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1. Introduction

In this chapter we start studying varieties and more generally schemes over a field.
A fundamental reference is [DG67].

2. Notation

Throughout this chapter we use the letter k£ to denote the ground field.

3. Varieties
In the Stacks project we will use the following as our definition of a variety.

Definition 3.1. Let k be a field. A wvariety is a scheme X over k such that X is
integral and the structure morphism X — Spec(k) is separated and of finite type.

This definition has the following drawback. Suppose that k'/k is an extension
of fields. Suppose that X is a variety over k. Then the base change Xy =
X Xgpec(k) Spec(k’) is not necessarily a variety over &’. This phenomenon (in greater
generality) will be discussed in detail in the following sections. The product of two
varieties need not be a variety (this is really the same phenomenon). Here is an
example.

Example 3.2. Let k = Q. Let X = Spec(Q(i)) and Y = Spec(Q(i)). Then the
product X Xgpec(x) Y of the varieties X and Y is not a variety, since it is reducible.
(It is isomorphic to the disjoint union of two copies of X.)

If the ground field is algebraically closed however, then the product of varieties is
a variety. This follows from the results in the algebra chapter, but there we treat
much more general situations. There is also a simple direct proof of it which we
present here.

Lemma 3.3. Let k be an algebraically closed field. Let X, Y be varieties over k.
Then X Xgpec(k) Y is a variety over k.
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Proof. The morphism X Xgpec(r) Y — Spec(k) is of finite type and separated
because it is the composition of the morphisms X Xgpecry ¥ — Y — Spec(k)
which are separated and of finite type, see Morphisms, Lemmas and and
Schemes, Lemma To finish the proof it suffices to show that X Xgpecr) Y is
integral. Let X = Uz:ln U, Y = Uj:l,...,m V; be finite affine open coverings. If
we can show that each U; Xgpec(ry Vj is integral, then we are done by Properties,
Lemmas and This reduces us to the affine case.

The affine case translates into the following algebra statement: Suppose that A, B
are integral domains and finitely generated k-algebras. Then A ®j B is an integral
domain. To get a contradiction suppose that

(Zizl,...,n @ & bi)(zjzl,__”m ¢ ®@d;) =0

in A ®; B with both factors nonzero in A ®; B. We may assume that bq,...,b,
are k-linearly independent in B, and that di,...,d,, are k-linearly independent
in B. Of course we may also assume that a; and ¢; are nonzero in A. Hence
D(ayic1) C Spec(A) is nonempty. By the Hilbert Nullstellensatz (Algebra, Theorem
we can find a maximal ideal m C A contained in D(ajci) and A/m =k as k
is algebraically closed. Denote @;,¢; the residue classes of a;,c; in A/m = k. The
equation above becomes

(Zizl,...,n Eibi)(zj:1,~n7m ¢jd;) =0

which is a contradiction with m € D(ajc¢1), the linear independence of by, ..., b,
and dy,...,d,,, and the fact that B is a domain. (I

4. Varieties and rational maps

Let k be a field. Let X and Y be varieties over k. We will use the phrase rational
map of varieties from X to Y to mean a Spec(k)-rational map from the scheme X
to the scheme Y as defined in Morphisms, Definition As is customary, the
phrase “rational map of varieties” does not refer to the (common) base field of the
varieties, even though for general schemes we make the distinction between rational
maps and rational maps over a given base.

The title of this section refers to the following fundamental theorem.

Theorem 4.1. Let k be a field. The category of varieties and dominant rational
maps is equivalent to the category of finitely generated field extensions K/k.

Proof. Let X and Y be varieties with generic points € X and y € Y. Recall
that dominant rational maps from X to Y are exactly those rational maps which
map z to y (Morphisms, Definition and discussion following). Thus given a
dominant rational map X D U — Y we obtain a map of function fields

E(Y) = k(y) = Oyy — Ox 5 = k(x) = k(X)

Conversely, such a k-algebra map (which is automatically local as the source and
target are fields) determines (uniquely) a dominant rational map by Morphisms,
Lemma In this way we obtain a fully faithful functor. To finish the proof it
suffices to show that every finitely generated field extension K/k is in the essential
image. Since K /k is finitely generated, there exists a finite type k-algebra A C K
such that K is the fraction field of A. Then X = Spec(A) is a variety whose
function field is K. O
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Let k be a field. Let X and Y be varieties over k. We will use the phrase X
and Y are birational varieties to mean X and Y are Spec(k)-birational as defined
in Morphisms, Definition As is customary, the phrase “birational varieties”
does not refer to the (common) base field of the varieties, even though for general
irreducible schemes we make the distinction between being birational and being
birational over a given base.

Lemma 4.2. Let X andY be varieties over a field k. The following are equivalent
(1) X and Y are birational varieties,
(2) the function fields k(X) and k(YY) are isomorphic,
(3) there exist nonempty opens of X andY which are isomorphic as varieties,
(4) there exists an open U C X and a birational morphism U — 'Y of varieties.

Proof. This is a special case of Morphisms, Lemma [50.6 (I

5. Change of fields and local rings

Some preliminary results on what happens to local rings under an extension of
ground fields.

Lemma 5.1. Let K/k be an extension of fields. Let X be scheme over k and set
Y = Xg. If y € Y with image x € X, then

(1) Ox,» — Oy,y is a faithfully flat local ring homomorphism,

(2) with po = Ker(k(x) @k K — k(y)) we have k(y) = (o),

(3) Oy,y = (Ox 4 ®y K), where p C Ox , @k K is the inverse image of po.

(4) we have Oy /MO0y, = (k(z) @k K)p,
Proof. We may assume X = Spec(A) is affine. Then Y = Spec(A ®y, K). Since K
is flat over k, we see that A - A ®; K is flat. Hence Y — X is flat and we get the
first statement if we also use Algebra, Lemma [39.17} The second statement follows
from Schemes, Lemma Now y corresponds to a prime ideal ¢ C A ®; K and
x to t = ANgq. Then pg is the kernel of the induced map x(v) @, K — x(q). The
map on local rings is

A — (A Rk K)q
We can factor this map through A, ®; K = (A ®; K). to get
A — A @ K — (A®kK)q

and then the second arrow is a localization at some prime. This prime ideal is the
inverse image of po (details omitted) and this proves (3). To see (4) use (3) and
that localization and — ®; K are exact functors. [l

Lemma 5.2. Notation as in Lemma . Assume X is locally of finite type over
k. Then

dim(Oy,y, /m;Oy,y) = trdeg, (k(x)) — trdegy (k(y)) = dim(Oy,y) — dim(Ox )
Proof. This is a restatement of Algebra, Lemma [116.7] (]

Lemma 5.3. Notation as in Lemma . Assume X is locally of finite type over k,
that dim(Ox o) = dim(Oy,y) and that k(x) @y K is reduced (for example if k(x)/k
is separable or K/k is separable). Then myOy,, =m,,.

Proof. (The parenthetical statement follows from Algebra, Lemma ) Combin-

ing Lemmas and we see that Oy, /m;Oy,, has dimension 0 and is reduced.
Hence it is a field. O
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6. Geometrically reduced schemes

If X is a reduced scheme over a field, then it can happen that X becomes nonreduced
after extending the ground field. This does not happen for geometrically reduced
schemes.

Definition 6.1. Let k be a field. Let X be a scheme over k.

(1) Let 2 € X be a point. We say X is geometrically reduced at x if for any field
extension k'/k and any point 2’ € X} lying over x the local ring Ox,,
is reduced.

(2) We say X is geometrically reduced over k if X is geometrically reduced at
every point of X.

This may seem a little mysterious at first, but it is really the same thing as the
notion discussed in the algebra chapter. Here are some basic results explaining the
connection.

Lemma 6.2. Let k be a field. Let X be a scheme over k. Let x € X. The
following are equivalent

(1) X is geometrically reduced at x, and
(2) the ring Ox 4 is geometrically reduced over k (see Algebra, Definition .

Proof. Assume (1). This in particular implies that Ox , is reduced. Let k'/k be a
finite purely inseparable field extension. Consider the ring Ox , ®x k’. By Algebra,
Lemma its spectrum is the same as the spectrum of Ox .. Hence it is a local
ring also (Algebra, Lemma . Therefore there is a unique point ' € Xy lying
over x and Ox,, »» = Ox , @ k. By assumption this is a reduced ring. Hence we
deduce (2) by Algebra, Lemmam

Assume (2). Let k' /k be a field extension. Since Spec(k’) — Spec(k) is surjective,
also X — X is surjective (Morphisms, Lemma . Let ' € X} be any point
lying over x. The local ring Ox,, .+ is a localization of the ring Ox , @ k'. Hence
it is reduced by assumption and (1) is proved. O

The notion isn’t interesting in characteristic zero.

Lemma 6.3. Let X be a scheme over a perfect field k (e.g. k has characteristic
zero). Let x € X. If Ox 5 is reduced, then X is geometrically reduced at x. If X is
reduced, then X is geometrically reduced over k.

Proof. The first statement follows from Lemma [6.2]and Algebra, Lemma and
the definition of a perfect field (Algebra, Definition [45.1)). The second statement
follows from the first. O

Lemmal 6.4. Let k be a field of characteristic p > 0. Let X be a scheme over k.
The following are equivalent

) X is geometrically reduced,

) Xy is reduced for every field extension k'/k,

) Xy is reduced for every finite purely inseparable field extension k' /k,

) Xp1/p is reduced,

) Xppers is reduced,

) Xj is reduced,

) for every affine open U C X the ring Ox (U) is geometrically reduced (see

Algebra, Definition ,

(1

(2
(3
(4
(5
(6
(7
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Proof. Assume (1). Then for every field extension k’'/k and every point =’ € X}/
the local ring of X at 2’ is reduced. In other words Xy, is reduced. Hence (2).

Assume (2). Let U C X be an affine open. Then for every field extension &'/k the
scheme X} is reduced, hence Uy, = Spec(O(U)®x k') is reduced, hence O(U) @k’ is
reduced (see Properties, Section . In other words O(U) is geometrically reduced,
so (7) holds.

Assume (7). For any field extension k’/k the base change X} is gotten by gluing
the spectra of the rings Ox (U) ®; k' where U is affine open in X (see Schemes,
Section [17). Hence X is reduced. So (1) holds.

This proves that (1), (2), and (7) are equivalent. These are equivalent to (3), (4),
(5), and (6) because we can apply Algebra, Lemma to Ox (U) for U C X affine
open. U

Lemmal 6.5. Let k be a field of characteristic p > 0. Let X be a scheme over k.
Let © € X. The following are equivalent

(1) X is geometrically reduced at x,

(2) Ox,, o is reduced for every finite purely inseparable field extension k' of k
and x' € Xy the unique point lying over x,

(3) OXkl/p,z/ is reduced for ' € Xp1/p the unique point lying over x, and

(4) OXx_pers ot 18 Teduced for ' € Xypers the unique point lying over x.

Proof. Note that if &¥'/k is purely inseparable, then X}, — X induces a home-
omorphism on underlying topological spaces, see Algebra, Lemma Whence
the uniqueness of 2’ lying over x mentioned in the statement. Moreover, in this
case Ox,, »» = Ox z @ k'. Hence the lemma follows from Lemma above and
Algebra, Lemma [44.3

Lemma 6.6. Let k be a field. Let X be a scheme over k. Let k'/k be a field
extension. Let x € X be a point, and let ' € Xy be a point lying over x. The
following are equivalent

(1) X is geometrically reduced at x,

(2) Xy is geometrically reduced at x’.
In particular, X is geometrically reduced over k if and only if Xy is geometrically
reduced over k'.

Proof. It is clear that (1) implies (2). Assume (2). Let k”/k be a finite purely
inseparable field extension and let 2" € Xy be a point lying over x (actually it is
unique). We can find a common field extension k"’ /k (i.e. with both ¥ C k" and
k" C k") and a point &’ € Xy lying over both ' and z”. Consider the map of
local rings
OXku,z” — Oxk,,,’zm/.

This is a flat local ring homomorphism and hence faithfully flat. By (2) we see that
the local ring on the right is reduced. Thus by Algebra, Lemma we conclude
that Ox,,, .~ is reduced. Thus by Lemmawe conclude that X is geometrically
reduced at x. [

Lemma 6.7. Let k be a field. Let X, Y be schemes over k.

(1) If X is geometrically reduced at x, and Y reduced, then X XY is reduced
at every point lying over x.
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(2) If X geometrically reduced over k and Y reduced. Then X XY is reduced.
Proof. Combine, Lemmas [6.2| and [6.4] and Algebra, Lemma [43.5] ad
Lemma 6.8. Let k be a field. Let X be a scheme over k.

(1) If &' ~ z is a specialization and X is geometrically reduced at x, then X
is geometrically reduced at x'.

(2) If x € X such that (a) Ox , is reduced, and (b) for each specialization
'~ x where ' is a generic point of an irreducible component of X the
scheme X is geometrically reduced at ', then X is geometrically reduced
at x.

(3) If X is reduced and geometrically reduced at all generic points of irreducible
components of X, then X is geometrically reduced.

Proof. Part (1) follows from Lemma and the fact that if A is a geometri-
cally reduced k-algebra, then S~!'A is a geometrically reduced k-algebra for any
multiplicative subset S of A, see Algebra, Lemma

Let A = Ox . The assumptions (a) and (b) of (2) imply that A is reduced, and
that A, is geometrically reduced over k for every minimal prime q of A. Hence A
is geometrically reduced over k, see Algebra, Lemma[43.7] Thus X is geometrically
reduced at z, see Lemma [6.2)

Part (3) follows trivially from part (2). O

Lemma 6.9. Let k be a field. Let X be a scheme over k. Let x € X. Assume
X locally Noetherian and geometrically reduced at x. Then there exists an open
neighbourhood U C X of x which is geometrically reduced over k.

Proof. Assume X locally Noetherian and geometrically reduced at z. By Prop-
erties, Lemma we can find an affine open neighbourhood U C X of x such
that R = Ox(U) — Ox , is injective. By Lemma the assumption means that
Ox , is geometrically reduced over k. By Algebra, Lemma this implies that
R is geometrically reduced over k, which in turn implies that U is geometrically
reduced. (]

Example 6.10. Let &k = F,(s,t), i.e., a purely transcendental extension of the
prime field. Consider the variety X = Spec(k[x,y]/(1 + szP + tyP)). Let k'/k be
any extension such that both s and ¢ have a pth root in k’. Then the base change
Xy is not reduced. Namely, the ring &'[z,y]/(1 + szP + tyP) contains the element
1+ s'/Px + /Py whose pth power is zero but which is not zero (since the ideal
(1 + szP + tyP) certainly does not contain any nonzero element of degree < p).

Lemma 6.11. Let k be a field. Let X — Spec(k) be locally of finite type. As-
sume X has finitely many irreducible components. Then there exists a finite purely
inseparable extension k' [k such that (Xg/)reqa is geometrically reduced over k'.

Proof. To prove this lemma we may replace X by its reduction X,.qs. Hence we
may assume that X is reduced and locally of finite type over k. Let x1,...,2, € X
be the generic points of the irreducible components of X. Note that for every purely
inseparable algebraic extension k’/k the morphism (X )req — X is a homeomor-
phism, see Algebra, Lemmam Hence the points @1, ..., z), lying over z1,...,2,
are the generic points of the irreducible components of (Xg/),eq. As X is reduced
the local rings K; = Ox ,, are fields, see Algebra, Lemma As X is locally of
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finite type over k the field extensions K;/k are finitely generated field extensions.
Finally, the local rings O(x,,), . .o are the fields (K; ®r k" )reqa- By Algebra, Lemma
we can find a finite purely inseparable extension k’/k such that (K; ®p k') req
are separable field extensions of k’. In particular each (K; @k k') cq is geometrically
reduced over k' by Algebra, Lemma At this point Lernma part (3) implies
that (Xg/)red is geometrically reduced. O

7. Geometrically connected schemes

If X is a connected scheme over a field, then it can happen that X becomes dis-
connected after extending the ground field. This does not happen for geometrically
connected schemes.

Definition 7.1. Let X be a scheme over the field k. We say X is geometrically
connected over k if the scheme X}, is connected for every field extension k' of k.

By convention a connected topological space is nonempty; hence a fortiori geomet-
rically connected schemes are nonempty. Here is an example of a variety which is
not geometrically connected.

Example 7.2. Let k = Q. The scheme X = Spec(Q(7)) is a variety over Spec(Q).
But the base change X¢ is the spectrum of C®q Q(i) = C x C which is the disjoint
union of two copies of Spec(C). So in fact, this is an example of a non-geometrically
connected variety.

Lemma 7.3. Let X be a scheme over the field k. Let k'/k be a field extension.
Then X is geometrically connected over k if and only if Xy is geometrically con-
nected over k'.

Proof. If X is geometrically connected over k, then it is clear that X/ is geo-
metrically connected over k’. For the converse, note that for any field extension
k" /k there exists a common field extension k”'/k’ and k' /k"”. As the morphism
X — Xy is surjective (as a base change of a surjective morphism between
spectra of fields) we see that the connectedness of Xy~ implies the connectedness
of Xyr. Thus if X/ is geometrically connected over k' then X is geometrically
connected over k. O

Lemma 7.4. Let k be a field. Let X, Y be schemes over k. Assume X is
geometrically connected over k. Then the projection morphism

p: X XY —Y
induces a bijection between connected components.
Proof. The scheme theoretic fibres of p are connected, since they are base changes
of the geometrically connected scheme X by field extensions. Moreover the scheme
theoretic fibres are homeomorphic to the set theoretic fibres, see Schemes, Lemma

18.5] By Morphisms, Lemma[23.4] the map p is open. Thus we may apply Topology,
Lemma, [7.6] to conclude. O

Lemma 7.5. Let k be a field. Let A be a k-algebra. Then X = Spec(4) is
geometrically connected over k if and only if A is geometrically connected over k

(see Algebra, Definition[{8.5).

Proof. Immediate from the definitions. O
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Lemma 7.6. Let k'/k be an extension of fields. Let X be a scheme over k. Assume
k separably algebraically closed. Then the morphism Xy — X induces a bijection
of connected components. In particular, X is geometrically connected over k if and
only if X is connected.

Proof. Since k is separably algebraically closed we see that k' is geometrically
connected over k, see Algebra, Lemma Hence Z = Spec(k') is geometrically
connected over k by Lemma [7.5] above. Since Xj» = Z xj, X the result is a special
case of Lemma [74 O

Lemmal 7.7. Let k be a field. Let X be a scheme over k. Let k be a separable
algebraic closure of k. Then X is geometrically connected if and only if the base
change X+ is connected.

Proof. Assume Xj is connected. Let k'/k be a field extension. There exists a field

extension k' /k such that k" embeds into % as an extension of k. By Lemma 7.6 we
see that XE/ is connected. Since XE' — X} is surjective we conclude that X is
connected as desired. ([l

Lemmal 7.8. Let k be a field. Let X be a scheme over k. Let A be a k-algebra.
Let V. C X4 be a quasi-compact open. Then there exists a finitely generated k-
subalgebra A’ C A and a quasi-compact open V' C X 41 such that V =V}.

Proof. We remark that if X is also quasi-separated this follows from Limits,
Lemma Let Uy,...,U, be finitely many affine opens of X such that V C
UUi,a. Say U; = Spec(R;). Since V is quasi-compact we can find finitely many
fij € Ri®rA, j=1,...,n;such that V =, Uj=1,---,m D(f;;) where D(fi;) CU;.a
is the corresponding standard open. (We do not claim that V' N U; 4 is the union
of the D(fi;), j = 1,...,n;.) It is clear that we can find a finitely generated
k-subalgebra A" C A such that f;; is the image of some f;; € R; @ A’. Set
V! = U D(f};) which is a quasi-compact open of X4/. Denote 7 : X4 — Xa the
canonical morphism. We have w(V') C V' as 7(D(fi;)) C D(f};). If z € X4 with
m(z) € V', then m(x) € D(f};) for some 4, j and we see that = € D(f;;) as f;; maps
to fi;. Thus we see that V = 71 (V') as desired. O

Let k be a field. Let k/k be a (possibly infinite) Galois extension. For example
k could be the separable algebraic closure of k. For any o € Gal(k/k) we get a
corresponding automorphism Spec(c) : Spec(k) — Spec(k). Note that Spec(c) o
Spec(T) = Spec(7 o o). Hence we get an action

Gal(k/k)°PP x Spec(k) — Spec(k)
of the opposite group on the scheme Spec(k). Let X be a scheme over k. Since

X7 = Spec(k) Xgpec(ky X by definition we see that the action above induces a
canonical action

(781) Gal(%/k)"pp X XE — XE
Lemma 7.9. Let k be a field. Let X be a scheme over k. Let k be a (possibly
infinite) Galois extension of k. Let V C Xy be a quasi-compact open. Then

(1) there exists a finite subextension k/k'/k and a quasi-compact open V' C Xy
such that V= (V')
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(2) there exists an open subgroup H C Gal(k/k) such that o(V) =V for all
o€ H.

Proof. By Lemma there exists a finite subextension k’/k C k and an open
V' C Xj which pulls back to V. This proves (1). Since Gal(k/k') is open in
Gal(k/k) part (2) is clear as well. O

Lemma 7.10. Let k be a field. Let k/k be a (possibly infinite) Galois extension.
Let X be a scheme over k. Let T C X% have the following properties

(1) T is a closed subset of Xz,
(2) for every o € Gal(k/k) we have o(T) =T.

Then there exists a closed subset T'C X whose inverse image in Xz is T.

Proof. This lemma immediately reduces to the case where X = Spec(A) is affine.
In this case, let T C A ®;, k be the radical ideal corresponding to T. Assumption
(2) implies that o(I) = T for all ¢ € Gal(k/k). Pick z € I. There exists a finite
Galois extension k'/k contained in k such that * € A ®; k. Set G = Gal(k'/k).
Set
!/
P(T) =] (T ~0o)) € (Aexk)T]

It is clear that P(T') is monic and is actually an element of (A ®j k") [T] = A[T]
(by basic Galois theory). Moreover, if we write P(T) = T9 + a; T4 1 + ... + aq
the we see that a; € I := AN I. Combining P(z) = 0 and a; € I we find
2¢ = —ayx?1—. .. —ay € I(A®k). Thus x is contained in the radical of I(A®yk).
Hence 1 is the radical of I(A ®y k) and setting T = V/(I) is a solution. O

Lemma 7.11. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically connected,

(2) for every finite separable field extension k' /k the scheme Xy is connected.

Proof. It follows immediately from the definition that (1) implies (2). Assume
that X is not geometrically connected. Let k C k be a separable algebraic closure
of k. By Lemma it follows that X3 is disconnected. Say Xy = U II'V with U

and V open, closed, and nonempty.

Suppose that W C X is any quasi-compact open. Then W N U and Wz N V are
open and closed in Wr. In particular W NU and Wz NV are quasi-compact, and
by Lemma both Wn U and W=n V are defined over a finite subextension and
invariant under an open subgroup of Gal(k/k). We will use this without further
mention in the following.

Pick Wy C X quasi-compact open such that both WO,E N U and WO,E NV are
nonempty. Choose a finite subextension k/k’/k and a decomposition Wy = U 11
Vg into open and closed subsets such that W, zNU = (Ug)y; and W 2NV = (Vg)z.
Let H = Gal(k/k') C Gal(k/k). In particular o(W, zNU) = W zNU and similarly
for V.

Having chosen Wy, k' as above, for every quasi-compact open W C X we set

Uy = ﬂaeH o(WzNT), V= UUEH o(WzNV).
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Now, since Wz N U and Wi NV are fixed by an open subgroup of Gal(k/k) we see
that the union and intersection above are finite. Hence Uy, and Vi are both open
and closed. Also, by construction Wi = Uy LI Vyy.

We claim that if W C W’ C X are quasi-compact open, then Wi N Uy = Uy
and Wz N Vi = Vi, Verification omitted. Hence we see that upon defining
U=UwecxUw and V = Jy, - x Viv we obtain X7z = UII'V is a disjoint union of
open and closed subsets. It is clear that V' is nonempty as it is constructed by taking
unions (locally). On the other hand, U is nonempty since it contains Wy N U by
construction. Finally, U,V C Xj are closed and H-invariant by construction. Hence
by Lemma we have U = (U');, and V = (V') for some closed U’, V' C Xj.
Clearly X = U’ I1 V' and we see that X} is disconnected as desired. O

Lemma 7.12. Let k be a field. Let k/k be a (possibly infinite) Galois extension.
Let f T — X be a morphism of schemes over k. Assume Ty connected and X3
disconnected. Then X is disconnected.

Proof. Write X7 = U1V with U and V open and closed. Denote f : T — X%
the base change of f. Since Ty is connected we see that T3 is contained in either

?71(U) or f I(V). Say T C ?71(U).

Fix a quasi-compact open W C X. There exists a finite Galois subextension k/K [k
such that U N Wy and V N W5 come from quasi-compact opens U’, V! C Wy, Then
also Wi, = U’ L1 V'. Consider

" __ ’ " __ /
U= ﬂaeGal(k’/k) o(U), V'= UaeGal(k’/k) o(V).

These are Galois invariant, open and closed, and Wy, = U” 11 V”. By Lemma [7.10
we get open and closed subsets Uy, Viyy C W such that U” = (Uw ), V' = (Viy )i
and W = Uy I Viy.

We claim that if W € W’ C X are quasi-compact open, then W N Uy = Uy
and W N Vyr = V. Verification omitted. Hence we see that upon defining
U=Uwcx Uw and V = Uy, x Viw we obtain X = UL V. It is clear that V' is
nonempty as it is constructed by taking unions (locally). On the other hand, U is
nonempty since it contains f(7') by construction. |

Lemma 7.13. Let k be a field. Let T — X be a morphism of schemes over k.
Assume T is geometrically connected and X connected. Then X is geometrically
connected.

Proof. This is a reformulation of Lemma [7.12 O

Lemmal 7.14. Let k be a field. Let X be a scheme over k. Assume X is connected
and has a point x such that k is algebraically closed in k(x). Then X is geometrically
connected. In particular, if X has a k-rational point and X is connected, then X
is geometrically connected.

Proof. Set T = Spec(x(x)). Let k be a separable algebraic closure of k. The
assumption on k(x)/k implies that T3 is irreducible, see Algebra, Lemma
Hence by Lemma [7.13] we see that X7 is connected. By Lemma [7.7] we conclude
that X is geometrically connected. [

[DGG6T, IV Corollary
4.5.13.1(i)]


https://stacks.math.columbia.edu/tag/038C
https://stacks.math.columbia.edu/tag/056R
https://stacks.math.columbia.edu/tag/04KV

04PY

07VM

04PZ

VARIETIES 12

Lemma 7.15. Let K/k be an extension of fields. Let X be a scheme over k.
For every connected component T of X the inverse image T C Xk is a union of
connected components of Xg.

Proof. This is a purely topological statement. Denote p : X — X the projection
morphism. Let 7' C X be a connected component of X. Let t € T, = p~(T). Let
C' C Xk be a connected component containing ¢. Then p(C) is a connected subset
of X which meets T, hence p(C) C T. Hence C C Tk. O

The following lemma will be superseded by the stronger Lemma [7.17] below.

Lemma 7.16. Let K/k be a finite extension of fields and let X be a scheme over k.
Denote by p : Xg — X the projection morphism. For every connected component
T of X the image p(T) is a connected component of X .

Proof. The image p(T) is contained in some connected component X’ of X. Con-
sider X’ as a closed subscheme of X in any way. Then T is also a connected
component of Xy = p~!(X’) and we may therefore assume that X is connected.
The morphism p is open (Morphisms, Lemma , closed (Morphisms, Lemma
and the fibers of p are finite sets (Morphisms, Lemma . Thus we may
apply Topology, Lemma to conclude. (I

Lemma 7.17 (Gabber). Let K/k be an extension of fields. Let X be a scheme
over k. Denote p: Xi¢ — X the projection morphism. Let T C Xx be a connected

component. Then p(T) is a connected component of X.

Proof. When K/k is finite this is Lemma In general the proof is more
difficult.

Let T C X be the connected component of X containing the image of T. We
may replace X by T (with the induced reduced subscheme structure). Thus we
may assume X is connected. Let A = H%(X,0Ox). Let L C A be the maximal
weakly étale k-subalgebra, see More on Algebra, Lemma Since A does not
have any nontrivial idempotents we see that L is a field and a separable algebraic
extension of k by More on Algebra, Lemma Observe that L is also the
maximal weakly étale L-subalgebra of A (because any weakly étale L-algebra is
weakly étale over k by More on Algebra, Lemma . By Schemes, Lemma
we obtain a factorization X — Spec(L) — Spec(k) of the structure morphism.

Let L'/L be a finite separable extension. By Cohomology of Schemes, Lemma
we have

A L L'= HO(X X Spec(L) SPeC(LI)7 OXXSpeC(L)Spcc(L/))
The maximal weakly étale L’-subalgebra of A ®p L' is L ®; L' = L' by More on
Algebra, Lemma In particular A®;, L' does not have nontrivial idempotents
(such an idempotent would generate a weakly étale subalgebra) and we conclude

that X Xgpec(z) Spec(L’) is connected. By Lemma we conclude that X is
geometrically connected over L.

Let’s give T the reduced induced scheme structure and consider the composition
TLH X=X Xspec(k) Spec(K) = Spec(L ®y, K)

The image is contained in a connected component of Spec(L ® K). Since K —
L ®; K is integral we see that the connected components of Spec(L ®; K) are

Email from Ofer
Gabber dated June
4, 2016
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points and all points are closed, see Algebra, Lemma[36.19} Thus we get a quotient
field L ®, K — E such that T maps into Spec(F) C Spec(L ®;, K). Hence i(T") C
71 (Spec(E)). But

W_l(Spec(E)) = (X Xgpec(k) SPec(K)) Xgpec(Lay k) SPec(E) = X Xgpee(r) SPec(F)

which is connected because X is geometrically connected over L. Then we get the
equality T = X Xgpec(r) Spec(E) (set theoretically) and we conclude that T — X
is surjective as desired. ([l

Let X be a scheme. We denote (X ) the set of connected components of X.

Lemma 7.18. Let k be o field, with separable algebraic closure k. Let X be a
scheme over k. There is an action

Gal(%/k)ol’p X ’/T()(XE) — WO(XE)

with the following properties:

(1) An element T € mo(X3,) ds fived by the action if and only if there exists a
connected component T' C X, which is geometrically connected over k, such

(2) For any field extension k' /k with separable algebraic closure % the diagram

Gal(K [K') x mo(Xz) — mo(Xp)

| |

Gal(k/k) x mo(X7) — mo(X7)

is commutative (where the right vertical arrow is a bijection according to

Lemma @)

Proof. The action of Gal(k/k) on X7 induces an action on its connected
components. Connected components are always closed (Topology, Lemma [7.3).
Hence if T is as in (1), then by Lemma there exists a closed subset T' C X
such that T = T3 Note that T is geometrically connected over k, see Lemma
To see that T is a connected component of X, suppose that T C 7', T # T’ where
T" is a connected component of X. In this case T}, strictly contains T and hence is
disconnected. By Lemma this means that 7" is disconnected! Contradiction.

We omit the proof of the functoriality in (2). O

Lemma 7.19. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. Assume

(1) X is quasi-compact, and
(2) the connected components of X are open.

Then
(a) mo(X3) is finite, and
(b) the action of Gal(k/k) on mo(X3) is continuous.
Moreover, assumptions (1) and (2) are satisfied when X is of finite type over k.
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Proof. Since the connected components are open, cover X3 (Topology, Lemma
and X5 is quasi-compact, we conclude that there are only finitely many of them.
Thus (a) holds. By Lemma these connected components are each defined over
a finite subextension of k/k and we get (b). If X is of finite type over k, then X7 is
of finite type over k (Morphisms, Lemma . Hence X7 is a Noetherian scheme
(Morphisms, Lemm. Thus X3 has finitely many irreducible components
(Properties, Lemma [5.7) and a fortiori finitely many connected components (which
are therefore open). O

8. Geometrically irreducible schemes

If X is an irreducible scheme over a field, then it can happen that X becomes
reducible after extending the ground field. This does not happen for geometrically
irreducible schemes.

Definition 8.1. Let X be a scheme over the field k. We say X is geometrically
irreducible over k if the scheme X is irreducibleﬂ for any field extension k' of k.

Lemma 8.2. Let X be a scheme over the field k. Let k'/k be a field extension.
Then X is geometrically irreducible over k if and only if Xy is geometrically irre-
ducible over k'.

Proof. If X is geometrically irreducible over k, then it is clear that Xy is geo-
metrically irreducible over k’. For the converse, note that for any field extension
k" /k there exists a common field extension k”'/k’ and k' /k"”. As the morphism
Xy — Xpn is surjective (as a base change of a surjective morphism between spec-
tra of fields) we see that the irreducibility of Xy implies the irreducibility of X .
Thus if X}/ is geometrically irreducible over k' then X is geometrically irreducible
over k. (]

Lemma 8.3. Let X be a scheme over a separably closed field k. If X is irreducible,
then X is irreducible for any field extension K/k. Le., X is geometrically irre-
ducible over k.

Proof. Use Properties, Lemma [3.3] and Algebra, Lemma [47.2 O
Lemma 8.4. Let k be a field. Let X, Y be schemes over k. Assume X is
geometrically irreducible over k. Then the projection morphism

p: X XY —Y
induces a bijection between irreducible components.
Proof. First, note that the scheme theoretic fibres of p are irreducible, since they
are base changes of the geometrically irreducible scheme X by field extensions.
Moreover the scheme theoretic fibres are homeomorphic to the set theoretic fibres,

see Schemes, Lemma [I8.5] By Morphisms, Lemma the map p is open. Thus
we may apply Topology, Lemma to conclude. O

Lemma 8.5. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically irreducible over k,

LAn irreducible space is nonempty.
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(2) for every nonempty affine open U the k-algebra Ox(U) is geometrically
irreducible over k (see Algebra, Definition ,

(3) X is drreducible and there exists an affine open covering X = |JU; such
that each k-algebra Ox (U;) is geometrically irreducible, and

(4) there exists an open covering X = J,c; X; with I # 0 such that X; is
geometrically irreducible for each i and such that X;NX; # 0 for alli,j € I.

Moreover, if X is geometrically irreducible so is every nonempty open subscheme
of X.

Proof. An affine scheme Spec(A) over k is geometrically irreducible if and only if
A is geometrically irreducible over k; this is immediate from the definitions. Recall
that if a scheme is irreducible so is every nonempty open subscheme of X, any two
nonempty open subsets have a nonempty intersection. Also, if every affine open is
irreducible then the scheme is irreducible, see Properties, Lemma Hence the
final statement of the lemma is clear, as well as the implications (1) = (2), (2) =
(3), and (3) = (4). If (4) holds, then for any field extension k’/k the scheme X} has
a covering by irreducible opens which pairwise intersect. Hence Xy is irreducible.
Hence (4) implies (1). O

Lemma 8.6. Let X be an irreducible scheme over the field k. Let £ € X be its
generic point. The following are equivalent

(1) X is geometrically irreducible over k, and
(2) k(&) is geometrically irreducible over k.

Proof. Assume (1). Recall that Ox ¢ is the filtered colimit of Ox (U) where U
runs over the nonempty open affine subschemes of X. Combining Lemma [8:5] and
Algebra, Lemma we see that Ox ¢ is geometrically irreducible over k. Since
Ox ¢ — k(&) is a surjection with locally nilpotent kernel (see Algebra, Lemma
it follows that «(&) is geometrically irreducible, see Algebra, Lemmam

Assume (2). We may assume that X is reduced. Let U C X be a nonempty affine
open. Then U = Spec(A) where A is a domain with fraction field x(£). Thus A is
a k-subalgebra of a geometrically irreducible k-algebra. Hence by Algebra, Lemma
we see that A is geometrically irreducible over k. By Lemma [8.5| we conclude
that X is geometrically irreducible over k. (I

Lemma 8.7. Let k'/k be an extension of fields. Let X be a scheme over k. Set
X' = Xy, Assume k separably algebraically closed. Then the morphism X' — X
induces a bijection of irreducible components.

Proof. Since k is separably algebraically closed we see that k' is geometrically
irreducible over k, see Algebra, Lemma Hence Z = Spec(k’) is geometrically
irreducible over k. by Lemma [8.5|above. Since X’ = Z x;, X the result is a special
case of Lemma R4l O

Lemma 8.8. Let k be a field. Let X be a scheme over k. The following are
equivalent:

(1) X is geometrically irreducible over k,

(2) for every finite separable field extension k' /k the scheme Xy is irreducible,
and

(3) Xz is irreducible, where k C k is a separable algebraic closure of k.
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Proof. Assume Xy is irreducible, i.e., assume (3). Let k’/k be a field extension.

There exists a field extension & /k such that k' embeds into % as an extension of
k. By Lemma we see that X is irreducible. Since X7 — X} is surjective we
conclude that Xy is irreducible. Hence (1) holds.

Let k C k be a separable algebraic closure of k. Assume not (3), i.e., assume Xz is
reducible. Our goal is to show that also Xj- is reducible for some finite subextension
k/K /k. Let X = J;c; Ui be an affine open covering with U; not empty. If for some
i the scheme U; is reducible, or if for some pair ¢ # j the intersection U; N Uj is
empty, then X is reducible (Properties, Lemma and we are done. In particular
we may assume that Uz‘,E N Uj% for all 4,5 € I is nonempty and we conclude that
U, 7 has to be reducible for some 1. According to Algebra, Lemma this means
that U; s is reducible for some finite separable field extension k'/k. Hence also Xy
is reducible. Thus we see that (2) implies (3).

The implication (1) = (2) is immediate. This proves the lemma. O

Lemma 8.9. Let K/k be an extension of fields. Let X be a scheme over k. For
every irreducible component T of X the inverse image Tx C Xk is a union of
irreducible components of Xy .

Proof. Let T' C X be an irreducible component of X. The morphism Tx — T is
flat, so generalizations lift along Tx — T'. Hence every £ € Tk which is a generic
point of an irreducible component of T, maps to the generic point n of T. If & ~~ £
is a specialization in X then £ maps to 1 since there are no points specializing
to 7 in X. Hence & € Tk and we conclude that £ = £’. In other words £ is the
generic point of an irreducible component of Xy . This means that the irreducible
components of Tk are all irreducible components of X . O

For a scheme X we denote IrredComp(X) the set of irreducible components of X.

Lemma 8.10. Let K/k be an extension of fields. Let X be a scheme over k.

For every irreducible component T C Xy the image of T in X is an irreducible
component in X. This defines a canonical map

IrredComp(X i) — IrredComp(X)

which is surjective.
Proof. Consider the diagram

XK%XF

|

X ~——X;

where K is the separable algebraic closure of K, and where k is the separable
algebraic closure of k. By Lemma @ the morphism X% — X induces a bijec-
tion between irreducible components. Hence it suffices to show the lemma for the
morphisms X7 — X and X7z — Xk . In other words we may assume that K = k.

The morphism p : Xz — X is integral, flat and surjective. Flatness implies that
generalizations lift along p, see Morphisms, Lemma [25.9] Hence generic points of
irreducible components of X7 map to generic points of irreducible components of
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X. Integrality implies that p is universally closed, see Morphisms, Lemma [44.7]
Hence we conclude that the image p(T) of an irreducible component is a closed
irreducible subset which contains a generic point of an irreducible component of
X, hence p(T) is an irreducible component of X. This proves the first assertion.
If T C X is an irreducible component, then p~(T) = Tk is a nonempty union of
irreducible components, see Lemma [8:9] Each of these necessarily maps onto T' by

the first part. Hence the map is surjective. (I

Lemma 8.11. Let k be a field. Let X be a scheme over k. If X is irreducible and
has a dense set of k-rational points, then X is geometrically irreducible.

Proof. Let k'/k be a finite extension of fields and let Z, Z" C Xy be irreducible
components. It suffices to show Z = Z’, see Lemma [8.8] By Lemma we have
p(Z) = p(Z') = X where p : X}y — X is the projection. If Z # Z’ then Z N 7'
is nowhere dense in X and hence p(Z N Z’) is not dense by Morphisms, Lemma
here we also use that p is a finite morphism as the base change of the finite
morphism Spec(k’) — Spec(k), see Morphisms, Lemma m Thus we can pick a
k-rational point z € X with = € p(Z N Z’). Since the residue field of z is k we
see that p~1({z}) = {2’} where 2/ € X}/ is a point whose residue field is k’. Since
x € p(Z) = p(Z') we conclude that 2’ € Z N Z’' which is the contradiction we were
looking for. O

Lemma 8.12. Let k be o field, with separable algebraic closure k. Let X be a
scheme over k. There is an action

Gal(k/k)°P? x IrredComp(Xz) — IrredComp(X7)

with the following properties:

(1) An element T € IrredComp(X7) is fized by the action if and only if there
exists an irreducible component T C X, which is geometrically irreducible
over k, such that T = T.

(2) For any field extension k' /k with separable algebraic closure % the diagram

Gal(El/k’) x IrredComp(Xyr) —— IrredComp(X3)

| |

Gal(k/k) x IrredComp(X7) — IrredComp(X7)

is commutative (where the right vertical arrow is a bijection according to

Lemma .

Proof. The action of Gal(k/k) on X7 induces an action on its irreducible
components. Irreducible components are always closed (Topology, Lemma .
Hence if T is as in (1), then by Lemma there exists a closed subset T C X
such that T = Tz Note that T' is geometrically irreducible over k, see Lemma
To see that T is an irreducible component of X, suppose that T C T', T # T’
where T” is an irreducible component of X. Let 7 be the generic point of T. It
maps to the generic point 1 of T. Then the generic point £ € T’ specializes to 7.
As X3 — X is flat there exists a point e X7 which maps to £ and specializes to
7. It follows that the closure of the singleton {£} is an irreducible closed subset of
XE which strictly contains T. This is the desired contradiction.
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We omit the proof of the functoriality in (2). O

Lemmal 8.13. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. The fibres of the map

IrredComp(X3,) — IrredComp(X)
of Lemma are exactly the orbits of Gal(k/k) under the action of Lemma ,

Proof. Let T' C X be an irreducible component of X. Let n € T be its generic
point. By Lemmas and the generic points of irreducible components of
T which map into 7" map to . By Algebra, Lemma the Galois group acts
transitively on all of the points of X+ mapping to 5. Hence the lemma follows. [

Lemma 8.14. Let k be a field. Assume X — Spec(k) locally of finite type. In
this case

(1) the action
Gal(k/k)°P? x IrredComp(Xz) — IrredComp(X7)

is continuous if we give IrredComp(Xy) the discrete topology,

(2) every irreducible component of Xy can be defined over a finite extension of
k, and

(3) given any irreducible component T C X the scheme Ty is a finite union of
irreducible components of Xy which are all in the same Gal(k/k)-orbit.

Proof. Let T be an irreducible component of Xz. We may choose an affine open
U C X such that T'N Uy is not empty. Write U = Spec(A), so A is a finite type
k-algebra, see Morphisms, Lemma Hence Az is a finite type k-algebra, and
in particular Noetherian. Let p = (f1,..., fn) be the prime ideal corresponding to
T N Uz Since Az = A ®y k we see that there exists a finite subextension k/k’/k
such that each f; € Ay It is clear that Gal(k/k’) fixes T, which proves (1).

Part (2) follows by applying Lemma (1) to the situation over k¥’ which implies
the irreducible component 7' is of the form Té for some irreducible T C Xp/.

To prove (3), let T C X be an irreducible component. Choose an irreducible
component T C X% which maps to T, see Lemma E By the above the orbit of
T is finite, say it is T1,...,Tp. Then T1 U...UT, is a Gal(k/k)-invariant closed
subset of X7 hence of the form W7 for some W C X closed by Lemma Clearly
W =T and we win. O

Lemma 8.15. Let k be a field. Let X — Spec(k) be locally of finite type. Assume
X has finitely many irreducible components. Then there exists a finite separable
extension k' /k such that every irreducible component of Xy is geometrically irre-
ducible over k'.

Proof. Let k be a separable algebraic closure of k. The assumption that X has
finitely many irreducible components combined with Lemma (3) shows that
X5 has finitely many irreciucible components T, ...,T,,. By Lemma (2) there
exists a finite extension k/k’'/k and irreducible components T; C Xj/ such that
T, = T,z and we win. O
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Lemmal 8.16. Let X be a scheme over the field k. Assume X has finitely many
irreducible components which are all geometrically irreducible. Then X has finitely
many connected components each of which is geometrically connected.

Proof. This is clear because a connected component is a union of irreducible com-
ponents. Details omitted. ([

9. Geometrically integral schemes

If X is an integral scheme over a field, then it can happen that X becomes either
nonreduced or reducible after extending the ground field. This does not happen for
geometrically integral schemes.

Definition 9.1. Let X be a scheme over the field k.

(1) Let © € X. We say X is geometrically pointwise integral at x if for every
field extension k’/k and every z’ € X lying over x the local ring Ox,,
is integral.

(2) We say X is geometrically pointwise integral if X is geometrically pointwise
integral at every point.

(3) We say X is geometrically integral over k if the scheme X is integral for
every field extension k' of k.

The distinction between notions (2) and (3) is necessary. For example if £ = R and
X = Spec(CJz]), then X is geometrically pointwise integral over R but of course
not geometrically integral.

Lemma 9.2. Let k be a field. Let X be a scheme over k. Then X is geometrically
integral over k if and only if X is both geometrically reduced and geometrically
irreducible over k.

Proof. See Properties, Lemma 3.4 U

Lemma 9.3. Let k be a field. Let X be a proper scheme over k.
(1) A= HX,Ox) is a finite dimensional k-algebra,
(2) A =121 ., A is a product of Artinian local k-algebras, one factor for
each connected component of X,
(3) if X is reduced, then A = [[,_, , ki is a product of fields, each a finite
extension of k,
if X is geometrically reduced, then k; is finite separable over k,
if X is geometrically connected, then A is geometrically irreducible over k,

4)
)
) if X is geometrically irreducible, then A is geometrically irreducible over k,
)
)

(
(
(
(
(

Proof. By Cohomology of Schemes, Lemma we see that A = H°(X,Ox) is a
finite dimensional k-algebra. This proves (1).

if X is geometrically reduced and connected, then A =k, and

5
6
7
8) if X is geometrically integral, then A = k.

Then A is a product of local Artinian k-algebras by Algebra, Lemma [53.2| and
Proposition If X =Y 1IIZ with Y and Z open in X, then we obtain an
idempotent ¢ € A by taking the section of Ox which is 1 on Y and 0 on Z.
Conversely, if ¢ € A is an idempotent, then we get a corresponding decomposition
of X. Finally, as X has a Noetherian underlying topological space its connected
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components are open. Hence the connected components of X correspond 1-to-1
with primitive idempotents of A. This proves (2).

If X is reduced, then A is reduced. Hence the local rings A; = k; are reduced and
therefore fields (for example by Algebra, Lemma [25.1)). This proves (3).

If X is geometrically reduced, then A®yk = H(X, O x.) (equality by Cohomology
of Schemes, Lemma, is reduced. This implies that k; ® k is a product of fields

and hence k;/k is separable for example by Algebra, Lemmas and This
proves (4).

If X is geometrically connected, then A ®y k = H(X7, O X?) is a zero dimensional
local ring by part (2) and hence its spectrum has one point, in particular it is
irreducible. Thus A is geometrically irreducible. This proves (5). Of course (5)
implies (6).

If X is geometrically reduced and connected, then A = k; is a field and the extension
ki /k is finite separable and geometrically irreducible. However, then ki @ k is a
product of [k; : k] copies of k and we conclude that k; = k. This proves (7). Of
course (7) implies (8). O

Here is a baby version of Stein factorization; actual Stein factorization will be
discussed in More on Morphisms, Section

Lemma 9.4. Let X be a proper scheme over a field k. Set A= H°(X,Ox). The
fibres of the canonical morphism X — Spec(A) are geometrically connected.

Proof. Set S = Spec(A). The canonical morphism X — S is the morphism
corresponding to I'(S,0g) = A = I'(X,Ox) via Schemes, Lemma The k-
algebra A is a finite product A = [] 4; of local Artinian k-algebras finite over k,
see Lemma [9.3] Denote s; € S the point corresponding to the maximal ideal of
A;. Choose an algebraic closure k of k and set A = A ®;, k. Choose an embedding
k(s;) — k over k; this determines a k-algebra map

O Z:A®kE—>KJ(Sl) ®kE—)E
Consider the base change
X—X

S ——=35

of X to S = Spec(4). By Cohomology of Schemes, Lemmawe have I'(X, Ox) =
A. If 5; € Spec(A) denotes the k-rational point corresponding to o;, then we see
that 5; maps to s; € S and X35, is the base change of X, by Spec(c;). Thus we see
that it suffices to prove the lemma in case k is algebraically closed.

Assume k is algebraically closed. In this case k(s;) is algebraically closed and
we have to show that X, is connected. The product decomposition A = [] 4;
corresponds to a disjoint union decomposition Spec(A) = [] Spec(A4;), see Algebra,
Lemma Denote X; the inverse image of Spec(4;). It follows from Lemma
9.3| part (2) that A; = I'(X;, Ox,). Observe that X,, — X; is a closed immersion
inducing an isomorphism on underlying topological spaces (because Spec(4;) is a
singleton). Hence if X, isn’t connected, then neither is X;. So either X; is empty
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and A; = 0 or X; can be written as U I V with U and V open and nonempty
which would imply that A; has a nontrivial idempotent. Since A; is local this is a
contradiction and the proof is complete. O

Lemma 9.5. Let k be a field. Let X be a proper geometrically reduced scheme
over k. The following are equivalent

(1) H(X,0x) =k, and

(2) X is geometrically connected.

Proof. By Lemma [0.4 we have (1) = (2). By Lemma[9.3] we have (2) = (1). O

10. Geometrically normal schemes

In Properties, Definition [7.1] we have defined the notion of a normal scheme. This
notion is defined even for non-Noetherian schemes. Hence, contrary to our dis-
cussion of “geometrically regular” schemes we consider all field extensions of the
ground field.

Definition 10.1. Let X be a scheme over the field k.

(1) Let x € X. Wesay X is geometrically normal at x if for every field extension
E'/k and every z' € X} lying over x the local ring Ox,, ,+ is normal.

(2) We say X is geometrically normal over k if X is geometrically normal at
every x € X.

Lemma 10.2. Let k be a field. Let X be a scheme over k. Let x € X. The
following are equivalent

(1) X is geometrically normal at x,

(2) for every finite purely inseparable field extension k' of k and ' € Xy lying
over x the local ring OX;«#I?’ is normal, and

(3) the ring Ox 4 is geometrically normal over k (see Algebra, Definition|165.2).

Proof. It is clear that (1) implies (2). Assume (2). Let &'/k be a finite purely
inseparable field extension (for example k = k’). Consider the ring Ox , ®; k’. By
Algebra, Lemma[46.7]its spectrum is the same as the spectrum of Ox . Hence it is
a local ring also (Algebra, Lemma. Therefore there is a unique point ' € X}/
lying over x and Ox,, o+ = Ox , @ k. By assumption this is a normal ring. Hence
we deduce (3) by Algebra, Lemma

Assume (3). Let k'/k be a field extension. Since Spec(k’) — Spec(k) is surjective,
also X — X is surjective (Morphisms, Lemma . Let 2’ € X} be any point
lying over 2. The local ring Ox,, .+ is a localization of the ring Ox , ® k’. Hence
it is normal by assumption and (1) is proved. O

Lemma 10.3. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically normal,

(2) Xy is a normal scheme for every field extension k' /k,

(3) Xy is a normal scheme for every finitely generated field extension k'/k,

(4) Xy is a normal scheme for every finite purely inseparable field extension
k//k7

(5) for every affine open U C X the ring Ox (U) is geometrically normal (see
Algebra, Definition , and
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(6) Xppers is a normal scheme.

Proof. Assume (1). Then for every field extension k’'/k and every point =’ € X}/
the local ring of X/ at x’ is normal. By definition this means that X} is normal.
Hence (2).

It is clear that (2) implies (3) implies (4).

Assume (4) and let U C X be an affine open subscheme. Then Uy is a normal
scheme for any finite purely inseparable extension k'/k (including & = k’). This
means that k' ®; O(U) is a normal ring for all finite purely inseparable extensions
k'/k. Hence O(U) is a geometrically normal k-algebra by definition. Hence (4)
implies (5).

Assume (5). For any field extension k’/k the base change X} is gotten by gluing

the spectra of the rings Ox (U) ®j k' where U is affine open in X (see Schemes,
Section [17). Hence X} is normal. So (1) holds.

The equivalence of (5) and (6) follows from the definition of geometrically normal
algebras and the equivalence (just proved) of (3) and (4). O

Lemma 10.4. Let k be a field. Let X be a scheme over k. Let k'/k be a field
extension. Let v € X be a point, and let x' € Xy be a point lying over x. The
following are equivalent

(1) X is geometrically normal at x,

(2) Xy is geometrically normal at .

In particular, X is geometrically normal over k if and only if Xy is geometrically
normal over k'.

Proof. It is clear that (1) implies (2). Assume (2). Let k”/k be a finite purely
inseparable field extension and let 2" € X be a point lying over x (actually it is
unique). We can find a common field extension k"’ /k (i.e. with both k' C k" and
k" C k") and a point " € Xy lying over both 2’ and z”. Consider the map of
local rings
OXk,,)g;H — OXk///,a;"’“

This is a flat local ring homomorphism and hence faithfully flat. By (2) we see that
the local ring on the right is normal. Thus by Algebra, Lemma we conclude
that Ox,,, . is normal. By Lemma @we see that X is geometrically normal at
x. (]

Lemma 10.5. Let k be a field. Let X be a geometrically normal scheme over k
and let Y be a normal scheme over k. Then X XY is a normal scheme.

Proof. This reduces to Algebra, Lemma [165.5 by Lemma [10.3} O

Lemma 10.6. Let k be a field. Let X be a normal scheme over k. Let K/k be a
separable field extension. Then Xk is a normal scheme.

Proof. Follows from Lemma and Algebra, Lemma [165.4 ([

Lemma 10.7. Let k be a field. Let X be a proper geometrically normal scheme
over k. The following are equivalent

(1) H(X,0x) =k,

(2) X is geometrically connected,
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(3) X is geometrically irreducible, and
(4) X is geometrically integral.

Proof. By Lemma [9.5| we have the equivalence of (1) and (2). A locally Noether-
ian normal scheme (such as X7) is a disjoint union of its irreducible components
(Properties, Lemma [7.6). Thus we see that (2) and (3) are equivalent. Since X7, is
assumed reduced, we see that (3) and (4) are equivalent too. O

11. Change of fields and locally Noetherian schemes

Let X a locally Noetherian scheme over a field k. It is not always that case that
X} is locally Noetherian too. For example if X = Spec(Q) and k = Q, then
Xa is the spectrum of Q ®q Q which is not Noetherian. (Hint: It has too many
idempotents). But if we only base change using finitely generated field extensions
then the Noetherian property is preserved. (Or if X is locally of finite type over k,

since this property is preserved under base change.)

Lemma 11.1. Let k be a field. Let X be a scheme over k. Let k'/k be a finitely
generated field extension. Then X is locally Noetherian if and only if Xy is locally
Noetherian.

Proof. Using Properties, Lemma [5.2] we reduce to the case where X is affine, say
X = Spec(A). In this case we have to prove that A is Noetherian if and only if
Ay is Noetherian. Since A — Ay = k' ®p A is faithfully flat, we see that if Ay is
Noetherian, then so is A, by Algebra, Lemma[164.1] Conversely, if A is Noetherian
then Ay is Noetherian by Algebra, Lemma [31.8 O

12. Geometrically regular schemes

A geometrically regular scheme over a field k is a locally Noetherian scheme over k
which remains regular upon suitable changes of base field. A finite type scheme over
k is geometrically regular if and only if it is smooth over k (see Lemma . The
notion of geometric regularity is most interesting in situations where smoothness
cannot be used such as formal fibres (insert future reference here).

In the following definition we restrict ourselves to locally Noetherian schemes, since
the property of being a regular local ring is only defined for Noetherian local rings.
By Lemma [TT.1] above, if we restrict ourselves to finitely generated field extensions
then this property is preserved under change of base field. This comment will be
used without further reference in this section. In particular the following definition
makes sense.

Definition 12.1. Let k£ be a field. Let X be a locally Noetherian scheme over k.

(1) Let x € X. Wesay X is geometrically regular at x over k if for every finitely
generated field extension k'/k and any 2’ € Xy lying over z the local ring
Ox,, 2 is regular.

(2) We say X is geometrically regular over k if X is geometrically regular at
all of its points.

A similar definition works to define geometrically Cohen-Macaulay, (Ry), and (S)
schemes over a field. We will add a section for these separately as needed.

Lemma 12.2. Let k be a field. Let X be a locally Noetherian scheme over k. Let
x € X. The following are equivalent
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(1) X is geometrically regular at x,

(2) for every finite purely inseparable field extension k' of k and ©’ € Xy lying
over x the local ring Ox,, o is regular, and

(3) thering Ox 5 is geometrically regular over k (see Algebra, Definition .

Proof. It is clear that (1) implies (2). Assume (2). This in particular implies that
Ox ; is a regular local ring. Let k’'/k be a finite purely inseparable field extension.
Consider the ring Ox , @ k’. By Algebra, Lemma its spectrum is the same
as the spectrum of Ox . Hence it is a local ring also (Algebra, Lemma [18.2).
Therefore there is a unique point z’ € Xj lying over z and Ox,, o+ = Ox . @4 k.
By assumption this is a regular ring. Hence we deduce (3) from the definition of a
geometrically regular ring.

Assume (3). Let k'/k be a field extension. Since Spec(k’) — Spec(k) is surjective,
also Xy — X is surjective (Morphisms, Lemma . Let 2/ € Xj be any point
lying over . The local ring Ox,, ,+ is a localization of the ring Ox , ®; k’. Hence
it is regular by assumption and (1) is proved. O

Lemma 12.3. Let k be a field. Let X be a locally Noetherian scheme over k. The
following are equivalent

(1) X is geometrically regular,

(2) Xy is a regular scheme for every finitely generated field extension k'/k,

(3) Xy is a regular scheme for every finite purely inseparable field extension
K [k,

(4) for every affine open U C X the ring Ox(U) is geometrically regular (see
Algebra, Definition , and

(5) there exists an affine open covering X = |JU; such that each Ox (U;) is
geometrically regular over k.

Proof. Assume (1). Then for every finitely generated field extension k'/k and
every point ' € X} the local ring of Xy, at 2’ is regular. By Properties, Lemma
this means that X is regular. Hence (2).

It is clear that (2) implies (3).

Assume (3) and let U C X be an affine open subscheme. Then Uy is a regular
scheme for any finite purely inseparable extension k'/k (including & = k’). This
means that k' ®; O(U) is a regular ring for all finite purely inseparable extensions
k' /k. Hence O(U) is a geometrically regular k-algebra and we see that (4) holds.

It is clear that (4) implies (5). Let X = |JU; be an affine open covering as in (5).
For any field extension k'/k the base change Xy is gotten by gluing the spectra
of the rings Ox (U;) @y k' (see Schemes, Section [17). Hence X is regular. So (1)
holds. O

Lemma 12.4. Let k be a field. Let X be a scheme over k. Let k'/k be a finitely
generated field extension. Let x € X be a point, and let ' € Xy be a point lying
over . The following are equivalent

(1) X is geometrically regular at x,

(2) Xy is geometrically reqular at x’.
In particular, X is geometrically regular over k if and only if Xy is geometrically
reqular over k'.
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Proof. It is clear that (1) implies (2). Assume (2). Let k”/k be a finite purely
inseparable field extension and let 2" € Xy~ be a point lying over x (actually it is
unique). We can find a common, finitely generated, field extension k' /k (i.e. with
both ¥ C k" and k¥” C k') and a point " € Xy lying over both z’ and z”.
Consider the map of local rings

OXk//,I” OX)C///,Z””'

This is a flat local ring homomorphism of Noetherian local rings and hence faithfully
flat. By (2) we see that the local ring on the right is regular. Thus by Algebra,
Lemma [110.9] we conclude that Ox,,, .~ is regular. By Lemma we see that X
is geometrically regular at z. O

The following lemma is a geometric variant of Algebra, Lemma [166.3

Lemma 12.5. Letk be a field. Let f : X — Y be a morphism of locally Noetherian
schemes over k. Letx € X be a point and sety = f(x). If X is geometrically regular
at x and f is flat at x then Y is geometrically regular at y. In particular, if X is
geometrically reqular over k and f is flat and surjective, then Y is geometrically
regular over k.

Proof. Let k' be finite purely inseparable extension of k. Let f’ : X} — Y3 be
the base change of f. Let 2’ € X be the unique point lying over z. If we show
that Yy is regular at y' = f/(2’), then Y is geometrically regular over k at 3/, see
Lemma [12.3] By Morphisms, Lemma the morphism X — Y} is flat at 2/
Hence the ring map

OYk/ T OXk/ !

is a flat local homomorphism of local Noetherian rings with right hand side regular
by assumption. Hence the left hand side is a regular local ring by Algebra, Lemma
[110.9 O

Lemma 12.6. Let k be a field. Let X be a scheme locally of finite type over k.
Let x € X. Then X is geometrically reqular at = if and only if X — Spec(k) is
smooth at x (Morphisms, Definition .

Proof. The question is local around z, hence we may assume that X = Spec(A)
for some finite type k-algebra. Let x correspond to the prime p.

If A is smooth over k at p, then we may localize A and assume that A is smooth
over k. In this case k' ® A is smooth over &’ for all extension fields k’/k, and each
of these Noetherian rings is regular by Algebra, Lemma [140.3

Assume X is geometrically regular at . Consider the residue field K := k(z) = x(p)
of . It is a finitely generated extension of k. By Algebra, Lemma there
exists a finite purely inseparable extension k’/k such that the compositum k'K is
a separable field extension of &’. Let p’ C A’ = k' ®; A be a prime ideal lying over
p. It is the unique prime lying over p, see Algebra, Lemma Hence the residue
field K" := k(p’) is the compositum k'K. By assumption the local ring (A’), is
regular. Hence by Algebra, Lemma[140.5| we see that k' — A’ is smooth at p’. This
in turn implies that ¥ — A is smooth at p by Algebra, Lemma The lemma
is proved. ([
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Example 12.7. Let k = F,(t). It is quite easy to give an example of a regular
variety V over k which is not geometrically reduced. For example we can take
Spec(k[z]/(zP —t)). In fact, there exists an example of a regular variety V which is
geometrically reduced, but not even geometrically normal. Namely, take for p > 2
the scheme V = Spec(k[z,y]/(y? — 2P +t)). This is a variety as the polynomial
y? — aP +t € k[z,y] is irreducible. The morphism V — Spec(k) is smooth at all
points except at the point vy € V' corresponding to the maximal ideal (y,aP — t)
(because 2y is invertible). In particular we see that V is (geometrically) regular at
all points, except possibly vg. The local ring

Ov,uy = (klz,y]/(y* — 2P + t))(y,a:i”—t)

is a domain of dimension 1. Its maximal ideal is generated by 1 element, namely
y. Hence it is a discrete valuation ring and regular. Let k' = k[t'/?]. Denote
t' =t"/P ¢ k' V' = Vi, vy € V' the unique point lying over vy. Over k' we can
write 2P —t = (z —t')P, but the polynomial y? — (x — ) is still irreducible and V'
is still a variety. But the element

5 € (fraction field of Oy ;)
is integral over Oy, (just compute its square) and not contained in it, so V' is

not normal at v{. This concludes the example.

13. Change of fields and the Cohen-Macaulay property

The following lemma says that it does not make sense to define geometrically Cohen-
Macaulay schemes, since these would be the same as Cohen-Macaulay schemes.

Lemma 13.1. Let X be a locally Noetherian scheme over the field k. Let k' [k
be a finitely generated field extension. Let x € X be a point, and let ¥’ € Xy be a
point lying over x. Then we have

Ox . is Cohen-Macaulay < Ox,, o is Cohen-Macaulay
If X is locally of finite type over k, the same holds for any field extension k'/k.

Proof. The first case of the lemma follows from Algebra, Lemma[167.2] The second
case of the lemma is equivalent to Algebra, Lemma [130.6 O

14. Change of fields and the Jacobson property

A scheme locally of finite type over a field has plenty of closed points, namely it is
Jacobson. Moreover, the residue fields are finite extensions of the ground field.

Lemma 14.1. Let X be a scheme which is locally of finite type over k. Then

(1) for any closed point v € X the extension k(x)/k is algebraic, and
(2) X is a Jacobson scheme (Properties, Definition [6.1).

Proof. A scheme is Jacobson if and only if it has an affine open covering by Jacob-
son schemes, see Properties, Lemma [6.3] The property on residue fields at closed
points is also local on X. Hence we may assume that X is affine. In this case the
result is a consequence of the Hilbert Nullstellensatz, see Algebra, Theorem It
also follows from a combination of Morphisms, Lemmas [16.8] [16.9] and [16.10}] [T

It turns out that if X is not locally of finite type, then we can achieve the same
result after making a suitably large base field extension.
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Lemma 14.2. Let X be a scheme over a field k. For any field extension K/k
whose cardinality is large enough we have

(1) for any closed point x € X the extension k(x)/K is algebraic, and
(2) Xk is a Jacobson scheme (Properties, Definition[6.1).

Proof. Choose an affine open covering X = (JU;. By Algebra, Lemma
and Properties, Lemma there exist cardinals x; such that U; x has the desired
properties over K if #(K) > k;. Set k = max{k;}. Then if the cardinality of
K is larger than k we see that each U, i satisfies the conclusions of the lemma.
Hence Xk is Jacobson by Properties, Lemma The statement on residue fields
at closed points of Xy follows from the corresponding statements for residue fields
of closed points of the U; . O

15. Change of fields and ample invertible sheaves
The following result is typical for the results in this section.

Lemma 15.1. Let k be a field. Let X be a scheme over k. If there exists an
ample invertible sheaf on X for some field extension K/k, then X has an ample
invertible sheaf.

Proof. Let K/k be a field extension such that X has an ample invertible sheaf L.
The morphism Xx — X is surjective. Hence X is quasi-compact as the image of
a quasi-compact scheme (Properties, Definition . Since X is quasi-separated
(by Properties, Lemma we see that X is quasi-separated: If U,V C X are
affine open, then (U NV)g = U N Vi is quasi-compact and (UNV)g - UNV
is surjective. Thus Schemes, Lemma applies.

Write K = colim A; as the colimit of the subalgebras of K which are of finite type
over k. Denote X; = X Xgpec(k) Spec(A;). Since Xx = lim X; we find an i and
an invertible sheaf £; on X; whose pullback to X is £ (Limits, Lemma here
and below we use that X is quasi-compact and quasi-separated as just shown).
By Limits, Lemma [4.15| we may assume L; is ample after possibly increasing i.
Fix such an ¢ and let m C A; be a maximal ideal. By the Hilbert Nullstellensatz
(Algebra, Theorem [34.1)) the residue field &’ = A; /m is a finite extension of k. Hence
X C X; is a closed subscheme hence has an ample invertible sheaf (Properties,
Lemma . Since X+ — X is finite locally free we conclude that X has an ample
invertible sheaf by Divisors, Proposition O

Lemma 15.2. Let k be a field. Let X be a scheme over k. If Xk is quasi-affine
for some field extension K/k, then X is quasi-affine.

Proof. Let K/k be a field extension such that Xy is quasi-affine. The morphism
Xk — X is surjective. Hence X is quasi-compact as the image of a quasi-compact
scheme (Properties, Definition . Since Xk is quasi-separated (as an open
subscheme of an affine scheme) we see that X is quasi-separated: If U,V C X are
affine open, then (U NV)g = Ug N Vi is quasi-compact and (UNV)g - UNV
is surjective. Thus Schemes, Lemma applies.

Write K = colim A; as the colimit of the subalgebras of K which are of finite type
over k. Denote X; = X Xgpec(k)Spec(4;). Since X = lim X; we find an 7 such that
X; is quasi-affine (Limits, Lemma here we use that X is quasi-compact and
quasi-separated as just shown). By the Hilbert Nullstellensatz (Algebra, Theorem
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34.1) the residue field &’ = A;/m is a finite extension of k. Hence X, C X; is a
closed subscheme hence is quasi-affine (Properties, Lemma [27.2)). Since Xy — X
is finite locally free we conclude by Divisors, Lemma [I7.10 (]

Lemma 15.3. Let k be a field. Let X be a scheme over k. If X is quasi-projective
over K for some field extension K/k, then X is quasi-projective over k.

Proof. By definition a morphism of schemes g : Y — T is quasi-projective if it
is locally of finite type, quasi-compact, and there exists a g-ample invertible sheaf
on Y. Let K/k be a field extension such that X is quasi-projective over K. Let
Spec(A4) C X be an affine open. Then Uk is an affine open subscheme of X, hence
A is a K-algebra of finite type. Then A is a k-algebra of finite type by Algebra,
Lemma Hence X — Spec(k) is locally of finite type. Since Xx — Spec(K) is
quasi-compact, we see that X is quasi-compact, hence X is quasi-compact, hence
X — Spec(k) is of finite type. By Morphisms, Lemma we see that X has
an ample invertible sheaf. Then X has an ample invertible sheaf by Lemma [I5.1]
Hence X — Spec(k) is quasi-projective by Morphisms, Lemma m ([l

The following lemma is a special case of Descent, Lemma,

Lemma 15.4. Let k be a field. Let X be a scheme over k. If Xy is proper over
K for some field extension K/k, then X is proper over k.

Proof. Let K/k be a field extension such that X is proper over K. Recall that
this implies X is separated and quasi-compact (Morphisms, Definition 41.1)). The
morphism Xgx — X is surjective. Hence X is quasi-compact as the image of a
quasi-compact scheme (Properties, Definition . Since Xk is separated we see
that X is quasi-separated: If U,V C X are affine open, then (UNV)g = Ux N Vi
is quasi-compact and (UNV)g — UNV is surjective. Thus Schemes, Lemma
applies.

Write K = colim A; as the colimit of the subalgebras of K which are of finite type
over k. Denote X; = X Xgpec(r) Spec(A4;). By Limits, Lemma there exists an
i such that X; — Spec(4;) is proper. Here we use that X is quasi-compact and
quasi-separated as just shown. Choose a maximal ideal m C A;. By the Hilbert
Nullstellensatz (Algebra, Theorem the residue field ¥/ = A;/m is a finite
extension of k. The base change X}, — Spec(k’) is proper (Morphisms, Lemma
[41.5). Since k'/k is finite both X, — X and the composition X, — Spec(k) are
proper as well (Morphisms, Lemmas [44.11] 41.5] and [41.4). The first implies that
X is separated over k as X} is separated (Morphisms, Lemma. The second
implies that X — Spec(k) is proper by Morphisms, Lemma m a

Lemma 15.5. Let k be a field. Let X be a scheme over k. If Xk is projective
over K for some field extension K/k, then X is projective over k.

Proof. A scheme over k is projective over k if and only if it is quasi-projective
and proper over k. See Morphisms, Lemma [43.13] Thus the lemma follows from
Lemmas [15.3] and [15.4 O

16. Tangent spaces

In this section we define the tangent space of a morphism of schemes at a point of
the source using points with values in dual numbers.
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Definition 16.1. For any ring R the dual numbers over R is the R-algebra denoted
Rle]. As an R-module it is free with basis 1, € and the R-algebra structure comes
from setting €2 = 0.

Let f : X — S be a morphism of schemes. Let x € X be a point with image
s = f(z) in S. Consider the solid commutative diagram

/\
Spec(r(x)) — Spec(r(z)[d) =X

(16.1.1) \ i

Spec(k(s)) — S
with the curved arrow being the canonical morphism of Spec(k(x)) into X.

Lemma 16.2. The set of dotted arrows making (16.1.1) commute has a canonical
k(x)-vector space structure.
Proof. Set x = r(z). Observe that we have a pushout in the category of schemes
Spec(k[e]) Hgpec(x) Spec(k[e]) = Spec(kler, €2])
where kley, €2] is the k-algebra with basis 1,€;,€2 and €2 = e1ea = €3 = 0. This
follows immediately from the corresponding result for rings and the description of
morphisms from spectra of local rings to schemes in Schemes, Lemma Given
two arrows 61, 05 : Spec(k[e]) = X we can consider the morphism
01 + 0 : Spec(k[e]) — Spec(kler, €2]) LN 'S
where the first arrow is given by €; — €. On the other hand, given A € k there
is a self map of Spec(k[e]) corresponding to the k-algebra endomorphism of x[e]
which sends € to Ae. Precomposing 6 : Spec(k[e]) — X by this selfmap gives \f.
The reader can verify the axioms of a vector space by verifying the existence of
suitable commutative diagrams of schemes. We omit the details. (An alternative
proof would be to express everything in terms of local rings and then verify the
vector space axioms on the level of ring maps.) O

Definition 16.3. Let f : X — S be a morphism of schemes. Let x € X. The
set of dotted arrows making commute with its canonical x(x)-vector space
structure is called the tangent space of X over S at x and we denote it T'x/g .. An
element of this space is called a tangent vector of X/S at .

Since tangent vectors at = € X live in the scheme theoretic fibre X of f: X — S
over s = f(x), we get a canonical identification

(16.3.1) Tx/s2=Tx, /s
This pleasing definition involving the functor of points has the following algebraic
description, which suggests defining the cotangent space of X over S at x as the
k(x)-vector space

T%)s,0 = Qx/82 Q0x,, K@)
simply because it is canonically x(x)-dual to the tangent space of X over S at x.

Lemma 16.4. Let f: X — S be a morphism of schemes. Let © € X. There is a
canonical isomorphism

Tx;s,s = Homoy , (Qx/s,2, k(7))
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of vector spaces over k(x).
Proof. Set x = k(x). Given 0 € T'x/g, we obtain a map

0" Qx/5 = Qspec(rle])/ Spec(r(s)) = LSpec(xle])/ Spec(r)

Taking sections we obtain an Ox ,-linear map & : 0x/5, — kde, i.e., an element
of the right hand side of the formula of the lemma. To show that 6 +— & is an
isomorphism we can replace S by s and X by the scheme theoretic fibre X;. Indeed,
both sides of the formula only depend on the scheme theoretic fibre; this is clear
for Ty /s, and for the RHS see Morphisms, Lemma We may also replace X
by the spectrum of Ox , as this does not change T'x/s, (Schemes, Lemma [13.1)
nor Qx/s ., (Modules, Lemma .

Let (A, m, k) be a local ring over a field k. To finish the proof we have to show that
any A-linear map & : Q4 — & comes from a unique k-algebra map ¢ : A — x[e]
agreeing with the canonical map ¢: A — xk modulo e. Write ¢(a) = ¢(a) + D(a)e
the reader sees that a — D(a) is a k-derivation. Using the universal property of
Q4,1 we see that each D corresponds to a unique § and vice versa. This finishes
the proof. a

Lemma 16.5. Let f : X — S be a morphism of schemes. Let x € X be a
point and let s = f(x) € S. Assume that k(x) = k(s). Then there are canonical
isomorphisms
mz/(mfc +m,Ox ) = QX/S,x R0x .2 K(x)
and
Tx/se = Homﬁ(z)(mm/(mi +m;Ox ), k(x))

This works more generally if k(x)/k(s) is a separable algebraic extension.

Proof. The second isomorphism follows from the first by Lemma For the
first, we can replace S by s and X by X, see Morphisms, Lemma [32.10] We may
also replace X by the spectrum of Ox ;, see Modules, Lemma Thus we have
to show the following algebra fact: let (A, m, k) be a local ring over a field k such
that x/k is separable algebraic. Then the canonical map

m/m2 — QA/k XK

is an isomorphism. Observe that m/m? = Hy(NL;4). By Algebra, Lemma
it suffices to show that Q, /, = 0 and H;(NL,;) = 0. Since « is the union of its
finite separable extensions in k it suffices to prove this when k is a finite separable
extension of k (Algebra, Lemma . In this case the ring map k — k is étale
and hence NL, ), = 0 (more or less by definition, see Algebra, Section . O

Lemmal 16.6. Let f: X — Y be a morphism of schemes over a base scheme S.
Let x € X be a point. Sety = f(x). If k(y) = k(x), then f induces a natural linear
map

df : TX/S7£U — TY/S,y
which is dual to the linear map Qy g, @ k(y) — Qx/s,, via the identifications of

Lemma[16.3)
Proof. Omitted. O
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Lemmal 16.7. Let X, Y be schemes over a base S. Let x € X andy € Y with
the same image point s € S such that k(s) = k(x) and k(s) = k(y). There is a
canonical isomorphism

Txxsy/S,(zy) = Tx/8,2 © Tyys,y

The map from left to right is induced by the maps on tangent spaces coming from
the projections X XxgY — X and X xgY — Y. The map from right to left is
induced by the maps 1 x y : Xy = Xg XsYs and x x 1 : Yy = X, X4 Yy via the
identification of tangent spaces with tangent spaces of fibres.

Proof. The direct sum decomposition follows from Morphisms, Lemma [32.11] via
Lemma Compatibility with the maps comes from Lemma (I

Lemma 16.8. Let f: X — Y be a morphism of schemes locally of finite type over
a base scheme S. Let x € X be a point. Sety = f(x) and assume that k(y) = k(x).
Then the following are equivalent

(1) df : Txs2 — Tyys,y is injective, and

(2) f is unramified at x.

Proof. The morphism f is locally of finite type by Morphisms, Lemma The
map df is injective, if and only if Qy/g, ® k(y) = Qx/s,. ® K(x) is surjective
(Lemma [16.6). The exact sequence f*Qy /g — Qx5 — Qx/y — 0 (Morphisms,
Lemma then shows that this happens if and only if Qx/y,, ® k(x) = 0. Hence
the result follows from Morphisms, Lemma, [35.14 O

17. Generically finite morphisms

In this section we revisit the notion of a generically finite morphism of schemes as
studied in Morphisms, Section

Lemmal 17.1. Let f: X — Y be locally of finite type. Let y € Y be a point such
that Oy is Noetherian of dimension < 1. Assume in addition one of the following
conditions is satisfied

(1) for every generic point n of an irreducible component of X the field exten-
sion k(n)/k(f(n)) is finite (or algebraic),

(2) for every generic point n of an irreducible component of X such that f(n) ~
y the field extension k(n)/k(f(n)) is finite (or algebraic),

(3) f is quasi-finite at every generic point of an irreducible component of X,

(4) Y is locally Noetherian and f is quasi-finite at a dense set of points of X,

(5) add more here.

Then f is quasi-finite at every point of X lying over y.

Proof. Condition (4) implies X is locally Noetherian (Morphisms, Lemma, [15.6]).
The set of points at which morphism is quasi-finite is open (Morphisms, Lemma
56.2). A dense open of a locally Noetherian scheme contains all generic point of
irreducible components, hence (4) implies (3). Condition (3) implies condition (1)
by Morphisms, Lemma Condition (1) implies condition (2). Thus it suffices
to prove the lemma in case (2) holds.

Assume (2) holds. Recall that Spec(Qy,,) is the set of points of Y specializing to
1y, see Schemes, Lemma Combined with Morphisms, Lemma [20.13] this shows
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we may replace Y by Spec(Qy,,). Thus we may assume Y = Spec(B) where B is
a Noetherian local ring of dimension < 1 and y is the closed point.

Let X = |J X; be the irreducible components of X viewed as reduced closed sub-
schemes. If we can show each fibre X, is a discrete space, then X, = |JX;, is
discrete as well and we conclude that X — Y is quasi-finite at all points of X, by
Morphisms, Lemma Thus we may assume X is an integral scheme.

If X — Y maps the generic point  of X to y, then X is the spectrum of a finite
extension of k(y) and the result is true. Assume that X maps 1 to a point corre-
sponding to a minimal prime q of B different from mp. We obtain a factorization
X — Spec(B/q) — Spec(B). Let € X be a point lying over y. By the dimension
formula (Morphisms, Lemma we have

dim(Ox,;) < dim(B/q) + trdeg, ) (R(X)) — trdeg,,x(z)

We know that dim(B/q) = 1, that the generic point of X is not equal to z and
specializes to x and that R(X) is algebraic over x(q). Thus we get

1 <1 —trdeg, ) r(z)

Hence every point = of X, is closed in X, by Morphisms, Lemma and hence
X — Y is quasi-finite at every point  of X, by Morphisms, Lemma (which
also implies that X, is a discrete topological space). ([l

Lemmal 17.2. Let f: X — Y be a proper morphism. Let y € Y be a point such
that Oy, is Noetherian of dimension < 1. Assume in addition one of the following
conditions is satisfied

(1) for every generic point n of an irreducible component of X the field exten-
sion k(n)/k(f(n)) is finite (or algebraic),

(2) for every generic point n of an irreducible component of X such that f(n) ~
y the field extension k(n)/k(f(n)) is finite (or algebraic),

(3) f is quasi-finite at every generic point of X,

(4) Y is locally Noetherian and f is quasi-finite at a dense set of points of X,

(5) add more here.

Then there exists an open neighbourhood V. C Y of y such that f~Y(V) — V is
finite.

Proof. By Lemma the morphism f is quasi-finite at every point of the fibre
X,. Hence X, is a discrete topological space (Morphisms, Lemma . As f is
proper the fibre X, is quasi-compact, i.e., finite. Thus we can apply Cohomology
of Schemes, Lemma to conclude. O

Lemma 17.3. Let X be a Noetherian scheme. Let f :' Y — X be a birational
proper morphism of schemes with Y reduced. Let U C X be the mazimal open over
which f is an isomorphism. Then U contains

(1) every point of codimension 0 in X,

(2) every xz € X of codimension 1 on X such that Ox , is a discrete valuation
ring,

(3) every x € X such that the fibre of Y — X over x is finite and such that
Ox 5 is normal, and

(4) every x € X such that [ is quasi-finite at some y € Y lying over x and
Ox » is normal.
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Proof. Part (1) follows from Morphisms, Lemma Part (2) follows from part
(3) and Lemma (and the fact that finite morphisms have finite fibres).

Part (3) follows from part (4) and Morphisms, Lemma but we will also give
a direct proof. Let € X be as in (3). By Cohomology of Schemes, Lemma m
we may assume f is finite. We may assume X affine. This reduces us to the case
of a finite birational morphism of Noetherian affine schemes ¥ — X and z € X
such that Ox , is a normal domain. Since Ox , is a domain and X is Noetherian,
we may replace X by an affine open of x which is integral. Then, since Y — X is
birational and Y is reduced we see that Y is integral. Writing X = Spec(A4) and
Y = Spec(B) we see that A C B is a finite inclusion of domains having the same
field of fractions. If p C A is the prime corresponding to z, then A, being normal
implies that A, C B, is an equality. Since B is a finite A-module, we see there
exists an a € A, a & p such that A, — B, is an isomorphism.

Let z € X and y € Y be as in (4). After replacing X by an affine open neigh-
bourhood we may assume X = Spec(A4) and A C Ox,;, see Properties, Lemma
Then A is a domain and hence X is integral. Since f is birational and Y
is reduced it follows that Y is integral too. Consider the ring map Ox , — Oy,y.
This is a ring map which is essentially of finite type, the residue field extension
is finite, and dim(Oy,,/m;0Oy,,) = 0 (to see this trace through the definitions of
quasi-finite maps in Morphisms, Deﬁnition and Algebra, Deﬁnition. By
Algebra, Lemma[124.2] Oy, is the localization of a finite Ox ,-algebra B. Of course
we may replace B by the image of B in Oy, and assume that B is a domain with
the same fraction field as Oy,y. Then Ox ., C B have the same fraction field as
f is birational. Since Ox , is normal, we conclude that Ox , = B (because finite
implies integral), in particular, we see that Ox , = Oy,. By Morphisms, Lemma
after shrinking X we may assume there is a section X — Y of f mapping z
to y and inducing the given isomorphism on local rings. Since X — Y is closed
(by Schemes, Lemma necessarily maps the generic point of X to the generic
point of Y it follows that the image of X — Y is Y. Then Y = X and we’ve proved
what we wanted to show. ([

18. Variants of Noether normalization

Noether normalization is the statement that if k is a field and A is a finite type k
algebra of dimension d, then there exists a finite injective k-algebra homomorphism
klx1,...,24) — A. See Algebra, Lemma Geometrically this means there is
a finite surjective morphism Spec(A) — A¢ over Spec(k).

Lemma 18.1. Let f: X — S be a morphism of schemes. Let x € X with image
s €S. Let V C S be an affine open neighbourhood of s. If f is locally of finite
type and dim,(X) = d, then there exists an affine open U C X with x € U and
f(U) CV and a factorization

US AL -V
of flu : U =V such that w is quasi-finite.
Proof. This follows from Algebra, Lemma [125.2 ]
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Lemma 18.2. Let f: X — S be a finite type morphism of affine schemes. Let
s € S. If dim(Xy) = d, then there exists a factorization

X5AL S
of f such that the morphism 7 : Xg — Ai(s) of fibres over s is finite.

Proof. Write S = Spec(A4) and X = Spec(B) and let A — B be the ring map
corresponding to f. Let p C A be the prime ideal corresponding to s. We can
choose a surjection A[zy,...,x,] — B. By Algebra, Lemma there exist
elements y1,...,y4 € A in the Z-subalgebra of A generated by xy,...,z, such
that the A-algebra homomorphism Alty,...,tq] — B sending ¢; to y; induces a
finite x(p)-algebra homomorphism x(p)[t1,...,tq] = B ®4 «(p). This proves the
lemma. (]

Lemma 18.3. Let f : X — S be a morphism of schemes. Let x € X. Let
V' = Spec(4) be an affine open neighbourhood of f(x) in S. If f is unramified at
x, then there exist exists an affine open U C X with x € U and f(U) C V such
that we have a commutative diagram

X < U —2> Spec(A[t] /(g)) — Spec(A[t]) = Al

=

Y |4

where j is an immersion, g € Alt] is a monic polynomial, and g’ is the derivative
of g with respect to t. If f is étale at x, then we may choose the diagram such that
7 %8 an open immersion.

Proof. The unramified case is a translation of Algebra, Proposition [152.1l In the
étale case this is a translation of Algebra, Proposition[144.4 or equivalently it follows
from Morphisms, Lemma although the statements differ slightly. O

Lemma 18.4. Let f : X — S be a finite type morphism of affine schemes. Let
x € X with image s € S. Let

r=dim, ) Qx/s2 Qox,, £(2) = dimy ) Qx, /5.0 oy, , £(2) = dim ) Tx/s.2
Then there exists a factorization
X5 AL =S
of [ such that w is unramified at x.

Proof. By Morphisms, Lemma[32.12|the first dimension is finite. The first equality
follows as the restriction of Qy,g to the fibre is the module of differentials from
Morphisms, Lemma The last equality follows from Lemma Thus we
see that the statement makes sense.

To prove the lemma write S = Spec(4) and X = Spec(B) and let A — B be
the ring map corresponding to f. Let q C B be the prime ideal corresponding to
x. Choose a surjection of A-algebras Afzy,...,x;] — B. Since {1/, is generated
by dzi,...,dz; we see that their images in Qx,5, ®oy, #(7) generate this as a
k(x)-vector space. After renumbering we may assume that dzq,...,dz, map to a
basis of Qx /5. ®ox., k(z). We claim that P = A[xy,...,2,] — B is unramified at
q. To see this it suffices to show that Qp/pq = 0 (Algebra, Lemma [151.3). Note
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that Qp/p is the quotient of (25,4 by the submodule generated by dxy,...,dz,.

Hence Qp/pq ®p, £(q) = 0 by our choice of zy,...,z,. By Nakayama’s lemma,
more precisely Algebra, Lemma m part (2) which applies as Qp/p is finite (see
reference above), we conclude that Qg,p 4 = 0. ([

Lemma 18.5. Let f: X — S be a morphism of schemes. Let x € X with image
s€S. Let V C S be an affine open neighbourhood of s. If f is locally of finite type
and

r=dimy(z) Qx/5.0 ®0x ., k() = dim, ) Dx, /s Qox, . K@) = dimy ) Tx/s0
then there exist
(1) an affine open U C X with x € U and f(U) CV and a factorization
UL A S5V
of flu such that j is an immersion, or
(2) an affine open U C X with x € U and f(U) CV and a factorization

ULDov

of flu such that j is a closed immersion and D — V is smooth of relative
dimension r.

Proof. Pick any affine open U C X with x € U and f(U) C V. Apply Lemma
AtoU — V to get U — Aj, — V as in the statement of that lemma. By Lemma
18.3] we get a factorization

UL DL A B AL v
where j and j are immersions, p is the projection, and poj’ is standard étale. Thus
we see in particular that (1) and (2) hold. O

19. Dimension of fibres

We have already seen that dimension of fibres of finite type morphisms typically
jump up. In this section we discuss the phenomenon that in codimension 1 this
does not happen. More generally, we discuss how much the dimension of a fibre
can jump. Here is a list of related results:

(1) For a finite type morphism X — S the set of 2 € X with dim,(Xy(,)) < d
is open, see Algebra, Lemma and Morphisms, Lemma [28.4

(2) We have the dimension formula, see Algebra, Lemma[113.1]and Morphisms,
Lemma

(3) Constant fibre dimension for an integral finite type scheme dominating a
valuation ring, see Algebra, Lemma

(4) If X — S is of finite type and is quasi-finite at every generic point of X,
then X — S is quasi-finite in codimension 1, see Algebra, Lemma
and Lemma [I7.11

The last result mentioned above generalizes as follows.

Lemma 19.1. Let f : X — Y be locally of finite type. Let x € X be a point
with image y € Y such that Oy, is Noetherian of dimension < 1. Let d > 0 be an
integer such that for every generic point 1 of an irreducible component of X which
contains x, we have dim, (X)) = d. Then dim,(X,) = d.
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Proof. Recall that Spec(Oy,,) is the set of points of Y specializing to y, see
Schemes, Lemma m Thus we may replace Y by Spec(Oy,) and assume ¥ =
Spec(B) where B is a Noetherian local ring of dimension < 1 and y is the closed
point. We may also replace X by an affine neighbourhood of x.

Let X = |J X; be the irreducible components of X viewed as reduced closed sub-
schemes. If we can show each fibre X, , has dimension d, then X, = J X, , has
dimension d as well. Thus we may assume X is an integral scheme.

If X — Y maps the generic point 7 of X to y, then X is a scheme over k(y) and the
result is true by assumption. Assume that X maps 7 to a point £ € Y corresponding
to a minimal prime q of B different from mp. We obtain a factorization X —
Spec(B/q) — Spec(B). By the dimension formula (Morphisms, Lemma we
have
dim(Ox ) + trdeg, ) k(x) < dim(B/q) + trdeg,q) (R(X))

We have dim(B/q) = 1. We have trdeg, 4 (/2(X)) = d by our assumption that
dim,(X¢) = d, see Morphisms, Lemma Since Ox, — Ox,  has a kernel
(as n — & # y) and since Ox , is a Noetherian domain we see that dim(Ox ,) >
dim(Ox, »). We conclude that

dim, (X5) = dim(Ox, ) + trdeg,,, r(z) < d

(Morphisms, Lemma [28.1). On the other hand, we have dim, (X,) > dim, (X)) =
d by Morphisms, Lemma,

Lemma 19.2. Let f : X — Spec(R) be a morphism from an irreducible scheme
to the spectrum of a valuation ring. If f is locally of finite type and surjective,
then the special fibre is equidimensional of dimension equal to the dimension of the
generic fibre.

Proof. We may replace X by its reduction because this does not change the di-
mension of X or of the special fibre. Then X is integral and the lemma follows
from Algebra, Lemma [125.9 (]

The following lemma generalizes Lemma [T9.1]

Lemmal 19.3. Let f: X = Y be locally of finite type. Let x € X be a point with
immage y € Y such that Oy, is Noetherian. Let d > 0 be an integer such that for

every generic point n of an irreducible component of X which contains x, we have
f(n) #y and dim, (X¢,) = d. Then dim,(X,) < d+ dim(Oy,,) — 1.

Proof. Exactly as in the proof of Lemma we reduce to the case X = Spec(A)
with A a domain and Y = Spec(B) where B is a Noetherian local ring whose
maximal ideal corresponds to y. After replacing B by B/Ker(B — A) we may
assume that B is a domain and that B C A. Then we use the dimension formula

(Morphisms, Lemma [52.1)) to get
dim(Ox ) + trdeg,,, k(z) < dim(B) + trdegp(A)
We have trdegg(A) = d by our assumption that dim,(X¢) = d, see Morphisms,

Lemma Since Ox , — Ox, » has a kernel (as f(n) # y) and since Ox , is a
Noetherian domain we see that dim(Ox ;) > dim(Ox, ). We conclude that

dim, (X,) = dim(Ox,, ) + trdeg,(, k(z) < dim(B) +d
(equality by Morphisms, Lemma [28.1)) which proves what we want. (]
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20. Algebraic schemes
The following definition is taken from [DG67, I Definition 6.4.1].

Definition 20.1. Let k be a field. An algebraic k-scheme is a scheme X over k
such that the structure morphism X — Spec(k) is of finite type. A locally algebraic
k-scheme is a scheme X over k such that the structure morphism X — Spec(k) is
locally of finite type.

Note that every (locally) algebraic k-scheme is (locally) Noetherian, see Morphisms,
Lemma The category of algebraic k-schemes has all products and fibre prod-
ucts (unlike the category of varieties over k). Similarly for the category of locally
algebraic k-schemes.

Lemma 20.2. Let k be a field. Let X be a locally algebraic k-scheme of dimen-
ston 0. Then X is a disjoint union of spectra of local Artinian k-algebras A with
dimg(A) < co. If X is an algebraic k-scheme of dimension 0, then in addition X
is affine and the morphism X — Spec(k) is finite.

Proof. Let X be a locally algebraic k-scheme of dimension 0. Let U = Spec(A) C
X be an affine open subscheme. Since dim(X) = 0 we see that dim(A) = 0. By
Noether normalization, see Algebra, Lemma we see that there exists a finite
injection k — A, i.e., dimg(A) < co. Hence A is Artinian, see Algebra, Lemma
53.2l This implies that A = A; x ... X A, is a product of finitely many Artinian
local rings, see Algebra, Lemma Of course dimy(A4;) < oo for each ¢ as the
sum of these dimensions equals dimy(A).

The arguments above show that X has an open covering whose members are finite
discrete topological spaces. Hence X is a discrete topological space. It follows that
X is isomorphic to the disjoint union of its connected components each of which is
a singleton. Since a singleton scheme is affine we conclude (by the results of the
paragraph above) that each of these singletons is the spectrum of a local Artinian
k-algebra A with dimy(4) < oco.

Finally, if X is an algebraic k-scheme of dimension 0, then X is quasi-compact
hence is a finite disjoint union X = Spec(A;) I ... II Spec(A,) hence affine (see
Schemes, Lemma and we have seen the finiteness of X — Spec(k) in the first
paragraph of the proof. O

The following lemma collects some statements on dimension theory for locally al-
gebraic schemes.

Lemma 20.3. Let k be a field. Let X be a locally algebraic k-scheme.

(1) The topological space of X is catenary (Topology, Definition M)

(2) For z € X closed, we have dim,(X) = dim(Ox ).

(3) For X irreducible we have dim(X) = dim(U) for any nonempty open U C
X and dim(X) = dim, (X) for any x € X.

(4) For X irreducible any chain of irreducible closed subsets can be extended to
a mazximal chain and all maximal chains of irreducible closed subsets have
length equal to dim(X).

(5) For z € X we have dim,(X) = maxdim(Z) = mindim(Ox ) where the
mazimum s over irreducible components Z C X containing x and the min-
imum is over specializations x ~ x' with x' closed in X.
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(6) If X is irreducible with generic point x, then dim(X) = trdeg, (k(x)).
(7) If © ~ 2’ is an immediate specialization of points of X, then we have
trdegy, (k(x)) = trdeg, (k(z")) + 1.
(8) The dimension of X is the supremum of the numbers trdeg, (k(zx)) where x
runs over the generic points of the irreducible components of X.
(9) If x ~ 2’ is a nontrivial specialization of points of X, then
(a) dim,(X) < dimg (X),
(b) dim(OX@) < dim(onzl),
(c) trdegy,(k(z)) > trdeg,(k(x')), and
(d) any mazimal chain of nontrivial specializations x = xg ~> L1 ~> ... ~>
X =« has length n = trdeg, (k(x)) — trdeg, (k(2')).
(10) For x € X we have dim,(X) = trdeg, (k(z)) + dim(Ox ).
(11) If x ~ 2’ is an immediate specialization of points of X and X is irreducible
or equidimensional, then dim(Ox ) = dim(Ox ;) + 1.

Proof. Instead on relying on the more general results proved earlier we will reduce
the statements to the corresponding statements for finite type k-algebras and cite
results from the chapter on commutative algebra.

Proof of . This is local on X by Topology, Lemma Thus we may assume
X = Spec(A) where A is a finite type k-algebra. We have to show that A is catenary
(Algebra, Lemma [105.2). We can reduce to k[z1,...,x,] using Algebra, Lemma
and then apply Algebra, Lemma Alternatively, this holds because k
is Cohen-Macaulay (trivially) and Cohen-Macaulay rings are universally catenary

(Algebra, Lemma [105.9)).

Proof of (2). Choose an affine neighbourhood U = Spec(A) of z. Then dim,(X) =
dim, (U). Hence we reduce to the affine case, which is Algebra, Lemma [114.6

Proof of . It suffices to show that any two nonempty affine opens U, U’ C X
have the same dimension (any finite chain of irreducible subsets meets an affine
open). Pick a closed point x of X with x € U NU’. This is possible because
X is irreducible, hence U N U’ is nonempty, hence there is such a closed point
because X is Jacobson by Lemma [[4.1] Then dim(U) = dim(Ox,,) = dim(U’) by
Algebra, Lemma (strictly speaking you have to replace X by its reduction
before applying the lemma).

Proof of . Given a chain of irreducible closed subsets we can find an affine open
U C X which meets the smallest one. Thus the statement follows from Algebra,
Lemma [114.4 and dim(U) = dim(X) which we have seen in (3).

Proof of (5). Choose an affine neighbourhood U = Spec(A) of z. Then dim,(X) =
dim, (U). The rule Z — Z NU is a bijection between irreducible components of
X passing through x and irreducible components of U passing through x. Also,
dim(ZNU) = dim(Z) for such Z by (3). Hence the statement follows from Algebra,
Lemma [114.5

Proof of (6). By this reduces to the case where X = Spec(A) is affine. In this
case it follows from Algebra, Lemma [116.1] applied to A,.q.

Proof of . Let Z = {2} D Z' = {«'}. Then it follows from that Z D Z’ is the
start of a maximal chain of irreducible closed subschemes in Z and consequently
dim(Z) = dim(Z’) + 1. We conclude by ().
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Proof of (8). A simple topological argument shows that dim(X) = supdim(Z)
where the supremum is over the irreducible components of X (hint: use Topology,
Lemma. Thus this follows from @

Proof of (9). Part (a) follows from the fact that any open U C X containing z’
also contains z. Part (b) follows because Ox , is a localization of Ox .+ hence any
chain of primes in Ox , corresponds to a chain of primes in Ox , which can be
extended by adding m, at the end. Both (c) and (d) follow formally from (7).

Proof of (10). Choose an affine neighbourhood U = Spec(A) of . Then dim,(X) =
dim, (U). Hence we reduce to the affine case, which is Algebra, Lemma [116.3

Proof of (II). If X is equidimensional (Topology, Definition [10.5)) then dim(X) is
equal to the dimension of every irreducible component of X, whence dim,(X) =
dim(X) = dim,(X) by (5). Thus this follows from (7). O

Lemma 20.4. Let k be a field. Let f: X — Y be a morphism of locally algebraic
k-schemes.

(1) Fory €Y, the fibre X, is a locally algebraic scheme over k(y) hence all
the results of Lemma[20.3 apply.
(2) Assume X is irreducible. Set Z = f(X) and d = dim(X) — dim(Z). Then
(a) dimg(Xy()) > d for allx € X,
(b) the set of v € X with dim, (X)) = d is dense open,
(c) if dim(Oz ¢(x)) > 1, then dimg (X)) < d+dim(Oz f2)) — 1,
(d) if dim((’)zvf(m)) =1, then dimx(Xf(z)) =d,
(3) Forx € X withy = f(x) we have dim,(X,) > dim,(X) — dim,(Y").
Proof. The morphism f is locally of finite type by Morphisms, Lemmal[15.8] Hence
the base change X, — Spec(k(y)) is locally of finite type. This proves (1). In the

rest of the proof we will freely use the results of Lemma [20.3] for X, Y, and the
fibres of f.

Proof of (2). Let 7 € X be the generic point and set ¢ = f(n). Then Z = {¢}.
Hence

d=dim(X) — dim(Z) = trdegyr(n) — trdeg,r(§) = trdeg, ¢ x(n) = dim, (X¢)
Thus parts (2)(a) and (2)(b) follow from Morphisms, Lemma Parts (2)(c)
and (2)(d) follow from Lemmas and

Proof of (3). Let x € X. Let X’ C X be a irreducible component of X passing
through z of dimension dim,(X). Then (2) implies that dim,(X,) > dim(X’) —
dim(Z’) where Z' C Y is the closure of the image of X’. This proves (3). O
Lemma 20.5. Let k be a field. Let X, Y be locally algebraic k-schemes.

(1) Forze XxY lying over (z,y) we have dim. (X xY") = dim, (X )+dim,(Y).

(2) We have dim(X x Y) = dim(X) + dim(Y").
Proof. Proof of (1). Consider the factorization

X XY — Y — Spec(k)

of the structure morphism. The first morphism p : X x Y — Y is flat as a
base change of the flat morphism X — Spec(k) by Morphisms, Lemma m
Moreover, we have dim,(p~!(y)) = dim,(X) by Morphisms, Lemma Hence
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dim, (X x Y) = dim,(X) + dimy(Y) by Morphisms, Lemma [28.2] Part (2) is a
direct consequence of (1). O

21. Complete local rings
Some results on complete local rings of schemes over fields.

Lemma 21.1. Let k be a field. Let X be a locally Noetherian scheme over k. Let
x € X be a point with residue field k. There is an isomorphism
(21.1.1) tllze, .zl /I — O%

inducing the identity on residue fields. In general we cannot choose (21.1.1]) to be
a k-algebra isomorphism. However, if the extension k/k is separable, then we can

choose (21.1.1]) to be an isomorphism of k-algebras.

Proof. The existence of the isomorphism is an immediate consequence of the Cohen

structure theorenﬂ (Algebra, Theorem [160.8]).

Let p be an odd prime number, let k = F,(¢), and A = k[z,y]/(y* + 2P —t). Then
the completion A" of A in the maximal ideal m = (y) is isomorphic to k(t'/?)[[z]]
as a ring but not as a k-algebra. The reason is that A" does not contain an element

whose pth power is ¢ (as the reader can see by computing modulo y?). This also
shows that any isomorphism (21.1.1)) cannot be a k-algebra isomorphism.

If k/k is separable, then there is a k-algebra homomorphism xk — Oé\(,r inducing
the identity on residue fields by More on Algebra, Lemma Let f1,..., fn €my
be generators. Consider the map

Bz, .. zp)] — O% 4y i — fi
Since both sides are (z1,...,x,)-adically complete (the right hand side by Algebra,

Lemmas [96.3) this map is surjective by Algebra, Lemma as it is surjective
modulo (z1,...,2,) by construction. O

Lemma 21.2. Let K/k be an extension of fields. Let X be a locally algebraic
k-scheme. SetY = Xg. Lety € Y be a point with image x € X. Assume that
dim(Ox ;) = dim(Oy,y) and that k(x)/k is separable. Choose an isomorphism
s(@)[[z1, .- 2all/(91, -, 9m) — Ox o
of k-algebras as in . Then we have an isomorphism
H(y)[[‘rlv s 7an/(gly s 7gm) — OQ’,y

of K-algebras as in (21.1.1). Here we use k(x) — k(y) to view g; as a power series
over k(y).

Proof. The local ring map Ox,, — Oy,, induces a local ring map O% , — Oy .
The induced map

k(x) = w(@)[[z1, .. 2a]]/ (915 s Gm) = Oé\(,x — (9{}73/

composed with the projection to £(y) is the canonical homomorphism k(z) — &(y).
By Lemma 5.1] the residue field x(y) is a localization of k(z) ®j K at the kernel po of

2Note that if x has characteristic p, then the theorem just says we get a surjection
Al[z1,...,zn]] = O% , where A is a Cohen ring for x. But of course in this case the map

factors through A/pA[[z1,...,zx]] and A/pA = k.
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k(2) @k K — k(y). On the other hand, by Lemma [5.3| the local ring (k(z) @k K)y,
is equal to k(y). Hence the map
k(z) o K — 0%,

factors canonically through k(y). We obtain a commutative diagram

H(Ty) Ovy
Ii({L‘) - K(%)[[(El, s 7$n]]/(glv cee 7gm) - 03\(,1

Let f; € mj C O% , be the image of x;. Observe that m) = (f1,..., fu) as the
map is surjective. Consider the map

W)[[x1,. .. z0]] — Oy, xi— fi

where here f; really means the image of f; in m). Since m,Oy, = m, by Lemma
5.3| we see that the right hand side is complete with respect to (x1,...,z,) (use
Algebra, Lemma to see that it is a complete local ring). Since both sides are
(z1,...,2,)-adically complete our map is surjective by Algebra, Lemma as it
is surjective modulo (z1,...,z,). Of course the power series g1, ..., g are mapped
to zero under this map, as they already map to zero in OE\(W Thus we have the
commutative diagram

Kl(y)[[lj, s 7'7;?}/(91’ s 7gm) - OQYJ
s(@)[z1, @]/ (g1, gm) —= 0%,

We still need to show that the top horizontal arrow is an isomorphism. We already
know that it is surjective. We know that Ox , — Oy, is flat (Lemma 7 which
implies that (93\(’1 — O¢, is flat (More on Algebra, Lemma . Thus we may
apply Algebra, Lemma with R = k(z)[[z1,...,2]]/(91, -, gm), with S =
w1, 2all /(915 gm), with M = Og , and with N = S to conclude that
the map is injective. (I

22. Global generation
Some lemmas related to global generation of quasi-coherent modules.

Lemma 22.1. Let X — Spec(A) be a morphism of schemes. Let A C A’ be a
faithfully flat ring map. Let F be a quasi-coherent Ox-module. Then F is globally
generated if and only if the base change Fas is globally generated.

Proof. More precisely, set X4 = X Xgpec(a) Spec(A’). Let Far = p*F where
p: Xa — X is the projection. By Cohomology of Schemes, Lemma [5.2| we have
HO( Xy, Far) = HY (X, F)®aA’. Thusifs;, i € I are generators for H?(X, F) as an
A-module, then their images in H%(X 4/, Fa+) are generators for H(X 4+, Fa/) as an
A’-module. Thus we have to show that the map o : @,.; Ox = F, (fs) = >_ fiss
is surjective if and only if p*« is surjective. This we may check over an affine open
U = Spec(B) of X. Then F|y corresponds to a B-module M and s;|y to elements
r; € M. Thus we have to show that @, ; B — M is surjective if and only if the
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base change @,;.; B ®a A" — M ®4 A’ is surjective. This is true because A — A’
is faithfully flat. ([

Lemma 22.2. Let k be an infinite field. Let X be a scheme of finite type over k.
Let L be a very ample invertible sheaf on X. Let n > 0 and x,x1,...,2, € X be
points with x a k-rational point, i.e., k(x) =k, and © # x; fori=1,...,n. Then
there exists an s € H°(X, L) which vanishes at x but not at x;.

Proof. If n = 0 the result is trivial, hence we assume n > 0. By definition of
a very ample invertible sheaf, the lemma immediately reduces to the case where
X = Pj, for some r > 0 and £ = Ox(1). Write P}, = Proj(k[Ty,...,T,]). Set
V =H%X,L)=kTy®...®KkT,. Since z is a k-rational point, we see that the set
s € V which vanish at z is a codimension 1 subspace W C V and that W generates
the homogeneous prime ideal corresponding to z. Since x; # x the corresponding
homogeneous prime p; C k[Ty,...,T;] does not contain W. Since k is infinite, we
then see that W # |JW N q; and the proof is complete. O

Lemma 22.3. Let k be an infinite field. Let X be an algebraic k-scheme. Let L
be an invertible Ox-module. Let V. — T'(X, L) be a linear map of k-vector spaces
whose image generates L. Then there exists a subspace W C V' with dimg (W) <
dim(X) + 1 which generates L.

Proof. Throughout the proof we will use that for every x € X the linear map
YoV =>T(X, L) = Ly = Ly ®oy, k()
is nonzero. The proof is by induction on dim(X).

The base case is dim(X) = 0. In this case X has finitely many points X =
{x1,...,2,} (see for example Lemma [20.2)). Since k is infinite there exists a vector
v € V such that v, (v) # 0 for all i. Then W = k - v does the job.

Assume dim(X) > 0. Let X; C X be the irreducible components of dimension
equal to dim(X). Since X is Noetherian there are only finitely many of these. For
each i pick a point x; € X;. As above choose v € V such that v,,(v) # 0 for all s.
Let Z C X be the zero scheme of the image of v in T'(X, £), see Divisors, Definition
By construction dim(Z) < dim(X). By induction we can find W C V with
dim(W) < dim(X) such that W generates £|z. Then W + k - v generates £. [

23. Separating points and tangent vectors

This is just the following result.

Lemma 23.1. Let k be an algebraically closed field. Let X be a proper k-scheme.
Let L be an invertible Ox -module. Let V.C H°(X, L) be a k-subvector space. If

(1) for every pair of distinct closed points x,y € X there is a section s € V
which vanishes at x but not at y, and

(2) for every closed point x € X and nonzero tangent vector 0 € Tx/j, . there
exists a section s € V which vanishes at x but whose pullback by 6 is
nonzero,

then L is very ample and the canonical morphism ¢cyv @ X — P(V) is a closed
mmerston.
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Proof. Condition (1) implies in particular that the elements of V' generate £ over
X. Hence we get a canonical morphism

o=prv:X—P{V)

by Constructions, Example[21.2] The morphism ¢ is proper by Morphisms, Lemma
41.7 By (1) the map ¢ is injective on closed points (computation omitted). In
particular, the fibre over any closed point of P(V) is a singleton (small detail
omitted). Thus we see that ¢ is finite, for example use Cohomology of Schemes,
Lemma [21.2] To finish the proof it suffices to show that the map

¢F: Op(v) — 0. 0x
is surjective. This we may check on stalks at closed points. Let x € X be a
closed point with image the closed point p = ¢(x) € P(V). Since ¢~} ({p}) = {z}
by (1) and since ¢ is proper (hence closed), we see that ¢~(U) runs through a
fundamental system of open neighbourhoods of x as U runs through a fundamental
system of open neighbourhoods of p. We conclude that on stalks at p we obtain
the map

¢L: Op(v)p — Oxa
In particular, Ox . is a finite Op(y) ,-module. Moreover, the residue fields of x
and p are equal to k (as k is algebraically closed — use the Hilbert Nullstellensatz).
Finally, condition (2) implies that the map

Tx/ke — TP(V)/kp

is injective since any nonzero 6 in the kernel of this map couldn’t possibly satisfy
the conclusion of (2). In terms of the map of local rings above this means that

m,/m> — m,/m
is surjective, see Lemma Now the proof is finished by applying Algebra,
Lemma, 20.3 O

Lemma 23.2. Let k be an algebraically closed field. Let X be a proper k-scheme.
Let L be an invertible Ox-module. Suppose that for every closed subscheme Z C X
of dimension 0 and degree 2 over k the map

H°(X,L) — H°(Z,L|7)
is surjective. Then L is very ample on X over k.

Proof. This is a reformulation of Lemma[23.1] Namely, given distinct closed points
xz,y € X taking Z = z Uy (viewed as closed subscheme) we get condition (1)
of the lemma. And given a nonzero tangent vector € Tx/,;, the morphism
0 : Spec(k[e]) — X is a closed immersion. Setting Z = Im(¢) we obtain condition
(2) of the lemma. O

24. Closures of products

Some results on the relation between closure and products.

Lemmal 24.1. Let k be a field. Let X, Y be schemes over k, and let A C X,
B CY be subsets. Set

AB={z2€ X x, Y |pry(z) € A, pry(2) € B} C X X3 Y
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Then set theoretically we have
Ax,B=AB

Proof. The inclusion AB C A x;, B is immediate. We may replace X and Y by
the reduced closed subschemes A and B. Let W C X x; Y be a nonempty open
subset. By Morphisms, Lemma the subset U = pry (W) is nonempty open
in X. Hence ANU is nonempty. Pick @ € ANU. Denote Y, = {a} x3 YV
the fibre of pry : X x; Y — X over a. By Morphisms, Lemma again the
morphism Y, — Y is open as Spec(x(a)) — Spec(k) is universally open. Hence the
nonempty open subset W, = W X x,y Y, maps to a nonempty open subset of Y.
We conclude there exists a b € B in the image. Hence ABNW # () as desired. [

Lemma 24.2. Let k be a field. Let f : A — X, g: B — Y be morphisms of
schemes over k. Then set theoretically we have

f(A) x1 g(B) = (f x g)(A x, B)

Proof. This follows from Lemma as the image of f x g is f(A)g(B) in the
notation of that lemma. O

Lemmal 24.3. Let k be a field. Let f : A — X, g: B — Y be quasi-compact
morphisms of schemes over k. Let Z C X be the scheme theoretic image of f, see
Morphisms, Definition[6.3. Similarly, let Z' C'Y be the scheme theoretic image of
g. Then Z xy, Z' is the scheme theoretic image of f X g.

Proof. Recall that Z is the smallest closed subscheme of X through which f fac-
tors. Similarly for Z’. Let W C X X Y be the scheme theoretic image of [ x g.
As f x g factors through Z x; Z’' we see that W C Z x;, Z'.

To prove the other inclusion let U C X and V' C Y be affine opens. By Morphisms,
Lemma the scheme ZNU is the scheme theoretic image of f|;-1(y) : fYU) -
U, and similarly for Z’ NV and W NU x; V. Hence we may assume X and Y
affine. As f and g are quasi-compact this implies that A = |JU; is a finite union of
affines and B = (JVj is a finite union of affines. Then we may replace A by [[U;
and B by [[V}, i.e., we may assume that A and B are affine as well. In this case Z
is cut out by Ker(I'(X,Ox) — I'(A,04)) and similarly for Z’ and W. Hence the
result follows from the equality
I'A X, B,0ax,B) =T(A,04) ®, T'(B,0p)

which holds as A and B are affine. Details omitted. O

25. Schemes smooth over fields
Here are two lemmas characterizing smooth schemes over fields.

Lemma 25.1. Let k be a field. Let X be a scheme over k. Assume

(1) X is locally of finite type over k,
(2) Qxy is locally free, and
(3) k has characteristic zero.

Then the structure morphism X — Spec(k) is smooth.

Proof. This follows from Algebra, Lemma [140.7 (]
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In positive characteristic there exist nonreduced schemes of finite type whose sheaf
of differentials is free, for example Spec(F,[t]/(t?)) over Spec(F,). If the ground
field & is nonperfect of characteristic p, there exist reduced schemes X/k with free
Qx/x which are nonsmooth, for example Spec(k[t]/(t? —a) where a € k is not a pth
power.

Lemmal 25.2. Let k be a field. Let X be a scheme over k. Assume
(1) X is locally of finite type over k,
(2) Qx4 is locally free,
(3) X is reduced, and
(4) k s perfect.
Then the structure morphism X — Spec(k) is smooth.

Proof. Let z € X be a point. As X is locally Noetherian (see Morphisms, Lemma
there are finitely many irreducible components X1, ..., X, passing through z
(see Properties, Lemma and Topology, Lemma. Let n; € X; be the generic
point. As X is reduced we have Ox ,,, = £(1;), see Algebra, Lemmal[25.1] Moreover,
k(n;) is a finitely generated field extension of the perfect field k& hence separably
generated over k (see Algebra, Section . It follows that Qx /i, = Qe /k 18
free of rank the transcendence degree of k(n;) over k. By Morphisms, Lemma
we conclude that dim,, (X;) = rank,, (Qx/;). Since z € X1 N...N X,, we see that

rank, (Qx/,) = rank,, (Qx/) = dim(X;).
Therefore dim,(X) = rank,(€2x/x), see Algebra, Lemma (114.5, It follows that
X — Spec(k) is smooth at x for example by Algebra, Lemma [140.3 (]

Lemma 25.3. Let X — Spec(k) be a smooth morphism where k is a field. Then
X is a regular scheme.

Proof. (See also Lemma [12.6]) By Algebra, Lemma [140.3] every local ring Ox .
is regular. And because X is locally of finite type over k it is locally Noetherian.
Hence X is regular by Properties, Lemma [9.2 (]

Lemma 25.4. Let X — Spec(k) be a smooth morphism where k is a field. Then
X is geometrically regular, geometrically normal, and geometrically reduced over k.

Proof. (See also Lemma m) Let k' be a finite purely inseparable extension of
k. It suffices to prove that X} is regular, normal, reduced, see Lemmas
and [6.5] By Morphisms, Lemma [34.5] the morphism X, — Spec(k’) is smooth too.
Hence it suffices to show that a scheme X smooth over a field is regular, normal,
and reduced. We see that X is regular by Lemma [25.3] Hence Properties, Lemma
guarantees that X is normal. 0

Lemma 25.5. Let k be a field. Let d > 0. Let W C A¢ be nonempty open. Then
there exists a closed point w € W such that k C k(w) is finite separable.

Proof. After possible shrinking W we may assume that W = Ag \ V(f) for some
f € klx1,...,z4). If the lemma is wrong then f(aq,...,aq) = 0for all (ay,...,aq) €
(k*eP)4. This is absurd as k*¢P is an infinite field. O

Lemma 25.6. Let k be a field. If X is smooth over Spec(k) then the set
{z € X closed such that k C k(x) is finite separable}

is dense in X.


https://stacks.math.columbia.edu/tag/04QP
https://stacks.math.columbia.edu/tag/056S
https://stacks.math.columbia.edu/tag/056T
https://stacks.math.columbia.edu/tag/055T
https://stacks.math.columbia.edu/tag/056U

056V

0B8&X

05AX

0CDW

VARIETIES 46

Proof. It suffices to show that given a nonempty smooth X over k there exists
at least one closed point whose residue field is finite separable over k. To see this,
choose a diagram

X<—U—W>A%

with 7 étale, see Morphisms, Lemma The morphism 7 : U — A¢ is open, see
Morphisms, Lemma By Lemma we may choose a closed point w € 7(U)
whose residue field is finite separable over k. Pick any = € U with n(z) = w. By
Morphisms, Lemma the field extension x(x)/k(w) is finite separable. Hence
k(z)/k is finite separable. The point z is a closed point of X by Morphisms, Lemma
20.2 |

Lemma 25.7. Let X be a scheme over a field k. If X is locally of finite type and
geometrically reduced over k then X contains a dense open which is smooth over k.

Proof. The problem is local on X, hence we may assume X is quasi-compact. Let
X = X, U...UX, be the irreducible components of X. Then Z = U#j X;NX;is
nowhere dense in X. Hence we may replace X by X\ Z. As X\ Z is a disjoint union
of irreducible schemes, this reduces us to the case where X is irreducible. As X is
irreducible and reduced, it is integral, see Properties, Lemma [3.4 Let n € X be its
generic point. Then the function field K = k(X) = k(n) is geometrically reduced
over k, hence separable over k, see Algebra, Lemma Let U = Spec(A4) C X
be any nonempty affine open so that K = A(g) is the fraction field of A. Apply
Algebra, Lemma to conclude that A is smooth at (0) over k. By definition
this means that some principal localization of A is smooth over k and we win. [

Lemma 25.8. Let k be a perfect field. Let X be a locally algebraic reduced k-
scheme, for example a variety over k. Then we have

{z € X | X — Spec(k) is smooth at z} = {x € X | Ox , is reqular}
and this is a dense open subscheme of X.

Proof. The equality of the two sets follows immediately from Algebra, Lemma
and the definitions (see Algebra, Definition for the definition of a perfect
field). The set is open because the set of points where a morphism of schemes is
smooth is open, see Morphisms, Definition Finally, we give two arguments to
see that it is dense: (1) The generic points of X are in the set as the local rings at
generic points are fields (Algebra, Lemma hence regular. (2) We use that X
is geometrically reduced by Lemma [6.3] and hence Lemma [25.7] applies. O

Lemma 25.9. Let k be a field. Let f: X =Y be a morphism of schemes locally
of finite type over k. Let x € X be a point and set y = f(x). If X — Spec(k) is
smooth at x and f is flat at x then Y — Spec(k) is smooth at y. In particular, if
X is smooth over k and f is flat and surjective, then Y is smooth over k.

Proof. It suffices to show that Y is geometrically regular at y, see Lemma [12.6
This follows from Lemma [12.5] (and Lemma applied to (X, z)). O

Lemma 25.10. Let k be a field. Let X be a variety over k which has a k-rational
point x such that X is smooth at x. Then X is geometrically integral over k.
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Proof. Let U C X be the smooth locus of X. By assumption U is nonempty and
hence dense and scheme theoretically dense. Then Uz C X3 is dense and scheme
theoretically dense as well (some details omitted). Thus it suffices to show that
U is geometrically integral. Because U has a k-rational point it is geometrically
connected by Lemma On the other hand, Uy is reduced and normal (Lemma
[25.4] Since a connected normal Noetherian scheme is integral (Properties, Lemma

E]) the proof is complete. (I

Lemma 25.11. Let X be a scheme of finite type over a field k. There exists a
finite purely inseparable extension k' [k, an integer t > 0, and closed subschemes

X DZgDZ1D...D2 7 =10
such that Zy = (Xy)rea and Z; \ Ziy1 is smooth over k' for all i.

Proof. We may use induction on dim(X). By Lemma we can find a finite
purely inseparable extension k’/k such that (X )eq is geometrically reduced over
k’. By Lemma there is a nowhere dense closed subscheme X' C (Xy)red
such that (Xg )req \ X’ is smooth over k’. Then dim(X’) < dim(X). By induction
hypothesis there exists a finite purely inseparable extension k" /k’, an integer t' > 0,
and closed subschemes

X 2Y9D2Y1D...0Yy =0

such that Yy = (X[, )req and Y; \ Y41 is smooth over k” for all . Then we let
t =t' 4+ 1 and we consider

Xk//DZODZ1D...DZt:®

given by Zy = (Xg#)rea and Z; = Y;_q for ¢ > 0; this makes sense as X}, is a
closed subscheme of Xj~. We omit the verification that all the stated properties
hold. O

26. Types of varieties
Short section discussion some elementary global properties of varieties.

Definition 26.1. Let k be a field. Let X be a variety over k.

(1) We say X is an affine variety if X is an affine scheme. This is equivalent
to requiring X to be isomorphic to a closed subscheme of A} for some n.

(2) We say X is a projective variety if the structure morphism X — Spec(k)
is projective. By Morphisms, Lemma this is true if and only if X is
isomorphic to a closed subscheme of P} for some n.

(3) We say X is a quasi-projective variety if the structure morphism X —
Spec(k) is quasi-projective. By Morphisms, Lemma this is true if and
only if X is isomorphic to a locally closed subscheme of P} for some n.

(4) A proper varietyis a variety such that the morphism X — Spec(k) is proper.

(5) A smooth variety is a variety such that the morphism X — Spec(k) is
smooth.

Note that a projective variety is a proper variety, see Morphisms, Lemma[43.5] Also,
an affine variety is quasi-projective as A} is isomorphic to an open subscheme of
P}, see Constructions, Lemma [13.3}

Lemma 26.2. Let X be a proper variety over k. Then
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1) K = H%(X,Ox) is a field which is a finite extension of the field k,
2) if X is geometrically reduced, then K/k is separable,

3) if X is geometrically irreducible, then K/k is purely inseparable,
4) if X is geometrically integral, then K = k.

Proof. This is a special case of Lemma (9.3 O

27. Normalization
Some issues associated to normalization.

Lemma 27.1. Let k be a field. Let X be a locally algebraic scheme over k. Let
v: XY — X be the normalization morphism, see Morphisms, Definition|54.1 Then

(1) v is finite, dominant, and X" is a disjoint union of normal irreducible
locally algebraic schemes over k,

(2) v factors as XV — Xyea — X and the first morphism is the normalization
morphism of X,ed,

(3) if X is a reduced algebraic scheme, then v is birational,

(4) if X is a variety, then X" is a variety and v is a finite birational morphism
of varieties.

Proof. Since X is locally of finite type over a field, we see that X is locally Noe-
therian (Morphisms, Lemma hence every quasi-compact open has finitely
many irreducible components (Properties, Lemma . Thus Morphisms, Defi-
nition applies. The normalization X" is always a disjoint union of normal
integral schemes and the normalization morphism v is always dominant, see Mor-
phisms, Lemma Since X is universally Nagata (Morphisms, Lemma we
see that v is finite (Morphisms, Lemma . Hence XV is locally algebraic too.
At this point we have proved (1).

Part (2) is Morphisms, Lemma
Part (3) is Morphisms, Lemma [54.7]

Part (4) follows from (1), (2), (3), and the fact that X" is separated as a scheme
finite over a separated scheme. (I

Lemma 27.2. Let k be a field. Let X be a proper scheme over k. Letv : XV — X
be the normalization morphism, see Morphisms, Definition[54.1. Then X" is proper
over k. If X is projective over k, then XV is projective over k.

Proof. By Lemma the morphism v is finite. Hence X* is proper over k by
Morphisms, Lemmas and The morphism v is projective by Morphisms,
Lemma [44.16| and hence if X is projective over k, then X" is projective over k by
Morphisms, Lemma [43.14 ([l

Lemma 27.3. Let k be a field. Let f : Y — X be a quasi-compact morphism of
locally algebraic schemes over k. Let X' be the normalization of X in'Y. IfY is
reduced, then X' — X is finite.

Proof. Since Y is quasi-separated (by Properties, Lemma and Morphisms,
Lemma the morphism f is quasi-separated (Schemes, Lemma . Hence
Morphisms, Definition [53.3] applies. The result follows from Morphisms, Lemma
This uses that locally algebraic schemes are locally Noetherian (hence have
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locally finitely many irreducible components) and that locally algebraic schemes
are Nagata (Morphisms, Lemma [18.2)). Some small details omitted. (]

Lemma 27.4. Let k be a field. Let X be an algebraic k-scheme. Then there exists
a finite purely inseparable extension k'/k such that the normalization Y of Xy is
geometrically normal over k'.

Proof. Let K = kP°"f be the perfect closure. Let Yx be the normalization of X,
see Lemma By Limits, Lemma[10.1] there exists a finite sub extension K/k’/k
and a morphism v : Y — X} of finite presentation whose base change to K is the
normalization morphism vy : Yg — X. Observe that Y is geometrically normal
over k' (Lemmal[10.3)). After increasing k' we may assume Y — X is finite (Limits,
Lemma . Since vi : Yx — Xk is the normalization morphism, it induces a
birational morphism Yx — (Xk)req- Hence there is a dense open Vi C Xg such
that v' (Vi) — Vi is a closed immersion (inducing an isomorphism of v' (Vi)
with Vi red, see for example Morphisms, Lemma [51.6). After increasing k" we find
Vi is the base change of a dense open V C Y and the morphism v=*(V) — V is a
closed immersion (Limits, Lemmas and . It follows readily from this that
v is the normalization morphism and the proof is complete. O

Lemma 27.5. Let k be a field. Let X be a locally algebraic k-scheme. Let K/k be
an extension of fields. Let v : XV — X be the normalization of X and let YV — Xk
be the normalization of the base change. Then the canonical morphism

YY" — X" Xgpec(r) SPec(K)
is an isomorphism if K/k is separable and a universal homeomorphism in general.

Proof. Set Y = Xg. Let X resp. Y(© be the set of generic points of irre-
ducible components of X, resp. Y. Then the projection morphism 7 : ¥ — X
satisfies W(Y(O)) = X (), This is true because 7 is surjective, open, and generizing,
see Morphisms, Lemmas and If we view X(© resp. YO as (reduced)
schemes, then X", resp. Y” is the normalization of X, resp. Y in X resp. Y(©).
Thus Morphisms, Lemma, gives a canonical morphism Y” — X" over Y — X
which in turn gives the canonical morphism of the lemma by the universal property
of the fibre product.

To prove this morphism has the properties stated in the lemma we may assume
X = Spec(A) is affine. Let Q(Areq) be the total ring of fractions of A,.q. Then X”
is the spectrum of the integral closure A’ of A in Q(A;cq), see Morphisms, Lemmas
and Similarly, Y” is the spectrum of the integral closure B’ of A®; K in
Q((A®k K)req). There is a canonical map Q(Ayeq) = Q((A®f K)red), & canonical
map A" — B’, and the morphism of the lemma corresponds to the induced map

A Qr K — B’
of K-algebras. The kernel consists of nilpotent elements as the kernel of Q(A;cq) Rk
K — Q((A®g K)req) is the set of nilpotent elements.

If K/k is separable, then A’ ®; K is normal by Lemma In particular it is
reduced, whence Q((A ®p K)red) = Q(A' @ K) and B’ = A’ @, K by Algebra,
Lemma B7.T6

Assume K/k is not separable. Then the characteristic of &k is p > 0. We will
show that for every b € B’ there is a power g of p such that b7 is in the image of


https://stacks.math.columbia.edu/tag/0BXT
https://stacks.math.columbia.edu/tag/0C3N

0C3P

04L3

0414

VARIETIES 50

A’ @ K. This will prove that the displayed map is a universal homeomorphism
by Algebra, Lemma m For a given b there is a subfield F C K with F/k
finitely generated such that b is contained in Q((A ®x F')req) and is integral over
A ®;, F. Choose a monic polynomial P = T% 4+ o, T4 ! + ... 4+ ay4 with Pb) =0
and o; € A ®; F. Choose a transcendence basis tq,...,t, for F' over k. Let
F/F'[k(t1,...,t;) be the maximal separable subextension (Fields, Lemma [14.6)).
Since F'/F’ is finite purely inseparable, there is a ¢ such that A? € F for all A € F.
Then b7 is in Q((A ®, F')req) and satisfies the polynomial 79 + afT91 + ...+ ad
with a € A®y, F'. By the separable case we see that b? € A’ @, F' and the proof
is complete. O

Lemma 27.6. Let k be a field. Let X be a locally algebraic k-scheme. Let v :
XY — X be the normalization of X. Let x € X be a point such that (a) Ox , is
reduced, (b) dim(Ox ;) =1, and (c) for every ' € X with v(z’) = x the extension
k(") /k is separable. Then X is geometrically reduced at x and XV is geometrically
reqular at ¥’ with v(z') = x.

Proof. We will use the results of Lemma without further mention. Let 2’ €
X" be a point over z. By dimension theory (Section we have dim(Oxv /) = 1.
Since X" is normal, we see that Oxv ;v is a discrete valuation ring (Properties,
Lemma [12.5). Thus Oxv . is a regular local k-algebra whose residue field is sep-
arable over k. Hence k — Oxv , is formally smooth in the m,s-adic topology, see
More on Algebra, Lemma [38.5] Then Oxv .+ is geometrically regular over k by
More on Algebra, Theorem [40.1] Thus X" is geometrically regular at 2’ by Lemma
2.2

Since Ox , is reduced, the family of maps Ox, — Oxv  is injective. Since
Oxv 4 is a geometrically reduced k-algebra, it follows immediately that Ox , is a
geometrically reduced k-algebra. Hence X is geometrically reduced at x by Lemma
6.2 O

28. Groups of invertible functions

It is often (but not always) the case that O*(X)/k* is a finitely generated abelian
group if X is a variety over k. We show this by a series of lemmas. Everything
rests on the following special case.

Lemmal 28.1. Let k be an algebraically closed field. Let X be a proper variety

over k. Let X C X be an open subscheme. Assume X is normal. Then O*(X)/k*
is a finitely generated abelian group.

Proof. Since the statement only concerns X, we may replace X by a different

. ~V ~ . . .
proper variety over k. Let v : X — X be the normalization morphism. By
Lemma we have that v is finite and X is a variety. Since X is normal, we
see that v~1(X) — X is an isomorphism (tiny detail omitted). Finally, we see that
X is proper over k as a finite morphism is proper (Morphisms, Lemma [44.11]) and
compositions of proper morphisms are proper (Morphisms, Lemma [41.4)). Thus we
may and do assume X is normal.

We will use without further mention that for any affine open U of X the ring O(U)
is a finitely generated k-algebra, which is Noetherian, a domain and normal, see
Algebra, Lemma [31.1] Properties, Definition Properties, Lemmas and
Morphisms, Lemma [15.2
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Let &,...,& be the generic points of the complement of X in X. There are
finitely many since X has a Noetherian underlying topological space (see Mor-
phisms, Lemma Properties, Lemma and Topology, Lemma. For each
i the local ring O; = Ox ¢, is a normal Noetherian local domain (as a localization
of a Noetherian normal domain). Let J C {1,...,r} be the set of indices ¢ such
that dim(O;) = 1. For j € J the local ring O; is a discrete valuation ring, see
Algebra, Lemma Hence we obtain a valuation

v k(X)* — Z
with the property that v;(f) >0 < f € O;.

Think of O(X) as a sub k-algebra of k(X) = k(X). We claim that the kernel of
the map
ox)y —1I .,z r—Ilu0

is k*. It is clear that this claim proves the lemma. Namely, suppose that f €
O(X) is an element of the kernel. Let U = Spec(B) C X be any affine open.
Then B is a Noetherian normal domain. For every height one prime q C B with
corresponding point £ € X we see that either £ = £; for some j € J or that £ € X.
The reason is that codim({¢},X) = 1 by Properties, Lemma and hence if
¢ € X\ X it must be a generic point of X \ X, hence equal to some &, € J.

We conclude that f € Ox ¢ = By in either case as f is in the kernel of the map.
Thus f € ﬂht(q):l By = B, see Algebra, Lemma [157.60 In other words, we see

that f € I'(X, Ox). But since k is algebraically closed we conclude that f € k by
Lemma 26.21 O

Next, we generalize the case above by some elementary arguments, still keeping the
field algebraically closed.

Lemma 28.2. Let k be an algebraically closed field. Let X be an integral scheme
locally of finite type over k. Then O*(X)/k* is a finitely generated abelian group.

Proof. As X is integral the restriction mapping O(X) — O(U) is injective for any
nonempty open subscheme U C X. Hence we may assume that X is affine. Choose
a closed immersion X — A} and denote X the closure of X in P} via the usual
immersion A} — P}. Thus we may assume that X is an affine open of a projective

variety X.

Let v: X  — X be the normalization morphism, see Morphisms, Definition
We know that v is finite, dominant, and that X is a normal irreducible scheme,
see Morphisms, Lemmas |54.5], |54.9L and |18.21 It follows that X is a proper variety,
because X — Spec(k) is proper as a composition of a finite and a proper morphism
(see results in Morphisms, Sections [41{and . It also follows that v is a surjective
morphism, because the image of v is closed and contains the generic point of X.
Hence setting X = v~!(X) we see that it suffices to prove the result for X”. In

other words, we may assume that X is a nonempty open of a normal proper variety
X. This case is handled by Lemma ([

The preceding lemma implies the following slight generalization.

Lemma 28.3. Let k be an algebraically closed field. Let X be a connected re-
duced scheme which is locally of finite type over k with finitely many irreducible
components. Then O*(X)/k* is a finitely generated abelian group.
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Proof. Let X = |J X; be the irreducible components. By Lemma we see that
O(X;)*/k* is a finitely generated abelian group. Let f € O(X)* be in the kernel
of the map

o) — [Jox)"/k".
Then for each i there exists an element A; € k such that f|x, = A;. By restricting

to X; N X; we conclude that A\; = A; if X;NX; # (). Since X is connected we
conclude that all A\; agree and hence that f € k*. This proves that

OX)*/k* c [Jox:)"/k*

and the lemma follows as on the right we have a product of finitely many finitely
generated abelian groups. O

Lemma 28.4. Let k be a field. Let X be a scheme over k which is connected and
reduced. Then the integral closure of k in I'(X,Ox) is a field.

Proof. Let k' C I'(X,0x) be the integral closure of k. Then X — Spec(k)
factors through Spec(k’), see Schemes, Lemma As X is reduced we see that
k' has no nonzero nilpotent elements. As k — k’ is integral we see that every
prime ideal of k" is both a maximal ideal and a minimal prime, and Spec(k’) is
totally disconnected, see Algebra, Lemmas and As X is connected the
morphism X — Spec(k’) is constant, say with image the point corresponding to
p C k. Then any f € K/, f € p maps to an invertible element of Ox. By definition
of k' this then forces f to be a unit of k’. Hence we see that k’ is local with maximal
ideal p, see Algebra, Lemma Since we’ve already seen that &’ is reduced this
implies that &’ is a field, see Algebra, Lemma [25.1] O

Proposition 28.5. Let k be a field. Let X be a scheme over k. Assume that X
1s locally of finite type over k, connected, reduced, and has finitely many irreducible
components. Then O(X)*/k* is a finitely generated abelian group if in addition to
the conditions above at least one of the following conditions is satisfied:

(1) the integral closure of k in T'(X,Ox) is k,

(2) X has a k-rational point, or

(3) X is geometrically integral.

Proof. Let k be an algebraic closure of k. Let Y be a connected component of
(X%)rea- Note that the canonical morphism p : Y — X is open (by Morphisms,
Lemma and closed (by Morphisms, Lemma. Hence p(Y) = X as X was
assumed connected. In particular, as X is reduced this implies O(X) C O(Y). By
Lemma [8.14] we see that Y has finitely many irreducible components. Thus Lemma
applies to Y. This implies that if O(X)*/k* is not a finitely generated abelian
group, then there exist elements f € O(X), f € k which map to an element of k
via the map O(X) — O(Y). In this case f is algebraic over k, hence integral over
k. Thus, if condition (1) holds, then this cannot happen. To finish the proof we
show that conditions (2) and (3) imply (1).

Let k¥ C k¥ C T'(X,0Ox) be the integral closure of k in I'(X,Ox). By Lemma
we see that k' is a field. If e : Spec(k) — X is a k-rational point, then
e? : T(X,0x) — k is a section to the inclusion map k¥ — I'(X,Ox). In particular
the restriction of ef to & is a field map &' — k over k, which clearly shows that (2)
implies (1).
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If the integral closure k" of k in T'(X, Ox) is not trivial, then we see that X is either
not geometrically connected (if k'/k is not purely inseparable) or that X is not
geometrically reduced (if k'/k is nontrivial purely inseparable). Details omitted.
Hence (3) implies (1). O

Lemma 28.6. Let k be a field. Let X be a variety over k. The group O(X)*/k*
is a finitely generated abelian group provided at least one of the following conditions
holds:

(

1) k is integrally closed in T(X,Ox),
(2
(3
(4

)

) k is algebraically closed in k(X),

) X is geometrically integral over k, or

) k is the “intersection” of the field extensions k(x)/k where x runs over the
closed points of x.

Proof. We see that (1) is enough by Proposition We omit the verification
that each of (2), (3), (4) implies (1). O

29. Kiinneth formula, I

In this section we prove the Kiinneth formula when the base is a field and we are
considering cohomology of quasi-coherent modules. For a more general version,
please see Derived Categories of Schemes, Section

Lemmal 29.1. Let k be a field. Let X and'Y be schemes over k and let F, resp.
G be a quasi-coherent Ox-module, resp. Oy -module. Then we have a canonical
isomorphism

H™(X Xspec() Yo PriF ®0xug, v PT2G) = &y HP(X,F)®, HI(Y,G)

ptg=n
provided X and Y are quasi-compact and have affine diagonaﬁ (for example if X
and Y are separated).

Proof. In this proof unadorned products and tensor products are over k. As maps
HY (X, F)@ H(Y,G) — H™(X X Y,priF @0y, Prs9)
we use functoriality of cohomology to get maps HP (X, F) — HP(X x Y, priF) and
HP(Y,G) — HP(X x Y,pr;G) and then we use the cup product
U: HP(X xY,priF) @ H(X x Y,pr5G) — H"(X X Y,priF @0y, Prsg)

The result is true when X and Y are affine by the vanishing of higher cohomology
groups on affines (Cohomology of Schemes, Lemma and the definitions (of pull-
backs of quasi-coherent modules and tensor products of quasi-coherent modules).

U;and V : Y = UjeJVj. This
i,j)eIXJUi x Vj. Note that

W is a refinement of prflb{ and of pry 1Y, Thus by Cohomology, Lemma we
obtain maps

C*U,F) = C*W,priF) and C*(V,G) — C*(W,priG)

Choose finite affine open coverings U : X = (J,¢;
determines an affine open covering W : X x Y = U(

3The case where X and Y are quasi-separated will be discussed in Lemmam below.
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compatible with pullback maps on cohomology. In Cohomology, Equation (25.3.2)
we have constructed a map of complexes

Tot(é'(W, priF) ® é'(W,pr;‘g)) — é'(W,prI}" ®0x .y Prsg)

defining the cup product on cohomology. Combining the above we obtain a map of
complexes

0BEE (29.1.1) Tot(C*(U, F) @ C*(V,G)) — C*(W, pri F Qon,.y DISG)

We warn the reader that this map is not an isomorphism of complexes. Recall
that we may compute the cohomologies of our quasi-coherent sheaves using our
coverings (Cohomology of Schemes, Lemmas and [2.6). Thus on cohomology

(129.1.1) reproduces the map of the lemma.

Consider a short exact sequence 0 -+ F — F' — F” — 0 of quasi-coherent modules.
Since the construction of is functorial in F and since the formation of the
relevant Cech complexes is exact in the variable F (because we are taking sections
over affine opens) we find a map between short exact sequence of complexes

Tot(C* (U, F) @ C*(V,G)) — Tot(C* U, F') @ C*(V,G)) — Tot(C* (U, F") @ C*(V, G))

| | |

C* (W, PriF @0y oy Pr3G) —= C* (W, DI F @0,y PI3G) —= C* (W, priF” @0,y PI5G)

(we have dropped the outer zeros). Looking at long exact cohomology sequences
we find that if the result of the lemma holds for 2-out-of-3 of F,F’, F”, then it
holds for the third.

Observe that X has finite cohomological dimension for quasi-coherent modules,
see Cohomology of Schemes, Lemma Using induction on d(F) = max{d |
HYX,F) # 0} we will reduce to the case d(F) = 0. Assume d(F) > 0. By
Cohomology of Schemes, Lemma we have seen that there exists an embedding
F — F'such that HP(X, F') = 0 for all p > 1. Setting 7" = Coker(F — F') we see
that d(F") < d(F). Then we can apply the result from the previous paragraph to
see that it suffices to prove the lemma for 7' and F” thereby proving the induction
step.

Arguing in the same fashion for G we find that we may assume that both F and G
have nonzero cohomology only in degree 0. Let V' C Y be an affine open. Consider
the affine open covering Uy : X x V = UieI U; x V. It is immediate that

C*U, F) @ G(V) = C*(Uy, priF @0y Pr3G)
(equality of complexes). We conclude that

Rpr, (01} F @0y, P130) 2T(X, F)@n G =P _ G

on Y. Here A is a basis for the k-vector space I'( X, F). Cohomology on Y commutes
with direct sums (Cohomology, Lemma. Using the Leray spectral sequence for
pry (via Cohomology, Lemma|13.6) we conclude that H™ (X x Y, priF ®oy . prsg)
is zero for n > 0 and isomorphic to H(X, F) ® H°(Y,G) for n = 0. This finishes
the proof (except that we should check that the isomorphism is indeed given by
cup product in degree 0; we omit the verification). O
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Lemma 29.2. Let k be a field. Let X and Y be schemes over k and let F, resp.
G be a quasi-coherent Ox-module, resp. Oy -module. Then we have a canonical
isomorphism

H™(X Xspec() Yo PTIF ®0xug, v PT2G) = @W:n HP(X,F)®, HI(Y,G)

provided X and 'Y are quasi-compact and quasi-separated.

Proof. If X and Y are separated or more generally have affine diagonal, then
please see Lemma for “better” proof (the feature it has over this proof is that
it identifies the maps as pullbacks followed by cup products). Let X', resp. Y’ be
the infinitesimal thickening of X, resp. Y whose structure sheaf is Ox, = Ox & F,
resp. Oy = Oy @ G where F, resp. G is an ideal of square zero. Then

OX’XY’ = OXXY 2] pfff@ pr;g @ prik}—@o)(xy szg
as sheaves on X x Y. In this way we see that it suffices to prove that
H™(X xY,0xxy) =P HP(X,0x) @ H1(Y, Oy)
p+q=n
for any pair of quasi-compact and quasi-separated schemes over k. Some details

omitted.

To prove this statement we use cohomology and base change in the form of Co-
homology of Schemes, Lemma This lemma tells us there exists a bounded
below complex of k-vector spaces, i.e., a complex K® of quasi-coherent modules
on Spec(k), which universally computes the cohomology of Y over Spec(k). In
particular, we see that

Rpr; ,(Oxxy) = (X — Spec(k))*K*

in D(Ox). Up to homotopy the complex K® is isomorphic to @qZO HY(Y,Oy)[—q]
because this is true for every complex of vector spaces over a field. We conclude
that

Rpr; . (Oxxv) =P HI(Y, Ov)[=d] ©% Ox
in D(Ox). Then we have
RF(X X Y7 OXXy) = RP(X7 Rprl,*(OXXy))

— q _

= RI'(X, ®q20 HY(Y,Oy)[—q] ®r Ox)

=@ _ RI(X,HY(Y,0y)® Ox)[—q]
q>0

=@ _ RI(X,0x) @, HI(Y,Oy)[—(]
920

— @ _ H(X,0x)[-p] © HU(Y, Oy)[—q
»,920

as desired. The first equality by Leray for pr; (Cohomology, Lemma . The
second by our decomposition of the total direct image given above. The third be-
cause cohomology always commutes with finite direct sums (and cohomology of YV
vanishes in sufficiently large degree by Cohomology of Schemes, Lemma . The
fourth because cohomology on X commutes with infinite direct sums by Cohomol-
ogy, Lemma The final equality by our remark on the derived category of a
field above. O
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30. Picard groups of varieties

In this section we collect some elementary results on Picard groups of algebraic
varieties.

Lemma 30.1. Let A — B be a faithfully flat ring map. Let X be a quasi-
compact and quasi-separated scheme over A. Let L be an invertible Ox-module
whose pullback to Xp is trivial. Then H°(X, L) and H°(X,L®™1) are invertible
H°(X,Ox)-modules and the multiplication map induces an isomorphism

H°(X, L) ®po(x,05) H' (X, L8™") — H°(X,Ox)

Proof. Denote Lp the pullback of £ to Xp. Choose an isomorphism L5 — Ox,,.
Set R = HY(X,0x), M = H°(X, L) and think of M as an R-module. For every
quasi-coherent O x-module F with pullback Fp on Xpg there is a canonical isomor-
phism H®(Xp, Fg) = H°(X,F) ®4 B, see Cohomology of Schemes, Lemma
Thus we have

M®p(R®sB)=M®sB=H"Xp,Lp) = H'(Xp,0x,)=R®4 B

Since R — R ®4 B is faithfully flat (as the base change of the faithfully flat map
A — B), we conclude that M is an invertible R-module by Algebra, Proposition
Similarly N = H°(X,£®7!) is an invertible R-module. To see that the
statement on tensor products is true, use that it is true after pulling back to Xp
and faithful flatness of R —+ R ® 4 B. Some details omitted. O

Lemmal 30.2. Let A — B be a faithfully flat ring map. Let X be a scheme over
A such that

(1) X is quasi-compact and quasi-separated, and

(2) R= H°X,Ox) is a semi-local ring.
Then the pullback map Pic(X) — Pic(Xp) is injective.
Proof. Let £ be an invertible O x-module whose pullback £’ to Xpg is trivial. Set
M = H°(X,L) and N = H*(X,£®"!). By Lemma the R-modules M and N
are invertible. Since R is semi-local M = R and N = R, see Algebra, Lemma [78.7]
Choose generators s € M and t € N. Then st € R = H°(X,Ox) is a unit by the

last part of Lemma We conclude that s and ¢ define trivializations of £ and
LO ! over X. O

Lemma 30.3. Let k'/k be a field extension. Let X be a scheme over k such that

(1) X is quasi-compact and quasi-separated, and
(2) R= H°X,Ox) is semi-local, e.g., if dimy R < .
Then the pullback map Pic(X) — Pic(Xys) is injective.

Proof. Special case of Lemma If dimy R < oo, then R is Artinian and hence
semi-local (Algebra, Lemmas and [53.3)). O

Example 30.4. Lemma is not true without some condition on the scheme
X over the field k. Here is an example. Let k be a field. Let ¢t € P} be a closed
point. Set X = P!\ {t}. Then we have a surjection

Z = Pic(P}) — Pic(X)

The first equality by Divisors, Lemma and surjective by Divisors, Lemma [28.3
(as P} is smooth of dimension 1 over k and hence all its local rings are discrete
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valuation rings). If £ is in the kernel of the displayed map, then £ = Op:(nt)
for some n € Z. We leave it to the reader to show that Opi(t) = Op:1(d) where
d = [k(t) : k]. Hence

Pic(X) = Z/dZ

Thus if ¢ is not a k-rational point, then d > 1 and this Picard group is nonzero.
On the other hand, if we extend the ground field k to any field extension k' such
that there exists a k-embedding (t) — &/, then P}, \ X/ has a k’-rational point
t'. Hence Op1, (1) = Op1, (t") will be in the kernel of the map Z — Pic(X}/) and it

will follow in the same manner as above that Pic(X ) = 0.

The following lemma tells us that “rationally equivalence invertible modules” are
isomorphic on normal varieties.

Lemma 30.5. Let k be a field. Let X be a normal variety over k. Let U C A} be
an open subscheme with k-rational points p,q € U(k). For every invertible module
L on X Xgpee(k) U the restrictions L|x«, and L|x x4 are isomorphic.

Proof. The fibres of X Xgpecry U — X are open subschemes of affine n-space
over fields. Hence these fibres have trivial Picard groups by Divisors, Lemma |28.4]
Applying Divisors, Lemma we see that £ is the pullback of an invertible module
N on X. (]

31. Uniqueness of base field

The phrase “let X be a scheme over k” means that X is a scheme which comes
equipped with a morphism X — Spec(k). Now we can ask whether the field k is
uniquely determined by the scheme X. Of course this is not the case, since for
example A& which we ordinarily consider as a scheme over the field C of complex
numbers, could also be considered as a scheme over Q. But what if we ask that
the morphism X — Spec(k) does not factor as X — Spec(k’) — Spec(k) for any
nontrivial field extension k’/k? In other words we ask that k is somehow maximal
such that X lives over k.

An example to show that this still does not guarantee uniqueness of k is the scheme

1
X = Spec (Q(x)[y] [P(y),P €Qly, P+ o])
At first sight this seems to be a scheme over Q(x), but on a second look it is clear
that it is also a scheme over Q(y). Moreover, the fields Q(z) and Q(y) are subfields
of R = I'(X, Ox) which are maximal among the subfields of R (details omitted).
In particular, both Q(z) and Q(y) are maximal in the sense above. Note that
both morphisms X — Spec(Q(z)) and X — Spec(Q(y)) are “essentially of finite
type” (i.e., the corresponding ring map is essentially of finite type). Hence X is a
Noetherian scheme of finite dimension, i.e., it is not completely pathological.

Another issue that can prevent uniqueness is that the scheme X may be nonreduced.
In that case there can be many different morphisms from X to the spectrum of a
given field. As an explicit example consider the dual numbers D = C[y]/(y?) =
C @ €C. Given any derivation 6 : C — C over Q we get a ring map

C—D, cr—c+ebo).
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The subfield of C on which all of these maps are the same is the algebraic closure
of Q. This means that taking the intersection of all the fields that X can live over
may end up being a very small field if X is nonreduced.

One observation in this regard is the following: given a field k£ and two subfields
k1, ko of k such that k is finite over k; and over ks, then in general it is not the
case that k is finite over k1 Nky. An example is the field k = Q(¢) and its subfields
k1 = Q(¢?) and Q((t + 1)?). Namely we have k; Nky = Q in this case. So in the
following we have to be careful when taking intersections of fields.

Having said all of this we now show that if X is locally of finite type over a field,
then some uniqueness holds. Here is the precise result.

Proposition| 31.1. Let X be a scheme. Let a : X — Spec(ky) and b : X —
Spec(ks) be morphisms from X to spectra of fields. Assume a,b are locally of finite
type, and X is reduced, and connected. Then we have ky = kb, where k; C T'(X, Ox)
is the integral closure of k; in T'(X, Ox).

Proof. First, assume the lemma holds in case X is quasi-compact (we will do the
quasi-compact case below). As X is locally of finite type over a field, it is locally
Noetherian, see Morphisms, Lemma In particular this means that it is lo-
cally connected, connected components of open subsets are open, and intersections
of quasi-compact opens are quasi-compact, see Properties, Lemma [5.5] Topology,
Lemma Topology, Section [9] and Topology, Lemma Pick an open cov-
ering X = (J,;c; Ui such that each U; is quasi-compact and connected. For each 4
let K; C Ox(U;) be the integral closure of k1 and of ko. For each pair ¢,j € I we
decompose

U, N Uj = H Ui,j,l

into its finitely many connected components. Write K; ;; C O(U; ;1) for the integral
closure of k; and of ko. By Lemma the rings K; and K; ;; are fields. Now we
claim that k] and k) both equal the kernel of the map

HKi — HKi’j’l’ (xi)i — x;

which proves what we want. Namely, it is clear that &} is contained in this kernel.
On the other hand, suppose that (x;); is in the kernel. By the sheaf condition (z;);
corresponds to f € O(X). Pick some iy € I and let P(T) € k1[T] be a monic
polynomial with P(x;,) = 0. Then we claim that P(f) = 0 which proves that
f € k1. To prove this we have to show that P(z;) =0 for all . Pick i € I. As X
is connected there exists a sequence ig,%1,...,I, = ¢ € I such that U;, NU;,,, # (.
Now this means that for each ¢ there exists an [; such that z;, and z;,,, map to
the same element of the field Kj ;. Hence if P(z;,) = 0, then P(x;,,,) = 0. By
induction, starting with P(z;,) = 0 we deduce that P(x;) = 0 as desired.

Usju — TjlUi

To finish the proof of the lemma we prove the lemma under the additional hypothesis
that X is quasi-compact. By Lemma after replacing k; by k; we may assume
that k; is integrally closed in I'(X, Ox). This implies that O(X)*/k} is a finitely
generated abelian group, see Proposition Let k12 = k1 N ko as a subring of
O(X). Note that kio is a field. Since

ki/kis — O(X)"/k;
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we see that ki /kT, is a finitely generated abelian group as well. Hence there exist
ai,...,0, € k7 such that every element A € k; has the form

A=caf'...ar
for some e; € Z and ¢ € ki3. In particular, the ring map

1
kialxy, .. xp, ———] — k1, X —
T1...Tp

is surjective. By the Hilbert Nullstellensatz, Algebra, Theorem [34.1] we conclude
that kp is a finite extension of ki5. In the same way we conclude that ks is a finite
extension of k1. In particular both k; and k5 are contained in the integral closure
ki, of k1o in ['(X, Ox). But since kf, is a field by Lemma[28.4)and since we chose k;
to be integrally closed in I'(X, Ox) we conclude that k1 = k1o = ko as desired. O

32. Automorphisms

A section on automorphisms of schemes over fields. For some information on (in-
finitesimal) automorphisms of curves, see Algebraic Curves, Section and Moduli
of Curves, Section [7]

Lemma 32.1. Let X be a reduced scheme of finite type over a field k. Let f : X —
X be an automorphism over k which induces the identity map on the underlying
topological space of X. Then

(1) f*F = F for every coherent Ox-module, and
(2) ifdim(Z) > 0 for every irreducible component Z C X, then f is the identity.

Proof. Part (1) follows from part (2) and the fact that the connected components
of X of dimension 0 are spectra of fields.

Let Z C X be an irreducible component viewed as an integral closed subscheme.
Clearly f(Z) C Z and f|z : Z — Z is an automorphism over k which induces
the identity map on the underlying topological space of Z. Since X is reduced, it
suffices to show that the arrows f|z : Z — Z are the identity. This reduces us to
the case discussed in the next paragraph.

Assume X is irreducible of dimension > 0. Choose a nonempty affine open U C X.
Since f(U) C U and since U C X is scheme theoretically dense it suffices to prove
that f|y : U — U is the identity.

Assume X = Spec(A) is affine, irreducible, of dimension > 0 and k is an infinite
field. Let g € A be nonconstant. The set

8= UAek Vig=X)

is dense in X because it is the inverse image of the dense subset Al(k) by the
nonconstant morphism g : X — Aj. If x € S, then the image g(z) of g in x(z) is
in the image of k — s(x). Hence f* : s(x) — k(z) fixes g(z). Thus the image of
f%(g) in k() is equal to g(z). We conclude that

S CVig—fi9))

and since X is reduced and S is dense we conclude g = f¥(g). This proves f¥ =id4
as A is generated as a k-algebra by elements g as above (details omitted; hint:
the set of constant functions is a finite dimensional k-subvector space of A). We
conclude that f =idx.
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Assume X = Spec(A) is affine, irreducible, of dimension > 0 and k is a finite
field. If for every 1-dimensional integral closed subscheme C' C X the restriction
fle : € — C is the identity, then f is the identity. This reduces us to the case
where X is a curve. A curve over a finite field has a finite automorphism group
(details omitted). Hence f has finite order, say n. Then we pick g : X — A}
nonconstant as above and we consider

S = {z € X closed such that [k(g(z)) : k] is prime to n}

Arguing as before we find that S is dense in X. Since for x € X closed the map
f*: k(x) — K(x) is an automorphism of order dividing n we see that for x € S this
automorphism acts trivially on the subfield generated by the image of g in k(x).
Thus we conclude that S C V(g — f#(g)) and we win as before. O

33. Euler characteristics

In this section we prove some elementary properties of Euler characteristics of
coherent sheaves on schemes proper over fields.

Definition 33.1. Let k be a field. Let X be a proper scheme over k. Let F be a
coherent Ox-module. In this situation the Fuler characteristic of F is the integer

X(X,F) =Y (—1)" dimy H'(X, F).
For justification of the formula see below.

In the situation of the definition only a finite number of the vector spaces H*(X, F)
are nonzero (Cohomology of Schemes, Lemma and each of these spaces is finite
dimensional (Cohomology of Schemes, Lemma . Thus x(X,F) € Z is well
defined. Observe that this definition depends on the field k£ and not just on the
pair (X, F).

Lemma 33.2. Let k be a field. Let X be a proper scheme over k. Let 0 — F, —
Fo — F3 — 0 be a short exact sequence of coherent modules on X. Then
X(X, F2) = x(X, F1) + x(X, F3)
Proof. Consider the long exact sequence of cohomology
0— HY(X,F) = HY(X, Fp) = HY(X, F3) = H'(X, F1) — ...

associated to the short exact sequence of the lemma. The rank-nullity theorem in
linear algebra shows that

0 = dim H(X, F;) — dim H*(X, F2) + dim H(X, F3) — dim H (X, F1) + ...
This immediately implies the lemma. (Il

Lemmal 33.3. Let k be a field. Let X be a proper scheme over k. Let F be a
coherent sheaf with dim(Supp(F)) < 0. Then

1) F is generated by global sections,
H(,)(X’ F)= @IESupp(f) Fa,
H'(X,F)=0 fori>0,

X, F) =dimy H*(X,F), and

(
(2
(3
(4) x(

(5) x(X, F® &) =nx(X,F) for every locally free module £ of rank n.

)
)
)
)
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Proof. By Cohomology of Schemes, Lemma we see that F = i,G where i :
Z — X is the inclusion of the scheme theoretic support of F and where G is a
coherent Oz-module. By definition of the scheme theoretic support the underlying
topological space of Z is Supp(F). Since the dimension of Z is 0, we see Z is
affine (Properties, Lemma [10.5). Hence G is globally generated and the higher
cohomology groups of G are zero (Cohomology of Schemes, Lemma . In fact,
by Lemma [20.2] the scheme Z is a finite disjoint union of spectra of local Artinian
rings. Thus correspondingly H°(Z,G) = @.., G.. The cohomologies of F and G
agree by Cohomology of Schemes, Lemma Thus HY(X,F) = 0 for i > 0 and
HY(X,F) = H%Z,G). In particular we have (3) is true. For z € Z corresponding
to x € Supp(F) we have G, = (i.G), = F,. We conclude that (2) holds. Of course
(2) implies (1). We have (4) by definition of the Euler characteristic x (X, F) and
(3). By the projection formula (Cohomology, Lemma [54.2)) we have

i(GRi*E) =F®E.

Since Z has dimension 0 the locally free sheaf i*& is isomorphic to O2™ and arguing

as above we see that (5) holds. O

Lemma 33.4. Let k'/k be an extension of fields. Let X be a proper scheme over
k. Let F be a coherent sheaf on X. Let F' be the pullback of F to Xy. Then
X(X, F) = x (X', F').

Proof. This is true because
H (Xy,F)=H'(X,F) oLk

by flat base change, see Cohomology of Schemes, Lemma [5.2 O

Lemma 33.5. Let k be a field. Let f :Y — X be a morphism of proper schemes
over k. Let G be a coherent Oy -module. Then

A(¥,0) = Y (~1)u(X, R £.0)

Proof. The formula makes sense: the sheaves R’ f,G are coherent and only a finite
number of them are nonzero, see Cohomology of Schemes, Proposition and
Lemma By Cohomology, Lemma there is a spectral sequence with

By = HP(X, R1f.G)

converging to HPT4(Y,G). By finiteness of cohomology on X we see that only a
finite number of E%"? are nonzero and each EL'? is a finite dimensional vector space.
It follows that the same is true for E?'? for » > 2 and that

> (=1)7tadimy, BP9

is independent of r. Since for r large enough we have EP'¢ = EP9¢ and since
convergence means there is a filtration on H"(Y,G) whose graded pieces are EZ4
with p + ¢ = n (this is the meaning of convergence of the spectral sequence), we
conclude. Compare also with the more general Homology, Lemma [24.12 (Il
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34. Projective space

0B2N Some results on projective space over a field.

0B2P |Lemma 34.1. Letk be a field and n > 0. Then P} is a smooth projective variety
of dimension n over k.

Proof. Omitted. O

0B2Q Lemma 34.2. Let k be a field and n > 0. Let X,Y C A} be closed subsets.
Assume that X and Y are equidimensional, dim(X) = r and dim(Y) = s. Then
every irreducible component of X N'Y has dimension > r + s — n.

Proof. Consider the closed subscheme X x Y C Ai” where we use coordinates
Xlyeeoy TnyYls- oy Yn. Then XNY = X XY NV (21—y1,...,Zn—yn). Lett € XNY C
X xY be a closed point. By Lemma we have dim; (X xY) = dim(X ) +dim(Y").
Thus dim(Ox xy,¢) = r+ s by Lemma By Algebra, Lemma [60.13| we conclude
that

dim(Oxny,) = dim(Oxxy /(1 — Y1, ., Zn —Yn)) T +85—n
This implies the result by Lemma [20.3] O

0B2R |Lemma 34.3. Let k be a field and n > 0. Let X,Y C P} be nonempty closed
subsets. If dim(X) = r and dim(Y) = s and r + s > n, then X NY is nonempty
and dim(X NY) >r+s—n.

Proof. Write A™ = Spec(k[zo,...,z,]) and P" = Proj(k[Ty,...,T,]). Consider
the morphism 7 : A"\ {0} — P" which sends (o, ...,2,) to the point [zg : ... :
x,]. More precisely, it is the morphism associated to the pair (Oan+1\ {0}, (%o, . .., Zn)),
see Constructions, Lemma Over the standard affine open D4 (T;) we get the
morphism associated to the ring map

TO Tn 1 ~ T() Tn 1
20 ] [ ] e 2 ) 2]

which is surjective and smooth of relative dimension 1 with irreducible fibres (details
omitted). Hence 7~1(X) and 7=1(Y) are nonempty closed subsets of dimension
r+ 1 and s+ 1. Choose an irreducible component V C 771 (X) of dimension r + 1
and an irreducible component W C 771(Y') of dimension s + 1. Observe that this
implies V' and W contain every fibre of 7 they meet (since 7 has irreducible fibres
of dimension 1 and since Lemma says the fibres of V' — 7(V) and W — #n(W)
have dimension > 1). Let V and W be the closure of V and W in A™*!. Since
0 € A"t is in the closure of every fibre of ™ we see that 0 € V N W. By Lemma
we have dim(V N W) > r + s —n + 1. Arguing as above using Lemma
again, we conclude that 7(V N W) C X NY has dimension at least r + s — n as
desired. O

0BXU [Lemma 34.4. Let k be a field. Let Z C P} be a closed subscheme which has no
embedded points such that every irreducible component of Z has dimension n — 1.
Then the ideal I(Z) C k[Ty, ..., Ty] corresponding to Z is principal.

Proof. This is a special case of Divisors, Lemma [31.3 (]
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35. Coherent sheaves on projective space

In this section we prove some results on the cohomology of coherent sheaves on
P" over a field which can be found in [Mum66]. These will be useful later when
discussing Quot and Hilbert schemes.

35.1. Preliminaries. Let k be a field, n > 1, d > 1, and let s € I'(P}, O(d)) be a
nonzero section. In this section we will write O(d) for the dth twist of the structure
sheaf on projective space (Constructions, Definitions and (13.2] - Since P} is a
variety this section is regular, hence s is a regular sectlon of O(d) and defines an
effective Cartier divisor H = Z(s) C P}, see Divisors, Section Such a divisor
H is called a hypersurface and if d = 1 it is called a hyperplane.

Lemma 35.2. Letk be a field. Letn > 1. Leti: H — P} be a hyperplane. Then
there exists an isomorphism

Pyt —H
such that i*O(1) pulls back to O(1).

Proof. We have P} = Proj(k[Ty,...,T,]). The section s corresponds to a homoge-
neous form in T, . .., T}, of degree 1, see Cohomology of Schemes, Section[8] Say s =
> a;T;. Constructions, Lemma [13.7] gives that H = Proj(k[Ty, ..., T,]/I) for the
graded ideal I defined by setting I; equal to the kernel of the map I'(P%, O(d)) —

I'(H,i*O(d)). By our construction of Z(s) in Divisors, Definition we see
that on D+( ;) the ideal of H is generated by Y a;T;/T; in the polynomlal ring

k[To/Tj,...,T,/T;]. Thus it is clear that I is the ideal generated by > a;T;. Note
that

k‘[To,... ]/I—kT(), ZGT *kSO,...,Sn_l]

as graded rings. For example, if a, ;é 07 then mapping S; equal to the class of
T; works. We obtain the desired isomorphism by functoriality of Proj. Equality of
twists of structure sheaves follows for example from Constructions, Lemmalll.5] O

Lemma 35.3. Let k be an infinite field. Letn > 1. Let F be a coherent module on
P}. Then there exist a nonzero section s € I'(P},O(1)) and a short exact sequence

0—F(-1)—»F—=>iG—0
where i : H — P} is the hyperplane H associated to s and G = i*F.

Proof. The map F(—1) — F comes from Constructions, Equation with
n =1, m = —1 and the section s of O(1). Let’s work out what this map looks
like if we restrict it to D4 (Tp). Write D4 (Ty) = Spec(k[z1,...,2,]) with z; =
T;/Ty. Identify O(1)|p, (1) with O using the section Ty. Hence if s = ) a;T; then
s|p. () = ao +)_ a;x; with the identification chosen above. Furthermore, suppose
F|p, (1) corresponds to the finite k[z1,...,xy,]-module M. Via the identification
F(-1) = F ® O(—1) and our chosen trivialization of O(1) we see that F(—1)
corresponds to M as well. Thus restricting F(—1) — F to D4 (Tp) gives the map

ao+ a;T;
MLM

To see that the arrow is injective, it suffices to pick ag + Y a;x; outside any of
the associated primes of M, see Algebra, Lemma By Algebra, Lemma [63.5
the set Ass(M) of associated primes of M is finite. Note that for p € Ass(M) the
intersection p N {ag + > a;x;} is a proper k-subvector space. We conclude that
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there is a finite family of proper sub vector spaces Vi,...,V,, C I'(P},O(1)) such
that if we take s outside of | J V;, then multiplication by s is injective over D (Tp).
Similarly for the restriction to Dy (Tj) for j =1,...,n. Since k is infinite, a finite
union of proper sub vector spaces is never equal to the whole space, hence we may
choose s such that the map is injective. The cokernel of F(—1) — F is annihilated
by Im(s : O(—1) — O) which is the ideal sheaf of H by Divisors, Definition [14.8]
Hence we obtain G on H using Cohomology of Schemes, Lemma O

Remark| 35.4. Let k be an infinite field. Let n > 1. Given a finite number of
coherent modules F; on P} we can choose a single s € I'(P7, O(1)) such that the
statement of Lemma [35.3] works for each of them. To prove this, just apply the
lemma to @ F;.

Remark| 35.5. In the situation of Lemmas and we have H = P}~! with
Serre twists Oy (d) = i*Opy (d). For every d € Z we have a short exact sequence

0= F(d—-1)—= F(d) = i.(G(d) =0

Namely, tensoring by Opr (d) is an exact functor and by the projection formula
(Cohomology, Lemma [54.2) we have i.(G(d)) = i.G ® Opr(d). We obtain corre-
sponding long exact sequences

H'(PY, F(d = 1)) = H'(P}, F(d)) — H'(H,G(d)) — H' (P}, F(d — 1))

This follows from the above and the fact that we have H*(P?},4.G(d)) = H'(H,G(d))
by Cohomology of Schemes, Lemma (closed immersions are affine).

35.6. Regularity. Here is the definition.

Definition 35.7. Let k be a field. Let n > 0. Let F be a coherent sheaf on P7.
We say F is m-reqular if ‘
H'(Py, F(m —1)) =0
fori=1,...,n.
Note that F = O(d) is m-regular if and only if d > —m. This follows from the

computation of cohomology groups in Cohomology of Schemes, Equation (8.1.1)).
Namely, we see that H" (P}, O(d)) = 0 if and only if d > —n.

Lemma 35.8. Let k'/k be an extension of fields. Let n > 0. Let F be a coherent
sheaf on P}l Let F' be the pullback of F to P},. Then F is m-regular if and only
if F' is m-regular.

Proof. This is true because
H' Py, F)=H P F) 2k
by flat base change, see Cohomology of Schemes, Lemma [5.2 O

Lemmal 35.9. In the situation of Lemma if F is m-regular, then G is m-
regular on H = szl.

Proof. Recall that H*(P},i.G) = H'(H,G) by Cohomology of Schemes, Lemma
Hence we see that for i > 1 we get

H' (P}, F(m —1i)) — H'(H,G(m —i)) = H (P, F(m — 1 —1))
by Remark [35.5] The lemma follows. O
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Lemma 35.10. Let k be a field. Let n > 0. Let F be a coherent sheaf on P} . If
F is m-regular, then F is (m + 1)-regular.

Proof. We prove this by induction on n. If n = 0 every sheaf is m-regular for all
m and there is nothing to prove. By Lemma we may replace k by an infinite
overfield and assume £ is infinite. Thus we may apply Lemma[35.3] By Lemma[35.9]
we know that G is m-regular. By induction on n we see that G is (m + 1)-regular.
Considering the long exact cohomology sequence associated to the sequence

0=>Fm—i)—=>Fm+1—1i)—.Gm+1—14) =0

as in Remark the reader easily deduces for i > 1 the vanishing of H(P%, F(m+
1—i)) from the (known) vanishing of H*(P?, F(m—i)) and H* (P}, G(m+1—i)). O

Lemma 35.11. Let k be a field. Let n > 0. Let F be a coherent sheaf on P} . If
F is m-regular, then the multiplication map

H° (P}, F(m)) @k H°(P}, O(1)) — H°(P}, F(m + 1))
s surjective.

Proof. Let k'/k be an extension of fields. Let F’ be as in Lemma [35.8 By
Cohomology of Schemes, Lemma the base change of the linear map of the
lemma to &’ is the same linear map for the sheaf F’. Since k — k' is faithfully flat
it suffices to prove the lemma over &/, i.e., we may assume k is infinite.

Assume k is infinite. We prove the lemma by induction on n. The case n = 0 is
trivial as O(1) = O is generated by Ty. For n > 0 apply Lemma and tensor
the sequence by O(m + 1) to get

0— F(m) > Fm+1) = i,Gm+1) =0

see Remark Let t € H°(P?,F(m + 1)). By induction the image ¢ €
HY(H,G(m+1)) is the image of 3, ¢;®%; withs; € T'(H,O(1)) and g; € H°(H,G(m)).
Since F is m-regular we have H' (P}, F(m —1)) = 0, hence long exact cohomology
sequence associated to the short exact sequence

0— F(m—1)3 F(m) = i.G(m) =0

shows we can lift g; to f; € HO(P7, F(m)). We can also lift 5; to s; € HO(P?,O(1))
(see proof of Lemma for example). After substracting the image of > f; ® s;
from t we see that we may assume ¢ = 0. But this exactly means that ¢ is the image
of f® s for some f € HY(P}, F(m)) as desired. O

Lemma 35.12. Let k be a field. Let n > 0. Let F be a coherent sheaf on P} . If
F is m-regular, then F(m) is globally generated.

Proof. For all d > 0 the sheaf F(d) is globally generated. This follows for example
from the first part of Cohomology of Schemes, Lemma Pick d > m such that
F(d) is globally generated. Choose a basis fi,...,f, € H°(P?,F). By Lemma
every element f € HO(P?, F(d)) can be written as f = Y P, f; for some
P, € k[Ty,...,T,] homogeneous of degree d — m. Since the sections f generate
F(d) it follows that the sections f; generate F(m). O
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35.13. Hilbert polynomials. The following lemma will be made obsolete by the
more general Lemma [45.1]

Lemma 35.14. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}.

The function

d— (P}, F(d))
is a polynomial.
Proof. We prove this by induction on n. If n = 0, then P} = Spec(k) and
F(d) = F. Hence in this case the function is constant, i.e., a polynomial of degree
0. Assume n > 0. By Lemma [33.4) we may assume £ is infinite. Apply Lemma [35.3]

Applying Lemma to the twisted sequences 0 — F(d—1) — F(d) — i.G(d) — 0
we obtain

See Remark Since H = PZ_l by induction the right hand side is a polynomial.
The lemma is finished by noting that any function f : Z — Z with the property
that the map d — f(d) — f(d — 1) is a polynomial, is itself a polynomial. We omit
the proof of this fact (hint: compare with Algebra, Lemma [58.5)). O

Definition 35.15. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}.
The function d — x (P}, F(d)) is called the Hilbert polynomial of F.

The Hilbert polynomial has coefficients in Q and not in general in Z. For example
the Hilbert polynomial of Opr is

d ar
d+— ( +n> = — +...
n
This follows from the following lemma and the fact that

HO( ks OPZ (d)) = k[TOa e aTn]d

d+n).

(degree d part) whose dimension over k is (“7

Lemma 35.16. Let k be a field. Let n > 0. Let F be a coherent sheaf on P} with
Hilbert polynomial P € Q[t]. Then

P(d) = dimy H° (P, F(d))
for all d > 0.

Proof. This follows from the vanishing of cohomology of high enough twists of F.
See Cohomology of Schemes, Lemma [14.1 O

35.17. Boundedness of quotients. In this subsection we bound the regularity
of quotients of a given coherent sheaf on P™ in terms of the Hilbert polynomial.

Lemma 35.18. Let k be a field. Letn > 0. Let r > 1. Let P € Q[t]. There exists
an integer m depending on n, r, and P with the following property: if

0+K—>0% -F—=0

is a short exact sequence of coherent sheaves on P} and F has Hilbert polynomial
P, then IC is m-regular.
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Proof. We prove this by induction on n. If n = 0, then P} = Spec(k) and any
coherent module is O-regular and any surjective map is surjective on global sections.
Assume n > 0. Consider an exact sequence as in the lemma. Let P’ € QJt] be the
polynomial P’(t) = P(t) — P(t—1). Let m’ be the integer which works for n—1, r,
and P’. By Lemmas and we may replace k by a field extension, hence we
may assume k is infinite. Apply Lemma to the coherent sheaf F. The Hilbert
polynomial of 7/ = i*F is P’ (see proof of Lemma. Since i* is right exact we
see that F’ is a quotient of (’)T = i*O%". Thus the induction hypothesis applies
to 7/ on H = P}~" (Lemma [35.2). Note that the map K(—1) — K is injective as
K C O%" and has cokernel i, H where H = i*K. By the snake lemma (Homology,
Lemma we obtain a commutative diagram with exact columns and rows

0 K oor F 0
0 i H .0 i F' 0
0 0 0

Thus the induction hypothesis applies to the exact sequence 0 — H — (’)gr —
F'—0on H=P} ! (Lemmal|35.2) and H is m/-regular. Recall that this implies
that H is d-regular for all d > m/ (Lemma [35.10]).
Let ¢ > 2 and d > m/. It follows from the long exact cohomology sequence associ-
ated to the left column of the diagram above and the vanishing of H*~'(H, H(d))
that the map _ 4
H'(Py, K(d —1)) — H' (P}, K(d))

is injective. As these groups are zero for d > 0 (Cohomology of Schemes, Lemma
14.1)) we conclude H!(P7,K(d)) are zero for all d > m/ and i > 2.
We still have to control H'. First we observe that all the maps

H' P K(m' — 1)) — HY(PY, K(m/)) — H (PR, K(m/ +1)) — ...
are surjective by the vanishing of H*(H,H(d)) for d > m’. Suppose d > m/’ is such
that
is injective. Then HY(P},K(d)) — H°(H,H(d)) is surjective. Consider the com-
mutative diagram

HO(Py, K(d)) @k HO(P}, O(1)) —— H(P}, K(d + 1))

l |

HO(H, H(d)) @5 HO(H, 05 (1)) —= HO(H, H(d + 1))
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By Lemma [35.11] we see that the bottom horizontal arrow is surjective. Hence the
right vertical arrow is surjective. We conclude that

H'(P}, K(d)) — H' (P}, K(d+1))
is injective. By induction we see that
HY P, K(d—-1)) = H (P, K(d) — H (P, K(d+1)) — ...

are all injective and we conclude that H'(P?, K(d—1)) = 0 because of the eventual
vanishing of these groups. Thus the dimensions of the groups H'(P?,K(d)) for
d > m' are strictly decreasing until they become zero. It follows that the regularity
of K is bounded by m’ +dimy H(P},K(m’)). On the other hand, by the vanishing
of the higher cohomology groups we have

dimy, H' (P}, K(m')) = —x (P, K(m')) + dimy HO (P}, K(m'))

Note that the H° has dimension bounded by the dimension of H°(P%, O%"(m/))

which is at most r("tlm/) if m’ > 0 and zero if not. Finally, the term x (P}, C(m’))
is equal to T("tlm/) — P(m/). This gives a bound of the desired type finishing the

proof of the lemma. O

36. Frobenii

Let p be a prime number. If X is a scheme, then we say “X has characteristic p”,
or “X is of characteristic p”, or “X is in characteristic p” if p is zero in Ox.

Definition 36.1. Let p be a prime number. Let X be a scheme in characteristic
p. The absolute frobenius of X is the morphism Fx : X — X given by the identity
on the underlying topological space and with F)ﬁ( :Ox — Ox given by g — gP.

This makes sense because for any ring A of characteristic p the map Fa : A — A,
a +— aP is a ring endomorphism which induces the identity on Spec(A). Moreover,
if A islocal, then F4 is a local homomorphism. In this way we see that the absolute
frobenius of X is an endomorphism of X in the category of schemes. It turns out
that the absolute frobenius defines a self map of the identity functor on the category
of schemes in characteristic p.

Lemma 36.2. Let p > 0 be a prime number. Let f : X — Y be a morphism of
schemes in characteristic p. Then the diagram

X —X
Fx
L
y 2y
commutes.

Proof. This follows from the following trivial algebraic fact: if ¢ : A - B is a
homomorphism of rings of characteristic p, then ¢(a?) = ¢(a)?. O

Lemma 36.3. Let p > 0 be a prime number. Let X be a scheme in characteristic
p. Then the absolute frobenius Fx : X — X is a universal homeomorphism, is
integral, and induces purely inseparable residue field extensions.
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Proof. This follows from the corresponding results for the frobenius endomorphism
Fa: A — A of aring A of characteristic p > 0. See the discussion in Algebra,

Section 6] for example Lemma O

If we are working with schemes over a fixed base, then there is a relative version of
the frobenius morphism.

Definition 36.4. Let p > 0 be a prime number. Let S be a scheme in characteristic
p. Let X be a scheme over S. We define

x® = x@®/9 = x Xg.ps S

viewed as a scheme over S. Applying Lemma[36.2] we see there is a unique morphism
Fxjs: X — X () over S fitting into the commutative diagram

Fx

D ——

],

S

where the right square is cartesian. The morphism Fx,g is called the relative
Frobenius morphism of X/S.

Observe that X — X () is a functor; it is the base change functor for the absolute
frobenius morphism Fg : S — S. We have the same lemmas as before regarding
the relative Frobenius morphism.

Lemma 36.5. Let p > 0 be a prime number. Let S be a scheme in characteristic
p. Let f: X =Y be a morphism of schemes over S . Then the diagram

X — > x®
Fx/s
f f(p)
Y Fyrs y®
commutes.
Proof. This follows from Lemma [36.2] and the definitions. O

Lemma 36.6. Let p > 0 be a prime number. Let S be a scheme in characteristic
p. Let X be a scheme over S. Then the relative frobenius Fx;g : X — X® s q
universal homeomorphism, is integral, and induces purely inseparable residue field
extensions.

Proof. By Lemma the morphisms Fx : X — X and the base change h :
X®) 5 X of Fg are universal homeomorphisms. Since h o Fx;s = Fx we con-
clude that Fy,g is a universal homeomorphism (Morphisms, Lemma . By
Morphisms, Lemmas and we conclude that Fx/g has the other properties
as well. 0

Lemmal 36.7. Let p > 0 be a prime number. Let S be a scheme in characteristic
p- Let X be a scheme over S. Then Qx;s = Qx/xm) -
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Proof. This translates into the following algebra fact. Let A — B be a homomor-
phism of rings of characteristic p. Set B = B ®4 p, A and consider the ring map
Fg/a: B" = B, b® a + bPa. Then our assertion is that Qp/4 = Qp/p/. This is
true because d(bPa) = 0if d : B — Qp /4 is the universal derivation and hence d is
a B’-derivation. O

Lemma 36.8. Let p > 0 be a prime number. Let S be a scheme in characteristic
p. Let X be a scheme over S. If X — S is locally of finite type, then Fx,g is finite.

Proof. This translates into the following algebra fact. Let A — B be a finite type
homomorphism of rings of characteristic p. Set B’ = B ®4,r, A and consider the
ring map F/q : B = B, b® a — bPa. Then our assertion is that Fp,4 is finite.
Namely, if x1,...,z, € B are generators over A, then z; is integral over B’ because
xf = Fp/a(z; ® 1). Hence Fps : B’ — B is finite by Algebra, Lemma w O

Lemmal 36.9. Let k be a field of characteristic p > 0. Let X be a scheme over k.
Then X is geometrically reduced if and only if X®) is reduced.

Proof. Consider the absolute frobenius Fy, : k — k. Then Fj(k) = kP in other
words, F}, : k — k is isomorphic to the embedding of k into k'/?. Thus the lemma
follows from Lemma [6.4] g

Lemma 36.10. Let k be a field of characteristic p > 0. Let X be a variety over
k. The following are equivalent

(1) X® is reduced,
(2) X is geometrically reduced,
(3) there is a nonempty open U C X smooth over k.

In this case XP) is a variety over k and Fxp X — X®) 4s q finite dominant

morphism of degree p?™(X)

Proof. We have seen the equivalence of (1) and (2) in Lemma[36.9] We have seen
that (2) implies (3) in Lemma [25.7] If (3) holds, then U is geometrically reduced
(see for example Lemma and hence X is geometrically reduced by Lemma
In this way we see that (1), (2), and (3) are equivalent.

Assume (1), (2), and (3) hold. Since Fx/;, is a homeomorphism (Lemma we
see that X®) is a variety. Then Fy /k 1s finite by Lemma It is dominant as
it is surjective. To compute the degree (Morphisms, Definition it suffices to
compute the degree of Fy;/p : U — U® (as Fyr = Fxilu by Lemma . After
shrinking U a bit we may assume there exists an étale morphism h : U — A}, see
Morphisms, Lemma [36.20} Of course n = dim(U) because A} — Spec(k) is smooth
of relative dimension n, the étale morphism h is smooth of relative dimension 0,
and U — Spec(k) is smooth of relative dimension dim(U) and relative dimensions
add up correctly (Morphisms, Lemma . Observe that h is a generically finite
dominant morphism of varieties, and hence deg(h) is defined. By Lemma we
have a commutative diagram

X— . x(b

Fx/
hL lh(P)

FAn/k.
Ak — (AN
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Since hP) is a base change of h it is étale as well and it follows that AP is a
generically finite dominant morphism of varieties as well. The degree of h(®) is the
degree of the extension k(X®)/k((A)(P)) which is the same as the degree of the
extension k(X)/k(A}) because h(P) is the base change of h (small detail omitted).
By multiplicativity of degrees (Morphisms, Lemma it suffices to show that
the degree of Fan i is p". To see this observe that (AZ)(Z’) = A} and that Fan/x
is given by the map sending the coordinates to their pth powers. (I

Remark|/36.11. Let p > 0 be a prime number. Let S be a scheme in characteristic
p. Let X be a scheme over S. For n > 1
") — x®"/S) _
X=X\ =X XgFz S
viewed as a scheme over S. Observe that X — X®") is a functor. Applying Lemma

we see Fx/s, = (Fy,ids) : X — X®") is a morphism over S fitting into the
commutative diagram

n
Fx

XxX=— . x®" X

=

S—S

where the right square is cartesian. The morphism Fx,s,, is sometimes called the
n-fold relative Frobenius morphism of X/S. This makes sense because we have the
formula

FX/S,n: X(pn—l)/so...OFX(p)/SOFx/S
which shows that Fx,g,, is the composition of n relative Frobenii. Since we have

_ _ _ ™)
FX(pm)/S = F)(p(pm—l)/s =...= FXgJ/S

(details omitted) we get also that
FX/S,n = F_gg,; )O...OF)((p/)SOFx/S

37. Glueing dimension one rings

This section contains some algebraic preliminaries to proving that a finite set of
codimension 1 points of a separated scheme is contained in an affine open.

Situation 37.1. Here we are given a commutative diagram of rings

A——sK

|

R——B
where K is a field and A, B are subrings of K with fraction field K. Finally,
R=Axxg B=ANB.

Lemmal 37.2. In Situation assume that B is a valuation ring. Then for
every unit u of A either u € R or u™' € R.

Proof. Namely, if the image ¢ of v in K is in B, then v € R. Otherwise, ¢! € B
(Algebra, Lemma [50.4) and u~! € R. O


https://stacks.math.columbia.edu/tag/0CCG
https://stacks.math.columbia.edu/tag/09MY
https://stacks.math.columbia.edu/tag/09MZ

09NO

09N1

09N2

VARIETIES 72

The following lemma explains the meaning of the condition “A ® B — K is surjec-
tive” which comes up quite a bit in the following.

Lemmal 37.3. In Situation assume A is a Noetherian ring of dimension 1.
The following are equivalent

(1) A® B — K is not surjective,
(2) there exists a discrete valuation ring O C K containing both A and B.

Proof. It is clear that (2) implies (1). On the other hand, if A® B — K is not
surjective, then the image C' C K is not a field hence C' has a nonzero maximal
ideal m. Choose a valuation ring O C K dominating Cy,. By Algebra, Lemma
applied to A C O the ring O is Noetherian. Hence O is a discrete valuation
ring by Algebra, Lemma [50.18 (]

Lemma 37.4. In Situation assume

(1) A is a Noetherian semi-local domain of dimension 1,
(2) B is a discrete valuation ring,
Then we have the following two possibilities
(a) If A* is not contained in R, then Spec(A) — Spec(R) and Spec(B) —
Spec(R) are open immersions covering Spec(R) and K = AQpg B.
(b) If A* is contained in R, then B dominates one of the local rings of A at a
mazimal ideal and A @ B — K is not surjective.

Proof. Assumption (a) implies there is a unit u of A whose image in K lies in the
maximal ideal of B. Then u is a nonzerodivisor of R and for every a € A there
exists an n such that u"a € R. It follows that A = R,,.

Let m4 be the Jacobson radical of A. Let £ € m4 be a nonzero element. Since
dim(A) = 1 we see that K = A,. After replacing x by 2"u™ for some n > 1 and
m € Z we may assume z maps to a unit of B. We see that for every b € B we have
that ™b in the image of R for some n. Thus B = R,..

Let z € R. If z ¢ my and 2z does not map to an element of mp, then z is invertible.
Thus « + u is invertible in R. Hence Spec(R) = D(z) U D(u). We have seen above
that D(u) = Spec(A) and D(z) = Spec(B).

Case (b). If x € my, then 1 + x is a unit and hence 1 +x € R, i.e, z € R. Thus
we see that my C R C A. In fact, in this case A is integral over R. Namely, write
A/my = K1 X ... X Ky, as a product of fields. Say = = (¢1,...,¢,0,...,0) is an
element with ¢; # 0. Then

z? —x(cr,...,c001,...,1) =0

Since R contains all units we see that A/my is integral over the image of R in
it, and hence A is integral over R. It follows that R C A C B as B is integrally
closed. Moreover, if € m4 is nonzero, then K = A, = Jz ™A = Jz ™R. Hence
' ¢ B, ie., x € mg. We conclude my C mp. Thus ANmp is a maximal ideal of
A thereby finishing the proof. O

Lemmal 37.5. Let B be a semi-local Noetherian domain of dimension 1. Let B’
be the integral closure of B in its fraction field. Then B’ is a semi-local Dedekind
domain. Let x be a nonzero element of the Jacobson radical of B'. Then for every
y € B’ there exists an n such that z"y € B.
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Proof. Let mp be the Jacobson radical of B. The structure of B’ results from
Algebra, Lemma Given z,y € B’ as in the statement of the lemma consider
the subring B C A C B’ generated by = and y. Then A is finite over B (Algebra,
Lemma, . Since the fraction fields of B and A are the same we see that the
finite module A/B is supported on the set of closed points of B. Thus m} A C B for
a suitable n. Moreover, Spec(B’) — Spec(A) is surjective (Algebra, Lemma[36.17),
hence A is semi-local as well. It also follows that x is in the Jacobson radical m4 of
A. Note that myq = vmpgA. Thus 2™y € mgA for some m. Then 2™y € B. O

Lemma 37.6. In Situation assume

(1) A is a Noetherian semi-local domain of dimension 1,

(2) B is a Noetherian semi-local domain of dimension 1,

(3) A® B — K is surjective.
Then Spec(A) — Spec(R) and Spec(B) — Spec(R) are open immersions covering
Spec(R) and K = A®g B.

Proof. Special case: B is integrally closed in K. This means that B is a Dedekind
domain (Algebra, Lemma [120.17) whence all of its localizations at maximal ideals
are discrete valuation rings. Let mq,..., m, be the maximal ideals of B. We set

R1:A><KBm1

Observing that A ® g, Bm, — K is surjective we conclude from Lemma that
A and By, define open subschemes covering Spec(R1) and that K = A ®p, B,
In particular R; is a semi-local Noetherian ring of dimension 1. By induction we
define
Riy1=R; xk Bmi+1

fori=1,...,r—1. Observe that R = R,, because B = By, N...NBy,, (see Algebra,
Lemma. It follows from the inductive procedure that R — A defines an open
immersion Spec(A) — Spec(R). On the other hand, the maximal ideals n; of R not
in this open correspond to the maximal ideals m; of B and in fact the ring map
R — B defines an isomorphisms Ry, — By, (details omitted; hint: in each step we
added exactly one maximal ideal to Spec(R;)). It follows that Spec(B) — Spec(R)
is an open immersion as desired.

General case. Let B’ C K be the integral closure of B. See Lemma Then
the special case applies to R' = A xg B’. Pick z € R’ which is not contained in
the maximal ideals of A and is contained in the maximal ideals of B’ (see Algebra,
Lemma. By Lemmathere exists an integer n such that 2" € R = Ax g B.
Replace x by 2™ so x € R. For every y € R’ there exists an integer n such that
2™y € R. On the other hand, it is clear that R/, = A. Thus R, = A. Exchanging
the roles of A and B we also find an y € R such that B = R,,. Note that inverting
both z and y leaves no primes except (0). Thus K = R,, = R, ®r R,. This
finishes the proof. O

Lemma 37.7. Let K be a field. Let Ay,...,A. C K be Noetherian semi-local
rings of dimension 1 with fraction field K. If A; ® A; — K 1is surjective for all
i # j, then there exists a Noetherian semi-local domain A C K of dimension 1
contained in Ay, ..., A, such that

(1) A— A; induces an open immersion j; : Spec(A;) — Spec(A),

(2) Spec(A) is the union of the opens j;(Spec(4;)),
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(3) each closed point of Spec(A) lies in exactly one of these opens.

Proof. Namely, we can take A = A1N...NA,. First we note that (3), once (1) and
(2) have been proven, follows from the assumption that A; ® A; — K is surjective
since if m € j;(Spec(A4;)) N j;(Spec(A;)), then A; ® A; — K ends up in Ay. To
prove (1) and (2) we argue by induction on r. If » > 1 by induction we have the
results (1) and (2) for B = A3 N ...N A,. Then we apply Lemma to see they
hold for A = A; N B. O

09N5 |Lemmal 37.8. Let A be a domain with fraction field K. Let By,...,B, C K
be Noetherian 1-dimensional semi-local domains whose fraction fields are K. If
A® B; — K are surjective for i = 1,...,r, then there exists an x € A such that

2=t is in the Jacobson radical of B; fori=1,...,r.

Proof. Let B! be the integral closure of B; in K. Suppose we find a nonzero € A
such that 1 is in the Jacobson radical of B, for i = 1,...,r. Then by Lemma
after replacing x by a power we get z~! € B;. Since Spec(B]) — Spec(B;) is
surjective we see that ! is then also in the Jacobson radical of B;. Thus we may
assume that each B; is a semi-local Dedekind domain.

If B; is not local, then remove B; from the list and add back the finite collection
of local rings (B;)m. Thus we may assume that B; is a discrete valuation ring for
i=1,...,7.

Let v; : K — Z,i=1,...,r be the corresponding discrete valuations (see Algebra,
Lemma [120.17). We are looking for a nonzero z € A with v;(x) <0fori=1,...,r.
We will prove this by induction on 7.

If » = 1 and the result is wrong, then A C B and the map A ® B — K is not
surjective, contradiction.

If r > 1, then by induction we can find a nonzero x € A such that v;(z) < 0 for
i=1,...,7r — 1. If v,(z) < 0 then we are done, so we may assume v,(z) > 0. By
the base case we can find y € A nonzero such that v,.(y) < 0. After replacing x by
a power we may assume that v;(x) < v;(y) for i =1,...,r — 1. Then = + y is the
element we are looking for. |

0AB2 Lemma 37.9. Let A be a Noetherian local ring of dimension 1. Let L = [[ A,
where the product is over the minimal primes of A. Let a1,a2 € ma map to the
same element of L. Then af = ay for some n > 0.

Proof. Write a; = as + x. Then z maps to zero in L. Hence z is a nilpotent
element of A because () p is the radical of (0) and the annihilator I of = contains a
power of the maximal ideal because p € V(I) for all minimal primes. Say 2% = 0
and m™ C I. Then

k k k
ak+n — a§+n+<”1r >a72b+k—1l,+ (”; >a3+k—2z2+. _ +(Zj 1>a3+1xk1 — itk

because as € my4. Il
0AB3 Lemma 37.10. Let A be a Noetherian local ring of dimension 1. Let L =[] A,
and I = (p where the product and intersection are over the minimal primes of A.

Let f € L be an element of the form f =i+ a where a € my and i € IL. Then
some power of f is in the image of A — L.


https://stacks.math.columbia.edu/tag/09N5
https://stacks.math.columbia.edu/tag/0AB2
https://stacks.math.columbia.edu/tag/0AB3

0AB4

VARIETIES 75

Proof. Since A is Noetherian we have I = 0 for some t > 0. Suppose that we
know that f = a + ¢ with ¢ € I*L. Then f* = a™ + na” % mod I**'L. Hence it
suffices to show that na™ i is in the image of I¥ — I*L for some n > 0. To see
this, pick a g € A such that my = \/@ (Algebra, Lemma . Then L = A, for
example by Algebra, Proposition On the other hand, there is an n such that
a™ € (g). Hence we can clear denominators for elements of L by multiplying by a

high power of a. t

Lemma 37.11. Let A be a Noetherian local ring of dimension 1. Let L = [[ A,
where the product is over the minimal primes of A. Let K — L be an integral ring
map. Then there exist a € my and x € K which map to the same element of L
such that mgq = \/(a).

Proof. By Lemma we may replace A by A/((\p) and assume that A is
a reduced ring (some details omitted). We may also replace K by the image of
K — L. Then K is a reduced ring. The map Spec(L) — Spec(K) is surjective and
closed (details omitted). Hence Spec(K) is a finite discrete space. It follows that
K is a finite product of fields.

Let p;, j = 1,...,m be the minimal primes of A. Set L; be the fraction field of
Aj so that L =[[,_, ,, L;. Let A; be the normalization of A/p;. Then A; is a
semi-local Dedekind domain with at least one maximal ideal, see Algebra, Lemma
Let n be the sum of the numbers of maximal ideals in A,..., A,,. For
such a maximal ideal m C A; we consider the function

Um 1 L — L;j = Z U {oo}

where the second arrow is the discrete valuation corresponding to the discrete val-
uation ring (4;)m extended by mapping 0 to co. In this way we obtain n functions
Viy...,0n L — ZU{oo}. We will find an element 2 € K such that v;(z) < 0 for
alli=1,...,n.

First we claim that for each i there exists an element € K with v;(x) < 0. Namely,
suppose that v; corresponds to m C A;. If v;(x) > 0 for all € K, then K maps
into (A;)m inside the fraction field L; of A;. The image of K in L; is a field over
L; is algebraic by Algebra, Lemma Combined we get a contradiction with
Algebra, Lemma [50.8

Suppose we have found an element « € K such that v1(z) < O0,...,v.(z) < 0 for
some 7 < n. If v.41(x) < 0, then x works for r + 1. If not, then choose some y € K
with v,41(y) < 0 as is possible by the result of the previous paragraph. After
replacing x by z™ for some n > 0, we may assume v;(z) < v;(y) for i = 1,...,r.
Then vj(z+y) = v;(z) < 0for j =1,...,r by properties of valuations and similarly
Vrt1(x +y) = vr41(y) < 0. Arguing by induction, we find x € K with v;(z) < 0
fori=1,...,n.

In particular, the element « € K has nonzero projection in each factor of K (recall
that K is a finite product of fields and if some component of x was zero, then one
of the values v;(x) would be o). Hence z is invertible and z~! € K is an element
with 0o > v;(z~!) > 0 for all i. It follows from Lemma [37.5 that for some e < 0
the element z¢ € K maps to an element of my/p; C A/p; forall j = 1,...,m.
Observe that the cokernel of the map my — [[my/p; is annihilated by a power
of m4. Hence after replacing e by a more negative e, we find an element a € my4
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whose image in m4/p; is equal to the image of 2°. The pair (a,z°) satisfies the
conclusions of the lemma. (]

Lemmal 37.12. Let A be a ring. Let p1,...,p, be a finite set of a primes of A.
Let S = A\ Upi. Then S is a multiplicative system and S~ A is a semi-local ring
whose mazximal ideals correspond to the mazimal elements of the set {p;}.

Proof. If a,b € A and a,b € S, then a,b &€ p; hence ab & p;, hence ab € S. Also
1 € S. Thus S is a multiplicative subset of A. By the description of Spec(S~!A4) in
Algebra, Lemmal[17.5|and by Algebra, Lemma[15.2 we see that the primes of S~'A
correspond to the primes of A contained in one of the p;. Hence the maximal ideals
of S71A correspond one-to-one with the maximal (w.r.t. inclusion) elements of the

set {p1,...,prt- O

38. One dimensional Noetherian schemes

The main result of this section is that a Noetherian separated scheme of dimension
1 has an ample invertible sheaf. See Proposition [38.12]

Lemma 38.1. Let X be a scheme all of whose local rings are Noetherian of
dimension < 1. Let U C X be a retrocompact open. Denote j : U — X the
inclusion morphism. Then RPj.JF = 0, p > 0 for every quasi-coherent Oy -module

F.

Proof. We may check the vanishing of R?j,.F at stalks. Formation of R%j, com-
mutes with flat base change, see Cohomology of Schemes, Lemma [5.2] Thus we
may assume that X is the spectrum of a Noetherian local ring of dimension < 1.
In this case X has a closed point x and finitely many other points x1, ..., z, which
specialize to x but not each other (see Algebra, Lemma . If x € U, then
U = X and the result is clear. If not, then U = {z1,...,2,} for some r after
possibly renumbering the points. Then U is affine (Schemes, Lemma . Thus
the result follows from Cohomology of Schemes, Lemma [2.3 (]

Lemma 38.2. Let X be an affine scheme all of whose local rings are Noetherian
of dimension < 1. Then any quasi-compact open U C X is affine.

Proof. Denote j : U — X the inclusion morphism. Let F be a quasi-coherent
Op-module. By Lemma the higher direct images RPj,F are zero. The Ox-
module j.F is quasi-coherent (Schemes, Lemma . Hence it has vanishing
higher cohomology groups by Cohomology of Schemes, Lemma By the Leray
spectral sequence Cohomology, Lemma we have HP(U,F) = 0 for all p > 0.
Thus U is affine, for example by Cohomology of Schemes, Lemma [3.1 d

Lemmal 38.3. Let X be a scheme. Let U C X be an open. Assume

(1) U is a retrocompact open of X,

(2) X\ U is discrete, and

(3) forx € X\ U the local ring Ox , is Noetherian of dimension < 1.
Then (1) there exists an invertible Ox-module L and a section s such that U = X
and (2) the map Pic(X) — Pic(U) is surjective.

Proof. Let X \ U = {x;;i € I}. Choose affine opens U; C X with z; € U; and
x; ¢ U; for j # 4. This is possible by condition (2). Say U; = Spec(4;). Let
m; C A; be the maximal ideal corresponding to z;. By our assumption on the
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local rings there are only a finite number of prime ideals ¢ C m;, ¢ # m; (see
Algebra, Lemma . Thus by prime avoidance (Algebra, Lemma [15.2)) we can
find f; € m; not contained in any of those primes. Then V(f;) = {m;} 1 Z; for some
closed subset Z; C U; because Z; is a retrocompact open subset of V(f;) closed
under specialization, see Algebra, Lemma After shrinking U; we may assume
V(fz) = {xl} Then
Uu:x=vulJu

is an open covering of X. Consider the 2-cocycle with values in O% given by f; on
UNU; and by f;/f; on U;NU;. This defines a line bundle £ such that the section
s defined by 1 on U and f; on U; is as in the statement of the lemma.

Let AV be an invertible Oy-module. Let N; be the invertible (A;) r, module such that
Nlunw, is equal to N;. Observe that (An,)s, is an Artinian ring (as a dimension
zero Noetherian ring, see Algebra, Lemma . Thus it is a product of local rings
(Algebra, Lemma and hence has trivial Picard group. Thus, after shrinking
U; (i.e., after replacing A; by (A;), for some g € A;, g ¢ m;) we can assume that
N; = (A;)y,, i.e., that N|yny, is trivial. In this case it is clear how to extend N to
an invertible sheaf over X (by extending it by a trivial invertible module over each

Uy). O

Lemmal 38.4. Let X be an integral separated scheme. Let U C X be a nonempty
affine open such that X \U is a finite set of points x1, ..., x, with Ox 5, Noetherian
of dimension 1. Then there exists a globally generated invertible Ox -module L and
a section s such that U = X;.

Proof. Say U = Spec(A) and let K be the function field of X. Write B; = Ox 4,
and m; = m,,. Since z; ¢ U we see that the open U X x Spec(B;) of Spec(B;) has
only one point, i.e., U X x Spec(B;) = Spec(K). Since X is separated, we find that
Spec(K) is a closed subscheme of U x Spec(B;), i.e., the map A® B; — K is a
surjection. By Lemma we can find a nonzero f € A such that f~' € m; for
i=1,...,r. Pick opens x; € U; C X such that f=* € O(U;). Then

Uu:x=UulJu;

is an open covering of X. Consider the 2-cocycle with values in O% given by f on
UNU; and by 1 on U; NU;. This defines a line bundle £ with two sections:

(1) a section s defined by 1 on U and f~! on U; is as in the statement of the
lemma, and
(2) a section ¢ defined by f on U and 1 on U;.

Note that X; D Uy U...UU,. Hence s,t generate £ and the lemma is proved. O

Lemmal 38.5. Let X be a quasi-compact scheme. If for every x € X there exists a
pair (L, s) consisting of a globally generated invertible sheaf L and a global section
s such that x € X and Xy is affine, then X has an ample invertible sheaf.

Proof. Since X is quasi-compact we can find a finite collection (L£;,s;),i=1,...,n
of pairs such that £; is globally generated, X;, is affine and X = |J X;,. Again
because X is quasi-compact we can find, for each ¢, a finite collection of sections ¢; ;
of L;, 7 =1,...,m; such that X = Uth.. Set t; 0 = s;. Consider the invertible
sheaf

L=LRoy .. .-Q0oy Ly
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and the global sections
Ty :tl,jl ®~"®tn,jn

By Properties, Lemma the open X, is affine as soon as j; = 0 for some 4. It is
a simple matter to see that these opens cover X. Hence L is ample by definition. [

Lemma 38.6. Let X be a Noetherian integral separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Choose an affine open covering X = U; U...UU,. Since X is Noetherian,
each of the sets X \ U; is finite. Thus by Lemma we can find a pair (£;,s;)
consisting of a globally generated invertible sheaf £; and a global section s; such
that U; = X,,. We conclude that X has an ample invertible sheaf by Lemma
38.5] O

Lemma 38.7. Let f: X — Y be a finite morphism of schemes. Assume there
exists an open V. .C 'Y such that f~1(V) — V is an isomorphism and Y \'V is a
discrete space. Then every invertible Ox-module is the pullback of an invertible
Oy -module.

Proof. We will use that Pic(X) = H*(X, O%), see Cohomology, Lemma Con-
sider the Leray spectral sequence for the abelian sheaf O% and f, see Cohomology,
Lemma Consider the induced map

H'(X,0%) — H°(Y,R'£.0%)

Divisors, Lemma [17.1| says exactly that this map is zero. Hence Leray gives
HY(X,0%) = H'\(Y, f.0%). Next we consider the map

ffr 0y — fOX

By assumption the kernel and cokernel of this map are supported on the closed
subset T = Y \ V of Y. Since T is a discrete topological space by assumption
the higher cohomology groups of any abelian sheaf on Y supported on T is zero
(follows from Cohomology, Lemma Modules, Lemma and the fact that
H(T,F) =0 for any i > 0 and any abelian sheaf F on T'). Breaking the displayed
map into short exact sequences

0 — Ker(f*) = 0% = Im(f*) -0, 0—Im(f*) = f.0% — Coker(f*) — 0

we first conclude that H'(Y,0%) — H(Y,Im(f*)) is surjective and then that
HY(Y,Im(f*)) — HY(Y, f.O%) is surjective. Combining all the above we find that
HY\(Y,0%) — HY (X, 0%) is surjective as desired. O

Lemma 38.8. Let X be a scheme. Let Zy,...,Z, C X be closed subschemes. Let
L; be an invertible sheaf on Z;. Assume that

(1) X is reduced,

(2) X = Z; set theoretically, and

(3) Z; N Zj is a discrete topological space for i # j.
Then there exists an invertible sheaf L on X whose restriction to Z; is L;. Moreover,
if we are given sections s; € T'(Z;, L;) which are monvanishing at the points of
Z; N Zj, then we can choose L such that there exists a s € T'(X, L) with s|z, = s;
for all i.
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Proof. The existence of £ can be deduced from Lemma but we will also give
a direct proof and we will use the direct proof to see the statement about sections
is true. Set T'=J,;,; Z; N Z;. As X is reduced we have

X\T={J@z\1)

as schemes. Assumption (3) implies T is a discrete subset of X. Thus for each
t € T we can find an open U; C X witht € Uy but ¢/ € U, for t' € T, t' # t.
By shrinking U, if necessary, we may assume that there exist isomorphisms ¢ ; :
Lilv,nz, = Ouv,nz,. Furthermore, for each ¢ choose an open covering

Z\T = Uj Uy
such that there exist isomorphisms ; ; : £;|y,; = Oy,;. Observe that

u;X:UUtUUUij

is an open covering of X. We claim that we can use the isomorphisms ¢; ; and ¢; ;
to define a 2-cocycle with values in O% for this covering that defines £ as in the
statement of the lemma.

Namely, if ¢ # 4’, then U; ; N Uy ;» = 0 and there is nothing to do. For U, ; N U; j/
we have Ox (U; ; NU; /) = Oz, (U; ;N U, ;) by the first remark of the proof. Thus
the transition function for £; (more precisely ¢; ; o ap;jl/) defines the value of our
cocycle on this intersection. For U; N U; ; we can do the same thing. Finally, for
t # t' we have

UnUpy = [[0:nUw) N Z;

and moreover the intersection U; N Uy N Z; is contained in Z; \ T. Hence by the
same reasoning as before we see that

Ox(U:NUy) =[Oz (U:n Uy 0 Z;)

and we can use the transition functions for £; (more precisely ¢ ; o cpt_,ll) to define
the value of our cocycle on Uy N Uy.. This finishes the proof of existence of L.

Given sections s; as in the last assertion of the lemma, in the argument above,
we choose Uy such that s;|y,nz, is nonvanishing and we choose ¢;; such that
¢t,i(8ilu,nz;) = 1. Then using 1 over U; and ¢; ;(s;|u, ;) over U;; will define a
section of £ which restricts to s; over Z;. O

Remark 38.9. Let A be a reduced ring. Let I, .J be ideals of A such that V(1)U
V(J) = Spec(A). Set B = A/J. Then I — IB is an isomorphism of A-modules.
Namely, we have IB=1+J/J =1/(INJ)and I NJ is zero because A is reduced
and Spec(4) = V(I)UV(J) =V(INJ). Thus for any projective A-module P we
also have IP = I(P/JP).

Lemma 38.10. Let X be a Noetherian reduced separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Let Z;, i = 1,...,n be the irreducible components of X. We view these
as reduced closed subschemes of X. By Lemma [38.6] there exist ample invertible
sheaves £; on Z;. Set T = U#j Z; N Zj. As X is Noetherian of dimension 1, the
set T is finite and consists of closed points of X. For each ¢ we may, possibly after
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replacing £; by a power, choose s; € I'(Z;, £;) such that (Z;)s, is affine and contains
T N Z;, see Properties, Lemma [29.6

By Lemma we can find an invertible sheaf £ on X and s € I'(X, £) such that
(L, 8)|z, = (L4, s:). Observe that X, contains 7" and is set theoretically equal to the
affine closed subschemes (Z;)s,. Thus it is affine by Limits, Lemma To finish
the proof, it suffices to find for every z € X, x ¢ T an integer m > 0 and a section
t € T(X,L£®™) such that X; is affine and z € X;. Since z € T' we see that z € Z;
for some unique ¢, say ¢ = 1. Let Z C X be the reduced closed subscheme whose
underlying topological space is Zo U ... U Z,,. Let Z C Ox be the ideal sheaf of
Z. Denote that Z; C Oy, the inverse image of this ideal sheaf under the inclusion
morphism Z; — X. Observe that

I(X,IL%™) =T(Z,,T,.L8™)

see Remark Thus it suffices to find m > 0 and ¢t € T(Z;, 7, LY™) with
x € (Z1)s affine. Since £, is ample and since z is not in Z; NT = V(Z;) we can find
a section t; € T'(Z,,TLLY™) with = € (Z))¢,, see Properties, Proposition
Since £ is ample we can find a section to € T'(Zy, £Y™?) with = € (Z;);, and
(Z1):, affine, see Properties, Deﬁnition Set m = mq +msg and ¢t = t1¢2. Then
t € T'(Z1, L LY™) with 2 € (Z1)¢ by construction and (Z;); is affine by Properties,
Lemma [26.4] O

Lemma 38.11. Leti: Z — X be a closed immersion of schemes. If the underlying
topological space of X is Noetherian and dim(X) < 1, then Pic(X) — Pic(Z) is
surjective.

Proof. Consider the short exact sequence
0—-(14+I)N0% —» 0% — .0, =0

of sheaves of abelian groups on X where Z is the quasi-coherent sheaf of ideals cor-
responding to Z. Since dim(X) < 1 we see that H?(X, F) = 0 for any abelian sheaf
F, see Cohomology, Proposition Hence the map H'(X,0%) — H'(X,i.0%)
is surjective. By Cohomology, Lemma we have HY(X,i,.0%) = HY(Z,0%).
This proves the lemma by Cohomology, Lemma [6.1 (]

Proposition| 38.12. Let X be a Noetherian separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Let Z C X be the reduction of X. By Lemma the scheme Z has
an ample invertible sheaf. Thus by Lemma [38.17] there exists an invertible Ox-
module £ on X whose restriction to Z is ample. Then L is ample by an application
of Cohomology of Schemes, Lemma [17.5 O

Remark|38.13. In fact, if X is a scheme whose reduction is a Noetherian separated
scheme of dimension 1, then X has an ample invertible sheaf. The argument to
prove this is the same as the proof of Proposition [38.12] except one uses Limits,
Lemma, instead of Cohomology of Schemes, Lemma, [17.5

The following lemma actually holds for quasi-finite separated morphisms as the
reader can see by using Zariski’s main theorem (More on Morphisms, Lemma, [43.3))
and Lemma [38.3]
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Lemmal 38.14. Let f : X — Y be a morphism of schemes. Assume Y is Noe-
therian of dimension < 1, f is finite, and there exists a dense open V C 'Y such
that f=Y(V) — V is a closed immersion. Then every invertible Ox-module is the
pullback of an invertible Oy -module.

Proof. We factor f as X — Z — Y where Z is the scheme theoretic image of f.
Then X — Z is an isomorphism over V' N Z and Lemma [38.7 applies. On the other
hand, Lemma [38.11] applies to Z — Y. Some details omitted. O

39. The delta invariant

In this section we define the d-invariant of a singular point on a reduced 1-dimensional
Nagata scheme.

Lemma 39.1. Let (A,m) be a Noetherian 1-dimensional local ring. Let f € m.
The following are equivalent

(1) m=+/(f),

(2) f is not contained in any minimal prime of A, and

(3) A =11, minima A as A-algebras.
Such an f € m exists. If depth(A) =1 (for example A is reduced), then (1) — (3)
are also equivalent to

(4) f is a nonzerodivisor,
(5) Ay is the total ring of fractions of A.

If A is reduced, then (1) — (5) are also equivalent to
(6) Ay is the product of the residue fields at the minimal primes of A.

Proof. The spectrum of A has finitely many primes p1,...,p, besides m and these
are all minimal, see Algebra, Lemma Then the equivalence of (1) and (2)
follows from Algebra, Lemma Clearly, (3) implies (2). Conversely, if (2) is
true, then the spectrum of Ay is the subset {p1,...,pn} of Spec(A) with induced
topology, see Algebra, Lemma This is a finite discrete topological space.
Hence Ay = Hp minimal Ap Dy Algebra, Proposition The existence of an f is
asserted in Algebra, Lemma [60.8

Assume A has depth 1. (This is the maximum by Algebra, Lemma and holds
if A is reduced by Algebra, Lemma ) Then m is not an associated prime of
A. Every minimal prime of A is an associated prime (Algebra, Proposition [63.6)).
Hence the set of nonzerodivisors of A is exactly the set of elements not contained
in any of the minimal primes by Algebra, Lemma Thus (4) is equivalent to
(2). Part (5) is equivalent to (3) by Algebra, Lemma [25.4]

Then A, is a field for p C A minimal, see Algebra, Lemma [25.1] Hence (3) is
equivalent ot (6). O

Lemma 39.2. Let (A,m) be a reduced Nagata 1-dimensional local ring. Let A’ be
the integral closure of A in the total ring of fractions of A. Then A’ is a normal
Nagata ring, A — A’ is finite, and A’/A has finite length as an A-module.

Proof. The total ring of fractions is essentially of finite type over A hence A — A’
is finite because A is Nagata, see Algebra, Lemma The ring A’ is normal for
example by Algebra, Lemma and The ring A’ is Nagata for example by
Algebra, Lemma Choose f € m as in Lemma As A’ C Ay it is clear
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that Ay = A’. Hence the support of the finite A-module A’/A is contained in {m}.
It follows that it has finite length by Algebra, Lemma [62.3 O

Definition 39.3. Let A be a reduced Nagata local ring of dimension 1. The
§-invariant of A is length 4 (A’/A) where A’ is as in Lemma [39.2}

We prove some lemmas about the behaviour of this invariant.

Lemmal 39.4. Let A be a reduced Nagata local ring of dimension 1. The J-
tmwvariant of A is 0 if and only if A is a discrete valuation ring.

Proof. If A is a discrete valuation ring, then A is normal and the ring A’ is equal
to A. Conversely, if the d-invariant of A is 0, then A is integrally closed in its total
ring of fractions which implies that A is normal (Algebra, Lemma and this
forces A to be a discrete valuation ring by Algebra, Lemma O

Lemmal 39.5. Let A be a reduced Nagata local Ting of dimension 1. Let A — A’ be
as in Lemma . Let AP, AP resp. A™ be the henselization, strict henselization,
resp. completion of A. Then A", A" resp. A" is a reduced Nagata local ring of
dimension 1 and A’ @4 AP, A" @4 A", resp. A’ @4 A" is the integral closure of
Al ASh resp. AN inits total ring of fractions.

Proof. Observe that A" is reduced, see More on Algebra, Lemma [43.6] The rings
A" and A*" are reduced by More on Algebra, Lemma [45.4f The dimensions of A,
Al Ashand A” are the same by More on Algebra, Lemmas [43.1] and [45.7}

Recall that a Noetherian local ring is Nagata if and only if the formal fibres of
A are geometrically reduced, see More on Algebra, Lemma This property
is inherited by A" and A®" see the material in More on Algebra, Section [51| and
especially Lemma The completion is Nagata by Algebra, Lemma

Now we come to the statement on integral closures. Before continuing let us pick
f € m as in Lemma m Then the image of f in A", A" and A" clearly is an
element satisfying properties (1) — (6) in that ring.

Since A — A’ is finite we sce that A’ @4 A" and A’ ® 4 A%" is the product of
henselian local rings finite over A" and A", see Algebra, Lemma Each of
these local rings is the henselization of A’ at a maximal ideal m’ C A’ lying over m,
see Algebra, Lemma [156.1] or Hence these local rings are normal domains by
More on Algebra, Lemma [45.6, It follows that A’ ®4 A" and A’ ® 4 A%" are normal
rings. Since A" — A’ ®4 A" and A*" — A’ ® 4 A" are finite (hence integral) and
since A’ @4 A" C (A"); = Q(A") and A’ @4 A" C (A%"); = Q(A%") we conclude
that A’ @4 A" and A’ @ 4 A°" are the desired integral closures.

For the completion we argue in entirely the same manner. First, by Algebra, Lemma

[97.8 we have

A @q AN = (A =T](A)"
The local rings Al are normal and have dimension 1 (by Algebra, Lemma
for example or the discussion in Algebra, Section . Thus A, is a discrete
valuation ring, see Algebra, Lemma Hence (A,,)" is a discrete valuation
ring by More on Algebra, Lemma It follows that A’ ®4 A" is a normal ring
and we can conclude in exactly the same manner as before. [
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Lemmal 39.6. Let A be a reduced Nagata local ring of dimension 1. The J-
imwvariant of A is the same as the d-invariant of the henselization, strict henseliza-
tion, or the completion of A.

Proof. Let us do this in case of the completion B = A”; the other cases are
proved in exactly the same manner. Let A’ resp. B’ be the integral closure of A,
resp. B in its total ring of fractions. Then B’ = A’ ® 4 B by Lemma Hence
B'/B = A'JA® 4 B. The equality now follows from Algebra, Lemma [52.13and the
fact that B ®4 k4 = kB. O

Definition 39.7. Let k be a field. Let X be a locally algebraic k-scheme. Let
x € X be a point such that Ox , is reduced and dim(Ox ;) = 1. The §-invariant
of X at x is the d-invariant of Ox , as defined in Definition m

This makes sense because the local ring of a locally algebraic scheme is Nagata by
Algebra, Proposition [I62.16] Of course, more generally we can make this definition
whenever x € X is a point of a scheme such that the local ring Ox , is reduced,
Nagata of dimension 1. It follows from Lemma that the §-invariant of X at z
is

0-invariant of X at x = d-invariant of (9’;(@ = d-invariant of O% ,

We conclude that the d-invariant is an invariant of the complete local ring of the
point.

Lemma 39.8. Let k be a field. Let X be a locally algebraic k-scheme. Let K[k
be a field extension and set Y = Xg. Let y € Y with image © € X. Assume X is
geometrically reduced at x and dim(Ox ,) = dim(Oy,) = 1. Then

d-invariant of X at x < d-invariant of Y at y

Proof. Set A = Ox, and B = Oy,,. By Lemmal6.2] we see that A is geometrically
reduced. Hence B is a localization of A ®; K. Let A — A’ be as in Lemma [39.2
Then
B' = B ®(ag,x) (A" @k K)

is finite over B and B — B’ induces an isomorphism on total rings of fractions.
Namely, pick f € my satisfying (1) — (6) of Lemma [39.1} since dim(B) = 1 we see
that f € mp playes the same role for B and we see that By = B} because Ay = A’,.
Let B” be the integral closure of B in its total ring of fractions as in Lemma [39.2

Then B’ C B”. Thus the d-invariant of Y at y is lengthz(B”/B) and
lengthz (B"”/B) > lengthz(B'/B)
= lengthz((A'/A) ®4 B)
= lengthz(B/mB)length 4 (A’ /A)
by Algebra, Lemma since A — B is flat (as a localization of A - A ®;, K).

Since length 4 (A’/A) is the d-invariant of X at = and since lengthz(B/maB) > 1
the lemma is proved. ([l

Lemma 39.9. Let k be a field. Let X be a locally algebraic k-scheme. Let K/k
be a field extension and set Y = Xg. Let y € Y with image x € X. Assume
assumptions (a), (b), (c) of Lemma hold for x € X and that dim(Oy ) = 1.
Then the d-invariant of X at x is d-invariant of Y at y.
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Proof. Set A = Ox , and B = Oy,,. By Lemmal|27.6]we see that A is geometrically
reduced. Hence B is a localization of A ®; K. Let A — A’ be as in Lemma |39.2
By Lemma we see that A’ ®j K is normal. Hence

B = B®(A®kK) (A/ Rk K)

is normal, finite over B, and B — B’ induces an isomorphism on total rings of
fractions. Namely, pick f € m, satisfying (1) — (6) of Lemmal[39.1} since dim(B) = 1
we see that f € mp playes the same role for B and we see that By = B} because
Ay = A} Tt follows that B — B’ is as in Lemma for B. Thus we have to show
that length 4 (A’/A) = lengthz(B’/B) = lengthg((A’/A) ®4 B). Since A — B is
flat (as a localization of A - A ®; K) and since mp = my B (because B/myB is
zero dimensional by the remarks above and a localization of K ®j x(x) which is
reduced as x(x) is separable over k) we conclude by Algebra, Lemma O

40. The number of branches

We have defined the number of branches of a scheme at a point in Properties,

Section [IHl

Lemmal 40.1. Let X be a scheme. Assume every quasi-compact open of X has
finitely many irreducible components. Let v : X¥ — X be the normalization of X.
Let x € X.

(1) The number of branches of X at x is the number of inverse images of x in
Xv.
(2) The number of geometric branches of X at x is 3,0y _,[K(2") : K(z)]s.

Proof. First note that the assumption on X exactly means that the normalization
is defined, see Morphisms, Definition Then the stalk A" = (v.Oxv), is the
integral closure of A = Ox , in the total ring of fractions of A,.q, see Morphisms,
Lemma Since v is an integral morphism, we see that the points of X" lying
over x correspond to the primes of A’ lying over the maximal ideal m of A. As A —
A’ is integral, this is the same thing as the maximal ideals of A’ (Algebra, Lemmas
and. Thus the lemma now follows from its algebraic counterpart: More

on Algebra, Lemma O

Lemma 40.2. Let k be a field. Let X be a locally algebraic k-scheme. Let K/k be
an extension of fields. Let y € Xg be a point with image x in X. Then the number
of geometric branches of X at x is the number of geometric branches of X at y.

Proof. Write Y = Xk and let X”, resp. Y” be the normalization of X, resp. Y.
Consider the commutative diagram

YV — X}, — XV

]

By Lemma [27.5] we see that the left top horizontal arrow is a universal homeo-
morphism. Hence it induces purely inseparable residue field extensions, see Mor-
phisms, Lemmas and Thus the number of geometric branches of Y at
Y is D, =y E(Y')  £(y)]s by Lemma Similarly >, ,n_,[k(z') : &(z)]s is
the number of geometric branches of X at x. Using Schemes, Lemma [17.5] our
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statement follows from the following algebra fact: given a field extension I/x and
an algebraic field extension m/k, then

Zm@,gl*)m/ [m, : l/]s = [m : H]S

where the sum is over the quotient fields of m ®, [. One can prove this in an
elementary way, or one can use Lemma applied to

Spec(m@,J)xspec(l)Spec(Z) = Spec(m)@spec(n)Spec(Z) — Spec(m)xspec(,@)Spec(E)
because one can interpret [m : k] as the number of connected components of

the right hand side and the sum »_ o, , .[m':{']s as the number of connected
components of the left hand side. O

Lemma 40.3. Let k be a field. Let X be a locally algebraic k-scheme. Let K[k
be an extension of fields. Let y € Xk be a point with image x in X. Then X is
geometrically unibranch at x if and only if Xk is geometrically unibranch at y.

Proof. Immediate from Lemma and More on Algebra, Lemma O

Definition 40.4. Let A and A;, 1 < i < n be local rings. We say A is a wedge of
Ay, ..., A, if there exist isomorphisms

KA, = KA, — ... — KA,

and A is isomorphic to the ring consisting of n-tuples (a1,...,a,) € Ay X ... X A,
which map to the same element of k4, .

If we are given a base ring A and A and A; are A-algebras, then we require k4, —
KA, to be a A-algebra isomorphisms and A to be isomorphic as a A-algebra to
the A-algebra consisting of n-tuples (ay,...,a,) € A1 X ... x A, which map to the
same element of £ 4,. In particular, if A = k is a field and the maps k — k4, are
isomorphisms, then there is a unique choice for the isomorphisms k4, — K4,,, and
we often speak of the wedge of A1,..., A,.

i+1

Lemma 40.5. Let (A,m) be a strictly henselian 1-dimensional reduced Nagata
local ring. Then

d-invariant of A > number of geometric branches of A — 1

If equality holds, then A is a wedge of n > 1 strictly henselian discrete valuation
Tings.

Proof. The number of geometric branches is equal to the number of branches of A
(immediate from More on Algebra, Definition . Let A — A’ be as in Lemma
3920 Observe that the number of branches of A is the number of maximal ideals
of A’, see More on Algebra, Lemma There is a surjection

li i
AfA— (T, wm)) fr(m)
Since dimy () [[ £(m’) is > the number of branches, the inequality is obvious.

If equality holds, then x(m’) = x(m) for all m’ C A’ and the displayed arrow above
is an isomorphism. Since A is henselian and A — A’ is finite, we see that A’
is a product of local henselian rings, see Algebra, Lemma The factors are
the local rings A/, and as A’ is normal, these factors are discrete valuation rings
(Algebra, Lemma . Since the displayed arrow is an isomorphism we see that
A is indeed the wedge of these local rings. O
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Lemma 40.6. Let (A,m) be a 1-dimensional reduced Nagata local ring. Then
d-invariant of A > number of geometric branches of A — 1

Proof. We may replace A by the strict henselization of A without changing the
d-invariant (Lemma and without changing the number of geometric branches
of A (this is immediate from the definition, see More on Algebra, Deﬁnition.
Thus we may assume A is strictly henselian and we may apply Lemma [40.5 (]

41. Normalization of one dimensional schemes

The normalization morphism of a Noetherian scheme of dimension 1 has unexpect-
edly good properties by the Krull-Akizuki result.

Lemma 41.1. Let X be a locally Noetherian scheme of dimension 1. Let v :
X" — X be the normalization. Then

(1) v is integral, surjective, and induces a bijection on irreducible components,

(2) there is a factorization X¥ — Xeq — X and the morphism X¥ — X,eq 18
the normalization of X, eq,

(3) XV = X,cq is birational,

(4) for every closed point x € X the stalk (v,Oxv), is the integral closure of
Ox o in the total ring of fractions of (Ox z)red = OX,op.zs

(5) the fibres of v are finite and the residue field extensions are finite,

(6) X¥ is a disjoint union of integral normal Noetherian schemes and each
affine open is the spectrum of a finite product of Dedekind domains.

Proof. Many of the results are in fact general properties of the normalization
morphism, see Morphisms, Lemmas [54.2] [54.4], [54.5] and [54.7] What is not clear is
that the fibres are finite, that the induced residue field extensions are finite, and that
X" locally looks like the spectrum of a Dedekind domain (and hence is Noetherian).
To see this we may assume that X = Spec(A) is affine, Noetherian, dimension 1,
and that A is reduced. Then we may use the description in Morphisms, Lemma
[54.3] to reduce to the case where A is a Noetherian domain of dimension 1. In this
case the desired properties follow from Krull-Akizuki in the form stated in Algebra,

Lemma [120.18 O

Of course there is a variant of the following lemma in case X is not reduced.

Lemma 41.2. Let X be a reduced Nagata scheme of dimension 1. Letv : XV — X
be the normalization. Let x € X denote a closed point. Then
(1) v: XY — X is finite, surjective, and birational,
(2) Ox Cv.Oxv and v,Oxv /Ox is a direct sum of skyscraper sheaves Q, in
the singular points x of X,
(3) A" = (1.Oxv), is the integral closure of A = Ox, in its total ring of
fractions,
Q. = A’/A has finite length equal to the §-invariant of X at x,
A’ is a semi-local Ting which is a finite product of Dedekind domains,
A" is a reduced Noetherian complete local ring of dimension 1,
is the integral closure of A" in its total ring of fractions,
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Proof. We may and will use all the results of Lemma Finiteness of v follows
from Morphisms, Lemma Since X is reduced, Nagata, of dimension 1, we
see that the regular locus is a dense open U C X by More on Algebra, Proposition
Since a regular scheme is normal, this shows that v is an isomorphism over
U. Since dim(X) < 1 this implies that v is not an isomorphism over a discrete set
of closed points x € X. In particular we see that we have a short exact sequence
0— Ox = 1.0xv — @%X\U Q, —0

As we have the description of the stalks of ,Ox+ by Lemma[dI.1] we conclude that
Q. = A’/A indeed has length equal to the §-invariant of X at z. Note that Q, # 0
exactly when z is a singular point for example by Lemma The description of
A’ as a product of semi-local Dedekind domains follows from Lemma @ as well.
The relationship between A, A’, and (A’)" we have see in Lemma [39.5] (and its
proof). O

42. Finding affine opens

We continue the discussion started in Properties, Section It turns out that we
can find affines containing a finite given set of codimension 1 points on a separated
scheme. See Proposition 12.7]

We will improve on the following lemma in Descent, Lemma [25.4

Lemmal 42.1. Let f: X — Y be a morphism of schemes. Let X° denote the set
of generic points of irreducible components of X. If
(1) f is separated,
(2) there is an open covering X = |JU; such that fly, : U; = Y is an open
immersion, and

(3) if §,8" € X0, £ £, then f(§) # f(£).

then f is an open immersion.

Proof. Suppose that y = f(x) = f(z'). Pick a specialization yo ~ y where yq is a
generic point of an irreducible component of Y. Since f is locally on the source an
isomorphism we can pick specializations zg ~» x and z{, ~ &’ mapping to yo ~ y.
Note that xg,z{, € X°. Hence xo = x, by assumption (3). As f is separated we
conclude that z = z’. Thus f is an open immersion. ([

Lemmal 42.2. Let X — S be a morphism of schemes. Let x € X be a point with
tmage s € S. If
(1) Oxz = Oss,
(2) X is reduced,
(3) X — S is of finite type, and
(4) S has finitely many irreducible components,
then there exists an open neighbourhood U of x such that f|y is an open immersion.

Proof. We may remove the (finitely many) irreducible components of S which
do not contain s. We may replace S by an affine open neighbourhood of s. We
may replace X by an affine open neighbourhood of z. Say S = Spec(4) and
X = Spec(B). Let q C B, resp. p C A be the prime ideal corresponding to z,
resp. s. As A is a reduced and all of the minimal primes of A are contained in
p we see that A C A,. As X — S is of finite type, B is of finite type over A.
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Let by,...,b, € B be elements which generate B over A Since A, = B, we can
find f € A, f & p and a; € A such that b; and a;/f have the same image in B,.
Thus we can find g € B, g ¢ q such that g(fb; — a;) = 0 in B. It follows that the
image of Ay — By, contains the images of by,...,by,, in particular also the image
of g. Choose n > 0 and f’ € A such that f’/f" maps to the image of g in By,.
Since A, = Bq we see that f’ ¢ p. We conclude that Ayy — By, is surjective.
Finally, as Ayp C A, = By (see above) the map Ay — By, is injective, hence an
isomorphism. ([

Lemma 42.3. Let f : T — X be a morphism of schemes. Let X°, resp. TO denote
the sets of generic points of irreducible components. Let t1,...,t,, € T be a finite
set of points with images x; = f(t;). If

(1) T is affine,

(2) X is quasi-separated,

(3) X0 is finite

(4) f(T° c X° and f:T° — X© is injective, and

(6) Ox,z; = Ory,,

then there exists an affine open of X containing x1,...,T,.

Proof. Using Limits, Proposition there is an immediate reduction to the case
where X and T are reduced. Details omitted.

Assume X and T are reduced. We may write T" = lim;¢; T; as a directed limit of
schemes of finite presentation over X with affine transition morphisms, see Limits,
Lemma Pick i € I such that T; is affine, see Limits, Lemma Say T; =
Spec(R;) and T = Spec(R). Let R’ C R be the image of R; - R. Then T' =
Spec(R') is affine, reduced, of finite type over X, and T" — T’ dominant. For
j=1,...,7let t; € T" be the image of ¢;. Consider the local ring maps

Ox.o; = Oy, = Ory,

Denote (T7)° the set of generic points of irreducible components of T'. Let £ ~
t% be a specialization with & € (T')°. As T — T’ is dominant we can choose
n € T° mapping to ¢ (warning: a priori we do not know that 7 specializes to
tj). Assumption (3) applied to 7 tells us that the image 6 of £ in X corresponds
to a minimal prime of Ox .. Lifting £ via the isomorphism of (5) we obtain a
specialization ' ~~ t; with ' € T° mapping to 6 ~» z;. The injectivity of (4)
shows that 7 = n’. Thus every minimal prime of (’)T/,t; lies below a minimal prime
of Or;. We conclude that OT/,% — Ory; is injective, hence both maps above are
isomorphisms.

By Lemma there exists an open U C T” containing all the points t; such that
U — X is a local isomorphism as in Lemma [42.1} By that lemma we see that
U — X is an open immersion. Finally, by Properties, Lemma [29.5| we can find an
open W C U C T containing all the ¢. The image of W in X is the desired affine
open. U

Lemma 42.4. Let X be an integral separated scheme. Let x1,...,x, € X be a
finite set of points such that Ox ,, is Noetherian of dimension < 1. Then there
exists an affine open subscheme of X containing all of x1,...,x,.
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Proof. Let K be the field of rational functions of X. Set A; = Ox4,. Then
A; C K and K is the fraction field of A;. Since X is separated, and z; # x; there
cannot be a valuation ring O C K dominating both A; and A;. Namely, considering
the diagram

Spec(O) —— Spec(A4;)

| |

Spec(As) X

and applying the valuative criterion of separatedness (Schemes, Lemma we
would get z; = x;. Thus we see by Lemmathat A; ® Aj — K is surjective for
all i # j. By Lemma we see that A = A;N...N A, is a Noetherian semi-local
ring with exactly » maximal ideals my, ..., m, such that A; = A,,,. Moreover,

Spec(A) = Spec(A4;) U...U Spec(A4,)

is an open covering and the intersection of any two pieces of this covering is Spec(K).
Thus the given morphisms Spec(A4;) — X glue to a morphism of schemes

Spec(4) — X

mapping m; to x; and inducing isomorphisms of local rings. Thus the result follows
from Lemma B2.3l 0

Lemmal 42.5. Let A be a ring, I C A an ideal, p1,...,p, primes of A, and
fe A/I an element. If I ¢ p; for all i, then there exists an f € A, f & p; which
maps to f in A/I.

Proof. We may assume there are no inclusion relations among the p; (by removing
the smaller primes). First pick any f € A lifting f. Let S be the set s € {1,...,r}
such that f € ps. If S'is empty we are done. If not, consider the ideal J = I Hz‘gs Pi.
Note that J is not contained in pg for s € S because there are no inclusions among
the p; and because I is not contained in any p;. Hence we can choose g € J, g & ps
for s € S by Algebra, Lemma Then f + g is a solution to the problem posed
by the lemma. (I

Lemmal 42.6. Let X be a scheme. Let T C X be finite set of points. Assume

(1) X has finitely many irreducible components Z1, ..., Z;, and
(2) Z; NT is contained in an affine open of the reduced induced subscheme
corresponding to Z;.

Then there exists an affine open subscheme of X containing T .

Proof. Using Limits, Proposition there is an immediate reduction to the case
where X is reduced. Details omitted. In the rest of the proof we endow every closed
subset of X with the induced reduced closed subscheme structure.

We argue by induction that we can find an affine open U C Z; U. ..U Z, containing
TN(ZyU...UZ.). For r = 1 this holds by assumption. Say r > 1 and let
UC ZyU...UZ,._1 be an affine open containing TN(Z; U...UZ,._1). Let V C X,
be an affine open containing T'N Z,. (exists by assumption). Then U NV contains
TN(Z1U...UZ,._1)N Z,. Hence

A=UNZ)\(UNV)
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does not contain any element of 7. Note that A is a closed subset of U. By prime
avoidance (Algebra, Lemma , we can find a standard open U’ of U containing
T NU and avoiding A, i.e., U N Z,. C UNV. After replacing U by U’ we may
assume that U NV is closed in U.

Using that by the same arguments as above also the set A’ = (UN(Z; U...U
Z,—1))\ (UNYV) does not contain any element of 7' we find a h € O(V) such that
D(h) C V contains T'NV and such that U N D(h) C UNV. Using that UNV is
closed in U we can use Lemma to find an element g € O(U) whose restriction
to U NV equals the restriction of h to U NV and such that TNU C D(g). Then
we can replace U by D(g) and V' by D(h) to reach the situation where U NV is
closed in both U and V. In this case the scheme U UV is affine by Limits, Lemma
This proves the induction step and thereby the lemma. (I

Here is a conclusion we can draw from the material above.

Proposition| 42.7. Let X be a separated scheme such that every quasi-compact

open has a finite number of irreducible components. Let x1,...,x,. € X be points

such that Ox 4, is Noetherian of dimension < 1. Then there exists an affine open

subscheme of X containing all of x1,..., .

Proof. We can replace X by a quasi-compact open containing x1,...,x, hence we

may assume that X has finitely many irreducible components. By Lemma we

reduce to the case where X is integral. This case is Lemma [42.4] a
43. Curves

In the Stacks project we will use the following as our definition of a curve.
Definition 43.1. Let k be a field. A curve is a variety of dimension 1 over k.

Two standard examples of curves over k are the affine line Ai and the projective
line P;. The scheme X = Spec(k[z,y]/(f)) is a curve if and only if f € k[z,y] is
irreducible.

Our definition of a curve has the same problems as our definition of a variety, see
the discussion following Definition Moreover, it means that every curve comes
with a specified field of definition. For example X = Spec(C[z]) is a curve over C
but we can also view it as a curve over R. The scheme Spec(Z) isn’t a curve, even
though the schemes Spec(Z) and All_;‘p behave similarly in many respects.

Lemma 43.2. Let X be a separated, irreducible scheme of dimension > 0 over a
field k. Let x € X be a closed point. The open subscheme X \ {z} is not proper
over k.

Proof. Since X is irreducible, U = X \ {z} is not closed in X. In particular, the
immersion U — X is not proper. By Morphisms, Lemma [41.7] (here we use X is
separated), U — Spec(k) is not proper either. O

Lemma 43.3. Let X be a separated finite type scheme over a field k. If dim(X) <
1 then X is H-quasi-projective over k.

Proof. By Proposition the scheme X has an ample invertible sheaf £. By
Morphisms, Lemma we see that X is isomorphic to a locally closed subscheme
of P} over Spec(k). This is the definition of being H-quasi-projective over k, see
Morphisms, Definition O
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Lemma 43.4. Let X be a proper scheme over a field k. If dim(X) <1 then X is
H-projective over k.

Proof. By Lemma we see that X is a locally closed subscheme of P} for some
field k. Since X is proper over k it follows that X is a closed subscheme of P}

(Morphisms, Lemma [41.7)). |

Lemma 43.5. Let X be a separated scheme of finite type over k. If dim(X) <1,
then there exists an open immersion j : X — X with the following properties

(1) X is H-projective over k, i.e., X is a closed subscheme of Pg for some d,
(2) j(X) C X is dense and scheme theoretically dense,
(3) X\ X ={x1,...,2,} for some closed points z; € X.

Proof. By Lemma we may assume X is a locally closed subscheme of P¢ for
some d. Let X C PZ be the scheme theoretic image of X — Pg, see Morphisms,
Definition The description in Morphisms, Lemma gives properties (1) and
(2). Then dim(X) = 1 = dim(X) = 1 for example by looking at generic points,
see Lemma As X is Noetherian, it then follows that X \ X = {x1,...,7,} is
a finite set of closed points. (I

Lemma 43.6. Let X be a separated scheme of finite type over k. If X is reduced
and dim(X) < 1, then there exists an open immersion j : X — X such that

(1) X is H-projective over k, i.e., X is a closed subscheme of Pg for some d,
(2) j(X) C X is dense and scheme theoretically dense,

(3) X\ X ={21,...,2,} for some closed points z; € X,

(4) the local rings Ox ,, are discrete valuation rings fori=1,...,n.

Proof. Let j : X — X be as in Lemma m Consider the normalization X'
of X in X. By Lemma m the morphism X’ — X is finite. By Morphisms,
Lemma X' — X is projective. By Morphisms, Lemma we see that
X’ — X is H-projective. By Morphisms, Lemma we see that X’ — Spec(k) is
H-projective. Let {x},...,2!,} C X’ be the inverse image of {z1,...,2,} = X \ X.
Then dim(OX@ng_) =1 for all 1 <4 < m. Hence the local rings Ox 5+ are discrete
valuation rings by Morphisms, Lemma Then X — X’ and {zf,...,2},} is
as desired. d

Lemma 43.7. Let X be a separated scheme of finite type over k with dim(X) < 1.
Then there exists a commutative diagram

Vi OY, ~——— YV I...1Y, . Xy X
Spec(kf) I ... II Spec(k!,) — Spec(k’) — Spec(k)

of schemes with the following properties:

(1) k'/k is a finite purely inseparable extension of fields,
) v is the normalization of Xy,

) j is an open immersion with dense image,

) ki/K' is a finite separable extension fori=1,...,n,
)

(2
(3
(4
(5

Y, is smooth, projective, geometrically irreducible dimension <1 over k.
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Proof. As we may replace X by its reduction, we may and do assume X is reduced.
Choose X — X as in Lemma If we can show the lemma for X, then the lemma
follows for X (details omitted). Thus we may and do assume X is projective.

Choose k' /k finite purely inseparable such that the normalization of X} is geomet-
rically normal over k', see Lemma [27.4] Denote Y = (X}/)” the normalization; for
properties of the normalization, see Section [27] Then Y is geometrically regular as
normal and regular are the same in dimension < 1, see Properties, Lemma [12.6
Hence Y is smooth over k' by Lemma Let Y =Y, II...11Y,, be the decom-
position of Y into irreducible components. Set k} = I'(Y;, Oy;). These are finite
separable extensions of k' by Lemma [9.3] The proof is finished by Lemma [9.4. I

Lemma 43.8. Let k be a field. Let X be a curve over k. Let x € X be a closed
point. We think of x as a (reduced) closed subscheme of X with sheaf of ideals T.
The following are equivalent

1) Ox, is regular,

) Ox 5 s normal,

) Ox . is a discrete valuation ring,

) T is an invertible Ox -module,

) x is an effective Cartier divisor on X.

(
(2
(3
(4
(5

If k is perfect or if k(x) is separable over k, these are also equivalent to
(6) X — Spec(k) is smooth at x.

Proof. Since X is a curve, the local ring Ox , is a Noetherian local domain of
dimension 1 (Lemma [20.3). Parts (4) and (5) are equivalent by definition and are
equivalent to Z, = m, C Ox , having one generator (Divisors, Lemma . The
equivalence of (1), (2), (3), (4), and (5) therefore follows from Algebra, Lemma
The final statement follows from Lemma [25.8]in case k is perfect. If x(z)/k
is separable, then the equivalence follows from Algebra, Lemma O

Remark|43.9. Let k be a field. Let X be a regular curve over k. By Lemmas
and there exists a nonsingular projective curve X which is a compactification
of X, i.e., there exists an open immersion j : X — X such that the complement
consists of a finite number of closed points. If k is perfect, then X and X are
smooth over k and X is a smooth projective compactification of X.

Observe that if an affine scheme X over k is proper over k then X is finite over
k (Morphisms, Lemma and hence has dimension 0 (Algebra, Lemma m
and Proposition . Hence a scheme of dimension > 0 over k cannot be both
affine and proper over k. Thus the possibilities in the following lemma are mutually
exclusive.

Lemma 43.10. Let X be a curve over k. Then either X is an affine scheme or
X is H-projective over k.

Proof. Choose X — X with X \ X = {z1,...,7,} as in Lemma Then X is
a curve as well. If » = 0, then X = X is H-projective over k. Thus we may assume
r > 1 and our goal is to show that X is affine. By Lemma [38.2] it suffices to show
that X \ {z;} is affine. This reduces us to the claim stated in the next paragraph.

Let X be an H-projective curve over k. Let € X be a closed point such that Ox ,
is a discrete valuation ring. Claim: U = X \ {z} is affine. By Lemma the
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point x defines an effective Cartier divisor of X. For n > 1 denote nx = x+... 4+
the n-fold sum, see Divisors, Definition Denote O,,, the structure sheaf of
nx viewed as a coherent module on X. Since every invertible module on the local
scheme nx is trivial the first short exact sequence of Divisors, Remark reads

0— Ox 5 Ox(nz) = Opg — 0

in our case. Note that dimy H°(X,0,,) > n. Namely, by Lemma we have
HYX,0,,) = Ox,/(m™) where m in Ox, is a uniformizer and the powers 7°
map to k-linearly independent elements in Ox . /(7") for ¢ = 0,1,...,n — 1. We
have dimy H'(X,0x) < oo by Cohomology of Schemes, Lemma If n >
dimy H'(X, Ox) we conclude from the long exact cohomology sequence that there
exists an s € I'(X, Ox (nx)) which is not a section of Ox. If we take n minimal with
this property, then s will map to a generator of the stalk (Ox (nx)), since otherwise
it would define a section of Ox((n — 1)z) C Ox(nz). For this n we conclude that
so =1 and s; = s generate the invertible module £ = Ox (nx).

Consider the corresponding morphism f = ¢, (5.s,) 1 X — P} of Constructions,
Section Observe that the inverse image of D4 (Tp) is U = X \ {x} as the
section sg of £ only vanishes at z. In particular, f is non-constant, i.e., Im(f) has
more than one point. Hence f must map the generic point n of X to the generic
point of P;. Hence if y € P}, is a closed point, then f~'({y}) is a closed set of X
not containing 7, hence finite. Finally, f is propelﬁ By Cohomology of Schemes,
Lemma we conclude that f is finite. Hence U = f~1(D4(Tp)) is affine. O

The following lemma combined with Lemma [£3.2] tells us that given a separated
scheme X of dimension 1 and of finite type over k, then X \ Z is affine, whenever
the closed subset Z meets every irreducible component of X.

Lemma 43.11. Let X be a separated scheme of finite type over k. If dim(X) <1
and no irreducible component of X is proper of dimension 1, then X is affine.

Proof. Let X = |J X, be the decomposition of X into irreducible components. We
think of X; as an integral scheme (using the reduced induced scheme structure, see
Schemes, Definition @ . In particular X; is a singleton (hence affine) or a curve
hence affine by Lemma [43.10] Then [[X; — X is finite surjective and []X; is
affine. Thus we see that X is affine by Cohomology of Schemes, Lemma O

44. Degrees on curves

We start defining the degree of an invertible sheaf and more generally a locally free
sheaf on a proper scheme of dimension 1 over a field. In Section [33]| we defined the
Euler characteristic of a coherent sheaf F on a proper scheme X over a field k& by
the formula

X(X, F) =) (~1)" dimy H' (X, F).

4Namely, a H-projective variety is a proper variety by Morphisms, Lemma [43.13] A morphism

of varieties whose source is a proper variety is a proper morphism by Morphisms, Lemma

50ne can avoid using this lemma which relies on the theorem of formal functions. Namely, X
is projective hence it suffices to show a proper morphism f : X — Y with finite fibres between
quasi-projective schemes over k is finite. To do this, one chooses an affine open of X containing
the fibre of f over a point y using that any finite set of points of a quasi-projective scheme over k
is contained in an affine. Shrinking Y to a small affine neighbourhood of y one reduces to the case
of a proper morphism between affines. Such a morphism is finite by Morphisms, Lemma m
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Definition 44.1. Let k be a field, let X be a proper scheme of dimension < 1
over k, and let £ be an invertible Ox-module. The degree of L is defined by

deg(L) = x(X, £) = x(X, Ox)
More generally, if £ is a locally free sheaf of rank n we define the degree of £ by
deg(g) = X(Xv 5) - nX(Xv OX)

Observe that this depends on the triple £/X/k. If X is disconnected and & is
finite locally free (but not of constant rank), then one can modify the definition by
summing the degrees of the restriction of £ to the connected components of X. If £
is just a coherent sheaf, there are several different ways of extending the deﬁnitionﬂ
In a series of lemmas we show that this definition has all the properties one expects
of the degree.

Lemma 44.2. Let k'/k be an extension of fields. Let X be a proper scheme of
dimension < 1 over k. Let £ be a locally free Ox-module of constant rank n. Then
the degree of £/X/k is equal to the degree of Ex | Xy K.

Proof. More precisely, set X = X Xgpecr) Spec(k’). Let & = p*E where p :
Xy — X is the projection. By Cohomology of Schemes, Lemma we have
Hi(Xk/,(‘:k/) = HZ(X,(‘:) ®k k' and Hi(Xk/,OXk,) = Hi(X, Ox) ® k'. Hence we
see that the Euler characteristics are unchanged, hence the degree is unchanged. [

Lemma 44.3. Let k be a field. Let X be a proper scheme of dimension < 1 over
k. Let 0 = & — & — 3 — 0 be a short exact sequence of locally free Ox -modules
each of finite constant rank. Then

deg (&) = deg(&r) + deg(€3)

Proof. Follows immediately from additivity of Euler characteristics (Lemma [33.2)
and additivity of ranks. O

Lemmal44.4. Let k be a field. Let f : X' — X be a birational morphism of proper
schemes of dimension <1 over k. Then

deg(f*€) = deg(€)

for every finite locally free sheaf of constant rank. More generally it suffices if f in-
duces a bijection between irreducible components of dimension 1 and isomorphisms
of local rings at the corresponding generic points.

Proof. The morphism f is proper (Morphisms, Lemma [41.7) and has fibres of
dimension < 0. Hence f is finite (Cohomology of Schemes, Lemma [21.2)). Thus

RESTE = [of'€ =E @0 [+Ox/

Since f induces an isomorphism on local rings at generic points of all irreducible
components of dimension 1 we see that the kernel and cokernel

OHKHOX*)‘}“*OX/HQ—)O

6If X is a proper curve and F is a coherent sheaf on X, then one often defines the degree as
X(X, F) — rx(X,Ox) where r = dim,¢) F¢ is the rank of F at the generic point { of X.
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have supports of dimension < 0. Note that tensoring this with £ is still an exact
sequence as & is locally free. We obtain

X(X,E) = x(X', f7&) = x(X, E) — x(X, fo f*€)
=x(X,€&) —x(X, € ® f.Ox)
=X(X, L&) - x(X,2®¢)
= nx(X,K) —nx(X, Q)
= nx(X,0x) — nx(X, f.Ox")
=nx(X,0x) —nx(X',0x)
which proves what we want. The first equality as f is finite, see Cohomology of
Schemes, Lemma The second equality by projection formula, see Cohomology,

Lemma The third by additivity of Euler characteristics, see Lemma[33.2] The
fourth by Lemma [33.3] O

Lemma 44.5. Let k be a field. Let X be a proper curve over k with generic point
& Let &€ be a locally free Ox-module of rank n and let F be a coherent Ox -module.
Then

X(X,E® F) =rdeg(€) + nx(X,F)

where r = dim ¢y F¢ is the rank of F.

Proof. Let P be the property of coherent sheaves F on X expressing that the for-
mula of the lemma holds. We claim that the assumptions (1) and (2) of Cohomology
of Schemes, Lemma hold for P. Namely, (1) holds because the Euler charac-
teristic and the rank r are additive in short exact sequences of coherent sheaves.
And (2) holds too: If Z = X then we may take G = Ox and P(Oyx) is true by the
definition of degree. If i : Z — X is the inclusion of a closed point we may take
G = 1,0z and P holds by Lemma [33.3] and the fact that 7 = 0 in this case. O

Let k& be a field. Let X be a finite type scheme over k of dimension < 1. Let
C; ¢ X,i=1,...,t be the irreducible components of dimension 1. We view C;
as a scheme by using the induced reduced scheme structure. Let & € C; be the
generic point. The multiplicity of C; in X is defined as the length

m; = lengthp,  Oxg,

This makes sense because Ox ¢, is a zero dimensional Noetherian local ring and
hence has finite length over itself (Algebra, Proposition . See Chow Homology,
Section [J for additional information. It turns out the degree of a locally free sheaf
only depends on the restriction of the irreducible components.

Lemma 44.6. Let k be a field. Let X be a proper scheme of dimension < 1 over
k. Let £ be a locally free Ox-module of rank n. Then

deg(€&) = Zmi deg(&

where C; C X, 1 = 1,...,t are the irreducible components of dimension 1 with
reduced induced scheme structure and m; is the multiplicity of C; in X.

Ci)

Proof. Observe that the statement makes sense because C; — Spec(k) is proper
of dimension 1 (Morphisms, Lemmas and . Consider the open subscheme
Ui = X\ (U; C;) and let X; C X be the scheme theoretic closure of U;. Note
that X; NU; = U; (scheme theoretically) and that X; NU; = 0 (set theoretically) for
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1 # j; this follows from the description of scheme theoretic closure in Morphisms,
Lemma Thus we may apply Lemma to the morphism X' = |JX; — X.
Since it is clear that C; C X; (scheme theoretically) and that the multiplicity of
C; in X; is equal to the multiplicity of C; in X, we see that we reduce to the case
discussed in the following paragraph.

Assume X is irreducible with generic point £. Let C' = X,..q have multiplicity m.
We have to show that deg(€) = mdeg(€|c). Let Z C Ox be the ideal defining the
closed subscheme C. Let e > 0 be minimal such that Z¢™* = 0 (Cohomology of
Schemes, Lemma . We argue by induction on e. If e = 0, then X = C and
the result is immediate. Otherwise we set F = Z¢ viewed as a coherent Oc-module
(Cohomology of Schemes, Lemma . Let X' C X be the closed subscheme cut
out by the coherent ideal Z¢ and let m’ be the multiplicity of C in X’. Taking
stalks at £ of the short exact sequence

0->F—>0x >0x —0
we find (use Algebra, Lemmas [52.3] [52.6 and [52.5) that
m = lengthy Ox ¢ = dimy¢) Fe + lengthy sOX/vf =r+m

where r is the rank of F as a coherent sheaf on C. Tensoring with £ we obtain a
short exact sequence

0=2&8lc®@F =E—E0x —0
By induction we have x(€ ® Ox) = m’ deg(€|¢). By Lemma we have x(€|lc ®
F) =rdeg(&|c) + nx(F). Putting everything together we obtain the result. O
Lemma 44.7. Let k be a field, let X be a proper scheme of dimension < 1 over
k, and let £, V be locally free Ox-modules of constant finite rank. Then

deg(E @ V) = rank(E) deg(V) + rank(V) deg(€)

Proof. By Lemma [44.6] and elementary arithmetic, we reduce to the case of a
proper curve. This case follows from Lemma O
Lemma 44.8. Let k be a field, let X be a proper scheme of dimension < 1 over
k, and let € be a locally free Ox-module of rank n. Then

deg(€) = deg(A"(€)) = deg(det(£))
Proof. By Lemma [44.6] and elementary arithmetic, we reduce to the case of a
proper curve. Then there exists a modification f : X’ — X such that f*£ has a

filtration whose successive quotients are invertible modules, see Divisors, Lemma
36.1l By Lemma[44.4we may work on X’. Thus we may assume we have a filtration

0= cCcé& céc...cég, =€

by locally free Ox-modules with £; = &;/&;_1 is invertible. By Modules, Lemma
and induction we find det(£) = £1 ® ... ® L,,. Thus the equality follows from

Lemma and additivity (Lemma [44.3)). O

Lemma 44.9. Let k be a field, let X be a proper scheme of dimension < 1 over
k. Let D be an effective Cartier divisor on X. Then D is finite over Spec(k) of
degree deg(D) = dimy, I'(D, Op). For a locally free sheaf € of rank n we have

deg(E(D)) = ndeg(D) + deg(&)
where £(D) = € ®o, Ox (D).
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Proof. Since D is nowhere dense in X (Divisors, Lemma[13.4)) we see that dim(D) <
0. Hence D is finite over k£ by Lemma [20.2] Since k is a field, the morphism
D — Spec(k) is finite locally free and hence has a degree (Morphisms, Definition
, which is clearly equal to dimy T'(D, Op) as stated in the lemma. By Divisors,
Definition there is a short exact sequence

where ¢ : D — X is the closed immersion. Tensoring with £ we obtain a short exact
sequence

0—=E&—=E(D)—ii*e(D) — 0
The equation of the lemma follows from additivity of the Euler characteristic

(Lemma [33.2)) and Lemma [33.3] O

Lemma 44.10. Let k be a field. Let X be a proper scheme over k which is reduced
and connected. Let k = H°(X,Ox). Then k/k is a finite extension of fields and
w = [k : k] divides

(1) deg(&) for all locally free Ox-modules &,

(2) [k(x) : k] for all closed points x € X, and

(3) deg(D) for all closed subschemes D C X of dimension zero.

Proof. See Lemma for the assertions about k. For every quasi-coherent Ox-
module, the k-vector spaces H'(X, F) are k-vector spaces. The divisibilities easily
follow from this statement and the definitions. O

Lemma 44.11. Let k be a field. Let f : X — Y be a nonconstant morphism of
proper curves over k. Let € be a locally free Oy -module. Then

deg(f*€) = deg(X/Y) deg(£)

Proof. The degree of X over Y is defined in Morphisms, Definition Thus
[«Ox is a coherent Oy-module of rank deg(X/Y), i.e., deg(X/Y) = dim,¢)(f«Ox )e
where £ is the generic point of Y. Thus we obtain

X(X, f7E) = x (Y, [ 7€)
=x(Y,€® f.0x)
= deg(X/Y) deg(&) + nx(Y, f.Ox)
= deg(X/Y) deg(&) + nx(X, Ox)
as desired. The first equality as f is finite, see Cohomology of Schemes, Lemma

The second equality by projection formula, see Cohomology, Lemma The
third equality by Lemma [44.5 (]

The following is a trivial but important consequence of the results on degrees above.

Lemma 44.12. Let k be a field. Let X be a proper curve over k. Let L be an
invertible O x-module.
(1) If L has a nonzero section, then deg(L) > 0.
) If £ has a nonzero section s which vanishes at a point, then deg(L) > 0.
) If £ and L~ have nonzero sections, then £ = Ox.
) If deg(L£) < 0 and L has a nonzero section, then L= Ox.
) If N = L is a nonzero map of invertible Ox-modules, then deg(L) >
deg(N) and if equality holds then it is an isomorphism.
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Proof. Let s be a nonzero section of £. Since X is a curve, we see that s is a regular
section. Hence there is an effective Cartier divisor D C X and an isomorphism
L — Ox (D) mapping s the canonical section 1 of Ox (D), see Divisors, Lemma
Then deg(L) = deg(D) by Lemma [44.9] As deg(D) > 0 and = 0 if and only
if D = (), this proves (1) and (2). In case (3) we see that deg(£) = 0 and D = ().
Similarly for (4). To see (5) apply (1) and (4) to the invertible sheaf

L R0y N1 =Home, (N, L)
which has degree deg(L) — deg(N') by Lemma [44.7} O

Lemma 44.13. Let k be a field. Let X be a proper scheme over k which is reduced,
connected, and equidimensional of dimension 1. Let L be an invertible O x-module.
If deg(L|c) < 0 for all irreducible components C' of X, then either H*(X,L) = 0
or L= Ox.

Proof. Let s € HY(X, £) be nonzero. Since X is reduced there exists an irreducible
component C' of X with s|c # 0. But if s|¢ is nonzero, then s is nonwhere
vanishing on C' by Lemma [{4.12] This in turn implies s is nowhere vanishing on
every irreducible component of X meeting C. Since X is connected, we conclude
that s vanishes nowhere and the lemma follows. g

Lemma 44.14. Let k be a field. Let X be a proper curve over k. Let L be an
invertible Ox-module. Then L is ample if and only if deg(L) > 0.

Proof. If £ is ample, then there exists an n > 0 and a section s € HO(X, L®")
with X, affine. Since X isn’t affine (otherwise by Morphisms, Lemma [44.11| X
would be finite), we see that s vanishes at some point. Hence deg(L£®") > 0 by

Lemma [44.12| By Lemma we conclude that deg(£) = 1/ndeg(L%™) > 0.
Assume deg(L£) > 0. Then

dimy, H(X, £E") > x(X, L") = ndeg(L) + x(X, Ox)

grows linearly with n. Hence for any finite collection of closed points x1,...,x;
of X, we can find an n such that dimy H°(X, £%") > " dimy, k(;). (Recall that
by Hilbert Nullstellensatz, the extension fields x(x;)/k are finite, see for example
Morphisms, Lemma, . Hence we can find a nonzero s € H°(X, L") vanishing
in x1,...,2¢. In particular, if we choose x1,...,xs such that X \ {z1,...,2;} is
affine, then X is affine too (for example by Properties, Lemma although if we
choose our finite set such that £|x\(4,,. . z,} is trivial, then it is immediate). The
conclusion is that we can find an n > 0 and a nonzero section s € H°(X, £L®") such
that X, is affine.

We will show that for every quasi-coherent sheaf of ideals Z there exists an m > 0
such that H'(X,Z @ £L%™) is zero. This will finish the proof by Cohomology of
Schemes, Lemma To see this we consider the maps

IT3STLO S Te e 5 .

Since 7 is torsion free, these maps are injective and isomorphisms over X, hence
the cokernels have vanishing H' (by Cohomology of Schemes, Lemma for
example). We conclude that the maps of vector spaces

HYX,I) - HY(X,I® L®") - H' (X, T ® L%*") — ...
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are surjective. On the other hand, the dimension of H!(X,Z) is finite, and every
element maps to zero eventually by Cohomology of Schemes, Lemma [17.4] Thus
for some e > 0 we see that H'(X,Z @ £L%°") is zero. This finishes the proof. O

Lemma 44.15. Let k be a field. Let X be a proper scheme of dimension < 1 over
k. Let L be an invertible Ox-module. Let C; C X, i =1,...,t be the irreducible
components of dimension 1. The following are equivalent:

(1) L is ample, and

(2) deg(L|c;) >0 fori=1,...,t.

Proof. Let x1,...,2, € X be the isolated closed points. Think of z; = Spec(x(x;))
as a scheme. Consider the morphism of schemes

foC . NG Ha .. o, — X

This is a finite surjective morphism of schemes proper over k (details omitted).
Thus £ is ample if and only if f*£ is ample (Cohomology of Schemes, Lemma

17.2). Thus we conclude by Lemma [44.14] O

Lemma 44.16. Let k be an algebraically closed field. Let X be a proper curve
over k. Then there exist
(1) an invertible Ox-module £ with dim, H°(X,£) = 1 and HY(X,L) = 0,
and

(2) an invertible Ox -module N with dim;, H°(X,N') = 0 and H'(X,N) = 0.

Proof. Choose a closed immersion ¢ : X — P} (Lemma . Setting £ =
i*Opn (d) for d > 0 we see that there exists an invertible sheaf £ with HY(X, £) # 0
and H'(X, L) = 0 (see Cohomology of Schemes, Lemma for vanishing and the
references therein for nonvanishing). We will finish the proof of (1) by descending
induction on t = dimy H°(X, £). The base case t = 1 is trivial. Assume ¢ > 1.

Let U C X be the nonempty open subset of nonsingular points studied in Lemma
Let s € H°(X, L) be nonzero. There exists a closed point z € U such that
s does not vanish in x. Let Z be the ideal sheaf of i : # — X as in Lemma [43.8
Look at the short exact sequence

0 2>ZRopy L= L— 0" L0

Observe that H?(X,i.i*L£) = H°(z,i*L) has dimension 1 as z is a k-rational point
(k is algebraically closed). Since s does not vanish at x we conclude that

H(X,L) — H°(X,i.i*L)

is surjective. Hence dimy H°(X,Z ®0, L) =t — 1. Finally, the long exact sequence
of cohomology also shows that H'(X,Z ®0, L) = 0 thereby finishing the proof of
the induction step.

To get an invertible sheaf as in (2) take an invertible sheaf £ as in (1) and do the
argument in the previous paragraph one more time. ([

Lemma 44.17. Let k be an algebraically closed field. Let X be a proper curve
over k. Set g = dimy H(X,Ox). For every invertible O x-module L with deg(L) >
29 — 1 we have H*(X, L) = 0.
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Proof. Let A be the invertible module we found in Lemma part (2). The
degree of N is x(X,N) — x(X,0x) =0— (1 —g) = g — 1. Hence the degree of
LRON® s deg(L) — (9 — 1) > g. Hence x(X,LRIN® 1) >g+1—g=1. Thus
there is a nonzero global section s whose zero scheme is an effective Cartier divisor
D of degree deg(L) — (¢ — 1). This gives a short exact sequence

0N L—i.(Llp)—0

where i : D — X is the inclusion morphism. We conclude that H°(X, L) maps
isomorphically to H(D, £|p) which has dimension deg(£) — (g — 1). The result
follows from the definition of degree. O

45. Numerical intersections

In this section we play around with the Euler characteristic of coherent sheaves on
proper schemes to obtain numerical intersection numbers for invertible modules.
Our main tool will be the following lemma.

Lemmal 45.1. Let k be a field. Let X be a proper scheme over k. Let F be a

coherent Ox -module. Let L1, ..., L, be invertible Ox-modules. The map
(n1y.eoyny) — X(X, FR LY @ ... @ LE™)
is a numerical polynomial in nq, ..., n, of total degree at most the dimension of the

support of F.

Proof. We prove this by induction on dim(Supp(F)). If this number is zero,
then the function is constant with value dimy I'(X, F) by Lemma Assume
dim(Supp(F)) > 0.

If 7 has embedded associated points, then we can consider the short exact sequence
0 — K — F — F' — 0 constructed in Divisors, Lemma [4.6] Since the dimension of
the support of K is strictly less, the result holds for K by induction hypothesis and
with strictly smaller total degree. By additivity of the Euler characteristic (Lemma
it suffices to prove the result for F'. Thus we may assume F does not have
embedded associated points.

If i : Z — X is a closed immersion and F = i,G, then we see that the result for X, F,
Ly,..., L, is equivalent to the result for Z, G, i* Ly, ...,i* L, (since the cohomologies
agree, see Cohomology of Schemes, Lemma . Applying Divisors, Lemma we
may assume that X has no embedded components and X = Supp(F).

Pick a regular meromorphic section s of £, see Divisors, Lemma Let Z C Ox
be the ideal of denominators of s and consider the maps

IF = F, IF—=>F®L

of Divisors, Lemma These are injective and have cokernels Q, Q' supported on
nowhere dense closed subschemes of X = Supp(F). Tensoring with the invertible
module E?”l ®...® L™ is exact, hence using additivity again we see that

XX, FRLYM ... L) —x(X,FoLi" M e.. .0Ldm)
=Xx(QOLY™ ®... @ L") —x(Q L™ ®...® L")
Thus we see that the function P(ng,...,n,) of the lemma has the property that
P(ny+1,n9,...,n,) — P(n1,...,n;)
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is a numerical polynomial of total degree < the dimension of the support of F. Of
course by symmetry the same thing is true for

P(’I’Ll,. ey Ng—1, Ny + 177’Li+1, ce ,’I’L,-) - P(nl,. .. ,’flr)
for any ¢ € {1,...,7}. A simple arithmetic argument shows that P is a numerical
polynomial of total degree at most dim(Supp(F)). O

The following lemma roughly shows that the leading coefficient only depends on
the length of the coherent module in the generic points of its support.

Lemmal45.2. Letk be a field. Let X be a proper scheme over k. Let F be a coher-
ent Ox-module. Let Lq,...,L, be invertible Ox-modules. Let d = dim(Supp(F)).
Let Z; C X be the irreducible components of Supp(F) of dimension d. Let & € Z;
be the generic point and set m; = lengthoxkgi (Fe,). Then

XX, FR LI @... @ L2 — Z mi X(Zi, L™ @ ... @ LE

Zi)
is a numerical polynomial in ny,...,n, of total degree < d.

Proof. Consider pairs (£,Z) where Z C X is an integral closed subscheme of
dimension d and ¢ is its generic point. Then the finite O x ¢c-module F¢ has support
contained in {{} hence the length mz = lengthy , (F¢) is finite (Algebra, Lemma
and zero unless Z = Z; for some i. Thus the expression of the lemma can be

written as
E(F)=xX(X,FOLI™ @...@ L") =) mz X(Z,L5" @...0 LF|z)

where the sum is over integral closed subschemes Z C X of dimension d. The
assignment F +— E(F) is additive in short exact sequences 0 - F — F' — F" — 0
of coherent Ox-modules whose support has dimension < d. This follows from
additivity of Euler characteristics (Lemma and additivity of lengths (Algebra,
Lemma. Let us apply Cohomology of Schemes, Lemmato find a filtration

O0=FgCHC...CFpn=F
by coherent subsheaves such that for each j = 1,...,m there exists an integral
closed subscheme V; C X and a nonzero sheaf of ideals Z; C Oy, such that
FilFi1 = (V; = X).Z,

It follows that V; C Supp(F) and hence dim(V;) < d. By the additivity we re-
marked upon above it suffices to prove the result for each of the subquotients
F;/Fj—1. Thus it suffices to prove the result when F = (V — X),Z where V C X
is an integral closed subscheme of dimension < d and Z C Oy is a nonzero coherent
sheaf of ideals. If dim(V') < d and more generally for F whose support has dimen-
sion < d, then the first term in F(F) has total degree < d by Lemma and the
second term is zero. If dim(V') = d, then we can use the short exact sequence

0>V -=>X)ZI—=(V-X).0py—=(V—=X)0y/I)—0

The result holds for the middle sheaf because the only Z occurring in the sum is
Z =V with mz = 1 and because

HI(X,((V > X).0v) @ L§™ © ... 0 LE™) = H (VL™ © ... LZ"|y)

by the projection formula (Cohomology, Section and Cohomology of Schemes,
Lemma so in this case we actually have E(F) = 0. The result holds for the
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sheaf on the right because its support has dimension < d. Thus the result holds for
the sheaf on the left and the lemma is proved. ([

Definition 45.3. Let k be a field. Let X be a proper scheme over k. Leti: Z — X
be a closed subscheme of dimension d. Let Lq,..., L4 be invertible O x-modules.
We define the intersection number (L1--+Lq - Z) as the coefficient of ny...n4 in
the numerical polynomial

X(X,i.07 © L™ @ ... @ L§™) = X(Z, L™ ® ... @ L] 7)
In the special case that £ = ... = L4 = L we write (L% - Z).

The displayed equality in the definition follows from the projection formula (Co-
homology, Section and Cohomology of Schemes, Lemma We prove a few
lemmas for these intersection numbers.

Lemma 45.4. In the situation of Deﬁnition the intersection number (Lq -+ Lg-
Z) is an integer.

Proof. Any numerical polynomial of degree e in ny, ..., ng can be written uniquely
as a Z-linear combination of the functions (Zi) (Z;) . (Z;) with k1 +... + kg <e.
Apply this with e = d. Left as an exercise. a

Lemma 45.5. In the situation of Deﬁm’tz’on the intersection number (L1 -+ Lqg-
Z) is additive: if L; = L, @ LI, then we have

(Ly-- Ly Lg-Z)= (L1 L, Lg-Z)+(Ly--- LY Lyg-2Z)
Proof. This is true because by Lemma the function
N1y o1, 0l Mgy na) = X(Z, L2 @, (L) 2@ (L)) @. . 0L z)
is a numerical polynomial of total degree at most d in d + 1 variables. ([

Lemma 45.6. In the situation of Definition let Z; C Z be the irreducible
components of dimension d. Let m; = lengthoxyg‘(oz,gi) where & € Z; is the
generic point. Then '

(LyLa-2Z) =Y mi(Lr-+ La- Zi)
Proof. Immediate from Lemma [d5.2] and the definitions. O
Lemma 45.7. Let k be a field. Let f : Y — X be a morphism of proper schemes

overk. Let Z C'Y be an integral closed subscheme of dimension d and let L1,...,Lq
be invertible O x -modules. Then

(f*Ly---fLa-Z)=deg(flz: Z — [(Z))(Lr--La- [(Z))
where deg(Z — f(Z)) is as in Morphisms, Definition[51.§ or 0 if dim(f(Z)) < d.

Proof. The left hand side is computed using the coefficient of n...ng in the
function

V.0, @ FLP" © .0 L) = S (AKX R.05 @ L5 0.0 LF™)

The equality follows from Lemma and the projection formula (Cohomology,
Lemma . If f(Z) has dimension < d, then the right hand side is a polynomial
of total degree < d by Lemma and the result is true. Assume dim(f(Z2)) =d.
Let £ € f(Z) be the generic point. By dimension theory (see Lemmas and
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the generic point of Z is the unique point of Z mapping to . Then f : Z — f(2)
is finite over a nonempty open of f(Z), see Morphisms, Lemma Thus deg(f :
Z — f(Z)) is defined and in fact it is equal to the length of the stalk of f.Oz at £
over Ox ¢. Moreover, the stalk of R’ f,Ox at ¢ is zero for i > 0 because we just saw
that f|z is finite in a neighbourhood of £ (so that Cohomology of Schemes, Lemma
gives the vanishing). Thus the terms x(X, R f.0z @ L™ ® ... ® L") with
1 > 0 have total degree < d and

X(X, f070L™ ®...@LE™) =deg(f : Z — f(Z))X(F(Z), L @. . LY (2))

modulo a polynomial of total degree < d by Lemma The desired result
follows. 0

Lemmal 45.8. Let k be a field. Let X be proper over k. Let Z C X be a closed
subscheme of dimension d. Let Lq,..., Ly be invertible Ox -modules. Assume there
exists an effective Cartier divisor D C Z such that L1|z = Oz(D). Then

(Ly-+Lg-Z)=(Ly-Lq-D)

Proof. We may replace X by Z and £; by £;|z. Thus we may assume X = Z
and £; = Ox (D). Then £ is the ideal sheaf of D and we can consider the short
exact sequence

0= LY - 0Ox —0p—0

Set P(n1,...,n4) = x(X, L™ @ ... ® L") and Q(n1,...,nq) = x(D, L™ ®
.. ®LI™|p). We conclude from additivity that

P(ni,...,ng) — P(n1 — Ling,...,ng) = Q(n1,...,nq)

Because the total degree of P is at most d, we see that the coefficient of ny ...ng
in P is equal to the coefficient of ns...ng4 in Q. O

Lemma 45.9. Let k be a field. Let X be proper over k. Let Z C X be a closed
subscheme of dimension d. If Ly,..., Ly are ample, then (L1---Lq-Z) is positive.

Proof. We will prove this by induction on d. The case d = 0 follows from Lemma
Assume d > 0. By Lemma we may assume that Z is an integral closed
subscheme. In fact, we may replace X by Z and L; by L;|z to reduce to the case
Z = X is a proper variety of dimension d. By Lemma we may replace £;
by a positive tensor power. Thus we may assume there exists a nonzero section
s € T'(X, Ly) such that X, is affine (here we use the definition of ample invertible
sheaf, see Properties, Definition . Observe that X is not affine because proper
and affine implies finite (Morphisms, Lemma [44.11)) which contradicts d > 0. It
follows that s has a nonempty vanishing scheme Z(s) C X. Since X is a variety,
s is a regular section of L1, so Z(s) is an effective Cartier divisor, thus Z(s) has
codimension 1 in X, and hence Z(s) has dimension d —1 (here we use material from
Divisors, Sections and and from dimension theory as in Lemma .
By Lemma [45.8) we have

(LyLg-X)= (Lo Lq-Z(s))
By induction the right hand side is positive and the proof is complete. ([l

Definition/45.10. Let k be a field. Let X be a proper scheme over k. Let £ be an
ample invertible O x-module. For any closed subscheme the degree of Z with respect
to L, denoted deg,(Z), is the intersection number (L% - Z) where d = dim(Z).
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By Lemma [45.9] the degree of a subscheme is always a positive integer. We note
that deg,(Z) = d if and only if

n d im
x(Z, L? |Z):7dim(2)!nd @) 4 lot

as can be seen using that
(n1+...+ ndim(z))dim(z) =dim(Z)! n1 ... ngim(z) + other terms

Lemma 45.11. Let k be a field. Let f :' Y — X be a finite dominant morphism

of proper varieties over k. Let L be an ample invertible O x-module. Then
degs. o (Y) = deg(f) deg,(X)

where deg(f) is as in Morphisms, Definition .

Proof. The statement makes sense because f*L is ample by Morphisms, Lemma
Having said this the result is a special case of Lemma [45.7] O

Finally we relate the intersection number with a curve to the notion of degrees of
invertible modules on curves introduced in Section {4l

Lemmal 45.12. Let k be a field. Let X be a proper scheme over k. Let Z C X be

a closed subscheme of dimension < 1. Let L be an invertible Ox-module. Then
(L-Z) = deg(L|z)

where deg(L|z) is as in Definition[§4.1 If L is ample, then deg,(Z) = deg(L|z).

Proof. This follows from the fact that the function n — x(Z, £|5") has degree 1
and hence the leading coefficient is the difference of consecutive values. O

Proposition| 45.13 (Asymptotic Riemann-Roch). Let k be a field. Let X be a
proper scheme over k of dimension d. Let L be an ample invertible Ox-module.
Then

dimy, T(X, £Z™) ~ en® + Lo.t.
where ¢ = deg(X)/d! is a positive constant.

Proof. This follows from the definitions, Lemma and the vanishing of higher
cohomology in Cohomology of Schemes, Lemma [17.1 (]

46. Embedding dimension

There are several ways to define the embedding dimension, but for closed points
on algebraic schemes over algebraically closed fields all definitions are equivalent to
the following.

Definition/46.1. Let k be an algebraically closed field. Let X be a locally algebraic
k-scheme and let € X be a closed point. The embedding dimension of X at x is
dimy m,, /m2.

Facts about embedding dimension. Let k, X,z be as in Definition [6.1]

(1) The embedding dimension of X at x is the dimension of the tangent space
Tx /1, (Definition [16.3) as a k-vector space.
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(2) The embedding dimension of X at x is the smallest integer d > 0 such that
there exists a surjection

Ellz1,...,xq]] — Oé\(,w

of k-algebras.

(3) The embedding dimension of X at x is the smallest integer d > 0 such that
there exists an open neighbourhood U C X of x and a closed immersion
U — Y where Y is a smooth variety of dimension d over k.

(4) The embedding dimension of X at z is the smallest integer d > 0 such
that there exists an open neighbourhood U C X of z and an unramified
morphism U — A%.

(5) If we are given a closed embedding X — Y with Y smooth over k, then
the embedding dimension of X at z is the smallest integer d > 0 such that
there exists a closed subscheme Z C Y with X C Z, with Z — Spec(k)
smooth at z, and with dim,(Z) = d.

If we ever need these, we will formulate a precise result and provide a proof.

Non-algebraically closed ground fields or non-closed points. Let k be a field and
let X be a locally algebraic k-scheme. If z € X is a point, then we have several
options for the embedding dimension of X at z. Namely, we could use

(2) dimy(e)(Tx/k,2) = dimy (o) (Vx/k,2 ®ox, #(2)) (Lemma [16.4),

(3) the smallest integer d > 0 such that there exists an open neighbourhood
U C X of z and a closed immersion U — Y where Y is a smooth variety
of dimension d over k.

In characteristic zero (1) = (2) if x is a closed point; more generally this holds if x(z)
is separable algebraic over k, see LemmalI6.5 It seems that the geometric definition
(3) corresponds most closely to the geometric intuition the phrase “embedding
dimension” invokes. Since one can show that (3) and (2) define the same number
(this follows from Lemma this is what we will use. In our terminology we
will make clear that we are taking the embedding dimension relative to the ground
field.

Definition 46.2. Let k be a field. Let X be a locally algebraic k-scheme. Let
r € X be a point. The embedding dimension of X/k at x is dim, ) (Tx/k,z)-

If (A, m, k) is a Noetherian local ring the embedding dimension of A is sometimes
defined as the dimension of m/m? over k. Above we have seen that if A is given as
an algebra over a field k, it may be preferable to use dim,(Q4/, ®4 x). Let us call
this quantity the embedding dimension of A/k. With this terminology in place we
have

embed dim of X/k at 2 = embed dim of Ox ,/k = embed dim of O% ,/k
if k, X, x are as in Definition 6.2}

47. Bertini theorems

In this section we prove results of the form: given a smooth projective variety X
over a field k there exists an ample divisor H C X which is smooth.
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Lemma 47.1. Let k be a field. Let X be a proper scheme over k. Let L be an
ample invertible Ox -module. Let Z C X be a closed subscheme. Then there exists
an integer ng such that for all n > ng the kernel V,, of T'(X, L®™) — T'(Z, L®™|z)
generates E®"|X\Z and the canonical morphism

X\Z —PV,)
is an immersion of schemes over k.

Proof. Let Z C Ox be the quasi-coherent ideal sheaf of Z. Observe that via the
inclusion Z ®p,, L™ C LZ™ we have V,, = ['(X,Z ®p, LZ™). Choose n; such that
for n > my the sheaf Z ® £®" is globally generated, see Properties, Proposition
It follows that V,, gererates L&"|x\ 5 for n > n;.

For n > n; denote 1, : V, — (X \ Z,L®"|x\z) the restriction map. We get a
canonical morphism

= Pren|x g X\Z — PV,

by Constructions, Example Choose ngy such that for all n > ny the invertible
sheaf £&" is very ample on X. We claim that ng = n; + ny works.

Proof of the claim. Say n > ng and write n = ny +n’. For z € X\ Z we can choose
s, € Vi not vanishing at 2. Set V/ = I'(X, £®""). By our choice of n and n’ we
see that the corresponding morphism ¢’ : X — P(V”) is a closed immersion. Thus
if we choose s’ € D(X, £®") not vanishing at z, then X, = (')~ 1(Dy(s)) (see
Constructions, Lemmal[14.1)) is affine and Xy — D (s') is a closed immersion. Then
s =8$1®s €V, does not vanish at z. If Dy (s) C P(V},) denotes the corresponding
open affine space of our projective space, then ¢~ 1(Dy(s)) = Xs C X \ Z (see
reference above). The open X; = X N X, is affine, see Properties, Lemma m
Consider the ring map
Sym(V)(s) — Ox(Xs)

defining the morphism X — D, (s). Because Xy — D (s') is a closed immersion,
the images of the elements

51t

51 ® s
where t' € V'’ generate the image of Ox(Xs) = Ox(X;). Since Xy — Xy is an
open immersion, this implies that X; — D, (s) is an immersion of affine schemes
(see below). Thus ¢, is an immersion by Morphisms, Lemma

Let a: A — A and ¢: B — A be ring maps such that Spec(a) is an immersion and
Im(a) C Im(c). Set B’ = A’ x4 B with projections b: B — B and ¢ : B — A'.
By assumption ¢’ is surjective and hence Spec(c’) is a closed immersion. Whence
Spec(c’) o Spec(a) is an immersion (Schemes, Lemma[24.3). Then Spec(c) has to be
an immersion because it factors the immersion Spec(c’)oSpec(a) = Spec(b)oSpec(c),
see Morphisms, Lemma [3.1 |

Situation 47.2. Let k be a field, let X be a scheme over k, let £ be an invertible
Ox-module, let V be a finite dimensional k-vector space, and let ¢ : V — I'(X, £)
be a k-linear map. Say dim(V) = r and we have a basis vy,...,v, of V. Then we
obtain a “universal divisor”

Huniv - Z(suniv) CAT Xk X
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as the zero scheme (Divisors, Definition [14.8]) of the section
Suniv = Zi:l,...,r xzw(vz) € F(AT X X, przﬁ)

For a field extension k’/k the k’-points v € AJ (k') correspond to vectors (a1, ..., ar)
of elements of ¥’. Thus we may on the one hand think of v as the element v =
- 00 €V ®y, k' and on the other hand we may assign to v the section

b) =3, ab(v) €T(Xp, Llx,,)

With this notation it is clear that the fibre of Hy,i, over v € V ® k' is the zero
scheme of 1(v). In a formula:

H'U = Huniv,v = ZW(”))

We will denote this common value by H, as indicated. Finally, in this situation let
P be a property of vectors v € V ®y k' for k'/k an arbitrary field extensiorﬂ We
say P holds for generalv € V @y k' if there exists a nonempty Zariski open U C AJ,
such that if v corresponds to a k’-point of U for any k'/k then P(v) holds.

Lemma 47.3. In Situation assume

(1) X is smooth over k,
(2) the image of b : V = I'(X, L) generates L,
(3) the corresponding morphism ¢y : X — P(V) is an immersion.

,,,,,

Then for general v € V Qi k' the scheme H, is smooth over k'.

Proof. (We observe that X is separated and finite type as a locally closed sub-
scheme of a projective space.) Let us use the notation introduced above the state-
ment of the lemma. We consider the projections

Az XkX'HHunivH'AZ XkX
X AT

Let ¥ C Hyniv be the singular locus of the morphsm ¢ : Hypniw — AL, i.e., the set
of points where ¢ is not smooth. Then ¥ is closed because the smooth locus of a
morphism is open by definition. Since the fibre of a smooth morphism is smooth,
it suffices to prove ¢(X) is contained in a proper closed subset of A. Since ¥ (with
reduced induced scheme structure) is a finite type scheme over k it suffices to prove
dim(X) < r This follows from Lemma [20.4] Since dimensions aren’t changed by
replacing k by a bigger field (Morphisms, Lemma [28.3)), we may and do assume k
is algebraically closed. By dimension theory (Lem, it suffices to prove that
for x € X \ Z closed we have p~!({z}) N X has dimension < r — dim(X’) where X’
is the unique irreducible component of X containing . As X is smooth over k£ and
x is a closed point we have dim(X’) = dimm, /m2 (Morphisms, Lemma and
Algebra, Lemma . Thus we win if

dimp ' (z) N < r — dimm, /m>
for all z € X closed.

"For example we could consider the condition that H, is smooth over k’, or geometrically
irreducible over k’.
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Since V globally generated L, for every irreducible component X’ of X there is
a nonempty Zariski open of A" such that the fibres of ¢ over this open do not
contain X’. (For example, if 2/ € X’ is a closed point, then we can take the
open corresponding to those vectors v € V such that ¢ (v) does not vanish at
x’. This open will be the complement of a hyperplane in A%.) Let U C A" be
the (nonempty) intersection of these opens. Then the fibres of ¢=1(U) — U are
effective Cartier divisors on the fibres of U x; X — U (because a nonvanishing
section of an invertible module on an integral scheme is a regular section). Hence
the morphism ¢~ (U) — U is flat by Divisors, Lemma Thus for z € X closed
and v € V = Al (k), if (z,v) € Hyniv, i.e., if € H, then ¢ is smooth at (z,v) if
and only if the fibre H, is smooth at =, see Morphisms, Lemma [34.14]

Consider the image ¥ (v), in the stalk £, of the section corresponding to v € V.
We have

x € H, < Pp(v), €m, L,
If this is true, then we have

H, singular at = < ¥(v), € m2L,

Namely, 1¥(v), is not contained in m2L, < the local equation for H, C X at
z is not contained in m2 < Op, , is regular (Algebra, Lemma & H, is
smooth at x over k (Algebra, Lemma. We conclude that the closed points of
p~!(x) N'E correspond to those v € V such that 1 (v), € m2L,. However, as ¢r
is an immersion the map
V — L, /m2L,

is surjective (small detail omitted). By the above, the closed points of the locus
p~1(z) N'Y viewed as a subspace of V is the kernel of this map and hence has
dimension r — dimm,/m2 — 1 as desired. g

48. Enriques-Severi-Zariski

In this section we prove some results of the form: twisting by a “very negative”

invertible module kills low degree cohomology. We also deduce the connectedness
of a hypersurface section of a normal proper scheme of dimension > 2.

Lemma 48.1. Let k be a field. Let X be a proper scheme over k. Let L be an
ample invertible Ox-module. Let F be a coherent Ox-module. If Ass(F) does not
contain any closed points, then T (X, F Qo, LZ") =0 for n < 0.

Proof. For a coherent Ox-module F let P(F) be the property: there exists an
no € Z such that for n < ng every section s of F ®p, L£®" has support consisting
only of closed points. Since Ass(F) = Ass(F ®@o, LZ™) we see that it suffices
to prove P holds for all coherent modules on X. To do this we will prove that
conditions (1), (2), and (3) of Cohomology of Schemes, Lemma are satisfied.

To see condition (1) suppose that
0—->F—-F—=>F—0

is a short exact sequence of coherent O x-modules such that we have P for F;,
i =1,2. Let n1,ny be the cutoffs we find. Let F} C F» be the maximal coherent
submodule whose support is a finite set of closed points. Let Z C Ox be the
annihilator of Fj. Since £ is ample, we can find an e > 0 such that 7 ®¢, £%¢
is globally generated. Set ng = min(nz,n; —e). Let n < ng and let ¢ be a global
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section of F® L®". The image of t in JF» ® LZ" falls into F5 ® L™ because n < ns.
Hence for any s € I'(X,Z ®0, £%¢) the product t ® s lies in F; @ L€, Thus
t ® s has support contained in the finite set of closed points in Ass(F;) because
n+e < np. Since by our choice of e we may choose s invertible in any point not in
the support of F5 we conclude that the support of ¢ is contained in the union of the
finite set of closed points in Ass(F;) and the finite set of closed points in Ass(Fz).
This finishes the proof of condition (1).

Condition (2) is immediate.

For condition (3) we choose G = Q. In this case, if Z is a closed point of X, then
there is nothing the show. If dim(Z) > 0, then we will show that I'(Z, L%"|z) =0
for n < 0. Namely, let s be a nonzero section of a negative power of L|z. Choose
a nonzero section t of a positive power of L|z (this is possible as £ is ample, see
Properties, Proposition . Then sd°&(t) @ tdee(s) is a nonzero global section of
Oy (because Z is integral) and hence a unit (Lemma [0.3). This implies that ¢ is a
trivializing section of a positive power of £. Thus the function n +— dimy I'(X, L&)
is bounded on an infinite set of positive integers which contradicts asymptotic
Riemann-Roch (Proposition since dim(Z) > 0. O

Lemma 48.2 (Enriques-Severi-Zariski). Let k be a field. Let X be a proper scheme
over k. Let L be an ample invertible Ox-module. Let F be a coherent Ox-module.
Assume that for x € X closed we have depth(F,) > 2. Then HY(X, F @0, L™) =
0 form < 0.

Proof. Choose a closed immersion i : X — P} such that i*O(1) = £®¢ for some
e > 0 (see Morphisms, Lemma [39.4]). Then it suffices to prove the lemma for

G=i.(FOFQLD..dF®LY ") and 0O(1)

on P7. Namely, we have

HUPLGm) =D, H'XF @£

=0,...,

by Cohomology of Schemes, Lemma Also, if y € P} is a closed point then
depth(G,) = oo if y & i(X) and depth(G,) = depth(F;) if y = i(z) because in
this case G, = FP¢ as a module over Opy » and we can use for example Algebra,
Lemma to get the equality.

Assume X = P? and £ = O(1) and k is infinite. Choose s € H°(P}, O(1)) which
determines an exact sequence
0=F(-1)>F—=G—0

as in Lemma Since the map F(—1) — F is affine locally given by multiplying
by a nonzerodivisor on F we see that for € P} closed we have depth(G,) > 1, see
Algebra, Lemma Hence by Lemma we have H(G(m)) = 0 for m < 0.
Looking at the long exact sequence of cohomology after twisting (see Remark
we find that the sequence of numbers

dim H' (P}, F(m))

stabilizes for m < mg for some integer mg. Let N be the common dimension of
these spaces for m < mgy. We have to show N = 0.
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For d > 0 and m < mg consider the bilinear map
HO(P},0(d)) x H (P}, F(m — d)) — H' (P}, F(m))

By linear algebra, there is a codimension < N? subspace V,,, C H°(P?, O(d)) such
that multiplication by s’ € V,, annihilates H' (P}, F(m — d)). Observe that for
m’ < m < mg the diagram

HO(Py, O(d)) x H (P}, F(m' — d)) — H'(P}, F(m'))

llxsm/m lsrnlnl

HO(P}, O(d)) x HY (P}, F(m — d)) —= H' (P}, F(m))
commutes with isomorphisms going vertically. Thus V,, = V is independent of
m < myg. For x € Ass(F) set Z = {«}. For d large enough the linear map
H° (P}, O(d)) — H*(Z,0(d)|z)

has rank > N? because dim(Z) > 1 (for example this follows from asymptotic
Riemann-Roch and ampleness O(1); details omitted). Hence we can find s’ € V
such that s’ does not vanish in any associated point of F (use that the set of
associated points is finite). Then we obtain

0 F(—d) S5 F =G -0
and as before we conclude as before that multiplication by s’ on H*(P%, F(m —d))

is injective for m < 0. This contradicts the choice of s’ unless N = 0 as desired.

We still have to treat the case where k is finite. In this case let K/k be any
infinite algebraic field extension. Denote Fx and L the pullbacks of F and L to
X = Spec(K) Xgpec(k) X. We have
HY (X, Fx @ LZ™) = HY (X, F @ L) @), K
by Cohomology of Schemes, Lemma, On the other hand, a closed point xx of
Xk maps to a closed point = of X because K/k is an algebraic extension. The ring
map Ox , — Ox, o, is flat (Lemma . Hence we have
depth(F,, ) = depth(F, ®oy., Oxg zx) > depth(Fy)

by Algebra, Lemma [163.1| (in fact equality holds here but we don’t need it). There-
fore the result over k follows from the result over the infinite field K and the proof
is complete. (Il

Lemma 48.3. Let k be a field. Let X be a proper scheme over k. Let L be an
ample invertible Ox -module. Let s € T'(X, L). Assume

(1) s is a regular section (Divisors, Definition ,

(2) for every closed point x € X we have depth(Ox ) > 2, and

(3) X is connected.
Then the zero scheme Z(s) of s is connected.
Proof. Since s is a regular section, so is s” € I'(X, L®") for all n > 1. Moreover,
the inclusion morphism Z(s) — Z(s™) is a bijection on underlying topological
spaces. Hence if Z(s) is disconnected, so is Z(s™). Now consider the canonical
short exact sequence

0— L& i) Ox — Oz(sn) — 0
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Consider the k-algebra R,, = I'(X,Oz(sn)). If Z(s) is disconnected, i.e., Z(s") is
disconnected, then either R, is zero in case Z(s™) = () or R,, contains a nontrivial
idempotent in case Z(s") = U Il V with U,V C Z(s™) open and nonempty (the
reader may wish to consult Lemma. Thus the map I'(X, Ox) — R,, cannot be
an isomorphism. It follows that either H°(X,£®™") or H*(X,L£®~™") is nonzero
for infinitely many positive n. This contradicts Lemma [48.1] or and the proof

is complete.

d
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