Hausdorff space Y’, see Lemma We
have a commutative diagram

X —X

L

Y —=Y
of continuous maps of topological spaces. Since Y’ is Hausdorfl we see that the
fibres X are closed in X'. As X' is quasi-compact we see that X, is quasi-compact

y
(Lemma [12.3). As X — X, is a surjective continuous map we conclude that X,

is quasi-compact (Lemma [12.7)). O

Lemma 23.4. Let X and Y be spectral spaces. Let f: X — Y be a continuous
map. Then f is spectral if and only if f is continuous in the constructible topology.

Proof. The only if part of this is Lemma Assume f is continuous in the
constructible topology. Let V' C Y be quasi-compact open. Then V is open and
closed in the constructible topology. Hence f~1(V') is open and closed in the con-
structible topology. Hence f~1(V) is quasi-compact in the constructible topology
as X is quasi-compact in the constructible topology by Lemmal[23.2] Since the iden-
tity f~1(V) — f~1(V) is surjective and continuous from the constructible topology
to the usual topology, we conclude that f~1(V) is quasi-compact in the topology
of X by Lemma This finishes the proof. O

Lemma 23.5. Let X be a spectral space. Let E C X be closed in the constructible
topology (for example constructible or closed). Then E with the induced topology is
a spectral space.

Proof. Let Z C E be a closed irreducible subset. Let 1 be the generic point of the
closure Z of Z in X. To prove that E is sober, we show that n € E. If not, then
since E is closed in the constructible topology, there exists a constructible subset
F C X such that n € F and FNE = (. By Lemma this implies F N Z
contains a nonempty open subset of Z. But this is impossible as Z is the closure
of Zand ZNF = 0.

Since E' is closed in the constructible topology, it is quasi-compact in the con-
structible topology (Lemmas and . Hence a fortiori it is quasi-compact
in the topology coming from X. If U C X is a quasi-compact open, then £ NU
is closed in the constructible topology, hence quasi-compact (as seen above). It
follows that the quasi-compact open subsets of E are the intersections £ N U with
U quasi-compact open in X. These form a basis for the topology. Finally, given two
U,U’' C X quasi-compact opens, the intersection (ENU)N(ENU’) = EN({UNU’)
and U N U’ is quasi-compact as X is spectral. This finishes the proof. (I

Lemma 23.6. Let X be a spectral space. Let E C X be a subset closed in the
constructible topology (for example constructible).
(1) If x € E, then x is the specialization of a point of E.
(2) If E is stable under specialization, then E is closed.
(3) If E' C X is open in the constructible topology (for example constructible)
and stable under generalization, then E' is open.
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Proof. Proof of (1). Let 2 € E. Let {U;} be the set of quasi-compact open
neighbourhoods of z. A finite intersection of the U; is another one. The intersection
U; N E is nonempty for all 4. Since the subsets U; N E are closed in the constructible
topology we see that ((U; N E) is nonempty by Lemma and Lemma m
Since {U;} is a fundamental system of open neighbourhoods of x, we see that (U;
is the set of generalizations of x. Thus x is a specialization of a point of F.

Part (2) is immediate from (1).

Proof of (3). Assume E’ is as in (3). The complement of E’ is closed in the
constructible topology (Lemma/[15.2)) and closed under specialization (Lemma|19.2)).
Hence the complement is closed by (2), i.e., E’ is open. |

Lemma 23.7. Let X be a spectral space. Let x,y € X. Then either there exists a
third point specializing to both x and y, or there exist disjoint open neighbourhoods
containing x and y.

Proof. Let {U;} be the set of quasi-compact open neighbourhoods of x. A finite
intersection of the U; is another one. Let {V;} be the set of quasi-compact open
neighbourhoods of y. A finite intersection of the V; is another one. If U; NV} is
empty for some ¢, j we are done. If not, then the intersection U; N V; is nonempty
for all ¢ and j. The sets U; NV} are closed in the constructible topology on X. By
Lemma we see that ()(U; N'V;) is nonempty (Lemma[I2.6)). Since X is a sober
space and {U;} is a fundamental system of open neighbourhoods of x, we see that
(U is the set of generalizations of z. Similarly, (| V; is the set of generalizations
of y. Thus any element of (\(U; N'V;) specializes to both = and y. O

Lemma 23.8. Let X be a spectral space. The following are equivalent:

) X is Hausdorff,

) X is totally disconnected,

) every quasi-compact open is closed,

) there are no nontrivial specializations between points,

) every point of X is closed,

) every point of X is the generic point of an irreducible component of X,
) the constructible topology equals the given topology on X, and

) add more here.

Proof. Lemma shows the implication (1) = (3). Irreducible components are
closed, so if X is totally disconnected, then every point is closed. So (3) implies
(6). The equivalence of (6) and (5) is immediate, and (6) < (7) holds because
X is sober. Assume (5). Then all constructible subsets of X are closed (Lemma
[23.6), in particular all quasi-compact opens are closed. So (5) implies (4). Since X
is sober, for any two points there is a quasi-compact open containing exactly one
of them, hence (4) implies (2). Parts (4) and (8) are equivalent by the definition
of the constructible topology. It remains to prove (2) implies (1). Suppose X is
Hausdorff. Every quasi-compact open is also closed (Lemma @D This implies X
is totally disconnected. Hence it is profinite, by Lemma [22.2) O

Lemma 23.9. If X is a spectral space, then mo(X) is a profinite space.
Proof. Combine Lemmas [[2.10] and 2.5 O
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Lemma 23.10. The product of two spectral spaces is spectral.

Proof. Let X, Y be spectral spaces. Denote p: X XY - X and¢g: X XY =Y
the projections. Let Z C X X Y be a closed irreducible subset. Then p(Z) C X
is irreducible and ¢(Z) C Y is irreducible. Let x € X be the generic point of
the closure of p(X) and let y € Y be the generic point of the closure of ¢(Y). If
(z,y) € Z, then there exist opens z € U C X,y € V C Y such that ZNU x V = 0.
Hence Z is contained in (X \U) x Y UX x (Y \ V). Since Z is irreducible, we see
that either Z C (X \U) xY or Z C X x (Y \ V). In the first case p(Z) C (X \U)
and in the second case ¢(Z) C (Y \ V). Both cases are absurd as x is in the closure
of p(Z) and y is in the closure of ¢(Z). Thus we conclude that (x,y) € Z, which
means that (x,y) is the generic point for Z.

A Dbasis of the topology of X x Y are the opens of the form U x V with U € X
and V C Y quasi-compact open (here we use that X and Y are spectral). Then
U x V is quasi-compact as the product of quasi-compact spaces is quasi-compact.
Moreover, any quasi-compact open of X X Y is a finite union of such quasi-compact
rectangles U x V. It follows that the intersection of two such is again quasi-compact
(since X and Y are spectral). This concludes the proof. O

Lemma 23.11. Let f: X — Y be a continuous map of topological spaces. If

(1) X and Y are spectral,
(2) f is spectral and bijective, and
(3) generalizations (resp. specializations) lift along f.

Then f is a homeomorphism.

Proof. Since f is spectral it defines a continuous map between X and Y in the
constructible topology. By Lemmas 23.2] and [I7.8] it follows that X — Y is a
homeomorphism in the constructible topology. Let U C X be quasi-compact open.
Then f(U) is constructible in Y. Let y € Y specialize to a point in f(U). By the
last assumption we see that f~1(y) specializes to a point of U. Hence f~1(y) € U.
Thus y € f(U). It follows that f(U) is open, see Lemma Whence f is a
homeomorphism. To prove the lemma in case specializations lift along f one shows
instead that f(Z) is closed if X \ Z is a quasi-compact open of X. a

Lemma 23.12. The inverse limit of a directed inverse system of finite sober
topological spaces is a spectral topological space.

Proof. Let I be a directed set. Let X; be an inverse system of finite sober spaces
over I. Let X = lim X; which exists by Lemma [I£.1] As a set X = lim X;. Denote
pi : X — X, the projection. Because I is directed we may apply Lemma [14.2] A
basis for the topology is given by the opens pi_l(Ui) for U; C X; open. Since an
open covering of p; 1(UZ-) is in particular an open covering in the profinite topology,
we conclude that pfl(Ui) is quasi-compact. Given U; C X; and U; C Xj, then
pi_l(Ui) ﬂpj_l(Uj) = p,?l(Uk) for some k > 7,5 and open U, C Xj. Finally, if
Z C X is irreducible and closed, then p;(Z) C X; is irreducible and therefore has
a unique generic point & (because X, is a finite sober topological space). Then
€ =lim¢; is a generic point of Z (it is a point of Z as Z is closed). This finishes
the proof. |
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Lemma 23.13. Let W be the topological space with two points, one closed, the
other not. A topological space is spectral if and only if it is homeomorphic to a
subspace of a product of copies of W which is closed in the constructible topology.

Proof. Write W = {0, 1} where 0 is a specialization of 1 but not vice versa. Let
I be a set. The space [[,.; W is spectral by Lemma [23.12, Thus we see that
a subspace of [],.; W closed in the constructible topology is a spectral space by

Lemma [23.5

For the converse, let X be a spectral space. Let U C X be a quasi-compact open.
Consider the continuous map

fU:X—>W

which maps every point in U to 1 and every point in X \ U to 0. Taking the product
of these maps we obtain a continuous map

f=1lf:x— HU W
By construction the map f: X — Y is spectral. By Lemma the image of f is
closed in the constructible topology. If 2/, 2 € X are distinct, then since X is sober
either 2’ is not a specialization of x or conversely. In either case (as the quasi-
compact opens form a basis for the topology of X) there exists a quasi-compact
open U C X such that fy(z') # fu(x). Thus f is injective. Let Y = f(X) endowed
with the induced topology. Let y’ ~ y be a specialization in Y and say f(z') = ¢/
and f(z) = y. Arguing as above we see that z’ ~~ x, since otherwise there is a U
such that z € U and 2’ ¢ U, which would imply fy(z') + fu(xz). We conclude
that f: X — Y is a homeomorphism by Lemma (|

Lemma) 23.14. A topological space is spectral if and only if it is a directed inverse
limit of finite sober topological spaces.

Proof. One direction is given by Lemma [23.12] For the converse, assume X is
spectral. Then we may assume X C [],.; W is a subset closed in the constructible
topology where W = {0,1} as in Lemma [23.13] We can write

W = lim ie | ]
el JCI finite jed

as a cofiltered limit. For each J, let X; C HjEJW be the image of X. Then
we see that X = lim X; as sets because X is closed in the product with the
constructible topology (detail omitted). A formal argument (omitted) on limits
shows that X = lim X ; as topological spaces. O

Lemmal 23.15. Let X be a topological space and let ¢ : X — X' be the universal
map from X to a sober topological space, see Lemma [3.16,
(1) If X is quasi-compact, so is X'.
(2) If X is quasi-compact, has a basis of quasi-compact opens, and the inter-
section of two quasi-compact opens is quasi-compact, then X' is spectral.
(3) If X is Noetherian, then X' is a Noetherian spectral space.

Proof. Let U C X be open and let U’ C X’ be the corresponding open, i.e., the
open such that ¢=1(U’) = U. Then U is quasi-compact if and only if U’ is quasi-
compact, as pulling back by c is a bijection between the opens of X and X’ which
commutes with unions. This in particular proves (1).
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Proof of (2). It follows from the above that X’ has a basis of quasi-compact opens.
Since ¢! also commutes with intersections of pairs of opens, we see that the in-
tersection of two quasi-compact opens X' is quasi-compact. Finally, X’ is quasi-
compact by (1) and sober by construction. Hence X' is spectral.

Proof of (3). It is immediate that X’ is Noetherian as this is defined in terms of
the acc for open subsets which holds for X. We have already seen in (2) that X' is
spectral. [

24. Limits of spectral spaces

Lemma tells us that every spectral space is a cofiltered limit of finite sober
spaces. Every finite sober space is a spectral space and every continuous map of
finite sober spaces is a spectral map of spectral spaces. In this section we prove some
lemmas concerning limits of systems of spectral topological spaces along spectral
maps.

Lemma 24.1. Let T be a category. Let i — X; be a diagram of spectral spaces
such that for a: j — 1 in L the corresponding map f, : X; — X; is spectral.

(1) Given subsets Z; C X; closed in the constructible topology with fo(Z;) C Z;
foralla:j—iinZ, then im Z; is quasi-compact.
(2) The space X = lim X; is quasi-compact.

Proof. The limit Z = lim Z; exists by Lemma m Denote X! the space X;
endowed with the constructible topology and Z; the corresponding subspace of
X/]. Let a:j — iin Z be a morphism. As f, is spectral it defines a continuous
map fq : XJ’- — Xi. Thus f,|z, : ZJ’- — Z! is a continuous map of quasi-compact
Hausdorff spaces (by Lemmas and . Thus Z' = lim Z; is quasi-compact
by Lemma m The maps Z] — Z; are continuous, hence Z’ — Z is continuous
and a bijection on underlying sets. Hence Z is quasi-compact as the image of the
surjective continuous map Z’ — Z (Lemma [12.7). O

Lemma 24.2. Let T be a cofiltered category. Let i — X; be a diagram of spectral
spaces such that for a : j — i in I the corresponding map fq : X; — X; is spectral.

(1) Given nonempty subsets Z; C X; closed in the constructible topology with
fa(Z;) C Z; for alla:j — i in I, then lim Z; is nonempty.
(2) If each X; is nonempty, then X = lim X; is nonempty.

Proof. Denote X| the space X; endowed with the constructible topology and Z!
the corresponding subspace of X/. Let a : j — ¢ in Z be a morphism. As f, is
spectral it defines a continuous map f, : X; — Xi. Thus fu|z, : Z; — Z] is a
continuous map of quasi-compact Hausdorff spaces (by Lemmas and .
By Lemma the space lim Z] is nonempty. Since lim Z; = lim Z; as sets we
conclude. (I

Lemma 24.3. Let T be a cofiltered category. Let i — X; be a diagram of spectral
spaces such that for a : j — ¢ in I the corresponding map fo : X; — X; is spectral.
Let X = lim X; with projections p; : X — X;. Leti € Ob(Z) and let E,F C X; be
subsets with E closed in the constructible topology and F open in the constructible
topology. Then pi_l(E) - pi_l(F) if and only if there is a morphism a:j — i in T
such that f7Y(E) C f7H(F).
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Proof. Observe that

pi H(B)\p; H(F) = limayji fo (E)\ foH(F)
Since f, is a spectral map, it is continuous in the constructible topology hence the
set f1(E)\ fi'(F) is closed in the constructible topology. Hence Lemma [24.2]

applies to show that the LHS is nonempty if and only if each of the spaces of the
RHS is nonempty. O

Lemma 24.4. Let T be a cofiltered category. Let i — X; be a diagram of spectral
spaces such that for a : j — i in I the corresponding map fq : X; — X; is spectral.
Let X = lim X; with projections p; : X — X;. Let E C X be a constructible
subset. Then there exists an i € Ob(Z) and a constructible subset E; C X; such
that pi_l(Ei) = FE. If E is open, resp. closed, we may choose E; open, resp. closed.

Proof. Assume F is a quasi-compact open of X. By Lemma [14.2] we can write
FE = p{l(Ui) for some 7 and some open U; C X;. Write U; = |JU; o as a union
of quasi-compact opens. As F is quasi-compact we can find «aq,...,«, such that
E=p; ' (Uio,U...UU,,,). Hence E; = U; o, U...UU, ,, works.

Assume F is a constructible closed subset. Then E° is quasi-compact open. So
Ec = pfl(Fi) for some ¢ and quasi-compact open F; C X; by the result of the
previous paragraph. Then E = p; L(F?) as desired.

ceey

constructible closed. By the result of the previous paragraphs we may write U; =
p;l(Uz,il) and Z; = pj_Ll(Zl,jl) with U ;, C X;, constructible open and Z; ;, C X,
constructible closed. As 7 is cofiltered we may choose an object k of Z and morphism
a;: k — ip and by : k — j;. Then taking Fy = UZ:I,.‘.JL fa_ll(Ul,z‘l) N fb_Ll(ZlJ»l) we
obtain a constructible subset of X} whose inverse image in X is E. O

Lemma 24.5. Let Z be a cofiltered index category. Let i — X; be a diagram of
spectral spaces such that for a : j — i in I the corresponding map f, : X; — X; is
spectral. Then the inverse limit X = lim X; is a spectral topological space and the
projection maps p; : X — X; are spectral.

Proof. The limit X = lim X; exists (Lemma|l4.1]) and is quasi-compact by Lemma
24. 1]

Denote p; : X — X, the projection. Because 7T is cofiltered we can apply Lemma
14.2, Hence a basis for the topology on X is given by the opens pi_l(Ui) forU; C X;
open. Since a basis for the topology of X; is given by the quasi-compact open, we
conclude that a basis for the topology on X is given by p{l(Ui) with U; C X;
quasi-compact open. A formal argument shows that

p; N (U:) = limays o H(U;)
as topological spaces. Since each f, is spectral the sets f; 1(U;) are closed in the

constructible topology of X; and hence p; 1(Ui) is quasi-compact by Lemma m
Thus X has a basis for the topology consisting of quasi-compact opens.

Any quasi-compact open U of X is of the form U = p; 1(Ui) for some 7 and some
quasi-compact open U; C X; (see Lemma [24.4). Given U; C X; and U; C X quasi-
compact open, then p; ' (U;) N p]l(Uj) = pgl(Uk) for some k and quasi-compact
open U C Xj. Namely, choose k£ and morphisms k — ¢ and £ — j and let Uy
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be the intersection of the pullbacks of U; and U; to Xj. Thus we see that the
intersection of two quasi-compact opens of X is quasi-compact open.

Finally, let Z C X be irreducible and closed. Then p;(Z) C X; is irreducible and
therefore Z; = p;(Z) has a unique generic point &; (because X; is a spectral space).
Then fq(§;) =& for a: j — i in 7 because f,(Z;) = Z;. Hence £ =1lim¢; is a point
of X. Claim: £ € Z. Namely, if not we can find a quasi-compact open containing &
disjoint from Z. This would be of the form p, L(U;) for some i and quasi-compact
open U; C X;. Then & € U; but p;(Z) NU; = () which contradicts &; € p;(Z). So
¢ € Z and hence @ C Z. Conversely, every z € Z is in the closure of £&. Namely,
given a quasi-compact open neighbourhood U of z we write U = p; 1(Ui) for some
i and quasi-compact open U; C X;. We see that p;(z) € U; hence & € U; hence
& € U. Thus € is a generic point of Z. We omit the proof that £ is the unique
generic point of Z (hint: show that a second generic point has to be equal to £ by
showing that it has to map to &; in X; since by spectrality of X; the irreducible Z;
has a unique generic point). This finishes the proof. (I

Lemma 24.6. Let T be a cofiltered index category. Let i — X; be a diagram of
spectral spaces such that for a : j — i in L the corresponding map f, : X; — X; is
spectral. Set X =1lim X; and denote p; : X — X; the projection.

(1) Given any quasi-compact open U C X there exists an i € Ob(Z) and a
quasi-compact open U; C X; such that pi_l(Ul-) =U.

(2) Given U; C X; and U; C X; quasi-compact opens such that p; *(U;) C
p}l(Uj) there exist k € Ob(Z) and morphisms a : k — i and b: k — j such
that fH(Us) C f, 1 (U;).

(3) If U;, Uy 4, ..., Uy C X, are quasi-compact opens andpgl(Ui) = p;l(UM)U
U N (Uny) then 75U = f7H(Un) U .. U fo Y (Uny) for some mor-
phisma:j— 1 inZ.

(4) Same statement as in (3) but for intersections.

Proof. Part (1) is a special case of Lemma Part (2) is a special case of Lemma
as quasi-compact opens are both open and closed in the constructible topology.
Parts (3) and (4) follow formally from (1) and (2) and the fact that taking inverse
images of subsets commutes with taking unions and intersections. (I

Lemma 24.7. Let W be a subset of a spectral space X. The following are equiv-
alent:

(1) W is an intersection of constructible sets and closed under generalizations,

(2) W is quasi-compact and closed under generalizations,

(3) there exists a quasi-compact subset E C X such that W is the set of points
specializing to F,

(4) W is an intersection of quasi-compact open subsets,

(5) there exists a nonempty set I and quasi-compact opens U; C X, i € I such
that W = (U; and for all i,j € I there exists a k € I with U, C U; N U;.

In this case we have (a) W is a spectral space, (b) W = lim U; as topological spaces,

and (¢) for any open U containing W there exists an i with U; C U.

Proof. Let W C X satisfy (1). Then W is closed in the constructible topology,
hence quasi-compact in the constructible topology (by Lemmas and ,
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hence quasi-compact in the topology of X (because opens in X are open in the
constructible topology). Thus (2) holds.

It is clear that (2) implies (3) by taking F = W.

Let X be a spectral space and let E C W be as in (3). Since every point of W
specializes to a point of ' we see that an open of W which contains FE is equal to
W. Hence since F is quasi-compact, so is W. If z € X, o € W, then Z = @ is
disjoint from W. Since W is quasi-compact we can find a quasi-compact open U
with W C U and U N Z = (). We conclude that (4) holds.

tw = njeJ U; then setting I equal to the set of finite subsets of J and U; =
UjN...NnU;, fori={ji,...,j,} shows that (4) implies (5). It is immediate that
(5) implies (1).

Let I and U; be as in (5). Since W = (U; we have W = lim U; by the universal
property of limits. Then W is a spectral space by Lemma Let U C X be an
open neighbourhood of W. Then E; = U; N (X \ U) is a family of constructible
subsets of the spectral space Z = X \ U with empty intersection. Using that the
spectral topology on Z is quasi-compact (Lemma we conclude from Lemma
[12.6] that E; = ) for some 4. O

Lemma 24.8. Let X be a spectral space. Let E C X be a constructible subset. Let
W C X be the set of points of X which specialize to a point of E. Then W\ E is a
spectral space. If W = (\U; with U; as in Lemma[24.7 (8) then W\ E = lim(U;\ E).

Proof. Since F is constructible, it is quasi-compact and hence Lemma [24.7] applies
to W. If E is constructible, then E is constructible in U; for all i € I. Hence U; \ E
is spectral by Lemma Since W\ E =(\(U; \ E) we have W\ E =1limU; \ E
by the universal property of limits. Then W \ E is a spectral space by Lemma
O

25. Stone-Cech compactification

The Stone-Cech compactification of a topological space X is a map X — B(X)
from X to a Hausdorff quasi-compact space 8(X) which is universal for such maps.
We prove this exists by a standard argument using the following simple lemma.

Lemma 25.1. Let f: X = Y be a continuous map of topological spaces. Assume
that f(X) is dense in' Y and that Y is Hausdorff. Then the cardinality of Y is at
most the cardinality of P(P(X)) where P is the power set operation.

Proof. Let S = f(X) C Y. Let D be the set of all closed domains of Y, i.e.,
subsets D C Y which equal the closure of its interior. Note that the closure of an
open subset of Y is a closed domain. For y € Y consider the set

I,={T C S| there exists D € D with T=SND and y € D}.
Since S is dense in Y for every closed domain D we see that SN D is dense in D.
Hence, if DNS =D'NS for D,D’' € D, then D = D’. Thus I,, = I, implies that
y = 13’ because the Hausdorff condition assures us that we can find a closed domain
containing y but not y’. The result follows. (I

Let X be a topological space. By Lemma [25.1] there is a set I of isomorphism
classes of continuous maps f : X — Y which have dense image and where Y is
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Hausdorff and quasi-compact. For ¢ € I choose a representative f; : X — Y.
Consider the map

[[r:x— ier Ve
and denote S(X) the closure of the image. Since each Y; is Hausdorff, so is 8(X).
Since each Y; is quasi-compact, so is 5(X) (use Theorem and Lemma [12.3]).

Let us show the canonical map X — B(X) satisfies the universal property with
respect to maps to Hausdorff, quasi-compact spaces. Namely, let f : X — Y be
such a morphism. Let Z C Y be the closure of f(X). Then X — Z is isomorphic
to one of the maps f; : X — Y;, say fi, : X = Y;,. Thus f factors as X — B(X) —
[1Y: = Y, 2 Z — Y as desired.

Lemma 25.2. Let X be a Hausdorff, locally quasi-compact space. There exists a
map X — X* which identifies X as an open subspace of a quasi-compact Hausdorff
space X* such that X*\ X is a singleton (one point compactification). In particular,
the map X — B(X) identifies X with an open subspace of B(X).

Proof. Set X* = X IT {oo}. We declare a subset V' of X* to be open if either
V CXisopenin X,oroco € Vand U=V NX is an open of X such that X \ U
is quasi-compact. We omit the verification that this defines a topology. It is clear
that X — X* identifies X with an open subspace of X.

Since X is locally quasi-compact, every point € X has a quasi-compact neighbour-
hoodx € E C X. Then E is closed (Lemma|12.4part (1)) and V = (X \ E)II{oc0} is
an open neighbourhood of co disjoint from the interior of £. Thus X* is Hausdorff.

Let X* = |JV; be an open covering. Then for some i, say iy, we have co € V;,. By
construction Z = X* \ V;, is quasi-compact. Hence the covering Z C J; 2ig ZNVi
has a finite refinement which implies that the given covering of X* has a finite
refinement. Thus X* is quasi-compact.

The map X — X* factors as X — S(X) — X* by the universal property of the
Stone-Cech compactification. Let ¢ : B(X) — X* be this factorization. Then
X — ¢~ }(X) is a section to ¢~ 1(X) — X hence has closed image (Lemma .
Since the image of X — B(X) is dense we conclude that X = p~1(X). O

26. Extremally disconnected spaces

The material in this section is taken from [Gle58] (with a slight modification as
in [Raib9]). In Gleason’s paper it is shown that in the category of quasi-compact
Hausdorff spaces, the “projective objects” are exactly the extremally disconnected
spaces.

Definition 26.1. A topological space X is called extremally disconnected if the
closure of every open subset of X is open.

If X is Hausdorfl and extremally disconnected, then X is totally disconnected (this
isn’t true in general). If X is quasi-compact, Hausdorff, and extremally discon-
nected, then X is profinite by Lemma but the converse does not hold in
general. For example the p-adic integers Z, = lim Z/p"Z is a profinite space which
is not extremally disconnected. Namely, if U C Z, is the set of nonzero elements
whose valuation is even, then U is open but its closure is U U{0} which is not open.
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Lemmal 26.2. Let f: X =Y be a continuous map of topological spaces. Assume
[ is surjective and f(E) #Y for all proper closed subsets E C X. Then forU C X
open the subset f(U) is contained in the closure of Y \ f(X \ U).

Proof. Pick y € f(U) and let V C Y be any open neighbourhood of y. We will
show that V intersects Y \ f(X \ U). Note that W = U N f~1(V) is a nonempty
open subset of X, hence f(X \W) #Y. Takey' € Y, v/ & f(X \W). It is
elementary to show that y’ € V and ¢ e Y\ f(X \ U). O

Lemmal|26.3. Let X be an extremally disconnected space. If U,V C X are disjoint
open subsets, then U and V are disjoint too.

Proof. By assumption U is open, hence V NU is open and disjoint from U, hence
empty because U is the intersection of all the closed subsets of X containing U.
This means the open V N U avoids V hence is empty by the same argument. [

Lemma 26.4. Let f: X — Y be a continuous map of Hausdorff quasi-compact
topological spaces. If Y is extremally disconnected, f is surjective, and f(Z) #Y
for every proper closed subset Z of X, then f is a homeomorphism.

Proof. By Lemma it suffices to show that f is injective. Suppose that z,z’ €
X are distinct points with y = f(z) = f(2’). Choose disjoint open neighbourhoods
U,U' C X of z,2’. Observe that f is closed (Lemma [17.7) hence T' = f(X \U) and
T = f(X \U') are closed in Y. Since X is the union of X \ U and X \ U’ we see
that Y = TUT’. By Lemma we see that y is contained in the closure of Y\ T
and the closure of Y\ 7. On the other hand, by Lemma this intersection is
empty. In this way we obtain the desired contradiction. (|

Lemma 26.5. Let f: X — Y be a continuous surjective map of Hausdorff quasi-
compact topological spaces. There exists a quasi-compact subset E C X such that
F(E)=Y but f(E') £Y for all proper closed subsets E' C E.

Proof. We will use without further mention that the quasi-compact subsets of
X are exactly the closed subsets (Lemma . Consider the collection & of all
quasi-compact subsets E C X with f(E) = Y ordered by inclusion. We will use
Zorn’s lemma to show that £ has a minimal element. To do this it suffices to show
that given a totally ordered family E) of elements of £ the intersection (] E) is
an element of £. It is quasi-compact as it is closed. For every y € Y the sets
ExN f~1({y}) are nonempty and closed, hence the intersection (| ExN f~1({y}) =
N(Ex N f~1({y})) is nonempty by Lemma This finishes the proof. O

Proposition| 26.6. Let X be a Hausdorff, quasi-compact topological space. The
following are equivalent

(1) X is extremally disconnected,

(2) for any surjective continuous map f :'Y — X with Y Hausdorff quasi-
compact there exists a continuous section, and

(3) for any solid commutative diagram

\\
N~
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of continuous maps of quasi-compact Hausdorff spaces with Y — Z surjec-
tive, there is a dotted arrow in the category of topological spaces making the
diagram commute.

Proof. It is clear that (3) implies (2). On the other hand, if (2) holds and X — Z
and Y — Z are as in (3), then (2) assures there is a section to the projection
X Xz Y — X which implies a suitable dotted arrow exists (details omitted). Thus
(3) is equivalent to (2).

Assume X is extremally disconnected and let f : Y — X be as in (2). By Lemma
[26.5] there exists a quasi-compact subset E C Y such that f(E) = X but f(E') # X
for all proper closed subsets E' C E. By Lemma we find that f|g: E — X is
a homeomorphism, the inverse of which gives the desired section.

Assume (2). Let U C X be open with complement Z. Consider the continuous
surjection f: Ul Z — X. Let o be a section. Then U = o~ !(U) is open. Thus X
is extremally disconnected. O

Lemma 26.7. Let f: X — X be a surjective continuous selfmap of a Hausdorff
topological space. If f is not idx, then there exists a proper closed subset E C X
such that X = E'U f(F).

Proof. Pick p € X with f(p) # p. Choose disjoint open neighbourhoods p € U,
f(p) € Vand set E = X \UN f~Y(V). Then p ¢ E hence E is a proper closed
subset. If z € X, then either x € E, or if not, then € U N f~1(V) and writing
x = f(y) (possible as f is surjective) we find y € V C E and = € f(E). O

Example 26.8. We can use Proposition to see that the Stone-Cech com-
pactification B(X) of a discrete space X is extremally disconnected. Namely, let
f:Y — B(X) be a continuous surjection where Y is quasi-compact and Hausdorf.
Then we can lift the map X — B(X) to a continuous (!) map X — Y as X is
discrete. By the universal property of the Stone-Cech compactification we see that
we obtain a factorization X — 5(X) — Y. Since 8(X) = Y — S(X) equals the
identity on the dense subset X we conclude that we get a section. In particular,
we conclude that the Stone-Cech compactification of a discrete space is totally dis-
connected, whence profinite (see discussion following Definition and Lemma
22.2)).

Using the supply of extremally disconnected spaces given by Example 26.8] we can
prove that every quasi-compact Hausdorff space has a “projective cover” in the
category of quasi-compact Hausdorff spaces.

Lemma 26.9. Let X be a quasi-compact Hausdorff space. There exists a contin-
uwous surjection X' — X with X' quasi-compact, Hausdorff, and extremally discon-
nected. If we require that every proper closed subset of X' does not map onto X,
then X' is unique up to isomorphism.

Proof. Let Y = X but endowed with the discrete topology. Let X’ = 3(Y). The
continuous map Y — X factors as Y — X’ — X. This proves the first statement
of the lemma by Example [26.8]

By Lemma we can find a quasi-compact subset £ C X’ surjecting onto X
such that no proper closed subset of E surjects onto X. Because X’ is extremally
disconnected there exists a continuous map f : X’ — F over X (Proposition [26.6)).
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Composing f with the map F — X' gives a continuous selfmap f|g : F — E.
Observe that f|g has to be surjective as otherwise the image would be a proper
closed subset surjecting onto X. Hence f|g has to be idg as otherwise Lemma
shows that E isn’t minimal. Thus the idg factors through the extremally
disconnected space X’. A formal, categorical argument (using the characterization
of Proposition shows that E is extremally disconnected.

To prove uniqueness, suppose we have a second X” — X minimal cover. By the
lifting property proven in Proposition we can find a continuous map g : X' —
X" over X. Observe that g is a closed map (Lemma [17.7). Hence g(X’) C X" is
a closed subset surjecting onto X and we conclude g(X’) = X" by minimality of
X". On the other hand, if F C X’ is a proper closed subset, then g(E) # X" as
FE does not map onto X by minimality of X’. By Lemma we see that ¢ is an
isomorphism. O

Remark| 26.10. Let X be a quasi-compact Hausdorff space. Let x be an infinite
cardinal bigger or equal than the cardinality of X. Then the cardinality of the
minimal quasi-compact, Hausdorff, extremally disconnected cover X’ — X (Lemma
is at most 22°. Namely, choose a subset S C X’ mapping bijectively to X.
By minimality of X’ the set S is dense in X’. Thus |X'| < 22" by Lemma

27. Miscellany

The following lemma applies to the underlying topological space associated to a
quasi-separated scheme.

Lemma 27.1. Let X be a topological space which
(1) has a basis of the topology consisting of quasi-compact opens, and
(2) has the property that the intersection of any two quasi-compact opens is
quasi-compact.
Then
(1) X is locally quasi-compact,
(2) a quasi-compact open U C X is retrocompact,
(3) any quasi-compact open U C X has a cofinal system of open coverings
U:U= UjeJ U; with J finite and all U; and U; N Ujr quasi-compact,
(4) add more here.

Proof. Omitted. O

Definition 27.2. Let X be a topological space. We say = € X is an isolated point
of X if {z} is open in X.

28. Partitions and stratifications

Stratifications can be defined in many different ways. We welcome comments on
the choice of definitions in this section.

Definition 28.1. Let X be a topological space. A partition of X is a decomposition
X = [[X; into locally closed subsets X;. The X; are called the parts of the
partition. Given two partitions of X we say one refines the other if the parts of one
are unions of parts of the other.


https://stacks.math.columbia.edu/tag/090E
https://stacks.math.columbia.edu/tag/0069
https://stacks.math.columbia.edu/tag/06RM
https://stacks.math.columbia.edu/tag/09XZ

09Y0

09Y1

0BDS

09Y2

09Y3

TOPOLOGY 57

Any topological space X has a partition into connected components. If X has
finitely many irreducible components Zi,...,Z,, then there is a partition with
parts X1 = (V7 Zi \ (U,g; Zi) whose indices are subsets I C {1,...,r} which
refines the partition into connected components.

Definition 28.2. Let X be a topological space. A good stratification of X is a
partition X = ][] X; such that for all i, € I we have

X,nX; #0= X, C Xj.

Given a good stratification X = [[,.; X; we obtain a partial ordering on I by
setting ¢ < j if and only if X; C X,;. Then we see that

X; = i< X;
However, what often happens in algebraic geometry is that one just has that the

left hand side is a subset of the right hand side in the last displayed formula. This
leads to the following definition.

Definition 28.3. Let X be a topological space. A stratification of X is given by
a partition X = J[._; X; and a partial ordering on I such that for each j € I we
have

il
Xj C i< X;
The parts X; are called the strata of the stratification.

We often impose additional conditions on the stratification. For example, stratifi-
cations are particularly nice if they are locally finite, which means that every point
has a neighbourhood which meets only finitely many strata. More generally we
introduce the following definition.

Definition 28.4. Let X be a topological space. Let I be a set and for ¢ € I let
E; C X be a subset. We say the collection {F;}icr is locally finite if for all x € X
there exists an open neighbourhood U of z such that {i € I|E; N U # 0} is finite.

Remark 28.5. Given a locally finite stratification X = [] X; of a topological
space X, we obtain a family of closed subsets Z; = i<i X of X indexed by I such

that
ZiNZ; = Ukﬁi,j 7

Conversely, given closed subsets Z; C X indexed by a partially ordered set I such
that X = |JZ;, such that every point has a neighbourhood meeting only finitely
many Z;, and such that the displayed formula holds, then we obtain a locally finite
stratification of X by setting X; = Z; \ U, ., Z;-

Lemma 28.6. Let X be a topological space. Let X =[] X; be a finite partition of
X. Then there exists a finite stratification of X refining it.

Proof. Let T, = X; and A; = T; \ X;. Let S be the set of all intersections of T;
and A;. (For example T} NT5 N Ay is an element of S.) Then S = {Z,} is a finite
collection of closed subsets of X such that Z, N Z, € S for all s,s’ € S. Define a
partial ordering on S by inclusion. Then set Y, = Z, \ [,/ ., Z+ to get the desired
stratification. O
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Lemma 28.7. Let X be a topological space. Suppose X =Ty U...UT, is written
as a union of constructible subsets. There exists a finite stratification X = [[ X;
with each X; constructible such that each Ty is a union of strata.

Proof. By definition of constructible subsets, we can write each T; as a finite union
of U NV® with U,V C X retrocompact open. Hence we may assume that T; =
U;NV¢ with U;, V; C X retrocompact open. Let S be the finite set of closed subsets
of X consisting of (), X, Uf, V¢ and finite intersections of these. If Z € S, then Z is
constructible in X (Lemma [15.2). Moreover, ZNZ' € S for all Z, Z' € S. Define a
partial ordering on S by inclusion. For Z € S set Xz = Z'\ UZ/<Z7 zes Z' to get
a stratification X =[], Xz satisfying the properties stated in the lemma. [

Lemmal 28.8. Let X be a Noetherian topological space. Any finite partition of X
can be refined by a finite good stratification.

Proof. Let X = ] X; be a finite partition of X. Let Z be an irreducible component
of X. Since X = |J X; with finite index set, there is an i such that Z C X;. Since X;
is locally closed this implies that ZNX; contains an open of Z. Thus ZNX; contains
an open U of X (Lemma . Write X; = U I X! I X? with X} = (X;\U)NU
and X2 = (X;\U)NU". For i’ # i we set X} =X, NU and X2 = Xy NU°. Then

X\U=][]xf

is a partition such that U \ U = |JX}. Note that X \ U is closed and strictly
smaller than X. By Noetherian induction we can refine this partition by a finite
good stratification X \ U = [[,c4 Ta- Then X = U [] 4 Tw is a finite good
stratification of X refining the partition we started with. O

29. Colimits of spaces

The category of topological spaces has coproducts. Namely, if I is a set and for
i € I we are given a topological space X; then we endow the set [],.; X; with the
coproduct topology. As a basis for this topology we use sets of the form U; where
U; C X; is open.

The category of topological spaces has coequalizers. Namely, if a,b: X — Y are
morphisms of topological spaces, then the coequalizer of a and b is the coequalizer
Y/ ~ in the category of sets endowed with the quotient topology (Section @

Lemma 29.1. The category of topological spaces has colimits and the forgetful
functor to sets commutes with them.

Proof. This follows from the discussion above and Categories, Lemma An-
other proof of existence of colimits is sketched in Categories, Remark[25.2] It follows
from the above that the forgetful functor commutes with colimits. Another way to
see this is to use Categories, Lemma and use that the forgetful functor has a
right adjoint, namely the functor which assigns to a set the corresponding chaotic
(or indiscrete) topological space. a

30. Topological groups, rings, modules

This is just a short section with definitions and elementary properties.
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Definition 30.1. A topological group is a group G endowed with a topology such
that multiplication G x G — G, (z,y) — zy and inverse G — G, x — x~! are
continuous. A homomorphism of topological groups is a homomorphism of groups

which is continuous.

If G is a topological group and H C G is a subgroup, then H with the induced
topology is a topological group. If G is a topological group and G — H is a
surjection of groups, then H endowed with the quotient topology is a topological

group.

Example 30.2. Let FE be a set. We can endow the set of self maps Map(F, E)
with the compact open topology, i.e., the topology such that given f : F — E a
fundamental system of neighbourhoods of f is given by the sets Ugs(f) ={f': E —
E | f'|s = fls} where S C E is finite. With this topology the action

Map(E,E)x E— E, (f,e) — f(e)

is continuous when F is given the discrete topology. If X is a topological space and
X x E — E is a continuous map, then the map X — Map(F, E) is continuous.
In other words, the compact open topology is the coarsest topology such that the
“action” map displayed above is continuous. The composition

Map(E, F) x Map(E, E) — Map(F, E)

is continuous as well (as is easily verified using the description of neighbourhoods
above). Finally, if Aut(E) C Map(F, E) is the subset of invertible maps, then the
inverse i : Aut(E) — Aut(E), f — f~! is continuous too. Namely, say S C E is
finite, then i~ (Us(f~')) = Us-1(s)(f). Hence Aut(E) is a topological group as in
Definition B0.11

Lemma) 30.3. The category of topological groups has limits and limits commute
with the forgetful functors to (a) the category of topological spaces and (b) the cat-

egory of groups.

Proof. It is enough to prove the existence and commutation for products and
equalizers, see Categories, Lemmal[I4.11] Let G;, ¢ € I be a collection of topological
groups. Take the usual product G = [[G; with the product topology. Since
G x G = [[(G; x G;) as a topological space (because products commutes with
products in any category), we see that multiplication on G is continuous. Similarly
for the inverse map. Let a,b : G — H be two homomorphisms of topological
groups. Then as the equalizer we can simply take the equalizer of a and b as maps
of topological spaces, which is the same thing as the equalizer as maps of groups
endowed with the induced topology. O

Lemma 30.4. Let G be a topological group. The following are equivalent
(1) G as a topological space is profinite,
(2) G is a limit of a diagram of finite discrete topological groups,
(3) G is a cofiltered limit of finite discrete topological groups.

Proof. We have the corresponding result for topological spaces, see Lemma
Combined with Lemma we see that it suffices to prove that (1) implies (3).

We first prove that every neighbourhood E of the neutral element e contains an
open subgroup. Namely, since G is the cofiltered limit of finite discrete topological
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spaces (Lemma , we can choose a continuous map f : G — T to a finite discrete
space T such that f~1(f({e})) C E. Consider

H={geG]|f(gg) = f(g) forall ¢’ € G}

This is a subgroup of G and contained in E. Thus it suffices to show that H is
open. Pick t € T and set W = f~1({t}). Observe that W C G is open and closed,
in particular quasi-compact. For each w € W there exist open neighbourhoods
ee€ U, C Gand w € U}, C W such that U,U,, C W. By quasi-compactness we
can find wy, ..., wy, such that W = (JU,,,. Then U; = Uy, N...NU,, is an open
neighbourhood of e such that f(gw) = ¢ for all w € W. Since T is finite we see
that ()., Ur C H is an open neighbourhood of e. Since H C G is a subgroup it
follows that H is open.

Suppose that H C G is an open subgroup. Since G is quasi-compact we see that
the index of H in G is finite. Say G = Hg1U...UHg,. Then N =(,_; ngngfl
is an open normal subgroup contained in H. Since N also has finite index we see
that G — G/N is a surjection to a finite discrete topological group.

Consider the map
G — limNcG open and normal G/N

We claim that this map is an isomorphism of topological groups. This finishes the
proof of the lemma as the limit on the right is cofiltered (the intersection of two open
normal subgroups is open and normal). The map is continuous as each G — G/N
is continuous. The map is injective as G is Hausdorff and every neighbourhood of
e contains an N by the arguments above. The map is surjective by Lemma [12.6]
By Lemma [I7.8] the map is a homeomorphism. O

Definition 30.5. A topological group is called a profinite group if it satisfies the
equivalent conditions of Lemma [30.4}

If G - Gs — G3 — ... is a system of topological groups then the colimit G =
colim G, as a topological group (Lemma is in general different from the colimit
as a topological space (Lemma even though these have the same underlying
set. See Examples, Section

Lemma 30.6. The category of topological groups has colimits and colimits com-
mute with the forgetful functor to the category of groups.

Proof. We will use the argument of Categories, Remark to prove existence
of colimits. Namely, suppose that Z — Top, i — G; is a functor into the category
TopGroup of topological groups. Then we can consider

F : TopGroup — Sets, H +— limz Mor 7opGroup(Gi, H)

This functor commutes with limits. Moreover, given any topological group H and
an element (p; : G; — H) of F(H), there is a subgroup H' C H of cardinality
at most | [[ G;| (coproduct in the category of groups, i.e., the free product on the
G;) such that the morphisms ¢; map into H’'. Namely, we can take the induced
topology on the subgroup generated by the images of the ;. Thus it is clear that
the hypotheses of Categories, Lemma [25.1] are satisfied and we find a topological
group G representing the functor F', which precisely means that G is the colimit of
the diagram i — G;.
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To see the statement on commutation with the forgetful functor to groups we will
use Categories, Lemma Indeed, the forgetful functor has a right adjoint,
namely the functor which assigns to a group the corresponding chaotic (or indis-
crete) topological group. [

Definition 30.7. A topological ring is a ring R endowed with a topology such that
addition R x R — R, (z,y) — x 4+ y and multiplication R x R — R, (z,y) — zy
are continuous. A homomorphism of topological rings is a homomorphism of rings
which is continuous.

In the Stacks project rings are commutative with 1. If R is a topological ring, then
(R, +) is a topological group since x — —z is continuous. If R is a topological ring
and R’ C R is a subring, then R’ with the induced topology is a topological ring. If
R is a topological ring and R — R’ is a surjection of rings, then R’ endowed with
the quotient topology is a topological ring.

Lemma 30.8. The category of topological rings has limits and limits commute with
the forgetful functors to (a) the category of topological spaces and (b) the category
of rings.

Proof. It is enough to prove the existence and commutation for products and
equalizers, see Categories, Lemmal[I4.11] Let R;, ¢ € I be a collection of topological
rings. Take the usual product R = [ R; with the product topology. Since R x R =
[T(R; x R;) as a topological space (because products commutes with products in
any category), we see that addition and multiplication on R are continuous. Let
a,b: R — R’ be two homomorphisms of topological rings. Then as the equalizer we
can simply take the equalizer of a and b as maps of topological spaces, which is the
same thing as the equalizer as maps of rings endowed with the induced topology. [

Lemma 30.9. The category of topological rings has colimits and colimits commute
with the forgetful functor to the category of rings.

Proof. The exact same argument as used in the proof of Lemma [30.6| shows exis-
tence of colimits. To see the statement on commutation with the forgetful functor
to rings we will use Categories, Lemma Indeed, the forgetful functor has a
right adjoint, namely the functor which assigns to a ring the corresponding chaotic
(or indiscrete) topological ring. O

Definition 30.10. Let R be a topological ring. A topological module is an R-
module M endowed with a topology such that addition M x M — M and scalar
multiplication Rx M — M are continuous. A homomorphism of topological modules
is a homomorphism of modules which is continuous.

If R is a topological ring and M is a topological module, then (M, +) is a topological
group since z — —z is continuous. If R is a topological ring, M is a topological
module and M’ C M is a submodule, then M’ with the induced topology is a
topological module. If R is a topological ring, M is a topological module, and
M — M’ is a surjection of modules, then M’ endowed with the quotient topology
is a topological module.

Lemmal 30.11. Let R be a topological ring. The category of topological modules
over R has limits and limits commute with the forgetful functors to (a) the category
of topological spaces and (b) the category of R-modules.
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Proof. It is enough to prove the existence and commutation for products and
equalizers, see Categories, Lemmal[I4.11] Let M;, i € I be a collection of topological
modules over R. Take the usual product M = [][ M; with the product topology.
Since M x M = [[(M; x M;) as a topological space (because products commutes
with products in any category), we see that addition on M is continuous. Similarly
for multiplication R x M — M. Let a,b : M — M’ be two homomorphisms of
topological modules over R. Then as the equalizer we can simply take the equalizer
of a and b as maps of topological spaces, which is the same thing as the equalizer
as maps of modules endowed with the induced topology. (Il

Lemma 30.12. Let R be a topological ring. The category of topological modules
over R has colimits and colimits commute with the forgetful functor to the category
of modules over R.

Proof. The exact same argument as used in the proof of Lemma [30.6| shows exis-
tence of colimits. To see the statement on commutation with the forgetful functor
to R-modules we will use Categories, Lemma[24.5] Indeed, the forgetful functor has
a right adjoint, namely the functor which assigns to a module the corresponding
chaotic (or indiscrete) topological module. O
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